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Abstract Let n > 1 be an integer. The integer d = [];_, p?" is called an exponential divisor

of n =[[;_, pi*, if bi | a; for every i € 1,2,---,s. Let 7(&)(n) denote the exponential divisor
function. In this paper, we study the sum D(1,2,---,2;z) = > . d(1,2,---,2;n) and get
N—— = N——
Kk Kk

the asymptotic formula for it, where d(1,2,---,2;n) = Zn:azﬁmbi 1. We get the mean value

N——
k
for the exponential divisor function, which improves the previous result.

Keywords Dirichlet convolution; asympototic formula; exponential divisor function.

1 Introduction

Many scholars are interested in researching the divisor problem, and they have obtained a

large number of good results. However, there are many problems hasn’t been solved. For exam-

ple, F. Smarandache gave some unsolved problems in his book only problems, not solutions!,

and one problem is that, a number n is called simple number if the product of its proper divisors

is less than or equal to n. Generally speaking, n = p, or n = p?, or n = p3, or pq, where p and

q are distinct primes. The properties of this simple number sequence hasn’t been studied yet.

And other problems are introduced in this book, such as proper divisor products sequence and

the largest exponent (of power p) which divides n, where p > 2 is an integer.

In this the definition of exponential divisor: suppose n > 1 is an integer, and n = Hf it

If d = H: pfi satisfies b; | a;,¢i = 1,2,---,t, then d is called an exponential divisor of n, notation

d | n. By convention 1 |, 1.
J. Wu [4] improved the above result got the following result:

Z e (n) = A(z) + Bz? + O(x% log ),
n<x
where

A=1] <1+id(a> _pci(a_l))

a=2
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B:H<1+id(a)—d(a—l)—d(a—2)+d(a—3)>.

p3
M. V. Subbarao [2] also proved for some positive integer r,

S (7)) ~ A,

n<z

4=11 (1 + i dwy _p(fl(a — 1))’") .

a=2

where

L. Toth [3] proved

Z(T(e) (n))" = A, () + x%Pgr,g(log x) + O(z"rte),

n<x

27t _g

where Par_(t) is a polynomial of degree 2" — 2 in ¢, u, = Zrrpy.

Similarly to the generalization of di(n) from d(n), we define the function T]ge) (n):

7m) = [ dlan).k > 2,

pitln

Obviously when k = 2, that is 7(¢)(n). Tée) (n) is obviously a multiplicative function. In this
paper we investigate the case k = 3, i.e. the properties of the function Tée)(n).
In this paper, we will study the asymptotic formula for the mean value of the r-th power
of the function Tée)(n), where 7 > 1 is an integer.
Theorem 1.1. For every integer v > 1, then we have
S (19 ()" = Avw + 2% Ryr_s(log ) + O’ ),

n<zx

for every e > 0, where b, := ﬁ, ay 1s as defined in Lemma 2.2, the O — term is related to

r, Rgr_o(x) is a polynomial of degree 3" — 2 and

A=1] (1 + i () 7])(53((1 — Dy) ,

where ds(n) = Z 1.

n=miymsms

2 Some lemmas

In this section, we give some lemmas which will be used in the proof of our theorem.
Lemma 2.2 and Lemma 2.3. can be found in [1] and [5].

Lemma 2.1. Forr > 1, then we have

2L (13 (n)"

= ((5)¢% 1 (28)V (s),

n=1

v(n)

is absolutely convergent for Rs > i.
n

oo
where the infinite series V (s) := Z
n=1
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Proof. By Euler’s product formula, we can get

i(r&)(n)rH<H<T§e’<p>>r () @0 T§e><p4>>f+,,,>

+

2 3 4
— nS p pS p s p s p S
ds(1 ds(2 ds(3 ds(4)  di(b
I (o B B B G )
» p p p p p
1 3 3 6 3 (2.1)
=[[(+ S+t ot mt ot
» p p p p p
3r—-1 3
= ((s)¢* 1 (28)V (9),
where the infinite series V Z is absolutely convergent for Jts > %. O

Lemma 2.2. Suppose k > 2 is an integer. Then

N

-1

Z di(n) =2 Y cj(logz)’ + O(z**¢),

n<zx

<.
Il
o

where c; s a calculable constant, € is a sufficiently small positive constant, oy, is the infimum
of numbers ay, such that

Ag(z) = Z di(n) — xP._1(logz) < ¢, (2.2)
n<lz
and

131 g
2> =g

3k—4

4<k<8

(677 Ak ) =~ = O,
a <§ e’ <4— ap < —
9_547 10_617 11_107

k—2

< —— 12<k <25
ak_k+27 >~ = )

k—1

< ——, 26< k<50
ak_k+47 = = 9

31k — 98

_ 1<k<
oy < EOYRE 51 < k <57,

Tk — 34

k > 58.

AL S 7k 5 _58

Lemma 2.3. Suppose f(m),g(n) are arithmetical functions such that

Z f(m) ZanP logz) + O(x Z | g(n z?),

m<zx j=1 n<zx
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where o > o > -+ > oy > > >0, P;(t) is a polynomial int, if h(n) =5, _, . f(m)g(d),
then

J
Z h(n) = Zxo‘ij(logx) + O(z%),

n<x j=1

where Q;(t) {j=1,---,J} is a polynomial in t.

3 The mean value of d(1,2,---,2;n)

Theorem 3.1. Suppose k > 2 is an integer, then

D(1,2,-2i0) = 3 d(1,2,- -, 2in) = (*(2)z + 2 Q41 (log x) + O(@™ 7 7).
——

i n<z k
Proof. Recall that d(1,2,---,2;n) =) _ .. .. 1, by hyperbolic summation formula, we have
—— 1%
k
D(1,2,---,2;x) = d(1,2,--+,2;n) = di(m
( ) Z<: ( ) zl; k(m)
Kk n<z Xk m2i<z
=D delm) D0 14) 0 Y dilm) = 3 ditm)y 1 (B
m<y m2l<x 1<z m2i<zx m<y 1<z
= Sl + SQ - S37

where vy, z are parameters that will be determined later, and satisfy that y%2z = 2,1 < y < «.
Now, we deal with S7,.S5 and S3, separately

Si= 3 dim) Y 1= Y dulm)l-]

m<y m2i<z m<y
di(m)
=>> 0 > di(m) (3.2)
m<y m<y

= Ck(Z)x —x Z % +O(y'e).

Using Lemma 2.2 and partial summation formula, we have

YA L mt | S

m>y m<t

k=1
cj(logt)? + O(t* )

= —d |t
/y+ 2 .

7=0

1 .
=Y o [ gpdlogt) + 0>
Y

=Y ¢y (ogy) +2j(logy)’ " +2j(j — )(logy)? >+ -+ +25(j —1) -+ - 1]

+ Oy 2ronts),
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ot

Since y = \/f, we have logy = %(logx —log z), inserting this into (3.2), we can get

S| = Ck(Z)J? — S11 — S12 + O(yl+€ + a:y_2+°‘k+s),

where
k-1 s J
1 1 i . .

S11=12222 Z —z Z C}(log z)”~*(—1)"(log )",

j=1 1=0

101 i Cj J j' : ;
Si2 =22222 3 —; z; o 2 C; (logz)"*(—1)*(log 2)*.
j= i= s=

By Lemma 2.2, we get

g Zfd’“ > (fize <logﬁ)j+o<(ﬁ)%>

1<z 1<z Jj=1
k*lc
1 1
=ﬂzozi¥cl (ogp (1) 374 (0B + O™+,
j= ) z

where

> 173 (log 1)’ / t= % (log t)'d[t] = / 7 =2 (log t)'dt + / 7 t= 2 (logt)'dA(t).

1<z

We can easily get that A(¢) = O(1). Using partial integral formula, we have
/7 1=} (log ) dA(t) = w; + O(=~79),
where w; is a constant. We can also obtain that
/i t_%(logt)idt = Qz%(log P 22iz%(log 2) T (=)

Combing (3.4)-(3.7), we have

-

So = x2 ~k,1(10g a?) + So1 + Soo + O(.’L‘y_2+ak+6>,

where
B k=1
Qr_1(logz) = i; 3 Cilog a7 (1) (wi — (~1)i2+ ),
j=0 < i=0
k=1 j
Soy = 2227 Z % Z C;(log x)? (1) (log 2)*,
j=0 %" i=0
k—1 J i—1
Syy = 22723 C—; ZC”(log ) TH=1)Y (=1)F72 —(log 2)*

(3.3)

(3.4)
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For S5, we have

k—1
S3=> di(m)d 1=2y> c;(logy)’ + Oy 2) + O(y" )
m<y 1<z 7=0
ot | (3.9)
=yz ) c;(logy) + O(y* =z +y'*e).
3=0
Inserting y = \/? and logy = %(logx —log z) into (3.7), then
Sz = Sz1 4+ Oy +z + y'*9), (3.10)
where
1 el Cj J : L : ;
S31 = 52° Z ==Y Ci(logz)’~*(~1)'(log 2)".

= i=0

<

Note that C’; = ﬁl]), After some simplification we can easily get that Si; + S31 =

mgl:ak), then Theorem 3.1 is proved. O
ag

Sa1, 812 = S22. Taking y = 3_xa )2 =

k
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Abstract Let n > 1 be an integer, P*(n) be the unitary analogue of the ged-sum function.

In this paper, we consider the mean value of P*(n) over cube-full numbers, that is

Y P =Y P m)fn

n<x n<x
n is cube— full

where f3(n) is the characteristic function of cube-full integers, i.e.

fa(n

- {1, n is cube-full,

0, otherwise.
Keywords divisor problem, Dirichlet convolution method, mean value.

An integer n = p{*ps?..p¢" is called k-full number if all the exponents a1 > k,as >

k,---,ar, > k. When k = 3, n is called cube-full integers, i.e.

17
f3(n) =

0, otherwise.

n is cube-full,

In 1972, M. V Subbarao [4] gave the definition of the exponential divisor, i.e. n > 1 is an

integer and n = H pit,d = H pit, if ¢ | a;, 0 =1,2,- - - 7, then d is an exponential divisor of
=1
n. We denote d |. n. Two 1ntegerb n,m > 1 have common exponentlal divisors if they have the

same prime factors and in this case, i.e. for n = H pit,m = H Pl aib; > 1 (1 <i<r), the
i=1 i=1

T
greatest common exponential divisor of n and m is (n,m). = [] pga"’bi). Here (1,1)e = 1 by

convention and (1, m), does not exist for m > 1.

The integers n, m > 1 are called exponentially coprime, if they have the same prime factors
and (a;,b;) =1 for every 1 <4 < r, with the notation of above. In this case (n,m). = S.(n) =
Sy(m). The function S, (n) = P % - - - % P. can be found in the unsolved problem 63 (see [3]).
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1 and m > 1 are not exponentially coprime. Let

Pr(n) = (k,n).,
k=1
where (k,n), := max{d € N : d | k,d || n}, which was introduced by Té6th [5]. The function
P*(n) is also multiplicative and P*(p®) = 2p® — 1 for every prime power p® (a > 1).
Many authors have investigated the properties of the function P*(n), see [6] and [1]. Re-
cently, L. Téth [6] proved the following result:

Z P*(n) = 2CO([2):E2 logz + fBz? + O(:z:% log ),

n<z

where o = [[,(1-1/(p+ 1)%) ~ 0.775883, o, 3 are constants.
The aim of this paper is to establish the following asymptotic formula for the mean value

of the function P*(n) over cube-full numbers.

Theorem 0.1. We have the asymptotic formula

1 1
Z P*(n) = Z;c%Rl,l(log x)+ gx%Rl,g(logﬂc)

n<x

3
5

1
+ éngL?,(log x) + O(azg exp(—D(log x) 5 (log log a:)*%),

where Ry ;(t), k = 1,2 are polynomials of degree 1 int, D > 0 is an absolute constant.

Notation. Throughout this paper, € always denotes a fixed but sufficiently small positive

constant.

1 Some lemmas

Lemma 1.1. Let f(m),g(n) are arithmetical functions such that

J
Y f(m) =) % Py(logz) + O(%),

m<x 7j=1
> lg(n) |=0@"),

where oy > g > -+ > g > o> 3> 0, Pj(t) are polynomials int. If h(n) =5, _ . f(m)g(d)
then

J
> hin) =Y 2% Q;(logx) + O(a®),
n<x j=1

where Q;(t) are polynomials int, (j =1,---J).

Proof. This is Theorem 14.1 of Ivié [2]. O
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Lemma 1.2. Let f(n) be an arithmetical function for which

!
Z f(n)= Zm“ij(log x) + O(z?),

> 1 £(n) |= O(a" (log)"),

where a1 > as > -+ > a; > % >a>0,r> 07Pj(t) are polynomials in t of degrees not exceeding
r,j=1,---J, and ¢ > 1,b > 1 are fixed integers. Suppose for Rs > 1 that

o~ Ha(n) 1
)

h(n) = up(d) f(n/d),

de|n
then

l

Z h(n) = Z z% Rj;(logz) + Ec(x),

n<x j=1

where R;(t) are polynomials in t of degrees not exceeding v, (j = 1,-- 1), and for some D > 0,
E.(z) < 2+ exp(—D(log x)%(log log x)_%).
Proof. See Theorem 14.2 of Ivié¢ [2]. O

Lemma 1.3. Let P'(n) = w,%s > 1, we have

> P'(n 2(35)¢2(45)¢%(5s
S P Caneuncin g,

n=1
n is cube— full

where the Dirichlet series G(s) := Y~ 97(7’7;) is absolutely convergent for Rs > 1.

Proof.

n=1 ne n=1 n?
n is cube— full
_ P'(p®) fs(p*) | P'(p")f3(p*) P'(p") f3(p")
- H 1+ 3s + 4s t.. TS
» p p D
—H<1+2+2+2+2+2 - 1+)
- 3s 4s 5s 6s ' .Ts  p343s  A+ds
" p p p p p p p

GO [ (145 + e+ 2
p
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:<2(33)H(1+pi+2_1_2+...>

:g2(3s)<(4s)H(1+pL+p§S—1—§S+-~~>

. % p
= (%(35)¢%(45) ];[ (1 + +% - ]% - z% +- )
= ot [T (15— e )
:ﬂmwMﬂng—;—;+m)
=@“@§ﬁ§@“$a@,
where G(s) = Y0, 42 = T[ (1~ % + - ), which is absolutely convergent for Rs > %, and
; | 9(n) | 27,

Lemma 1.4.
> d(3,3,4,4,5,5:m) = 23 Py 1 (logz) + % Py 5(log z) + 5 Py 3(log x) + O(a°+),
m<x

where oy = éggggg = 0.15137426 - --, Py 1,(t) are polynomials of degree 1 int,k =1,2.

Proof. By perron’s formula, we have

S(z) =Y d(n)d(n)

n<z

1 b+iT ) ) 5 x%—&-e
= 48)¢?(58) =—

3 [ G0 UncEs) Sds+ 0T,

where b = % +¢,T =z ¢ is a very large number of fixed numbers. % < o0p < %. According to
Residue’s theorem, we have

S(z) = 23 (P3(logz)) + x7 (Ps(logz)) + % (Ps(log ) + I + In + Is + O(1),

L= [ eaaceun e s
27Ti b—iT S ’

h=1 [T eEacus e Cas
27T'L oo—iT S ’
1T , L

b= [ CEaCECE) s
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Since og > we have

43’

e
I + I <</ | ¢(30 +143T) || ¢(4o +44T) || ¢(5o +i5T) |* 2°T 'do

(L)

1
5

| ¢(3c +43T) || ¢(4o +44T) |?| ¢(50 + 45T |* 27do
L gsT e 4 5T 8%e pgaT8Fe p paplte 4 patep—!
< I%+6T76+6,

where § is very small normal number, § > e,
T
I < x7°(1 + / (| ¢(30 +i3T) |?| ¢(4o +i4T) |?| ¢(50 + i5T) |* t~ dt).
1

According to the partial integral formula, only the formula is proved,

T
I = / (| ¢80 +1i3T) || ¢(4o +i4T) || ¢(50 +i5T) |* dt) < T,
1

If p; > 0(i = 1,2, 3) are real number, and pil + p% + p% = 1, by Hélder inequality, we have

T

T
< (/ | (30 +43T) |* dt)ﬁ(/
1 1
So, we have to prove
T
/ | ¢(300 +i3t) |?P* dt < T,
1
T
/ | C(4oo + i4t) |*P2 dt < T,
1

T
/ | ¢(5og +i5t) P2 dt < THFe.
1

Let m(30¢) = 2p1,m (400) = 2p2,m(500) = 2p3, since m(ggo) + m(400) + (5U 5 =

00 = 330099 = 0.15137426 -

2 Proof of Theorem 0.1

Let

. ,§Rs>1,
n

(*(35)¢*(48)¢*(58)G Z

oo

(32 s) ¢ s) = 3 L2

n=1

,3,4,4,5,5;n)

nS

)

T
| C(do + i4T) 2P dt)7a ( / | C(50 +i5T) |2 dt)7s
1

= 1, we have
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such that
f(n) =) d(3,3,4,4,5,5m)g(d). (2.1)
n=md
From Lemmal.4 and the definition of d(3,3,4,4,5,5;m) we get
Z d(3,3,4,4,5,5;m) = x%Pm(log x)+ x%Pl,g(log x)+ x%PLg(loggc) + O(z7F), (2.2)
m<x
where Pj ;(t) are polynomials of degree 1 in ¢,k =1, 2.
In addition we have )
> 1g(n) |= 07 ). (2.3)
n<x
Combining (2.1),(2.2) and (2.3), and applying Lemma 1.2, we have
> f(n) =23 Qu(logx) + 21 Q1 2(log x) + 25 Q1 5(log x) + Oz ), (2.4)
n<zx
where Q1,1(t), Q1,2(¢) are polynomials of degrees 1 in ¢, then we can get
1
S| f(n) < 2 loga. (2.5)
n<z
Since ﬁ =>, ‘:l(gi),%s > 1, from Lemma 1.4 and (3.1) we have the relation
P'(n)fa(n) = > flm)u(d). (2.6)
n=mdS
From (2.4), (2.5) and (2.6), in view of Lemma 1.3, we can get
Z P'(n) = 23Ry 1 (log ) + 27 Ry 5(log ) + 27 Ry 3(log )
n is cz%:—full (27)

3
5

+ O(2% exp(—D(log z)? (log log z) 7).

From the definition of P’(n) and Abel’s summation formula, we can easily get

> Pm= Y Pn

n<x n<x
n is cube— full n is cube— full
T
= / td E P'(n)
1

n<x
n is cube— full

1 1 1
= zx%Rl,l(logaz) + gx%RLg(logx) + 63:%R1,3(10gm)

+O(x% exp(—D(log z)? (loglog ) #),

where R j; = 1,2 are polynomials of degree 1 in ¢, D > 0 is an absolute constant.

Then, we complete the proof of Theorem 0.1.
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§1. Introduction and preliminaries

Theorem 1.1. Let f: 1 C R — R be a convezx function defined on the interval I = [a,b)
of the real numbers and let a,b € [c,d] where a < b. Then,

1(45) =5t [ s < 2SO -y

The above double inequality, which we can say is the first fundamental result for convex
functions with a natural geometric applications, is known in literature as the Hermite-Hadamard
inequality. Furthermore, the inequality has several updates for different types of convex func-
tions in literature (See [1], [8], [9], [10], [12] and [13]).

Definition 1.1.120 A function f:1 — R is said to be convex, if for every z,y € I and
t€10,1] , we have

[z + (1 =t)y) <tf(x)+ 1 =) f(y). (1.2)

Definition 1.2.°1 A function f:[0,b] — R is said to be m-convex, where m € [0, 1], if
for every x,y € [0,b], and t € [0,1], we have

[tz +m(l—t)y) <tf(x) +m(l —1)f(y). (1.3)
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Remark 1.1.  For m = 1, we recapture the concept of convex functions defined on [0, b]
and for m = 0, the concept of starshapped function defined on [0,b] is obtained. Recall that
f:10,b] — R is starshapped if

ftz) <tf(z), (1.4)

for allt €10,1] and z € [0, b)].

Definition 1.3.1 A4 function f : I — R is Godunova-Levin or said to belong to the

class Q(I) if f is nonnegative for all z,y € I and t € (0,1) satisfies the inequality
fx) )

fltz+ (1 -t)y) < ——++

= (1.5)

Definition 1.4.'% A function f:I C R — R is said to belong to the class MT(I) if f
is nonnegative Vr,y € I and t € (0,1) satisfies the inequality

Vit V=t

f). (1.6)
Recently, Omotoyinbo and Mogbademu [! introduced and defined two new classes of convex
functions as follows:
Definition 1.5.) A function f:1 C R — R is m-Godunova-Levin or said to belong to
the class m — Q(I) if f is nonnegative for all x,y € I and t € (0,1) with m € (0,1] satisfies the

inequality

fltr+m(1—tyy) < L&) LS

it (1.7)

Definition 1.6.1° A function f:I C R — R is said to belong to the class m — MT(I)
if [ is nonnegative Ve,y € I and t € (0,1) with m € [0, 1] satisfies the inequality

Vi my/1—t
f(l')JFT/%

fz+m(l—t)y) <

< f(w): (19)

B obtained the following two new inequalities of Hadamard-type for a

Dragomir et al.
class of Godunova-Levin functions.

Theorem 1.2.% Let f € Q(I),a,b € I with a < b and f € Ly[a,b]. Then, one has the

inequality
a+b 4 b
f( 5 )Sb—a/a f(x)dx
and )
b
[ s < LTI, (19)
where p(z) = %,x € [a, b].

In [12], Tung and Yildirim improved on the work of Dragomir et al. Bl and obtained the
following two new inequalities of Hermite-Hadamard type for the class of MT-convex functions.
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Theorem 1.3.3]  Let f € MT(I),a,b € I witha <b and f € Li[a,b]. Then, one has the

inequality
f (a;rb> <
and ,
5 E . / 7(2) f(x)dr < M, (1.10)
where T(x) = W,x € [a, b].

Theorem 1.4.12  Let f € MT(I), f € Ly[a,b], where a,b € I and a < b. Then,

f(“*b)way+ﬂm. (1.11)

Recently, Tunc et al. 131, proved the following theorems:

Theorem 1.5.131  Let f: [a,b] € R — R nonnegative MT-convez function and f €
Lila,b]. Then,

_a/ fla % f(a) + (b)) (1.12)

Theorem 1.6.1"3  Let f g € [a,b] — R two nonnegative MT-convex functions and
fyg € Li[a,b]. Then,

—f <a+b> < M(a,b) + N(a,b), (1.13)

where M(a,b) = f(a)g(a) + F(B)g(b), N(a,b) = f(a)g(b) + F(B)g(a).

More recently, the authors [ obtained the following two inequalities of Hermite-Hadamard
type for classes of Godunova-Levin and MT-convex functions. The results obtained are inde-
pendent of Tung et al. 3,

Theorem 1.7.8]  Let f,g : [a,b] — R be two functions with a,b € [0,00), where a <
b,I = [a,b] and f,g € L1[a,b]. If f € Q(I) and g € MT(I). Then, the following inequality
holds;
a+b

2 1o(5) < Man+ N (114
where M(a,b) = f(a)g(a) + f(b)g(b), N(a,b) = f(a)g(b) + f(b)g(a).

Theorem 1.8.8]  Let a,b € [0,00),a < b,I = [a,b] with f,g:[a,b] — R be two functions
and f,g € Li[a,b]. If f € Q(I) and g € MT(I). Then, the following inequality holds

b
i [ @ < 4 (T F@ata) + F090) + T @)+ Fg(a).
(1.15)
where p(x) = % z € [a,b].

In this paper, using an analytical approach, we established some new inequalities involving
two different kinds of convex functions: m-Godunova-Levin and m-MT-convex functions. Our

results generalize some well-known results in this area of research.
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§2. Main results

Theorem 2.1. Let f,g: [a,b] C R — R be two nonnegative m-MT-convezx functions

and f,g € Li[a,b] where a,b € I and a <b. Then,

gmfg<“;rb> < (mgl)(M(a,b)JrN(a,b)),

where M(a,b) = f(a)g(a) + f(b)g(b), N(a,b) = f(a)g(b) + f(b)g(a).

Proof. Since f and g are m-Q(I)-convex, we can write

F(%5°)

=

f(a)
t

(

(a) (b)
gta + m‘lzlft)

3 (4 + ) (0l@) + 9(0)).

Multiplying (2.1) and (2.2) together to obtain

r(b)
m(1—t)

+ s
+ i) (F(@) + £0),

IA

IN
=

N[ =

and

s}
—
‘D
[
SJ
~—
IN

IA

Observe that inequality (2.3) becomes

a+b

dmt(1 —t)fg ( ) < (f(a) + (b)) (g(a) + g(0))(t + m(1 —t))dt.

Integrating both sides of (2.4) over [0, 1], we get

a+b
2

4mfg( ) [ 1= 0o < (7@ + )6l + 90) [ @+ m(1 - )

Further simplification of (2.5) completes the proof.

Theorem 2.2. Let g€ m— MT(I),a,b€ I witha <b and f € L1[a,b]. Then,

b mb b
() <3 (mbla | @ = | f(x)dfc> .

Proof. Since f € m-MT-convex, and Vz,y € I,

[tz +m(l —t)y) <

with ¢ = £ in (2.7),

; < +2mb> < )+ mitw)

Now, set = ta+ m(1 —t)b and y = m(1 — ¢)a + tb, then (2.8) becomes

1

F() < 5 Uteatm(1 =00 + fln(1 =+ ),

(2.1)

(2.3)
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By integrating both sides of (2.9) over [0, 1], we obtain

a+mb 1 1
f( *2 ) < % (/O f(ta+m(1—t)b)dt+/0 f(m(l—t)a+tb)dt>. (2.10)

It is easy to see that

1 1 mb

/O fta+m(1 =it = —=— [ f(a)is
and
1 1 b
/0 Fm(1 = t)a + th)dt = b_&/maf(x)dx. (2.11)

Thus, substituting (2.11) into (2.10),the result follows immediately.

Remarks 2.1. (i) If we choose m =1 in (2.6), we obtain

b b
1(*57) =52 [ 1@

which is the first part of Hadamard’s inequality (1.1) and Theorem 1.8 of Tung and Yildirim!*?],

(i) If g € m — Q(I), then Theorem 2.2 also holds.
Let f : [a,b] € R — R be a nonnegative m-MT-convex function and

Theorem 2.3.
f € Li([a,b]) with a,b €I and a <b. Then

mb b
[ t@ds 2 [ e < Fom s 0@ + 10

mb—a J, b—a

Proof. Since f € m — MT(I),

Vit my1—1t
f(ta+m(1—1)b) < 2mf(a) T/z?f(b)’ (2.12)
and
Vi mVL Tt (2.13)

fb+m(l —t)a) < 2\/1—_tf( )+27\/%

Adding (2.12) and (2.13), gives

1 t m(l—t
fta m(L — 1) + £(tb-+ m(1 ~ ) < & ( T m) (f(a) + F(0)

<

(f(a)+f(b))/0 (t2 (1—t)2 +mt? (1—t)7)dt. (2.14)

N~

On substituting = ta + m(1 — ¢)b (i.e. dz = (a —mb)dt) in (2.14), then the result follows
O

immediately.
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Remarks 2.2. Ifm =1 in Theorem 2.3, we have

o [ e < 0@ + 50,

which is Theorem 2.3 of Tung et al. 3],

Theorem 2.4. Let f,g: [a,b] C R — R be two nonnegative m-MT -convex functions and
fyg € Li([a,b]) with a,b € I and a <b. Then

8fyg (a+b) < (m?+m+1)(M(a,b) + N(a,b)).

Proof. Since f and g are m-MT-convex functions, we can write
a+b \/7? m\/m
f( 2 )§2\/ﬁf(“)+2ﬁ
< (wf% i mzig_t) (f(@)+ £(6)),
a+b Vi v —1
g< 2 ) = 2@9(‘0*27\/%9@)
=+ (2\/\1/% * mg\l/g_ t) (9(a) + g(b))- (2.16)

By multiplying (2.15) and (2.16) ,we obtain

o (“‘2”’) < (3 (o t)) (F(a) + F0)a(a) + o)

(( P08 )+ f6)a@ + o). (247

It can be easily seen t (2.17) gives

f(0)

(2.15)

16101 - 011 b) < (m2(1— 1+ 2mi(1 — 1) + 2)(F(@) + FO))g(a) +9(0).  (218)
Integrating both sides of (2.18) over [0, 1], the proof is completed. O

Remarks 2.3. If m =1 in Theorem 2.4, we obtain

o (a+b) < M(a,b) + N(a,b),

where M(a,b) = f(a)g(a) + f(b)g(b), N(a,b) = f(a)g(b) + f(b)g(a), which is Theorem 2.4 of
Tung et al. 13,

Theorem 2.5. If m =1 in Theorem 2.4, we obtain

St (a“’) < M(a,8) + N(a,b),

where M(a,b) = f(a)g(a) + f(b)g(b), N(a,b) = f(a)g(b) + f(b)g(a), which is Theorem 2.4 of
Tung et al. 13,
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Proof. Since f € m — Q(I) and g is m — MT-convex, we have

flta-+m(1 = 0)b) < { (@) + s ), (2.19)
Vi my/1—1
g(ta+m(1 =1)b) < QEQ(G) + 27\/%9(17). (2.20)

Multiplying (2.19) and (2.20), we get

f(ta+m(1 —t)b)g(ta + m(1 —t)b)

< 5 (U st + P g + Y gt + S o)
(2:21)
If both sides of inequality (2.21) are multiplied by mt?(1 — t)2, we have
m/ t2(1 f(ta+m(1 —t)b)(g(ta +m(1 — t)b)) dt
1 1 1 ,
< E(mf(a)g(a)/ t(1 — t)Vtv/1 — tdt + mf(a)g(b)/ (1 —t)2VtV/1 — tdt
0 0

+f(b)g(a) /1 t2V/tV/1 — tdt + mf(b)g(b) /01 t(1 — t)VtV/1 — tdt). (2.22)

0

Substituting = ta + (1 — t)b and simplifying completely, inequality (2.22) gives:

o ST o

1 /3mm o7
5 | 7ox (fla)gla) + f(b)g(b)) + 2 (mfla)g(b) + f(b)g(a)) | .
128 128
The proof is completed. O
Remarks 2.4. If we set m = 1 in Theorem 2.5 above, we obtain Theorem 2.1 of

Omotoyinbo and Mogbademu (8.

§3. Applications

We now consider few applications of our results to the following special means of real
numbers.

The Arithmetic Mean: A = A(a,b) = (a+b), a,b<0.

The Geometric Mean: G = G(a,b) = Vab, a,b <0.

The Harmonic Mean: H = H(a,b) = Qj_l;), a,b <0.

The following propositions hold:

Proposition 3.1. If we set m = 1 in Theorem 2.5 above, we obtain Theorem 2.1 of

Omotoyinbo and Mogbademu (8],
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Proof. If we set m =1 in Theorem 2.5 and choose = = ‘IT“’, we obtain

(b;a();_*a()?l)2 (b—a) )2 / = 956 ( (al"”“ ! b”“) +5W< T bsa’“)) '

(3.1)

Simplifying (3.1), we have

1 <i 3m(a® + v?*) + 5m.2(ab)*
16 (ab)2* '

On further simplification, we get

2ab \** 1 2k 2k k
P < 6 (3m(a®* + %) + 5m.2(ab)") . (3.2)

Substituting into inequality (3.2), the relation

2 b2 2k b2k
a® + _— (ab)p S %,

2ab \ 2 a2k 4 p2k
S ™ - a 9
a+b 2

(H(a,b))* < wA(a?*,b%%).

0§(a+b)2:>ab§

we obtain

implying that

Hence, the result is completed. O
Proposition 3.2.  Let f(z) = g(x) = 2* , then
(A(a,0))** < 1G*(a",0"),
where v > 0,k € (0, 1555 )-

Proof. If we set m = 1 in Theorem 2.5 and choose = = %b, we obtain

b—ay2 | (b—a)2 a 2k b
PP (1) (3" [ oty

—a

Simplifying (3.3), we have;
1 (a+b\"" 1 o ok
— | — < — 2a"b")) . 4
16 < 5 > < 556 (37(a®* + b*") + 5m(2a"b")) (3.4)

By recalling and substituting the following standard equalities in (3.4)

2k
Afa,b) = “;b —s (A(a, b)) = (“;b) ,

a2k b2k

2
G(a,b) = Vab = G*(a*,b*) = a*b*,

A(a2p’b2p) — — 2A(a2k,b2k) _ a2k + ka,
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we have )

(A(a,b))?* < 6 (3m.24(a®", b%* + 5m.2G? (", b¥))

1
<16 (37(A(a,b))?* + 107G?(a*, b))

< G2 (a", bb),
where v = 16?27?:” > 0. Hence, the proof is completed. O
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§1. Introduction

Let
F(s) = ane*?, s=o+it (o,t€R). (1)

n=1

If a,’s € C and \,’s € R satisfy the condition 0 < A\; < Ag < A3 < ... < Ap...;\, — 00 as

n — oo and

log |ay,
i l0glanl _ 2

. log n
lim sup =K <o (3)

then from [1] the Dirichlet series (1) represents an entire function.

Let X denote the set of all entire Dirichlet series (1) and Y be the set of series (1) for which
e (nl)¢2|a,,| is bounded where c1, co > 0 and are simultaneously not zero. Let T’ be the set
of series (1) for which e“*"*=|a,| is bounded. Then by [1] every element of ¥ and I' represents
entire function. Clearly I' C Y C X. By putting ¢; = 1, ¢ = 0, one obtains the condition of
paper [2] that is e"*#|a,,| is bounded whereas ¢; = 0, co = 1, gives the condition of paper [3]
which is (n!) |a,| is bounded. If

x(s) = ixne)‘”s, f(s) = i ane®, afs) = iane“s (4)
n=1 n=1 n=1
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where z(s) € X, f(s) € Y and «a(s) € T, define the binary operations i.e. addition and

multiplication in X xI'x Y as-

2(s) + als) + fs) = 3 pu 7,

z(s).a(s).f(s) = Z Gn €,

where

Pn = Tp +ay +a, and ¢, = T,.00,.0y,.

The following definitions are required to prove main results.

Definition 1. Let M and ' be two additive abelian groups. If there exists a mapping M
XTI X M — M such that for all x,y,z € M and o, € T the conditions

1. (z +y)az = zaz + yaz,

2. z(a+ B)z = zaz + xfz,

3. za(y + z) = zay + zaz,

4. (zay)Bz = va(ypz)
are satisfied then M is called a I'-ring.

An additive subgroup I of M s a left (right) ideal of M if MTI c I (ITM C I). If I is
both a left and a right ideal of M then I is a two-sided ideal or simply an ideal of M.

Definition 2. A T'-ring M is right primitive if

1. The right operator ring R of M is a right primitive ring.

2. MT'xz =0 implies x = 0.

M is a two-sided primitive T'-ring if it is both left and right primitive. A I'-ring M is said
to be primitive if it has a I'-faithful irreducible module.

Definition 3. The additive group N is said to be a I'-ring M-module if there is a I'-
mapping from N XT' X M — N by (n,v,m) — nym such that

1. ny(a + b) = nya + nyb,

2. (n1 + n2)vya = n1ya + naya,

3. (nya)db = ny(add)
for allm,ny,me € N, a,b € M and 7,5 € I'. For the sake of brevity drop I'-ring in a I'-ring
M -module and refer it merely as an M -module.

A submodule of an M-module N is an additive subgroup S of N such that STM C S. N
is said to be an irreducible M-module if NTM # (0) and if the only submodules of N are (0)
and N.

A generalization of the concept of I'-rings was done by Barnes in [4] where analogues of the
classical Noether-Lasker theorems concerning primary representations of ideals for I'-rings was
obtained. Luh in [5] and [6] discussed results on primitive I'-ring. Kyuno defined the simplicial
radical of a I'-ring M with both left and right unities to be the intersection of its maximal ideals
in [9]. Luh in [10] extended the notions of simplicity and complete primeness to I-rings. Kyuno
in [11] introduced the I'-ring M-module and defined the Jacobson radical along with the ideas
of irreducible modules. For all notions relevant to ring theory refer [7] and [8]. Very recently

Kumar and Manocha in [13] considered the set of all Entire Dirichlet series which formed a
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I'-ring and established various results on prime one-sided ideals and socles for this set. Various
results have been proved for different classes of entire Dirichlet series where few of them may
be found in [14-17].

The purpose of the present paper is to introduce the notion of a I'-ring Y-module and define
the Jacobson radical J(Y) along with the ideas of irreducible modules. The properties of J(Y")
and its relation with J(R) is then studied where R denotes the right operator ring of I'-ring Y.
Later semi-simplicity is defined by J(Y) = (0). Also the relation between semi-simple ¥ and
semi-simple R is studied for the class Y of entire functions represented by Dirichlet series.

Clearly X and Y form I'-ring. Let G be a free abelian group generated by the set of all
ordered pairs (a(s), f(s)) where f(s) € Y and a(s) € T. Let T be a subgroup of elements
Zmi(ai(s),fi(s)) € G where m; are integers such that Zmi.{a(s).ai(s).fi(s)} = 0 for

all a(s) € Y. Denote by R the factor group G/T and by [a(s), f(s)] the coset (a(s), f(s)) +
T. Clearly every element in R can be expressed as a finite sum Z a;(s), fi(s)]. Also for all

f1(8), f2(s) € Y and B(s) €
[a(s), f1(s)] + [B(s), f1(s)] = [a(s) + B(s), fi(s)]
[a(s), f1(s)] + [a(s), f2(s)] = [a(s), fi(s) + fa(s)].

Define the multiplication in R by

> lails), fils)]- D18i(8), g5 ()] = D _lails), fils)-B(5).95(s)]

i J .3

[

Then R forms a ring. Furthermore Y is a right R-module with the definition

a(s)Z[ Z{a i(s)} for all a(s) € Y.

The ring R is called the right operator ring of I'-ring Y. Similarly the left operator ring L of Y
can also be defined.

§2. Main Results

In this section main results are proved.

The additive group X is said to be a I'-ring Y-module if there exists a I-mapping (I'-
composition) from X x I' x Y — X by {x(s),a(s), f(s)} — x(s).a(s).f(s) € X where z(s),
a(s) and f(s) are as given by (4). Now let z1(s),z2(s) € X, B(s) € T', f1(s), f2(s) € Y such

that
oo oo
= E T, 5 xo(s) = E Tp,en,

E s E s
anl A ’ f2 anz An )
and

)
SIS
n=1
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Clearly X is a Y-module. Also X is a I-faithful Y-module if XT.f(s) = (0) forces f(s) = (0).
For a Y-module X we define Ay (X) = {f(s) € Y|XT.f(s) = (0)}.

Lemma 2.1. If X is a Y-module then Ay (X) is a two-sided ideal of Y. Moreover X is
a T-faithful Y/ Ay (X)-module.

Proof. Ay (X) being a right ideal of Y is obvious from the axioms for a Y-module. Now we are
required to show that Ay (X) is a left ideal of Y for which,

XT(YTAy (X)) = (XTY)T Ay (X) C XT Ay (X) = (0)

which implies
YTAy (X) C Ay (X).

Thus Ay (X) is a two-sided ideal of Y. Now make of X a Y/Ay (X)-module as for z(s) €
X, a(s) e T'and f(s)+Ay(X) € Y/Ay (X), the action x(s).a(s).(f(s)+Ay (X)) = z(s).a(s).f(s).
If f1(s) + Ay (X) = fa(s) + Ay (X) implies f1(s) — fa(s) € Ay (X) which further implies
that z(s).a(s).(f1(s) — f2(s)) = (0). Thus z(s).a(s).f1(s) = x(s).a(s).f2(s). The action of
Y/Ay(X) on X is well-defined. Finally show that X is a I'-faithful Y/Ay (X)-module by
x(s).a(s).(f(s) + Ay (X)) = (0) implies z(s).a(s).f(s) = (0). Thus f(s) € Ay(X) which im-
plies that only the zero element of Y/Ay (X) annihilates all of X which completes the proof. [

Lemma 2.2. X is an irreducible Y -module if and only if X is an irreducible R-module.
Proof. Let X be an irreducible Y-module which implies XI'Y = X. Now make an R-module

from X by defining Z[ai(s), fi(s)] € R for z(s) € X. The composition

2(s). Y lai(s), fi(s)] = a(s). Y _(us), fi(s)) = Y _ w(s).cs(s)-fils)-

If
D (@ils), fi(s)) + T =D _(8(5),95() + T
implies
Z(ai(é’), fi(s)) — Z(ﬁj(s)’gj(s)) eT.
Since
XT = (XTY)T = XT(0) = (0)
implies

(s). {Z(%(S% fi(s)) — Z(ﬂj(S)vgj(S))} =0

9

which further implies

w(s). Y _(i(s), fi(s)) = @(s). Z(ﬁj(s)>gj(5))~

i
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Thus the composition from X x R — X is well defined. Let X’ be an additive subgroup of X
such that X’R C X’. Since X’R = X'[I", Y] = X'TY which implies X'TY C X'. Therefore X’
is a submodule of a Y-module X. Since X is irreducible implies X’ must be X or (0). Thus X
is an irreducible R-module.

Conversely let X be an irreducible R-module. Define z(s).y(s).f(s) = z(s)[v(s), f(s)] a
similar argument as in the proof above will show that X is an irreducible Y-module. Thus the
proof is completed. O

Let R be the right operator ring of a I'-ring Y. A right ideal n of R is said to be regular if
there is ¢(s) € R such that p(s) — q(s).p(s) € n for all p(s) € R.

Lemma 2.3. Let R be the right operator ring of a U'-ring Y. If X is an irreducible
Y -module then X is isomorphic as an R-module to R/n for some mazimal regqular right ideal 1

of R. Conversely for every mazimal reqular right ideal n of R, R/n is an irreducible R-module.

Proof. Let X be an irreducible Y-module. Since A = {z(s) € X|x(s)T'Y = (0)} is a submodule
of X and is not X it must be (0). Equivalently if x(s) # 0 is in X then z(s)I'Y # (0).
However z(s)I'Y is a submodule of X hence z(s)I'Y = X. By Lemma 2.2, X is a R-module
and so we define ¢ : R — X by ¢(r(s)) = z(s).r(s) for every r(s) € R. Clearly ¢ is a
homomorphism of R into X as R-modules. Since z(s).R = z(s)I'Y = X. Thus ¢ is surjective.
Finally Ker¢ = {r(s) € R|z(s).r(s) = 0} is a right ideal n. Thus by standard homomorphism
theorem X is isomorphic to R/n as a R-module. Any right ideal of R which properly contains
7 maps into a submodule of X. Hence 7 is a maximal right ideal in R. Since z(s).R = X
there exists an element ¢(s) € R such that z(s).q(s) = z(s). Therefore for any p(s) € R
we have x(s).q(s).p(s) = x(s).p(s) which implies z(s).(p(s) — ¢q(s).p(s)) = 0. This implies
p(s) — q(s).p(s) € n. Converse can be shown easily hence we omit the proof. This completes
the proof. O

The Jacobson Radical of a I'-ring Y written as J(Y) is the set of all elements of Y which
annihilate all the irreducible Y-modules. We note that J(Y) = [ Ay (X) where intersection
runs over all irreducible Y-modules X. Since Ay (X) is a two-sided ideal of ¥ by Lemma 2.1,
thus J(Y) is also a two-sided ideal of Y.

In ordinary ring theory, for the right operator ring R of a I'-ring Y we have J(R) =
(N Ar(X), where intersection runs over all irreducible R-modules X and Agr(X) = {r(s) €
R|X.r(s) = (0)}.

Theorem 2.1. IfY is a I'-ring and R is the right operator ring of Y then J(Y) = J(R)"
and J(R) = J(Y)" .

Proof.

Ay(X)" = {r(s) € RlYur(s) C Ay(X)}
{r(s) € RIXTY.r(s) =(0)}

{r(s) € RIX.r(s) = (0)}

= Agp(X).
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Also

Ap(X)" = {f(s) €Y, f(s)] € Ar(X)}

{f(s) e YIXTf(s) = (0)}
= Ay(X).

By these facts and Lemma 2.2, we have

JY) = {N Ay} =N Ar(X)" = Ar(X) = J(R).

Similarly
J(R)" ={(Ar(X)}* =(Ar(X)" = Ay (X) = J(Y).

Hence the proof is completed. O

A T-ring Y is said to be semi-simple if J(Y) = (0).
Theorem 2.2. If a I'-ring Y is semi-simple then the right operator ring R of Y is also

semi-stmple.

Proof. Let (0)y be the zero ideal in Y and (0)r be the zero ideal in R. J(Y)*/ = (O)Y*/ =
{r(s) € R|Y.r(s) = (0)y } = (0)g, for Y is a faithful R-module. Hence by Theorem 2.1, we have
J(R) = (0)g. This completes the proof of the theorem. O

Theorem 2.3. Let a T'-ring Y be a T-faithful Y-module that is YT f(s) = (0) implies
f(s) =(0). If R is semi-simple then Y is semi-simple.

Proof. Since Y is I-faithful, J(R)* = (0)g" = {f(s) € Y|[[,f(s)] = (0)r} = {f(s) €
Y|YTf(s) = (0)r} = (0)y. This implies J(Y) = (0)y. Hence the theorem is proved. O
For the right operator ring R of a I'-ring Y define (n: R) = {p(s) € R|R.p(s) C n} where
7 is the right ideal of R.
Lemma 2.4. Ag(X) = (n: R) is the largest two-sided ideal of R which lies in n where n
is a maximal reqular right ideal of R and X denotes R/n.

Proof. If p(s) € Ar(X) then X.p(s) = (0) implies (r(s) +n).p(s) = n for all r(s) € R. Then
R.p(s) Cn. Hence Ar(X) C (n: R). Similarly (n : R) C Ag(X) implies Ar(X) = (n : R).
Since 7 is regular there is ¢(s) € R with p(s) — ¢(s).p(s) € n for all p(s) € R. In particular
if p(s) € (n : R) then since q(s).p(s) € R.p(s) € n we get p(s) € n. Thus the proof is
completed. O

By Lemma 2.3 and Lemma 2.4, Ay (X) = (n: R)* and so by the definition of J(Y') one
gets

Theorem 2.4. J(Y)=((n:R)" where n runs over all the maximal regular right ideals
of R and where (1 : R) is the largest two-sided ideal of R lying in 7).
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Definition 4. An element f(s) of a T-ring Y is said to be right-quasi-regular (abbreviated
as rqr) if for any a(s) € T the element [a(s), f(s)] of the right operator ring R of Y is right-
quasi-regular in the usual sense. That is to say f(s) is rqr if for any a(s) € T' there exists

n

Z[%(S),gi(S)] in R such that

=1

[a(s), ()] + D _lai(s) gi(s)] = [a(s), F(5)] D_[eils), gi(s)] = 0

that is
g(s)-a(s)-f(s) + D gls)-ai(s).gi(s) = D (9(s)-a()-f(5))-xil(5).gi(s) = 0
i=1 i=1
for all g(s) €Y.

Theorem 2.5. J(Y) is a right-quasi-regular ideal and contains all right-quasi-reqular
ideals of Y.

Proof. Ordinary ring theory shows that J(R) is rqr ideal of R and contains all the rqr right
ideals of R ( [12] p.12). Clearly as shown before J(Y) = J(R)* = {f(s) € Y|[T, f(s)] C J(R)}.
If f(s) € J(Y) then for any a(s) € T, [a(s), f(s)] € J(R) implies [a(s), f(s)] is rqr that is
f(s) is rqr. Let X be a rqr ideal of Y. Thus it remains to show that [a(s), X] C J(R) where
a(s) e T. If z(s) € X then z(s) is rqr implies [a(s), z(s)] is rqr. Since X is a right ideal of Y,

[a(s), X][I, Y] = [a(s), XTY] C [a(s), X]

and hence [a(s), X] is a right ideal of R. Thus [«(s), X] is a rqr right ideal of R. This implies
[a(s), X] C J(R) which completes the proof of the theorem. O

Lemma 2.5. A T'-ring Y is isomorphic to a subdirect sum of I'-rings S;, i € U if and
only if for each i € U there exists in' Y a two-sided ideal K; such that Y/K; = S;, moreover
() Ei = (0).
ieU

Theorem 2.6. A '-ringY is primitive if and only if the right operator ring R is primitive

and YT'.f(s) = (0) forces f(s) = (0).

Proof. Let Y be a primitive I'-ring and X be a I'-faithful irreducible Y-module. By Lemma 2.2
X is an irreducible R-module. If X.r(s) = (0) implies XT'Y.r(s) = (0) and so Y.r(s) = (0) which
further implies r(s) = (0). Thus X is faithful. If YT.f(s) = (0) we get (XTY)I'.f(s) = (0)
implies XT. f(s) = (0) and hence f(s) = (0).

Conversely let X be a faithful irreducible R-module. By Lemma 2.2, X is an irreducible Y-
module. To show that X is I'-faithful we assume that XT.f(s) = (0) which implies X[I, f(s)] =
(0) thus [T, f(s)] = (0). Hence YT'.f(s) = (0) implies f(s) = (0). Thus the proof is completed.

O

Theorem 2.7. A D'-ring Y is primitive if and only if there exists a mazximal reqular right
ideal n in R such that (n: R)* = (0) where R denotes the right operator ring of Y. A primitive

T'-ring is semi-simple.
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Proof. Let Y be a primitive I'-ring and X be a I'-faithful irreducible Y-module. By Lemma
2.3, there exists a maximal regular right ideal n in R such that X is isomorphic to R/n as an
R-module. Lemma 2.4 shows that (n : R)* = Ay (X). Since X is I'-faithful Ay (X) = (0).
Thus (n : R)* = (0). Now let  be a maximal regular right ideal of R. Put X = R/n. Since
Ay(X) = (n : R)* = (0). Finally J(Y) = (\(n : R)* where n runs over all maximal regular
right ideals of R. Thus J(Y) = (0). Hence Y is semi-simple. This completes the proof of the

theorem. 0O

Theorem 2.8. A I'-ring Y is semi-simple if and only if it is isomorphic to a subdirect

sum of primitive I'-rings.

Proof. Let Y be a semi-simple I'-ring. By Theorem 2.4, J(Y) = ((n : R)* where 1 runs over all
maximal regular right ideals of R. Since Y is semi-simple implies (](n : R)* = (0). By Lemma
2.5, Y is isomorphic to a subdirect sum of the Y/(n : R)*. By Lemma 2.1 and 2.4, Y/(n : R)*
is primitive. Therefore Y is isomorphic to a subdirect sum of primitive I'-rings.

Conversely suppose that Y is isomorphic to a subdirect sum of the rings Y, = Y/Kj,.
Therefore (K4 = (0). If the rings Y}, are all primitive they are semi-simple. Since J(Y") maps
into a quasi-regular right ideal of Y. Hence J(Y) C Ky which implies J(Y) C (K, = (0)
proving that Y is semi-simple. Thus the proof is completed. O
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Abstract In this paper we studied m-quasi N-class Ay operator, where k is positive integer,
which coincides with m-quasi N-class A operator for £k = 1. We prove that if T" is m-quasi
N-class Ay operator then T is finite ascent, we prove that T is an isoloid and Weyl’s theorem
holds for T' and f(T), where f is an analytic function in a neighborhood of the spectrum of
T. We also show that Aluthge Transformaion of m-quasi N-class Ay operators.
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Weyl’s Theorem.
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§1. Introduction

Let T € B(H) be the Banach algebra of all bounded linear operators on a non-zero complex
Hilbert space H. By an operator 7', We mean an element form B(H). If T lies in B(H), then
T* denotes the adjoint of T in B(H). An operator T is called paranormal if || T?%z|| > | T?
for every unite vector € H. An operator T belongs to class A, if ‘T2’ > |T|2. An operator T
is called n-perinormal for positive integer n such that n > 2, if T**T™ > (T*T)".An operator T
is called k-paranornormal for positive integer k, if || 7% || > |T2||* ™ for every unit vector in
x € H. For 0 < p < 1, an operator T is said to be p-hyponormal if (T*T) > (TT*)? ifp=1,T
is called hyponormal. An operator 7T is called log-hyponormal if T" is invertible arlld log (T*T) >
log (TT*). An operator T is said to be class A(k) for k > 0, if (T* |T|** T)kTrl > |T)?. An
operator T is called normaloid if »(T") = ||T||, where r(T) = sup{|\| : A € o(T)} and isoloid if
every isoloid point of o(T') is an eigen values of T. We defined an operator T € B(H) as N-class
Ay if |T\2 <N (|T’“Jrl |) =2 for a positive integer k. If £ = 1, then N-class Ay coincides with N-
class A operator. We have shown that p-hyponormal operators and log-hyponormal operators
are class Ay operators, for every positive integer k and class Ay operators are k-paranormal
operators.

In this paper, we introduced a new class of operator is called m-quasi N-class Ay operators

for each positive integers k,m and N, which is superclasses of class Ay operators and prove
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that weyl’s holds for m-quasi N-class Ay operators.

class A C class Ax C N-class Ay C quasi N-class A;C m-quasi N-class Ay

§2. Definition and examples

In this section m-quasi N-class A; operators are defined and show that an example. It is
shown that powers and inverse of an invertible class A operator are m-quasi class Ay for all

positive integers k,m and N.

Definition 2.1. An operator T' € B(H) is said to be m-quasi N-class Aj, for some positive
integers k,m and N if
2
T*m |:|T‘2 - N (‘Tk+1’) k+1:| ™ < 0

Proposition 2.2. An operator T € B(H) is defined to be m-quasi N-class Ay for some
positive integers k,m and N if
1. £ =1 the m-quasi N-class Ay operator coincides m-quasi N-class A.
k =1,m = 1 the m-quasi N-class Ay operator coincides quasi N-class A.
m = 1 the m-quasi N-class Ay operator coincides quasi N-class Ay.
k=1, N =1 the m-quasi N-class Ay operator coincides m-quasi class A.
N =1 the m-quasi N-class Ay operator coincides m-quasi class Ay.

m =1, N = 1 the m-quasi N-class A operator coincides quasi class Ay.

NS e e

k=1,m=1,N =1 the m-quasi N-class Ay operator coincides quasi class A.

Example 2.3. Suppose taht H is the direct sum of a denumerable number of copies of
two dimensional Hilbert space R x R and A and B two positive operators on R x R. For any

fixed positive integer n, define an operator T' = T4 g, on H as follows:

T (z1, 22,23, ....0n) = (0, A(x1),A(22),..A(xn), B(znt1) )

Its adjoint T is given by

T (21,22, T3, ....0n) = (0, A (21), A(x2),..A(zn), B (Tnt1) ..)
Forn >k, T =Ty By is qusi N -class Ay, if and only if A and B satisfies

2

NA™ (Ak+1—iB2iAk+1—i>m A™ > A*(2+m)

0 1
fori=1,2,..k. If A= and B = , then T'= Ty g, is of quasi N-class A,.
0

11
Since S > 0 implies T*™ST™ > 0, the following result is trivial. The convers is true, if T’
is invertible.

S =
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Thoeorem 2.4. If T € B(H) is N-class Ay, , for some positive integer k > 1, then T is
also quasi N-class Ag.

Thoeorem 2.5. If T € B(H) is N-class Ay, , for some positive integer k > 1, then T is
also quasi N-class Ag.

Thoeorem 2.6. If T € B(H) is N-class Ay operator for some positive integer k > 1, then
T* is N-class Ay operator.

Form Theorem 2.5 and 2.6, we get the following results.

Thoeorem 2.7. Let T be an invertible m - quasi N-class Aj operator then,
1. T is m-qusi N-class Ay operator for every positive integer k.
2. m-qusi N -classA; C qusi N -class A m-qusi N -class A3 C.......
3. For all positive integer n, T™ is m-quasi N-class A operator for every integer k.
4. T~ is m-quasi N-class A;, operator for every positive integer k.

Thoeorem 2.8. [15] If A, B € B(H) satisfy A > 0 and || B|| < 1, then (B*AB)° > B*A°B
for all § € (0,1].

Thoeorem 2.9. [15] If A is a positive operator, then the following inequalities hold for all
xeH
1. (A"x, x)
2. (A"z, )

(Az,2)" ||=]* (1 —r) for all 0 < r < 1.

< (Az,
> (Az, )" ||z|]> (1 —r) for r > 1.

Thoeorem 2.10. If T € B(H) is m-quasi N-classAy, operator if and only if
2 2
HT"”’I;EH2 < N || TR m || F ||Tmsc||k7+k1 for all x € H.

Proof. From by the definition of m-quasi N-classAy operator for every x € H.
T [N TR |T|2} ™ >0
0T N |T’“+ly'%+1} T - T T
0< (TN || T",x) (T [T T,z )
0< (N TP T, T ) — (TP T2, ")
0<N <’Tk+1|’“%’ Tmnc,Tm:lc>k+rl HTm;vH’CQTkl — (T g, T )

N ||Tk+1+mx|}%+1 T P

0> [l

||Tm+1xH2 <N HTk+1+mka%1 HmeH,f—fl '
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Thoeorem 2.11. If T is m-quasi N-classAy operator for a positive integers k, m and N
then T is (m + 1)-hyponormal.

Proof. From by the definition of m-quasi N-classAy operator for every x € H.
T*m {N | TP |T|2} ™ >0
T (T*T) T™ < T*™ (Tm+1Tm+1)k*i1 ™
THmA)pim+1) < N (T*(k+1+m)T(1f+1+m))#l
(T*T)m—H > (TT*)M+1'

Therefore T is (m + 1)-hyponormal.
0

§3. Aluthge Transformation of m-quasi N-classA; operators

In this section it is shown that if T" is m-quasi N-class Ay operator, Then T™* is also m-quasi

N-class Ay, operators ifT" = U |T| be the polar decomposition of T' then T is m- quasi N-class Ay,

operators and if T is m- quasi N-classAj, then T™ is also m- quasi N-classA, operators are
proved.

Defintion 3.1. [1] Let T = U |T| be the polar decomposition of an operator 7', then
~ 1 1
T =|T|2 U|T|? is the Althuge transformation.

Thoeorem 3.2. [19] If T is a bounded linear operator on Hilbert space then we know that,
(1). T=U|T|=|T*|U is the polar decomposition of an operator T
(#9). T* =U*|T*| = |T|U* is the polar decomposition of an operator T'.

Thoeorem 3.3. If T is N-classA(k)operator then T is N-classAy operator.

Thoeorem 3.4. If T' is m-quasi N-class A, operator then T is m-quasi N-class A operator.
Proof. From by the definition of m-quasi N-classAy operator for every = € H.
2
T*m |:N ’Tk+1|k+1 _ |T‘2:| Tm 2 0

(T*T)*(m+1) < N{(T*T)*(k"'l"'m)}ﬁ

THmAD) p(m+1) < (T*(k+1+m)T(k+1+m))ﬁ

_2
T*m |:N ‘T*(k—i-l) T |T*|2:| ™ >0

T*m |:N ‘T*(k+1)

_2
k+1 . |T*|2] 7™ Z 0.



36 D. Senthilkumar and R. Murugan No. 1

Therefore T* is m-quasi N-class Ay, operators. O

Thoeorem 3.5. If T is m-quasi N-classAj, operator then 77! is m-quasi N-classAy, oper-
ator.
Thoeorem 3.6. Let T is m-quasi N-classA; operator for a positive integers k,m and N,

S is a unitary operator then C' = T'S is m-quasi N-classAj operator.

Proof. From by the definition of m-quasi N-classAy operator for every = € H.
_2
T*m [N |Tk+1‘ FFl |T|2} ™ >0

1

1

(C*C) (m+1) <N (k+1+m)}

(T* m+1<N{ TTk+1+m}
{
(TS)*(TS)) ™Y < N{

(k+1+m)}k+1

_2
T*m |T‘2 Tm S NT*m |Tk+1| k+1 Tm
Therefore C' = T'S is m-quasi N-class Ay, operators. O

Thoeorem 3.7. Let T = U |T| € B(H) be the polar decomposition of m-quasi N-class Ay
operator for a positive integers k,m and N, then T' is m-quasi N-classAy operators.

Proof. From by the definition of m - quasi N - classAy operator for every z € H.
_2
T*m |:N |Tk‘+1| E+1 ‘T|2:| Tm Z O
_1
T (T*T)T™ < NT*™ (Tt =t pm
Tr(m+1)p(m+l) ~ n (T*(k+1+m)T(k+1+m)) D
(T*T)m—l-l < N{(T*T)(k+1+m)}m
_1
1 1\ m+1 1 1 (k+14m) ﬁ
(11 o™ i |77 7 <N{(|T|2U*|T*|U|T|2) } U
1

1 1\ m+1 1 1\ (k+1+m) ) &+
(it o o)™ < v { (m oo mt) T

o (1 i )™ v < o {<|T*|2 i ) +m>} .

(f*f)erl <N { (T*T>(k+1+m)}k+1

- 12 ~ ~ - = ~
T | T| T < N | T |7 T

Therefore T is m-quasi N-classAj operators. O
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Thoeorem 3.8. Let T'= U |T| € B(H) be the polar decomposition of m-quasi N-classAy

operator for a positive integers k,m and N, then T* is m-quasi N-classAj operators.

Proof. From theorem 3.7.Using |T'| = U* |T*| U we get T* is m-quasi N-classAy, operators. [

84. x - Aluthge Transformation of m-quasi N-classA; oper-

ators

In this section to proved T is * - Aluthge Transformation of m-quasi N-classAy operator
is adjoint of * - Aluthge Transformation of m-quasi N-classAy operator and if T" is adjoint of *
- Aluthge Transformation of m-quasi N-classA; operator is adjoint Aluthge Transformation of

m-quasi N-classAy operators, T(, ;) is m-quasi N-classA;, operator are discussed.

T. Yamazaki [19] has defined the following * - Aluthge and adjoint of * - Aluthge trans-

formation and powers of p - hponormal operators.

Definition 4.1. [19] Let T = U |T| be the polar decomposition of an operator T', then
+Althuge transformation T is T™) = |T*|2 U |T*|2.

Definition 4.2. [19] Let T = U |T'| be the polar decomposition of an operator T'. Then
adjoint of x - Aluthge transformation T is (T(*)) = \T*|% U~ |T*|%.

Thoeorem 4.3. [19] If T' is a bounded linear operator on a Hilbert space, Then we know
that
(i). T =|T |% Uu|r |% is the Aluthge transformation then adjoint of aluthge transformation T
is given by T*) = |T\% U~ |T\% .
(i5). T™) = <f*>* = \T*|% U \T*|% is the x - aluthge transformation then adjoint of * - aluthge
transformation (f(*))* = |T*\% U* |T*\% .

Thoeorem 4.4. Let T' = U |T| be the polar decomposition of an operator T', then Althuge
transformation ZN“(SJ) is defined has f(s,t) = |T|°U|T|" for an s,t such that S >0 and ¢ > 0.

Thoeorerﬁl 4.5. Let T is m - quasi N - class Ay operator for a positive integers m, k and
N then (T(*)> is m - quasi N - class Ay operator.

Proof. From by the definition of m - quasi N - classAj operator for every x € H.

_2
T*m |:N |Tk+1‘ E+1 ‘T|2:| ™ Z 0
1

(T*T)erl < N{(T*T)(kJrler)}m

1
k+1

1 1\ m+1 1 1 (k+14+m)
U (|T|2 U* 7] U|T*|2) U< NU* {<|T|2 U |T*|U|T|2> } U
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v ('Tﬁ U |T* |7 T2 UIT*I%)mH U< NU* {(|T|5 U TP T 2 UT|§)(’€H+’”)}*’L U
o ((79) 79)" v <o {((ﬁ*))*f(*))(H”m)}kl“ .
(7)) (7)< (7)) )

Therefore (f(*)) is m-quasi N-classA; operators. O

Thoeorem 4.6. Let T is m - quasi N - class Ay operator for a positive integers m, k and
N then T™) is m - quasi N - class A, operator.

Proof. From the Theorem 4.5 using |T*| = U* |T*|U we get T™) is m - quasi N - classAy
operators. 0

Thoeorem 4.7. Let T(*) is m - quasi N - class Ay operator for a positive integers m, k
and N then T™* is m - quasi N - class Ay operator.

Proof. From the definition of m - quasi N - classAj operator for every x € H.

_1

—— \m+1 ~~ \ (k+1+4m) %Jrl
(TT*) <N { (TT*) }
1 11 1\ m+1 1 11 1\ (k+1+m) Ga
U <|T|2U*|T|2|T|2U|T|2) UgNU*{(|T|2U*|T|2|T2U|T|2) } U

- o\ m+1 o -\ kt+m+1 %‘H
v (T'T) " U< NU* {(T*T) } U
- - ~ 2
T*m ‘T|2 Tm S NT*m |Tk+1|k+1 Tm
Therefore T* is m-quasi N-classAy operators. O

Thoeorem 4.8. Let T is m - quasi N - class Ay, operator for a positive integers m, k
and N then T is m - quasi N - class Ay operator.

Proof. From the Theorem 4.7 using [T*| = U* |T| U we get T is m - quasi N - class A}, operators.
O

Thoeorem 4.9. Let 7(*) is m - quasi N - class Ay operator for a positive integers m, k
and N then T is m - quasi N - class A operator.

Proof. From the Theorem 4.6 ans 4.7 then we get Tism - quasi N - classAy operators. O

Thoeorem 4.10. Let T7(*) is m - quasi N - class Ay operator for a positive integers m, k
and N then T™ is m - quasi N - class Ay operator.
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Proof. From the Theorem 4.9 using |T*| = U* |T|U then we get T* is m - quasi N - classAy,

operators. 0

Thoeorem 4.11. Let T = U |T| be the polar decomposition of an operator for a positive
integers k,m and N for 0 < p < 1, then Ty, = |T|° U |T|" is 2{(1 +m) + min (s,t)} quasi N -
class Ay, operator for s,t > 0 such that max (s,t) > p.

Proof. From by the definition of m - quasi N - classAj operator for every x € H.

1

TH(mAD)p(m+1) ~ (T*(k+1+m)T(k+1+m))kT1

. \m+l N\ (k41+m)) FFT
(T2, 7) SN{(thTg,t) }

t * s s t m+1 t * s S t (k+1+m) ﬁrl
T U™ T |T|"U|T)| SNUTI U TP |T)" U T U
1
m+1 (k+14m)Y) 741
(U* vkl U) <N { (U* | |7 || U) } U

U (B%Asﬁ%)m+1 U< NU* {(géASg;)(’””m)}kl“ U

1
U*ﬂQ{(ler)erin(s,t)}U < NU* {(62{(1+m)+min(s,t)})(k)-‘rl-‘rM)}k+1 U

Trm ‘T|2{(1+m)+min(s,t)} Tm < NT*™ |T;€+1}2{(1+m)+mn(s,t)}ki+1 Fm

Therefore 2 {(1 +m) + min (s,t)} is m-quasi N-classAj, operators. O

§5. Matrix Representation

In this section Matrix representation of an operator is used to study various properties of

S
an operator. T = for class A operator with respect to direct sum of closure of range
0 0

of T" and kernel of T*. We extened this to m - qausi N-class Aj operator.

Thoeorem 5.1. Let T be a m - qausi N-class Ay operator for a positive integers k, m
T
and N with no dense range and 7' has the following representation 1" = Pl on H =
0 T3
ran (T™)@ran (T*™), then T} is m - quasi N-class Ay operator on ran (T™) and T3 is nilpotent.
furthermore o(T) = o(71) U {0}.

Proof. Consider the matrix representation of T with respect to decomposition H = ran (T) ®

A S
ker (T) T = let P be the orthogonal projection of H onto ran (T') then T3 = PTP =
0 O
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TP since T is m - quasi N - class Ay operator we have,

2
P {N (|T\k“> T T|2} P>0

_2 _1
P [N (|T|’““> ’““} P=P {N ((T*T)’““) ’““] P
-p [N (T*k"'lT’H'l)’“%l} P

S N [PT*k+1T/€+1P] %‘H

_’Tllc+1|%+1

o

0 0

’Tllc+1|%+1 0

0 0
(\T’““D
> |T|2
" 0
= (1)
0 0
x
Hence On ran (T™). Also for any z = "eH
)

(T3 xe, x3) = (I (I — P)x, (I — P)x)
(I — P)z, T*™(I — P)x)

(
0
3 =0.

(2)
since o(Th) U o(Tz) = o(T) U T, where 7 is the union of the holds in ¢(7") which happen to

be subset of o(T1) No(T2),and o(T1) N o(T>) has no interior points therefore we have o(T) =
a(T1) U{0}. O

Since Ay operators are isoloid, The following results follows immediately

Corollary 5.2. Let T € B(H) be m - quasi N - class A operator for a positive integers
. ) n T

k,m, N and T not have dense range. If T has the following representation T = on
0 o0

H = ran(T) @ kerT*, then Ty is isoloid.

§6. SVEP of m - quasi N - class A, operators

In this section, it is proved m - quasi N - class Ay operators are isoloids, they finite ascent
and SVEP.
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Thoeorem 6.1. If T is m - quasi N-class Ay operator for some positive integers k, m and
N then T is an isoloid.
n T — . .
Proof. T = on H = ran(T™) @ kerT*™ and \g be an isolated point of o(T"). Then
0 o0
either A\g = 0 or 0 # Ag € isoo(T1). Since T is isoloid, if Ag € isoo(T1), then A\g € o,(T1)
and hence Ag € 0,(T) On the contrary, if \g = 0 and A\g ¢ 0,(T1), then T3 is invertible. Since
dimkerTs # 0, there exists © # 0 in kerT3 and for any x # 0 in H. T (—Tfnga: D x) = 0.
Hence —T; 'Tox @ = € kerT and \g € 0,(Ty1). Hence in both cases, \g is an eigenvalue of T
Therefore T is isoloid. O

Thoeorem 6.2. If T is m - quasi N-class Ay operator for some positive integers k, m and
N, for A€ C, o(T) = A then T = A.

Thoeorem 6.3. If T is m - quasi N-class Ay operator for some positive integers k, m and
N,for A€ C,o(T)=Athen T =X if A #0 and T — X is nilpotent, if A = 0.

n T -
Proof. If A =0.,T = Yl onH = ran(T)™ @ kerT*™, where T} is N-class A}, operator
0 0

and o(T) = o(T1) U0. Hence A\(T1) =. Hence by theorem 6.2, 71 = 0. Hence 7™ = 0 . Hence
T — X is nilpotent. Assume that A # 0. Then T is an invertible m - quasi N-class Ay operator
and hence N-classAj, with o(T) = A. Then again by theorem 6.2 T' = A. O

Thoeorem 6.4. If T' is quasi N-class A operator for a positive integers k,m , N and M
is an invariant subspace of T', then the restriction 7}y, is N-class Ag.

Thoeorem 6.5.If T is quasi N-class A operator for a positive integers k,m , N and
T

0# X € op(T) and T is of the form T =
0 T3

on H ker(T — \) @ ker(T — \)*, then 1.
T5 =0, 2. T3 is m - quasi N - class Ag.

Proof. let P be the orthogonal projection of H onto ker(T — \). since T is m - quasi N - class
Ay, T satisfies,

_2
P [N <|T|k+1) T |T|2} P >0

2
P |:N (‘T|k'+1> k+1:| P -p |:N (( k-‘rl :|
{ N (T ket 1) T
N [PT*k‘+1Tk:+1P]
> P (|t
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> P|T)*P
o
0 0
Hence
2
NPﬁ“ﬂﬁjP: 7!
0 0
=P\P

2
Therefore N ’Tk"'l‘ *+1 is the form

2 2
N|T’“+1\’%“ _ [T AL AR 0 :P}T’“+1|2P:PN|T’“+1\’%“ PA=0
A* B 0 o0
Therefore,
2
NWHW%:‘M 0
0 B
and
A2k D) 0
0 Bk?+1
This implise that
MNTy 4+ L+ TTY = 0. (3)
and
B:N@fw%
Therefore
2 X Y
0 < T*m (N |Tk+1} B+l ‘T|2> Tm —
Y Z

Where X =0, Y = - A", Tm and
Z::—(YM_W§+aH+T?m4h§)XBTy”
= AT (N + L+ TR T

_2
ST T (8T ) 7

X Y
A matrix of the form >0ifandonlyif X >0, Z>0and Y = X%WZ%, for some
Y* 7

contraction W. Therefore , 75735 = 0. This together with ATy + N 1T + .+ TgTé€ =0
gives that To = 0 and T3 is m-quasi N - class A operators. O
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Corollary 6.6. If T"is m - quasi N - class Ay operator for some positive integers k, m and

A0 S
N,0# X € o,(T), then T is of the form T' = on (T — A) @ ran(T — \)*, where T3 is
0 T3

m - quasi N - class Ay and ker(T — \) = 0.

Corollary 6.7. If T'is m - quasi N - class A operator for some positive integers k, m and
N, then (I' — X\)xz =0 for A # 0 and = € H, then (T — A\)*z = 0.

Proof. If X € isoo(T), the spectral projection Ey of T with respect to A is defined by E) =
ﬁ fOD (z — T)~'dz where D is a closed disk with centre at A and radius small enough such

that D N o(T) = A. Then E2 = Ex, ExT = TEy, 0 (Tig, ) = A and ker(T — \) C ExH. [

Theorem 6.8. If T is m - quasi N - class A operator for some positive integers k, m and
N, then T is of finite ascent.

Proof. If X # 0, ker(T — \) C ker(T — \)*. Hence if 2 € ker(T — \)2, then |(T — A)z|* =
(T — \)*(T — Nz, z) = 0 which implies x € ker(T — \). Therefore ker(T — \)? = ker(T — \).
If A\ =0, bylet 0 # x € kerT**2. 2 € kerT? C kerT*+1. Therefore kerT*+2? = kerT*+1.
Hence T is finite asecent. O

87.Wey!’s theorem for m - quasi N - class A; operator

In this section it is shown that weyl’s theorem holds for quasi N-class Ay operators ,quasi
N-class Ay operators have index less than or equal to zero , spectral mapping theorem for
weyl’s spectrum holds and also that weyl’s theorem holds for any function of quasi N-class Ay

operators, which is analytic in a neighborhood of the spectrum of quasi N-class Ay operators.

Theorem 7.1. For given operators A, B,C € B(H), there is equality w(A) Uw(B) =
A C

w(M)Ur, where M, = and 7 is the union of certain holes in w(M,) which happen to
0 B

be a subset of w(A) Nw(B).

Theorem 7.2. If T is a N-class Ay operator for a positive integer k, then f (w(T)) =
w (f(T)) for every f € H (o(T)).

Theorem 7.3. Suppose A € B(H) and B € B(H) are isoloid. If weyl’s theorem holds for
0
A and B, and if w(A) Nw(B) has no interior points, then weyl’s theorem holds for .
0 B

Theorem 7.4. If either SP(A) or SP(B) has no Pseudhoholes and if A is an isoloid
operator for which weyl’s theorem holds then for every C' € B(K, H),weyl’s theorem holds for
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A 0
= weyl’s theorem holds for .
0 B 0 B

Theorem 7.5. If T € B(H), then the following are equivalent
1. ind(T — M )ind(T — Ap) > 0 for each pair A\, u € C' — o.(T)
2. f(w(T)) =w (f(T)) for every f € H (o(T)).

Theorem 7.6. If T € B(H) is isoloid, then f (o (T') — moo(T)) = o (f ((T")) — moo f(T)),
for every f € H (o(T)).

Theorem 7.7. If T is m - quasi N-class Ay, operator for some positive integers k, m and
N, then weyl’s theorem holds for T

Ty T -
Proof. By theorem 3.1 T = Y on H =ran (T) @ ker (T*) with ker (T1) = {0} then T}
0 Ty
is quasi N-class Ay operator on ran (T) and T5. Then by corollary 3.2 and by [2] (Theorem
3.3), x € kerT? C kerT**!. Hence kerT*+2? = kerT**!. Hence T is finite ascent. O

Theorem 7.8. If T is m - quasi N-class Ay operator some positive integers k, m and N,
then ind(T — AI) < 0 for all complex numbers .

Proof. If T is of finite ascent by Theorem 6.8 ind(T — A) # 0 for all complex number .
O

Theorem 7.9. If T'm - quasi N-class Ay operator for some positive integers k,m and N,
then f (o (T) — moo(T)) = o (f ((T")) — oo f(T)), for every f € H (c(T)). the following result
is trivial.

Theorem 7.10. If 7" is a m - quasi N-class Ay operator for some positive integers k,m
and N, then f (w(T)) =w (f (T)) for every f € H (o (T)).

Theorem 7.11. If T' € B(H) is m - quasi N-classAy, for a positive integers k,m and N,
then weyl’s theorem holds for f(T') for every f € H (o (T)).

Proof. By Theorem 7.10, Theorem 7.8 and Theorem 6.4, for every f € H (o (T)),
f(@(T) —moo(T)) = o (f (T)) = w00 f(T)) = f (w(T)) =w (f(T)).

Hence weyl’s theorem holds for f(T), for every f € H (o (T)). O
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Abstract In this paper, the authors introduce a new class of functions called almost contra
generalized « regular-continuous function (briefly almost contra gar-continuous) in topolog-
ical spaces. Some characterizations and several properties concerning almost contra gar-

continuous functions are obtained.
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81. Introduction

In 2002, Jafari and Noiri introduced and studied a new form of functions called contra-
pre continuous functions. The purpose of this paper is to introduce and study almost contra
gar-continuous functions via the concept of gar-closed sets. Also, properties of almost contra
gar-continuity are discussed. Moreover, we obtain basic properties and preservation theorems of
almost contra gar-continuous functions and relationships between almost contra gar-continuity
and gar-regular graphs.

Through out this paper (X,7) and (Y, 0) represent the non-empty topological spaces on
which no separation axioms are assumed, unless otherwise mentioned. Let A C X, the closure
of A and interior of A will be denoted by cl(A) and int(A) respectively, union of all gar-
open sets X contained in A is called gar-interior of A and it is denoted by garint(A), the
intersection of all gar-closed sets of X containing A is called gar-closure of A and it is denoted
by garcl(A) [13].

§2. Preliminaries
Definition 2.1. Let a subset A of a topological space (X, 1), is called

1) a a-open set [8] if A Cint(cl(int(A))).
2) a generalised-closed set (briefly g-closed) [5] if cl(A) C U whenever A C U and U is open.
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3) a weakly-closed set(briefly w-closed) [10] if cl(A) C U whenever A C U and U is semi open.
4) a generalized x-closed set (briefly gx-closed) [12] if cl(A) C U whenever A C U and U is
g-open in X.
5) a generalized a-closed set (briefly ga-closed) [7] if acl(A) C U whenever AC U and U is «
open in X.
6) an « generalized-closed set (briefly ag-closed) [6] if acl(A) C U whenever A C U and U is
open in X.
7) a generalized b- closed set (briefly gb- closed) [1] if bcl(A) C U whenever A C U and U is
open in X. 8) a semi generalized b-closed set (briefly sgb- closed) [4] if bel(A) C U whenever
ACU and U is semi open in X.
9) a generalized ab- closed set (briefly gab- closed) [11] if bcl(A) C U whenever A C U and U
is o open in X.
10) a regular generalized b- closed set (briefly rgb- closed) [8] if bel(A) C U whenever A C U
and U 1is regular open in X.
11) a generalized pre regqular-closed set (briefly gpr-closed) [3] if pcl(A) C U whenever A C U
and U s reqular open in X.
12) a generalized o regular-closed set (briefly gar-closed) [9] if acl(A) C U whenever A C U
and U is reqular open in X.

Definition 2.2. A function f: (X,7) — (Y,0), is called
1) almost contra continuous [15] if f=1(V) is closed in (X,T) for every regular-open set V of
(v,0).
2) almost contra ga-continuous [7] if f=1(V) is g-closed in (X, T) for every reqular-open set V.
of (Y,o0).
3) almost contra ag-continuous [6] if f=1(V) is ag-closed in (X,T) for every regular-open set
V of (Y, 0).
4) almost contra gpr-continuous [3] if f~1(V) is gpr-closed in (X, T) for every reqular-open set
V of (Y, 0).
5) almost contra gb-continuous [2] if f=1(V') is gb-closed in (X, T) for every regular-open set V.
of (¥,0).
6) almost contra rgb-continuous [14] if f=1(V) is rgb-closed in (X, ) for every reqular-open
set V of (Y,0).

§3. Almost contra generalized o regular-continuous func-

tions

In this section, we introduce almost contra generalized « regular-continuous functions and
investigate some of their properties.

Definition 3.1. A function f : (X,7) — (Y,0) is called almost contra generalized o
reqular - continuous if f~1(V') is gar - closed in (X, T) for every regular open set V in (Y, o).

Example 3.2. Let X =Y = {a,b,c} with 7 = {X,p,{b}, {c},{b,c}} and 0 =
{Y, ¢, {a}, {b},{a,b}.{a,c}}. Define a function f : (X,7) — (Y,o0) by f(a) = b, f(b) = ¢,
fle) = a. Clearly f is almost contra gar - continuous.
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Theorem 3.3. If f: X — Y is contra gar - continuous then it is almost contra gar -

continuous.
Proof. Obvious, because every regular open set is open set. O

Remark 3.4. Converse of the above theorem need not be true in general as seen from
the following example.

Example 3.5. Let X =Y = {a,b,c} with 7 = {X,¢,{b},{c}, {b,c}} and 0 =
{Y, ¢, {a}, {b},{a,b},{b,c}}. Define a function f : (X,7) — (Y,0) by f(a) = b, f(b) = ¢,
fle) =a. Then f is almost contra gar - continuous function but not contra gar - continuous,
because for the open set {a} in'Y and f~'{a} = {c} is not gar - closed in X.

Theorem 3.6. i) Every almost contra ga - continuous function is almost contra gar -
continuous function.

1) Every almost contra ag - continuous function is almost contra gar - continuous function.
1) Every almost contra gar - continuous function is almost contra gpr - continuous function.
i) Every almost contra g - continuous function is almost contra gar - continuous function.
v) Every almost contra w - continuous function is almost contra gar - continuous function.
vi) Every almost contra g* - continuous function is almost contra gar - continuous function.
vii) Every almost contra gar - continuous function is almost contra rgb - continuous function.

Remark 3.7. Converse of the above statements is not true as shown in the following
example.

Example 3.8. i) Let X =Y = {a,b,c} with 7 = {X,¢, {a},{b,c}} and 0 =
{Y,¢,{a,b}}. Define a function f: (X,7) — (Y,0) by f(a) = ¢, f(b) =0, f(c) = a. Clearly
f is almost contra gar - continuous but f is not almost contra ga - continuous. Because
F{a,c}) = {a,c} is not g - closed in (X, T) where {a,c} is reqular - open in (Y, o).

ii) Let X =Y = {a,b,c} with 1 ={X, ¢, {b}} and o0 = {Y, ¢, {a},{b},{a,b},{a,c}}. Define a
function f: (X,7) — (Y,0) by f(a) =¢, f(b) =a, f(c)=0b. Clearly f is almost contra gar -
continuous but f is not almost contra ag - continuous. Because f~'({a,c}) = {a,b} is not ag
- closed in (X, 1) where {a,c} is reqular - open in (Y, o).

iii) Let X =Y = {a,b,c} withT = {X, ¢,{a}, {b},{a,b},{b,c}} and o = {Y, p, {a}, {b}, {a,b}}.
Define a function f : (X,7) — (Y,0) by f(a) = b, f(b) = ¢, f(¢) = a. Clearly f is almost
contra gar - continuous but f is not almost contra gpr - continuous. Because f~*({b}) = {a}
is not g - closed in (X, 7) where {b} is reqgular - open in (Y, o).

i) Let X =Y = {a,b,c} with 7 = {X, ¢, {c},{a,c}} and o0 = {Y, p,{a},{b},{a,b}}. Define a
function f: (X,7) — (Y,0) by f(a) =b, f(b) =¢, f(c)=a. Clearly f is almost contra gar -
continuous but f is not almost contra g - continuous. Because f~1({b}) = {a} is not g - closed
in (X, 7) where {b} is reqular - open in (Y, o).

v) Let X =Y = {a,b,c} with 7 = {X,¢,{a},{a,c}} and o0 = {Y,¢,{a},{c},{a,c},{a,b}}.
Define a function f : (X,7) — (Y,0) by f(a) = b, f(b) = ¢, f(¢) = a. Clearly [ is almost
contra w - continuous but f is not almost contra gar - continuous. Because f~1({b,c}) = {a, b}
is not gar - closed in (X, 7) where {b,c} is regular - open in (Y, o).

vi) Let X =Y = {a,b,c} with 7 = {X,¢,{c},{a,c}} and o = {Y, p,{a},{b},{a,b},{a,c}}.
Define a function f : (X,7) — (Y,0) by f(a) = b, f(b) = ¢, f(c) = a. Clearly f is almost contra
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gar - continuous but f is not almost contra g* - continuous. Because f~1({a,c}) = {b,c} is
not g* - closed in (X, 7) where {a,c} is reqular - open in (Y, o).
vii) Let X =Y ={a,b,c} witht = {X, p, {a},{c}, {a,c}} and o = {Y, ¢, {a}, {b}, {a, b}, {a,c}}.
Define a function f : (X,7) — (Y,0) by f(a) = ¢, f(b) =a, f(c) =b. Clearly f is almost contra
rgb - continuous but f is not almost contra gar - continuous. Because f~'({a,c}) = {a,b} is
not gar - closed in (X, 1) where {a,c} is reqular - open in (Y, o).

Theorem 3.9. The following are equivalent for a function f: X — Y,
1) f is almost contra gar - continuous.
2) for every regular closed set F of Y, f~YF) is gar - open set of X.
3) for each x € X and each regular closed set F' of Y containing f(x), there exists gar - openU
containing x such that f(U)CF.
4) for each x € X and each regular open set V. of Y not containing f(x), there exists gar -
closed set K not containing x such that f=*(V) C K.

Proof. (i) = (2) : Let F be a regular closed set in Y, then Y — F is a regular open set in Y.
By (1), f~Y(Y = F) = X — f~Y(F) is gar - closed set in X. This implies f~!(F) is gar - open
set in X. Therefore, (2) holds.

(2) = (1) : Let G be a regular open set of Y. Then Y — G is a regular closed set in Y. By (2),
7YY — Q) is gar - open set in X. This implies X — f~1(G) is gar - open set in X, which
implies f~!(G) is gar - closed set in X. Therefore, (1) hold.

(2) = (3) : Let F be a regular closed set in Y containing f(x), which implies z € f~*(F). By
(2), f~Y(F) is gar - open in X containing z. Set U = f~(F), which implies U is gar - open
in X containing x and f(U) = f(f~*(F)) C F. Therefore (3) holds.

(3) = (2) : Let F be a regular closed set in Y containing f(x), which implies # € f~1(F). From
(3), there exists gar - open U, in X containing = such that f(U,) C F. That is U, C f~(F).
Thus f~Y(F) = {UU, : € f~Y(F), which is union of gar - open sets. Therefore, f~1(F) is
gar - open set of X.

(3) = (4) : Let V be aregular open set in Y not containing f(z). Then Y —V is a regular closed
set in Y containing f(x). From (3), there exists a gar - open set U in X containing x such that
f(U) CY —V .This implies U C f~1(Y = V) = X — f~1(V). Hence, f~1(V) C X — U. Set
K = X —V, then K is gar - closed set not containing = in X such that f~*(V) C K.

(4) = (3) : Let F be a regular closed set in Y containing f(z). Then Y — F is a regular open
set in Y not containing f(x). From (4), there exists gar - closed set K in X not containing z
such that f~(Y — F) C K. This implies X — f~}(F) Cc K. Hence, X — K C f~!(F), that
is f(X—-—K)CPF. Set U =X — K, then U is gar - open set containing x in X such that
f(U)CF. O

Theorem 3.10. The following are equivalent for a function f: X —Y,
1) f is almost contra gar - continuous.
2) f~H(Int(CU(Q))) is gar - closed set in X for every open subset G of Y.
3) f~Y(CI(Int(F))) is gar - open set in X for every closed subset F of Y.

Proof. (1) = (2) : Let G be an open set in Y. Then Int(CIl(G)) is regular open set in Y. By
(1), f~Int(Cl(G)) € gar — C(X).
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2) = (1) : Proof is obvious.

(1) = (3) : Let F be a closed set in Y. Then Cl(Int(G)) is regular closed set in Y. By (1),
FHCU(Int(@)) € gar — O(X).

(3) = (1) : Proof is obvious. O

Definition 3.11. A function f : X — Y is said to be R - map if f~*(V) is regular open
in X for each reqular open set V of Y.

Definition 3.12. A function f : X — Y is said to be perfectly continuous if f=1(V) is
clopen in X for each open set V of Y.

Theorem 3.13. For two functions f: X =Y andg:Y — Z, letgof: X — Z be a
composition function. Then, the following properties hold.
1) If f is almost contra gar - continuous and g is an R - map, then go f is almost contra gar
- continuous.
it) If f is almost contra gar - continuous and g is perfectly continuous, then go f is contra gar
- continuous.
wi) If f is contra gar - continuous and g is almost continuous, then go f is almost contra gar

- continuous.

Proof. i) Let V be any regular open set in Z. Since g is an R - map, g~ (V) is regular open in
Y. Since f is almost contra gar - continuous, f~1(g=1(V)) = (go f)~1(V) is gar - closed set
in X. Therefore g o f is almost contra gar - continuous.

ii) Let V be any regular open set in Z. Since g is perfectly continuous, g=!(V) is clopen in Y.
Since f is almost contra gar - continuous, f~1(g=1(V)) = (go f)~1(V) is gar - open and gar
- closed set in X. Therefore g o f is gar continuous and contra gar - continuous.

iii) Let V be any regular open set in Z. Since g is almost continuous, ¢g~*(V) is open in Y.
Since f is almost contra gar - continuous, f~*(g~1(V)) = (go f)~*(V) is gar - closed set in

X. Therefore g o f is almost contra gar - continuous. O

Theorem 3.14. Let f: X — Y be a contra gar - continuous and g : Y — Z be gar -

continuous. If Y is Tgar - space, then go f : X — Z is an almost contra gar - continuous.

Proof. Let V be any regular open and hence open set in Z. Since g is gar - continuous g~1(V)
is gar - open in Y and Y is T'gar - space implies g~ (V) open in Y. Since f is contra gar -
continuous, f~1(g71(V)) = (go f)~1(V) is gar - closed set in X. Therefore, go f is an almost

contra gar - continuous. O

Theorem 3.15. If f: X — Y is surjective strongly gar - open (or strongly gar - closed)
and g :' Y — Z is a function such that go f : X — Z is an almost contra gar - continuous,

then g is an almost contra gar - continuous.

Proof. Let V be any regular closed (resp. regular open) set in Z. Since go f is an almost contra
gar - continuous, (go f)~1(V) = f~1(g71(V)) is gar - open (resp. gar - closed) in X. Since
f is surjective and strongly gar - open (or strongly gar - closed), f(f~*(g=1(V))) = g~ (V) is
gar - open(or gar - closed). Therefore g is an almost contra gar - continuous. O
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Definition 3.16. A function f : X — Y is called weakly gar - continuous if for each
x € X and each open set V of Y containing f(x), there exists U € gar — O(X;x) such that
fU) Ce(V).

Theorem 3.17. If a function f: X — Y is an almost contra gar - continuous, then f

is weakly gar - continuous function.

Proof. Let x € X and V' be an open set in Y containing f(z). Then ¢l(V) is regular closed
in Y containing f(x). Since f is an almost contra gar - continuous function by Theorem
3.13(2), f~Y(cl(V)) is gar - open set in X containing x. Set U = f~1(cl(V)), then f(U) C
f(f~H(CU(V))) C (V). This shows that f is weakly gar - continuous function. O

Definition 3.18. A space X is called locally gar - indiscrete if every gar - open set is
closed in X.
Theorem 3.19. If a function f : X — Y is almost contra gar - continuous and X is

locally gar - indiscrete space, then f is almost continuous.

Proof. Let U be a regular open set in Y. Since f is almost contra gar - continuous f~(U) is
gar - closed set in X and X is locally gar - indiscrete space, which implies f~*(U) is an open

set in X. Therefore f is almost continuous. O

Lemma 3.20. Let A and Xy be subsets of a space X. If A € gar — O(X) and Xy € 7%,
then AN X, € gar — O(Xyp).
Theorem 3.21. If f: X — Y is almost contra gar - continuous and Xg € 7 then the

restriction f/Xo: Xo — Y is almost contra gar - continuous.

Proof. Let V be any regular open set of Y. By Theorem, we have f~1(V) € gar — O(X) and
hence (f/Xo) (V) = f~1(V)N Xy € gar — O(Xp). By Lemma 3.20, it follows that f/Xg is
almost contra gar - continuous. O

Theorem 3.22. If f: X — [[Y) is almost contra gar - continuous, then Pyof : X — Y,

is almost contra gar - continuous for each X\ € V, where Py is the projection of [[ Yy onto Y.

Proof. Let Yy be any regular open set of Y. Since Pj is continuous open, it is an R - map and
hence (Py)~! € RO(J]Y)).

By theorem, f~'(Py ! (V)) = (Pyo f)~! € gar — O(X). Hence Py o f is almost contra gar -
continuous. O

84. gar - regular graphs and strongly contra gar - closed
graphs

Definition 4.1. A graph Gy of a function f : X — Y is said to be gar - regular (strongly
contra gar - closed) if for each (x,y) € (X X Y)\Gy, there exist a gar - closed set U in X
containing x and V € R — O(Y') such that (U x V)N Gy = .

Theorem 4.2. If f: X — Y is almost contra gar - continuous and Y is Ts, then Gy is
gar - reqular in X X Y.
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Proof. Let (z,y) € (X x Y)\Gy). It is obvious that f(z) # y. Since Y is Tb, there exists
V,W € RO(Y) such that f(z) € V,y € W and VNW = . Since f is almost contra gar -
continuous, f~1(V) is a gar - closed set in X containing z. If we take U = f~1(V), we have
f(U) C V. Hence, f(U)NW = ¢ and Gy is gar - regular. O

Theorem 4.3. Let f:(X,7) — (Y,0) be a function and g : (X,7) — (X XY, T x 0) the
graph function defined by g(x) = (z, f(x)) for every x € X. Then f is almost gar - continuous

if and only if g is almost gar - continuous.

Proof. Necessary : Let x € X and V € gar — O(Y) containing f(x). Then, we have g(x) =
(z, f(x)) € R—O(X xY). Since f is almost gar - continuous, there exists a gar - open set U
of X containing = such that g(U) C X x Y. Therefore, we obtain f(U) C V. Hence f is almost
gar continuous.

Sufficiency : Let z € X and w be a regular open set of X x Y containing g(z). There exists
Uy € RO(X,7)and V € RO(Y, o) such that (z, f(x)) € (U; x V) C W. Since f is almost gar -
continuous, there exists Us € gar —O(X, 1) such that € Us and f(Us) C V. Set U = Uy NUs.
We have z € U, € gar — O(X, 1) and g(U) C (Uy x V) C W. This shows that g is almost gar

- continuous. O

Theorem 4.4. If a function f: X — Y be a almost contra gar - continuous and almost

continuous, then f is reqular set - connected.

Proof. Let V€ RO(Y). Since f is almost contra gar - continuous and almost continuous,
f71(V) is gar - closed and open. So f~!(V) is clopen. It turns out that f is regular set -

connected. O

§5. Connectedness

Definition 5.1. A space X is called gar - connected if X cannot be written as a disjoint
union of two mon - empty gar - open sets.
Theorem 5.2. If f: X — Y is an almost contra gar - continuous surjection and X is

gar - connected, then Y is connected.

Proof. Suppose that Y is not a connected space. Then Y can be written as Y = Uy U V} such
that Up and Vp are disjoint non - empty open sets. Let U = int(cl(Up)) and V = int(cl(Vp)).
Then U and V are disjoint nonempty regular open sets such that Y = U U V. Since f is
almost contra gar - continuous, then f~1(U) and f~(V) are gar - open sets of X. We have
X = f~YU)U f~1(V) such that f~}(U) and f~1(V) are disjoint. Since f is surjective, this

shows that X is not gar - connected. Hence Y is connected. O

Theorem 5.3. The almost contra gar - continuous image of gar - connected space is

connected.
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Proof. Let f : X — Y be an almost contra gar - continuous function of a gar - connected
space X onto a topological space Y. Suppose that Y is not a connected space. There exist non
- empty disjoint open sets V3 and V5 such that Y = V; U V. Therefore, V3 and V5 are clopen
in Y. Since f is almost contra gar - continuous, f~*(V;) and f~1(Vs) are gar - open in X.
Moreover, f~1(V;) and f~1(V3) are non - empty disjoint and X = f~1(V;) U f~1(V,). This
shows that X is not gar - connected. This is a contradiction and hence Y is connected. O

Definition 5.4. A topological space X is said to be gar - ultra connected if every two
non - empty gar - closed subsets of X intersect.

A topological space X is said to be hyper connected if every open set is dense.

Theorem 5.5. If X is gar - ultra connected and f: X — Y is an almost contra gar -

continuous surjection, then Y is hyper connected.

Proof. Suppose that Y is not hyperconnected. Then, there exists an open set V such that
V is not dense in Y. So, there exist non - empty regular open subsets B; = int(cl(V)) and
By =Y —cl(V) in Y. Since f is almost contra gar - continuous, f~1(B;) and f~1(B,) are
disjoint gar - closed. This is contrary to the gar - ultra - connectedness of X. Therefore, Y is
hyperconnected. O

§6. Separation axioms

Definition 6.1. A topological space X is said to be gar — Ty space if for any pair of
distinct points x and y, there exist a gar - open sets G and H such that x € G, y ¢ G and
x¢ H,ye H.

Theorem 6.2. If f: X — Y is an almost contra gar - continuous injection and Y is
weakly Hausdorff, then X is gar — T7.

Proof. Suppose Y is weakly Hausdorff. For any distinct points x and y in X, there exist V and
W regular closed sets in Y such that f(z) eV, f(y) ¢ V, f(y) € W and f(x) ¢ W. Since f
is almost contra gar - continuous, f~1(V) and f~!(W) are gar - open subsets of X such that
refXV),yg fH V), ye fY(W) and z ¢ f~1(W). This shows that X is gar — Ty. O

Corollary 6.3. If f: X — Y is a contra gar - continuous injection and Y is weakly
Hausdorff, then X is gar —T7.

Definition 6.4. A topological space X is called Ultra Hausdorff space, if for every pair
of distinct points x and y in X, there exist disjoint clopen sets U and V in X containing x and
Yy, respectively.

Definition 6.5. A topological space X is said to be gar — Ty space if for any pair of
distinct points x and y, there exist disjoint gar - open sets G and H such that © € G and
yeH.

Theorem 6.6. If f : X — Y is an almost contra gar - continuous injective function
from space X into a Ultra Hausdorff space Y, then X is gar — Ts.
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Proof. Let x and y be any two distinct points in X. Since f is an injective f(z) # f(y) and
Y is Ultra Hausdorff space, there exist disjoint clopen sets U and V of Y containing f(x) and
f(y) respectively. Then z € f~Y(U) and y € f~1(V), where f~1(U) and f~(V) are disjoint
gar - open sets in X. Therefore X is gar — Ts. O

Definition 6.7. A topological space X is called Ultra normal space, if each pair of disjoint
closed sets can be separated by disjoint clopen sets.

Definition 6.8. A topological space X is said to be gar - normal if each pair of disjoint
closed sets can be separated by disjoint gar - open sets.

Theorem 6.9. If f: X — Y is an almost contra gar - continuous closed injection and

Y is ultra normal, then X is gar - normal.

Proof. Let E and F be disjoint closed subsets of X. Since f is closed and injective f(F) and
f(F) are disjoint closed sets in Y . Since Y is ultra normal there exists disjoint clopen sets U
and V in Y such that f(E) C U and f(F) C V . This implies E C f~%(U) and F C f~%(V).
Since f is an almost contra gar - continuous injection, f~1(U) and f~1(V) are disjoint gar -

open sets in X. This shows X is gar - normal. O

Theorem 6.10. If f: X — Y is an almost contra gar - continuous and Y is semi -

reqular, then f is gar - continuous.

Proof. Let x € X and V be an open set of Y containing f(z). By definition of semi - regularity
of Y, there exists a regular open set G of Y such that f(z) € G C V. Since f is almost
contra gar - continuous, there exists U € gar — O(X, x) such that f(U) C G. Hence we have
f(U) C G C V. This shows that f is gar - continuous function. O

§7. Compactness

Definition 7.1. A space X is said to be:
(1) gar - compact if every gar - open cover of X has a finite subcover.
(2) gar - closed compact if every gar - closed cover of X has a finite subcover.
(3) Nearly compact if every regular open cover of X has a finite subcover.
(4) Countably gar - compact if every countable cover of X by gar - open sets has a finite
subcover.
(5) Countably gar - closed compact if every countable cover of X by gar - closed sets has a
finite sub cover.
(6) Nearly countably compact if every countable cover of X by regular open sets has a finite sub
cover.
(7) gar - Lindelof if every gar - open cover of X has a countable sub cover.
(8) gar - Lindelof if every gar - closed cover of X has a countable sub cover.
(9) Nearly Lindelof if every regular open cover of X has a countable sub cover.
(10) S - Lindelof if every cover of X by regular closed sets has a countable sub cover.

(11) Countably S - closed if every countable cover of X by regular closed sets has a finite sub -



ot
Ut

Vol. 12 Almost contra generalized a regular-continuous functions in topological spaces

cover.

(12) S - closed if every reqular closed cover of x has a finite sub cover.

Theorem 7.2. Let f: X — Y be an almost contra gar - continuous surjection. Then,
the following properties hold:
(1) If X is gar - closed compact, then'Y is nearly compact.
(2) If X is countably gar - closed compact, then Y is nearly countably compact.
(3) If X is gar - Lindelof, then Y is nearly Lindelof.

Proof. (1) Let {V,, : a € I} be any regular open cover of Y. Since f is almost contra gar -
continuous, {f~*(V,) : a € I} is gar - closed cover of X. Since X is gar - closed compact,
there exists a finite subset Iy of I such that X = U{f~1(V,) : a € Ip}. Since f is surjective,
Y = U{(V,) : a € I} which is finite sub cover of Y, therefore Y is nearly compact.

(2) Let {V4, : @ € I} be any countable regular open cover of Y . Since f is almost contra gar -
continuous, {f~1(V,) : @ € I} is countable gar - closed cover of X. Since X is countably gar
- closed compact, there exists a finite subset I of I such that X = U{f~%(V,) : a € Iy}. Since
f is surjective, Y = U{(V,) : @ € Iy} is finite subcover for Y . Hence Y is nearly countably
compact.

(3) Let {V, : € I} be any regular open cover of Y. Since f is almost contra gar - continuous,
{f~1(Vy) : a € I} is gar - closed cover of X. Since X is gar - Lindelof, there exists a countable
subset Iy of I such that X = {f~1(V,) : @ € Iy}. Since f is surjective, Y = U{(V,) : @ € Iy}

is finite sub cover for Y . Therefore, Y is nearly Lindelof. O

Theorem 7.3. Let f: X — Y be an almost contra gar - continuous surjection. Then,
the following properties hold:
(1) If X is gar - compact, then'Y is S - closed.
(2) If X is countably gar - closed, then'Y is is countably S - closed.
(3) If X is gar - Lindelof, then'Y is S - Lindelof.

Proof. (1) Let {V, : a € I} be any regular closed cover of Y. Since f is almost contra gar -
continuous, {f~1(V,) : @ € I'} is gar - open cover of X. Since X is gar - compact, there exists
a finite subset I of I such that X = U{f~1(V,,) : @ € Ip}. Since f is surjective, Y = U{V,, : a €
Iy} is finite sub cover for Y. Therefore, Y is S - closed. (2) Let {V,, : @ € I'} be any countable
regular closed cover of Y. Since f is almost contra gar - continuous, {f~1(V,) : a € I} is
countable gar - open cover of X. Since X is countably gar - compact, there exists a finite
subset Iy of I such that X = U{f~1(V,,) : a € Ip}. Since f is surjective, Y = U{V, : a € I} is
finite sub cover for Y. Hence, Y is countably S - closed. (3) Let {V, : a € I} be any regular
closed cover of Y. Since f is almost contra gar - continuous, {f~1(V,) : a € I} is gar - open
cover of X. Since X is gar - Lindelof, there exists a countable sub - set Iy of I such that
X =U{f1(V,) : a € Iy}. Since f is surjective, Y = U{V,, : a € Iy} is finite sub cover for Y.
Hence, Y is S - Lindelof. O
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81. Introduction

In 1970, Dontchev [13] introduced the notions of contra continuous function. A new class
of function called contra b-continuous function introduced by Nasef [6]. In 2009, Omari and
Noorani [1] have studied further properties of contra b-continuous functions. In this paper, we
introduce the concept of contra sg*b-continuous function via the notion of sg*b-open set and
study some of the applications of this function. We also introduce and study two new spaces
called sg*b-Hausdorff spaces, sg*b-normal spaces and obtain some new results.

Through out this paper (X,7) and (Y, 0) represent the non-empty topological spaces on
which no separation axioms are assumed, unless otherwise mentioned. Let A C X, the closure
of A and interior of A will be denoted by cl(A) and int(A) respectively, union of all sg*b-
open sets X contained in A is called sg*b-interior of A and it is denoted by sg*b-int(A), the
intersection of all sg*b-closed sets of X containing A is called sg*b-closure of A and it is denoted
by sg*b-cl(A).

§2. Preliminaries
Definition 2.1. Let a subset A of a topological space (X, 1), is called

1) a pre-open set [10] if A C int(cl(A)).
2) a semi-open set [8] if A C cl(int(A)).
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3) a « -open set [12] if A Cint(cl(int(A))).
4) a « generalized closed set (briefly ag- closed) [9] if acl(A) C U whenever A C U and U is
open in X.
5) a generalized x closed set (briefly g*-closed) [13] if cl(A) C U whenever A C U and U is §
open in X.
6) a generalized b- closed set (briefly gb- closed) [1] if bel(A) C U whenever A C U and U is
open in X.
7) a generalized semi-pre closed set (briefly gsp - closed) [7] if spcl(A) C U whenever A C U
and U is open in X.
8) a semi generalized closed set (briefly sg- closed) [3] if scl(A) C U whenever A C U and U is
semi open in X .
9) a generalized pre regular closed set (briefly gpr-closed) [6] if pcl(A) C U whenever A C U
and U is reqular open in X.
10) a semi generalized b- closed set (briefly sgb- closed) [7] if bel(A) C U whenever A C U and
U is semi open in X.
11) a § - closed set [12] if cl(A) C U whenever A CU and U is sg open in X.
12) a semi generalized star b - closed set (briefly sg*b - closed) [14] if bel(A) C U whenever
ACU and U is sqg open in X.

Definition 2.2. A function f: (X,7) — (Y,0), is called
1) a contra continuous [5] if f=*(V) is closed in (X, T) for every open set V of (Y,o).
2) a contra g-continuous [2] if f~1(V') is b-closed in (X, T) for every open set V of (Y, o).
3) a contra pre-continuous [10] if f=*

—~

V') is pre-closed in (X, 1) for every open set V of
4) a contra semi-continuous [8] if 1

—~

(v,0)
V) is semi-closed in (X, T) for every open set V of (Y, o)
5) a contra gpr-continuous [6] if f=1(V) is gpr-closed in (X,T) for every open set V of (Y, o).
6) a contra gsp-continuous [4] if f~* (Y,0)
7) a contra gb-continuous [11] if f=1

8) a contra sg-continuous [15] if f~1

)

V) is gsp-closed in (X, T) for every open set V of (Y,

V') is gb-closed in (X, T) for every open set V of (Y, o
) o

—~ o~~~

V') is sg-closed in (X, T) for every open set V of (Y,

8§3. On Contra semi generalized star b - continuous func-

tions

In this section, we introduce contra semi generalized star b - ontinuous functions and
investigate some of their properties.

Definition 3.1. A function [ : (X,7) — (Y, 0) is called contra semi generalized star b -
continuous if f=1(V) is sg*b - closed in (X, 7) for every open set V in (Y,o).

Example 3.2. Let X =Y = {a,b,c} with 7 = {X,p,{a},{b}, {a,b}} and o =
{Y, ¢, {a,b}}. Define a function f: (X,7) — (Y,0) by f(a) =c, f(b) =0, f(c) =a. Clearly f
is contra sg*b - continuous.

Definition 3.3. Let A be a subset of a space (X, ).

(i) The set "{F C X : A C F,F is sg*b — closed} is called the sg*b - closure of A and it is
denoted by sg*b — cl(A).
(ii) The set U{G C X : G C A,G is sg*b — open} is called the sg*b - interior of A and it is
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denoted by sg*b — int(A).
Lemma 3.4. Forx € X, x € sg*b— cl(A) if and only if UN A # ¢ for every sg*b - open

set U containing x.

Proof. Necessary part : Suppose there exists a sg*b - open set U containing = such that UUA =
¢ . Since A C X—U, sg*b—cl(A) C X—U. Thisimplies x ¢ sg*b—cl(A). This is a contradiction.
Sufficiency part : Suppose that « ¢ sg*b—cl(A). Then 3 a sg*b - closed subset F' containing A
such that x ¢ F. Then x € X — F is sg*b - open, (X — F) N A = ¢. This is contradiction. [

Lemma 3.5. The following properties hold for subsets A, B of a space X :
(i) x € ker(A) if and only if ANF # ¢ for any F € (X, x).
(i) A C ker(A) and A = ker(A) if A is open in X.
(i11) If A C B, then ker(A) C ker(B).
Theorem 3.6. Let f: (X,7) — (Y,0) be a map. The following conditions are equivalent:
(i) f is contra sg*b - continuous,
(i) The inverse image of each closed in (Y,0) is sg*b - open in (X, 1),
(i1i) For each x € X and each F € C(Y, f(x)), there exists U € sg*b — O(X), such that
fU)CF,
() f(sg*b— cl(X)) C ker(f(A)), for every subset A of X,
(v) sg*b— cl(f~1(B)) C f~1(ker(B)), for every subset B of Y.

Proof. (i) < (ii) and (ii) = (iii) are obvious.

(iii) — (ii) : Let F be any closed set of Y and x € f~1(F). Then f(x) € F and there exists
U, € sg*b— O(X, x) such that f(U,) C F.

Hence we obtain f~1(F) = J{U,\z € f~(F)} € sg*b— O(X,x). Thus the inverse of each
closed set in (Y, o) is s¢g*b - open in (X, 7).

(ii) = (iv) : Let A be any subset of X. Suppose that y ¢ kerf(A)). By lemma there exists
F € C(Y,y) such that f(A)NF = ¢. Then, we have ANf~1(F) = ¢ and sg*b—cl(A)Nf~1(F) =
®.

Therefore, we obtain f(sg*b — cl(A)) N F = ¢ and y ¢ f(sg*b — cl(A)). Hence we have
f(sg™b—cl(X)) C ker(f(A)).

(iv) = (v): Let B be any subset of Y. By (iv) and Lemma, We have
f(sg*b — cl(f_l(B))) C (ker (f(f_l(B)))> C ker(B) and

5g*b—cl(f~1(B)) C f~*(ker(B)).

(v) = (i): Let V be any open set of Y. By lemma we have

sg*b—cl(f~H(V)) C f (ker(V)) = f~1(V) and sg*b—cl(f~*(V)) = f~1(V). It follows that
F71(V) is sg*b - closed in X. We have f is contra sg*b - continuous. O

Definition 3.7. A function f : (X,7) — (Y, 0) is called sg*b - continuous if the preimage
of every open set of Y is sg*b - open in X.

Remark 3.8. The following two examples will show that the concept of sg*b - continuity
and contra sg*b - continuity are independent from each other.

Example 3.9. Let X =Y = {a,b,c} with 7 = {X,p,{b},{c}, {a,c}, {b,c}} and
o ={Y,p,{b},{b,c}}. Define a function f: (X,7) — (Y,0) by f(a) =0, f(b) =¢, f(c) = a.
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Clearly f is contra sg*b - continuous but f is not sg*b - continuous. Because f~1({b,c}) = {a, b}
is not sg*b - open in (X, 7) where {b,c} is open in (Y, o).

Example 3.10. Let X =Y ={a,b,c} witht ={X,¢,{c},{a, ¢}} and 0 ={Y, p,{a,b}}.
Define a function f : (X,7) — (Y,0) by f(a) =0, f(b) = ¢, f(c) = a. Clearly [ is sg*b -
continuous but f is not contra sg*b - continuous. Because f~*({a,b}) = {a,c} is not contra
sg*b - closed in (X, 7) where {a,b} is open in (Y,0).

Theorem 3.11. If a function f : (X,7) — (Y, 0) is contra sg*b - continuous and (Y, o)

is reqular then f is sg*b - continuous.

Proof. Let x be an arbitrary point of (X, 7) and V be an open set of (Y, o) containing f(x). Since
(Y, o) is regular, there exists an open set W of (Y, o) containing f(z) such that ¢/(W) C V.
Since f is contra sg*b - continuous, by Theorem there exists U € sg*b — O(X,x) such that
f(U) C el(W). Then f(U) C el(W) C V. Hence f is sg*b - continuous. O

Theorem 3.12. FEwvery contra - continuous function is contra sg*b - continuous function.

Proof. Let V be an open set in (Y,0). Since f is contra - continuous function, f=1(V) is b -
closed in (X, 7). Every closed set is sg*b - closed. Hence f~1(V) is sg*b - closed in (X, 7).

Thus f is contra sg*b - continuous function. O
Remark 3.13.  The converse of theorem need not be true as shown in the following
example.

Example 3.14. Let X =Y = {a,b,c} with 7 = {X,,{b},{c}, {b,c}} and 0 =
{Y,¢,{c}}. Define a function f:(X,7) — (Y,0) by f(a) =a, f(b) =c, f(c) =b. Clearly f is
contra sg*b - continuous but f is not contra continuous. Because f~1({c}) = {b} is not closed
in (X, 1) where {c} is open in (Y, 0).

Theorem 3.15. (i) Every contra §-continuous function is contra sg*b-continuous func-
tion.

(i) Every contra semi-continuous function is contra sg*b-continuous function.
(iii) Every contra o - continuous function is contra sg*b-continuous function.
(iv) Every contra pre-continuous function is contra gb-continuous function.
(v) Every contra ag-continuous function is contra gsp-continuous function.
(vi) Every contra sg*b-continuous function is contra gsp-continuous function.
(vii) Every contra sg*b-continuous function is contra gb-continuous function.
(viii) Every contra sg-continuous function is contra sg*b-continuous function.

Remark 3.16. Converse of the above statements is not true as shown in the following
example.

Example 3.17. (i) Let X =Y = {a,b,c} withT = {X, ¢, {a,b}} ando = {Y, ¢,{a},{a,c}}.
Define a function f: (X,7) — (Y,0) by f(a) =0, f(b) =¢, f(c) =a. Clearly f is contra sg*b
- continuous but f is not contra §-continuous. Because f~1({a,c}) = {b,c} is not j-closed in
(X, 1) where {a,c} is open in (Y, 0).

(i) Let X =Y = {a,b,c} with 7 = {X,p,{a,c}} and 0 = {Y,p,{a},{a,b}{a,c}}. Define
a function f : (X,7) — (Y,0) by f(a) = b, f(b) = a, f(c) = ¢. Clearly f is contra sg*b-
continuous but f is not contra semi-continuous. Because f~({a,c}) = {b, c} is not semi-closed
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in (X, 7) where {a,c} is open in (Y, o).

(iii) Let X =Y = {a,b,c} with 7 = {X,p,{b},{a,b}} and 0 = {Y, ¢, {b},{b,c}}. Define
a function f : (X,7) — (Y,0) by f(a) = b, f(b) = ¢, f(c) = a. Clearly f is contra sg*b-
continuous but f is not contra a-continuous. Because f~1({b,c}) = {a,b} is not a-closed in
(X, 7) where {b,c} is open in (Y,0).

(iv) Let X =Y = {a,b,c} with 7 = {X,¢,{a}, {b},{a,b}} and o0 = {Y, ¢, {b}}. Define a func-
tion f: (X,7) — (Y,0) by f(a) =0, f(b) =a, f(c) =c. Clearly f is contra gb - continuous but
f is not contra sg*b - continuous. Because f~1({b}) = {a} is not pre - closed in (X,T) where
{b} is open in (Y, o).

(v) Let X =Y ={a,b,c} with ™ ={X,p,{a,c}} and 0 = {Y,¢,{a},{a,b}}. Define a function
f:(X,7)— (Y,0) by f(a) =a, f(b) =0b, f(c) =c. Clearly f is contra sg*b - continuous but
f is not contra ag-continuous. Because f~1({a}) = {a} is not ag-closed in (X,7) where {a}
is open in (Y,0).

(vi) Let X =Y = {a,b,c} with T ={X,p,{a},{a,c}} and o = {Y,,{b,c}}. Define a function
f:(X,7) = (Y,0) by f(a) =b, f(b) =c¢, f(c) =a. Clearly f is contra gsp - continuous but f
is not contra g* - continuous. Because f~({a,c}) = {a,b} is not sg*b - closed in (X, T) where
{a,c} is open in (Y,0).

(vii) Let X =Y = {a,b,c} with 1 = {X, ¢, {a},{a,b}} and o0 = {Y, p,{a},{b},{a,b}}. Define
a function f : (X,7) — (Y,0) be f(a) = b, f(b) = ¢, f(c) = a. Clearly f is contra gb -
continuous but f is not contra sg*b - continuous. Because f~1({a,b}) = {a,c} is not sg*b -
closed in (X, 1) where {a,b} is open in (Y, o).

(viii) Let X =Y = {a,b,c} with 7 = {X,p,{b},{a,b}} and 0 = {Y,p,{a},{a,b},{a,c}}.
Define a function f: (X,7) — (Y,0) by f(a) =¢, f(b) =a, f(c) =b. Clearly f is contra sg*b -
continuous but f is not contra sg - continuous. Because f~1({a,c}) = {b,c} is not sgb - closed
in (X, 7) where {a,c} is open in (Y, o).

Remark 3.18. The concept of contra sg*b - continuous and contra sgb - continuous are
independent as shown in the following examples.

Example 3.19. Let X =Y ={a,b,c} witht = {X, ¢, {b},{a, b}} and o ={Y, p,{a,c}}.
Define a function f: (X,7) — (Y,0) by f(a) =a, f(b) =¢, f(c) =0b. Clearly f is contra sg*b-
continuous but f is not contra sgb-continuous. Because f~*({a,c}) = {a,b} is not sgb-closed
in (X, 7) where {a,c} is open in (Y, o).

Example 3.20. Let X =Y = {a,b,c} with 7 = {X,¢,{a},{c}, {a,c},{b,c}} and
o ={Y,¢,{a},{a,b}}. Define a function f: (X,7) — (Y,0) by f(a) =¢, f(b) =0, f(c) = a.
Clearly f is contra sgb-continuous but f is not contra sg*b - continuous. Because f~'({a,b}) =
{a,c} is not sg*b - closed in (X, 7) where {a,b} is open in (Y, o).

Definition 3.21. A space (X, 7) is said to be (i) sg*b - space if every sg*b - open set of
X is open in X, (i) locally sg*b - indiscrete if every sg*b - open set of X is closed in X.

Theorem 3.22. If a function f : X — Y is contra sg*b - continuous and X is sg*b -

space then f is contra continuous.

Proof. Let V.€ O(Y). Then f~1(V) is sg*b - closed in X. Since X is sg*b - space, f~1(V) is

closed in X. Hence f is contra continuous. O
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Theorem 3.23.  Let X be locally sg*b - indiscrete. If f : X — Y is contra sg*b -

continuous, then it is continuous.

Proof. Let V € O(Y). Then f~1(V) is sg*b - closed in X. Since X is locally sg*b - indiscrete

space, f~1(V) is open in X. Hence f is continuous. O

Definition 3.24. A function f : X — Y, the subset {(:c,f(m)) tx € X} C X xYis
called the graph of f and is denoted by Gy.

Definition 3.25. The graph Gy of a function f : X — Y is said to be contra sg*b -
closed if for each (x,y) € (X xY) — Gy there exists U € sg*b— O(X,z) and V € C(Y,y) such
that (U x V)N Gy.

Theorem 3.26. If a function f: X — Y is contra sg*b - continuous and Y is Urysohn,

then G¢ is contra sg*b - closed in the product space X XY .

Proof. Let (z,y) € (X xY) — Gy. Then y # f(x) and there exist open sets Hy, Hy such that
f(z) € Hy, y € Hy and cl(Hy) Nel(Hz) = . From hypothesis, there exists V' € sg*b — O(X, x)
such that f(V) C cl(H1). Therefore, we have f(V)Ncl(Hz) = ¢. This shows that G is contra
s$g*b - closed in the product space X x Y. O

Theorem 3.27. If f: X — Y is sg*b - continuous and Y is T, then Gy is contra sg*b
- closed in X xXY.

Proof. Let (z,y) € (X xY)— Gy . Then y # f(x) and there exist open set V of ¥ such that
f(x) € Vand y ¢ V. Since f is sg*b - continuous, there exists U € sg*b — O(X, x) such that
f(U) c V. Therefore, we have f(U)N (Y = V) =g and (Y — V) € s¢g*b— C(Y,y). This shows
that G is contra sg*b - closed in X x Y. O

Theorem 3.28. Let f: X — Y be a function and g : X — X XY, the graph function
of f, defined by g(x) = (x, f(x)) for every x € X. If g is contra sg*b - continuous, then f is

contra sg*b - continuous.

Proof. Let U be an open set in Y, then X x U is an open set in X x Y. Since g is contra sg*b
- continuous. It follows that f~1(U) = g71(X x U) is an sg*b - closed in X. Hence f is sg*b -

continuous. O

Theorem 3.29. If f: X — Y is a contra sg*b - continuous function and g : Y — Z is

a continuous function, then go f : X — Z is contra sg*b - continuous.

Proof. Let V. € O(Y). Then g~!(V) is open in Y. Since f is contra sg*b - continuous,
g (V) = (go f)~1(V) is sg*b - closed in X. Therefore, go f : X — Z is contra sg*b -

continuous. O

Theorem 3.30. Letp: X XY — Y be a projection. If A is sg*b - closed subset of X,
then p~1(A) = A x Y is sg*b - closed subset of X x Y.

Proof. Let A xY C U and U be a regular open set of X x Y. Then U = V x Y for some
regular open set V of X. Since A is sg*b - closed in X, bcl(A) and so bel(A) xY CV xY =U.
Therefore bel(A xY) C U. Hence A X Y is sg*b - closed sub set of X x Y. O
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84. Applications

Definition 4.1. A topological space (X, T) is said to be sg*b - Hausdorff space if for each
pair of distinct points  and y in X there exists U € sg*b — O(X,x) and V € sg*b — O(X,y)
such that UNV = .

Example 4.2. Let X = {a,b,c} with T ={X, ¢, {a}, {b},{c}, {a,b},{b,c},{a,c}}. Letx
and y be two distinct points of X, there exists an sg*b-open neighbourhood of x and y respectively
such that {z} N{y} = ¢. Hence (X, 1) is sg*b-Hausdorff space.

Theorem 4.3. If X is a topological space and for each pair of distinct points x1 and x
in X, there exizts a function f of X into Uryshon topological space Y such that f(xz1) # f(x2)

and f is contra sg*b-continuous at x1 and x2, then X is sg*b-Hausdorff space.

Proof. Let x1 and zo be any distinct points in X. By hypothesis, there is a Uryshon space Y
and a function f: X — Y such that f(z1) # f(x2) and f is contra sg*b-continuous at x; and
x9. Let y; = f(x;) for ¢ = 1,2 then y; # y». Since Y is Uryshon, there exists open sets U,, and
Uy, containing y; and ys respectively in Y such that cl(Uy,) N cl(Uy,) = ¢. Since f is contra
sg*b-continuous at x1 and za, there exists and sg*b-open sets V, and V,, containing x; and
xg respectively in X such that f(V;) C cl(Uy;) for ¢ = 1,2. Hence we have (V) N (Va,) = .
Therefore X is sg*b - Hausdorff space. O

Corollary 4.4. If f is contra sg*b - continuous injection of a topological space X into a
Uryshon space Y then X is sg*b-Hausdorff.

Proof. Let x1 and zo be any distinct points in X. By hypothesis, f is contra sg*b-continuous
function of X into a Uryshon space Y such that f(x1) # f(z2), because f is injective. Hence
by theorem, X is sg*b - Hausdorff. O

Definition 4.5. A topological space (X, T) is said to be sg*b - normal if each pair of non
- empty disjoint closed sets in (X, T) can be separated by disjoint sg*b - open sets in (X, 7).

Definition 4.6. A topological space (X, T) is said to be ultra normal if each pair of non
- empty disjoint closed sets in (X, T) can be separated by disjoint clopen sets in (X, 7).

Theorem 4.7. If f: X — Y is a contra sg*b - continuous function, closed, injection

and Y is Ultra normal, then X is sg*b - normal.

Proof. Let U and V be disjoint closed subsets of X. Since f is closed and injective, f(U) and
f(V) are disjoint subsets of Y. Since Y is ultra normal, there exists disjoint clopen sets A and
B such that f(U) C A and f(V) C B. Hence U C f~*(A) and V C f~(B). Since f is contra
5g*b - continuous and injective, f~1(A) and f~!(B) are disjoint sg*b - open sets in X. Hence

X is s¢g*b - normal. O

Definition 4.8. A topological space X is said to be sg*b - connected if X is not the union
of two disjoint non - empty sg*b - open sets of X.

Theorem 4.9. A contra sg*b - continuous image of a sg*b - connected space is connected.
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Proof. Let f: X — Y be a contra sg*b - continuous function of sg*b - connected space X onto
a topological space Y. If possible, let Y be disconnected. Let A and B form disconnectedness
of Y. Then A and B are clopen and Y = AU B where AN B = ¢. Since f is contra sg*b -
continuous, X = f~1(Y) = f~Y(AUB) = f~1(A)U f~1(B) where f~1(A) and f~1(B) are non
- empty sg*b - open sets in X. Also f~1(A)N f~1(B) = . Hence X is non - sg*b - connected
which is a contradiction. Therefore Y is connected. O

Theorem 4.10. Let X be sg*b - connected and Y beTy. If f : X — Y 1is a contra sg*b

- continuous, then f is constant.

Proof. Since Y is Ty space v = {f~!(y) : y € Y} is a disjoint sg*b - open partition of X. If
|v| > 2, then X is the union of two non empty s¢g*b - open sets. Since X is sg*b - connected,

|v| = 1. Hence f is constant. O

Theorem 4.11. If f: X — Y is a contra sg*b - continuous function from sg*b -

connected space X onto space Y, then Y is not a discrete space.

Proof. Suppose that Y is discrete. Let A be a proper non - empty open and closed subset of
Y. Then f~!(A) is a proper non - empty sg*b - clopen subset of X, which is a contradiction
to the fact X is sg*b - connected. O
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81. Introduction

Let N, R and C be the sets of all natural, real and complex numbers respectively. Let £,
c and ¢y be denote the Banach spaces of bounded, convergent and null sequences respectively

with norm ||z|| = sup | 2 | . We denote w = {x = (z1) : z1 € R or C}, the space of all real or
k

complex sequences.

Any subspace A of the linear space w of sequences is called a sequence space. A sequence
space A with linear topology is called a K-space provided each of maps p; : A — C defined by
pi(x) = z; is continuous, for all 7 € N. A space ) is called an F'K-space provided A is complete
linear metric space. An F'K-space whose topology is normable is called a BK-space.

It is an admitted fact that the real and complex numbers are playing a vital role in the world
of mathematics. Many mathematical structures have been constructed with the help of these
numbers. In recent years, since 1965 fuzzy numbers and interval numbers also managed their
place in the world of mathematics and credited into account some alike structures. Interval
arithmetic was first suggested by P. S. Dwyer 1/ in 1951. Further development of interval
arithmetic as a formal system and evidence of its value as a computational device was provided
by R. E. Moore % in 1959 and Moore and Yang ['%l and others and have developed applications
to differential equations.

Recently, Chiao [ introduced sequences of interval numbers and defined usual convergence
of sequences of interval numbers. Sengéniil and Eryilmaz 7 introduced and studied bounded
and convergent sequence spaces of interval numbers and showed that these spaces are complete.

A set (closed interval) of real numbers x such that a < x < b is called an interval number. 4]
A real interval can also be considered as a set. Thus, we can investigate some properties of

interval numbers for instance, arithmetic properties or analysis properties. Let us denote the
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set of all real valued closed intervals by IR. Any element of IR is called a closed interval and
it is denoted by A = [r;,x,]. IR is a quasilinear space under the algebraic operations and
a partial order relation for IR found in [27, 30] and any subspace of IR is called quasilinear
subspace (see [27, 30]).

The set of all interval numbers IR is a complete metric space defined by
d(A1>A2) = max{| T1, — T2 |7 | Z1, — T2, |}a (See [167 27])’ (1)

where z; and x, are first and last points of A, respectively.

In a special case, A; = [a,a], Ay = [b,b], we obtain the usual metric of R with
d(Al,A2> :| a—> | .

Let us define transformation f from N to IR by k — f(k) = A, A = (Ax). The function
f is called sequence of interval numbers, where Ay, is the k" term of the sequence (/Lc).

Let us denote the set of sequences of interval numbers with real terms by

w(A) = {A=(A}): A, € IR}. (2)

The algebraic properties of w(A) can be found in [4, 27].

The following definitions were given by Sengéniil and Eryilmaz in [27]. A sequence A =
(Ay) = ([7x,,71,]) of interval numbers is said to be convergent to an interval number Ay =
[z0,, w0, ] if for each € > 0, there exists a positive integer ng such that d(Ax, Ag) < ¢, for all
k > ng and we denote it as liin A, = 4.

Thus, liin A, =4, & liin Tk, = To, and h/lcm Tk, = %o, and it is said to be Cauchy sequence
of interval numbers if for each € > 0, there exists a positive integer ko such that d(Ax, A,,) < e,
whenever k, m > kg.

Let us denote the space of all convergent, null and bounded sequences of interval numbers
by C(A), Co(A) and £ (A), respectively. The sets C(A), Co(A) and £ (A) are complete metric
spaces with the metric

~

d(Ay, By) = supmax{|zi, = Yk, |2k, = yr.[}(see [27]). (3)

If we take By = O in (3) then, the metric d reduces to

d(Ay,0) = sup mac{[a | 7, [} (4)

In this paper, we assume that a norm ||A|| of the sequence of interval numbers (Ay) is
the distance from (Aj) to O and satisfies the following properties: YAy, Bj, € A(A) and Vo € R

(N1) VA € MA) = {0}, [ 4kllra) > 0,

(N2) |[Akllra) =0 < Ax = O,

(N3) ||Ax + Bk|\A(A) < ||Ak||x(ﬁ) + HBkHA(A),

(Ni) |leArllxca) = e[| Akllxc 1), where A(A) is a subset of w(A).

Let A = (Ag) = (|zk,, Tk, ]) be the element of C(A), Co(A) or £ (A). Then, in the light of
above discussion, the classes of sequences C(A), Co(A) and £, (A) are normed interval spaces
normed by

IAll= SllipmaXﬂ zhy |, | 2k, |} (see [27]). ()
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Throughout, O = [0,0] and I = [1, 1] represent zero and identity interval numbers according
to addition and multiplication, respectively.

As a generalisation of usual convergence for the sequences of real or complex numbers,
the concept of statistical convergent was first introduced by Fast (¢ and also independently by
Buck ¥ and Schoenberg 126!, Later on, it was further investigated from a sequence space point
of view and linked with the Summability Theory by Fridy [7), Salat 23!, Tripathy 28 and many
others. The statistical convergence has been extended to interval numbers by Esi as follows in
[1, 2].

Let us suppose that A = (Ay) € loo(A). If, for every € > 0,

1 . _
li’£nz|{n€N:H A, — Ao ||>e, n<k} =0. (6)

Then, the sequence A = (A}) is said to be statistically convergent to an interval number Ay,
where vertical lines denote the cardinality of the enclosed set. That is, if 6(A(e)) = 0, where
A(e) ={k e N:|| Ay — Ap ||> €}

The notion of ideal convergence (I-convergence) was introduced and studied by Kostyrko,
Magaj, Salat and Wilezynski 1314, Later on, it was studied by Salét, Tripathy and Ziman[242%],
Esi and Hazarika Y| Tripathy and Hazarika ), Khan et al 8919 Mursaleen and Sunil 7]
and many others.

Definition 1.1. Let N be the set of natural numbers. Then, a family of sets I C 2V (power
set of N) is said to be an ideal if

(i) I is additive. That is, VA, Be I = AUB €1,

(ii) I is hereditary. That is VA € Jand BC A= B e I.

A non-empty family of sets £(I) C 2" is said to be filter on N if and only if

() & ¢ £(),

(i) V A, B e £(I) we have AN B € £(I),

(iii) VA e £(I) and AC B= Be £(I).

An Ideal I C 2" is called non-trivial if T # 2.

A non-trivial ideal I C 2" is called admissible if {{z} : 2 € N} C I.

Let us suppose that I be an ideal. Then, a sequence A = (Ay,) € £oo(A) C w(A).

(i) is said to be I-convergent to an interval number Ay if for every e > 0,

{keN:|| A, — Ay |> €} €I

In this case, we write I — lim Ay = Ay. If Ay = O. Then, the sequence A = (A},) € loo(A) is
said to be I-null. In this case, we write I — lim A;, = O.
(ii) is said to be I-Cauchy, if for every € > 0, there exists a number m = m(e) such that

{keN:|| A, — A, |>e el
(i) is said to be I-bounded, if there exists some M > 0 such that
{keN:|| A ||> M} eI

We know that for each ideal I, there is a filter £(I) corresponding to I. That is, £(I) =
{K CN: K€}, where K° =N\ K.
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Definition 1.2. A sequence space A(A) of interval numbers is

(iv) said to be solid (normal), if (axAr) € A(A), whenever (A;) € A(A) and for any
sequence (ay) of scalars with | a [< 1, for all k € N,

(v) said to be symmetric, if (A (1)) € A(A), whenever A;, € A\(A), where 7 is a permutation
on N,

(vi) said to be sequence algebra, if (Ay) * (By) = (Ag.By) € M(A) whenever (Ay), (Bg) €
A(A),

(vii) said to be convergence free, if (By) € A(A) whenever (Ax) € A(A) and Ay = O implies
By, = O, for all k.

Definition 1.3. Let K = {k; < kz < k3...} C N. The K-step space of the A(A) is a
sequence space u;‘((A) ={(Ag,) € w(A) : (Ag) € M(A)}. i

Definition 1.4. A canonical pre-image of a sequence (Ay,) € u;}(A)
(By) € w(A) defined by

is a sequence

_ /_1;9, ifke K,
B

O, otherwise.

A(A)

A canonical preimage of a step space uj”" is a set of canonical preimages of all elements
in LL>I\{(A). That is, B is in the canonical preimage of ,u;‘((A) iff B is the canonical preimage of

some A € u;}@).

Definition 1.5. A sequence space A(.A) is said to be monotone, if it contains the canonical
preimages of its step space.

Definition 1.6. A function f : [0,00) — [0, 00) is called a modulus function if

(1) f(t) =0if and only if t =0, f(t +u) < f(t) + f(u) for all ¢, u >0,

(3) f is increasing,

(4) f is continuous from the right at zero.

A modulus function f is said to satisfy As-Condition for all values of w if there exists a
constant K > 0 such that f(Lu) < KLf(u) for all values of L > 1. The idea of modulus
function was introduced by Nakano in 1953, (See [19] , Nakano, 1953).

Ruckle 2922 ysed the idea of a modulus function f to construct the sequence space

X(f)=A{z=(r): Y fllan]) <oo} = {z=ap: (f(|21]) € X}. (7)
k=1
After then, E. Kolk "2 gave an extension of X (f) by considering a sequence of moduli

F = (fx) and defined the sequence space
X(F) ={z = (zx) : (fullza])) € X} (8)

Mursaleen and Noman [!7 introduced the notion of A-convergent and A\-bounded sequences.
We extended this concept to the sequence of interval numbers as follows.
Let A = (Ag)p2; be a strictly increasing sequence of positive real numbers tending to
infinity. That is,
0< Ao <AL <Az < Azeery A\, — 00 as k — oo. 9)
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The sequence A = (Ag) € £o(A) is A-convergent to an interval number Ay , called the
M-limit of A, if A,,,(A) — Ag, as m — oo, where

m

A (A) = Ak — A—1)Ag, keN.

1
Am k=1
Here and in the sequel, we shall use the convention that any term with a negative subscript
is equal to naught. For example, A\_; = 0.
In particular, A = (Ay) € £oo(A) is said to be A-null, if A,,(A) — 0, as m — oc.
The sequence A = (Ay) € £oo(A) is A-bounded, if sup || A,,(A) ||< oo. It can be seen that

if lim A,, = A in the ordinary sense of convergence of interval numbers, then
m

1 (& .
li — Al — Agp— A — A = 0. 1
i (o (e M 1241 ) ) =0 (10)
This implies that
_ _ 1 & _ _
lim || Ay (A) — A ||=1i - —Xe1)(Ag — A) ||= 0, 11
i [ () = & =i 5= 30 = M) (i = ) =0 (1)

which yields that lim A,,(A) = A and hence A = (A4;) € {5 (A) is A\-convergent to A.

Let us denote 7gﬂbhe classes of I-convergent, I-null, bounded I-convergent and bounded I-null
sequences of interval numbers with C'(A), C(A), ME(A) and ME_ (A), respectively.

We need the following popular inequalities throughout the paper.

Let p = (px) be the bounded sequence of positive reals numbers. For any complex A,
whenever H = st;p(pk) < 00, we have | A [P*< max(1,| X |). Also, whenever H = Sllip(pk), we

have | ai, + by [P*< C(] ay [P* + | by |P*), where C = max(1,2H-1).

For any modulus function f, we have the inequalities | f(z) — f(y) |< f(z — y) and
f(nz) <nf(x), forallz, ye[0,o00].

Now, we give some important Lemmas.

Lemma.l.1. Every solid space is monotone.

Lemma.1.2. Let K € £(I) and M CN. If M ¢ I, then M N K ¢ I, where £(I) C 2N
filter on N.

Lemma.1.3. If I C2Yand M CN. If M ¢ I,then MNN ¢ T.

§2. Main results

Let us give a most important definition for this paper:

Definition 2.1.5% Let X be a space of interval numbers. A function g : X — R is
called paranorm on X , if for all A, B € X,

(P1) g(A) =0, if A=0,

(P2) g(A) >
(Py) g(~ ) o(4),
(F4) g(A+ B) < g(A) +9(B),
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(Ps) if (\,) is a sequence of scalars with A\, — A (n — o0o) and (4,), Ay € X with
9(An) = g(Ao) (n — 00), then g(AnAn) — g(Ado) — 0 (n — o),

(Ps) I A < B, then g(A) < g(B).

In

this article, we introduce and study the following classes of sequences:

CHA N F,p) = {flz (Ap) € loo(A) : {k e N: fi (|| Au(A) — A )pk > ¢} €1, for some A},
(12)

CLA N, F,p) =

—

A= (A) € Lol D) : (ke N: fu( | AnCD) )™ = ) € 1}, (13)

L (A A, F,p) = {A = (Ag) € lao(A): IE > 0s.t.{k e N: fi( || As(A) )™ > K} € 1},
(14)

oo (A, A F,p) = {A = (Ak) € loo(A) :Sllipfk( I ARCA) )7 < OO}- (15)

We also denote ME(A, A, F,p) = loo(A, A, F,p) NCH (AN, F,p) and M{ (A A, F,p) =
loo (A, A, F,p) NCL(A, A, F, p), where p = (pi) is a bounded sequence of positive real numbers,
F = (fx) is a sequence of moduli and A = (A) € lo(A) C w(A) is a bounbed sequence of
interval numbers.

If we take p = (pg) = 1, for all k € N, we have

Cl(A N F) = {.A (Ag) € loo(A) : {k € N: fi(|| Ax(A) — A || ) > €} €1, for some A},
(16)

CI(A A, F) = {A: (A) € Lo A): (k€N Fuol [l AeCA) [|) = €} € 1}, (17)
(AN F) = {A (A) € oo (A): (ke N: T K > 0052 (|| Au(A) | ) > K} € 1}, (18)

(o (A AF) = {A = (40) € o) s o ACA) ) < oo}. (19)

Theorem 2.2. Let F = (fi) be a sequence of modulus functions and p = (pi) be the
bounded sequence of positive real numbers. Then, the classes of sequences MZ (A, A, F, p) and
M (A, A, F,p) are paranormed spaces, paranormed by g(A) = g((Ax)) = sup fi (|| Ax(Ar) |

k

)%, where M = max{l,suppk}.
k
Proof. Let A= (Ay), B ( k) € é(A,A,]:,p)-
0.

(Py) Tt is Clear that g(A) =0, if A=

(P,) Tt is also obvious that g(A) > 0.
(Ps3) g(A) = g(—A) is obvious.
(P1)

Py) Since & <1 and M > 1, using Minkowski’s inequality, we have

g

g(A+ B) = g(Ay + By) = Sl;pfk( | Ax(Ax + By)) || )
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P
M

= s%p S| Ae(Ar) + Ae(Br)) ||)
< sup fu( | An(A0) 1 + | Au(B) 1) ¥

_ P — P
< sup f( A )™ +sup £ (1) Bi) )%

=g(A) +g(B).

Therefore, g(A + B) < g(A) + g(B), for all A, B € ML(A, A, F,p).

(Ps) Let (M) be a sequence of scalars with (A\x) — X (k — oo) and (Ay), Ay €
ME(A, A, F,p) with g(Ag) — g(Ap), (k — o0). Note that g(AA) < max{1,| A [}g(A).

Then, since the inequality g(A) < g(Ar — Ag) + g(Ap) holds by subadditivity of g, the
sequence {g(A)} is bounded.

Therefore, | g(\A) — 9(Ao) =] g(hAx) — g(AAL) + gOAx) — g(Ado) |<] M — A |#]
g(MkAr) |+ A 15 | g(Ay) — g(Ap) |— 0, as (k — oo). That is to say that scalar multiplication
is continuous.

(Ps) Since each fi, k € N is an increasing function, it is clear that g(A) < g(B, if A C B.
Hence M.(A, A, F,p) is a paranormed space. For M(I;O (A, A, F,p), the result is similar.

Theorem 2.3. The set ML(A, A, F,p) is closed subspace of o (A, A, F,p).

Proof. Let A = (ﬁgl)) be a Cauchy sequence in M%(A, A, F,p) such that fl,g") — A.
We show that A € ML(A, A, F,p). Since A = (A,(Cn)) € ML(A, A, F,p). Then, there exists
A, such that {k € N: fi (|| Ap(A™) - A4, | )pk > e} € I. We need to show that

(1) (A,,) converges to Ag.

(2) U ={keN: fi( || Ax(A) — A || )™ <€}, then U € I.

(1) Since A = ([1,(6")) is Cauchy sequence in ML(A, A, F,p) = for a given € > 0, there
exists kg € N such that sgp FOI AR(AM™) — A (AD) | )pﬁk < §, for all n, ¢ > ko where

M = max{1,suppy}. For € > 0, we have
k

By = {k € N: fi( | Ae(A™) = Ax(A@) )™ < ()},
By = {k e N: f([| Ax(AW) = 4, )™ < ()M}
B, = {k eN: (| ARA™) — 4, || )™ < (g)M}.

Then, B, B, B € 1.

Let B® = BS, UBSU BS, where B={k € N: fi,( | A, — A, || )”" <e}. Then, B¢ € 1.
We choose kg € B¢. Then, for each n, ¢ > kg, we have {k eN: fk( | Ay — Ay || )pk < e} D)

{keN: fu(| Ag = Au(AD) )™ < (HMI N {k € Nt fir (|| Au(A™) = Ax(A@) | )™ <

(OMIN{k e N: fio( || Aw(A™) = 4, || )7 < (E)M}] Then, (A,) is a Cauchy sequence of

interval numbers, so there exists some interval number Ay such that A, — Ay as n — oo.
(2) Let 0 < § < 1 be given. Then, we show that, if U = {k € N: fi, (|| Ax(A) — Ao || )™ <
6}, then, U¢ € I. Since A™) = (/ifcn)) — A then, there exists ¢y € N such that

P={keN: fi(|| A(AD) = A(A) )™ < (%)M} (20)
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implies P¢ € I, where D = max{1,2f~!} H = supp; > 0. The number gy can be chosen

k
that together with (20), we have @ = {k € N : fi (|| Ax(Ag) — Ao || )™ < (535)M} such that
Q° € I. Since {k € N: fi.( || Ax(A)) — Ag(A,,) || )”* > 6} € I. Then, we have a subset S of
N such that S¢ € I, where S = {k € Nt fi,( || Ap(A@)) — Ap(Ay,) | )7 < (555)M}.
Let U¢ = P°UQ°U S°, where U = {k € N : fi,( || Ax(A) — Ay || )™ < 5}

Therefore, for each k € U, we have

{keN: fi( | Ar(A) — Ao || )™ < 6}
)

> [k € N fel Il ACA®) — A(A) )™ < (o)™
BN f( AR (A®) — Ae(A) )7 < ()™
N {E N (1 Ak(Ag) Ao ) < (5)™)) (1)

Then, the result follows from (21). Since the inclusions MZ(A, A, F,p) C loo(A, A, F,p) and
M(I;O (A, A, F,p) C loo(A, A, F,p) are strict so in view of Theorem 2.3 we have the following
result.

Theorem 2.4. The spaces M{(A, A, F,p) and M{ (A, A, F,p) are nowhere dense
subsets of £o. (A, A, F, p).

Theorem 2.5. The spaces C{ (A, A, F,p) and Méo (A, A, F,p) are both solid and mono-
tone.

Proof.  We shall prove the result for CJ(A, A, F,p). For Méo (A, A, F,p), the result
follows similarly.

For, let A = (Ay,) € CL(A, A, F,p) and (az,) be a sequence of scalars with | ay |< 1, for all
k € N. Since | oy, |P*< max{1,| ay |} < 1, for all k € N, we have

Fe( i (Ag) )™ < fe( | Ak(AR) )™, for allk € N,
which further implies that
fkeN: fu( | AAD) )™ = e 2 {k e N: fi( 1] ardr(A) ) = e

Thus, ax(Ax) € CL(A, A, F,p). Therefore, the space C{ (A, A, F, p) is solid and hence by Lemma
1.1, it is monotone.

Theorem 2.6. Let G = suppi < oo and I be an admissible ideal. Then, the following
k

are equivalent.

(a) A= (Ap) € CT(A A, F,p);

(b) there exists B = (By) € C(A, A, F,p) such that Ay = By, for a.akr. I;

(c) there exists B = (By) € C(A, A, F,p) and C = Cy € C{(A, A, F,p) such that A, =
By+Cpforallk e Nand {k € N: fi( || Aw(By) — A )™ > e} € I;

(d) there exists a subset K = {k; < ko < ks...} of N such that K € £(I) and lim fj( ||

An(A)y, — A )™ =0.
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Proof. (a) implies (b)

Let A = (A) € CI(A,A, F,p). Then, there exists interval number A such that the set
{keN: fi( | As(Ax) —A|| )" >e} eI

Let (m;) be an increasing sequence with m; € N such that {k < my : fi( || Ax(Ar) — A ||
)Pr > ¢~} € I. Define a sequence B = (B}) as By = Ay, forallk < my. For my < k <
mit1, t €N,

B A, if fe( | Ae(Ar) = A )™ <72,
A, otherwise.

Then, B = (By) € C(A, A, F,p) and from the inclusion {k < m; : Ay # Br} C {k < my :
|

B
|

S (I Ax( Ak) A1)’ > €} € I. we get Ay, = By, for a.akr. I.
(b) implies (c)
For A = (A;) € CI(A, A, F,p), then, there exists B = (By) € C(A,A,F,p) such that

Ay = By, for a.akr. I. Let K = {k € N: A # By}, then K € I.
Define C = C, as follows:

_ Ak—Bk,ifk€K7
Crp =
0. ifk¢K.

Then, C = (Ck) € C{(A, A, F,p) and B = (By) € C(A, A, F,p).

(c) implies (d)

Suppose (c) holds. Let e > 0 be given. Let Py = {k € N: fi( || Ax(Ci) [)P* > €} € I and
K = Pf = {ki <kz <k < ks...} € £(I). Then, we have lim fi( | Ax(Ar,)—A| )P = 0.

(d) implies (a) T

Let K = {k1 < ko < k3 < k4...} € £(I) and nhﬂn;() fe( Il Ag(Ag,) — A ||)PEn = 0. Then, for
any € > 0, and Lemma (II), we have {k € N : fi (|| Ax(Ax) — A || )pk >et CKU{ke K
Fio(ll Ae(Ar) — A || )™ > €}. Thus, A= (4;) € CL(A A, F, p).

Theorem 2.7. Let F = (f) and G = (gx) be two sequences of modulus functions and for
each k € N, (fx) and (gg) satisfying As-Condition and p = (pg) € £ be a bounded sequence
of positive real numbers. Then,

(a) X(A,A,G,p) CX(A AN Fog,p),

(b) X(A, A, F,p) N (A A, G,p) CX(ANF+G,p), for X=CI, CI, M and Méo.

Proof. (a) Let A= (Ay) € CL(A, A, G,p) be any arbitrary element. Then, the set

_ Pk
keN:gk(H Ap(Ay) H) >ebell (22)
Let € > 0 and choose § with 0 < § < 1 such that f(¢) <e, 0 <t <. Let us denote
_ _ P
By, = gk( | Ar(Ax) || ) ; (23)
and consider lim fj (Bk) lim  fx (B;C) 4+  lim fg (Bk) Now, since fj for each k € N is
k B, <8,kEN By >4,keN

an modulus function, we have

li Br) < f(2) 1 Bg). 24
Bkglﬁeka( k) < S )Bk_;ﬁeN( k) (24)
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For By, > 6, we have B, < % <14 %. Now, since each f} is non-decreasing and modulus,
it follows that

fulBo) < s+ 2y < Ly D2,

Again, since each fi, k € N satisfies Ay — Condition, we have

1 (Bg) 1 (By)

1, (Br)

fie(Br) < S5 fr (2)+2K7 x(2)
Thus, fx (Bk) < K(EjT’“)fk (2) Hence,
Bkllgllceka (Br) < max{1, (K5 f,(2))” }Bklig’r]lcEN(Bk), H = max{l,s:ppk}. (25)

Therefore, from (23), (24) and (25), we have A = (A;) € CI(A,A,F o G,p). Thus,
CHA, A, G,p) € CL(A A, FoG,p). Hence, X(A,A,G,p) C X(A A, FogG,p) for Y= CL. For
X= !, M{ and M{_ the inclusions can be established similarly.

(b) Let A = (Ay) € CL(A, A, F,p)NCL(A,A,G,p). Let € > 0 be given. Then, the sets

{kGNifk(H Ap(Ap) || )pk >6} €l, (26)

and

{kEN:gk(| Aw(Ap) | )p’“ ze} el (27)

Therefore, from (26) and (27), we have {k eN: F+ Q( || Ar(Ag) | ) > e} € I. Thus,

A= (Ay) € CL(A, A, F + G, p) Hence, CL(A,A, F,p) NCL(A,A,G,p) CCL(A A, F+G,p). For
X=C!, M} and M{_, the inclusions are similar. For g (z) = x and fi(z) = f(z),V z € [0, 00),
we have the following corollary.

Corollary 2.8. X (A, A,p) C X(A A, F,p), for X=C!, CI, M{ and M .

Theorem 2.9. Let F = (f) be a sequence of modulus functions. Then, the inclusions
CL(A A, F.p) C CL(A A, F.p) C ¢ (A, A, F,p) hold.

Proof. Let A= (A;) € C'(A,A,G,p) be any arbitrary element. Then, there exists some
interval number A such that the set {k € N: fi(|| Ax(Ax) — A ||)P* > €} € I. Since, each fy is

modulus, we have
Sl Ae(Ar) )P = frolll Ax(Ag) = A+ AP < fi(ll Ar(Ar) — A DP= + fi(l] A )P

Taking supremum over k on both sides, we get A = (A4;) € (L (A A, F,p). The in-
clusion C{(A, A, F,p) C CL(A,A,F,p) is obvious. Hence CJ(A, A, F,p) C CI(AA,F,p) C
L (AN, F,p).

Theorem 2.10. The spaces C{ (A, A, F,p) and CI (A, A, F,p) are sequence algebra.

Proof. Let A= (A), B= (By) € CL(A, A, F,p). Then, the sets

{rern: a(laa )" zefer (29)

and

{kENifk( Ay (By) ||) } el (29)
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Therefore, from (28) and (29), we have {kz eEN: fk< | An(Ar.Bg) || )pk > e} € I. Thus,

A-BeCl(A A, F,p). Hence, CL(A, A, F,p) is a sequence algebra. Similarly, we can prove that
CI(A, A, F,p) is a sequence algebra.
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Abstract In this paper we study geometrical properties of the semi-simple Lie groups by Car-
tan involution and Cartan decomposition. Using Cartan involution and a bilinear symmetric
form, we investigate the Hermitian Covariant derivative V, the covariant derivative and their
relationship. Then we study left invariant and bi-invariant almost complex structure when
V.J = 0. The relation between the Hermitian covariant derivative and covariant derivative is
studied by Cartan involution while it was a special automorphism.

Keywords Cartan involution, semi-simple Lie algebra, Hermitian covariant derivative.
2010 Mathematics Subject Classification 42A20, 42A32.

§1. Introduction

Let G be a semi-simple Lie group, g be its Lie algebra and J be an almost complex
structure. A subgroup(submanifold) G is called holomorphic if J(T,G) C T.G, e is identity
element of G, where T.G denotes the tangent space to G at the point e. G is called totally
real if J(Teé) c T.G* for identity element e € G, where T.G~+ denotes the normal space to G
at the point e. A generalization of holomorphic and totally real subgroups, slant submanifolds
were introduced by B. Y. Chen in [1]. We recall that the subgroup G is called slant [1] if for
e € G and X € T.G, the angle between JX and T.G is a constant §(X) € [0, g], i.e., it does
not depend on the choice of point of G and X € T.G. It follows that invariant and totally real
subgroup with slant angle § = 0 and 0 = T respectively. A slant subgroup which is neither
invariant nor totally real is called a proper slant subgroup [4].

In this paper we study the differential geometry of semi-simple Lie groups with Cartan
involution. It helps us to decompose the semi-simple Lie algebra of Lie group that is called
Cartan decomposition. Here we tried to use geometric and Lie algebraic tools for study of
semi-simple Lie groups, like almost complex structure and Cartan involution. The aim of the

present paper is to study the left invariant and bi-invariant almost complex structure’s behavior

2*corresponding author
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regarding Hermitian bilinear, symmetric form and Hermitian covariant derivative when Cartan
involution have special relationship with almost complex structure. Furthermore, we had shown
that the relationship between almost complex structure and algebraic homomorphisms affect
the subalgebras. We believe that involutions are powerful tools for studying the Lie group, as
are useful in non-commutative geometry, as they are developing in Harmonic Analysis we can
use that results in differential geometry. This is the first paper of applications of involutions in
the semi-simple Lie groups and in the next step we will show how they are connected algebra
and geometry by left and right transformations instead of Exponential Functions.

§2. Preliminaries

Some definitions and basic concepts.

First, we note that throughout this paper F =R or C.

Definition 2.1. A Lie algebra over F is pair (g,[.,.]), where g is a vector space over F
and

[.]:gxg—g
is an F-bilinear map satisfying the following properties

DX, Y] =-[Y, X],
ii)[Xa [Yv ZH + [Zv [X’ Y“ + [Yv [Zv X]] =0,

the latter is the Jacobi identity. In this paper for any X,Y € g we have
[va] = vXYV - Vva

where V is covariant derivative. A Lie subalgebra of a Lie algebra is a vector space that is
closed under bracket.

Let G be a Lie group(smooth manifold equipped with positive definite bilinear, symmetric
form) and e € G be identity element, then g = T.G is called Lie algebra of Lie group.(dimg =
dimT.G = dimQ)

First we say a Lie group H of a Lie group G is a subgroup which is also a submanifold.
The following theorem shows the relationship between Lie subgroups and Lie algebras.

Theorem 2.1. [3] Let G be a Lie group.
(a) If H is a Lie subgroup of G, then h ~T.H C T.G ~ g g is a Lie subalgebra.
(b) If h C g a Lie subalgebra, there exists a unique connected Lie subgroup H C G with Lie
algebra b.

Let G be a Lie group equipped with a bilinear symmetric form, by using only these identities

and combining a few permutations of variables obtain the formula
1

But in this case three terms of it vanish since (X,Y") is constant [2].
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Definition 2.2. Let G be a connected Lie group. The subgroup
Z(G)={x € G:axy=yx,Vy € G},
is called the center of G It is a Lie subgroup with corresponding Lie subalgebra
Z(g)={Xe€g:[X,Y]=0,VY € g}.

In present paper we study semi-simple Lie groups and will review geometric features of
these groups. First we give required concepts.

A Lie subalgebra h C g is called an ideal if [h,g] C h. The Lie algebra of a normal Lie
subgroup of G is necessarily an ideal. A Lie algebra g is called simple if it has no nontrivial
ideals (that is 0 and g are the only ideals in g). It is called semi-simple if it is a direct sum of
simple Lie algebras or contains no nonzero solvable ideals. Note that this in particular implies
that the center Z(g) = 0. A Lie group is called simple (respectively semi-simple) if its Lie
algebra is simple (respectively semi-simple).

If (G, (,)) be a Lie group equipped by left invariant inner product and g is the Lie algebra
of G and H is a Lie subgroup with Lie algebra f, we defined

bt ={X€eph|(X,)Y)=0VY € g}.

The next theorem expresses useful information about semi-simple Lie algebras.

Theorem 2.2. [3] Let g be a semi-simple Lie algebra.

(i) If T is ideal of g, then g = I & I+,
(ii) If g be a semi-simple Lie algebra, then any subideal of g is ideal of g.
(iii) If g is semi-simple, any ideal of g is semi-simple.

Next two states are so important throughout of this paper.

Let (,) be a left invariant bilinear symmetric form on a connected Lie group G. This form
will also be right invariant if and only if ad(X) is skew-adjoint for every X € g. therefore if (,)
be a left invariant form on a connected Lie group G, then ad(X) is skew-adjoint, in this case
o

VxY = [X.Y],

whenever V is covariant derivative. Throughout this paper Lie groups are connected.

§3. Cartan involution

Let g be a Lie algebra of Lie group G. An automorphism o : g — g such that 02 = id, is
called involution. Such an involution yields a decomposition into eigenspaces to the eigenvalues
41 and -1. An involution € of a semi-simple Lie algebra g such that the symmetric bilinear

form
By(X,Y)=—-B(X,0Y),

is positive definite and is called Cartan involution.
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Definition 3.1. A Cartan decomposition, is a vector space decomposition g = t + p,
where t is a subalgebra, p is a subspace, [t,t] C t, [t,p] C p, [p,p] C t, and By is negative definite
on t and positive definite on p.

For By we can consider:

(1) B is negative definite on t, then §X = X, for any X € t.
(2)B is positive definite on p, then 8V = —V, for any V € p.
We have a decomposition of the from g = t@ p. for all X, X "€ tand Y, Y e p, furthermore;

we have

[t Ct=0[X, X ] =[X,X]=[0X,0X],
[tvm Cp= G[va] = 7[X7Y] = [Xa 7Y] = [0X79Y}7
b.p] Ct=0]Y,Y | =[V,Y | =[-Y, Y] =[9Y,0Y].

Thus t is a Lie subalgebra, while any subalgebra of p is commutative. By is symmetric, bi-
linear, positive definite form. In the following theorem we consider behavior of t and p with
automorphisms.

Theorem 3.1. Let o € autg be an arbitrary element such that By(cX,0Y) = By(X,Y),
then

Ho(t) Ct,

ii)o(p) Cp.

Proof. Let X, Y € tand V,W € p are arbitrary elements. If o(p) C t, then
o([X,V]) = [o(X),a(V)],

left hand is an element of t, then from right hand we conclude o(t) must be an element of t.
On the other hand, assuming o(t) C p, contradicts o([X,Y]) = [0(X),o(Y)]. Furthermore, if
o(p) C p, then

o([X,V]) = [o(X),0(V)],
which implies o(t) C t and if o(t) C t, using
o([V,W]) = [o(V),e(W)],
we cannot determine o(p). Therefore o(t) C t. If o(p) C t, then
By([V, X],Y) = By([o(V),0(X)], 0(Y)).
Thus o(p) C p. O
Suppose By is a bi-invariant form, then
By (X, [V, W]) = Bo(W, [X, V]) = By (V, [W, X]), (2)
for all X,Y,V,W € g. Some straightforward computations show that

R(X,Y)Z = %[[X, v], 7). (3)
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Now we can see
VR(X,Y;V,W) =

for all X, Y, VW € g, therefore semi-simple Lie groups with bi-invariant form are symmetric
spaces. Applying V to R, we have

1
VyR(X.Y)Z +VzR(X,Y)V = SR(X,Y)[Z.V],

for all XY, Z,V € g. The theorem explain features of semi-simple Lie groups when By is
bi-invariant.
Theorem 3.2. Let G be a semi-simple Lie group equipped with bi-invariant form By
and b is a subset of p so that it’s a Lie subalgebra. Then
(Ladt(h) € p,
(2)adt(p) € b,
(3)By([U, V], [X,Y]) = Bo([X,V],[U,Y]) =0, forall X,Y €t and Ueh,Vep,
(4)h C (proper subset)
(5)[p, p] C t, (proper subset).

Proof. From definition we know h is an abelian subalgebra and from (2) we get
By([X, U], W) =0,
for all U,W € b and X € t, now proof of (1) is trivial. Let U € h, V € p and X € t, then
By(X, [V,U)) = By(U, [X, V) = By(V,[U, X]) #0.
Hence [t,p] € h and proof of (2) is completed. For third part from Jacobi identity we get
U, [X,V]] = [[U, X], V] + [X, [U, V]| = 0. (4)

Thus [[X,U], V] = [X, [U, V]] and we have

By([U,[X,V]],Y) = =By([X, V], [U,Y]) =0, (5)
and

By([X, U], VIY) = Bo([X, UL, [V, Y]) = =By([X, Y], [U, V]) =

Let p = b in this case from (5) we conclude that [U, X] € b, from (1) proof of (4) is trivial.
Finally; suppose X,Y € t and Y is an arbitrary element, then there are V,W € t such that
= [V, W], then

By(X,Y) = By([V,W),Y) = By(V,[W,Y]) = 0.

Therefore X € Radg and the proof is completed. O
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As regards Lie group G is a smooth manifold we introduce to almost complex structure.
Let G be a real 2n-dimensional Lie group. An almost complex structure on G is defined by a

linear map J : g — g satisfying:
J? =1,

the pair (g,J) is called an almost complex Lie algebra[l]. If a Lie group has almost complex
Lie algebra, it’s called almost complex Lie group. The Nijenhuis tensor N of an almost complex
structure J is defined by

N(X,Y)=J[X,Y] - [JX,Y] - [X,JY] - J[JX,JY],

for any X,Y € g.
Let J be a left invariant almost complex structure, also if By be a left invariant form, if for

any X,Y € g, we have
By(X,Y)=By(JX,JY), (6)
By is called Hermitian form. Using (6) we have
Bo(JX,Y) = Ba(J?>X,JY) = —By(X,JY),

which means that J is skew-symmetric.

If Nijenhuis tensor vanishes, then there exists a complex structure on G and J is an almost
complex structure which is induced from the complex structure on G. An almost complex
structure J on a Lie group G is called bi-invariant if it is invariant with respect to both, left
and right translations on G, On corresponding Lie algebra g of G this condition is equivalent
toadoJ =Joad,i. e.

[X,JY] = J[X,Y].

for all X,Y € g. Immediately we conclude that [JX,JY] = —[X,Y] [6]. In this case t and p
are invariant and it’s obvious that Nijenhuis tensor is vanishes, i. e. J is a complex structure.

An almost Hermitian Lie group G is called nearly Kahler Lie group if
(VxJ)X =0,
also, it is called Kahler Lie group if
(VxJ)Y =0.

for all X,Y € g. If G is a Kahler Lie group and J is a bi-invariant almost complex structure,
then

R(X,Y)JZ =JR(X,Y)Z. (7)
Hence, we compute

Bo(R(X,Y)JZ,W) = By(R(X,Y)JW, Z).
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We define the Holomorphic curvature by
H(X)=By(R(X,JX)X,JX).

and it’s trivial H(X) = 0, for any X € g. If J and By are left invariant, then we call the
(G, By, J) is left invariant almost complex Lie group and also for bi-invariant. If ¢ be an

automorphism, from below equation
plt t] = [pt, o],
we conclude ¢ : t — t, i.e. tis invariant by any automorphism and now from
By(pX,pV) = By(X,V),

we realized that ¢ : p — p or p(p) =0, for any X € t and V € p. In this case from the first

theorem of homomorphism of Lie algebra, we get

gjt

p

and we have V + g € t, therefore ¢(p) # 0 and ¢ : p — p, in a similar way it can be shown that
©(t) # 0. For an almost Hermitian (G, J, By) we define the J — Ric tensor as

Ric!(X,Y) = traceZ — —J(R(Z, X)JY)). (8)
If G is a Kahler manifold then Ric” and Ric coincide. By simple calculations, we get

Rie(X,¥) = 15By([X, el IV, ei)) = 1 Bo(X. ), (9)

whenever {e;}77, is an orthonormal basis. Now from Ric(X,Y) = 2—BQ(X, Y) we have S = %
n

or 1dimG. We calculate the Weyl curvature tensor, but first we need definition of Kulkarni-
Nomizu product.
(hO k)XY, Z,V)=hX,2)k(Y,V)+ h(Y,V)k(X, Z)
— B(X, V)R(Y, Z) = h(Y, Z)k(X, V), (10)

for all X,Y, 7V € g. Then we have the Weyl tensor

W(X,Y,Z,V)=R(X,Y,Z,V) —

_47L(2:_1)B‘9(X’V)®BB(Y’Z)' (11)

By (X ic? (Y, Z
575 o(X,V) o Ric®°(Y, Z)

S
Also, Ric® = ric — — By, therefore
n

1
Ric*(Y, Z) = = Bo(Y. Z).

Then

12

W(X,Y,Z,V) = iBe([X, Y],[Z,V]) - n—DEn-1)

By(X,V)©® Bg(Y, Z).
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From the algebraic Bianchi identity we define map b with
b(R)(X,Y,Z, V)= é{R(X,Y7 Z,V)+RY,Z,X,V)+ R(Z,X,Y,V)},
for all X,Y,Z,V € g. In this case we will have
BR)(X. Y, 2,V) = L {By(([X. Y], Z,V) + By(([Y 2}, X], V)
+ By([[Z,X],Y],V)} =0.

Now we give some calculations which are frequently used in this paper.

Suppose X € t and Y € p are arbitrary elements of g such that [X,Y] =V and there is
Z € tsuch that [Z,[X,Y]] = W, then By(V,W) = 0. In the other case let X, Y € t, VW €p
and Z,U € n, n is a subspace of p, such that V = [Z, X] and W = [U, Y], then

BG(‘/v W) = BO([ZvX]7 [U7Y]) = BH(Xv [[Ua Y],ZD,
:BH(Xv [Uv [Y, Z“) :BO([UvXL[ZaYD'

Then, if we put V' = U, X], W' = [Z,Y], we get
Bo(V,W) = Bo(V' ,W').

Now let X,Y € t and V,W, W' € p such that X = [V, W] and Y = [V, W], then using Jacobi
identity, we find
W, X] =W, VW] = -[Y, W]+ [V, [W W],
(W Y] =W [ViW ] = =[X, W]+ [V, [W,W]],

W', w),v] = [w,Y] - [X,W].
It W, W' e b, where b is a subalgebra of p, then
(X, W] = —[v, W],
using theorem 3.2 and Jacobi identity we have
[, [0, 5] = [[t, 6], 6] + [0, [, 671 = [67, ™) + [b, b].
Let X = [V,V']and Y = [W,W'], for all V, W € h and V', W' € b, then
(X, Y] = [X,[W,W]] = [[X,W],W],

and we conclude [X,Y] € [pt,ht]. Let [X,Y] = [V,W] = Z, for all X,Y € tand V,W € p,

then by straightforward calculations we have
By(Z,2) = Bo([X, V], [Y,W]) — Bo([X, W], [Y,V]).
For Hermitian forms we can provide the definition of Hermitian covariant derivative by
Vx¥ = VY 4 L (Vad)Y, (12)

for all X, Y € g [5]. It is obvious that if J is a bi-invariant almost complex structure, then V = V

and if J is a left invariant almost complex structure, some calculation gives the following results.
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(VxJ)Y = (VxJ)Y — JVxJY,

for all X,Y € g.
Curvature tensor Corresponding to the definition of the Hermitian covariant derivative

in (12) we define curvature tensor by
R(X, Y)Z = WX?YZ — ?vaZ — v[X’y]Z7

for all X,Y,Z € g. With the relatively long calculations we get the following fact.

5 1 1
R(X.Y)Z = JR(X.Y)Z ~ JJR(X.Y)Z + ;R(X.Y)]Z

1 1 1
— ZJR(X, Y)JZ + ZV[X’Y]Z + Z‘JV[XJ/]JZ

1 1 1
+ ZVXJVyJZ + ZJVXJVyZ — ZVyJVXJZ

1
- ZJVyJVXZ.

Furthermore, using similar calculations we find

1 1

1 1
+ - R(X,Y, JY, JX) + ZBO(V[X,Y]YaX) - ZBG(V[X,Y]Jyv JX),

o ot

1 1
+ ZB@(V)(JV)/JY,X) — iBg(VxJVyY, JX) — iBg(VyJVX(]Y,X),

1
+ ZBQ(VyJVxY, JX),

for all orthonormal X,Y € g. In the following lemma we investigate the relation between the
Hermitian covariant derivative and the sectional curvature.

Theorem 3.3. Let (G, By, J) be a semi-simple almost Hermitian left invariant almost
complex Lie group. Assume that VxY = 0 and [X,Y] =0, for all X,Y € g. Then the following
statements are equivalent
1)J(t) Ct,

ii)J(p) C p.

Proof. Let VxY =0, then
1
VXY:—i(VXJ)Y, (13)
since By is left invariant form we get

1 1
VXY = —5VxJY + S JVxY (14)
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and applying J on (14) we get
JVXY:—%JVXJY—%VXY, (15)
using (12) we have
vXJY:VXJY—%VXY—%JVXJY. (16)
Combining (14) and (16) we obtain
?XJY:ZVXJYfiJVXYf%JVXJY. (17)
Also, combining (15) and (16) we get
VxJY =VxJY + JVxY. (18)
Comparing (17) and (18) and brief calculations, we have
(VxJ)Y =4JVxY +2JVxJY, (19)
using (13) and (19) and brief calculations, we get
VxY =-2JVxY — JVxJY. (20)
By changing X and Y we find
VyX =-2JVyX — JVyJX. (21)
By subtracting the (20) and (21) we obtain
[X,Y] = —2J[X,Y] — JJJX,Y]. (22)

Let J(t) C t and J(p) C t, from (22) we have

It’s trivial left hand is an element of p and right hand is an element of t, therefore J(p) C p,
conversely, is proven in similarly way. U
Lemma 3.1. Let G be an almost Hermitian Lie group with a left invariant almost

complex structure. If (VxJ)Y = 0, then
VxY - JVxY = -VxJY — JVxJY,
for all X,Y € g.
Proof. Using (13) and some calculations the proof is trivial. O

Lemma 3.2. Let G be an almost Hermitian Lie group with a left invariant almost

complex structure. Then
_ 1 _
VxY —VxY = 5{(VXJ)Y —J(VxJ)Y},

for all X,Y € g.
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Proof. From (12) we have
(VxJ)Y =VxJY — JVyY,
= (VxJ)Y = J(VxJ)Y. (24)
From (12) and (24) we get
VxY =VxY + %(?XJ)Y - %J(VXJ)Y,

and the proof is trivial. O

84. Semi-simple Lie group with special automorphisms

In this section a type of automorphisms are studied that called special automorphisms
which they have a delicate relationship with almost complex structure, at the first step main
definition.

Definition 4.1. The automorphism o is called special automorphism if
JoX = —-0JX,

for any X € g.
Throughout this section automorphisms are assumed to be special. Since a Cartan invo-
lution is an automorphism, then for X € t we have

JOX =JX and JOX =-0JX,
therefore JX = —0JX and JX must be an element of p. Also, if X € p, then
JOX =—-JX and JOX =-0JX.

Thus —JX = —0J X and we conclude JX € t. Ultimately, if 6 as Cartan involution is special
automorphism then t and p are anti-invariant. Let J be a left invariant almost complex structure.
By straightforward calculations we get the following facts about Nijenhuis tensor,
()N(0X,0Y) = —60N(X,Y), for all X,Y € g,
(2)N(0X,Y)=N(X,0Y), forall X, Y €gor X,Y €p,
(BN(OX,Y)=—-N(X,0Y), forall X egY €p.

Moreover, for the Hermitian covariant derivative we have,
(1)Vyx0Y =VxY, forall X,Y €gor X,Y €p,
(2)@9}(’0}/ = 7vxy, forall X € g, Y €p,
(3)0(VxY)=VxY — (VxJ)Y, for all X,Y € g.

Following lemma shows the relationship between the 6 and the Hermitian covariant deriva-
tive.
Lemma 4.1. Let (G, J, By) be a left invariant almost Hermitian semi-simple Lie group

and 6 be a special automorphism as a Cartan involution, then
OVxY = Vox0Y — (Vox J)OY

for all X,Y € g.
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Proof. We have
O(VxJ)Y =0VxJY —0JVxY = —Vyx JOY + JVyx0Y = —(Vgx J)0Y. (25)
From (12) and (25) the proof is trivial. O

Lemma 4.2. Let (G, J,By) be a left invariant semi-simple almost complex Lie group
such that Cartan involution be a special automorphism. Assume VxY = 0, then VxY = 0,
for all X,Y € g.

Proof. From the assumptions we have

2VxY +JVxY =VxJY. (26)
Using the anti invariancy of t and p and applying 6 to (26) we find

2VxY — JVxY = -VxJY (27)

From (26) and (27) we have VxY =0, for all X,Y € p. Now let X € t and Y € p, applying 0
to (26) we obtain

—2VxY +JVxY = VxJY. (28)

Comparing (26) and (28) we have
JVxY =VxJY, (29)
thus VxY = VxY and the proof is complete. O

Corollary 4.1. Let (G, J, Bg) be a left invariant semi-simple almost complex Lie group
such that Cartan involution be a special automorphism. Assume VxY = 0, then
()(VxJ)Y =VxJY + JVxJY, forall X,Y € t,
(2)(VxJ)Y =0, forall X € tand Y € p.

Proof. We have
(VxJ)Y =VxJY — JVxY,
=VxJY + %(VXJ)Y,
=VxJY — %JVXJY.

for (1) and (2) the proof is trivial. O

Theorem 4.1. Let (G, J, Bg) be a left invariant semi-simple almost complex Lie group
such that Cartan involution be a special automorphism. Assume (? xJ)Y =0, forall X|Y € g,
then g is a nearly Kahler Lie algebra.
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Proof. Using the definition of V and assumptions we have
VxJY = JVxY,
then
VXJY—%VXY—%JVXJY:JVXY—&—%JVXJY—%VXY, (30)
therefore
VxY =-VxJY +JVxY + JVxJY. (31)
Applying 0 to (31) we have
VxY =VxJY - JVxY + JVxJY. (32)
Comparing (31) and (32) we obtain
[X,Y]=—-2VxJY +2JVxY = -2(VxJ)Y, (33)
we put X=Y and obtain (VxJ)X = 0, now the proof is complete. O

Lemma 4.3. Let (G, J, By) be a left invariant semi-simple almost complex Lie group

such that Cartan involution be a special automorphism and VxJY = —JVxY. Then
(VxJ)Y =2VxJY,
for all X,Y € g.
Proof. We have
VxY = ViV 4 (VxJ)Y = Vx¥ 4 VyJY. (34)

This implies

(VxJ)Y =VxJY — JVxY,
=VxJY —VxY —JVxY — JVxJY,
= —2JVyY. (35)

The proof is complete. O

Some problems for study

Let (G, J, By) be a left invariant, semi-simple, almost complex Lie group.

(1) It would be interesting to research the case that
ad*(X)V = || X|*V

forall X e tand V € p.
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(2) So it would be interesting to find properties of G while J is abelian almost complex
structure

[X,Y]=[JX,JY]

for all X,Y € g.
(3) It would be interesting to consider case JO = 6.J.

(4) For Hermitian case we can bring the definition of J-Hermitian covariant derivative by
_ 1
VxY =VxJY + §(VX¢])JY

for all X,Y € g. So it would be interesting to study G with V and By.
(5) It will be so interesting to study G, while covariant derivative

VxJY =—-JVxY

for all X,Y € g.
(6) It would be interesting to study slant, semi-slant, hemi-slant subgroups of semi-simple
Lie groups [1].
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§1. Introduction and preliminaries

The concept of a fuzzy subset was introduced and studied by L. A. Zadeh [16] in the year
1965. The subsequent research activities in this area and related areas have found applications
in many branches of Science and Engineering. C. L. Chang [4] introduced and studied fuzzy
topological spaces in 1968 as a generalization of topological spaces. Many researchers like R.
H. Warren ( [15], [14],) K. K. Azad ( [1], [2]) G. Balasubramanian and P. Sundaram [3], S. R.
Malghan and S. S. Benchalli ( [7], [8]), M. N. Mukerjee and B. Ghosh [10], A. Mukherjee [9],
A. N. Zahren [17], J. A. Goguen [6] and many others have contributed to the development of
fuzzy topological spaces.

In 2001-2003, Nakaoka and Oda ( [11], [12] and [13]) introduced minimal open sets and
maximal open sets, which are subclasses of open sets. In 1978, Cameron [5] introduced regu-
lar semi-open set which is weaker than regular open set and regular closed set in topological
spaces. K. K. Azad [1] defined fuzzy regular open sets in fuzzy topological spaces in the year
1981 and study their related fuzzy regular continuity in fuzzy topological spaces. Thereafter,
Mathematicians gave in several papers in different and interesting new open sets. In 1994,
A. N. Zahren [17] introduced the concept of fuzzy regular semi-open sets in fuzzy topological

spaces. In this paper, we introduce and study the notion of fuzzy maximal regular semi-open
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sets and fuzzy minimal regular semi-closed sets in fts’s. In section 3, we also introduce a new
class of mappings viz., fuzzy maximal regular semi-continuous, fuzzy maximal regular semi-
irresolute functions, fuzzy maximal regular semi-connectedness and establish interrelationship
among them and some of their properties, characterization theorems and some applications in
details. As for basic preliminaries some definitions and results are given for ready references.

Throughout this paper, X, Y, and Z mean fuzzy topological space (fts, for short) in Chang’s
sense. For a fuzzy set A of a fts X, the notion IX, \® = 1x — X, CI(\), Int()\), FM,RInt()),
FM;RCI()\) will respectively stand for the set of all fuzzy subsets of X, the complement, fuzzy
closure, fuzzy interior, fuzzy maximal regular interior, fuzzy minimal regular closure of A. By 14
(or Ox or ¢) and 1x (or X) we will mean the fuzzy null set and fuzzy whole set with constant
membership function 0 (zero function) and 1 (unit function) respectively. A fuzzy point x; for
t ify==x
0 ify#ux.

The set of all fuzzy points in X is denoted by Pt(X). A fuzzy point z; € X iff ¢t < A(z).
A fuzzy set A is quasi-coincident with u, denoted by Aqu, if there exists £ € X such that

t € Iy is an element of IX such that z;(y) =

A(x) + p(x) > 1. If X is not quasi-coincident with u, we denoted Agu.
Definition 1.1. [1] A fuzzy subset A of fuzzy space (X, T) is said to be

(1) fuzzy regular open set if Int(ClL(N)) = A.
(2) fuzzy regular closed set if Cl(Int(N\)) = X or if 1x — X is fuzzy regular open set in X.

The class of all fuzzy regular open and fuzzy regular closed sets are respectively denoted
by FRO(X) and FRC(X).

Lemma 1.1. [1] If a fuzzy topological space (fts, for short) (X, T) is product related to
another fts (Y, o) then for X € I* and p € IV, Cl(A x pu) = CI(A) x Cl(p).

Lemma 1.2. [1] If f: (X,7) — (Y,0;) fuzzy mappings and \; be fuzzy set of Y,
(i =1,2). Then, (fi x f2) "'\ x A2) = f1 1 (A1) x f3 ' (Aa).

Definition 1.2. [17] A fuzzy set A of a fts X is said to be fuzzy regular semi-open
set in fts X if there exists a fuzzy regular open set p in X such that p < A < Cl(u) (or
A < CUFRInt(pn)) and its complement 1x — X is called fuzzy regular semi-closed set of X.

We denote the class of all fuzzy regular semi-open sets and fuzzy regular semi-closed sets
in fts X by FRSO(X) and FRSC(X).

§2. Fuzzy maximal regular semi-open sets and fuzzy mini-

mal regular semi-closed sets

In this section, we introduce the notion of fuzzy maximal regular open (resp. maximal
regular semi open) sets and fuzzy minimal regular closed (resp. minimal regular semi closed)
sets and study their properties. Some fundamental theorems and their applications are also
studied.

Definition 2.1. A non empty proper fuzzy reqular open set X of any fuzzy space (X, 1)

is said to be fuzzy mazimal regular open set if any fuzzy regular open set which contains A is
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either X or 1x.

Definition 2.2. A non empty proper fuzzy reqular closed set B of any fuzzy space (X, 1)
is said to be fuzzy minimal reqular closed set if any fuzzy regular closed set contained in 3 is
either 14 or B or equivalently, if 5° is fuzzy maximal regular open set in (X, 7).

The family of all fuzzy maximal regular open set and fuzzy minimal regular closed sets are
respectively, denoted by FM,RO(X) and FM; RC(X).

Definition 2.3. A non empty proper fuzzy subset X\ € I of any fts (X,T) is said to be
fuzzy maximal reqular semi-open set in X if there exists a fuzzy mazimal regular open set Ay
such that Ay < X < Cl(Ay) or if X < CUFMgRInt(\)).

Definition 2.4. A non empty proper fuzzy subset 8 € I of any fts (X, ) is said to be
fuzzy minimal reqular semi-closed set in X if there exists a fuzzy minimal reqular closed set 3y
such that Int(61) < < B1 or if FM;RCI(Int(N)) < A.

Or equivalently, the complement (i.e., 1x — ) of [ is fuzzy maximal regular semi-open set
in X.

Or equivalently, the complement of a fuzzy maximal regular semi-open set is called a fuzzy
minimal regular semi-closed set in X.

The family of all fuzzy maximal regular semi-open and fuzzy minimal regular semi-closed
sets are respectively denoted by FM,RSO(X) and FM; RSC(X).

Example 2.1. Let X = {a,b,c} and 7 = {14, A1, A2, A3, A1, A5, A6, Lx }, where

Ar(a) =0, Adr(b) =1, Ai(c) = 1;
Ao(a) =1, A2(b) =1, Aa(c) = 0;
As(a) =1, A3(b) =0, A3(c) = 1;
Ag(a) =1, Ag(b) =0, Ag(c) = 0;
As(a) =0, A5(b) =0, A5(c) = 1;
Xe(a) =0, Xg(b) =1, Xg(c) =

0.
Then (X, T) forms a fts. FRO(X) = {14, A1, A2, A3, A1, A5, A, Lx }

FMaRO(X) = {)\1, /\2, )\3} = FMGRSO(X) and
FM;RC(X) = {\1, A5, \¢} = FM,RCO(X).

Theorem 2.1.

(1) Union of arbitrary member of fuzzy mazimal regular semi-open (resp. fuzzy mazimal
regular open) sets is either fuzzy mazimal reqular semi-open (resp. fuzzy mazimal regular

open) set or fuzzy whole set 1x.

(2) Intersection of arbitrary member of fuzzy minimal regular semi-closed (resp. fuzzy mini-
mal regular closed) sets is either fuzzy minimal reqular semi-closed (resp. fuzzy minimal

regular closed) set or fuzzy null set 1.

Proof. (1) Let {\, : & € A} be an arbitrary collection of fuzzy maximal regular semi-open (resp.
fuzzy maximal regular open) sets in X. Then, for each «, there exists a p, € FM,RSO(X)
(resp. po € FM,RO(X)) such that po < Ay < Cl(pq). Taking union of all such relations, we

have

Vo < Xa <V Cla).
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= Ve <V Aa <V Cl(pa) < CUV pa) [Since, V Cl(pa) < CUV pa) |
=\ tta < \/ Ao < CU/ pta)- (1)

But, \/ po = 1x or pu; = pj, i, € A.

If \/ o = 1x, then (1) = 1x <V Ay <Cl(lx) = VAo = 1x.

If i = pj = p, 4,5 € A, then (1) = p < Vy < Cl(p) = Vo € FM,RSO(X). (resp.
V e € FM,RO(X)).

(2) Let {8, : @ € A} be any collection of fuzzy minimal regular semi-open (resp. fuzzy
minimal regular open) sets in X. Then, 8,° € FM,RSO(X)
(resp. Bo° € FM,RO(X)), for each o and for each «, there exists a v, € FM,RSO(X) (resp.
Yo € FM,RO(X)) such that v, < 84 < Cl(v,) for each «. Taking union of all such relations,
we have

Ve VB <V Cl(va)

= V2 <V, <V Cl(va) < CUV va) [ Since, V Cl(pa) < CUV pa)]

= V7 VB85 <CUV7a)

=V p, e FM,RSO(X). (resp. V55 € FM,RO(X)).

But \/ 7o = 1x or v; =, 4, j € A.

If Vyq =1x then (i) 1x <V 55 <Cl(lx) = VB = 1x.

If vi =v; =7,4, j €A, then (i) = 7 <V 55 < Cl(v)

SV B = (ABa)® € FM,RSO(X)(xesp.(\ f)* € FMLRO(X))

= AfBa € FM;RSC(X). (vesp. A fBa € FM;RC(X)). O

Remark 2.1.

(1) Intersection of finite or infinite number of fuzzy mazimal regular semi-open (resp. mazi-
mal reqular open) sets may not fuzzy maximal reqular semi-open (resp. mazimal regular
open) sets in X.

(2) Union of finite or infinite number of fuzzy minimal regular semi-closed (resp. minimal
reqular closed) sets may not fuzzy minimal regular semi-closed (resp. minimal regular
closed) sets in X.

Example 2.2. In Ezample 2.1, A\y and A2 are fuzzy maximal reqular open set in X.
But A\ A Ao = Xg which is not fuzzy maximal regular open set in X. Also, Ay and A5 are
fuzzy minimal regular closed set in X. But Ay V A5 = A3 which is not fuzzy minimal reqular
closed set in X. Also, we see that A1 and Ao are fuzzy mazimal reqular semi-open set in X. But
A1 A Aa = g which is not fuzzy mazimal reqular semi-open set in X. Also, Ay and A5 are fuzzy
minimal reqular semi-closed sets in X. But Ay V A5 = A3 which is not fuzzy minimal reqular
semi-closed set in X.

Remark 2.2.  Every fuzzy mazimal regular open (resp. fuzzy minimal reqular closed)
set is fuzzy mazimal regular semi-open (resp. fuzzy minimal regular semi-closed) set but the
converse is false which is shown by the following example.

Example 2.3. Let X ={a,b,c} and 7 = {0x, A1, A2, A3, Mg, 1x } where

A1(a) = 0.1, A\ (b) = 0.4, A1 (c) =0.6;
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Aa(a) = 0.7, Aa(b) = 0.2, Aa(c) = 0.4;
As(a) = 0.7, A3(b) = 0.4, \3(c) = 0.6;
As(a) = 0.1, A(b) = 0.2, M\y(c) = 0.4.
Fuzzy closed sets in X are 7¢ = {0x, 01, 02,03, 04, L x } where

01(a) = 0.9, 61(b) = 0.6, 61(c) = 0.4;
85(a) = 0.3, 02(b) = 0.8, d2(c) = 0.6;
83(a) = 0.3, 3(b) = 0.6, 63(c) = 0.4;
54((1) = 097 54(b) = 08, 54(0) = 0.6.

Then (X, 7) forms a fts. Here, A1, A2, A3, Ay are fro sets in X. Here, A3 is the only fuzzy
mazimal reqular open set in X. This implies A3 € FM,RO(X). Now, since A3 < XA < Cl(A\3) =
04, we take A = (0.84,0.4p,0.6.). This implies that A is fuzzy mazimal regular semi-open set in X,
which is neither fuzzy reqular open nor fuzzy maximal reqular open set in X. Similarly, d3 is fuzzy
minimal regular closed set in X implies that 63 € FM;RC(X). Now, since Int(d3) < 6 < 03,
we take 6 = (0.34,0.2p,0.4.). This implies that 0 is fuzzy minimal reqular semi-closed set in X,
which is neither fuzzy regular closed nor fuzzy minimal regular closed set in X.
Corollary 2.1. Let X be a fuzzy topological space, then

(1) FM,RO(X) C FM,RSO(X).
(2) If \ € FM,RSO(X) and X\ < A1 < Cl()\), then Ay € FM,RSO(X).
Definition 2.5.

(1) The union of all fuzzy maximal reqular semi-open sets of X contained in a fuzzy set p is
known as fuzzy mazimal reqular semi-interior of u and is denoted by FM,RSInt(u) i. e.,
FM,RSInt(p) = sup{\; : \j <pandj € FM,RSO(X) ; j € A, an arbitrary index set.}

(2) The intersection of all fuzzy minimal reqular semi-closed sets of X containing a fuzzy set
w is called fuzzy minimal regular semi-closure of p and is denoted by FM;RSCIl(p) 1. e.,
FM;RSCIl(p) = inf{vi: vp > 1 and v € FM,RSC(X) ; k € A, an index set. }

(3) A fuzzy set v is called fuzzy mazimal regular neighborhood (shortly, F M, R-nbd) of a fuzzy
point x, in X if there exists a 8 € FM,RO(X) such that x, € 3 < .

(4) A fuzzy set « is called fuzzy mazimal regular semi-neighborhood (shortly, FM,RS-nbd)
of a fuzzy point x, in X if there exists a f € FM,RSO(X) such that x, € § < a.

(5) A fuzzy set « is called fuzzy mazimal regular-quasi-neighborhood (shortly, F M, RQ-nbd)
of a fuzzy point x,, in X if there exists a § € FM,RO(X) such that z,q0 < a.

(6) A fuzzy set « is called fuzzy mazimal reqular semi quasi-neighborhood (shortly, FM,RSQ-
nbd) of a fuzzy point x, in X if there exists a € FMaRSO(X) such that z,q0 < .

(7) A fuzzy point x, is said to be fuzzy mazimal regular limit (or cluster) point of a fuzzy set
X € IX of a fuzzy space X if for every FM,R-open nbd i of Zp, (10— xp) AN X F# Ox.

(8) A fuzzy point x, is said to be fuzzy mazimal regular semi-limit (or cluster) point of a fuzzy
set X € IX of a fuzzy space X if for every F M, R-semi open nbd ji of z,,, (1—xp) AN # Ox.
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Theorem 2.2.

(1) For a fuzzy set X\ € IX, a fuzzy singleton x, € FM;RSCI(\), iff A\qn for each fuzzy

maximal reqular semi-open setn of a fts X such that x.qn.

(2) For a fuzzy set X € IX, a fuzzy singleton x,, € FM;RCI(\) iff every fuzzy mazimal regular
open quasi neighborhood 1 of x,, is quasi-coincident with .

Proof. (1) Let 2, € FM; RSCI()\) and let A\gn for each fuzzy maximal regular semi-open set of a
fts X such that z,.qn. Then X\ < 7° such that A > n°(z). Since 1 is fuzzy minimal regular semi-
closed set, so FM;RSCI(A) < n° < r, for © € X. Hence x, ¢ FM;RSCI(\) which contradicts
the given hypothesis. Thus Agn for each fuzzy maximal regular semi-open set n of X such that
Trqn).

Conversely, suppose that Agn for each fuzzy maximal regular semi-open set of X with x,.qn
and let x, ¢ FM;RSCI(X\). Then r > FM;RSCI(A\) = 1 —r < FM,RSInt(lx —\) =V (say)
=r+V >1with V <\ = z,.¢V such that A\¢V for fuzzy maximal regular semi-open set n
of X which is a contradiction to the given hypothesis. Hence x,, € FM; RSCI()).

(2) Similar to the proof of (1). O

Theorem 2.3. If A\ is a fuzzy maximal regular semi-open set of X and A\ < A < Cl(Aq),

then X\ is a fuzzy mazimal reqular semi-open set of X.

Proof. Since A1 is fuzzy maximal regular semi-open set in X, so there exists a fuzzy maximal
regular open set U such that U < Ay < CI(U). Then U < \; < A < Cl(N\) < CUI(U). Hence
U <A< CIU). Thus A is a fuzzy maximal regular semi-open set of X. O

Theorem 2.4. If 8 is fuzzy minimal regular semi-closed sets in X and Int(61) < 8 < f1,

then (3 is also fuzzy minimal regular semi-closed in X.

Proof. Let 31 be a fuzzy minimal regular semi-closed set of X. Then there exists a minimal
regular closed set H in X such that Int(H) < 8; < H. Hence Int(H) < Int(f1) <5< < H.
This implies that Int(H) < 8 < H. Hence, § is a fuzzy minimal regular semi-closed set of
X. O

Theorem 2.5. A fuzzy set A\ € IX is fuzzy maximal reqular semi-open set in X iff
Cl(A\) = CUFMyRInt()\)).

Proof. Let A\ be fuzzy maximal regular semi-open set in X. So by definition of fuzzy maximal
regular semi-open set A < CI(FM,RInt())). Taking closure on both sides, we have,

Cl(\) < Cl(FM,RInt(\)) (2)
Also, we have, FM,RInt(\)) < A
= CU(FM,RInt()\)) < Cl(\). (3)

Hence from (2) and (3), we have Cl(A\) = CI(FM,RInt(\)).
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Conversely, let us suppose that
Cl(A\) = Cl(FM,RInt()\)) (4)

Now, we have FM,RInt(A) < A < Cl(A\) = FMyRInt(A) < A < Cl(FMgRInt(X)) [using (3)]
= FM,R-open set < A < CI(FM,R-open set) = A is fuzzy maximal regular semi-open set in
X. O

Theorem 2.6. A fuzzy subset 8 of X is fuzzy minimal reqular semi-closed iff there exists
a fuzzy minimal reqular closed set 81 in X such that Intp; < 8 < (1.

Proof. Suppose, 0 is a fuzzy minimal regular semi-closed set in X. By definition, 3¢ is fuzzy
maximal regular semi-open set in X. Therefore, there exists a fuzzy maximal regular open set
A such that A < 8¢ < Cl(A), which implies

Int(X) = (CIN)° < § < X°.

Take 81 = A°, so that 31 is a minimal regular closed set, such that Int8; < 8 < ;.
Conversely, suppose that there exists a fuzzy minimal regular closed set 5, in X such that
Intf; < B < B = 55 < B¢ < (Intfr) = Cl(B5). Therefore, there exists a maximal regular
open set A = 3¢ such that A; < 8¢ < CI(N).
= (¢ is a fuzzy maximal regular semi-open set in X and hence ( is fuzzy minimal regular
semi-closed set in X. O

Lemma 2.1. For any fuzzy set X € I of a fuzzy space (X,T),
(1) 1x — FM,RSInt(A\) = FM;RSCIl(1x — \).
(2) 1x — FM;RSCI(\) = FM,RSInt(1x — A).
Proof. The proofs are easy and follow from Definition 2.5. O

The following theorem can be easily verified.

Theorem 2.7. For any fuzzy set A\, € I of a fts (X, ), the following properties hold:
(1) w is fuzzy mazimal reqular semi-open in X iff p = FM,RSInt(u).
(2) wis fuzzy minimal reqular semi-closed in X iff w = FM;RSCl(p).
(3) A < = FM;RSCI(\) < FM;RSCU(p) and FM,RSInt(\) < FM,RSInt().
(4) FM;RSCI(FM;RSCI(1)) = FM;RSCl(1).
(5) FRSCI(p) > FM;RSCI(1).
(6) FRSInt(u) < FM,RSInt(u)
(7) FM,RSInt(\) € FM,RSO(X)

(8) FM;RSCI(\) € FM;RSC(X).
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(9) w is fuzzy minimal reqular semi-closed in X iff p = FM;RSCI(u).

Theorem 2.8. If a fts (X,7) is product related to an another fts (Y,o) and A €
FM,RO(X), p € FM,RO(Y). Then A x p € FM,RO(X xY).

Proof. Obvious. O

Theorem 2.9. If a fts (X,7) is product related to an another fts (Y,o) and X €
FM,RSO(X), u € FM,RSO(Y). Then A x u € FM,RSO(X x Y).

Proof. Since, A € FM,RSO(X), n € FM,RSO(Y). So, there exists v € FM,RO(X) and
n € FM,RO(Y) such that v < X < Cl(y) and n < u < Cl(n) which implies that

¥ xn < Axp < Cl(y) x Cl(n). (5)

Since (X, 7) is product related to (Y, o). So, by Lemma 1.1.[1], we must have, Cl(v) x Cl(n) =
Cl(y x ) and then (5) = v xn < A x u < Cl(y x 7). Since by Theorem 2.8, v x 7 is fuzzy
maximal regular open set in the product space (X x Y, 7 x ). Hence A x p is fuzzy maximal
regular semi-open set in the product fts (X x Y, 7 x o) i.e., A x u € FM,RSO(X xY). O

§3. Fuzzy maximal regular continuous (resp. fuzzy maxi-
mal regular semi-continuous) and fuzzy maximal regular
irresolute (resp. fuzzy maximal regular semi-irresolute)

functions

In this section, we introduce some new notions of fuzzy mappings viz., fuzzy maximal reg-
ular continuous, fuzzy maximal regular semi-continuous, fuzzy maximal regular irresolute and
fuzzy maximal regular semi-irresolute functions. We also establish some of their characteriza-
tion theorems and show some interrelationship among these new class of functions.

Definition 3.1. A mapping [ : (X,7) — (Y,0) is said to be fuzzy mazimal regular
continuous (shortly, FM,R-cont.) iff for each A\ € FO(Y), f~*(\) € FM,RO(X).

Example 3.1. Let X =Y ={a,b} and 7 = {0x, 1, 2,1x}, 0 = {0x, A1, 1x} where A\
and Ay are defined as

A(a) =3, X (b) = %;

Aa(a) = i, A2(b) = i;
Then (X,7) and (Y,0) forms a fts. FRO(X) = {1, A2}. Consider the function f : (X,7) —
(Y,0) defined by f(x) =z, Va € X. Here Ay is the only non-empty proper fuzzy open set in'Y

and also A1 is fuzzy maximal reqular open set in'Y such that
F (@) = Mi(f(2) = M (x) € FM RO(X).

Thus f is fuzzy mazximal regular continuous function on X.

Theorem 3.1. For a mapping f : (X,7) — (Y, 0) the following statements are equivalent:

(1) f is FMyR-continuous function.
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(2) for every fuzzy point x,. of X and for every fuzzy neighborhood n of f(x,) in (Y, o), there

exists a fuzzy mazimal reqular open neighborhood v of x, in (X, ) such that f(y) <n.
(3) f~1(B) € FM;RC(X), VB € FC(Y).

Proof. We need to prove the following implications: (1) = (2), (2) = (3) and (3) = (4).

(1) = (2): Let f be FM,R-continuous function and let z, € X and n be any fuzzy
neighborhood of f(x,) in Y. Then there exists a p € o such that f(z,) < p <n = =z, €
1w < f71(n). As f is FM,R-continuous and u € o. So, f~1(n) € FM,RO(X) so that
v = f~Y(n) is a fuzzy maximal regular neighborhood of x, in X such that f(y) =n <.

(2) = (3): Let (2) is true for the function f and let 3 be a closed set in Y and z, € f~1(5°)
= f(z,) € B°. Since ¢ is open neighborhood of f(z,), so, by hypothesis, there exists a fuzzy
maximal regular neighborhood V' of z, in X such that f(V) < 3¢ so that V < f~1(3¢). Since,
V' is fuzzy maximal regular neighborhood of x,., there exists a fuzzy maximal regular open set &
such that @, € 8 < f~1(8) = Vi{z,} < V{6} < VL1 (8} = £~1(89) < VAS} <V £~1(59)
o (JUB))° = V{3) = 6 or Ly € FM,RO(X) = f~'(B) € FM;RC(X).

(3) = (4): Let (3) is true and A € FO(Y). Then f=1(X\) = (f~1(X\9)¢) = (f~1(\°))e. Since,
¢ € FC(Y), by hypothesis, we have, f~1(\) € FM; RC(X) and hence (f~1(\¢))¢ = f~1(\) €
FM,RO(X) showing that f is F'M,R-continuous function on X. O

Theorem 3.2. For FM,R-continuous mapping f from a fts (X, 7) into another fts (Y, o)
the following statements hold:

(1) F(FMuRInt(\) > Intf(u), for every fuzzy set p in X.
(2) FM RInt(f~1(\)) > f=1(Int(N)), for every fuzzy set X\ €Y and for onto map f.
(3) f(FM;RCl(1)) < Clf (), for every fuzzy set p in X.

(4) FM;RCI(f~'(\)) < f~(CI(N\)), for every fuzzy set X in' Y and for onto map f.

Proof. (1) Since, Int(f(u)) is fuzzy open set in Y and f is FM,R-continuous, f~1(Intf(u)) €
FM,RO(X). As we know that f(u) > Intf(u) = p > f~ (Intf(p)) = FM.RInt(p) >
S (Intf(u)) so that f(FMRInt(p)) > Intf(p).

(2) Since, f~1(\) is a fuzzy set in X, so for = f~1()\) (1) must hold, i.e.,

FIEM,RInt(f~1 (X)) = Int(f(f~1(N))) = Int(N),

as f is onto mapping. Hence, FM,RInt(f~1(\)) > f~1(Int()\)).

(3) Since, CI(f(u)) is fuzzy closed set in Y and f is FM,R-continuous, f~1(CI(f(u)) €
FM,RC(X). Now, f(s) < CUf (1)) = 1 < [~ (CI(f()))

= FMRCU(p) < £~ (CUF(1))). Thus f(FMRCU(w)) < CULf (1)

(4) Since, f~1(\) € I*, VA € IV so for p = f~1(\) we have from (3) f(FM;RCI(f~1()\))) >
CIU(f(f~Y(N\)) = CI(N). [Being f an onto map.]
Hence, FM,RInt(f=*(\)) > fLCI(N)]. O
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Definition 3.2. A function f : (X,7) — (Y,0) is said to be fuzzy mazimal regular
irresolute (shortly, F M, R-irresolute) iff for each \ € FM,RO(Y), f~Y(\) € FM,RO(X).

Example 3.2. Consider the function f: (X,7) — (X,0) defined by f(x) = z, Vo € X,
where (X, 7) defined in Example 2.3 and (X, 0) is defined as 0 = {Ox, A3, 1x}. Here, A3 is the
only mon empty proper fuzzy mazimal regular open set in'Y such that f=1(\3(z)) = A\3(f(z)) =
As(x) € FM,RO(X). Thus f is fuzzy mazimal regular irresolute function on X.

Definition 3.3. A function f : (X,7) — (Y,0) is said to be fuzzy maximal regular
semi-irresolute iff for each A € FM,RSO(Y), f~Y(\) € FM,RSO(X).

Example 3.3. Consider the function f: (X,7) — (X,0) defined by f(z) =z, Vo € X,
where (X,7) and (X,0) are defined as X =Y = {a,b,c} and 7 = {0x,A1,\2,1x}, 0 =
{0x, A2, 1x} where

A1(a) = 0.3, A1(b) = 0.4,, \i(c) =0.5;
Az(a) = 0.6, A2(b) = 0.5,; Aa2(c) = 0.5;

Here Ay is the only non-empty proper fuzzy mazximal regular semi open set in'Y such that
F 2(@) = Aa(f(2)) = Ao(2) € FMuRSO(X).

Thus f is fuzzy mazximal regular semi-irresolute function on X.

Theorem 3.3. If f: (X,71) — (Y, 72) be FM,R-continuous function and g : (Y, 72) —
(Z,73) be fuzzy continuous function. Then go f : (X, 7)) — (Z,73) is also FMyR-continuous
function.

Proof. Let A € FO(Z). Now (go f)"'(\) = (fLog )(N) = (f~*(g~1(N))). Since g is fuzzy
continuous, g~1()) is fuzzy open and then (go f)~1(\) = (f~*( fuzzy open in Y)). But f being
F M, R-continuous, (g o f)~'(\) € FM,RO(X). This shows that g o f is FM,R-continuous
function. 0

Theorem 3.4. If f: (X, 1) — (Y,72) be FM,R-irresolute function and g : (Y,72) —
(Z,13) be FM,R-continuous function. Then go f : (X, 1) — (Z,713) is also FM,R-continuous
function.

Proof. Let A € FO(Z). Now (go f)™'(\) = (f"og 1)(\) = (f~1(g~*(N\))). Since g is FM,R-
continuous, g~ *(\) is FM,R-open and then (go f)~1(\) = (f ~(FM,R-open set in Y)). But f
being F' M, R-irresolute, (go f)~1(\) € FM,RO(X). This shows that go f is F M, R-continuous
function. O

Theorem 3.5. Composition of two F M, R-irresolute function is again a FM,-irresolute

function.
Proof. Straight forward. O

Definition 3.4. A mapping f: (X,7) — (Y, 0) is said to be fuzzy maximal regqular semi-
continuous (shortly, FM,RS-continuous ) iff for each A € FO(Y), f~Y(\) € FM,RSO(X).

Example 3.4. Let f: (X,7) — (X,0) be a function defined by f(x) = x, Vo € X, where
(X,7) and (Y,0) are defined in Example 3.3. Since for As € o,

1 a(z) = A (f(2) = Aa(z) € FM,RSO(X),
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Thus f is fuzzy mazximal regular semi continuous function on X.
Theorem 3.6. Let X;, Y;, (i = 1,2) be fts such that X; is product related to Xo
and f; : (X;,1) — (Yi,00) (i = 1,2) fuzzy mazimal reqular semi-continuous function. Then

f1x fo: X1 xXo — Y1 XY is also fuzzy maximal reqular semi-continuous function on X1 X Xs.

Proof. Let A € FO(Y1), p € FO(Y2). Then A x 4 € FO(Y; x Y3). Using Lemma 1.2 [1], we
have (f1 x fo) " (A x p) = f; () x f3 (). Since, f is fuzzy maximal regular semi-continuous
function on Xj;. So, fi_l()\) is fuzzy maximal regular semi-open set on X;. Again, since X; is
product related to Xs. So,

(frx )M x ) = fr1 (V) x f3' (1) € FM,RSO(X)

and hence f1 X fs is fuzzy maximal regular semi-continuous function on X; x Xs. O

Theorem 3.7. Let X;, Yy, (i = 1,2,...,n) be fts such that X; is product related to
X, (i #j) and f; - (Xiy1) — (Yi,040) (1 =1,2,...,n) fuzzy mazimal regular semi-continuous

function. Then ] fi: T[] Xs — [1Y: is also fuzzy mazimal regular semi-continuous function
i=1 i=1 i=1

on [[ X;.
i=1
Proof. Obvious. O

Theorem 3.8. Let f + X — Y be a function defined by f(x) = y, Vo € X and
g: X — X XY a graph of the map f defined by g(x) = (z, f(x)), Ve € X. If g is fuzzy mazimal

regular semi-continuous, then so is f.

Proof. Let p € FO(Y). Then for 1x € FO(X), 1x x p is a fuzzy open set in X x Y. Since g is
a graph of the map f, So g(z) = (z,y) = (z, f(z)), Vo € X. Now Va € X we have,

g Ax x p)(x) = (1x x p)(9())
= (Ix x p)(x, f(z))
n(f(2))}

(z)

= mm{lx (x)

= Ix(@) A f(u
)

~—

= (IxAf~ (M )(x)
= [Hw().
Since g is fuzzy maximal regular semi-continuous, so g~ (1x x p) = f~(u) € FM,RSO(X),
Yu € FO(Y). Hence f is fuzzy maximal regular semi-continuous function on X. O
Theorem 3.9.

(1) Every fuzzy mazimal reqular continuous function is fuzzy mazimal reqular semi-continuous
function. But the converse may not be true which can be seen from the following example.
Consider the function f : (X,7) — (Y,0) defined by f(x) = x, Vo € X, where (X, 1)
defined in Example 2.2 and (Y,o0) is defined as Y = {a,b,c}, 0 = {0y,d, 1y}, where
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d(a) = 0.8, 6(b) = 0.4, §(c) = 0.6. Here, § is the only non empty proper fuzzy open set in
Y. Since,

FH6(2)) = 6(f(x)) = &(x)
which is a FM,RSO set in X but not FM,R-Open set in X. Thus [ is fuzzy mazimal

regular semi-continuous but not fuzzy maximal regular continuous function on X.

(2) Every fuzzy mazimal reqular-irresolute function is fuzzy mazximal regular semi-irresolute

function.

Proof. (1) Proof follows from Corollary 2.1 [1], i.e., from the fact that “every fuzzy maximal
regular open set is fuzzy maximal regular semi-open set in a fts (X, 7)”.
(2) Obvious. O

Definition 3.5.

(1) A collection M is said to be fuzzy mazimal reqular open cover (shortly, FM,R-open cover)
of a fuzzy set p € IX iff M covers u and each member of M is fuzzy mazimal regular
open set in X d.e., p < sup{uo, € FM,RO(X) : po € M,Va € A}

(2) A collection M is said to be fuzzy mazimal regular semi-open cover (shortly, FM,RS-
open cover) of a fuzzy set u € I iff M covers i and each member of M is fuzzy mazimal
reqular semi-open in X. i.e., p < sup{ppa € FMyRSO(X) : o € M,V € A}.

Definition 3.6.

(1) A fuzzy set X € IX of a fts (X, T) is said to be fuzzy mazimal reqular compact (shortly,
FM,R-compact) iff each FM,R-open cover M of \ has a finite subcover My which also
covers .

(2) A fuzzy set X € IX of a fts (X,7) is said to be fuzzy maximal regular semi-compact
(shortly, FM,R-compact) iff each FM,R-semi-open cover M of A has a finite subcover
Mg which also covers A.

Theorem 3.10.
(1) Fuzzy mazimal reqular continuous image of a FM,R-compact set is fuzzy compact.
(2) Fuzzy mazimal regular semi-continuous image of a FM,RS-compact set is fuzzy compact.

Proof. (1) Let f : X — Y be fuzzy maximal regular continuous and # € IX, a FM,R-
compact set of a fts X and P = {u, : @ € A} be a fuzzy open cover of f(3) such that
F(B) < SupP = 8 < FHF(8)) < £ (Sup{pia : @ € A}) = Sup{f~L(ia) : @ € A}. Then
Q = {fHpa) : @ € A} is a fuzzy cover of 3. Since f is fuzzy maximal regular continuous
function, f~!(ua) € FM,RO(X), Va € A, an arbitrary index set and then Q is F'M,R-open
cover of 3. Since 3 is FM,R-compact, there exixts a finite sub-cover Q = {f (i) : @ =
1,2,3,...,n} of Q such that 3 < Sup{f~'(pa) : @ = 1,2,...,n}. Since each f~1(u,) is distinct,
FM,R-open set in X. So, by Theorem 2.7 [6], Sup{f~(pta) : @ = 1,2,...,n} = 1x so that
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a<ly = f(a) < f(1x) = 1y. This shows that P = {1y} is the existing finite subcover of a.
Hence, f(3) is compact set in Y.
(2) Same as the proof of (1). O

Theorem 3.11.

(1) If f : X — Y s fuzzy mazimal regular irresolute function and \ € IX, a FM,R-compact
set of X, then f(\) is FM,R-compact set in'Y.

(2) If f : X — Y is fuzzy mazimal reqular semi-irresolute function and \ € IX, a FM,R-
semi-compact set of X, then f(\) is FM,R-compact set in'Y .

Proof. (1) Let A be a F'M,R-compact set of X and Q = {pq : @ € A} be a FM,R-open cover
of f(\) such that f(\) < SupQ@. Then, P = {f 1(ua) : @ € A} is a cover of \. Since f is
fuzzy maximal regular irresolute function, each f~!(u,) € FM,RO(X), Yo € A = arbitrary
index set and then P is F'M,R-open cover of A. Since, A is F'M, R-compact, there exists a finite
subcover Py = {f " (pa) : @ =1,2,3,...,n} of P such that

A< Sup{fHua) o =1,2,3,...,n}.

Since, each f~1(ju,) is distinct FM,R-open set in X. So, by Theorem 2.7 [6], Sup{f (1) :
a=1,2,3,...,n} =1x so that « <1x = f(a) < f(1x) = 1ly. This shows that Qo = {1y } is
existing finite F'M, R-open subcover of Q. Hence, f(A) is F M, R-compact set in Y.

(2) Same as the proof of (1). O

Definition 3.7.

(1) Two non-empty fuzzy sets A and p of a fuzzy space (X, 7) are said to be fuzzy mazimal
regqular separated (in short, F M, R-separated ) if FM,RCI(N)qu and FMyRCI(1)gA.

(2) Two non-empty fuzzy sets A and p of a fuzzy space (X, T) are said to be fuzzy mazimal regu-
lar semi separated (in short, F M, RS-separated ) if FM,RSCI(N\)gu and FM,RSCI(u)gA.

(3) A fuzzy subset 8 is said to be fuzzy maximal regular connected (shortly, F M, R-connected)
iff B cannot be expressed as the union of two F M, R-separated sets A and p of X.

(4) A fts X is said to be fuzzy mazimal regular connected (shortly, F'M,R-connected) iff X
cannot be expressed as the union of two non-empty disjoint FM,R-open sets A\ and u i.e
X # AV u, where \,p € FM,RO(X).

(5) A fuzzy subset B is said to be fuzzy mazimal reqular semi connected (shortly, FM,RS-
connected) iff B cannot be expressed as the union of two F M, R-semi separated sets \ and

wof X.

(6) A fts X is said to be fuzzy mazimal reqular semi connected (shortly, F' M, R-semi-connected)
iff X cannot be expressed as the union of two non-empty disjoint F M, R-semi-open sets
Aand poi.e X #£ AV pu, where A\, p € FM,RS-0O(X).
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Example 3.5 By easy computations, in Example 2.3, it follows that FM,RCI(A3)gAe
and FM,RCU(A2)gh3. Thus Ao and A3 are not fuzzy mazimal reqular separated. (i.e.) FM,R-
separated. Also B # AoV A3 = [ is FMyR-connected. In a similar manner, Ay and A3 are not
fuzzy mazimal regular semi separated. (i.e.) FM,RS-separated.

Theorem 3.12. A fuzzy subset A € IX of a fts (X, 7) is FMyR-connected (resp. FM,R-
semi-connected) iff X cannot be expressed as the union of two non-empty disjoint F'M,R-closed
sets (FMyR-semi-closed sets.)

Proof. Follows from Definition 3.7. O
Theorem 3.13.

(1) If f : X =Y is FMyR-continuous surjection map and X is F M, R-connected, then'Y is

fuzzy connected.

(2) If f: X =Y is FM,R-semi-continuous surjection map and X is F M, R-semi-connected,

then'Y is fuzzy connected.

Proof. (1) Suppose that f(X) =Y is not fuzzy connected space. Then, there exists non-empty
fuzzy open sets A and p such that f(X) = AV p = Both A and p are fuzzy clopen sets in Y.
Then X = f~Y(\) Vv f~1(u). Since f is F'M,R-continuous and \ and p are non-empty disjoint
fuzzy closed sets, f~1(\) and f~1(u) are also non-empty disjoint and € FM,RC(X). This
shows that X is not F'M, R-connected which is a contradiction to the given hypothesis. Hence
Y is fuzzy connected.

(2) Same as the proof of (1). O

Theorem 3.14.

(1) If f : X =Y is FM,R-irresolute surjection map and X is FM,R-connected, then Y is
F M, R-connected.

(2) If f: X =Y is FM,R-semi-irresolute surjection map and X is F'M,R-semi-connected,
then Y is F'M,R-semi-connected.

Proof. (1) Suppose that f(X) = Y is not FM,R-connected space. Then, there exists non-
empty fuzzy open sets A and p such that f(X) = AV u = Both A and pu are F M, R-open as well
as F'M;R-closed sets in Y. Then X = f~1(\) vV f~!(u). Since A and p are non-empty disjoint
F M, R-closed sets and f is F'M, R-irresolute surjection, f~*(\) and f~1(u) are also non-empty
disjoint and € FM;R-C(X) such that X = f~1(\) V f~!(u). This shows from Theorem 3.12
that X is not FM,R-connected which is a contradiction to the given hypothesis that X is
F M, R-connected. Hence,Y is F'M, R-connected.

(2) Similar to the proof of (1). O

Conclusion: In this paper, we have introduced fuzzy maximal regular semi-open sets,
fuzzy minimal regular semi-closed sets, fuzzy maximal regular semi-continuous, fuzzy maximal
regular semi-irresolute functions and fuzzy maximal regular semi-connectedness in fts’s. Also,

we have studied some basic properties and characterization theorems. Finally, we have given
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some counter examples to show that these types of sets and mappings are not equivalent. These
results will help to extend some generalized closed sets, mappings, compactness and hence it

will help to improve fuzzy bitopological and smooth topological spaces.
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§1. Introduction and preliminaries

After the introduction of fuzzy sets by Zadeh [11], there have been a number of gener-
alizations of this fundamental concept. The notion of intuitionistic fuzzy sets introduced by
Atanassov [1] is one among them. Using the notion of intuitionistic fuzzy sets, Coker [4] in-
troduced the notion of fuzzy topological spaces. In [10] Vadivel, introduced the notions of
intuitionistic fuzzy e-open sets and intuitionistic fuzzy e-continuity. In this paper, we introduce
and study the concept of intuitionistic fuzzy e-compactness. Several preservation properties
and some characterizations concerning intuitionistic fuzzy e-compactness have been obtained.

Before entering in to our work, we recall the following notations, definitions and results of
intuitionistic fuzzy sets as given by Atanassov [2]. Coker [4] and Seenivasan [9]. Throughout
this paper, (X, 7), (Y,0), and (Z,7n) (or simply X, Y and Z ) are always means an intuitionistic
fuzzy topological spaces on which no separation axioms are assumed unless otherwise mentioned.

First we shall present the fundamental definitions and results which will be used in the
sequel.

Definition 1.1. [2] Let X be a nonempty fized set. An intuitionistic fuzzy set (IFS, for
short) A is an object having the form A = {{x,ua(x),va(x)) : x € X} where the functions
pa X — I and va : X — 1 denote the degree of membership (namely pa(x)) and the
degree of nonmembership (namely va(x)) of each element x € X to the set A, respectively, and
0<pa(z)+va(z) <1 for eachz € X.
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Obviously, every fuzzy set A on a nonempty set X is an IFS having the form A =
{z,pa(x),1 —va(x)): 2 € X}.

Definition 1.2. /2] Let X be a nonempty set and the IFS’s A and B be in the form
A={(z,pa(x),va(z)) 2z € X}, B={(z,pup(z),pp(x)) :x € X} and let A={A;:je€ J} be
an arbitrary family of IFS’s in X, then

(i) A< B iff Vo € X[pa(x) <va(x) and va(z) > va(x)];

(ii) A = {(@,va(@), pa(@) : a0 € X};
(iti) NA; = {(z, Apa, (), Vva, () : v € X};

(iv) VA; = {{x,Vpa,(x), Ava,(z)) 1z € X};

(v) VAj = VA;, NAj = NAj;

(vi) L={(z,1,0) : . € X} and 0 = {{x,0,1) : z € X };
(vii) A=A, 0 =1 and T = Q.

Definition 1.3. [/ Let X and Y be two nonempty sets and f : X — 'Y be a function.

(i) If B = {{y,p(y),ve(y)) : y € X} is an IFS in Y, then the preimage of B under f
denoted and defined by f~(B) = {(f " (up)(z), f " (v)(z)) : v € X};

(i) If A= {{z, a(x),va(x)) : x € X} is an IFS in X, then the image of A under f denoted
and defined by f(A) = {(y, f(Aa) (), f-(va)(y) : y € Y)} where f.(va) =1— f(1—va).

Definition 1.4. [5] Let A = (x,ua,va) and B = (z, up,vp) be two IFS’s in X. Then, A
and B are said to be quasi-coincident, denoted by AqB, iff there exists an element x € X such
that pa(z) > vp(x) or va(z) < pup(z). The negation of AgB will be denoted by AGB.

Definition 1.5. [4] An intuitionistic fuzzy topology (IFT, for short) on a non-empty set
X is a family U of IFS’s in X satisfying the following axioms.

(i) 0,1 €7,
(ii) Ay N As € U for every Ay, As € U,
(1ii) VA; € U for every {A; :j € J} C .

In this case the pair (X, V) is called an intuitionistic fuzzy topological space (IFTS, for
short) and each IFS in ¥ is known as an intuitionistic fuzzy open set (IFOS, for short) in X.

Definition 1.6. [}/ The complement A of IFOS A in IFTS(X, V) is called an intuitionistic
fuzzy closed set (IFCS, for short).

Definition 1.7. [/] Let (X, V) be an IFTS and A = (x,us(z),va(x)) be an IFS in X.
Then the fuzzy interior and fuzzy closure of A are denoted and defined by cl(A) = NM{K : K is
an IFCS in X and A < K} and int(A) = V{G : G is an IFOS in X and G < A}.

Definition 1.8. [10] Let A be an IFS in an IFTS(X, V). A is called

(i) an intuitionistic fuzzy e-open set (IFeOS, for short) in X if A < clints(A)V intcls(A),
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(11) an intuitionistic fuzzy e-closed set (IFeCS, for short) in X if A > clints(A) N intcls(A).

Definition 1.9. [10] Let (X, V) be an IFTS and A = (x,pua,va) be an IFS in X. Then
the intuitionistic fuzzy e-closure and intuitionistic fuzzy e-interior are defined and denoted by
cle(A) = MK : K is an IFeCS in X and A < K} and int.(A) = V{G : G is an I[FeOS in X
and G < A}. 1t is clear that A is an IFeCS (IFeOS) in X iff A = cl.(A)(A = int.(A)).

Definition 1.10. Let f be a mapping from an IFTS X into an IFTS Y. The mapping
f is called

(i) an intuitionistic fuzzy e-continuity [10] if fY(B) is an IFGOS in X for each IFOS B in
Y.

(ii) an intuitionistic fuzzy e-irresolute [10] if f1(B) is an IFGOS in X for each IFOS B in
Y.
§2. Intuitionistic fuzzy e-compact spaces

Definition 2.1.  Let X be an IFTS. A family {{z,pq,,ve,) i € I} of IFOS’s in X

i €1} =1 is called an intuitionistic fuzzy open cover of

satisfies the condition \J{{z, ua,,va,)
X.

A finite subfamily of an intuitionistic fuzzy open cover {{x, ug,,vq,) | € I'} which is also
an intuitionistic fuzzy open cover of X is called a finite subcover of {(z, ug,,ve,)|i € I'}.

An IFTS X is called intuitionistic fuzzy compact if and only if every intuitionistic fuzzy
open cover has a finite subcover.

Definition 2.2. Let A be an IFS in an IFTS X. A family {{x, uc,,va,)
in X satisfies the condition A C J{(z, pa,,va,)

cover of A.

i€ I} of IFOS’s

i € I} is called an intuitionistic fuzzy open

A finite subfamily of an intuitionistic fuzzy open cover {(z, ug,,vq,) |i € I} of A which is
iel}.
An IFTS A = (x,pa,v4) in an IFTS X is called intuitionistic fuzzy compact if and only

also an intuitionistic fuzzy open cover of A is called a finite subcover of {(z, ug,,vq,;)

if every intuitionistic fuzzy open cover of A have a finite subcover.

Definition 2.3.  Let X be an IFTS. A family {{x,ug,,ve,)|i € I} of IFeOS’s in X
satisfies the condition J{{(z, pa,,va,)
of X.

A finite subfamily of an intuitionistic fuzzy e-open cover {{(z, ug,,vqg,) |i € I'} which is also

1 € I} = 1 is called an intuitionistic fuzzy e-open cover

an intuitionistic fuzzy e-open cover of X is called a finite subcover of {(z, ug,,ve,) |i € I}.
Definition 2.4. Let X be an IFTS. A family {{z,uqg, va,) |t € I} of IFeCS’s in X has

the finite intersection property if every finite sub-family {{(z,uc,,va,) i = 1,2,...,n} satisfies

iel}#0.

Definition 2.5. An IFTS X is called intuitionistic fuzzy e-compact if and only if every

the condition (N, {{(z, pa,, va,)

intuitionistic fuzzy e-open cover has a finite subcover.
Theorem 2.1. An IFTS X is intuitionistic fuzzy e-compact if and only if every family

{<l‘, MG, VGi>
section.

i € I} of IFSPCS’s with the finite intersection property has a nonempty inter-
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Proof. Suppose X is intuitionistic fuzzy e-compact and {(z,puq,,vq,)|i € I} is any family
of IFSPCS’s in X such that N{(x, nq,,vq,) |t € I} = 0. Therefore ({{ug,) |t € I} =0
and {{vg,)|i € I} = L. Then U{{(z,pq,, va,)|i € I} = 1, so {{z,ug,,va,)|i € I} is a
intuitionistic fuzzy e-open cover of X. Since X is intuitionistic fuzzy e-compact there is a finite
subcover {(z, uc,,va,) i =1,2,...,n}. Then U,_,{(z, e, ve,) | = 1}. Hence \{{vg,@)) i =
1,2,...,n} =1 and A{{pg,(2))]i =1,2,...,n} =Q. Finally N,_,{(z, pc,,va,) | = 0}. We have
proved that if X is intuitionistic fuzzy e-compact space, then given any family {(x, ug,,va,) i €

I} of IFSPCS’s whose intersection is empty, the intersection of some finite subfamily is empty.
Conversely, let X has the finite intersection property. It means that if the intersection of
any family of IFSPCS’s is empty, the intersection of each finite subfamily is empty. Suppose
{{z,pg, va,) |t € I} is any intuitionistic fuzzy e-open cover of X. Then J{(z, uq,,vq,)|i €
I} = 1. Therefore,

V{lue, (@) i € I} =1 and N{{ve, () ]i € I} = 0.

Hence ({{z, pa,,va,) |t € It =0, so {{x, ug,,va,) |i € I} is a family of IFSPCS’s whose inter-
section is empty. According to the assumption, we can find finite subfamily {(z, pug,,vq,) i =
1,2,...,n} such that ",_,{(z, uc,,va,) | =0}, so {{(z, pa,, va,)
cover of {(x, ug,,vq,) |t € I't. Therefore, X is intuitionistic fuzzy e-compact. O

i1 =1,2,...,n} is a finite sub-

Theorem 2.2. Let f: X — Y be an intuitionistic fuzzy e-irresolute mapping from an
IFTS X onto IFTS Y. If X is intuitionistic fuzzy e-compact, then Y is intuitionistic fuzzy

e-compact, as well.

Proof. Let {{y, ua,;,va,) |t € I} be any intuitionistic fuzzy e-open cover of Y. Then

U{<y7ﬂG“ v liel}=1.

From the relation f~Y({(y, na,,va,)|i € I}) = 1 follows that U{(y, uc,,ve,) i € I} = 1, so
{F*({{y, uG;,ve,) i € I} is a intuitionistic fuzzy e-open cover of X. Since X is intuitionistic

fuzzy e-compact, there exists a finite subcover {f~1({(z, ug,,vg,))i = 1,2, ...,n}. Therefore
U0 (@6 ve )i = 1.2, = 1.

Hence f(U{f ' ((y, ne, ve )i = 1,2,...n}) = L, so U{f(f 7 (v, e, ve))li = 1,2, ..,n} =
1. From U{({y, pa,,ve,))|li = 1,2,...,n} = 1 follows that Y is intuitionistic fuzzy e-compact.
O

Theorem 2.3. Let f: X — Y be an intuitionistic fuzzy e-continuous mapping from an
IFTS X onto IFTSY. If X is intuitionistic fuzzy e-compact, then Y is fuzzy compact.

Proof. Tt is similar to the proof of the Theorem 2.2. O

Definition 2.6.  Let A be an IFS in an IFTS X. A family {(z,pa,,va,)
IFeOS’s in X satisfies the condition A C J{{z, pa,,va,)

e-open cover of A.

i eI} of
i € I} is called intuitionistic fuzzy
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i € I} of A which is
also a intuitionistic fuzzy e-open cover of A is called a finite subcover of {{(z, ug,,veg,) i € I'}.
Definition 2.7. An IFS A = (x,pa,va) in an IFTS X is called intuitionistic fuzzy

e-compact if and only if every intuitionistic fuzzy e-open cover of A has a finite subcover.

A finite subfamily of a intuitionistic fuzzy e-open cover {(z, uq,,va,)

Theorem 2.4. An IFS A= (x,pa,va) in an IFTS X is intuitionistic fuzzy e-compact if
iel}
i=1,2,...,n} such

and only if for each family {{z, ug,,va,) i € I} of IFGOS’s with properties pa < V{pa,

and 1 — vy < V{1 —vg,li € I} there exists a finite subfamily {{z, pa,,va,)
that pa = V{ug,li =1,2,...,n} and 1 —vy = V{1l —vg,|li =1,2,...,n}.

Proof. Suppose A = (x,pua,v4) is a intuitionistic fuzzy e-compact set in IFTS X and

{<1'7PJG“ VG1,> |Z € I}

be any family of IFeCS’s in X satisfies the condition pa < V{pg,|i € I} and 1 — vy
V{1l —vg,li € I}. Then 1 —va < 1— Nuvg,li € I}, so va > NMyg,|i € I}. Hence A

U{<$>MG’”VG’7_->

<
-

i € I't. According to the assumption there exists finite subfamily

{{z, pa; ve,) i=1,2,...,n}

such that A C U{(z, pc,,ve,) i = 1,2, ...,n}. It follows that pua = V{ug,li =1,2,...,n} and
1—va=V{l—-vgli=12,..,n}

Conversely, let A = (x, ug,, vg,) be any IFS in IFTS X and let {(z, ug,,vg,) |i € I} be any
family of [FeCS’s in X satisfies the condition pa < V{ug,|i € I} and 1 —va < V{l—-vg,|i € I}.
From 1 —v4 <1—A{vg,li € I}, so va > Muyg,|i € I} follows that pa > A{vg,|i € I}, so

Ac| @ ne, ve,)

iel}.

Hence {(z, ug,;,vq,) i € I} is a intuitionistic fuzzy e-open cover of IFS A. According to the
assumption there exists finite subfamily {(z, ug,,vg,) |i = 1,2,...,n} such that pa = V{pug,|i =
1,2,..,n}and 1 —va < V{1 —vg,li = 1,2,..,n}. From pa < V{pgli = 1,2,...,n} and
va > Mpg;li =1,2,...,n} we obtain that A C J{(z, pg,,vq;) i = 1,2,...,n}. Therefore, A is

intuitionistic fuzzy e-compact. O

Remark2.1. From the definition above it is not difficult to conclude that every intuition-
istic fuzzy e-compact in an IFTS is fuzzy compact.

Theorem 2.5. Let f: X — Y be an intuitionistic fuzzy e-irresolute mapping from an
IFTS X onto IFTS Y. If A is intuitionistic fuzzy e-compact, then f(A) is intuitionistic fuzzy

e-compact.

Proof. Let {(y, ug,,va,)|i € I} be any intuitionistic fuzzy e-open cover of f(A). Then f(A) C
U{w, pc,,ve,) i € I}. From the relation A C f~Y(U{(y, g, va,)|i € I}) follows that
A C U Yy, pa,ve )i € I}, so {f~*((y, ue,,va,))|i € I} is an intuitionistic fuzzy e-
open cover of A. Since A is intuitionistic fuzzy e-compact, there exists a finite subcover
{* Wy, na, ve,)))i = 1,2,...,n}. Therefore A C U{f({y, uc,,va,))|i = 1,2,...,n}. Hence

fA) < F(UU e, ve))li=1,2,..,n})
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= UG (e neve)li = 1,2, .00}
= (W, ne..ve)li=1,2,..,n}

so f(A) is intuitionistic fuzzy e-compact. O

Theorem 2.6. Let f: X — Y be an intuitionistic fuzzy e-continuous mapping from an
IFTS X onto IFTSY . If A is intuitionistic fuzzy e-compact, then f(A) is fuzzy compact.

Definition 2.8. An IFTS X is called intuitionistic fuzzy e-Lindelof (fuzzy Lindelof) if
and only if every intuitionistic fuzzy e-open (fuzzy open) cover of X has a countable subcover.

Definition 2.9. An IFTS A = (z,pa,va) in an IFTS X is called intuitionistic fuzzy
e-Lindelof (fuzzy Lindelof) if and only if every intuitionistic fuzzy e-open (fuzzy open) cover of
X has a countable subcover.

Definition 2.10. An IFTS X is called countable intuitionistic fuzzy e-compact (countably
fuzzy compact) if and only if every countable intuitionistic fuzzy e-open (fuzzy open) cover of
X has a finite subcover.

Definition 2.11. An IFTS A = (z, pa,va) in an IFTS X is called countable intuitionistic
fuzzy e-compact (countably fuzzy compact) if and only if every countable intuitionistic fuzzy e-
open (fuzzy open) cover of A has a finite subcover.

Remark2.2. From the definitions above we may conclude that
(i) Every intuitionistic fuzzy e-Lindelof of IFTS is fuzzy Lindelof;
(ii) Every countably intuitionistic fuzzy e-compact of IFTS is countably fuzzy compact;
(iii) Every countably intuitionistic fuzzy e-compact of IFTS is intuitionistic fuzzy e-compact.

Theorem 2.7. If an IFTS X is both intuitionistic fuzzy e-Lindelof and countably intu-
itionistic fuzzy e-compact, then it is intuitionistic fuzzy e-compact.

Theorem 2.8. If an IFS A in an IFTS X is both intuitionistic fuzzy e-Lindelof and
fuzzy countably intuitionistic fuzzy e-compact, then A is intuitionistic fuzzy e-compact.

Theorem 2.9. Let X be an intuitionistic fuzzy e-Lindelof IFTS. Then X is countably

intuitionistic fuzzy e-compact if and only if X is intuitionistic fuzzy e-compact.

Proof. In the Remark 2.2, it is mentioned that if X is intuitionistic fuzzy e-compact, then
it is countably intuitionistic fuzzy e-compact. Conversely, let {(z, uq,,vq,)|i € I} be any
intuitionistic fuzzy e-open cover of X. Since X is intuitionistic fuzzy e-Lindelof, there exists a

countable subcover {(z, ug,,va,) [t = 1,2,...} of {{z, pg,,va,) |i € I}. Therefore

{(z, pa,,va,)i=1,2,..}

is countably intuitionistic fuzzy e-open cover of X, so there exists subcover {(z, ug,,vq,) |t =
1,2,..n} of {{z, pa,,va,)

i=1,2,...}. Hence X is intuitionistic fuzzy e-compact. O

Theorem 2.10. Let an IFeOS A be intuitionistic fuzzy e-Lindelof in an IFTS. Then A

is countably intuitionistic fuzzy e-compact if and only if A is intuitionistic fuzzy e-compact.
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Proof. The proof is similar to the proof of the previous theorem. O

Theorem 2.11. Let f : X — Y be an intuitionistic fuzzy e-irresolute mapping from
an IFTS X onto IFTSY . If X is intuitionistic fuzzy e-Lindelof (countably intuitionistic fuzzy
e-compact), then Y is intuitionistic fuzzy e-Lindelof (countably intuitionistic fuzzy e-compact),

as well.
Proof. Tt is similar to the proof of the Theorem 2.2. O

Theorem 2.12. Let f: X — Y be an intuitionistic fuzzy e-continuous mapping from
an IFTS X onto IFTSY . If X is intuitionistic fuzzy e-Lindelof (countably intuitionistic fuzzy
e-compact), then'Y is fuzzy Lindelof (countably fuzzy compact).

Proof. 1t is similar to the proof of the Theorem 2.3. O

Theorem 2.13. Let f: X — Y be an intuitionistic fuzzy e-irresolute mapping from an
IFTS X onto IFTS Y. If A is intuitionistic fuzzy e-Lindelof (countably intuitionistic fuzzy e-
Lindelof (countably intuitionistic fuzzy e-compact)), then f(A) is intuitionistic fuzzy e-Lindelof

(countably intuitionistic fuzzy e-compact), as well.
Proof. 1t is similar to the proof of the Theorem 2.5. O

Theorem 2.14. Let f : X — Y be an intuitionistic fuzzy e-continuous mapping from
an IFTS X onto IFTSY . If A is intuitionistic fuzzy e-Lindelof (countably intuitionistic fuzzy
e-compact), then f(A) is fuzzy Lindelof (countably fuzzy compact).

Proof. 1t is similar to the proof of the Theorem 2.6. O
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81. Introduction

Let G = (V, E) be a simple graph with | V(G) |= n vertices and | E(G) |= m edges. For
a vertex v € V(G), we denote the degree of v by dg(v). A vertex with degree one is called a
pendant vertex. As usual, we denote by IV, P,,, Cy, Sy, K, K¢ s and T} ; the null, path, cycle,
star, complete, bipartite and tadpole graphs, respectively.

The subdivision graph S(G) of a graph G is the graph obtained from G by replacing each
of its edges by a path of length 2, or equivalently by inserting an additional vertex into each
edge of G.

Several topological graph indices have been defined and studied by many mathematicians
and chemists as most graphs are generated from molecules by replacing atoms with vertices
and bonds with edges. Two of the most important topological graph indices are called first and
second Zagreb indices denoted by M;(G) and M2 (G), respectively:

Mi(G)= Y dg(u) and My(G)= Y dg(u)dg(v). (1)
uweV(G) wwEE(G)

They were first defined 45 years ago by Gutman and Trinajstic, [7], and are referred to due
to their uses in QSAR and QSPR. In 2010, Todeschini and Consonni, [8], have introduced the

multiplicative variants of these additive graph invariants by
0 (G)= [] d&w andTy(G)= [] da(wde(v) (2)

weV(G) wweEE(G)

and called them multiplicative Zagreb indices. Zagreb indices and multiplicative Zagreb coindices
of graphs have been studied in [3] and some bounds related to those are obtained. Similarly,

these multiplicative Zagreb indices are calculated for main graph operations in [1].
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For a graph G with vertex set V(G) = {v1,va,...,v,}, we take another copy of G with
vertices labelled by {vy,ve, ..., v, } where v; corresponds to v; for each i. If we connect v; to the
neighbours of v; for each i, we obtain a new graph called the double graph of G. It is denoted
by D(G). Double graphs were first introduced by Indulal and Vijayakumari, [10], in the study
of equienergetic graphs. Later Munarini et al. [9], calculated the double graphs of N,, and K 4
as Nz, and Kayy, 2p, respectively. These subdivision graphs were recently studied by Togan,
Yurttas and Cangul in [4] where ten types of Zagreb indices and coindices including first and
second Zagreb indices and multiplicative Zagreb indices were calculated. In [2], the Zagreb
indices of the line graphs of the subdivision graphs are studied. Also in [11], the resistance
distance and the Kirchhoff index in double graphs were studied and the closed-form formulas
for resistance distances and the Kirchhoff index of double graphs were derived. Here, we first
calculate double graphs of other simple graph types such as cycle graphs C),, path graphs P,
star graphs S,,, complete graphs K,,, tadpole graphs T; ;. For a graph G, the subdivision graph
of G denoted by S(G) is defined by adding one vertex to each existing edge.

Similarly the r-subdivision graph of G denoted by S™(G) is defined by adding r vertices
to each edge by Togan, Yurttas and Cangul in [5]. In this paper we shall calculate the first
and second Zagreb indices and multiplicative Zagreb indices of all these graphs. We also give
some relations between these numbers. Similar calculations were made in [6] for subdivision
graphs of double graphs. For convenience, we shall denote the number of vertices and edges of
G, D(G), S"(G) and S™(D(G)) by n,m,n%, m? n(S,),m(S,) and n¢(S,), m?(S,), respectively.
Obviously,

Lemma 1. With the above notation, we have

a) n? = 2n,

b) m? = 4m,

¢) n(S,) = n+rm,

d) m(Sy)=(r+1)m

e) n%(S,) = rm? +n? = 2n + dmr,

f) mé(S,) = (r + )md = dm(r + 1).

Proof. a) n% = 2n by definition.
b) m? = 2m + Zdﬂz = 2m + 2m = 4m.

¢) and d) follows by the definition of r-subgraph.
) n4(S,) = rm? + n?, by definition. Also by a) and b), n%(S,) = 2n + 4mr.
) m4(S,) = (r + 1)m? by definition, and m?(S,.) = 4m(r + 1) by b). O

@

f

§2. First and Second Zagreb and Multiplicative Zagreb
Indices of Some r-Subgraphs of Double Graphs

For a null graph N,,, one can not obtain a subdivision graph by adding a new vertex so
our result will be given for other graph types.

Theorem 2. Letm,n,m(S,),n(S,), m%(S,),n%(S,) be the number of edges and vertices of
G,S"(G) and S"(D(QG)), respectively. Then the first and second Zagreb indices of r-subdivision
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graph of double graphs of path, cycle, star, complete and tadpole graphs is given as follows:

16(nr—r+1)+32(n—2) ifG=P,,n>2

32n + 16nr ifG=Cph,n>2
M(S"(D(G)=48(n—1)[1+2r+(n—-1)] ifG=2S8,,n>2

8n(n—1)[(n—1)+r] ifG=K,,n>2

16 [(s +t)(r+2) +1] ifG=T;s,t>3,s>1

and

32416(n—1)r—-1)+64(n—2) ifG=P,,n>2

64n + 16n(r — 1) ifG=Cp,n>2
My(S"(D(G))) = 1 8(n—1)[2n 47 —1] if G=S,,n>2

8n(n—1)2n+1r —3) ifG=K,,n>2

16 [(s +t)(r* + 3) + 2] if G =T, st>3,5>1.

Proof. We prove the theorem for star graphs. Similar methods can be used for others. Let G be
a star graph S,,. Its r-subgraph has n(S,) =mr+n = (n—1)r+n and m(S,) = (r+1)(n—1)
and for a star graph, r -subgraph of its double graph has n¢(S,) = 4r(n—1)+2n = 4r(n—1)+2n
and m%(S,) = 4(r +1)(n —1). In S"(D(S,,)), we have two vertices with degree 2(n — 1) in the
centers of stars, r(n — 1) vertices of degree 2 on each edge of star and 2(n — 1) vertices of degree
2 at the end points of star.

So if we use the definition of M;(G), we have

M (S™(D(S,)) = 2-(n—1)+2%4r-(n—1)+2-2(n—1)
= 8n—1)+8r(n—1)+8(n—1)>
= 8(mn—1)-[1+7+(n—1).

There are 3 types of entries in M(S™(D(Sy))):

i) u is an endpoint (pendant vertice) and v is a newly added vertex of degree 2 in S™(D(G)):
For each u, there are m = n — 1 added vertices which forms an edge with w so each vertex pair
adds (2-2)-4(n —1) to Ma(S™(D(Sn)))-

11) u is the central vertex with degree 2(n — 1) and v is a newly added vertex of degree 2
which forms an edge together with u. So a total of 2-2(n —1) - 4(n — 1) is added.

i4i) Both v and v are middle vertices (of degree 2) and uv € E(G): There are r — 1 vertex
pair in each edge of star so 2:2-[2(n — 1)(r — 1) + 2(n — 1)] is added to M2 (S"(D(S,,))). Finally
adding all these together we get the desired result:

My(S™(D(S,)) = (2-2)-2(n—1) + [2(n —1)-2] - 4(n — 1)

+2-2-2(n—=1)(r—1)+2(n—1)]
= 8(n—1)+16(n—1)*+8r(n—1)
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= 8(n—1)2n+r—1).
0

Theorem 3. The first and second multiplicative Zagreb indices of the r -th subdivision

of double graphs of several graph types are given by

98[14r(n—1)+(n—2)] if G=P,,n>2
28n(r+1) if G=Cph,n>2
I, (S"(D(@))) = { 24=10+20) oy — 1))* if G = S,,n > 2
[2(n — 1] 24nr(n=D) G = K0 > 2

98[(t+s)(r+1)—1]g4 fG=T, e t>3s5>1
and
22[(r=1)(n—1)+4(3n—4)] if G =P,,n>2
28n(r+2) if G=Cp,n>2

I(S"(D(G))) = { 28—+ (p — DNA=1)  fG =S, n > 2
(TL o 1)4n(n71)24n(n71)(r+1) ’Lf G = Kn, n > 2
98[(t+5)(r+2)~2] 312 G =T . t>3s>1.

Proof. We prove the theorem for complete graphs. Similar methods can be used for others. Let
G be a complete graph K,,. Its r-subgraph has n(S,) = mr +n and m(S,) = (r + 1)m and for
a complete graph, r-subgraph of its double graph has n%(S,.) = 2n +rm(S,) = 2n+ 2nr(n —1)
and m4(S,) = (r+ 1)m¢ = 4(r + 1)(n — 1). In S"(D(K,)) we have 2n vertices with degree
2(n —1) and r [2m + n(n — 1)] vertices of degree 2.

So if we use the definition of I1; (G), we have
H1(ST(D(Kn))) = [2(’/1 _ 1)}4” . gdnr(n-1)

There are 2 types of entries in Il (S™(D(K,))):

1) u is an endpoint with degree 2(n — 1) and v is a newly added vertex of degree 2 in
ST™(D(K,)): For each u, there are 2(n — 1) added vertices v forming an edge with u, so that
each vertex pair adds 2-2(n — 1) - [2n - 2(n — 1)] to I5(S"(D(Ky,))).

14) Both u and v are middle vertices (of degree 2) which form an edge: There are r — 1
vertex pairs in each edge of a complete graph so (2-2) - (r — 1) - [2m + n(n — 1)] is added to
I, (S™(D(K,))). Finally adding all these together, we get the desired result:

HQ(ST(D(K»,L))) [2 ) 2(n . 1)]2n‘2(n—1) . (2 . 2)(r—1)~[2m+n(n—l)]

dn(n—1

[4(n _ 1)] ) '42n(n—1)(r—1)
24n(n71)(r+1)n4n(n71).
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§1. Introduction, Definition and Motivation

Let S, (p is fixed integer > 1) denote the class of all analytic functions f(z) of the form,

[ =2+ S ap (1)
n=p-+1
defined on the open unit disk,
U:{z€C:|z| <1} (2)

and let S; = S. A function f(z) € S, is said to be p-valent starlike function (@ £ 0), if it

satisfies the condition,
&a{ ;J;/((;) } >0 (zeD) (3)

Let f be an analytic function in a simply connected region of the z-plane containing the origin
and the multiplicity of (z-()~* is removed by requiring log(z — ¢) to be real when z - ¢ > 0.
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The generalized fractional derivative of order A is defined,

ﬁ%{z>‘7M Joz=ON 2Py
(=A1-11=X1-$f(Od)},  0<A<1
J(i’z“’yf(z) = %J&;”’“’”f(z)(n <A<n+1lneN), (k>maz (4)
{0,p—v
—1} -1
Provided further that,
f(z)=0(z") (220) (5)

It follows at once from the above definition that,
Tox"f(z) = D2f(z) (0<A<1) (6)

Furthermore in terms of gamma function we have,

Fp+1)T(p—p+rv+2) -
JOHY — PTH (D<A,
0,2 T(p—pn+ I)F(p—)\—l-ll—i—Z)z (0= (7)

p>mazx{0,p—v—1}—1)

In recent paper Goyal and Goyal| 23] defined as generalized Ruscheweyh derivatives,
I fap, w>—1 as (8)
_Plp—=XA+v+2)

T Jor® = T )7 0 T ()

oo (9)
=2+ Z akﬁ;"“(k)zk
k=n+p
where,
'k—p+1+wWl'v+24+pup—-Nl'k+v—p+2

(k—p+1)l(k+v—p+2+pu—NT(v+2)I'(1+u)
for A\ = p, this generalized Ruscheweyh derivatives get reduced Ruscheweyh derivative of f(z)
of order \.

A 2w d A—p
D) = g gx (7 ()

0o (11)
=P 4 Z akﬂk()\)zk
k=p+1

where,

DA+ k)
A+p)T(k—p+1)
DA+ k)
LA +p)(k—p)!

Br(A) = T
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The q** Hankel determinant for q > 1 and n > 1 is stated by Noonan and Thomas [ 21] as,

29 Qp+1 " An+q—1
Ap+41 Ap4+2 Un+q
Hy(n) =
Upyq—1 Gpiq " Un42q—2

This determinant has been considered by several authors in the literature, for example Noor
[22 ] determined the rate of growth of Hy(n) as n — oo for the function f given by (1.1) with
bounded boundary rotation. Ehrenbarg [ 6] studied the Hankel determinant for exponential
polynomials. It is well known [5] that for f € S and given by (1.1). The sharp inequality
laz — a3] < 1 holds. This corresponds to the Hankel determinant with q = 2 and n = 1.

Fekete - Szego [8] then further generalized the estimate |az — pa3| with p real and f € S for a
given family f of the function in A, the sharp upper bound for the nonlinear functional |azas—a2|
is popularly known as the second Hankel determinant for various subclass of analytic functions
were obtained by different researchers including Janteng et al [10], Mishra and Gochhayat [19]
and Murugusundaramoorthy and Magesh [20]. Recently Trailokya Panigrahi and Krishna et
al obtain the sharp bound in the case of ¢ = 2 and n = p+1 denoted by Hy(p+1) given by
|apt1apss — a§+2\~

For our discussion in this paper, we consider the Hankel determinant in the case ¢ = 3and
n = p denoted by Hs(p) given by,

ap  Apt+1  Apt2
Hs(p) = ap+1  Ap+2  (p43
Gp+2  Ap+3  Op+a

for f € S,, a, = 1 so that we have,

H3(p) = apt2(apt1apts — a127+2) — ap43(Ap+3 — pt1ap+2) + apra(apr2 — a12,+1) (13)
and by applying triangle inequality, we obtain

[H3(p)| < lap+a|laptiapss — az2)+2‘ + lap+sllapriaprz — apss (14)

+ laptallape — a;27+1|
Motivated by the results obtained by D. V. Krishna et. al[l].And the result obtained
by Babalola [3] and different researchers in this direction finding the sharp bound to Hankel
determinant H3(P) for the class RT.
In this paper, we obtain an upper bound to the functional |a,+1ap+2 — ap+3| and hence for
H3(p), for the function f given in (1.1) belonging to the class S5 () is defined as follows.
Definition 1.1. A function f(z) € S, is said to be in the class Sy(\) if it satisfies the

condition,
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z A z
%{P%;J;((;)} >0 (15)

where,

D;,\f(z) =2P+ Z Br(Nagzk
k=p+1
LA+ k)

O = 53T )

§2. Preliminary Lemmas
Lemma 2.1. If the function p € p is given by the series,
p(z) =1+ciz+c2®+...
then the following sharp estimate holds,

okl <2 k=1,2,...

Lemma 2.2. If the function p € p is given by the series then,
2 = 2 + 24— cl)

4eg = ci’ +2¢1(4— C%)SE —c1(4— cf)zZ +2(4 - cf)((l - |x\2)z)

for some z,z, |x| < 1, |z| < 1.

Lemma 2.3. The power series of p given in (2.1) converges in § in to function p if and
only if the Toeplitz determinant

2 Ci Cy ... C,
C-1 2 C1 ... Ch_1

D, =
C—-n C—-n+1 ... ... 2

Where, n =1,2,3,... and Cy, = Cy ¥ non-negative. They are strictly positive except for
m .
p(z) = prpole™)
k=1

pr >0, b real and t, # t; for k # jin this case Dy, > 0 for n < m - 1 and D, =0 forn > m
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§3. Main Results

Theorem 3.1. If f(z) € S;(A) with p € N then,

4p2

A+p)2A+p+1)2

|ap+1ap+s — apof < ( (16)

Proof. Let Dy f(z) = 2P + Y22 p,1 Br(N)arz* be in the class S%(X) from definition (1) [1,1]
there exist an analytic function p € P in the unit disk U with p(0) = 1 and R{p(2)} > 0 such
that,

2(D) f(2))
S e (17
D)) = (:))DY2) 19

z{pzp_1 + Z ﬁk()\)akk‘k_l} =p[l +ec1z4coz® + 32 + .. ]

k=P+1
- (19)
2P 4 Z ﬁk(/\)akzkl
k=p+1
pzf + Z Br(Napkz® = [p+ perz + peaz® 4 pesz® + .. ]
k=p+1
b . (20)
2P 4 Z Bk()\)akzk]
k=p+1
Equating the coefficients of zP*1, zP*2 zP+3 and zPt* we get,
pc1
ap+1 = (21)
. Bp+1(A)
pea + p*ct
Apio = —————— 22
p+ 2ﬂp+2 ()\) ( )
2pes + 3pPeics + pPel
Ap43 = 23
rr 60p+3(A) (23)
6pcy + 6p3020% + 3p203 + 8])%6103 + 1040‘11 (24)

Eauin 243, :4())

Considering the second Hankel functional |apq1api2 — a2 5| for the function f € S5(A) and

substituting the values of a,41, ap42 and a,;3 from above relation we have,
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2 3.3
Upi1Gpis — 02| = |1 2pcs + 3peico +pie |
" Bpt+1(A) 68p+3(N)
2
pe2 +p°ct
2ﬁp+2()\)
_|pPercs + 3picic + ptef B 1
60p+1(N)Bpr3(N) 4(Bpra(N))2

v+ e +pe]

p2eies + 3p20%(32 + 1046‘11
A+p2(p+ A+ 1) (p+A+2)

pzcg + 2p3c%02 + 1040‘11

A+ PP+ p+ 102
= A(p, N)|p*cies + 3p*ciea + pel — B(p, A)
[p°¢3 + 2p*cles + pcl]|

1
A+p)2A+p+1)(A+p+2)
_A+p+2

Ad+p+1

where, A(p, \) =
B(p, )
By applying lemma,

2
pa

3 2 2\,.2 2
¢ ad—c)r ald—-cd)x (4-¢7) 9
“1 _ 1_
1T 5 1 + (1= z[72)

e s (=)

A@A%

A4 z(d—c32
+3p2c§ 1 ( 1)

DO

224 —c? 3p2ct 3
M p p2 —|—5])262/)(4—62)4-])464—3(]?,/\)

}

(27)
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F'(c,p) = A(p,)\){p c (‘;_ ) _pc (42_ c’)p —p202(4— 02)p
3 B(p, \)p?
+ §p202(4 —c?) - — [2¢%(4 — ) + 2p(4 — *)? (20)
+p3c(4—c2)]}
F'(c,p) >0

. F'(e, p) is an increasing function of p and hence it can not have maximum value of any point
in the interior of closed square[0,2] x [0,1] after the fixed c € [0,2]. p = 1, F(c,1) = G(c).

2 4 2.2 2 2.2 2 2 4
p ¢t  pct(d—c pict(d—c 3p3c
G(c)gAmA){ Creod) petoo) i

3

+ §p262(4 — 02) +piet + B(p, A) PT + pT (4- 02) (30)
P

+Z(4—c2)2+p303+p26(4 %) + ptet

put ¢ = 0 and p = 1 the upper bound of (25)

< a0 {805 <10/}

< 4p*A(p, ) B(p, \) (31)
< 4p2
T (A+p)2A+p+1)?

Corollary 3.2. Ifp = 1, A\ = 0 then |agay — a3| < 1 with coinside the result Janteng et

al.

Theorem 3.3. If f(z) € S;()\) then,

4p
A+p)A+p+1)(A+p+2)

|apt1api2 — apis] < (32)
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Proof. From equation (21),(22)and (23)

pey pes +pier 2pes 4+ 3pPeics +picd

BtV " Bpra () 66,15\

p’cico + pPc?
(A+p)?)A+p+1)

|ap1ap42 — apis| =

2pcs + 3p2cica + pBC:{’
A+p)A+p+ 1A +p+2)

= c(p,\)|pPcica + P32 — D(p, \)

{2p03 + 3p26162 + pgcﬂ

1 _ A+p
A+p?2A+p+1) D(p”\)_(/\+p+2)

Cp,A) =

Applying lemma (2.2)

= C(p7 )‘){

n 2ci(4—cHz  ci(d—chHa?  24—cH)(1 - |x|2z)1

A +ax(d—c})
2

3
C
p’er +p*ct — D(p, ) [21? li

4 4 4

}

lz2| <1, |z[=p, ca=cel0,2] (34)

_|_

A +a(4—c?)
2

2

+3p°cy +pc}

pc?

2

264 26 4—62
SC(p,A){pQ +2 p(2 )+p302—D(p,A)

pe(d — ¢)p?

2

S

< F(e,p)

3
+pe(d=c*)p - +pd=)(1=p*) + 5p?

F'(c,p) < 0 = F'(c,p) is an increasing function ¢ € [0,2]. If p = 1, F(c¢,1) = G(c).

2 4 20(4 — (2 3
mdédnﬂ{pc+pd <) | e 4 D(p, N | PE

2

2 2 +

+p(4—c*)+ 37]?2 [8 + (4 - cﬂ (35)
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upper bounds for (25)

Gp1pss — apis] < c(p, A){D@, A>4p}

(36)
< 4p
T A+ A+Fp+ (A +p+2)
Theorem agree with the following result due to Babalola [3]. O
Corollary 3.4. Ifp =1, A = 0 then,
2
a2a4 — a3| S g (37)

Hence we have G(c) < G(0) = 2, ¢ € [0,1). This is less than 2, which is the case when ¢ €
[1,2]. Thus the maximum of function, |agas — ay4| corresponds to p = 1 and ¢ = 2. We put p =
1 and ¢ = 2 in (28).

p2
Ap+1ap+2 — Apy3| = c(p, A) 5

(16) + p®4 — D(p, \) [4p+

3 ,
§p2(8) + 8p‘3]

= c(p, )

8p? + 4p® — D(p, \) [4]3 +12p% + 8p3:|
(38)
If p=1 and A=0 then,

< 1’12— 1(24)‘
2 3

< 1’12—8’

)

<2

. asag — ag] < 2 with the result due to Babalola and Gagandeep et al.
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Theorem 3.5. If f(z) € S;()\) then,

|a 5 — a2 | pCQ +p20% _ pQC%
PRI DO+ +p+1) (A +p)?

_ pea LA +p) — 2 dO+p+1)
200 +p)(A+p+1) 20+ p)2(A+p+1)
C?+w(4—0f)] 2
atrid=all 4 p2e
p|: 2 p c1 p2C%

p
20+ p)A+p+1)

20 +p) A +p+2) (A +p)?
1

2 2
02—p261 c ()\—l—p)H

2 2 2 2.2 (39)
_|p +px(d—ci) +2p°a  picf

20 +p)(A+p+1) (A +p)?
|z[ = p

pel +pp(d =) +2p%c  pPc

= 200 +p) (A +p+1) (A +p)?

p=1 and c¢=0

2p
A+p)A+p+1)

Corollary 3.6. IfA =0, p = 1 then,
las — a3 <1

By using theorem (3.1), (3.3) and (3.5) and using inequality |ay| < k, then we get |H3(1)| <
16, results consider with the result of Babalola [3] and Jetange [12].
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§1. Definition and simple properties
For any positive integer n, the famous Smarandache function S(n) is defined as the smallest

positive integer m such that n | m!. That is,
S(n) =min{m: n|m!, neN}. (1.1)

Many people studied the lower bound of S(n).

M. Le [16]. Letp > 2 be a prime. Then S (277" (2P — 1)) > 2p + 1.

J. Su [35]. Letp>5 be aprime. Then S (2P~(2P — 1)) > 6p+ 1.

J. Su and S. Shang [36]. Letp > 7 be a prime. Then S(2P +1) > 6p + 1.

M. Liang [23]. Letp > 7 be a prime. Then S(2P £1) > 8p+ 1.

T. Wen [40]. Let p > 17 be a prime. Then S(2° £1) > 10p + 1.

C. Shi [33]. Letp > 17 be a prime. Then S(2° £1) > 14p + 1.

X. Wang [38]. For any m € N, let p > 9m?(logm + 1)3 be a prime. Then S(2P — 1) >
2mp + 1.

F. Li and C. Yang [20]. Let a and b be distinct positive integers, and let p > 17 be a
prime. Then S (a? +bP) > 8p + 1.

P. Shi and Z. Liu [34]. Let a and b be distinct positive integers, and let p > 17 be a
prime. Then S (a” +bP) > 10p + 1.

L. Gao, H. Hao and W. Lu [6]. Let a and b be positive integers with a > b, and let
p > 17 be a prime. Then S (a? — V) > 8p + 1.

J. Wang [37]. Let F,, = 2°" + 1 be the Fermat number. Then S(F,) > 8-2" 4+ 1 for
n > 3.

M. Zhu [55]. Let F,, = 22" + 1 be the Fermat number. Then S(F,) > 12-2" 4+ 1 for
n > 3.

M. Liu and Y. Jin [26]. Let F,, = 22" + 1 be the Fermat number. Then S(F,) >
4(4n+9)-2" +1 forn > 4.
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M. Bencze [2]. For positive integer sequences my,- - ,m,, we have
n n
S(Iln%>fg§25(mky
k=1 k=1

M. Le [17]. There are infinite many n € N such that S(n) < S(n — S(n)).
The distribution properties have also been studied.

W. Zhu [56]. Letm = plTlng . -pf", where p1,p2,- -+, Pk are distinct primes. For any
n € N, we have

ny o 17T m
S(m")=n lréllagxk{(pl 1)TZ}+O(lnmlnn>.

M. Le [15]. For any distinct positive integers k and n, logg. S (nk) 18 never a positive
integer.
F. Du [4]. 1. Assume that n = pips---px, where p1,pa, -+ ,px are distinct primes.

1
Then Z 5@ can not be an integer.
d|n

1
2. Suppose that n = p*, where p > 2 is a prime and T < p. Then Z % can not be an
d|n

integer.

3. Letn = p{lpg"’ - -pfk_’ll - Pk, where p1,pa, -+, p are distinct primes. If S(n) = pg, then
1
—— can not be an integer.
2500 ’

L. Huan [9]. 1. Assume that n = pips - - pi, where p1,pa,--+ ,pr are distinct primes.

Then we have
2k72 2k71

[15@ =pi-p3---pi s pi
d|n

B. Liu and X. Pan [25]. For any positive integer n, the formula

S(2)S(4)- - S(2n)
SMSE)---S@n—1)

is an integer if and only if n = 1.

A. Zhang [49]. For integer n > 1, we have

1 1
— 1 1<m< i i =1 — .
n|{m <m <n,S(m) is a prime}| +O<lnn>

W. Xiong [43]. Define
ES(n)={a:1<a<mn,2]|S(a)}, 0OS(n)=H{a:1<a<n,2{S(a)}.

Then for integer n > 1, we have
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Q. Liao and W. Luo [24]. Let p be a prime and « be a positive integer.

1) For any positive integer r and o = p", we have
Sp*) =p™ =" +p.
2) For any positive integer r, t € [1,r] and o = p" — t, we have
S(pa) — pr—i-l _pr-
3) For any positive integer v, t € [r + 1,p" —p"~1] and a = p" — t.
@) If
n—1
a=p —r =3 (-1 — k) + (~1)"pF
i=1
with
ki <pti~t(p—1)—1, 1<i<n-—1,

then we have

Sp*)=@(p-1) (p'” + Z(l)ip’“) +(=1)"p.

(1) If
n—1
a=p —r— Z(*l)i’l(P’“i — k) + (=1)" (" - 1)
=1
with t € [1,ky] and
ki <phtp-1) -1, 1<i<n-—1,

then

S(p*) =(p-1) (pr + Z(—U%’“) :

Q. Liao and W. Luo [24]. Let ¢(n) be the Euler function and let o(n) be the sum of

the different positive factors for n.

1) For any positive integer k, there are no any prime p and positive integer m coprime with
p, such that ¢(pm) = S(p*) and S(p*) > S(m").

2) For any positive integer k, if there are some prime p and positive integer m coprime with
p, such that ¢(p?>m) = S(p**) and S(p?*) > S(mF), then p = 2k+1 or 2 # p < k. Furthermore,

(I) If 2k + 1 = p, then

(p,m) = (2k+1,1), (2k+1,2), (2,3).
(I1) If 2 <p <k, then k > 3 and

2 < ¢(m) < k=Ll = 2(mod3),

2 < ¢(m) < 2’“2;"“, otherwise.
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3) For any positive integer k, if there are some prime p and positive integer m coprime
with p, such that ¢(p®m) = S(p®*) and S(p™*) > S(m*). Then ak +1 > p*~3(p? — 1) and
1 < ¢(m) < q, where

ak+1=gp*3(p*—1)+r, 0<r<p*3(p*-1).

4) For any positive integer k, there exist some prime p and positive integer m coprime with
p, such that ¢(p>m) = S(p**) and S(p*F) > S(m*), m =1,2.
Q. Liao and W. Luo [24]. 1) For any prime p, there is no any positive integer « such
o(p®)
S(p*)
2) Let p be an odd prime, a > 1 and n = 2%p.

that

18 a positive integer.

o0
) Ifz {%} >« and o(n) is a positive integer, then 2! = 1(mod p).
i=1

S(n)

(I1) Ifz [%} < «a and a(n) is a positive integer, then
i=1

S(n)

2o+l 1 2¢
U(n):m and p:mS( )—1

S(n) d d ’

where d = (2°T' — 1, 5(2%)) and 0 <m < d.

§2. Mean values of the Smarandache function
C. Yang and D. Liu [45]. Define o(n) = Zd. For any real x > 3 we have

d|n
7T2 1‘2 332
S =T 0 (7).

Y. Wang [39]. For any real x > 2 we have the asymptotic formula

ST ro ()

= In® z
W. Yao [48]. Let A(n) be the Mangoldt function. For any real x > 1 we have

3" An)S(n) = e <W> .

4 log x

n<zx

B. Shi [31]. Let k be any fized positive integer. For any real x > 1 we have

ZA<n)s<n)=x2§; G +o( - )

i E+1
e log* x log"" "z

where ¢; (i =0,1,--- k) are constants, and co = 1.
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Z.Lv [28]. Letk be any fived positive integer. For any real x > 2 we have the asymptotic

formula
sty —ssEt=2¢ (3t -9 jof 2
3500 =550 = 3¢ (3) 1 oo 0 ke )
where ((s) is the Riemann zeta function, ¢; (i = 1,2,--- k) are computable constants, and
c1 = 1.

J. Ge [7]. The Smarandache LCM function SL(n) is defined as the smallest positive
integer k such that n | [1,2,--- k], where [1,2,--- k] denotes the least common multiple of
1,2,--- k. Let k be any fized positive integer. For any real x > 2 we have the asymptotic
formula

st — syt =2 (325 4 4o 2
S s =57 =3¢ (5) oo 0 ke )
where ((s) is the Riemann zeta function, ¢; (i =1,2,--- k) are computable constants.

X. Fan and C. Zhao [5]. Let d(n) be the divisor function. For any real x > 2 we have

7T4 1‘2 IE2
> S(n)d(n) = S5 +0 <ln2 x) .

n<z

Z. Lv [29]. Let k > 2 be any fized positive integer. For any real x > 1 we have

22 bz x?
S(n)d(n) = — - — L 0
Z (n)d(n) 36 lnx+z In*z * (lnlﬂ'lx>7
n<lzx =2
where ¢; (i =2,3,--- , k) are computable constants.
M. Zhu [54]. Define o4(n) = Zdo‘, a>1. Let k > 2 be any fized positive integer. For
d|n

any real x > 1 we have

k
_a+2C@) 2 qneatt et
2 Stoa(m) = =5 T+ T O\ e )

where ¢; (i =2,3,--- , k) are computable constants.
H. Zhou [53]. Let k > 1 be any fized positive integer. For any complex s with Re s > 1

we have

= A(n¥)
2 55 ke
Y. Guo [8]. Define a function F(n) as follows:
0, if n=1,
aipr +agpa + -+ anpy, if m>1 and no=pipy® -y

Let k > 1 be any fized positive integer. For any real x > 1 we have

2

k C; 'CCQ X
3 (F() - 560)* = 3-S5 10 (W> |

n<x i=1
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where ¢; (i=1,2,--
C. Shi [32].

2
T
-, k) are computable constants, and ¢; =

For any positive integer k, the Smarandache kn-digital sequence a(k,n) is
defined as all positive integers which can be partitioned into two groups such that the second
part is k times bigger that the first. For 1 <k <9 and real x > 1 we have

S(n)  3w?
;a(k,n) = ﬁlnlnerO( ).

C. Yang, C. Li and D. Liu [44]. For any real x > 2 we have

3 $%(n) = %(‘2“;3 +o< z ) :

e In”

2 2 2
5= 80 _ (s +o<“; )
= n 3lnz n“x

W. Huang [11]. Let k > 1 be any fized integer. For any real © > 2 we have

Zsk k+1) xk:Jrl L0 (Ik+1)

e k+1 Inz ]n21'
Sk 20(k+1 k k
Z (”):C(+)_I+O($2 >
= n k+1 Inx In“ z

C. Li, C. Yang and D. Liu [19].

Let P(n) denote the largest prime factor of n. For
any real x > 2 we have

ZS(n —xln2—|—6—+0 .
n<$P(n Inz In® 2

M. Yang [46]. For any real x > 2 we have
) Lo (mlnlnx) 7
e SL (n) Inz
P(n) 240 (mlnlnx) .
= SL(n) Inx

L. Li, J. Hao and R. Duan [22]. For any real x > 1 we have

ZlnS(n) =zlnz+ 0 (z).

n<z

Z. Liu and P. Shi [27]. For any real x > 3 and 8 > 1 we have

3" (S(n) — P(n))’ = ﬂ +0 (xw> .

< (ﬁ—i— 1) Inz n?zx
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W. Huang [12]. Forn = p{*p5?---pp*, we define w(n) = p1 +p2 + -+ + pr. For any
real x > 2 we have
23 3
Y Sm)ywn) =B~ +0 (5,
n<x Inz In”z

where B is computable constant.
G. Chen [3]. Define H(n Z S(r)S(s). Let k > 1 be any fized positive integer.

[r,s]=n
For any real x > 1 we have

k
d; - a3 x3
E H(n :E O ],
n<z ( ) =1 lnlx <1nk+1x>

where d; (i =1,2,--- k) are computable constants, and dq =

Q. Yang [47]. For any real § <1, the series

=1
Z S(n)5

n=1

diverges.

For any real € > 0, the series
o0

1
2. SE®

CONVETgES.

§3. Mean values of the Smarandache function over sequences
W. Zhang and Z. Xu [50]. Let a(n) denote the square complements of n. For any real

x > 3 we have the asymptotic formula

ZS(a(n))g~1§l+O(gE;>.

e In“x

H. Li and X. Zhao [21]. Let ri(n) denote the integer part of k-th root of n. For any

real x > 3 we have
2 21+ 21+
S( —+O0| —— .
Z rk (k‘ + 1) Inx * 1n2 T

n<z

J. Ma [30]. Define L(n) =1[1,2,--- ,n]. For any real x > 1 we have

3 S (L(n) = %x +0( i )

n<zx
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E(k+1
Q. Wu [41]. Define Z(n) = min{k in < (;)} Let k > 2 be any fized positive
integer. For any real x > 1 we have
72 (22)F N oi(22)3 o}
S(Z = . , 0
Z (Z(n) = 35 1gn +§ iz TO\ s )
where ¢; (1 =2,3,--- k) are computable constants.

H. Zhao [51]. Let ax(n) denote the k-th power complements of n. For any real © > 3
we have

> (S(ar(n)) = (k= 1)P(n))* = 20(3) =2 o < o3 > |

e 3 . Inz 1112 x

W. Huang [10]. Define u(n) =min{k:n < k(2k — 1)}. Let k > 2 be any fized positive
integer. For any real x > 1 we have

> 5 (u(n) = o o) + i ci(22)8 +0 ot
= 144 In\2z = In 2z nftle )’
where ¢; (1 =2,3,--- , k) are computable constants.

Q. Zhao and L. Gao [52]. Define W(n) =min{k:n < k(B3k+1)}. Let k > 2 be any
fized positive integer. For any real x > 1 we have

2 (32)F = bi(3a)? zt
S (W =—" + , +0 | ——1,
; W) = 586 " tnvas ; In’ 3z g
where b; (i =2,3,---,k) are computable constants.
W. Huang and J. Zhao [14]. Define
. 1 1
up(n) = mln{m—i— im(m— H(r—2):n<m+ §m(m— 1)(r—2),reN;r > 3},
1 1
ve(n) = max{m—i— im(m— D(r—2):n>m+ im(m— H(r—2),reN,r> 3}

Let k > 2 be any fized positive integer. For any real x > 1 we have

_ m? 20r—2)1) o= (2 —2)2)? o3

B 2 Q0 —2)2)F & (20 —2)7)3 ot

r—23 1In 2(r —2)x

n<z

where ¢; (i =2,3,--+ ,k) are computable constants.
W. Huang [13]. Define a(n) =n — u,(n) and b(n) = v.(n) —n. Let k > 1 be any fized
positive integer. For any real x > 1 we have

- 8+v/272 T e
Z S(n)a(n) 63(r — 2) ' o <1n2 296) ’

n<lx

wlon
=)

[\

S
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8\4/571'2 ri ri
2 S = 63(r2)i'ln2x+0<1n22x '

n<z
R. Xie, L. Gao and Q. Zhao [42]. Define gq4(n H Let k > 1 be any fized positive
d|n
d<n

integer. For any real x > 1 we have

S (5 st (e 1) P Z (ﬁw)

n<x

where ¢; (i =1,2,--- k) are computable constants, and

30 H0)

B. Li, J. Guo and H. Dong [18]. Define

(n) 1, if n=1,
U(n) =
max {aap1,aopa,--- ,appr}, if n=p{"py* - por.

Let k > 2 be any fized positive integer. For any real x > 3 we have

> (8 o)) = (k= U = 3¢ (3) #1040 (f{%) -

n<x

J. Bai and W. Huang [1]. Let A denote the set of the simple numbers. Let k > 2 be

any fized positive integer. For any real x > 2 we have

Bkarl k kaﬂ okl
k
7;15 lnsr:JrZZ (lnk"’laj)7
neA
FE\/xnl
Z —Dlnlnx—k\/M—FO(ﬁ),
= S(n Inz Inz
neA

where B, D, E, C; (i=2,3,---,k) are computable constants.
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§1. Definition and simple properties

According to [11], the pseudo-Smarandache function Z(n) is defined by

Z(n) :min{m: n’m(m;_l)}

Some elementary properties can be found in [11] and [1].

R. Pinch [20]. For any given L > 0 there are infinitely many values of n such that

Z 1 Z(n—1
M > L, and there are infinitely many values of n such that M > L.
Z(n) Z(n)
For any integer k > 2, the equation % =k has infinitely many solutions n.
n
2n
The ration (2n) is not bounded.
Z(n)

1
Fix 3 < B < 1 and integer t > 5. The number of integers n with e~ < n < e’ such that
Z(n) < n” is at most 196t%e°*.

oo
1
The series ——— 18 convergent for any o > 1.
; 7o) gent for any

Some explicit expressions of Z(n) for some particular cases of n were given by Abdullah-
Al-Kafi Majumdar.
A. A. K. Majumdar [18]. Ifp >5 is a prime, then

p_]-a Zf4|p_]-7
P if 4lp+1,

p_]-a Zf3|p_]-7
s if 3lp+1,

Z(2p) =

Z(3p) =
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No.

Z(4p)

Z(6p)

A. A. K. Majumdar [18].

Z(5p) =

If p > 11 is a prime, then

If p > 13 is a prime, then

H. Liu

R if 8]p+1,
3p—1, if 8|3p+1,
3p, if 813p+1,
p—1, if 12|p—1,

) if 12]p+1,
2p—1, if 4|3p+1,
2p, if 4]|3p—1.

If p > 7 is a prime, then

P, if 10]p+1,
2p—1, if 5|2p—1,
2, if 5|20+ 1.

p—1, if T[p—1,
, if T[p+1,
2p—1, if 7|2p—1,
2p, if 5]2p+1,
3p—1, if 7|3p—1,
3p, if T|3p+1.

p-1, if 1]p—1,
D, if 11[p+1,
op—1, if 11]2p—1,
2, if 11]2p+1,
3p—1, if 11]3p—1,
3p, if 11|3p+1,
dp—1, if 11|4p—1,
4p, if 11]4p+1,
5p—1, if 11]5p—1,
5p, if 11]5p+ 1.
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A. A. K. Majumdar [18]. Let p and q be two primes with ¢ >p > 5. Then
Z(pq) = min {qyO - 1ap$0 - 1}7
where

yo = min{y: z,y €N, qy —pr =1},
min{z: z,y € N;pzx —qy =1}.

Zo

A. A. K. Majumdar [18]. Ifp > 3 is a prime, then Z(2p*) =p*> — 1. Ifp>5isa
prime, then Z(3p?) = p? — 1.
If p > 3 is a prime and k > 3 is an integer, then

k. if 4 p—1 andk is odd,
2% = P f 4|p
p* —1, otherwise,
k. if 3| p+1 andk is odd,
230 = P f 3|p

p* —1, otherwise.
S. Gou and J. Li [2]. The equation Z(n) = Z(n + 1) has no positive integer solutions.
For any given positive integer M, there exists a positive integer s such that

1Z(s) — Z(s +1)| > M.

Y. Zheng [29]. For any given positive integer M, there are infinitely many positive
integers m such that
|Z(n+1)—Z(n)| > M.

M. Yang [27]. Suppose that n has primitive roots. Then Z(n) is a primitive root modulo
n if and only if n = 2,3,4.
W. Lu, L. Gao, H. Hao and X. Wang [17]. Letp > 17 be a prime. Then we have

Z(2P+1)>10p,  Z(2°—1) > 10p.

L. Gao, H. Hao and W. Lu [?]. Letp > 17 be a prime, and let a,b be distinct positive
integers. Then we have
Z (a? + b?) > 10p.

Y. Ji [10]. Let r be a positive integer. Suppose that r # 1,2,3,5. Then

| 1
Z(2+1)> (-1+ V25 4a1).
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Assume that r # 1,2,4,12. Then

Z(2" - 1)

( 14/2r+3.3 - 2)

L\J\H

§2. Mean values of the pseudo-Smarandache function
Y. Lou [16]. For any real x > 1 we have

Zan(n) =zlnz+ O(x).

n<x

W. Huang [9]. For any integer n > 1 we have

i lnf(k)
= : : _HO(lnln) Zzlr(an)(k) :O(lnln>'

k<n

L. Cheng [4]. Let p(n) denote the smallest prime divisor of n, and let k be any fixed
positive integer. For any real x > 1 we have

k
p(n) a;x T
. O
Z (n) lnx 12 T (lnk+1z> ’

21113:

n<lz

where a; (i =2,3,--- k) are computable constants.
X. Wang, L. Gao and W. Lu [23]. Define

Qn) = 0, ifn=1,

aupr + aopa + - appy,  if n=plips? . pin.

Let k > 2 be any fized positive integer. For any real x > 1 we have

_ 23
E Z(n)Q) = _
—~ ()2 (n) 31nx ln :c ( k+1 x) ’

where a; (i =2,3,--- k) are computable constants.
H. Hao, L. Gao and W. Lu [8]. Let d(n) denote the divisor function, and let k > 2
be any fized positive integer. For any real x > 1 we have

mt z? P a2 x2
E Z(n)dn)=— - — E v O ———+-—
(n)d(n) 36 Inzx + ~— In'z N (lnk‘H m) ’
n<x =2
where a; (i =2,3,--- ,k) are computable constants.

X. Wang, L. Gao and W. Lu [24]. Define

D(n) min{m: méeN,n | Hd(z)}

i=1
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Let k > 2 be any fized positive integer. For any real x > 1 we have

k
C(3) In2 3 a;x3 x3
Z(n)InD(n S O —F—
ngz . 3 lnz+glnm+ Ity )’
where a; (i =2,3,--- ,k) are computable constants.

§3. The dual of the pseudo-Smarandache function, the near pseudo-Smarandache
function, and other generalizations

According to [21], the dual of the pseudo-Smarandache function is defined by

Z*(n)zmax{meN: m(”";“)m}

D. Liu and C. Yang [15]. Let A denote the set of simple numbers. For any real x > 1

we have ) ) )
A X X
ZZ*(H)201M+021112$+0< 3 ),

n<e In°
neA

where Cy,Cs are computable constants.

X. Zhu and L. Gao [30]. We have

00Zn
Z;(

= me(m + 1
The near pseudo Smarandache function K (n) is defined as

= i+k(n)
i=1

n

where k(n) =min{ k: k€ N,n | Zz + k} Some recurrence formulas satisfied by K(n) were
i=1
derived in [19].

H. Yang and R. Fu [26]. For any real x > 1 we have

1 1
Zd(K(n)—n(n;)> = ixlogx—l—Aac—l—O(aﬁlogzm),
n<z

nn+1 93 3.,
Z¢(K(n)—( 5 )> = 287r2x2+0(x2+)7
n<z

where ¢(n) denotes the Euler function, A is a computable constant, and € > 0 is any real
number.

1
Y. Zhang [28]. For any real number s > 3 the series

=1
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s convergent, and

=1 2 5 = 1 11 22 +21n2
=—-In2+ = =g =
Z;Km) 3T g;K%m 108" 27
Y. Li, R. Fu and X. Li [14]. We have
z2Inlnz x2 2z2Inlnz x2
K = —— + B— 0]
nz;x () 3lnx * 1H$+ 9In® z * <1Il2aj>7
ngA
1 2 Inlnz
—— = Z(Inlnz)’+ DInl E+0 .
;K(n) 3(nngc) +Dlnlnz+ FE + (ln:z:)
TLE_A

L. Gao, R. Xie and Q. Zhao [5]. Define

pan)=1[d.  aaln)=]] ¢
d

d|n
d<n
For any real x > 1 we have
x® x® x° z°
K = Inl Aj— + ———1Inl —
Z (Pa(n)) Slnzx nmrt 11n1‘+251n2x nn$+0<n2x)’
n<x
ncA
a3 3 3 3
K = Inl Ay— 4+ ———Inl O(——
nz<; (aa) 3lnz e 211131”/—~_9111233 e (n%:)7
neA

where Ay, A are computable constants.
Other generalizations on the near pseudo-Smarandache function have been given. For

example, define

%mqu{m;memnﬁﬁm+2W+m}.

The elementary properties were studied in [6] and [7].
Y. Wang [25]. Define

Ut(n)zmin{kz: 1t+2t+--~+nt—|—kz=m,n\m,k,t,meN}.

For any real number s > 1, we have
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M. Tong [22]. Define

Zo(n) min{m: m e N,n|m(m+1)}, if2]|n,
On =
min{m : m € N,n | m?}, if 2t n.

For any real x > 1, we have

> Zo(2n—1) = %f’)ﬁ +0 (x+) .

n<az
X. Li [12]. Define
C(n) :min{a+b: a,beN,n | a(ag_l)—kb}.
For any real x > 1, we have

Y Cn) = V2r?+0(2),

n<lz
1
1
ng;d(C(n)) = lenx—l—x(Qv—i—;an—;)—1—0(302),

where v is the Euler constant.
Y. Li [13]. Define

1
D(n):max{ab: a,beN,n:a(a;)_Fb}.

For any real x > 1, we have

D(n) = %x% +0 (xg) ,
. Cn)  9V3
n<zD(n) = Tlnx—l—O(l).
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