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Abstract Let n > 1 be an integer. The integer d =
∏s

i=1 pbi
i is called an exponential divisor

of n =
∏s

i=1 pai
i , if bi | ai for every i ∈ 1, 2, · · ·, s. Let τ (e)(n) denote the exponential divisor

function. In this paper, we study the sum D(1, 2, · · ·, 2︸ ︷︷ ︸
k

; x) =
∑

n≤x d(1, 2, · · ·, 2︸ ︷︷ ︸
k

; n) and get

the asymptotic formula for it, where d(1, 2, · · ·, 2︸ ︷︷ ︸
k

; n) =
∑

n=ab21···b2k
1. We get the mean value

for the exponential divisor function, which improves the previous result.

Keywords Dirichlet convolution; asympototic formula; exponential divisor function.

1 Introduction

Many scholars are interested in researching the divisor problem, and they have obtained a
large number of good results. However, there are many problems hasn’t been solved. For exam-
ple, F. Smarandache gave some unsolved problems in his book only problems, not solutions!,
and one problem is that, a number n is called simple number if the product of its proper divisors
is less than or equal to n. Generally speaking, n = p, or n = p2, or n = p3, or pq, where p and
q are distinct primes. The properties of this simple number sequence hasn’t been studied yet.
And other problems are introduced in this book, such as proper divisor products sequence and
the largest exponent (of power p) which divides n, where p ≥ 2 is an integer.

In this the definition of exponential divisor: suppose n > 1 is an integer, and n =
∏t

i pai
i .

If d =
∏t

i pbi
i satisfies bi | ai, i = 1, 2, · · ·, t, then d is called an exponential divisor of n, notation

d |e n. By convention 1 |e 1.
J. Wu [4] improved the above result got the following result:

∑

n≤x

τ (e)(n) = A(x) + Bx
1
2 + O(x

2
9 log x),

where

A =
∏
p

(
1 +

∞∑
a=2

d(a)− d(a− 1)
pa

)
,
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B =
∏
p

(
1 +

∞∑
a=5

d(a)− d(a− 1)− d(a− 2) + d(a− 3)
p

a
2

)
.

M. V. Subbarao [2] also proved for some positive integer r,
∑

n≤x

(τ (e)(n))r ∼ Arx,

where

Ar =
∏
p

(
1 +

∞∑
a=2

(d(a))r − (d(a− 1))r

pa

)
.

L. Toth [3] proved
∑

n≤x

(τ (e)(n))r = Ar(x) + x
1
2 P2r−2(log x) + O(xur+ε),

where P2r−2(t) is a polynomial of degree 2r − 2 in t, ur = 2r+1−1
2r+1+1 .

Similarly to the generalization of dk(n) from d(n), we define the function τ
(e)
k (n):

τ
(e)
k (n) =

∏

p
ai
i ‖n

dk(ai), k ≥ 2,

Obviously when k = 2, that is τ (e)(n). τ
(e)
3 (n) is obviously a multiplicative function. In this

paper we investigate the case k = 3, i.e. the properties of the function τ
(e)
3 (n).

In this paper, we will study the asymptotic formula for the mean value of the r-th power
of the function τ

(e)
3 (n), where r > 1 is an integer.

Theorem 1.1. For every integer r > 1, then we have
∑

n≤x

(τ (e)
3 (n))r = Arx + x

1
2 R3r−2(log x) + O(xbr+ε),

for every ε > 0, where br := 1
3−α3r−1

, αk is as defined in Lemma 2.2, the O− term is related to
r, R3r−2(x) is a polynomial of degree 3r − 2 and

Ar :=
∏
p

(
1 +

∞∑
a=2

(d3(a))r − (d3(a− 1))r

pa

)
,

where d3(n) =
∑

n=m1m2m3

1.

2 Some lemmas

In this section, we give some lemmas which will be used in the proof of our theorem.
Lemma 2.2 and Lemma 2.3. can be found in [1] and [5].

Lemma 2.1. For r > 1, then we have
∞∑

n=1

(τ (e)
3 (n))r

ns
= ζ(s)ζ3r−1(2s)V (s),

where the infinite series V (s) :=
∞∑

n=1

v(n)
ns

is absolutely convergent for <s > 1
4 .
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Proof. By Euler’s product formula, we can get

∞∑
n=1

(τ (e)
3 (n))r

ns
=

∏
p

(
1 +

(τ (e)
3 (p))r

ps
+

(τ (e)
3 (p2))r

p2s
+

(τ (e)
3 (p3))r

p3s
+

τ
(e)
3 (p4))r

p4s
+ · · ·

)

=
∏
p

(
1 +

dr
3(1)
ps

+
dr
3(2)
p2s

+
dr
3(3)
p3s

+
dr
3(4)
p4s

+
dr
3(5)
p5s

+ · · ·
)

=
∏
p

(
1 +

1
ps

+
3r

p2s
+

3r

p3s
+

6r

p4s
+

3r

p5s
+ · · ·

)

= ζ(s)
(

1 +
3r − 1

p2s
+

3r

p4s
+ · · ·

)

= ζ(s)ζ3r−1(2s)V (s),

(2.1)

where the infinite series V (s) :=
∞∑

n=1

v(n)
ns

is absolutely convergent for <s > 1
4 .

Lemma 2.2. Suppose k ≥ 2 is an integer. Then

Dk(x) =
∑

n≤x

dk(n) = x

k−1∑

j=0

cj(log x)j + O(xαk+ε),

where cj is a calculable constant, ε is a sufficiently small positive constant, αk is the infimum
of numbers αk, such that

∆k(x) =
∑

n≤x

dk(n)− xPk−1(log x) ¿ xαk+ε, (2.2)

and

α2 ≤ 131
416

, α3 ≤ 43
94

,

αk ≤ 3k − 4
4k

, 4 ≤ k ≤ 8,

α9 ≤ 35
54

, α10 ≤ 41
61

, α11 ≤ 7
10

,

αk ≤ k − 2
k + 2

, 12 ≤ k ≤ 25,

αk ≤ k − 1
k + 4

, 26 ≤ k ≤ 50,

αk ≤ 31k − 98
32k

, 51 ≤ k ≤ 57,

αk ≤ 7k − 34
7k

, k ≥ 58.

Lemma 2.3. Suppose f(m), g(n) are arithmetical functions such that

∑

m≤x

f(m) =
J∑

j=1

xαj Pj(log x) + O(xα),
∑

n≤x

| g(n) |= O(xβ),
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where α1 ≥ α2 ≥ · · · ≥ αJ > α > β > 0, Pj(t) is a polynomial in t, if h(n) =
∑

n=md f(m)g(d),
then

∑

n≤x

h(n) =
J∑

j=1

xαj Qj(log x) + O(xα),

where Qj(t) {j = 1, · · ·, J} is a polynomial in t.

3 The mean value of d(1, 2, · · ·, 2; n)

Theorem 3.1. Suppose k ≥ 2 is an integer, then

D(1, 2, · · ·, 2︸ ︷︷ ︸
k

;x) =
∑

n≤x

d(1, 2, · · ·, 2︸ ︷︷ ︸
k

;n) = ζk(2)x + x
1
2 Qk−1(log x) + O(x

1
3−αk

+ε).

Proof. Recall that d(1, 2, · · ·, 2︸ ︷︷ ︸
k

;n) =
∑

n=ab21···b2k 1, by hyperbolic summation formula, we have

D(1, 2, · · ·, 2︸ ︷︷ ︸
k

;x) =
∑

n≤x

d(1, 2, · · ·, 2︸ ︷︷ ︸
k

;n) =
∑

m2l≤x

dk(m)

=
∑

m≤y

dk(m)
∑

m2l≤x

1 +
∑

l≤z

∑

m2l≤x

dk(m)−
∑

m≤y

dk(m)
∑

l≤z

1

:= S1 + S2 − S3,

(3.1)

where y, z are parameters that will be determined later, and satisfy that y2z = x, 1 ≤ y ≤ x.
Now, we deal with S1, S2 and S3, separately

S1 =
∑

m≤y

dk(m)
∑

m2l≤x

1 =
∑

m≤y

dk(m)[
x

m2
]

= x
∑

m≤y

dk(m)
m2

+ O


∑

m≤y

dk(m)




= ζk(2)x− x
∑
m>y

dk(m)
m2

+ O(y1+ε).

(3.2)

Using Lemma 2.2 and partial summation formula, we have

∑
m>y

dk(m)
m2

=
∫ ∞

y+

1
t2

d


∑

m≤t

dk(m)




=
∫ ∞

y+

1
t2

d


t

k=1∑

j=0

cj(log t)j + O(tαk+ε)




=
k=1∑

j=0

cj

∫ ∞

y+

1
t2

d(log t)j + O(y−2+αk+ε)

=
k=1∑

j=0

cjy
−1[(log y)j + 2j(log y)j−1 + 2j(j − 1)(log y)j−2 + · · ·+ 2j(j − 1) · · · 1]

+ O(y−2+αk+ε).
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Since y =
√

x
z , we have log y = 1

2 (log x− log z), inserting this into (3.2), we can get

S1 = ζk(2)x− S11 − S12 + O(y1+ε + xy−2+αk+ε), (3.3)

where

S11 = x
1
2 z

1
2

k−1∑

j=1

cj

2j

j∑

i=0

Ci
j(log x)j−i(−1)i(log z)i,

S12 = 2x
1
2 z

1
2

k−1∑

j=1

cj

2j

j∑

i=0

j!
i!2j−i

i∑
s=0

Cs
i (log x)i−s(−1)s(log z)s.

By Lemma 2.2, we get

S2 =
∑

l≤z

∑

m≤
√

x
l

dk(m) =
∑

l≤z




√
x

l

k−1∑

j=1

cj

(
log

√
x

l

)j

+ O

((√
x

l

)αk+ε
)



= x
1
2

k−1∑

j=0

cj

2j

j∑

i=0

Ci
j(log x)j−i(−1)i

∑

l≤z

l−
1
2 (log l)i + O(xy−2+αk+ε),

(3.4)

where

∑

l≤z

l−
1
2 (log l)i =

∫ z

1−
t−

1
2 (log t)id[t] =

∫ z

1−
t−

1
2 (log t)idt +

∫ z

1−
t−

1
2 (log t)id∆(t). (3.5)

We can easily get that ∆(t) = O(1). Using partial integral formula, we have
∫ z

1−
t−

1
2 (log t)id∆(t) = ωi + O(z−

1
2+ε), (3.6)

where ωi is a constant. We can also obtain that
∫ z

1−
t−

1
2 (log t)idt = 2z

1
2 (log z)i − 22iz

1
2 (log z)i−1 + · · ·+ (−1)i+12i+1i!. (3.7)

Combing (3.4)-(3.7), we have

S2 = x
1
2 Q̃k−1(log x) + S21 + S22 + O(xy−2+αk+ε), (3.8)

where

Q̃k−1(log x) =
k−1∑

j=0

cj

2j

j∑

i=0

Ci
j(log x)j−i(−1)i(ωi − (−1)i2i+1i!),

S21 = 2x
1
2 z

1
2

k−1∑

j=0

cj

2j

j∑

i=0

Ci
j(log x)j−i(−1)i(log z)i,

S22 = 2x
1
2 z

1
2

k−1∑

j=0

cj

2j

j∑

i=0

Ci
j(log x)j−i(−1)i

i−1∑
s=0

(−1)s−i2i−s i!
s!

(log z)s.
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For S3, we have

S3 =
∑

m≤y

dk(m)
∑

l≤z

1 = zy
k−1∑

j=0

cj(log y)j + O(yαk+εz) + O(y1+ε)

= yz

k−1∑

j=0

cj(log y)j + O(yαk+εz + y1+ε).

(3.9)

Inserting y =
√

x
z , and log y = 1

2 (log x− log z) into (3.7), then

S3 = S31 + O(yαk+εz + y1+ε), (3.10)

where

S31 =
1
2
z

1
2

k−1∑

j=0

cj

2j

j∑

i=0

Ci
j(log x)j−i(−1)i(log z)i.

Note that Ci
j = i!

j!(i−j)! . After some simplification we can easily get that S11 + S31 =

S21, S12 = S22. Taking y = x
3−αk

, z = x(1−αk)
3−αk

, then Theorem 3.1 is proved.
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Abstract Let n > 1 be an integer, P ∗(n) be the unitary analogue of the gcd-sum function.

In this paper, we consider the mean value of P ∗(n) over cube-full numbers, that is

∑

n≤x
n is cube−full

P ∗(n) =
∑

n≤x

P ∗(n)f3(n),

where f3(n) is the characteristic function of cube-full integers, i.e.

f3(n) =





1, n is cube-full,

0, otherwise.

Keywords divisor problem, Dirichlet convolution method, mean value.

An integer n = pa1
1 pa2

2 ...par
r is called k-full number if all the exponents a1 ≥ k, a2 ≥

k, · · ·, ar ≥ k. When k = 3, n is called cube-full integers, i.e.

f3(n) =





1, n is cube-full,

0, otherwise.

In 1972, M. V. Subbarao [4] gave the definition of the exponential divisor, i.e. n > 1 is an

integer and n =
r∏

i=1

pai
i , d =

r∏
i=1

pci
i , if ci | ai, i = 1, 2, · · ·, r, then d is an exponential divisor of

n. We denote d |e n. Two integers n,m > 1 have common exponential divisors if they have the

same prime factors and in this case, i.e. for n =
r∏

i=1

pai
i ,m =

r∏
i=1

pbi
i , ai, bi ≥ 1 (1 ≤ i ≤ r), the

greatest common exponential divisor of n and m is (n,m)e =
r∏

i=1

p
(ai,bi)
i . Here (1, 1)e = 1 by

convention and (1,m)e does not exist for m > 1.
The integers n,m > 1 are called exponentially coprime, if they have the same prime factors

and (ai, bi) = 1 for every 1 ≤ i ≤ r, with the notation of above. In this case (n,m)e = Sr(n) =
Sr(m). The function Sr(n) = P1 ∗ · · · ∗ Pr can be found in the unsolved problem 63 (see [3]).



8 Ping Song and Jing Huang No. 1

1 and m > 1 are not exponentially coprime. Let

P ∗(n) =
n∑

k=1

(k, n)∗,

where (k, n)∗ := max{d ∈ N : d | k, d ‖ n}, which was introduced by Tóth [5]. The function
P ∗(n) is also multiplicative and P ∗(pa) = 2pa − 1 for every prime power pa (a ≥ 1).

Many authors have investigated the properties of the function P ∗(n), see [6] and [1]. Re-
cently, L. Tóth [6] proved the following result:

∑

n≤x

P ∗(n) =
α

2ζ(2)
x2 log x + βx2 + O(x

3
2 log x),

where α =
∏

p(1− 1/(p + 1)2) ≈ 0.775883, α, β are constants.
The aim of this paper is to establish the following asymptotic formula for the mean value

of the function P ∗(n) over cube-full numbers.

Theorem 0.1. We have the asymptotic formula

∑

n≤x

P ∗(n) =
1
4
x

4
3 R1,1(log x) +

1
5
x

5
4 R1,2(log x)

+
1
6
x

6
5 R1,3(log x) + O(x

7
6 exp(−D(log x)

3
5 (log log x)−

1
5 ),

where R1,k(t), k = 1, 2 are polynomials of degree 1 in t, D > 0 is an absolute constant.

Notation. Throughout this paper, ε always denotes a fixed but sufficiently small positive
constant.

1 Some lemmas

Lemma 1.1. Let f(m), g(n) are arithmetical functions such that

∑

m≤x

f(m) =
J∑

j=1

xαj Pj(log x) + O(xα),

∑

n≤x

| g(n) |= O(xβ),

where α1 ≥ α2 ≥ · · · ≥ αJ > α > β > 0, Pj(t) are polynomials in t. If h(n) =
∑

n=md f(m)g(d)
then

∑

n≤x

h(n) =
J∑

j=1

xαj Qj(log x) + O(xα),

where Qj(t) are polynomials in t, (j = 1, · · ·J).

Proof. This is Theorem 14.1 of Ivić [2].
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Lemma 1.2. Let f(n) be an arithmetical function for which

∑

n≤x

f(n) =
l∑

j=1

xaj Pj(log x) + O(xa),

∑

n≤x

| f(n) |= O(xa1(log x)r),

where a1 ≥ a2 ≥ · · · ≥ al > 1
c > a ≥ 0, r ≥ 0, Pj(t) are polynomials in t of degrees not exceeding

r, j = 1, · · ·J , and c ≥ 1, b ≥ 1 are fixed integers. Suppose for <s > 1 that

∞∑
n=1

µd(n)
ns

=
1

ζb(s)
,

if

h(n) =
∑

dc|n
µb(d)f(n/dc),

then

∑

n≤x

h(n) =
l∑

j=1

xaj Rj(log x) + Ec(x),

where Rj(t) are polynomials in t of degrees not exceeding r, (j = 1, · · ·l), and for some D > 0,

Ec(x) ¿ x
1
c exp(−D(log x)

3
5 (log log x)−

1
5 ).

Proof. See Theorem 14.2 of Ivić [2].

Lemma 1.3. Let P ′(n) = P∗(n)
n ,<s > 1, we have

∞∑
n=1

n is cube−full

P ′(n)
ns

=
ζ2(3s)ζ2(4s)ζ2(5s)

ζ(6s)
G(s),

where the Dirichlet series G(s) :=
∑∞

n=1
g(n)
ns is absolutely convergent for <s > 1

7 .

Proof.

∞∑
n=1

n is cube−full

P ′(n)
ns

=
∞∑

n=1

P ′(n)f3(n)
ns

=
∏
p

(
1 +

P ′(p3)f3(p3)
p3s

+
P ′(p4)f3(p4)

p4s
+ ... +

P ′(pr)f3(pr)
prs

)

=
∏
p

(
1 +

2
p3s

+
2

p4s
+

2
p5s

+
2

p6s
+

2
p7s

− 1
p3+3s

− 1
p4+4s

+ · · ·
)

= ζ(3s)
∏
p

(
1 +

1
p3s

+
2

p4s
+

2
p5s

+ · · ·
)
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= ζ2(3s)
∏
p

(
1 +

2
p4s

+
2

p5s
− 1

p6s
− 2

p7s
+ · · ·

)

= ζ2(3s)ζ(4s)
∏
p

(
1 +

1
p4s

+
2

p5s
− 1

p6s
− 2

p7s
+ · · ·

)

= ζ2(3s)ζ2(4s)
∏
p

(
1 + +

2
p5s

− 1
p6s

− 2
p7s

+ · · ·
)

= ζ2(3s)ζ2(4s)ζ(5s)
∏
p

(
1 + +

1
p5s

− 1
p6s

− 2
p7s

+ · · ·
)

= ζ2(3s)ζ2(4s)ζ2(5s)
∏
p

(
1− 1

p6s
− 2

p7s
+ · · ·

)

=
ζ2(3s)ζ2(4s)ζ2(5s)

ζ(6s)
G(s),

where G(s) :=
∑∞

n=1
g(n)
ns =

∏
p(1− 2

p7s + · · ·), which is absolutely convergent for <s > 1
7 , and

∑

n≤x

| g(n) |¿ x
1
7+ε.

Lemma 1.4.
∑

m≤x

d(3, 3, 4, 4, 5, 5;m) = x
1
3 P1,1(log x) + x

1
4 P1,2(log x) + x

1
5 P1,3(log x) + O(xσ0+ε),

where σ0 = 100699
665232 = 0.15137426 · ··, P1,k(t) are polynomials of degree 1 in t, k = 1, 2.

P roof. By perron’s formula, we have

S(x) =
∑

n≤x

δ(n)d(n)

=
1

2πi

∫ b+iT

b−iT

ζ2(3s)ζ2(4s)ζ2(5s)
xs

s
ds + O(

x
1
3+ε

T
),

where b = 1
3 + ε, T = xc, c is a very large number of fixed numbers. 1

7 < σ0 < 1
6 . According to

Residue’s theorem, we have

S(x) = x
1
3 (P3(log x)) + x

1
4 (P4(log x)) + x

1
5 (P5(log x)) + I1 + I2 + I3 + O(1),

I1 =
1

2πi

∫ σo−iT

b−iT

ζ2(3s)ζ2(4s)ζ2(5s)
xs

s
ds,

I2 =
1

2πi

∫ σ0+iT

σ0−iT

ζ2(3s)ζ2(4s)ζ2(5s)
xs

s
ds,

I3 =
1

2πi

∫ b+iT

σ0+iT

ζ2(3s)ζ2(4s)ζ2(5s)
xs

s
ds.
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Since σ0 > 7
43 , we have

I1 + I3 ¿
∫ 1

3+ε

σ0

| ζ(3σ + i3T ) |2| ζ(4σ + i4T ) |2| ζ(5σ + i5T ) |2 xσT−1dσ

¿ T−1

(∫ 1
5

σ0

+
∫ 1

4

1
5

+
∫ 1

3

1
4

+
∫ 1

3+ε

1
3

)

| ζ(3σ + i3T ) |2| ζ(4σ + i4T ) |2| ζ(5σ + i5T ) |2 xσdσ

¿ x
1
6 T−δ+ε + x

1
5 T−

3
5+ε + x

1
4 T−

5
6+ε + x

1
3 T−1+ε + x

1
3+εT−1

¿ x
1
3+εT−δ+ε,

where δ is very small normal number, δ > ε,

I2 ¿ xσ0(1 +
∫ T

1

(| ζ(3σ + i3T ) |2| ζ(4σ + i4T ) |2| ζ(5σ + i5T ) |2 t−1dt).

According to the partial integral formula, only the formula is proved,

I4 =
∫ T

1

(| ζ(3σ + i3T ) |2| ζ(4σ + i4T ) |2| ζ(5σ + i5T ) |2 dt) ¿ T 1+ε.

If pi > 0(i = 1, 2, 3) are real number, and 1
p1

+ 1
p2

+ 1
p3

= 1, by Hölder inequality, we have

I4 ¿ (
∫ T

1

| ζ(3σ + i3T ) |2p1 dt)
1

p1 (
∫ T

1

| ζ(4σ + i4T ) |2p2 dt)
1

p2 (
∫ T

1

| ζ(5σ + i5T ) |2p3 dt)
1

p3 .

So, we have to prove

∫ T

1

| ζ(3σ0 + i3t) |2p1 dt ¿ T 1+ε,

∫ T

1

| ζ(4σ0 + i4t) |2p2 dt ¿ T 1+ε,

∫ T

1

| ζ(5σ0 + i5t) |2p3 dt ¿ T 1+ε.

Let m(3σ0) = 2p1,m(4σ0) = 2p2,m(5σ0) = 2p3, since 2
m(3σ0)

+ 2
m(4σ0)

+ 2
m(5σ0)

= 1, we have
σ0 = 100699

665232 = 0.15137426 · · ·

2 Proof of Theorem 0.1

Let

ζ2(3s)ζ2(4s)ζ2(5s)G(s) =
∞∑

n=1

f(n)
ns

,<s > 1,

ζ2(3s)ζ2(4s)ζ2(5s) =
∞∑

n=1

d(3, 3, 4, 4, 5, 5;n)
ns

,
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such that
f(n) =

∑

n=md

d(3, 3, 4, 4, 5, 5;m)g(d). (2.1)

From Lemma1.4 and the definition of d(3, 3, 4, 4, 5, 5;m) we get
∑

m≤x

d(3, 3, 4, 4, 5, 5;m) = x
1
3 P1,1(log x) + x

1
4 P1,2(log x) + x

1
5 P1,3(log x) + O(xσ0+ε), (2.2)

where P1,k(t) are polynomials of degree 1 in t, k = 1, 2.

In addition we have ∑

n≤x

| g(n) |= O(x
1
7+ε). (2.3)

Combining (2.1),(2.2) and (2.3), and applying Lemma 1.2, we have
∑

n≤x

f(n) = x
1
3 Q1,1(log x) + x

1
4 Q1,2(log x) + x

1
5 Q1,3(log x) + O(xσ0+ε), (2.4)

where Q1,1(t), Q1,2(t) are polynomials of degrees 1 in t, then we can get
∑

n≤x

| f(n) |¿ x
1
3 log x. (2.5)

Since 1
ζ(6s) =

∑∞
n=1

µ(n)
n6s ,<s > 1

6 , from Lemma 1.4 and (3.1) we have the relation

P ′(n)f2(n) =
∑

n=md6

f(m)µ(d). (2.6)

From (2.4), (2.5) and (2.6), in view of Lemma 1.3, we can get
∑

n≤x
n is cube−full

P ′(n) = x
1
3 R1,1(log x) + x

1
4 R1,2(log x) + x

1
5 R1,3(log x)

+ O(x
1
6 exp(−D(log x)

3
5 (log log x)−

1
5 ).

(2.7)

From the definition of P ′(n) and Abel’s summation formula, we can easily get
∑

n≤x
n is cube−full

P ∗(n) =
∑

n≤x
n is cube−full

P ′(n)n

=
∫ x

1

td




∑

n≤x
n is cube−full

P ′(n)




=
1
4
x

4
3 R1,1(log x) +

1
5
x

5
4 R1,2(log x) +

1
6
x

6
5 R1,3(log x)

+ O(x
7
6 exp(−D(log x)

3
5 (log log x)−

1
5 ),

where R1,k = 1, 2 are polynomials of degree 1 in t,D > 0 is an absolute constant.
Then, we complete the proof of Theorem 0.1.



Vol. 12 The mean value of P ∗(n) over cube-full numbers 13

Acknowledgements

The authors express their gratitude to the referee for a careful reading of the manuscript
and many valuable suggestions which highly improve the quality of this paper.

References

[1] S. Chen and W. Zhai. Reciprocals of the Gcd-Sum functions. J. Integer Seq. 14 (2011), no. 8,

Article 11.8.3,13 pp.

[2] A. Ivić. The Riemann zeta-function: theory and applications. John Wiley and Sons, New York,

1985, 387 - 393.

[3] F. Smarandache. Only problems, Not solutions! Xiquan Publishing House, Chicago, 1993.

[4] M. V. Subbarao. On some arithmetic convolutions. In: The Theory of Arithmetic Functions.

Lecture Notes in Mathematics. Vol. 251, Springer, 1972, 247-271.
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§1. Introduction and preliminaries

Theorem 1.1. Let f : I ⊆ R → R be a convex function defined on the interval I = [a, b]
of the real numbers and let a, b ∈ [c, d] where a < b. Then,

f

(
a + b

2

)
≤ 1

b− a

∫ b

a

f(x)dx ≤ f(a) + f(b)
2

. (1.1)

The above double inequality, which we can say is the first fundamental result for convex
functions with a natural geometric applications, is known in literature as the Hermite-Hadamard
inequality. Furthermore, the inequality has several updates for different types of convex func-
tions in literature (See [1], [8], [9], [10], [12] and [13]).

Definition 1.1.[2] A function f : I → R is said to be convex, if for every x, y ∈ I and
t ∈ [0, 1] , we have

f(tx + (1− t)y) ≤ tf(x) + (1− t)f(y). (1.2)

Definition 1.2.[5] A function f : [0, b] → R is said to be m-convex, where m ∈ [0, 1], if
for every x, y ∈ [0, b], and t ∈ [0, 1], we have

f(tx + m(1− t)y) ≤ tf(x) + m(1− t)f(y). (1.3)
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Remark 1.1. For m = 1, we recapture the concept of convex functions defined on [0, b]
and for m = 0, the concept of starshapped function defined on [0, b] is obtained. Recall that
f : [0, b] → R is starshapped if

f(tx) ≤ tf(x), (1.4)

for all t ∈ [0, 1] and x ∈ [0, b].
Definition 1.3.[4] A function f : I → R is Godunova-Levin or said to belong to the

class Q(I) if f is nonnegative for all x, y ∈ I and t ∈ (0, 1) satisfies the inequality

f(tx + (1− t)y) ≤ f(x)
t

+
f(y)
1− t

. (1.5)

Definition 1.4.[12] A function f : I ⊆ R → R is said to belong to the class MT (I) if f

is nonnegative ∀x, y ∈ I and t ∈ (0, 1) satisfies the inequality

f(tx + (1− t)y) ≤
√

t

2
√

1− t
f(x) +

√
1− t

2
√

t
f(y). (1.6)

Recently, Omotoyinbo and Mogbademu [9] introduced and defined two new classes of convex
functions as follows:

Definition 1.5.[9] A function f : I ⊆ R → R is m-Godunova-Levin or said to belong to
the class m−Q(I) if f is nonnegative for all x, y ∈ I and t ∈ (0, 1) with m ∈ (0, 1] satisfies the
inequality

f(tx + m(1− t)y) ≤ f(x)
t

+
f(y)

m(1− t)
. (1.7)

Definition 1.6.[9] A function f : I ⊆ R → R is said to belong to the class m−MT (I)
if f is nonnegative ∀x, y ∈ I and t ∈ (0, 1) with m ∈ [0, 1] satisfies the inequality

f(tx + m(1− t)y) ≤
√

t

2
√

1− t
f(x) +

m
√

1− t

2
√

t
f(y). (1.8)

Dragomir et al. [3] obtained the following two new inequalities of Hadamard-type for a
class of Godunova-Levin functions.

Theorem 1.2.[3] Let f ∈ Q(I), a, b ∈ I with a < b and f ∈ L1[a, b]. Then, one has the
inequality

f

(
a + b

2

)
≤ 4

b− a

∫ b

a

f(x)dx

and
1

b− a

∫ b

a

p(x)f(x)dx ≤ f(a) + f(b)
2

, (1.9)

where p(x) = (b−a)(x−a)
(b−a)2 , x ∈ [a, b].

In [12], Tunç and Yildirim improved on the work of Dragomir et al. [3], and obtained the
following two new inequalities of Hermite-Hadamard type for the class of MT -convex functions.
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Theorem 1.3.[3] Let f ∈ MT (I), a, b ∈ I with a < b and f ∈ L1[a, b]. Then, one has the
inequality

f

(
a + b

2

)
≤ 1

b− a

∫ b

a

f(x)dx

and
2

b− a

∫ b

a

τ(x)f(x)dx ≤ f(a) + f(b)
2

, (1.10)

where τ(x) =
√

(b−a)(x−a)

b−a , x ∈ [a, b].
Theorem 1.4.[12] Let f ∈ MT (I), f ∈ L1[a, b], where a, b ∈ I and a < b. Then,

π

2
f

(
a + b

2

)
≤ f(a) + f(b). (1.11)

Recently, Tunç et al. [13], proved the following theorems:
Theorem 1.5.[13] Let f : [a, b] ⊆ R → R nonnegative MT -convex function and f ∈

L1[a, b]. Then,
1

b− a

∫ b

a

f(x)dx ≤ π

4
(f(a) + f(b)). (1.12)

Theorem 1.6.[13] Let f, g ∈ [a, b] → R two nonnegative MT -convex functions and
f, g ∈ L1[a, b]. Then,

8
3
fg

(
a + b

2

)
≤ M(a, b) + N(a, b), (1.13)

where M(a, b) = f(a)g(a) + f(b)g(b), N(a, b) = f(a)g(b) + f(b)g(a).
More recently, the authors [8] obtained the following two inequalities of Hermite-Hadamard

type for classes of Godunova-Levin and MT -convex functions. The results obtained are inde-
pendent of Tunç et al. [13].

Theorem 1.7.[8] Let f, g : [a, b] → R be two functions with a, b ∈ [0,∞), where a <

b, I = [a, b] and f, g ∈ L1[a, b]. If f ∈ Q(I) and g ∈ MT (I). Then, the following inequality
holds;

32
15π

fg

(
a + b

2

)
≤ M(a, b) + N(a, b), (1.14)

where M(a, b) = f(a)g(a) + f(b)g(b), N(a, b) = f(a)g(b) + f(b)g(a).
Theorem 1.8.[8] Let a, b ∈ [0,∞), a < b, I = [a, b] with f, g : [a, b] → R be two functions

and f, g ∈ L1[a, b]. If f ∈ Q(I) and g ∈ MT (I). Then, the following inequality holds

1
b− a

∫ b

a

µ(x)f(x)g(x)dx ≤ 1
2

(
3π

128
(f(a)g(a) + f(b)g(b)) +

5π

128
(f(a)g(b) + f(b)g(a))

)
,

(1.15)
where µ(x) = (b−x)2(x−a)2

(b−a)4 , x ∈ [a, b].
In this paper, using an analytical approach, we established some new inequalities involving

two different kinds of convex functions: m-Godunova-Levin and m-MT -convex functions. Our
results generalize some well-known results in this area of research.
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§2. Main results

Theorem 2.1. Let f, g : [a, b] ⊆ R → R be two nonnegative m-MT -convex functions
and f, g ∈ L1[a, b] where a, b ∈ I and a < b. Then,

2
3
mfg

(
a + b

2

)
≤

(
m + 1

2

)
(M(a, b) + N(a, b)),

where M(a, b) = f(a)g(a) + f(b)g(b), N(a, b) = f(a)g(b) + f(b)g(a).

Proof. Since f and g are m-Q(I)-convex, we can write

f
(

a+b
2

) ≤ f(a)
t + f(b)

m(1−t)

≤ 1
2

(
1
t + 1

m(1−t)

)
(f(a) + f(b)),

(2.1)

and
g

(
a+b
2

) ≤ g(a)
t + g(b)

m(1−t)

≤ 1
2

(
1
t + 1

m(1−t)

)
(g(a) + g(b)).

(2.2)

Multiplying (2.1) and (2.2) together to obtain

fg

(
a + b

2

)
≤ 1

4

(
t + m(1− t)

t(1− t)

)
(f(a) + f(b))(g(a) + g(b)). (2.3)

Observe that inequality (2.3) becomes

4mt(1− t)fg

(
a + b

2

)
≤ (f(a) + f(b))(g(a) + g(b))(t + m(1− t))dt. (2.4)

Integrating both sides of (2.4) over [0, 1], we get

4mfg

(
a + b

2

) ∫ 1

0

t(1− t)dx ≤ (f(a) + f(b))(g(a) + g(b))
∫ 1

0

(t + m(1− t))dt. (2.5)

Further simplification of (2.5) completes the proof.

Theorem 2.2. Let g ∈ m−MT (I), a, b ∈ I with a < b and f ∈ L1[a, b]. Then,

f

(
a + mb

2

)
≤ 1

2

(
1

mb− a

∫ mb

a

f(x)dx +
1

b− a

∫ b

a

f(x)dx

)
. (2.6)

Proof. Since f ∈ m-MT -convex, and ∀x, y ∈ I,

f(tx + m(1− t)y) ≤
√

t

2
√

1− t
f(x) +

m
√

1− t

2
√

t
f(y). (2.7)

with t = 1
2 in (2.7),

f

(
a + mb

2

)
≤ f(x) + mf(y)

2
, (2.8)

Now, set x = ta + m(1− t)b and y = m(1− t)a + tb, then (2.8) becomes

f

(
a + mb

2

)
≤ 1

2
(f(ta + m(1− t)b) + f(m(1− t)a + tb)) . (2.9)
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By integrating both sides of (2.9) over [0, 1], we obtain

f

(
a + mb

2

)
≤ 1

2

(∫ 1

0

f(ta + m(1− t)b)dt +
∫ 1

0

f(m(1− t)a + tb)dt

)
. (2.10)

It is easy to see that

∫ 1

0

f(ta + m(1− t)b)dt =
1

mb− a

∫ mb

a

f(x)dx

and ∫ 1

0

f(m(1− t)a + tb)dt =
1

b− a

∫ b

ma

f(x)dx. (2.11)

Thus, substituting (2.11) into (2.10),the result follows immediately.

Remarks 2.1. (i) If we choose m = 1 in (2.6), we obtain

f

(
a + b

2

)
≤ 1

b− a

∫ b

a

f(x)dx,

which is the first part of Hadamard’s inequality (1.1) and Theorem 1.3 of Tunç and Yildirim[12].
(ii) If g ∈ m−Q(I), then Theorem 2.2 also holds.
Theorem 2.3. Let f : [a, b] ⊆ R → R be a nonnegative m-MT -convex function and

f ∈ L1([a, b]) with a, b ∈ I and a < b. Then

1
mb− a

∫ mb

a

f(x)dx +
1

b− a

∫ b

ma

f(x)dx ≤ π

4
(m + 1)(f(a) + f(b)).

Proof. Since f ∈ m−MT (I),

f(ta + m(1− t)b) ≤
√

t

2
√

1− t
f(a) +

m
√

1− t

2
√

t
f(b), (2.12)

and

f(tb + m(1− t)a) ≤
√

t

2
√

1− t
f(b) +

m
√

1− t

2
√

t
f(a). (2.13)

Adding (2.12) and (2.13), gives

f(ta + m(1− t)b) + f(tb + m(1− t)a) ≤ 1
2

(
t√

t
√

1− t
+

m(1− t√
t
√

1− t

)
(f(a) + f(b))

≤ 1
2
(f(a)+f(b))

∫ 1

0

(t
1
2 (1−t)

1
2 +mt

1
2 (1−t)

1
2 )dt. (2.14)

On substituting x = ta + m(1 − t)b (i.e. dx = (a − mb)dt) in (2.14), then the result follows
immediately.
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Remarks 2.2. If m = 1 in Theorem 2.3, we have

1
b− a

∫ b

a

f(x)dx ≤ π

4
(f(a) + f(b)),

which is Theorem 2.3 of Tunç et al. [13].
Theorem 2.4. Let f, g : [a, b] ⊆ R → R be two nonnegative m-MT -convex functions and

f, g ∈ L1([a, b]) with a, b ∈ I and a < b. Then

8fg

(
a + b

2

)
≤ (m2 + m + 1)(M(a, b) + N(a, b)).

Proof. Since f and g are m-MT -convex functions, we can write

f

(
a + b

2

)
≤

√
t

2
√

1− t
f(a) +

m
√

1− t

2
√

t
f(b)

≤ 1
2

( √
t

2
√

1− t
+

m
√

1− t

2
√

t

)
(f(a) + f(b)), (2.15)

g

(
a + b

2

)
≤

√
t

2
√

1− t
g(a) +

m
√

1− t

2
√

t
g(b)

≤ 1
2

( √
t

2
√

1− t
+

m
√

1− t

2
√

t

)
(g(a) + g(b)). (2.16)

By multiplying (2.15) and (2.16) ,we obtain

fg

(
a + b

2

)
≤

(
1
4

( √
t

2
√

1− t
+

m
√

1− t

2
√

t

))2

(f(a) + f(b))(g(a) + g(b))

≤ 1
16

(
m2(1− t)2 + 2mt(1− t) + t2

t(1− t)

)
(f(a) + f(b))(g(a) + g(b)). (2.17)

It can be easily seen that (2.17) gives

16t(1− t)fg

(
a + b

2

)
≤ (m2(1− t)2 + 2mt(1− t) + t2)(f(a) + f(b))(g(a) + g(b)). (2.18)

Integrating both sides of (2.18) over [0, 1], the proof is completed.

Remarks 2.3. If m = 1 in Theorem 2.4, we obtain

8
3
fg

(
a + b

2

)
≤ M(a, b) + N(a, b),

where M(a, b) = f(a)g(a) + f(b)g(b), N(a, b) = f(a)g(b) + f(b)g(a), which is Theorem 2.4 of
Tunç et al. [13].

Theorem 2.5. If m = 1 in Theorem 2.4, we obtain

8
3
fg

(
a + b

2

)
≤ M(a, b) + N(a, b),

where M(a, b) = f(a)g(a) + f(b)g(b), N(a, b) = f(a)g(b) + f(b)g(a), which is Theorem 2.4 of
Tunç et al. [13].
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Proof. Since f ∈ m−Q(I) and g is m−MT -convex, we have

f(ta + m(1− t)b) ≤ 1
t
f(a) +

1
m(1− t)

f(b), (2.19)

g(ta + m(1− t)b) ≤
√

t

2
√

1− t
g(a) +

m
√

1− t

2
√

t
g(b). (2.20)

Multiplying (2.19) and (2.20), we get

f(ta + m(1− t)b)g(ta + m(1− t)b)

≤ 1
2

(√
t
√

1− t

t(1− t)
f(a)g(a) +

m
√

t
√

1− t

t2
f(a)g(b) +

√
t
√

1− t

m(1− t)2
f(b)g(a) +

√
t
√

1− t

t(1− t)
f(b)g(b)

)
.

(2.21)
If both sides of inequality (2.21) are multiplied by mt2(1− t)2, we have

m

∫ 1

0

t2(1− t)2 (f(ta + m(1− t)b)(g(ta + m(1− t)b)) dt

≤ 1
2
(mf(a)g(a)

∫ 1

0

t(1− t)
√

t
√

1− tdt + mf(a)g(b)
∫ 1

0

(1− t)2
√

t
√

1− tdt

+f(b)g(a)
∫ 1

0

t2
√

t
√

1− tdt + mf(b)g(b)
∫ 1

0

t(1− t)
√

t
√

1− tdt). (2.22)

Substituting x = ta + (1− t)b and simplifying completely, inequality (2.22) gives:

m(mb− x)2(x− a)2

(mb− a)5

∫ b

a

f(x)g(x)dx

≤ 1
2

(
3mπ

128
(f(a)g(a) + f(b)g(b)) +

5π

128
(mf(a)g(b) + f(b)g(a))

)
.

The proof is completed.

Remarks 2.4. If we set m = 1 in Theorem 2.5 above, we obtain Theorem 2.1 of
Omotoyinbo and Mogbademu [8].

§3. Applications

We now consider few applications of our results to the following special means of real
numbers.

The Arithmetic Mean: A = A(a, b) = (a+b)
2 , a, b ≤ 0.

The Geometric Mean: G = G(a, b) =
√

ab, a, b ≤ 0.

The Harmonic Mean: H = H(a, b) = 2ab
a+b , a, b ≤ 0.

The following propositions hold:

Proposition 3.1. If we set m = 1 in Theorem 2.5 above, we obtain Theorem 2.1 of
Omotoyinbo and Mogbademu [8].
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Proof. If we set m = 1 in Theorem 2.5 and choose x = a+b
2 , we obtain

( b−a
2 )2 + ( b−a

2 )2

(b− a)4

(
1

b− a

)
1

(a+b
2 )2k

∫ b

a

dx ≤ 1
256

(
3π

(
1

a2k
+

1
b2k

)
+ 5π

(
1

akbk
+

1
bkak

))
.

(3.1)
Simplifying (3.1), we have

1
(a+b

2 )2k
≤ 1

16

(
3π(a2k + b2k) + 5π.2(ab)k

(ab)2k

)
.

On further simplification, we get
(

2ab

a + b

)2k

≤ 1
16

(
3π(a2k + b2k) + 5π.2(ab)k

)
. (3.2)

Substituting into inequality (3.2), the relation

0 ≤ (a + b)2 =⇒ ab ≤ a2 + b2

2
=⇒ (ab)p ≤ a2k + b2k

2
,

we obtain (
2ab

a + b

)2k

≤ π

(
a2k + b2k

2

)
,

implying that
(H(a, b))2k ≤ πA(a2k, b2k).

Hence, the result is completed.

Proposition 3.2. Let f(x) = g(x) = xk , then

(A(a, b))2k ≤ γG2(ak, bk),

where γ > 0, k ∈ (0, 1
1000 ).

Proof. If we set m = 1 in Theorem 2.5 and choose x = a+b
2 , we obtain

( b−a
2 )2 + ( b−a

2 )2

(b− a)4

(
1

b− a

)(
a + b

2

)2k ∫ b

a

dx ≤ 1
256

(
3π(a2k + b2k) + 5π(2akbk)

)
. (3.3)

Simplifying (3.3), we have;

1
16

(
a + b

2

)2k

≤ 1
256

(
3π(a2k + b2k) + 5π(2akbk)

)
. (3.4)

By recalling and substituting the following standard equalities in (3.4)

A(a, b) =
a + b

2
=⇒ (A(a, b))2k =

(
a + b

2

)2k

,

A(a2p, b2p) =
a2k + b2k

2
=⇒ 2A(a2k, b2k) = a2k + b2k,

G(a, b) =
√

ab =⇒ G2(ak, bk) = akbk,
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we have
(A(a, b))2k ≤ 1

16
(
3π.2A(a2k, b2k + 5π.2G2(ak, bk)

)

≤ 1
16

(
3π(A(a, b))2k + 10πG2(ak, bk)

)

≤ γG2(ak, bk),
where γ = 10π

16−3π > 0. Hence, the proof is completed.
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§1. Introduction

Let

f(s) =
∞∑

n=1

aneλns, s = σ + it (σ, t ∈ R). (1)

If an
′s ∈ C and λn

′s ∈ R satisfy the condition 0 < λ1 < λ2 < λ3 < . . . < λn . . . ;λn → ∞ as
n →∞ and

lim
n→∞

log |an|
λn

= −∞ (2)

lim sup
n→∞

log n

λn
= K < ∞ (3)

then from [1] the Dirichlet series (1) represents an entire function.
Let X denote the set of all entire Dirichlet series (1) and Y be the set of series (1) for which

ec1nλn(n!)c2 |an| is bounded where c1, c2 ≥ 0 and are simultaneously not zero. Let Γ be the set
of series (1) for which ec1nλn |an| is bounded. Then by [1] every element of Y and Γ represents
entire function. Clearly Γ ⊂ Y ⊂ X. By putting c1 = 1, c2 = 0, one obtains the condition of
paper [2] that is enλn |an| is bounded whereas c1 = 0, c2 = 1, gives the condition of paper [3]
which is (n!) |an| is bounded. If

x(s) =
∞∑

n=1

xneλns, f(s) =
∞∑

n=1

aneλns, α(s) =
∞∑

n=1

αneλns (4)
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where x(s) ∈ X, f(s) ∈ Y and α(s) ∈ Γ, define the binary operations i.e. addition and
multiplication in X x Γ x Y as-

x(s) + α(s) + f(s) =
∞∑

n=1

pn eλns,

x(s).α(s).f(s) =
∞∑

n=1

qn eλns,

where
pn = xn + αn + an and qn = xn.αn.an.

The following definitions are required to prove main results.
Definition 1. Let M and Γ be two additive abelian groups. If there exists a mapping M

X Γ X M → M such that for all x, y, z ∈ M and α, β ∈ Γ the conditions
1. (x + y)αz = xαz + yαz,

2. x(α + β)z = xαz + xβz,

3. xα(y + z) = xαy + xαz,

4. (xαy)βz = xα(yβz)
are satisfied then M is called a Γ-ring.

An additive subgroup I of M is a left (right) ideal of M if MΓI ⊂ I (IΓM ⊂ I). If I is
both a left and a right ideal of M then I is a two-sided ideal or simply an ideal of M .

Definition 2. A Γ-ring M is right primitive if
1. The right operator ring R of M is a right primitive ring.
2. MΓx = 0 implies x = 0.

M is a two-sided primitive Γ-ring if it is both left and right primitive. A Γ-ring M is said
to be primitive if it has a Γ-faithful irreducible module.

Definition 3. The additive group N is said to be a Γ-ring M -module if there is a Γ-
mapping from N X Γ X M → N by (n, γ,m) → nγm such that

1. nγ(a + b) = nγa + nγb,

2. (n1 + n2)γa = n1γa + n2γa,

3. (nγa)δb = nγ(aδb)
for all n, n1, n2 ∈ N , a, b ∈ M and γ, δ ∈ Γ. For the sake of brevity drop Γ-ring in a Γ-ring
M -module and refer it merely as an M -module.

A submodule of an M -module N is an additive subgroup S of N such that SΓM ⊆ S. N

is said to be an irreducible M -module if NΓM 6= (0) and if the only submodules of N are (0)
and N .

A generalization of the concept of Γ-rings was done by Barnes in [4] where analogues of the
classical Noether-Lasker theorems concerning primary representations of ideals for Γ-rings was
obtained. Luh in [5] and [6] discussed results on primitive Γ-ring. Kyuno defined the simplicial
radical of a Γ-ring M with both left and right unities to be the intersection of its maximal ideals
in [9]. Luh in [10] extended the notions of simplicity and complete primeness to Γ-rings. Kyuno
in [11] introduced the Γ-ring M -module and defined the Jacobson radical along with the ideas
of irreducible modules. For all notions relevant to ring theory refer [7] and [8]. Very recently
Kumar and Manocha in [13] considered the set of all Entire Dirichlet series which formed a
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Γ-ring and established various results on prime one-sided ideals and socles for this set. Various
results have been proved for different classes of entire Dirichlet series where few of them may
be found in [14–17].

The purpose of the present paper is to introduce the notion of a Γ-ring Y -module and define
the Jacobson radical J(Y ) along with the ideas of irreducible modules. The properties of J(Y )
and its relation with J(R) is then studied where R denotes the right operator ring of Γ-ring Y .
Later semi-simplicity is defined by J(Y ) = (0). Also the relation between semi-simple Y and
semi-simple R is studied for the class Y of entire functions represented by Dirichlet series.

Clearly X and Y form Γ-ring. Let G be a free abelian group generated by the set of all
ordered pairs (α(s), f(s)) where f(s) ∈ Y and α(s) ∈ Γ. Let T be a subgroup of elements∑

i

mi(αi(s), fi(s)) ∈ G where mi are integers such that
∑

i

mi.{a(s).αi(s).fi(s)} = 0 for

all a(s) ∈ Y. Denote by R the factor group G/T and by [α(s), f(s)] the coset (α(s), f(s)) +
T . Clearly every element in R can be expressed as a finite sum

∑

i

[αi(s), fi(s)]. Also for all

f1(s), f2(s) ∈ Y and β(s) ∈ Γ

[α(s), f1(s)] + [β(s), f1(s)] = [α(s) + β(s), f1(s)]

[α(s), f1(s)] + [α(s), f2(s)] = [α(s), f1(s) + f2(s)].

Define the multiplication in R by
∑

i

[αi(s), fi(s)].
∑

j

[βj(s), gj(s)] =
∑

i,j

[αi(s), fi(s).βj(s).gj(s)]

Then R forms a ring. Furthermore Y is a right R-module with the definition

a(s).
∑

i

[αi(s), fi(s)] =
∑

i

{a(s).αi(s).fi(s)} for all a(s) ∈ Y.

The ring R is called the right operator ring of Γ-ring Y . Similarly the left operator ring L of Y

can also be defined.

§2. Main Results

In this section main results are proved.
The additive group X is said to be a Γ-ring Y -module if there exists a Γ-mapping (Γ-

composition) from X x Γ x Y → X by {x(s), α(s), f(s)} → x(s).α(s).f(s) ∈ X where x(s),
α(s) and f(s) are as given by (4). Now let x1(s), x2(s) ∈ X, β(s) ∈ Γ, f1(s), f2(s) ∈ Y such
that

x1(s) =
∞∑

n=1

xn1e
λns, x2(s) =

∞∑
n=1

xn2e
λns,

f1(s) =
∞∑

n=1

an1e
λns, f2(s) =

∞∑
n=1

an2e
λns,

and

β(s) =
∞∑

n=1

βneλns.
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Clearly X is a Y -module. Also X is a Γ-faithful Y -module if XΓ.f(s) = (0) forces f(s) = (0).
For a Y -module X we define AY (X) = {f(s) ∈ Y |XΓ.f(s) = (0)}.

Lemma 2.1. If X is a Y -module then AY (X) is a two-sided ideal of Y . Moreover X is
a Γ-faithful Y/AY (X)-module.

Proof. AY (X) being a right ideal of Y is obvious from the axioms for a Y -module. Now we are
required to show that AY (X) is a left ideal of Y for which,

XΓ(Y ΓAY (X)) = (XΓY )ΓAY (X) ⊆ XΓAY (X) = (0)

which implies

Y ΓAY (X) ⊆ AY (X).

Thus AY (X) is a two-sided ideal of Y . Now make of X a Y/AY (X)-module as for x(s) ∈
X, α(s) ∈ Γ and f(s)+AY (X) ∈ Y/AY (X), the action x(s).α(s).(f(s)+AY (X)) = x(s).α(s).f(s).
If f1(s) + AY (X) = f2(s) + AY (X) implies f1(s) − f2(s) ∈ AY (X) which further implies
that x(s).α(s).(f1(s) − f2(s)) = (0). Thus x(s).α(s).f1(s) = x(s).α(s).f2(s). The action of
Y/AY (X) on X is well-defined. Finally show that X is a Γ-faithful Y/AY (X)-module by
x(s).α(s).(f(s) + AY (X)) = (0) implies x(s).α(s).f(s) = (0). Thus f(s) ∈ AY (X) which im-
plies that only the zero element of Y/AY (X) annihilates all of X which completes the proof.

Lemma 2.2. X is an irreducible Y -module if and only if X is an irreducible R-module.

Proof. Let X be an irreducible Y -module which implies XΓY = X. Now make an R-module
from X by defining

∑

i

[αi(s), fi(s)] ∈ R for x(s) ∈ X. The composition

x(s).
∑

i

[αi(s), fi(s)] = x(s).
∑

i

(αi(s), fi(s)) =
∑

i

x(s).αi(s).fi(s).

If ∑

i

(αi(s), fi(s)) + T =
∑

j

(βj(s), gj(s)) + T

implies ∑

i

(αi(s), fi(s))−
∑

j

(βj(s), gj(s)) ∈ T.

Since

XT = (XΓY )T = XΓ(0) = (0)

implies

x(s).





∑

i

(αi(s), fi(s))−
∑

j

(βj(s), gj(s))



 = 0

which further implies

x(s).
∑

i

(αi(s), fi(s)) = x(s).
∑

j

(βj(s), gj(s)).
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Thus the composition from X x R → X is well defined. Let X ′ be an additive subgroup of X

such that X ′R ⊆ X ′. Since X ′R = X ′[Γ, Y ] = X ′ΓY which implies X ′ΓY ⊆ X ′. Therefore X ′

is a submodule of a Y -module X. Since X is irreducible implies X ′ must be X or (0). Thus X

is an irreducible R-module.
Conversely let X be an irreducible R-module. Define x(s).γ(s).f(s) = x(s)[γ(s), f(s)] a

similar argument as in the proof above will show that X is an irreducible Y -module. Thus the
proof is completed.

Let R be the right operator ring of a Γ-ring Y . A right ideal η of R is said to be regular if
there is q(s) ∈ R such that p(s)− q(s).p(s) ∈ η for all p(s) ∈ R.

Lemma 2.3. Let R be the right operator ring of a Γ-ring Y . If X is an irreducible
Y -module then X is isomorphic as an R-module to R/η for some maximal regular right ideal η

of R. Conversely for every maximal regular right ideal η of R, R/η is an irreducible R-module.

Proof. Let X be an irreducible Y -module. Since A = {x(s) ∈ X|x(s)ΓY = (0)} is a submodule
of X and is not X it must be (0). Equivalently if x(s) 6= 0 is in X then x(s)ΓY 6= (0).
However x(s)ΓY is a submodule of X hence x(s)ΓY = X. By Lemma 2.2, X is a R-module
and so we define φ : R → X by φ(r(s)) = x(s).r(s) for every r(s) ∈ R. Clearly φ is a
homomorphism of R into X as R-modules. Since x(s).R = x(s)ΓY = X. Thus φ is surjective.
Finally Kerφ = {r(s) ∈ R|x(s).r(s) = 0} is a right ideal η. Thus by standard homomorphism
theorem X is isomorphic to R/η as a R-module. Any right ideal of R which properly contains
η maps into a submodule of X. Hence η is a maximal right ideal in R. Since x(s).R = X

there exists an element q(s) ∈ R such that x(s).q(s) = x(s). Therefore for any p(s) ∈ R

we have x(s).q(s).p(s) = x(s).p(s) which implies x(s).(p(s) − q(s).p(s)) = 0. This implies
p(s) − q(s).p(s) ∈ η. Converse can be shown easily hence we omit the proof. This completes
the proof.

The Jacobson Radical of a Γ-ring Y written as J(Y ) is the set of all elements of Y which
annihilate all the irreducible Y -modules. We note that J(Y ) =

⋂
AY (X) where intersection

runs over all irreducible Y -modules X. Since AY (X) is a two-sided ideal of Y by Lemma 2.1,
thus J(Y ) is also a two-sided ideal of Y .

In ordinary ring theory, for the right operator ring R of a Γ-ring Y we have J(R) =⋂
AR(X), where intersection runs over all irreducible R-modules X and AR(X) = {r(s) ∈

R|X.r(s) = (0)}.
Theorem 2.1. If Y is a Γ-ring and R is the right operator ring of Y then J(Y ) = J(R)∗

and J(R) = J(Y )∗
′
.

Proof.

AY (X)∗
′

= {r(s) ∈ R|Y.r(s) ⊆ AY (X)}
= {r(s) ∈ R|XΓY.r(s) = (0)}
= {r(s) ∈ R|X.r(s) = (0)}
= AR(X).
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Also

AR(X)∗ = {f(s) ∈ Y |[Γ, f(s)] ⊆ AR(X)}
= {f(s) ∈ Y |XΓf(s) = (0)}
= AY (X).

By these facts and Lemma 2.2, we have

J(Y )∗
′
= {

⋂
AY (X)}∗′ =

⋂
AY (X)∗

′
=

⋂
AR(X) = J(R).

Similarly

J(R)∗ = {
⋂

AR(X)}∗ =
⋂

AR(X)∗ =
⋂

AY (X) = J(Y ).

Hence the proof is completed.

A Γ-ring Y is said to be semi-simple if J(Y ) = (0).
Theorem 2.2. If a Γ-ring Y is semi-simple then the right operator ring R of Y is also

semi-simple.

Proof. Let (0)Y be the zero ideal in Y and (0)R be the zero ideal in R. J(Y )∗
′

= (0)Y
∗′ =

{r(s) ∈ R|Y.r(s) = (0)Y } = (0)R, for Y is a faithful R-module. Hence by Theorem 2.1, we have
J(R) = (0)R. This completes the proof of the theorem.

Theorem 2.3. Let a Γ-ring Y be a Γ-faithful Y -module that is Y Γf(s) = (0) implies
f(s) = (0). If R is semi-simple then Y is semi-simple.

Proof. Since Y is Γ-faithful, J(R)∗ = (0)R
∗ = {f(s) ∈ Y |[Γ, f(s)] = (0)R} = {f(s) ∈

Y |Y Γf(s) = (0)R} = (0)Y . This implies J(Y ) = (0)Y . Hence the theorem is proved.

For the right operator ring R of a Γ-ring Y define (η : R) = {p(s) ∈ R|R.p(s) ⊆ η} where
η is the right ideal of R.

Lemma 2.4. AR(X) = (η : R) is the largest two-sided ideal of R which lies in η where η

is a maximal regular right ideal of R and X denotes R/η.

Proof. If p(s) ∈ AR(X) then X.p(s) = (0) implies (r(s) + η).p(s) = η for all r(s) ∈ R. Then
R.p(s) ⊆ η. Hence AR(X) ⊆ (η : R). Similarly (η : R) ⊆ AR(X) implies AR(X) = (η : R).
Since η is regular there is q(s) ∈ R with p(s) − q(s).p(s) ∈ η for all p(s) ∈ R. In particular
if p(s) ∈ (η : R) then since q(s).p(s) ∈ R.p(s) ⊆ η we get p(s) ∈ η. Thus the proof is
completed.

By Lemma 2.3 and Lemma 2.4, AY (X) = (η : R)∗ and so by the definition of J(Y ) one
gets

Theorem 2.4. J(Y ) =
⋂

(η : R)∗ where η runs over all the maximal regular right ideals
of R and where (η : R) is the largest two-sided ideal of R lying in η.
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Definition 4. An element f(s) of a Γ-ring Y is said to be right-quasi-regular (abbreviated
as rqr) if for any α(s) ∈ Γ the element [α(s), f(s)] of the right operator ring R of Y is right-
quasi-regular in the usual sense. That is to say f(s) is rqr if for any α(s) ∈ Γ there exists

n∑

i=1

[αi(s), gi(s)] in R such that

[α(s), f(s)] +
n∑

i=1

[αi(s), gi(s)]− [α(s), f(s)]
n∑

i=1

[αi(s), gi(s)] = 0

that is

g(s).α(s).f(s) +
n∑

i=1

g(s).αi(s).gi(s)−
n∑

i=1

(g(s).α(s).f(s)).αi(s).gi(s) = 0

for all g(s) ∈ Y.

Theorem 2.5. J(Y ) is a right-quasi-regular ideal and contains all right-quasi-regular
ideals of Y .

Proof. Ordinary ring theory shows that J(R) is rqr ideal of R and contains all the rqr right
ideals of R ( [12] p.12). Clearly as shown before J(Y ) = J(R)∗ = {f(s) ∈ Y |[Γ, f(s)] ⊆ J(R)}.
If f(s) ∈ J(Y ) then for any α(s) ∈ Γ, [α(s), f(s)] ∈ J(R) implies [α(s), f(s)] is rqr that is
f(s) is rqr. Let X be a rqr ideal of Y . Thus it remains to show that [α(s), X] ⊆ J(R) where
α(s) ∈ Γ. If x(s) ∈ X then x(s) is rqr implies [α(s), x(s)] is rqr. Since X is a right ideal of Y ,

[α(s), X][Γ, Y ] = [α(s), XΓY ] ⊆ [α(s), X]

and hence [α(s), X] is a right ideal of R. Thus [α(s), X] is a rqr right ideal of R. This implies
[α(s), X] ⊆ J(R) which completes the proof of the theorem.

Lemma 2.5. A Γ-ring Y is isomorphic to a subdirect sum of Γ-rings Si, i ∈ U if and
only if for each i ∈ U there exists in Y a two-sided ideal Ki such that Y/Ki

∼= Si, moreover⋂

i∈U

Ki = (0).

Theorem 2.6. A Γ-ring Y is primitive if and only if the right operator ring R is primitive
and Y Γ.f(s) = (0) forces f(s) = (0).

Proof. Let Y be a primitive Γ-ring and X be a Γ-faithful irreducible Y -module. By Lemma 2.2
X is an irreducible R-module. If X.r(s) = (0) implies XΓY.r(s) = (0) and so Y.r(s) = (0) which
further implies r(s) = (0). Thus X is faithful. If Y Γ.f(s) = (0) we get (XΓY )Γ.f(s) = (0)
implies XΓ.f(s) = (0) and hence f(s) = (0).

Conversely let X be a faithful irreducible R-module. By Lemma 2.2, X is an irreducible Y -
module. To show that X is Γ-faithful we assume that XΓ.f(s) = (0) which implies X[Γ, f(s)] =
(0) thus [Γ, f(s)] = (0). Hence Y Γ.f(s) = (0) implies f(s) = (0). Thus the proof is completed.

Theorem 2.7. A Γ-ring Y is primitive if and only if there exists a maximal regular right
ideal η in R such that (η : R)∗ = (0) where R denotes the right operator ring of Y . A primitive
Γ-ring is semi-simple.
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Proof. Let Y be a primitive Γ-ring and X be a Γ-faithful irreducible Y -module. By Lemma
2.3, there exists a maximal regular right ideal η in R such that X is isomorphic to R/η as an
R-module. Lemma 2.4 shows that (η : R)∗ = AY (X). Since X is Γ-faithful AY (X) = (0).
Thus (η : R)∗ = (0). Now let η be a maximal regular right ideal of R. Put X = R/η. Since
AY (X) = (η : R)∗ = (0). Finally J(Y ) =

⋂
(η : R)∗ where η runs over all maximal regular

right ideals of R. Thus J(Y ) = (0). Hence Y is semi-simple. This completes the proof of the
theorem.

Theorem 2.8. A Γ-ring Y is semi-simple if and only if it is isomorphic to a subdirect
sum of primitive Γ-rings.

Proof. Let Y be a semi-simple Γ-ring. By Theorem 2.4, J(Y ) =
⋂

(η : R)∗ where η runs over all
maximal regular right ideals of R. Since Y is semi-simple implies

⋂
(η : R)∗ = (0). By Lemma

2.5, Y is isomorphic to a subdirect sum of the Y/(η : R)∗. By Lemma 2.1 and 2.4, Y/(η : R)∗

is primitive. Therefore Y is isomorphic to a subdirect sum of primitive Γ-rings.
Conversely suppose that Y is isomorphic to a subdirect sum of the rings Yφ = Y/Kφ.

Therefore
⋂

Kφ = (0). If the rings Yφ are all primitive they are semi-simple. Since J(Y ) maps
into a quasi-regular right ideal of Yφ. Hence J(Y ) ⊆ Kφ which implies J(Y ) ⊆ ⋂

Kφ = (0)
proving that Y is semi-simple. Thus the proof is completed.
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Abstract In this paper we studied m-quasi N-class Ak operator, where k is positive integer,

which coincides with m-quasi N-class A operator for k = 1. We prove that if T is m-quasi

N-class Ak operator then T is finite ascent, we prove that T is an isoloid and Weyl’s theorem

holds for T and f(T ), where f is an analytic function in a neighborhood of the spectrum of

T . We also show that Aluthge Transformaion of m-quasi N-class Ak operators.
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§1. Introduction

Let T ∈ B(H) be the Banach algebra of all bounded linear operators on a non-zero complex
Hilbert space H. By an operator T , We mean an element form B(H). If T lies in B(H), then
T ∗ denotes the adjoint of T in B(H). An operator T is called paranormal if

∥∥T 2x
∥∥ ≥ ‖Tx‖2

for every unite vector x ∈ H. An operator T belongs to class A, if
∣∣T 2

∣∣ ≥ |T |2. An operator T

is called n-perinormal for positive integer n such that n ≥ 2, if T ∗nTn ≥ (T ∗T )n.An operator T

is called k-paranornormal for positive integer k, if
∥∥T k+1x

∥∥ ≥ ‖Tx‖k+1 for every unit vector in
x ∈ H. For 0 < p < 1, an operator T is said to be p-hyponormal if (T ∗T ) ≥ (TT ∗)p if p = 1 , T

is called hyponormal. An operator T is called log-hyponormal if T is invertible and log (T ∗T ) ≥
log (TT ∗). An operator T is said to be class A(k) for k > 0, if

(
T ∗ |T |2k

T
) 1

k+1 ≥ |T |2. An
operator T is called normaloid if r(T ) = ‖T‖, where r(T ) = sup {|λ| : λ ∈ σ(T )} and isoloid if
every isoloid point of σ(T ) is an eigen values of T . We defined an operator T ∈ B(H) as N-class

Ak if |T |2 ≤ N
(∣∣T k+1

∣∣) 2
k+1 for a positive integer k. If k = 1, then N-class Ak coincides with N-

class A operator. We have shown that p-hyponormal operators and log-hyponormal operators
are class Ak operators, for every positive integer k and class Ak operators are k-paranormal
operators.

In this paper, we introduced a new class of operator is called m-quasi N-class Ak operators
for each positive integers k, m and N , which is superclasses of class Ak operators and prove
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that weyl’s holds for m-quasi N-class Ak operators.
class A ⊂ class Ak ⊂ N-class Ak ⊂ quasi N-class Ak⊂ m-quasi N-class Ak

§2. Definition and examples

In this section m-quasi N-class Ak operators are defined and show that an example. It is
shown that powers and inverse of an invertible class A operator are m-quasi class Ak for all
positive integers k, m and N .

Definition 2.1. An operator T ∈ B(H) is said to be m-quasi N-class Ak for some positive
integers k, m and N if

T ∗m
[
|T |2 −N

(∣∣T k+1
∣∣) 2

k+1
]
Tm ≤ 0

.
Proposition 2.2. An operator T ∈ B(H) is defined to be m-quasi N-class Ak for some

positive integers k, m and N if
1. k = 1 the m-quasi N-class Ak operator coincides m-quasi N-class A.
2. k = 1,m = 1 the m-quasi N-class Ak operator coincides quasi N-class A.
3. m = 1 the m-quasi N-class Ak operator coincides quasi N-class Ak.
4. k = 1, N = 1 the m-quasi N-class Ak operator coincides m-quasi class A.
5. N = 1 the m-quasi N-class Ak operator coincides m-quasi class Ak.
6. m = 1, N = 1 the m-quasi N-class Ak operator coincides quasi class Ak.
7. k = 1,m = 1, N = 1 the m-quasi N-class Ak operator coincides quasi class A.

Example 2.3. Suppose taht H is the direct sum of a denumerable number of copies of
two dimensional Hilbert space R × R and A and B two positive operators on R × R. For any
fixed positive integer n, define an operator T = TA,B,n on H as follows:

T (x1, x2, x3, ....xn) = (0, A (x1) , A (x2) , ..A (xn) , B (xn+1) ..)

Its adjoint T ∗ is given by

T ∗ (x1, x2, x3, ....xn) = (0, A (x1) , A (x2) , ..A (xn) , B (xn+1) ..)

For n ≥ k, T = TA,B,n is qusi N -class Ak if and only if A and B satisfies

NAm
(
Ak+1−iB2iAk+1−i

) 2
k+1 Am ≥ A∗(2+m)

for i = 1, 2, ..k. If A =




1
2 0

0 0


 and B =


1 1

1 1


, then T = TA,B,n is of quasi N-class A2.

Since S ≥ 0 implies T ∗mSTm ≥ 0, the following result is trivial. The convers is true, if T

is invertible.
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Thoeorem 2.4. If T ∈ B(H) is N-class Ak , for some positive integer k ≥ 1, then T is
also quasi N-class Ak.

Thoeorem 2.5. If T ∈ B(H) is N-class Ak , for some positive integer k ≥ 1, then T is
also quasi N-class Ak.

Thoeorem 2.6. If T ∈ B(H) is N-class Ak operator for some positive integer k ≥ 1, then
T ∗ is N-class Ak operator.
Form Theorem 2.5 and 2.6, we get the following results.

Thoeorem 2.7. Let T be an invertible m - quasi N-class Ak operator then,
1. T is m-qusi N-class Ak operator for every positive integer k.
2. m-qusi N -classA1 ⊆ qusi N -class A2 m-qusi N -class A3 ⊆.......
3. For all positive integer n, Tn is m-quasi N-class Ak operator for every integer k.
4. T−1 is m-quasi N-class Ak operator for every positive integer k.

Thoeorem 2.8. [15] If A,B ∈ B(H) satisfy A ≥ 0 and ‖B‖ ≤ 1, then (B∗AB)δ ≥ B∗AδB

for all δ ∈ (0, 1].

Thoeorem 2.9. [15] If A is a positive operator, then the following inequalities hold for all
x ∈ H

1. 〈Arx, x〉 ≤ 〈Ax, x〉r ‖x‖2 (1− r) for all 0 < r ≤ 1.
2. 〈Arx, x〉 ≥ 〈Ax, x〉r ‖x‖2 (1− r) for r > 1.

Thoeorem 2.10. If T ∈ B(H) is m-quasi N-classAk operator if and only if∥∥Tm+1x
∥∥2 ≤ N

∥∥T k+1+mx
∥∥ 2

k+1 ‖Tmx‖ 2k
k+1 for all x ∈ H.

Proof. From by the definition of m-quasi N-classAk operator for every x ∈ H.

T ∗m
[
N

∣∣T k+1
∣∣ 2

k+1 − |T |2
]
Tm ≥ 0

0 ≤ T ∗m
[
N

∣∣T k+1
∣∣ 2

k+1
]
Tm − T ∗m

[
|T |2

]
Tm

0 ≤
〈
T ∗mN

∣∣T k+1
∣∣ 2

k+1 Tmx, x
〉
−

〈
T ∗m |T |2 Tmx, x

〉

0 ≤
〈
N

∣∣T k+1
∣∣ 2

k+1 Tmx, Tmx
〉
−

〈
|T |2 Tmx, Tmx

〉

0 ≤ N
〈∣∣T k+1

∣∣ 2
k+1 Tmx, Tmx

〉 1
k+1 ‖Tmx‖ 2k

k+1 − 〈
Tm+1x, Tm+1x

〉

0 ≥
∥∥Tm+1x

∥∥2 −N
∥∥T k+1+mx

∥∥ 2
k+1 ‖Tmx‖ 2k

k+1

∥∥Tm+1x
∥∥2 ≤ N

∥∥T k+1+mx
∥∥ 2

k+1 ‖Tmx‖ 2k
k+1 .
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Thoeorem 2.11. If T is m-quasi N-classAk operator for a positive integers k, m and N

then T is (m + 1)-hyponormal.

Proof. From by the definition of m-quasi N-classAk operator for every x ∈ H.

T ∗m
[
N

∣∣T k+1
∣∣ 2

k+1 − |T |2
]
Tm ≥ 0

T ∗m (T ∗T ) Tm ≤ T ∗m
(
Tm+1Tm+1

) 1
k+1 Tm

T ∗(m+1)T (m+1) ≤ N
(
T ∗(k+1+m)T (k+1+m)

) 1
k+1

(T ∗T )m+1 ≥ (TT ∗)m+1
.

Therefore T is (m + 1)-hyponormal.

§3. Aluthge Transformation of m-quasi N-classAk operators

In this section it is shown that if T is m-quasi N-classAk operator, Then T ∗ is also m-quasi
N-classAk operators, ifT = U |T | be the polar decomposition of T then T̃ is m-quasi N-classAk

operators and if T̃ is m-quasi N-classAk, then T̃ (∗) is also m-quasi N-classAk operators are
proved.

Defintion 3.1. [1] Let T = U |T | be the polar decomposition of an operator T , then
T̃ = |T | 12 U |T | 12 is the Althuge transformation.

Thoeorem 3.2. [19] If T is a bounded linear operator on Hilbert space then we know that,
(i). T = U |T | = |T ∗|U is the polar decomposition of an operator T .
(ii). T ∗ = U∗ |T ∗| = |T |U∗ is the polar decomposition of an operator T .

Thoeorem 3.3. If T is N-classA(k)operator then T is N-classAk operator.

Thoeorem 3.4. If T is m-quasi N-classAk operator then T ∗ is m-quasi N-classAk operator.

Proof. From by the definition of m-quasi N-classAk operator for every x ∈ H.

T ∗m
[
N

∣∣T k+1
∣∣ 2

k+1 − |T |2
]
Tm ≥ 0

(T ∗T )m+1 ≤ N
{

(T ∗T )k+1+m
} 1

k+1

(T ∗T )∗(m+1) ≤ N
{

(T ∗T )∗(k+1+m)
} 1

k+1

T ∗(m+1)T (m+1) ≤ N
(
T ∗(k+1+m)T (k+1+m)

) 1
k+1

T ∗m
[
N

∣∣∣T ∗(k+1)
∣∣∣

2
k+1 − |T ∗|2

]
Tm ≥ 0

T ∗m
[
N

∣∣∣T ∗(k+1)
∣∣∣

2
k+1 − |T ∗|2

]
Tm ≥ 0.
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Therefore T ∗ is m-quasi N-class Ak operators.

Thoeorem 3.5. If T is m-quasi N-classAk operator then T−1 is m-quasi N-classAk oper-
ator.

Thoeorem 3.6. Let T is m-quasi N-classAk operator for a positive integers k, m and N ,
S is a unitary operator then C = TS is m-quasi N-classAk operator.

Proof. From by the definition of m-quasi N-classAk operator for every x ∈ H.

T ∗m
[
N

∣∣T k+1
∣∣ 2

k+1 − |T |2
]
Tm ≥ 0

(T ∗T )m+1 ≤ N
{

(T ∗T )k+1+m
} 1

k+1

(C∗C)(m+1) ≤ N
{

(C∗C)(k+1+m)
} 1

k+1

((TS)∗(TS))(m+1) ≤ N
{

((TS)∗(TS))(k+1+m)
} 1

k+1

(S∗T ∗ST )(m+1) ≤ N
{

(S∗T ∗TS)(k+1+m)
} 1

k+1

T ∗m |T |2 Tm ≤ NT ∗m
∣∣T k+1

∣∣ 2
k+1 Tm.

Therefore C = TS is m-quasi N-classAk operators.

Thoeorem 3.7. Let T = U |T | ∈ B(H) be the polar decomposition of m-quasi N-classAk

operator for a positive integers k, m and N , then T̃ is m-quasi N-classAk operators.

Proof. From by the definition of m - quasi N - classAk operator for every x ∈ H.

T ∗m
[
N

∣∣T k+1
∣∣ 2

k+1 − |T |2
]
Tm ≥ 0

T ∗m (T ∗T ) Tm ≤ NT ∗m
(
Tm+1Tm+1

) 1
k+1 Tm

T ∗(m+1)T (m+1) ≤ N
(
T ∗(k+1+m)T (k+1+m)

) 1
k+1

(T ∗T )m+1 ≤ N
{

(T ∗T )(k+1+m)
} 1

k+1

(U∗ |T ∗|U |T |)m+1 ≤ N
{

(U∗ |T ∗|U |T |)(k+1+m)
} 1

k+1
U

(
|T | 12 U∗ |T ∗|U |T ∗| 12

)m+1

≤ N

{(
|T | 12 U∗ |T ∗|U |T | 12

)(k+1+m)
} 1

k+1

U

(
|T | 12 U∗ |T |U |T ∗| 12

)m+1

≤ N

{(
|T | 12 U∗ |T |U |T | 12

)(k+1+m)
} 1

k+1

U

U∗
(
|T ∗| 12 |T | 12 |T ∗| 12

)m+1

U ≤ NU∗
{(
|T ∗| 12 |T | 12 |T ∗| 12

)(k+1+m)
} 1

k+1

U

(
T̃ ∗T̃

)m+1

≤ N

{(
T̃ ∗T̃

)(k+1+m)
} 1

k+1

T̃ ∗m
∣∣∣T̃

∣∣∣
2

T̃m ≤ NT̃ ∗m
∣∣∣T̃ k+1

∣∣∣
2

k+1
T̃m.

Therefore T̃ is m-quasi N-classAk operators.
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Thoeorem 3.8. Let T = U |T | ∈ B(H) be the polar decomposition of m-quasi N-classAk

operator for a positive integers k, m and N , then T̃ ∗ is m-quasi N-classAk operators.

Proof. From theorem 3.7.Using |T | = U∗ |T ∗|U we get T̃ ∗ is m-quasi N-classAk operators.

§4. ∗ - Aluthge Transformation of m-quasi N-classAk oper-

ators

In this section to proved T is ∗ - Aluthge Transformation of m-quasi N-classAk operator
is adjoint of ∗ - Aluthge Transformation of m-quasi N-classAk operator and if T is adjoint of ∗
- Aluthge Transformation of m-quasi N-classAk operator is adjoint Aluthge Transformation of
m-quasi N-classAk operators, T̃(s,t) is m-quasi N-classAk operator are discussed.

T. Yamazaki [19] has defined the following ∗ - Aluthge and adjoint of ∗ - Aluthge trans-
formation and powers of p - hponormal operators.

Definition 4.1. [19] Let T = U |T | be the polar decomposition of an operator T , then
∗-Althuge transformation T is T̃ (∗) = |T ∗| 12 U |T ∗| 12 .

Definition 4.2. [19] Let T = U |T | be the polar decomposition of an operator T . Then

adjoint of ∗ - Aluthge transformation T is
(
T̃ (∗)

)∗
= |T ∗| 12 U∗ |T ∗| 12 .

Thoeorem 4.3. [19] If T is a bounded linear operator on a Hilbert space, Then we know
that
(i). T̃ = |T | 12 U |T | 12 is the Aluthge transformation then adjoint of aluthge transformation T̃ ∗

is given by T̃ (∗) = |T | 12 U∗ |T | 12 .

(ii). T̃ (∗) =
(
T̃ ∗

)∗
= |T ∗| 12 U |T ∗| 12 is the ∗ - aluthge transformation then adjoint of ∗ - aluthge

transformation
(
T̃ (∗)

)∗
= |T ∗| 12 U∗ |T ∗| 12 .

Thoeorem 4.4. Let T = U |T | be the polar decomposition of an operator T , then Althuge
transformation T̃(s,t) is defined has T̃(s,t) = |T |s U |T |t for an s, t such that S ≥ 0 and t ≥ 0.

Thoeorem 4.5. Let T̃ is m - quasi N - class Ak operator for a positive integers m, k and
N then

(
T̃ (∗)

)∗
is m - quasi N - class Ak operator.

Proof. From by the definition of m - quasi N - classAk operator for every x ∈ H.

T ∗m
[
N

∣∣T k+1
∣∣ 2

k+1 − |T |2
]
Tm ≥ 0

(T ∗T )m+1 ≤ N
{

(T ∗T )(k+1+m)
} 1

k+1

U∗
(
|T | 12 U∗ |T ∗|U |T ∗| 12

)m+1

U ≤ NU∗
{(
|T | 12 U∗ |T ∗|U |T | 12

)(k+1+m)
} 1

k+1

U
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U∗
(
|T | 12 U∗ |T ∗| 12 |T ∗| 12 U |T ∗| 12

)m+1

U ≤ NU∗
{(
|T | 12 U∗ |T ∗| 12 |T ∗| 12 U |T | 12

)(k+1+m)
} 1

k+1

U

U∗
((

T̃ (∗)
)∗

T̃ (∗)
)m+1

U ≤ U∗
{((

T̃ (∗)
)∗

T̃ (∗)
)(k+1+m)

} 1
k+1

U

(
T̃ (∗)

)∗m ∣∣∣
(
T̃ (∗)

)∗∣∣∣
2 (

T̃ (∗)
)m

≤ N
(
T̃ (∗)

)∗m ∣∣∣∣
(
T̃ (∗)

)∗k+1
∣∣∣∣

2
k+1 (

T̃ (∗)
)m

.

Therefore
(
T̃ (∗)

)∗
is m-quasi N-classAk operators.

Thoeorem 4.6. Let T̃ is m - quasi N - class Ak operator for a positive integers m, k and
N then T̃ (∗) is m - quasi N - class Ak operator.

Proof. From the Theorem 4.5 using |T ∗| = U∗ |T ∗|U we get T̃ (∗) is m - quasi N - classAk

operators.

Thoeorem 4.7. Let T̃ (∗) is m - quasi N - class Ak operator for a positive integers m, k

and N then T̃ ∗ is m - quasi N - class Ak operator.

Proof. From the definition of m - quasi N - classAk operator for every x ∈ H.

(T ∗T )m+1 ≤ N
{

(T ∗T )(k+1+m)
} 1

k+1

(
T̃ T̃ ∗

)m+1

≤ N

{(
T̃ T̃ ∗

)(k+1+m)
} 1

k+1

U∗
(
|T | 12 U∗ |T | 12 |T | 12 U |T | 12

)m+1

U ≤ NU∗
{(
|T | 12 U∗ |T | 12 |T | 12 U |T | 12

)(k+1+m)
} 1

k+1

U

U∗
(
T̃ ∗T̃

)m+1

U ≤ NU∗
{(

T̃ ∗T̃
)k+m+1

} 1
k+1

U

T̃ ∗m |T |2 T̃m ≤ NT̃ ∗m
∣∣T k+1

∣∣ 2
k+1 T̃m.

Therefore T̃ ∗ is m-quasi N-classAk operators.

Thoeorem 4.8. Let T̃ (∗) is m - quasi N - class Ak operator for a positive integers m, k

and N then T̃ is m - quasi N - class Ak operator.

Proof. From the Theorem 4.7 using |T ∗| = U∗ |T |U we get T̃ is m - quasi N - classAk operators.

Thoeorem 4.9. Let T̃ (∗) is m - quasi N - class Ak operator for a positive integers m, k

and N then T̃ is m - quasi N - class Ak operator.

Proof. From the Theorem 4.6 ans 4.7 then we get T̃ is m - quasi N - classAk operators.

Thoeorem 4.10. Let T̃ (∗) is m - quasi N - class Ak operator for a positive integers m, k

and N then T̃ ∗ is m - quasi N - class Ak operator.
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Proof. From the Theorem 4.9 using |T ∗| = U∗ |T |U then we get T̃ ∗ is m - quasi N - classAk

operators.

Thoeorem 4.11. Let T = U |T | be the polar decomposition of an operator for a positive
integers k, m and N for 0 < p ≤ 1, then T̃s,t = |T |s U |T |t is 2 {(1 + m) + min (s, t)} quasi N -
class Ak operator for s, t > 0 such that max (s, t) ≥ p.

Proof. From by the definition of m - quasi N - classAk operator for every x ∈ H.

T ∗(m+1)T (m+1) ≤ N
(
T ∗(k+1+m)T (k+1+m)

) 1
k+1

(
T̃ ∗s,tT̃s,t

)m+1

≤ N

{(
T̃ ∗s,tT̃s,t

)(k+1+m)
} 1

k+1

(
|T |t U∗ |T |s |T |s U |T |t

)m+1

≤ N

{(
|T |t U∗ |T |s |T |s U |T |t

)(k+1+m)
} 1

k+1

U

(
U∗ |T ∗|t |T |2s |T ∗|t U

)m+1

≤ N

{(
U∗ |T ∗|t |T |2s |T ∗|t U

)(k+1+m)
} 1

k+1

U

U∗
(
β

t
2 Asβ

t
2

)m+1

U ≤ NU∗
{(

β
t
2 Asβ

t
2

)(k+1+m)
} 1

k+1

U

U∗β2{(1+m)+min(s,t)}U ≤ NU∗
{(

β2{(1+m)+min(s,t)}
)(k+1+m)

} 1
k+1

U

T̃ ∗m |T |2{(1+m)+min(s,t)}
T̃m ≤ NT̃ ∗m

∣∣T k+1
∣∣2{(1+m)+min(s,t)} 2

k+1 T̃m.

Therefore 2 {(1 + m) + min (s, t)} is m-quasi N-classAk operators.

§5. Matrix Representation

In this section Matrix representation of an operator is used to study various properties of

an operator. T =


A S

0 0


 for class A operator with respect to direct sum of closure of range

of T and kernel of T ∗. We extened this to m - qausi N-class Ak operator.

Thoeorem 5.1. Let T be a m - qausi N-class Ak operator for a positive integers k, m

and N with no dense range and T has the following representation T =


T1 T2

0 T3


 on H =

ran (Tm)⊕ran (T ∗m), then T1 is m - quasi N-class Ak operator on ran (Tm) and T3 is nilpotent.
furthermore σ(T ) = σ(T1) ∪ {0}.

Proof. Consider the matrix representation of T with respect to decomposition H = ran (T )⊕

ker (T ) T =


A S

0 0


 let P be the orthogonal projection of H onto ran (T ) then T1 = PTP =
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TP since T is m - quasi N - class Ak operator we have,

P

[
N

(
|T |k+1

) 2
k+1 − |T |2

]
P ≥ 0

P

[
N

(
|T |k+1

) 2
k+1

]
P = P

[
N

(
(T ∗T )k+1

) 1
k+1

]
P

= P
[
N

(
T ∗k+1T k+1

) 1
k+1

]
P

≤ N
[
PT ∗k+1T k+1P

] 1
k+1

=




∣∣T k+1
1

∣∣ 2
k+1 0

0 0




=




∣∣T k+1
1

∣∣ 2
k+1 0

0 0




≥ P
(∣∣T k+1

1

∣∣) 2
k+1 P

≥ |T |2

=


|T1|2 0

0 0


 (1)

Hence On ran (Tm). Also for any x =


x1

x2


 ∈ H

〈Tm
3 x2, x3〉 = 〈Tm(I − P )x, (I − P )x〉

= 〈(I − P )x, T ∗m(I − P )x〉
= 0

T3 = 0. (2)

since σ(T1) ∪ σ(T2) = σ(T ) ∪ τ , where τ is the union of the holds in σ(T ) which happen to
be subset of σ(T1) ∩ σ(T2),and σ(T1) ∩ σ(T2) has no interior points therefore we have σ(T ) =
σ(T1) ∪ {0}.

Since Ak operators are isoloid, The following results follows immediately

Corollary 5.2. Let T ∈ B(H) be m - quasi N - class Ak operator for a positive integers

k, m, N and T not have dense range. If T has the following representation T =


T1 T2

0 0


 on

H = ran(T )⊕ kerT ∗, then T1 is isoloid.

§6. SVEP of m - quasi N - class Ak operators

In this section, it is proved m - quasi N - class Ak operators are isoloids, they finite ascent
and SVEP.
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Thoeorem 6.1. If T is m - quasi N-class Ak operator for some positive integers k, m and
N then T is an isoloid.

Proof. T =


T1 T2

0 0


 on H = ran(Tm)⊕ kerT ∗m and λ0 be an isolated point of σ(T ). Then

either λ0 = 0 or 0 6= λ0 ∈ isoσ(T1). Since T1 is isoloid, if λ0 ∈ isoσ(T1), then λ0 ∈ σp(T1)
and hence λ0 ∈ σp(T ) On the contrary, if λ0 = 0 and λ0 /∈ σp(T1), then T1 is invertible. Since
dimkerT3 6= 0, there exists x 6= 0 in kerT3 and for any x 6= 0 in H. T

(−T−1
1 T2x⊕ x

)
= 0.

Hence −T−1
1 T2x ⊕ x ∈ kerT and λ0 ∈ σp(T1). Hence in both cases, λ0 is an eigenvalue of T .

Therefore T is isoloid.

Thoeorem 6.2. If T is m - quasi N-class Ak operator for some positive integers k, m and
N , for λ ∈ C, σ(T ) = λ then T = λ.

Thoeorem 6.3. If T is m - quasi N-class Ak operator for some positive integers k, m and
N , for λ ∈ C, σ(T ) = λ then T = λ if λ 6= 0 and T − λ is nilpotent, if λ = 0.

Proof. If λ = 0 ,T =


T1 T2

0 0


 on H = ran(T )m ⊕ kerT ∗m, where T1 is N-class Ak operator

and σ(T ) = σ(T1) ∪ 0. Hence λ(T1) =. Hence by theorem 6.2, T1 = 0. Hence Tm = 0 . Hence
T − λ is nilpotent. Assume that λ 6= 0. Then T is an invertible m - quasi N-class Ak operator
and hence N-classAk with σ(T ) = λ. Then again by theorem 6.2 T = λ.

Thoeorem 6.4. If T is quasi N-class Ak operator for a positive integers k, m , N and M

is an invariant subspace of T , then the restriction T|M is N-class Ak.
Thoeorem 6.5.If T is quasi N-class Ak operator for a positive integers k, m , N and

0 6= λ ∈ σp(T ) and T is of the form T =


λ T2

0 T3


 on H ker(T − λ) ⊕ ker(T − λ)⊥, then 1.

T2 = 0, 2. T3 is m - quasi N - class Ak.

Proof. let P be the orthogonal projection of H onto ker(T − λ). since T is m - quasi N - class
Ak, T satisfies,

P

[
N

(
|T |k+1

) 2
k+1 − |T |2

]
P ≥ 0

P

[
N

(
|T |k+1

) 2
k+1

]
P = P

[
N

(
(T ∗T )k+1

) 1
k+1

]
P

= P
[
N

(
T ∗k+1T k+1

) 1
k+1

]
P

≤ N
[
PT ∗k+1T k+1P

] 1
k+1

≥ P
(∣∣T k+1

1

∣∣) 2
k+1 P
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≥ P |T |2 P

=


|λ|

2 0

0 0




Hence

NP
∣∣T k+1

∣∣ 2
k+1 P =


|T |

2 0

0 0




= P |λ|2 P

Therefore N
∣∣T k+1

∣∣ 2
k+1 is the form

N
∣∣T k+1

∣∣ 2
k+1 =


|λ|

2
A

A∗ B





|λ|

2 0

0 0


 = P

∣∣T k+1
∣∣2 P = PN

∣∣T k+1
∣∣ 2

k+1 P, A = 0

Therefore,

N
∣∣T k+1

∣∣ 2
k+1 =


|λ|

2 0

0 B




and

N
∣∣T k+1

∣∣2 =


|λ|

2(k+1) 0

0 Bk+1




This implise that
λkT2 + .... + T2T

k
3 = 0. (3)

and
B = N

∣∣T k+1
3

∣∣ 2
k+1

Therefore

0 ≤ T ∗m
(
N

∣∣T k+1
∣∣ 2

k+1 − |T |2
)

Tm =


 X Y

Y ∗ Z




Where X = 0, Y = −λ−m+1T2T
m
3 and

Z = −
(
λ−m−1T ∗2 + ... + T

∗(m−1)
3 T ∗2

)
λT2T3m

− λT ∗m3 T ∗2
(
λm−1T2 + ... + T2T

m−1
3

)

− T ∗m3 |T2|2 Tm
3 + T ∗m3

(
N

∣∣T k+1
3

∣∣ 2
k+1 − |T3|2

)
Tm

3

A matrix of the form


 X Y

Y ∗ Z


 ≥ 0 if and only if X ≥ 0, Z ≥ 0 and Y = X

1
2 WZ

1
2 , for some

contraction W . Therefore , T2T3 = 0. This together with λkT2 + λk−1T2T3 + .... + T2T
k
3 = 0

gives that T2 = 0 and T3 is m-quasi N - class Ak operators.



Vol. 12 Weyl’s theorem for m-quasi N -class Ak operators 43

Corollary 6.6. If T is m - quasi N - class Ak operator for some positive integers k, m and

N , 0 6= λ ∈ σp(T ), then T is of the form T =


λ 0

0 T3


 on (T − λ)⊕ ran(T − λ)∗, where T3 is

m - quasi N - class Ak and ker(T − λ) = 0.

Corollary 6.7. If T is m - quasi N - class Ak operator for some positive integers k, m and
N , then (T − λ)x = 0 for λ 6= 0 and x ∈ H, then (T − λ)∗x = 0.

Proof. If λ ∈ isoσ(T ), the spectral projection Eλ of T with respect to λ is defined by Eλ =
1

2πi

∫
∂D

(z − T )−1dz where D is a closed disk with centre at λ and radius small enough such
that D ∩ σ(T ) = λ. Then E2

λ = Eλ, EλT = TEλ, σ
(
T|EλH

)
= λ and ker(T − λ) ⊂ EλH.

Theorem 6.8. If T is m - quasi N - class Ak operator for some positive integers k, m and
N , then T is of finite ascent.

Proof. If λ 6= 0, ker(T − λ) ⊆ ker(T − λ)∗. Hence if x ∈ ker(T − λ)2, then ‖(T − λ)x‖2 =
〈(T − λ)∗(T − λ)x, x〉 = 0 which implies x ∈ ker(T − λ). Therefore ker(T − λ)2 = ker(T − λ).
If λ = 0, by let 0 6= x ∈ kerT k+2. x ∈ kerT 2 ⊂ kerT k+1. Therefore kerT k+2 = kerT k+1.
Hence T is finite asecent.

§7.Weyl’s theorem for m - quasi N - class Ak operator

In this section it is shown that weyl’s theorem holds for quasi N-class Ak operators ,quasi
N-class Ak operators have index less than or equal to zero , spectral mapping theorem for
weyl’s spectrum holds and also that weyl’s theorem holds for any function of quasi N-class Ak

operators, which is analytic in a neighborhood of the spectrum of quasi N-class Ak operators.

Theorem 7.1. For given operators A,B, C ∈ B(H), there is equality ω(A) ∪ ω(B) =

ω(Mc)∪τ , where Mc =


A C

0 B


 and τ is the union of certain holes in ω(Mc) which happen to

be a subset of ω(A) ∩ ω(B).

Theorem 7.2. If T is a N-class Ak operator for a positive integer k, then f (ω(T )) =
ω (f(T )) for every f ∈ H (σ(T )).

Theorem 7.3. Suppose A ∈ B(H) and B ∈ B(H) are isoloid. If weyl’s theorem holds for

A and B, and if ω(A) ∩ ω(B) has no interior points, then weyl’s theorem holds for


A 0

0 B


.

Theorem 7.4. If either SP (A) or SP (B) has no Pseudhoholes and if A is an isoloid
operator for which weyl’s theorem holds then for every C ∈ B(K, H),weyl’s theorem holds for
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
A 0

0 B


 = weyl’s theorem holds for


A C

0 B


.

Theorem 7.5. If T ∈ B(H), then the following are equivalent
1. ind(T − λI)ind(T − λµ) ≥ 0 for each pair λ, µ ∈ C − σe(T )
2. f (ω(T )) = ω (f(T )) for every f ∈ H (σ(T )).

Theorem 7.6. If T ∈ B(H) is isoloid, then f (σ (T )− π00(T )) = σ (f ((T ))− π00f(T )),
for every f ∈ H (σ(T )).

Theorem 7.7. If T is m - quasi N-class Ak operator for some positive integers k, m and
N , then weyl’s theorem holds for T .

Proof. By theorem 3.1 T =


T1 T2

0 T3


 on H = ran (T )⊕ ker (T ∗) with ker (T1) = {0} then T1

is quasi N-class Ak operator on ran (T ) and T3. Then by corollary 3.2 and by [2] (Theorem
3.3), x ∈ kerT 2 ⊂ kerT k+1. Hence kerT k+2 = kerT k+1. Hence T is finite ascent.

Theorem 7.8. If T is m - quasi N-class Ak operator some positive integers k, m and N ,
then ind(T − λI) ≤ 0 for all complex numbers λ.

Proof. If T is of finite ascent by Theorem 6.8 ind(T − λ) 6= 0 for all complex number λ.

Theorem 7.9. If T m - quasi N-class Ak operator for some positive integers k, m and N ,
then f (σ (T )− π00(T )) = σ (f ((T ))− π00f(T )), for every f ∈ H (σ(T )). the following result
is trivial.

Theorem 7.10. If T is a m - quasi N-class Ak operator for some positive integers k, m

and N , then f (ω (T )) = ω (f (T )) for every f ∈ H (σ (T )).

Theorem 7.11. If T ∈ B(H) is m - quasi N-classAk for a positive integers k, m and N ,
then weyl’s theorem holds for f(T ) for every f ∈ H (σ (T )).

Proof. By Theorem 7.10, Theorem 7.8 and Theorem 6.4, for every f ∈ H (σ (T )),

f (σ (T )− π00(T )) = σ (f ((T ))− π00f(T )) = f (ω (T )) = ω (f (T )) .

Hence weyl’s theorem holds for f(T ), for every f ∈ H (σ (T )).
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§1. Introduction

In 2002, Jafari and Noiri introduced and studied a new form of functions called contra-
pre continuous functions. The purpose of this paper is to introduce and study almost contra
gαr-continuous functions via the concept of gαr-closed sets. Also, properties of almost contra
gαr-continuity are discussed. Moreover, we obtain basic properties and preservation theorems of
almost contra gαr-continuous functions and relationships between almost contra gαr-continuity
and gαr-regular graphs.

Through out this paper (X, τ) and (Y, σ) represent the non-empty topological spaces on
which no separation axioms are assumed, unless otherwise mentioned. Let A ⊆ X, the closure
of A and interior of A will be denoted by cl(A) and int(A) respectively, union of all gαr-
open sets X contained in A is called gαr-interior of A and it is denoted by gαrint(A), the
intersection of all gαr-closed sets of X containing A is called gαr-closure of A and it is denoted
by gαrcl(A) [13].

§2. Preliminaries

Definition 2.1. Let a subset A of a topological space (X, τ), is called
1) a α-open set [8] if A ⊆ int(cl(int(A))).
2) a generalised-closed set (briefly g-closed) [5] if cl(A) ⊆ U whenever A ⊆ U and U is open.



Vol. 12 Almost contra generalized α regular-continuous functions in topological spaces 47

3) a weakly-closed set(briefly w-closed) [10] if cl(A) ⊆ U whenever A ⊆ U and U is semi open.
4) a generalized ∗-closed set (briefly g∗-closed) [12] if cl(A) ⊆ U whenever A ⊆ U and U is
g-open in X.
5) a generalized α-closed set (briefly gα-closed) [7] if αcl(A) ⊆ U whenever A ⊆ U and U is α

open in X.
6) an α generalized-closed set (briefly αg-closed) [6] if αcl(A) ⊆ U whenever A ⊆ U and U is
open in X.
7) a generalized b- closed set (briefly gb- closed) [1] if bcl(A) ⊆ U whenever A ⊆ U and U is
open in X. 8) a semi generalized b-closed set (briefly sgb- closed) [4] if bcl(A) ⊆ U whenever
A ⊆ U and U is semi open in X.
9) a generalized αb- closed set (briefly gαb- closed) [11] if bcl(A) ⊆ U whenever A ⊆ U and U

is α open in X.
10) a regular generalized b- closed set (briefly rgb- closed) [8] if bcl(A) ⊆ U whenever A ⊆ U

and U is regular open in X.
11) a generalized pre regular-closed set (briefly gpr-closed) [3] if pcl(A) ⊆ U whenever A ⊆ U

and U is regular open in X.
12) a generalized α regular-closed set (briefly gαr-closed) [9] if αcl(A) ⊆ U whenever A ⊆ U

and U is regular open in X.
Definition 2.2. A function f : (X, τ) → (Y, σ), is called

1) almost contra continuous [15] if f−1(V ) is closed in (X, τ) for every regular-open set V of
(Y, σ).
2) almost contra gα-continuous [7] if f−1(V ) is g-closed in (X, τ) for every regular-open set V

of (Y, σ).
3) almost contra αg-continuous [6] if f−1(V ) is αg-closed in (X, τ) for every regular-open set
V of (Y, σ).
4) almost contra gpr-continuous [3] if f−1(V ) is gpr-closed in (X, τ) for every regular-open set
V of (Y, σ).
5) almost contra gb-continuous [2] if f−1(V ) is gb-closed in (X, τ) for every regular-open set V

of (Y, σ).
6) almost contra rgb-continuous [14] if f−1(V ) is rgb-closed in (X, τ) for every regular-open
set V of (Y, σ).

§3. Almost contra generalized α regular-continuous func-

tions

In this section, we introduce almost contra generalized α regular-continuous functions and
investigate some of their properties.

Definition 3.1. A function f : (X, τ) → (Y, σ) is called almost contra generalized α

regular - continuous if f−1(V ) is gαr - closed in (X, τ) for every regular open set V in (Y, σ).
Example 3.2. Let X = Y = {a, b, c} with τ = {X, ϕ, {b}, {c}, {b, c}} and σ =

{Y, ϕ, {a}, {b}, {a, b}.{a, c}}. Define a function f : (X, τ) → (Y, σ) by f(a) = b, f(b) = c,
f(c) = a. Clearly f is almost contra gαr - continuous.
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Theorem 3.3. If f : X → Y is contra gαr - continuous then it is almost contra gαr -
continuous.

Proof. Obvious, because every regular open set is open set.

Remark 3.4. Converse of the above theorem need not be true in general as seen from
the following example.

Example 3.5. Let X = Y = {a, b, c} with τ = {X, ϕ, {b}, {c}, {b, c}} and σ =
{Y, ϕ, {a}, {b}, {a, b}, {b, c}}. Define a function f : (X, τ) → (Y, σ) by f(a) = b, f(b) = c,
f(c) = a. Then f is almost contra gαr - continuous function but not contra gαr - continuous,
because for the open set {a} in Y and f−1{a} = {c} is not gαr - closed in X.

Theorem 3.6. i) Every almost contra gα - continuous function is almost contra gαr -
continuous function.
ii) Every almost contra αg - continuous function is almost contra gαr - continuous function.
iii) Every almost contra gαr - continuous function is almost contra gpr - continuous function.
iv) Every almost contra g - continuous function is almost contra gαr - continuous function.
v) Every almost contra w - continuous function is almost contra gαr - continuous function.
vi) Every almost contra g∗ - continuous function is almost contra gαr - continuous function.
vii) Every almost contra gαr - continuous function is almost contra rgb - continuous function.

Remark 3.7. Converse of the above statements is not true as shown in the following
example.

Example 3.8. i) Let X = Y = {a, b, c} with τ = {X, ϕ, {a}, {b, c}} and σ =
{Y, ϕ, {a, b}}. Define a function f : (X, τ) → (Y, σ) by f(a) = c, f(b) = b, f(c) = a. Clearly
f is almost contra gαr - continuous but f is not almost contra gα - continuous. Because
f−1({a, c}) = {a, c} is not gα - closed in (X, τ) where {a, c} is regular - open in (Y, σ).
ii) Let X = Y = {a, b, c} with τ = {X, ϕ, {b}} and σ = {Y, ϕ, {a}, {b}, {a, b}, {a, c}}. Define a
function f : (X, τ) → (Y, σ) by f(a) = c, f(b) = a, f(c) = b. Clearly f is almost contra gαr -
continuous but f is not almost contra αg - continuous. Because f−1({a, c}) = {a, b} is not αg

- closed in (X, τ) where {a, c} is regular - open in (Y, σ).
iii) Let X = Y = {a, b, c} with τ = {X, ϕ, {a}, {b}, {a, b}, {b, c}} and σ = {Y, ϕ, {a}, {b}, {a, b}}.
Define a function f : (X, τ) → (Y, σ) by f(a) = b, f(b) = c, f(c) = a. Clearly f is almost
contra gαr - continuous but f is not almost contra gpr - continuous. Because f−1({b}) = {a}
is not g - closed in (X, τ) where {b} is regular - open in (Y, σ).
iv) Let X = Y = {a, b, c} with τ = {X, ϕ, {c}, {a, c}} and σ = {Y, ϕ, {a}, {b}, {a, b}}. Define a
function f : (X, τ) → (Y, σ) by f(a) = b, f(b) = c, f(c) = a. Clearly f is almost contra gαr -
continuous but f is not almost contra g - continuous. Because f−1({b}) = {a} is not g - closed
in (X, τ) where {b} is regular - open in (Y, σ).
v) Let X = Y = {a, b, c} with τ = {X, ϕ, {a}, {a, c}} and σ = {Y, ϕ, {a}, {c}, {a, c}, {a, b}}.
Define a function f : (X, τ) → (Y, σ) by f(a) = b, f(b) = c, f(c) = a. Clearly f is almost
contra w - continuous but f is not almost contra gαr - continuous. Because f−1({b, c}) = {a, b}
is not gαr - closed in (X, τ) where {b, c} is regular - open in (Y, σ).
vi) Let X = Y = {a, b, c} with τ = {X, ϕ, {c}, {a, c}} and σ = {Y, ϕ, {a}, {b}, {a, b}, {a, c}}.
Define a function f : (X, τ) → (Y, σ) by f(a) = b, f(b) = c, f(c) = a. Clearly f is almost contra
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gαr - continuous but f is not almost contra g∗ - continuous. Because f−1({a, c}) = {b, c} is
not g∗ - closed in (X, τ) where {a, c} is regular - open in (Y, σ).
vii) Let X = Y = {a, b, c} with τ = {X, ϕ, {a}, {c}, {a, c}} and σ = {Y, ϕ, {a}, {b}, {a, b}, {a, c}}.
Define a function f : (X, τ) → (Y, σ) by f(a) = c, f(b) = a, f(c) = b. Clearly f is almost contra
rgb - continuous but f is not almost contra gαr - continuous. Because f−1({a, c}) = {a, b} is
not gαr - closed in (X, τ) where {a, c} is regular - open in (Y, σ).

Theorem 3.9. The following are equivalent for a function f : X → Y ,
1) f is almost contra gαr - continuous.
2) for every regular closed set F of Y, f−1(F ) is gαr - open set of X.
3) for each x ∈ X and each regular closed set F of Y containing f(x), there exists gαr - open U

containing x such that f(U)⊂F .
4) for each x ∈ X and each regular open set V of Y not containing f(x), there exists gαr -
closed set K not containing x such that f−1(V ) ⊂ K.

Proof. (i) ⇒ (2) : Let F be a regular closed set in Y , then Y − F is a regular open set in Y .
By (1), f−1(Y −F ) = X − f−1(F ) is gαr - closed set in X. This implies f−1(F ) is gαr - open
set in X. Therefore, (2) holds.
(2) ⇒ (1) : Let G be a regular open set of Y . Then Y −G is a regular closed set in Y . By (2),
f−1(Y − G) is gαr - open set in X. This implies X − f−1(G) is gαr - open set in X, which
implies f−1(G) is gαr - closed set in X. Therefore, (1) hold.
(2) ⇒ (3) : Let F be a regular closed set in Y containing f(x), which implies x ∈ f−1(F ). By
(2), f−1(F ) is gαr - open in X containing x. Set U = f−1(F ), which implies U is gαr - open
in X containing x and f(U) = f(f−1(F )) ⊂ F . Therefore (3) holds.
(3) ⇒ (2) : Let F be a regular closed set in Y containing f(x), which implies x ∈ f−1(F ). From
(3), there exists gαr - open Ux in X containing x such that f(Ux) ⊂ F . That is Ux ⊂ f−1(F ).
Thus f−1(F ) = {∪Ux : x ∈ f−1(F ), which is union of gαr - open sets. Therefore, f−1(F ) is
gαr - open set of X.
(3) ⇒ (4) : Let V be a regular open set in Y not containing f(x). Then Y −V is a regular closed
set in Y containing f(x). From (3), there exists a gαr - open set U in X containing x such that
f(U) ⊂ Y − V .This implies U ⊂ f−1(Y − V ) = X − f−1(V ). Hence, f−1(V ) ⊂ X − U . Set
K = X − V , then K is gαr - closed set not containing x in X such that f−1(V ) ⊂ K.
(4) ⇒ (3) : Let F be a regular closed set in Y containing f(x). Then Y − F is a regular open
set in Y not containing f(x). From (4), there exists gαr - closed set K in X not containing x

such that f−1(Y − F ) ⊂ K. This implies X − f−1(F ) ⊂ K. Hence, X −K ⊂ f−1(F ), that
is f(X − K) ⊂ F . Set U = X − K, then U is gαr - open set containing x in X such that
f(U) ⊂ F .

Theorem 3.10. The following are equivalent for a function f : X → Y ,
1) f is almost contra gαr - continuous.
2) f−1(Int(Cl(G))) is gαr - closed set in X for every open subset G of Y .
3) f−1(Cl(Int(F ))) is gαr - open set in X for every closed subset F of Y .

Proof. (1) ⇒ (2) : Let G be an open set in Y . Then Int(Cl(G)) is regular open set in Y . By
(1), f−1(Int(Cl(G)) ∈ gαr − C(X).
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(2) ⇒ (1) : Proof is obvious.
(1) ⇒ (3) : Let F be a closed set in Y . Then Cl(Int(G)) is regular closed set in Y . By (1),
f−1(Cl(Int(G)) ∈ gαr −O(X).
(3) ⇒ (1) : Proof is obvious.

Definition 3.11. A function f : X → Y is said to be R - map if f−1(V ) is regular open
in X for each regular open set V of Y .

Definition 3.12. A function f : X → Y is said to be perfectly continuous if f−1(V ) is
clopen in X for each open set V of Y .

Theorem 3.13. For two functions f : X → Y and g : Y → Z, let g ◦ f : X → Z be a
composition function. Then, the following properties hold.
i) If f is almost contra gαr - continuous and g is an R - map, then g ◦ f is almost contra gαr

- continuous.
ii) If f is almost contra gαr - continuous and g is perfectly continuous, then g ◦f is contra gαr

- continuous.
iii) If f is contra gαr - continuous and g is almost continuous, then g ◦ f is almost contra gαr

- continuous.

Proof. i) Let V be any regular open set in Z. Since g is an R - map, g−1(V ) is regular open in
Y . Since f is almost contra gαr - continuous, f−1(g−1(V )) = (g ◦ f)−1(V ) is gαr - closed set
in X. Therefore g ◦ f is almost contra gαr - continuous.
ii) Let V be any regular open set in Z. Since g is perfectly continuous, g−1(V ) is clopen in Y .
Since f is almost contra gαr - continuous, f−1(g−1(V )) = (g ◦ f)−1(V ) is gαr - open and gαr

- closed set in X. Therefore g ◦ f is gαr continuous and contra gαr - continuous.
iii) Let V be any regular open set in Z. Since g is almost continuous, g−1(V ) is open in Y .
Since f is almost contra gαr - continuous, f−1(g−1(V )) = (g ◦ f)−1(V ) is gαr - closed set in
X. Therefore g ◦ f is almost contra gαr - continuous.

Theorem 3.14. Let f : X → Y be a contra gαr - continuous and g : Y → Z be gαr -
continuous. If Y is Tgαr - space, then g ◦ f : X → Z is an almost contra gαr - continuous.

Proof. Let V be any regular open and hence open set in Z. Since g is gαr - continuous g−1(V )
is gαr - open in Y and Y is Tgαr - space implies g−1(V ) open in Y . Since f is contra gαr -
continuous, f−1(g−1(V )) = (g ◦ f)−1(V ) is gαr - closed set in X. Therefore, g ◦ f is an almost
contra gαr - continuous.

Theorem 3.15. If f : X → Y is surjective strongly gαr - open (or strongly gαr - closed)
and g : Y → Z is a function such that g ◦ f : X → Z is an almost contra gαr - continuous,
then g is an almost contra gαr - continuous.

Proof. Let V be any regular closed (resp. regular open) set in Z. Since g◦f is an almost contra
gαr - continuous, (g ◦ f)−1(V ) = f−1(g−1(V )) is gαr - open (resp. gαr - closed) in X. Since
f is surjective and strongly gαr - open (or strongly gαr - closed), f(f−1(g−1(V ))) = g−1(V ) is
gαr - open(or gαr - closed). Therefore g is an almost contra gαr - continuous.



Vol. 12 Almost contra generalized α regular-continuous functions in topological spaces 51

Definition 3.16. A function f : X → Y is called weakly gαr - continuous if for each
x ∈ X and each open set V of Y containing f(x), there exists U ∈ gαr − O(X;x) such that
f(U) ⊂ cl(V ).

Theorem 3.17. If a function f : X → Y is an almost contra gαr - continuous, then f

is weakly gαr - continuous function.

Proof. Let x ∈ X and V be an open set in Y containing f(x). Then cl(V ) is regular closed
in Y containing f(x). Since f is an almost contra gαr - continuous function by Theorem
3.13(2), f−1(cl(V )) is gαr - open set in X containing x. Set U = f−1(cl(V )), then f(U) ⊂
f(f−1(Cl(V ))) ⊂ cl(V ). This shows that f is weakly gαr - continuous function.

Definition 3.18. A space X is called locally gαr - indiscrete if every gαr - open set is
closed in X.

Theorem 3.19. If a function f : X → Y is almost contra gαr - continuous and X is
locally gαr - indiscrete space, then f is almost continuous.

Proof. Let U be a regular open set in Y . Since f is almost contra gαr - continuous f−1(U) is
gαr - closed set in X and X is locally gαr - indiscrete space, which implies f−1(U) is an open
set in X. Therefore f is almost continuous.

Lemma 3.20. Let A and X0 be subsets of a space X. If A ∈ gαr −O(X) and X0 ∈ τα,
then A ∩X0 ∈ gαr −O(X0).

Theorem 3.21. If f : X → Y is almost contra gαr - continuous and X0 ∈ τα then the
restriction f/X0 : X0 → Y is almost contra gαr - continuous.

Proof. Let V be any regular open set of Y . By Theorem, we have f−1(V ) ∈ gαr − O(X) and
hence (f/X0)−1(V ) = f−1(V ) ∩X0 ∈ gαr − O(X0). By Lemma 3.20, it follows that f/X0 is
almost contra gαr - continuous.

Theorem 3.22. If f : X → ∏
Yλ is almost contra gαr - continuous, then Pλ◦f : X → Yλ

is almost contra gαr - continuous for each λ ∈ ∇, where Pλ is the projection of
∏

Yλ onto Yλ.

Proof. Let Yλ be any regular open set of Y . Since Pλ is continuous open, it is an R - map and
hence (Pλ)−1 ∈ RO(

∏
Yλ).

By theorem, f−1(P−1
λ (V )) = (Pλ ◦ f)−1 ∈ gαr − O(X). Hence Pλ ◦ f is almost contra gαr -

continuous.

§4. gαr - regular graphs and strongly contra gαr - closed

graphs

Definition 4.1. A graph Gf of a function f : X → Y is said to be gαr - regular (strongly
contra gαr - closed) if for each (x, y) ∈ (X × Y )\Gf , there exist a gαr - closed set U in X

containing x and V ∈ R−O(Y ) such that (U × V ) ∩Gf = ϕ.
Theorem 4.2. If f : X → Y is almost contra gαr - continuous and Y is T2, then Gf is

gαr - regular in X × Y .
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Proof. Let (x, y) ∈ (X × Y )\Gf ). It is obvious that f(x) 6= y. Since Y is T2, there exists
V, W ∈ RO(Y ) such that f(x) ∈ V , y ∈ W and V ∩W = ϕ. Since f is almost contra gαr -
continuous, f−1(V ) is a gαr - closed set in X containing x. If we take U = f−1(V ), we have
f(U) ⊂ V . Hence, f(U) ∩W = ϕ and Gf is gαr - regular.

Theorem 4.3. Let f : (X, τ) → (Y, σ) be a function and g : (X, τ) → (X × Y, τ × σ) the
graph function defined by g(x) = (x, f(x)) for every x ∈ X. Then f is almost gαr - continuous
if and only if g is almost gαr - continuous.

Proof. Necessary : Let x ∈ X and V ∈ gαr − O(Y ) containing f(x). Then, we have g(x) =
(x, f(x)) ∈ R−O(X × Y ). Since f is almost gαr - continuous, there exists a gαr - open set U

of X containing x such that g(U) ⊂ X×Y . Therefore, we obtain f(U) ⊂ V . Hence f is almost
gαr continuous.
Sufficiency : Let x ∈ X and w be a regular open set of X × Y containing g(x). There exists
U1 ∈ RO(X, τ) and V ∈ RO(Y, σ) such that (x, f(x)) ∈ (U1×V ) ⊂ W . Since f is almost gαr -
continuous, there exists U2 ∈ gαr−O(X, τ) such that x ∈ U2 and f(U2) ⊂ V . Set U = U1∩U2.
We have x ∈ Ux ∈ gαr −O(X, τ) and g(U) ⊂ (U1 × V ) ⊂ W . This shows that g is almost gαr

- continuous.

Theorem 4.4. If a function f : X → Y be a almost contra gαr - continuous and almost
continuous, then f is regular set - connected.

Proof. Let V ∈ RO(Y ). Since f is almost contra gαr - continuous and almost continuous,
f−1(V ) is gαr - closed and open. So f−1(V ) is clopen. It turns out that f is regular set -
connected.

§5. Connectedness

Definition 5.1. A space X is called gαr - connected if X cannot be written as a disjoint
union of two non - empty gαr - open sets.

Theorem 5.2. If f : X → Y is an almost contra gαr - continuous surjection and X is
gαr - connected, then Y is connected.

Proof. Suppose that Y is not a connected space. Then Y can be written as Y = U0 ∪ V0 such
that U0 and V0 are disjoint non - empty open sets. Let U = int(cl(U0)) and V = int(cl(V0)).
Then U and V are disjoint nonempty regular open sets such that Y = U ∪ V . Since f is
almost contra gαr - continuous, then f−1(U) and f−1(V ) are gαr - open sets of X. We have
X = f−1(U) ∪ f−1(V ) such that f−1(U) and f−1(V ) are disjoint. Since f is surjective, this
shows that X is not gαr - connected. Hence Y is connected.

Theorem 5.3. The almost contra gαr - continuous image of gαr - connected space is
connected.
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Proof. Let f : X → Y be an almost contra gαr - continuous function of a gαr - connected
space X onto a topological space Y . Suppose that Y is not a connected space. There exist non
- empty disjoint open sets V1 and V2 such that Y = V1 ∪ V2. Therefore, V1 and V2 are clopen
in Y . Since f is almost contra gαr - continuous, f−1(V1) and f−1(V2) are gαr - open in X.
Moreover, f−1(V1) and f−1(V2) are non - empty disjoint and X = f−1(V1) ∪ f−1(V2). This
shows that X is not gαr - connected. This is a contradiction and hence Y is connected.

Definition 5.4. A topological space X is said to be gαr - ultra connected if every two
non - empty gαr - closed subsets of X intersect.

A topological space X is said to be hyper connected if every open set is dense.
Theorem 5.5. If X is gαr - ultra connected and f : X → Y is an almost contra gαr -

continuous surjection, then Y is hyper connected.

Proof. Suppose that Y is not hyperconnected. Then, there exists an open set V such that
V is not dense in Y . So, there exist non - empty regular open subsets B1 = int(cl(V )) and
B2 = Y − cl(V ) in Y . Since f is almost contra gαr - continuous, f−1(B1) and f−1(B2) are
disjoint gαr - closed. This is contrary to the gαr - ultra - connectedness of X. Therefore, Y is
hyperconnected.

§6. Separation axioms

Definition 6.1. A topological space X is said to be gαr − T1 space if for any pair of
distinct points x and y, there exist a gαr - open sets G and H such that x ∈ G, y /∈ G and
x /∈ H, y ∈ H.

Theorem 6.2. If f : X → Y is an almost contra gαr - continuous injection and Y is
weakly Hausdorff, then X is gαr − T1.

Proof. Suppose Y is weakly Hausdorff. For any distinct points x and y in X, there exist V and
W regular closed sets in Y such that f(x) ∈ V , f(y) /∈ V , f(y) ∈ W and f(x) /∈ W . Since f

is almost contra gαr - continuous, f−1(V ) and f−1(W ) are gαr - open subsets of X such that
x ∈ f−1(V ), y /∈ f−1(V ), y ∈ f−1(W ) and x /∈ f−1(W ). This shows that X is gαr − T1.

Corollary 6.3. If f : X → Y is a contra gαr - continuous injection and Y is weakly
Hausdorff, then X is gαr − T1.

Definition 6.4. A topological space X is called Ultra Hausdorff space, if for every pair
of distinct points x and y in X, there exist disjoint clopen sets U and V in X containing x and
y, respectively.

Definition 6.5. A topological space X is said to be gαr − T2 space if for any pair of
distinct points x and y, there exist disjoint gαr - open sets G and H such that x ∈ G and
y ∈ H.

Theorem 6.6. If f : X → Y is an almost contra gαr - continuous injective function
from space X into a Ultra Hausdorff space Y , then X is gαr − T2.
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Proof. Let x and y be any two distinct points in X. Since f is an injective f(x) 6= f(y) and
Y is Ultra Hausdorff space, there exist disjoint clopen sets U and V of Y containing f(x) and
f(y) respectively. Then x ∈ f−1(U) and y ∈ f−1(V ), where f−1(U) and f−1(V ) are disjoint
gαr - open sets in X. Therefore X is gαr − T2.

Definition 6.7. A topological space X is called Ultra normal space, if each pair of disjoint
closed sets can be separated by disjoint clopen sets.

Definition 6.8. A topological space X is said to be gαr - normal if each pair of disjoint
closed sets can be separated by disjoint gαr - open sets.

Theorem 6.9. If f : X → Y is an almost contra gαr - continuous closed injection and
Y is ultra normal, then X is gαr - normal.

Proof. Let E and F be disjoint closed subsets of X. Since f is closed and injective f(E) and
f(F ) are disjoint closed sets in Y . Since Y is ultra normal there exists disjoint clopen sets U

and V in Y such that f(E) ⊂ U and f(F ) ⊂ V . This implies E ⊂ f−1(U) and F ⊂ f−1(V ).
Since f is an almost contra gαr - continuous injection, f−1(U) and f−1(V ) are disjoint gαr -
open sets in X. This shows X is gαr - normal.

Theorem 6.10. If f : X → Y is an almost contra gαr - continuous and Y is semi -
regular, then f is gαr - continuous.

Proof. Let x ∈ X and V be an open set of Y containing f(x). By definition of semi - regularity
of Y , there exists a regular open set G of Y such that f(x) ∈ G ⊂ V . Since f is almost
contra gαr - continuous, there exists U ∈ gαr − O(X, x) such that f(U) ⊂ G. Hence we have
f(U) ⊂ G ⊂ V . This shows that f is gαr - continuous function.

§7. Compactness

Definition 7.1. A space X is said to be:
(1) gαr - compact if every gαr - open cover of X has a finite subcover.
(2) gαr - closed compact if every gαr - closed cover of X has a finite subcover.
(3) Nearly compact if every regular open cover of X has a finite subcover.
(4) Countably gαr - compact if every countable cover of X by gαr - open sets has a finite
subcover.
(5) Countably gαr - closed compact if every countable cover of X by gαr - closed sets has a
finite sub cover.
(6) Nearly countably compact if every countable cover of X by regular open sets has a finite sub
cover.
(7) gαr - Lindelof if every gαr - open cover of X has a countable sub cover.
(8) gαr - Lindelof if every gαr - closed cover of X has a countable sub cover.
(9) Nearly Lindelof if every regular open cover of X has a countable sub cover.
(10) S - Lindelof if every cover of X by regular closed sets has a countable sub cover.
(11) Countably S - closed if every countable cover of X by regular closed sets has a finite sub -
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cover.
(12) S - closed if every regular closed cover of x has a finite sub cover.

Theorem 7.2. Let f : X → Y be an almost contra gαr - continuous surjection. Then,
the following properties hold:
(1) If X is gαr - closed compact, then Y is nearly compact.
(2) If X is countably gαr - closed compact, then Y is nearly countably compact.
(3) If X is gαr - Lindelof, then Y is nearly Lindelof.

Proof. (1) Let {Vα : α ∈ I} be any regular open cover of Y . Since f is almost contra gαr -
continuous, {f−1(Vα) : α ∈ I} is gαr - closed cover of X. Since X is gαr - closed compact,
there exists a finite subset I0 of I such that X = ∪{f−1(Vα) : α ∈ I0}. Since f is surjective,
Y = ∪{(Vα) : α ∈ I0} which is finite sub cover of Y , therefore Y is nearly compact.
(2) Let {Vα : α ∈ I} be any countable regular open cover of Y . Since f is almost contra gαr -
continuous, {f−1(Vα) : α ∈ I} is countable gαr - closed cover of X. Since X is countably gαr

- closed compact, there exists a finite subset I0 of I such that X = ∪{f−1(Vα) : α ∈ I0}. Since
f is surjective, Y = ∪{(Vα) : α ∈ I0} is finite subcover for Y . Hence Y is nearly countably
compact.
(3) Let {Vα : α ∈ I} be any regular open cover of Y . Since f is almost contra gαr - continuous,
{f−1(Vα) : α ∈ I} is gαr - closed cover of X. Since X is gαr - Lindelof, there exists a countable
subset I0 of I such that X = {f−1(Vα) : α ∈ I0}. Since f is surjective, Y = ∪{(Vα) : α ∈ I0}
is finite sub cover for Y . Therefore, Y is nearly Lindelof.

Theorem 7.3. Let f : X → Y be an almost contra gαr - continuous surjection. Then,
the following properties hold:
(1) If X is gαr - compact, then Y is S - closed.
(2) If X is countably gαr - closed, then Y is is countably S - closed.
(3) If X is gαr - Lindelof, then Y is S - Lindelof.

Proof. (1) Let {Vα : α ∈ I} be any regular closed cover of Y . Since f is almost contra gαr -
continuous, {f−1(Vα) : α ∈ I} is gαr - open cover of X. Since X is gαr - compact, there exists
a finite subset I0 of I such that X = ∪{f−1(Vα) : α ∈ I0}. Since f is surjective, Y = ∪{Vα : α ∈
I0} is finite sub cover for Y . Therefore, Y is S - closed. (2) Let {Vα : α ∈ I} be any countable
regular closed cover of Y . Since f is almost contra gαr - continuous, {f−1(Vα) : α ∈ I} is
countable gαr - open cover of X. Since X is countably gαr - compact, there exists a finite
subset I0 of I such that X = ∪{f−1(Vα) : α ∈ I0}. Since f is surjective, Y = ∪{Vα : α ∈ I0} is
finite sub cover for Y . Hence, Y is countably S - closed. (3) Let {Vα : α ∈ I} be any regular
closed cover of Y . Since f is almost contra gαr - continuous, {f−1(Vα) : α ∈ I} is gαr - open
cover of X. Since X is gαr - Lindelof, there exists a countable sub - set I0 of I such that
X = ∪{f−1(Vα) : α ∈ I0}. Since f is surjective, Y = ∪{Vα : α ∈ I0} is finite sub cover for Y .
Hence, Y is S - Lindelof.
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§1. Introduction

In 1970, Dontchev [13] introduced the notions of contra continuous function. A new class
of function called contra b-continuous function introduced by Nasef [6]. In 2009, Omari and
Noorani [1] have studied further properties of contra b-continuous functions. In this paper, we
introduce the concept of contra sg∗b-continuous function via the notion of sg∗b-open set and
study some of the applications of this function. We also introduce and study two new spaces
called sg∗b-Hausdorff spaces, sg∗b-normal spaces and obtain some new results.

Through out this paper (X, τ) and (Y, σ) represent the non-empty topological spaces on
which no separation axioms are assumed, unless otherwise mentioned. Let A ⊆ X, the closure
of A and interior of A will be denoted by cl(A) and int(A) respectively, union of all sg∗b-
open sets X contained in A is called sg∗b-interior of A and it is denoted by sg∗b-int(A), the
intersection of all sg∗b-closed sets of X containing A is called sg∗b-closure of A and it is denoted
by sg∗b-cl(A).

§2. Preliminaries

Definition 2.1. Let a subset A of a topological space (X, τ), is called
1) a pre-open set [10] if A ⊆ int(cl(A)).
2) a semi-open set [8] if A ⊆ cl(int(A)).
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3) a α -open set [12] if A ⊆ int(cl(int(A))).
4) a α generalized closed set (briefly αg- closed) [9] if αcl(A) ⊆ U whenever A ⊆ U and U is
open in X.
5) a generalized ∗ closed set (briefly g∗-closed) [13] if cl(A) ⊆ U whenever A ⊆ U and U is ĝ

open in X.
6) a generalized b- closed set (briefly gb- closed) [1] if bcl(A) ⊆ U whenever A ⊆ U and U is
open in X.
7) a generalized semi-pre closed set (briefly gsp - closed) [7] if spcl(A) ⊆ U whenever A ⊆ U

and U is open in X.
8) a semi generalized closed set (briefly sg- closed) [3] if scl(A) ⊆ U whenever A ⊆ U and U is
semi open in X.
9) a generalized pre regular closed set (briefly gpr-closed) [6] if pcl(A) ⊆ U whenever A ⊆ U

and U is regular open in X.
10) a semi generalized b- closed set (briefly sgb- closed) [7] if bcl(A) ⊆ U whenever A ⊆ U and
U is semi open in X.
11) a g̈ - closed set [12] if cl(A) ⊆ U whenever A ⊆ U and U is sg open in X.
12) a semi generalized star b - closed set (briefly sg∗b - closed) [14] if bcl(A) ⊆ U whenever
A ⊆ U and U is sg open in X.

Definition 2.2. A function f : (X, τ) → (Y, σ), is called
1) a contra continuous [5] if f−1(V ) is closed in (X, τ) for every open set V of (Y, σ).
2) a contra g̈-continuous [2] if f−1(V ) is b-closed in (X, τ) for every open set V of (Y, σ).
3) a contra pre-continuous [10] if f−1(V ) is pre-closed in (X, τ) for every open set V of (Y, σ).
4) a contra semi-continuous [8] if f−1(V ) is semi-closed in (X, τ) for every open set V of (Y, σ).
5) a contra gpr-continuous [6] if f−1(V ) is gpr-closed in (X, τ) for every open set V of (Y, σ).
6) a contra gsp-continuous [4] if f−1(V ) is gsp-closed in (X, τ) for every open set V of (Y, σ).
7) a contra gb-continuous [11] if f−1(V ) is gb-closed in (X, τ) for every open set V of (Y, σ).
8) a contra sg-continuous [15] if f−1(V ) is sg-closed in (X, τ) for every open set V of (Y, σ).

§3. On Contra semi generalized star b - continuous func-

tions

In this section, we introduce contra semi generalized star b - ontinuous functions and
investigate some of their properties.

Definition 3.1. A function f : (X, τ) → (Y, σ) is called contra semi generalized star b -
continuous if f−1(V ) is sg∗b - closed in (X, τ) for every open set V in (Y, σ).

Example 3.2. Let X = Y = {a, b, c} with τ = {X, ϕ, {a}, {b}, {a, b}} and σ =
{Y, ϕ, {a, b}}. Define a function f : (X, τ) → (Y, σ) by f(a) = c, f(b) = b, f(c) = a. Clearly f

is contra sg∗b - continuous.
Definition 3.3. Let A be a subset of a space (X, τ).

(i) The set ∩{F ⊂ X : A ⊂ F, F is sg∗b − closed} is called the sg∗b - closure of A and it is
denoted by sg∗b− cl(A).
(ii) The set ∪{G ⊂ X : G ⊂ A,G is sg∗b − open} is called the sg∗b - interior of A and it is
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denoted by sg∗b− int(A).
Lemma 3.4. For x ∈ X, x ∈ sg∗b− cl(A) if and only if U ∩A 6= φ for every sg∗b - open

set U containing x.

Proof. Necessary part : Suppose there exists a sg∗b - open set U containing x such that U∪A =
ϕ . Since A ⊂ X−U , sg∗b−cl(A) ⊂ X−U . This implies x /∈ sg∗b−cl(A). This is a contradiction.
Sufficiency part : Suppose that x /∈ sg∗b− cl(A). Then ∃ a sg∗b - closed subset F containing A

such that x /∈ F . Then x ∈ X − F is sg∗b - open, (X − F ) ∩A = ϕ. This is contradiction.

Lemma 3.5. The following properties hold for subsets A,B of a space X:
(i) x ∈ ker(A) if and only if A ∩ F 6= φ for any F ∈ (X, x).
(ii) A ⊂ ker(A) and A = ker(A) if A is open in X.
(iii) If A ⊂ B, then ker(A) ⊂ ker(B).

Theorem 3.6. Let f : (X, τ) → (Y, σ) be a map. The following conditions are equivalent:
(i) f is contra sg∗b - continuous,
(ii) The inverse image of each closed in (Y, σ) is sg∗b - open in (X, τ),
(iii) For each x ∈ X and each F ∈ C(Y, f(x)), there exists U ∈ sg∗b − O(X), such that
f(U) ⊂ F ,
(iv) f(sg∗b− cl(X)) ⊂ ker(f(A)), for every subset A of X,
(v) sg∗b− cl(f−1(B)) ⊂ f−1(ker(B)), for every subset B of Y .

Proof. (i) ⇔ (ii) and (ii) ⇒ (iii) are obvious.
(iii) → (ii) : Let F be any closed set of Y and x ∈ f−1(F ). Then f(x) ∈ F and there exists
Ux ∈ sg∗b−O(X, x) such that f(Ux) ⊂ F .
Hence we obtain f−1(F ) =

⋃ {
Ux\x ∈ f−1(F )

} ∈ sg∗b − O(X, x). Thus the inverse of each
closed set in (Y, σ) is sg∗b - open in (X, τ).
(ii) ⇒ (iv) : Let A be any subset of X. Suppose that y /∈ kerf(A)). By lemma there exists
F ∈ C(Y, y) such that f(A)∩F = ϕ. Then, we have A∩f−1(F ) = ϕ and sg∗b−cl(A)∩f−1(F ) =
ϕ.
Therefore, we obtain f

(
sg∗b − cl(A)

) ∩ F = ϕ and y /∈ f
(
sg∗b − cl(A)

)
. Hence we have

f
(
sg∗b− cl(X)

) ⊂ ker
(
f(A)

)
.

(iv) ⇒ (v): Let B be any subset of Y . By (iv) and Lemma, We have

f
(
sg∗b− cl

(
f−1(B)

)) ⊂
(

ker
(
f
(
f−1(B)

)))
⊂ ker(B) and

sg∗b− cl
(
f−1(B)

) ⊂ f−1
(
ker(B)

)
.

(v) ⇒ (i): Let V be any open set of Y . By lemma we have
sg∗b− cl

(
f−1(V )

) ⊂ f−1
(
ker(V )

)
= f−1(V ) and sg∗b− cl

(
f−1(V )

)
= f−1(V ). It follows that

f−1(V ) is sg∗b - closed in X. We have f is contra sg∗b - continuous.

Definition 3.7. A function f : (X, τ) → (Y, σ) is called sg∗b - continuous if the preimage
of every open set of Y is sg∗b - open in X.

Remark 3.8. The following two examples will show that the concept of sg∗b - continuity
and contra sg∗b - continuity are independent from each other.

Example 3.9. Let X = Y = {a, b, c} with τ = {X, ϕ, {b}, {c}, {a, c}, {b, c}} and
σ = {Y, ϕ, {b}, {b, c}}. Define a function f : (X, τ) → (Y, σ) by f(a) = b, f(b) = c, f(c) = a.
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Clearly f is contra sg∗b - continuous but f is not sg∗b - continuous. Because f−1({b, c}) = {a, b}
is not sg∗b - open in (X, τ) where {b, c} is open in (Y, σ).

Example 3.10. Let X = Y = {a, b, c} with τ = {X, ϕ, {c}, {a, c}} and σ = {Y, ϕ, {a, b}}.
Define a function f : (X, τ) → (Y, σ) by f(a) = b, f(b) = c, f(c) = a. Clearly f is sg∗b -
continuous but f is not contra sg∗b - continuous. Because f−1({a, b}) = {a, c} is not contra
sg∗b - closed in (X, τ) where {a, b} is open in (Y, σ).

Theorem 3.11. If a function f : (X, τ) → (Y, σ) is contra sg∗b - continuous and (Y, σ)
is regular then f is sg∗b - continuous.

Proof. Let x be an arbitrary point of (X, τ) and V be an open set of (Y, σ) containing f(x). Since
(Y, σ) is regular, there exists an open set W of (Y, σ) containing f(x) such that cl(W ) ⊂ V .
Since f is contra sg∗b - continuous, by Theorem there exists U ∈ sg∗b − O(X, x) such that
f(U) ⊂ cl(W ). Then f(U) ⊂ cl(W ) ⊂ V . Hence f is sg∗b - continuous.

Theorem 3.12. Every contra - continuous function is contra sg∗b - continuous function.

Proof. Let V be an open set in (Y, σ). Since f is contra - continuous function, f−1(V ) is b -
closed in (X, τ). Every closed set is sg∗b - closed. Hence f−1(V ) is sg∗b - closed in (X, τ).
Thus f is contra sg∗b - continuous function.

Remark 3.13. The converse of theorem need not be true as shown in the following
example.

Example 3.14. Let X = Y = {a, b, c} with τ = {X, ϕ, {b}, {c}, {b, c}} and σ =
{Y, ϕ, {c}}. Define a function f : (X, τ) → (Y, σ) by f(a) = a, f(b) = c, f(c) = b. Clearly f is
contra sg∗b - continuous but f is not contra continuous. Because f−1({c}) = {b} is not closed
in (X, τ) where {c} is open in (Y, σ).

Theorem 3.15. (i) Every contra g̈-continuous function is contra sg∗b-continuous func-
tion.
(ii) Every contra semi-continuous function is contra sg∗b-continuous function.
(iii) Every contra α - continuous function is contra sg∗b-continuous function.
(iv) Every contra pre-continuous function is contra gb-continuous function.
(v) Every contra αg-continuous function is contra gsp-continuous function.
(vi) Every contra sg∗b-continuous function is contra gsp-continuous function.
(vii) Every contra sg∗b-continuous function is contra gb-continuous function.
(viii) Every contra sg-continuous function is contra sg∗b-continuous function.

Remark 3.16. Converse of the above statements is not true as shown in the following
example.

Example 3.17. (i) Let X = Y = {a, b, c} with τ = {X, ϕ, {a, b}} and σ = {Y, ϕ, {a}, {a, c}}.
Define a function f : (X, τ) → (Y, σ) by f(a) = b, f(b) = c, f(c) = a. Clearly f is contra sg∗b
- continuous but f is not contra g̈-continuous. Because f−1({a, c}) = {b, c} is not g̈-closed in
(X, τ) where {a, c} is open in (Y, σ).
(ii) Let X = Y = {a, b, c} with τ = {X, ϕ, {a, c}} and σ = {Y, ϕ, {a}, {a, b}{a, c}}. Define
a function f : (X, τ) → (Y, σ) by f(a) = b, f(b) = a, f(c) = c. Clearly f is contra sg∗b-
continuous but f is not contra semi-continuous. Because f−1({a, c}) = {b, c} is not semi-closed
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in (X, τ) where {a, c} is open in (Y, σ).
(iii) Let X = Y = {a, b, c} with τ = {X, ϕ, {b}, {a, b}} and σ = {Y, ϕ, {b}, {b, c}}. Define
a function f : (X, τ) → (Y, σ) by f(a) = b, f(b) = c, f(c) = a. Clearly f is contra sg∗b-
continuous but f is not contra α-continuous. Because f−1({b, c}) = {a, b} is not α-closed in
(X, τ) where {b, c} is open in (Y, σ).
(iv) Let X = Y = {a, b, c} with τ = {X, ϕ, {a}, {b}, {a, b}} and σ = {Y, ϕ, {b}}. Define a func-
tion f : (X, τ) → (Y, σ) by f(a) = b, f(b) = a, f(c) = c. Clearly f is contra gb - continuous but
f is not contra sg∗b - continuous. Because f−1({b}) = {a} is not pre - closed in (X, τ) where
{b} is open in (Y, σ).
(v) Let X = Y = {a, b, c} with τ = {X, ϕ, {a, c}} and σ = {Y, ϕ, {a}, {a, b}}. Define a function
f : (X, τ) → (Y, σ) by f(a) = a, f(b) = b, f(c) = c. Clearly f is contra sg∗b - continuous but
f is not contra αg-continuous. Because f−1({a}) = {a} is not αg-closed in (X, τ) where {a}
is open in (Y, σ).
(vi) Let X = Y = {a, b, c} with τ = {X, ϕ, {a}, {a, c}} and σ = {Y, ϕ, {b, c}}. Define a function
f : (X, τ) → (Y, σ) by f(a) = b, f(b) = c, f(c) = a. Clearly f is contra gsp - continuous but f

is not contra g∗ - continuous. Because f−1({a, c}) = {a, b} is not sg∗b - closed in (X, τ) where
{a, c} is open in (Y, σ).
(vii) Let X = Y = {a, b, c} with τ = {X, ϕ, {a}, {a, b}} and σ = {Y, ϕ, {a}, {b}, {a, b}}. Define
a function f : (X, τ) → (Y, σ) be f(a) = b, f(b) = c, f(c) = a. Clearly f is contra gb -
continuous but f is not contra sg∗b - continuous. Because f−1({a, b}) = {a, c} is not sg∗b -
closed in (X, τ) where {a, b} is open in (Y, σ).
(viii) Let X = Y = {a, b, c} with τ = {X, ϕ, {b}, {a, b}} and σ = {Y, ϕ, {a}, {a, b}, {a, c}}.
Define a function f : (X, τ) → (Y, σ) by f(a) = c, f(b) = a, f(c) = b. Clearly f is contra sg∗b -
continuous but f is not contra sg - continuous. Because f−1({a, c}) = {b, c} is not sgb - closed
in (X, τ) where {a, c} is open in (Y, σ).

Remark 3.18. The concept of contra sg∗b - continuous and contra sgb - continuous are
independent as shown in the following examples.

Example 3.19. Let X = Y = {a, b, c} with τ = {X, ϕ, {b}, {a, b}} and σ = {Y, ϕ, {a, c}}.
Define a function f : (X, τ) → (Y, σ) by f(a) = a, f(b) = c, f(c) = b. Clearly f is contra sg∗b-
continuous but f is not contra sgb-continuous. Because f−1({a, c}) = {a, b} is not sgb-closed
in (X, τ) where {a, c} is open in (Y, σ).

Example 3.20. Let X = Y = {a, b, c} with τ = {X, ϕ, {a}, {c}, {a, c}, {b, c}} and
σ = {Y, ϕ, {a}, {a, b}}. Define a function f : (X, τ) → (Y, σ) by f(a) = c, f(b) = b, f(c) = a.
Clearly f is contra sgb-continuous but f is not contra sg∗b - continuous. Because f−1({a, b}) =
{a, c} is not sg∗b - closed in (X, τ) where {a, b} is open in (Y, σ).

Definition 3.21. A space (X, τ) is said to be (i) sg∗b - space if every sg∗b - open set of
X is open in X, (ii) locally sg∗b - indiscrete if every sg∗b - open set of X is closed in X.

Theorem 3.22. If a function f : X → Y is contra sg∗b - continuous and X is sg∗b -
space then f is contra continuous.

Proof. Let V ∈ O(Y ). Then f−1(V ) is sg∗b - closed in X. Since X is sg∗b - space, f−1(V ) is
closed in X. Hence f is contra continuous.
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Theorem 3.23. Let X be locally sg∗b - indiscrete. If f : X → Y is contra sg∗b -
continuous, then it is continuous.

Proof. Let V ∈ O(Y ). Then f−1(V ) is sg∗b - closed in X. Since X is locally sg∗b - indiscrete
space, f−1(V ) is open in X. Hence f is continuous.

Definition 3.24. A function f : X → Y , the subset
{(

x, f(x)
)

: x ∈ X
} ⊂ X × Y is

called the graph of f and is denoted by Gf .
Definition 3.25. The graph Gf of a function f : X → Y is said to be contra sg∗b -

closed if for each (x, y) ∈ (X × Y )−Gf there exists U ∈ sg∗b−O(X, x) and V ∈ C(Y, y) such
that (U × V ) ∩Gf .

Theorem 3.26. If a function f : X → Y is contra sg∗b - continuous and Y is Urysohn,
then Gf is contra sg∗b - closed in the product space X × Y .

Proof. Let (x, y) ∈ (X × Y ) −Gf . Then y 6= f(x) and there exist open sets H1,H2 such that
f(x) ∈ H1, y ∈ H2 and cl(H1)∩ cl(H2) = ϕ. From hypothesis, there exists V ∈ sg∗b−O(X, x)
such that f(V ) ⊂ cl(H1). Therefore, we have f(V )∩ cl(H2) = ϕ. This shows that Gf is contra
sg∗b - closed in the product space X × Y .

Theorem 3.27. If f : X → Y is sg∗b - continuous and Y is T1, then Gf is contra sg∗b
- closed in X × Y .

Proof. Let (x, y) ∈ (X × Y )−Gf . Then y 6= f(x) and there exist open set V of Y such that
f(x) ∈ V and y /∈ V . Since f is sg∗b - continuous, there exists U ∈ sg∗b − O(X, x) such that
f(U) ⊂ V . Therefore, we have f(U) ∩ (Y − V ) = ϕ and (Y − V ) ∈ sg∗b−C(Y, y). This shows
that Gf is contra sg∗b - closed in X × Y .

Theorem 3.28. Let f : X → Y be a function and g : X → X × Y , the graph function
of f , defined by g(x) = (x, f(x)) for every x ∈ X. If g is contra sg∗b - continuous, then f is
contra sg∗b - continuous.

Proof. Let U be an open set in Y , then X ×U is an open set in X × Y . Since g is contra sg∗b
- continuous. It follows that f−1(U) = g−1(X × U) is an sg∗b - closed in X. Hence f is sg∗b -
continuous.

Theorem 3.29. If f : X → Y is a contra sg∗b - continuous function and g : Y → Z is
a continuous function, then g ◦ f : X → Z is contra sg∗b - continuous.

Proof. Let V ∈ O(Y ). Then g−1(V ) is open in Y . Since f is contra sg∗b - continuous,
f−1(g−1(V )) = (g ◦ f)−1(V ) is sg∗b - closed in X. Therefore, g ◦ f : X → Z is contra sg∗b -
continuous.

Theorem 3.30. Let p : X × Y → Y be a projection. If A is sg∗b - closed subset of X,
then p−1(A) = A× Y is sg∗b - closed subset of X × Y .

Proof. Let A × Y ⊂ U and U be a regular open set of X × Y . Then U = V × Y for some
regular open set V of X. Since A is sg∗b - closed in X, bcl(A) and so bcl(A)×Y ⊂ V ×Y = U .
Therefore bcl(A× Y ) ⊂ U . Hence A× Y is sg∗b - closed sub set of X × Y .
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§4. Applications

Definition 4.1. A topological space (X, τ) is said to be sg∗b - Hausdorff space if for each
pair of distinct points x and y in X there exists U ∈ sg∗b − O(X, x) and V ∈ sg∗b − O(X, y)
such that U ∩ V = ϕ.

Example 4.2. Let X = {a, b, c} with τ = {X, ϕ, {a}, {b}, {c}, {a, b}, {b, c}, {a, c}}. Let x

and y be two distinct points of X, there exists an sg∗b-open neighbourhood of x and y respectively
such that {x} ∩ {y} = ϕ. Hence (X, τ) is sg∗b-Hausdorff space.

Theorem 4.3. If X is a topological space and for each pair of distinct points x1 and x2

in X, there exixts a function f of X into Uryshon topological space Y such that f(x1) 6= f(x2)
and f is contra sg∗b-continuous at x1 and x2, then X is sg∗b-Hausdorff space.

Proof. Let x1 and x2 be any distinct points in X. By hypothesis, there is a Uryshon space Y

and a function f : X → Y such that f(x1) 6= f(x2) and f is contra sg∗b-continuous at x1 and
x2. Let yi = f(xi) for i = 1, 2 then y1 6= y2. Since Y is Uryshon, there exists open sets Uy1 and
Uy2 containing y1 and y2 respectively in Y such that cl(Uy1) ∩ cl(Uy2) = ϕ. Since f is contra
sg∗b-continuous at x1 and x2, there exists and sg∗b-open sets Vx1 and Vx2 containing x1 and
x2 respectively in X such that f(Vxi) ⊂ cl(Uyi) for i = 1, 2. Hence we have (Vx1) ∩ (Vx2) = ϕ.
Therefore X is sg∗b - Hausdorff space.

Corollary 4.4. If f is contra sg∗b - continuous injection of a topological space X into a
Uryshon space Y then X is sg∗b-Hausdorff.

Proof. Let x1 and x2 be any distinct points in X. By hypothesis, f is contra sg∗b-continuous
function of X into a Uryshon space Y such that f(x1) 6= f(x2), because f is injective. Hence
by theorem, X is sg∗b - Hausdorff.

Definition 4.5. A topological space (X, τ) is said to be sg∗b - normal if each pair of non
- empty disjoint closed sets in (X, τ) can be separated by disjoint sg∗b - open sets in (X, τ).

Definition 4.6. A topological space (X, τ) is said to be ultra normal if each pair of non
- empty disjoint closed sets in (X, τ) can be separated by disjoint clopen sets in (X, τ).

Theorem 4.7. If f : X → Y is a contra sg∗b - continuous function, closed, injection
and Y is Ultra normal, then X is sg∗b - normal.

Proof. Let U and V be disjoint closed subsets of X. Since f is closed and injective, f(U) and
f(V ) are disjoint subsets of Y . Since Y is ultra normal, there exists disjoint clopen sets A and
B such that f(U) ⊂ A and f(V ) ⊂ B. Hence U ⊂ f−1(A) and V ⊂ f−1(B). Since f is contra
sg∗b - continuous and injective, f−1(A) and f−1(B) are disjoint sg∗b - open sets in X. Hence
X is sg∗b - normal.

Definition 4.8. A topological space X is said to be sg∗b - connected if X is not the union
of two disjoint non - empty sg∗b - open sets of X.

Theorem 4.9. A contra sg∗b - continuous image of a sg∗b - connected space is connected.
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Proof. Let f : X → Y be a contra sg∗b - continuous function of sg∗b - connected space X onto
a topological space Y . If possible, let Y be disconnected. Let A and B form disconnectedness
of Y . Then A and B are clopen and Y = A ∪ B where A ∩ B = ϕ. Since f is contra sg∗b -
continuous, X = f−1(Y ) = f−1(A∪B) = f−1(A)∪ f−1(B) where f−1(A) and f−1(B) are non
- empty sg∗b - open sets in X. Also f−1(A) ∩ f−1(B) = ϕ. Hence X is non - sg∗b - connected
which is a contradiction. Therefore Y is connected.

Theorem 4.10. Let X be sg∗b - connected and Y be T1. If f : X → Y is a contra sg∗b
- continuous, then f is constant.

Proof. Since Y is T1 space v = {f−1(y) : y ∈ Y } is a disjoint sg∗b - open partition of X. If
|v| ≥ 2, then X is the union of two non empty sg∗b - open sets. Since X is sg∗b - connected,
|v| = 1. Hence f is constant.

Theorem 4.11. If f : X → Y is a contra sg∗b - continuous function from sg∗b -
connected space X onto space Y , then Y is not a discrete space.

Proof. Suppose that Y is discrete. Let A be a proper non - empty open and closed subset of
Y . Then f−1(A) is a proper non - empty sg∗b - clopen subset of X, which is a contradiction
to the fact X is sg∗b - connected.
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§1. Introduction

Let N, R and C be the sets of all natural, real and complex numbers respectively. Let `∞,
c and c0 be denote the Banach spaces of bounded, convergent and null sequences respectively
with norm ‖x‖ = sup

k
| xk | . We denote ω = {x = (xk) : xk ∈ R or C}, the space of all real or

complex sequences.
Any subspace λ of the linear space ω of sequences is called a sequence space. A sequence

space λ with linear topology is called a K-space provided each of maps pi : λ → C defined by
pi(x) = xi is continuous, for all i ∈ N. A space λ is called an FK-space provided λ is complete
linear metric space. An FK-space whose topology is normable is called a BK-space.

It is an admitted fact that the real and complex numbers are playing a vital role in the world
of mathematics. Many mathematical structures have been constructed with the help of these
numbers. In recent years, since 1965 fuzzy numbers and interval numbers also managed their
place in the world of mathematics and credited into account some alike structures. Interval
arithmetic was first suggested by P. S. Dwyer [5] in 1951. Further development of interval
arithmetic as a formal system and evidence of its value as a computational device was provided
by R. E. Moore [15] in 1959 and Moore and Yang [16] and others and have developed applications
to differential equations.

Recently, Chiao [4] introduced sequences of interval numbers and defined usual convergence
of sequences of interval numbers. Şengönül and Eryılmaz [27] introduced and studied bounded
and convergent sequence spaces of interval numbers and showed that these spaces are complete.

A set (closed interval) of real numbers x such that a ≤ x ≤ b is called an interval number.[4]

A real interval can also be considered as a set. Thus, we can investigate some properties of
interval numbers for instance, arithmetic properties or analysis properties. Let us denote the
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set of all real valued closed intervals by IR. Any element of IR is called a closed interval and
it is denoted by Ā = [xl, xr]. IR is a quasilinear space under the algebraic operations and
a partial order relation for IR found in [27, 30] and any subspace of IR is called quasilinear
subspace (see [27, 30]).

The set of all interval numbers IR is a complete metric space defined by

d(Ā1, Ā2) = max{| x1l
− x2l

|, | x1r − x2r |}, (see [16, 27]), (1)

where xl and xr are first and last points of Ā, respectively.
In a special case, Ā1 = [a, a], Ā2 = [b, b], we obtain the usual metric of R with

d(Ā1, Ā2) =| a− b | .
Let us define transformation f from N to IR by k → f(k) = Ā, Ā = (Āk). The function

f is called sequence of interval numbers, where Āk is the kth term of the sequence (Āk).
Let us denote the set of sequences of interval numbers with real terms by

ω(Ā) = {Ā = (Āk) : Āk ∈ IR}. (2)

The algebraic properties of ω(Ā) can be found in [4, 27].
The following definitions were given by Şengönül and Eryılmaz in [27]. A sequence Ā =

(Āk) = ([xkl
, xkr

]) of interval numbers is said to be convergent to an interval number Ā0 =
[x0l

, x0r ] if for each ε > 0, there exists a positive integer n0 such that d(Āk, Ā0) < ε, for all
k ≥ n0 and we denote it as lim

k
Āk = Ā0.

Thus, lim
k

Āk = Ā0 ⇔ lim
k

xkl
= x0l

and lim
k

xkr = x0r and it is said to be Cauchy sequence

of interval numbers if for each ε > 0, there exists a positive integer k0 such that d(Āk, Ām) < ε,
whenever k, m ≥ k0.

Let us denote the space of all convergent, null and bounded sequences of interval numbers
by C(Ā), C◦(Ā) and `∞(Ā), respectively. The sets C(Ā), C◦(Ā) and `∞(Ā) are complete metric
spaces with the metric

d̂(Āk, B̄k) = sup
k

max{|xkl
− ykl

|, |xkr − ykr |}(see [27]). (3)

If we take B̄k = Ō in (3) then, the metric d̂ reduces to

d̂(Āk, Ō) = sup
k

max{|xkl
|, |xkr |}. (4)

In this paper, we assume that a norm ||Āk|| of the sequence of interval numbers (Āk) is
the distance from (Āk) to Ō and satisfies the following properties: ∀Āk, B̄k ∈ λ(Ā) and ∀α ∈ R

(N1) ∀Āk ∈ λ(Ā)− {Ō}, ||Āk||λ(Ā) > 0,

(N2) ||Āk||λ(Ā) = 0 ⇔ Āk = Ō,

(N3) ||Āk + B̄k||λ(Ā) ≤ ||Āk||λ(Ā) + ||B̄k||λ(Ā),

(N4) ||αĀk||λ(Ā) = |α|||Āk||λ(Ā), where λ(Ā) is a subset of ω(Ā).
Let Ā = (Āk) = ([xkl

, xkr
]) be the element of C(Ā), C◦(Ā) or `∞(Ā). Then, in the light of

above discussion, the classes of sequences C(Ā), C◦(Ā) and `∞(Ā) are normed interval spaces
normed by

‖ Ā ‖= sup
k

max{| xkl
|, | xkr |} (see [27]). (5)
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Throughout, Ō = [0, 0] and Ī = [1, 1] represent zero and identity interval numbers according
to addition and multiplication, respectively.

As a generalisation of usual convergence for the sequences of real or complex numbers,
the concept of statistical convergent was first introduced by Fast [6] and also independently by
Buck [3] and Schoenberg [26]. Later on, it was further investigated from a sequence space point
of view and linked with the Summability Theory by Fridy [7], Šalát [23], Tripathy [28] and many
others. The statistical convergence has been extended to interval numbers by Esi as follows in
[1, 2].

Let us suppose that Ā = (Āk) ∈ `∞(Ā). If, for every ε > 0,

lim
k

1
k
|{n ∈ N :‖ Ān − Ā0 ‖≥ ε, n ≤ k}| = 0. (6)

Then, the sequence Ā = (Āk) is said to be statistically convergent to an interval number Ā0,
where vertical lines denote the cardinality of the enclosed set. That is, if δ(A(ε)) = 0, where
A(ε) = {k ∈ N :‖ Āk − Ā0 ‖≥ ε}.

The notion of ideal convergence (I-convergence) was introduced and studied by Kostyrko,
Mačaj, Salǎt and Wilczyński [13,14]. Later on, it was studied by Šalát, Tripathy and Ziman[24,25],
Esi and Hazarika [1], Tripathy and Hazarika [29], Khan et al [8,9,10], Mursaleen and Sunil [17]

and many others.
Definition 1.1. Let N be the set of natural numbers. Then, a family of sets I ⊆ 2N (power

set of N) is said to be an ideal if
(i) I is additive. That is, ∀A,B ∈ I ⇒ A ∪B ∈ I,

(ii) I is hereditary. That is ∀A ∈ Iand B ⊆ A ⇒ B ∈ I.
A non-empty family of sets £(I) ⊆ 2N is said to be filter on N if and only if
(i) Φ /∈ £(I),
(ii) ∀ A, B ∈ £(I) we have A ∩B ∈ £(I),
(iii) ∀ A ∈ £(I) and A ⊆ B ⇒ B ∈ £(I).
An Ideal I ⊆ 2N is called non-trivial if I 6= 2N.
A non-trivial ideal I ⊆ 2N is called admissible if {{x} : x ∈ N} ⊆ I.

Let us suppose that I be an ideal. Then, a sequence Ā = (Āk) ∈ `∞(Ā) ⊂ ω(Ā).
(i) is said to be I-convergent to an interval number Ā0 if for every ε > 0,

{k ∈ N :‖ Āk − Ā0 ‖≥ ε} ∈ I.

In this case, we write I − lim Āk = Ā0. If Ā0 = Ō. Then, the sequence Ā = (Āk) ∈ `∞(Ā) is
said to be I-null. In this case, we write I − lim Āk = Ō.

(ii) is said to be I-Cauchy, if for every ε > 0, there exists a number m = m(ε) such that

{k ∈ N :‖ Āk − Ām ‖≥ ε} ∈ I.

(iii) is said to be I-bounded, if there exists some M > 0 such that

{k ∈ N :‖ Āk ‖≥ M} ∈ I.

We know that for each ideal I, there is a filter £(I) corresponding to I. That is, £(I) =
{K ⊆ N : Kc ∈ I}, where Kc = N \K.
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Definition 1.2. A sequence space λ(Ā) of interval numbers is
(iv) said to be solid (normal), if (αkĀk) ∈ λ(Ā), whenever (Āk) ∈ λ(Ā) and for any

sequence (αk) of scalars with | αk |≤ 1, for all k ∈ N,

(v) said to be symmetric, if (Āπ(k)) ∈ λ(Ā), whenever Āk ∈ λ(Ā), where π is a permutation
on N,

(vi) said to be sequence algebra, if (Āk) ∗ (B̄k) = (Āk.B̄k) ∈ λ(Ā) whenever (Āk), (B̄k) ∈
λ(Ā),

(vii) said to be convergence free, if (B̄k) ∈ λ(Ā) whenever (Āk) ∈ λ(Ā) and Āk = Ō implies
B̄k = Ō, for all k.

Definition 1.3. Let K = {k1 < k2 < k3...} ⊂ N. The K-step space of the λ(Ā) is a
sequence space µ

λ(Ā)
K = {(Ākn) ∈ ω(Ā) : (Āk) ∈ λ(Ā)}.

Definition 1.4. A canonical pre-image of a sequence (Ākn) ∈ µ
λ(Ā)
K is a sequence

(B̄k) ∈ ω(Ā) defined by

B̄k =





Āk, if k ∈ K,

Ō, otherwise.

A canonical preimage of a step space µ
λ(Ā)
K is a set of canonical preimages of all elements

in µ
λ(Ā)
K . That is, B̄ is in the canonical preimage of µ

λ(Ā)
K iff B̄ is the canonical preimage of

some Ā ∈ µ
λ(Ā)
K .

Definition 1.5. A sequence space λ(Ā) is said to be monotone, if it contains the canonical
preimages of its step space.

Definition 1.6. A function f : [0,∞) −→ [0,∞) is called a modulus function if
(1) f(t) = 0 if and only if t = 0, f(t + u) ≤ f(t) + f(u) for all t, u ≥ 0,
(3) f is increasing,
(4) f is continuous from the right at zero.
A modulus function f is said to satisfy ∆2-Condition for all values of u if there exists a

constant K > 0 such that f(Lu) ≤ KLf(u) for all values of L > 1. The idea of modulus
function was introduced by Nakano in 1953, (See [19] , Nakano, 1953).

Ruckle [20−22] used the idea of a modulus function f to construct the sequence space

X(f) =
{
x = (xk) :

∞∑

k=1

f(|xk|) < ∞}
=

{
x = xk :

(
f(| xk |)

) ∈ X
}
. (7)

After then, E. Kolk [11,12] gave an extension of X(f) by considering a sequence of moduli
F = (fk) and defined the sequence space

X(F) =
{
x = (xk) :

(
fk(|xk|)

) ∈ X
}
. (8)

Mursaleen and Noman [17] introduced the notion of λ-convergent and λ-bounded sequences.
We extended this concept to the sequence of interval numbers as follows.

Let λ = (λk)∞k=1 be a strictly increasing sequence of positive real numbers tending to
infinity. That is,

0 < λ0 < λ1 < λ2 < λ3..., λk →∞ as k →∞. (9)
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The sequence Ā = (Āk) ∈ `∞(Ā) is λ-convergent to an interval number Ā0 , called the
λ-limit of Ā, if Λm(Ā) → Ā0, as m →∞, where

Λm(Ā) =
1

λm

m∑

k=1

(λk − λk−1)Āk, k ∈ N.

Here and in the sequel, we shall use the convention that any term with a negative subscript
is equal to naught. For example, λ−1 = 0.

In particular, Ā = (Āk) ∈ `∞(Ā) is said to be λ-null, if Λm(Ā) → 0, as m →∞.
The sequence Ā = (Āk) ∈ `∞(Ā) is λ-bounded, if sup

m
‖ Λm(Ā) ‖< ∞. It can be seen that

if lim
m

Ām = Ā in the ordinary sense of convergence of interval numbers, then

lim
m

(
1

λm

( m∑

k=1

(λk − λk−1) ‖ Āk − Ā ‖
))

= 0. (10)

This implies that

lim
m
‖ Λm(Ā)− Ā ‖= lim

m
‖ 1

λm

m∑

k=1

(λk − λk−1)(Āk − Ā) ‖= 0, (11)

which yields that lim
m

Λm(Ā) = Ā and hence Ā = (Āk) ∈ `∞(Ā) is λ-convergent to Ā.

Let us denote the classes of I-convergent, I-null, bounded I-convergent and bounded I-null
sequences of interval numbers with CI(Ā), CI

◦(Ā), MI
C(Ā) and MI

C◦(Ā), respectively.
We need the following popular inequalities throughout the paper.
Let p = (pk) be the bounded sequence of positive reals numbers. For any complex λ,

whenever H = sup
k

(pk) < ∞, we have | λ |pk≤ max(1, | λ |H). Also, whenever H = sup
k

(pk), we

have | ak + bk |pk≤ C(| ak |pk + | bk |pk), where C = max(1, 2H−1).
For any modulus function f , we have the inequalities | f(x) − f(y) |≤ f(x − y) and

f(nx) ≤ nf(x), for all x, y ∈ [0,∞].
Now, we give some important Lemmas.
Lemma.1.1. Every solid space is monotone.
Lemma.1.2. Let K ∈ £(I) and M ⊆ N. If M /∈ I, then M ∩K /∈ I, where £(I) ⊆ 2N

filter on N.
Lemma.1.3. If I ⊆ 2N and M ⊆ N. If M /∈ I, then M ∩ N /∈ I.

§2. Main results

Let us give a most important definition for this paper:
Definition 2.1.[30] Let X̄ be a space of interval numbers. A function g : X̄ −→ R is

called paranorm on X̄ , if for all A, B ∈ X̄,

(P1) g(A) = 0, if A = 0̄,

(P2) g(A) ≥ 0,

(P3) g(−A) = g(A),
(P4) g(A + B) ≤ g(A) + g(B),
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(P5) if (λn) is a sequence of scalars with λn → λ (n → ∞) and (An), A0 ∈ X̄ with
g(An) → g(A0) (n →∞), then g(λnAn) → g(λA0) → 0 (n →∞),

(P6) If A ≤ B, then g(A) ≤ g(B).
In this article, we introduce and study the following classes of sequences:

CI(Ā,Λ,F , p) =
{
Ā = (Āk) ∈ `∞(Ā) :

{
k ∈ N : fk

( ‖ Λk(Ā)− Ā ‖ )pk ≥ ε
} ∈ I, for some Ā

}
,

(12)

CI
0 (Ā,Λ,F , p) =

{
Ā = (Āk) ∈ `∞(Ā) :

{
k ∈ N : fk

( ‖ Λk(Ā) ‖ )pk ≥ ε
} ∈ I

}
, (13)

`I
∞(Ā,Λ,F , p) =

{
Ā = (Āk) ∈ `∞(Ā) : ∃ K > 0 s.t.

{
k ∈ N : fk

( ‖ Λk(Ā) ‖ )pk ≥ K
} ∈ I

}
,

(14)

`∞(Ā,Λ,F , p) =
{
Ā = (Āk) ∈ `∞(Ā) : sup

k
fk

( ‖ Λk(Ā) ‖ )pk < ∞
}

. (15)

We also denote MI
C(Ā,Λ,F , p) = `∞(Ā,Λ,F , p) ∩ CI(Ā,Λ,F , p) and MI

C◦(Ā,Λ,F , p) =
`∞(Ā,Λ,F , p)∩CI

0 (Ā,Λ,F , p), where p = (pk) is a bounded sequence of positive real numbers,
F = (fk) is a sequence of moduli and Ā = (Āk) ∈ `∞(Ā) ⊂ ω(Ā) is a bounbed sequence of
interval numbers.

If we take p = (pk) = 1, for all k ∈ N, we have

CI(Ā,Λ,F) =
{
Ā = (Āk) ∈ `∞(Ā) :

{
k ∈ N : fk

( ‖ Λk(Ā)− Ā ‖ ) ≥ ε
} ∈ I, for some Ā

}
,

(16)

CI
0 (Ā,Λ,F) =

{
Ā = (Āk) ∈ `∞(Ā) :

{
k ∈ N : fk

( ‖ Λk(Ā) ‖ ) ≥ ε
} ∈ I

}
, (17)

`I
∞(Ā,Λ,F) =

{
Ā = (Āk) ∈ `∞(Ā) :

{
k ∈ N : ∃ K > 0s.t.fk

( ‖ Λk(Ā) ‖ ) ≥ K
} ∈ I

}
, (18)

`∞(Ā,Λ,F) =
{
Ā = (Āk) ∈ `∞(Ā) : sup

k
fk

( ‖ Λk(Ā) ‖ )
< ∞

}
. (19)

Theorem 2.2. Let F = (fk) be a sequence of modulus functions and p = (pk) be the
bounded sequence of positive real numbers. Then, the classes of sequences MI

C(Ā,Λ,F , p) and
MI

C◦(Ā,Λ,F , p) are paranormed spaces, paranormed by g(Ā) = g((Āk)) = sup
k

fk

( ‖ Λ̄k(Ak) ‖
) pk

M , where M = max{1, sup
k

pk}.
Proof. Let Ā = (Āk), B̄ = (B̄k) ∈MI

C(Ā,Λ,F , p).
(P1) It is Clear that g(Ā) = 0, if Ā = θ̄.

(P2) It is also obvious that g(Ā) ≥ 0.

(P3) g(Ā) = g(−Ā) is obvious.
(P4) Since pk

M ≤ 1 and M > 1, using Minkowski’s inequality, we have

g(Ā+ B̄) = g(Āk + B̄k) = sup
k

fk

( ‖ Λk(Āk + B̄k)) ‖ ) pk
M
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= sup
k

fk

( ‖ Λk(Āk) + Λk(B̄k)) ‖ ) pk
M

≤ sup
k

fk

( ‖ Λk(Āk) ‖ pk
M + ‖ Λk(B̄k)) ‖ ) pk

M

≤ sup
k

f
( ‖ Āk ‖

) pk
M + sup

k
f
( ‖ B̄k

) ‖ pk
M

= g(Ā) + g(B̄).
Therefore, g(Ā+ B̄) ≤ g(Ā) + g(B̄), for all Ā, B̄ ∈ MI

C(Ā,Λ,F , p).
(P5) Let (λk) be a sequence of scalars with (λk) → λ (k → ∞) and (Āk), Ā0 ∈

MI
C(Ā,Λ,F , p) with g(Āk) → g(Ā0), (k →∞). Note that g(λĀ) ≤ max{1, | λ |}g(Ā).

Then, since the inequality g(Āk) ≤ g(Āk − Ā0) + g(Ā0) holds by subadditivity of g, the
sequence {g(Āk)} is bounded.

Therefore, | g(λkĀk) − g(λĀ0) |=| g(λkĀk) − g(λĀk) + g(λĀk) − g(λĀ0) |≤| λk − λ | pk
M |

g
(
λkĀk) | + | λ | pk

M | g(Āk)− g(Ā0) |→ 0, as (k →∞). That is to say that scalar multiplication
is continuous.

(P6) Since each fk, k ∈ N is an increasing function, it is clear that g(Ā) ≤ g(B̄, if Ā ⊆ B̄.
Hence MI

C(Ā,Λ,F , p) is a paranormed space. For MI
C◦(Ā,Λ,F , p), the result is similar.

Theorem 2.3. The set MI
C(Ā,Λ,F , p) is closed subspace of `∞(Ā,Λ,F , p).

Proof. Let Ā(n) = (Ā(n)
k ) be a Cauchy sequence in MI

C(Ā,Λ,F , p) such that Ā
(n)
k → Ā.

We show that Ā ∈ MI
C(Ā,Λ,F , p). Since Ā(n) = (Ā(n)

k ) ∈ MI
C(Ā,Λ,F , p). Then, there exists

Ān such that {k ∈ N : fk

( ‖ Λk(Ā(n))− Ān ‖
)pk ≥ ε} ∈ I. We need to show that

(1) (Ān) converges to Ā0.
(2) If U = {k ∈ N : fk

( ‖ Λk(Ā)− Ā0 ‖
)pk < ε}, then U c ∈ I.

(1) Since Ā(n) = (Ā(n)
k ) is Cauchy sequence in MI

C(Ā,Λ,F , p) ⇒ for a given ε > 0, there

exists k0 ∈ N such that sup
k

f
( ‖ Λk(Ā(n)) − Λk(Ā(q)) ‖ ) pk

M < ε
3 , for all n, q ≥ k0 where

M = max{1, sup
k

pk}. For ε > 0, we have

Bnq = {k ∈ N : fk

( ‖ Λk(Ā(n))− Λk(Ā(q)) ‖ )pk < (
ε

3
)M},

Bq = {k ∈ N : f
( ‖ Λk(Ā(q))− Āq ‖

)pk < (
ε

3
)M},

Bn =
{

k ∈ N : f
( ‖ Λk(Ā(n))− Ān ‖

)pk < (
ε

3
)M

}
.

Then, Bc
nq, Bc

q , B
c
n ∈ I.

Let Bc = Bc
nq ∪Bc

q ∪Bc
n, where B = {k ∈ N : fk

( ‖ Āq − Ān ‖
)pk < ε}. Then, Bc ∈ I.

We choose k0 ∈ Bc. Then, for each n, q ≥ k0, we have
{
k ∈ N : fk

( ‖ Āq − Ān ‖
)pk < ε

} ⊇[
{k ∈ N : fk

( ‖ Āq − Λk(Ā(q)) ‖ )pk < ( ε
3 )M} ∩ {k ∈ N : fk

( ‖ Λk(Ā(n)) − Λk(Ā(q)) ‖ )pk <

( ε
3 )M} ∩ {k ∈ N : fk

( ‖ Λk(Ā(n)) − Ān ‖
)pk < ( ε

3 )M}
]
. Then, (Ān) is a Cauchy sequence of

interval numbers, so there exists some interval number Ā0 such that Ān → Ā0 as n →∞.
(2) Let 0 < δ < 1 be given. Then, we show that, if U = {k ∈ N : fk

( ‖ Λk(Ā)− Ā0 ‖
)pk <

δ}, then, U c ∈ I. Since Ā(n) = (Ā(n)
k ) → Ā then, there exists q0 ∈ N such that

P = {k ∈ N : fk

( ‖ Λk(Ā(q0))− Λk(Ā) ‖ )pk < (
δ

3D
)M} (20)
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implies P c ∈ I, where D = max{1, 2H−1}, H = sup
k

pk ≥ 0. The number q0 can be chosen

that together with (20), we have Q = {k ∈ N : fk

( ‖ Λk(Āq0) − Ā0 ‖
)pk < ( δ

3D )M} such that
Qc ∈ I. Since {k ∈ N : fk

( ‖ Λk(Ā(q0))− Λk(Āq0) ‖
)pk ≥ δ} ∈ I. Then, we have a subset S of

N such that Sc ∈ I, where S = {k ∈ N : fk

( ‖ Λk(Ā(q0))− Λk(Āq0) ‖
)pk < ( δ

3D )M}.
Let U c = P c ∪Qc ∪ Sc, where U = {k ∈ N : fk

( ‖ Λk(Ā)− Ā0 ‖
)pk < δ}.

Therefore, for each k ∈ U c, we have

{k ∈ N : fk

( ‖ Λk(Ā)− Ā0 ‖
)pk < δ}

⊇ [{k ∈ N : fk

( ‖ Λk(Ā(q0))− Λk(Ā) ‖ )pk < (
δ

3D
)M}

∩ {k ∈ N : fk

( ‖ Λk(Ā(q0))− Λk(Āq0) ‖
)pk < (

δ

3D
)M}

∩ {k ∈ N : fk

( ‖ Λk(Āq0)− Ā0 ‖
)pk < (

δ

3D
)M}]. (21)

Then, the result follows from (21). Since the inclusions MI
C(Ā,Λ,F , p) ⊂ `∞(Ā,Λ,F , p) and

MI
C◦(Ā,Λ,F , p) ⊂ `∞(Ā,Λ,F , p) are strict so in view of Theorem 2.3 we have the following

result.
Theorem 2.4. The spaces MI

C(Ā,Λ,F , p) and MI
C◦(Ā,Λ,F , p) are nowhere dense

subsets of `∞(Ā,Λ,F , p).
Theorem 2.5. The spaces CI

0 (Ā,Λ,F , p) and MI
C◦(Ā,Λ,F , p) are both solid and mono-

tone.
Proof. We shall prove the result for CI

0 (Ā,Λ,F , p). For MI
C◦(Ā,Λ,F , p), the result

follows similarly.
For, let Ā = (Āk) ∈ CI

0 (Ā,Λ,F , p) and (αk) be a sequence of scalars with | αk |≤ 1, for all
k ∈ N. Since | αk |pk≤ max{1, | αk |G} ≤ 1, for all k ∈ N, we have

fk

( ‖ αkΛk(Āk) ‖ )pk ≤ fk

( ‖ Λk(Āk) ‖ )pk , for all k ∈ N,

which further implies that

{k ∈ N : fk

( ‖ Λk(Āk) ‖ )pk ≥ ε} ⊇ {k ∈ N : fk

( ‖ αkΛk(Āk) ‖ )pk ≥ ε}.

Thus, αk(Āk) ∈ CI
0 (Ā,Λ,F , p). Therefore, the space CI

0 (Ā,Λ,F , p) is solid and hence by Lemma
1.1, it is monotone.

Theorem 2.6. Let G = sup
k

pk < ∞ and I be an admissible ideal. Then, the following

are equivalent.
(a) Ā = (Āk) ∈ CI(Ā,Λ,F , p);
(b) there exists B̄ = (B̄k) ∈ C(Ā,Λ,F , p) such that Āk = B̄k, for a.a.k.r. I;
(c) there exists B̄ = (B̄k) ∈ C(Ā,Λ,F , p) and C̄ = C̄k ∈ CI

0 (Ā,Λ,F , p) such that Āk =
B̄k + C̄k for all k ∈ N and {k ∈ N : fk

( ‖ Λk(B̄k)− Ā ‖ )pk ≥ ε} ∈ I;
(d) there exists a subset K = {k1 < k2 < k3...} of N such that K ∈ £(I) and lim

n→∞
fk

( ‖
Λn(Ā)kn

− Ā ‖ )pkn = 0.
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Proof. (a) implies (b)
Let Ā = (Āk) ∈ CI(Ā,Λ,F , p). Then, there exists interval number Ā such that the set

{k ∈ N : fk

( ‖ Λk(Āk)− Ā ‖ )pk ≥ ε} ∈ I.

Let (mt) be an increasing sequence with mt ∈ N such that {k ≤ mt : fk

( ‖ Λk(Āk)− Ā ‖
)pk ≥ t−1} ∈ I. Define a sequence B̄ = (B̄k) as B̄k = Āk, for all k ≤ m1. For mt < k ≤
mt+1, t ∈ N,

B̄k =





Āk, if fk

( ‖ Λk(Āk)− Ā ‖ )pk < t−1,

Ā, otherwise.

Then, B̄ = (B̄k) ∈ C(Ā,Λ,F , p) and from the inclusion {k ≤ mt : Āk 6= B̄k} ⊆ {k ≤ mt :
fk

( ‖ Λk(Āk)− Ā ‖ )pk ≥ ε} ∈ I. we get Āk = B̄k for a.a.k.r. I.

(b) implies (c)
For Ā = (Āk) ∈ CI(Ā,Λ,F , p), then, there exists B̄ = (B̄k) ∈ C(Ā,Λ,F , p) such that

Āk = B̄k, for a.a.k.r. I. Let K = {k ∈ N : Āk 6= B̄k}, then K ∈ I.

Define C̄ = C̄k as follows:

C̄k =





Āk − B̄k, if k ∈ K,

O, if k /∈ K.

Then, C̄ = (C̄k) ∈ CI
0 (Ā,Λ,F , p) and B̄ = (B̄k) ∈ C(Ā,Λ,F , p).

(c) implies (d)
Suppose (c) holds. Let ε > 0 be given. Let P1 = {k ∈ N : fk

( ‖ Λk(C̄k) ‖)pk ≥ ε} ∈ I and
K = P c

1 = {k1 < k2 < k3 < k4...} ∈ £(I). Then, we have lim
n→∞

fk

( ‖ Λk(Ākn
)− Ā ‖ )pkn = 0.

(d) implies (a)
Let K = {k1 < k2 < k3 < k4...} ∈ £(I) and lim

n→∞
fk

( ‖ Λk(Ākn
)− Ā ‖)pkn = 0. Then, for

any ε > 0, and Lemma (II), we have {k ∈ N : fk

( ‖ Λk(Āk) − Ā ‖ )pk ≥ ε} ⊆ Kc ∪ {k ∈ K :
fk

( ‖ Λk(Āk)− Ā ‖ )pk ≥ ε}. Thus, Ā = (Āk) ∈ CI(Ā,Λ,F , p).
Theorem 2.7. Let F = (fk) and G = (gk) be two sequences of modulus functions and for

each k ∈ N, (fk) and (gk) satisfying ∆2-Condition and p = (pk) ∈ `∞ be a bounded sequence
of positive real numbers. Then,

(a) X (Ā,Λ,G, p) ⊆ X (Ā,Λ,F ◦ G, p),
(b) X (Ā,Λ,F , p) ∩ (Ā,Λ,G, p) ⊆ X (Ā,Λ,F + G, p), for X= CI , CI

◦ , MI
C and MI

C◦ .
Proof. (a) Let Ā = (Āk) ∈ CI

◦(Ā,Λ,G, p) be any arbitrary element. Then, the set
{

k ∈ N : gk

(
‖ Λk(Āk) ‖

)pk ≥ ε

}
∈ I. (22)

Let ε > 0 and choose δ with 0 < δ < 1 such that fk(t) < ε, 0 ≤ t ≤ δ. Let us denote

B̄k = gk

(
‖ Λk(Āk) ‖

)pk

, (23)

and consider lim
k

fk

(
B̄k

)
= lim

B̄k≤δ,k∈N
fk

(
B̄k

)
+ lim

B̄k>δ,k∈N
fk

(
B̄k

)
. Now, since fk for each k ∈ N is

an modulus function, we have

lim
B̄k≤δ,k∈N

fk

(
B̄k

) ≤ fk

(
2
)

lim
B̄k≤δ,k∈N

(B̄k). (24)
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For B̄k > δ, we have B̄k < B̄k

δ < 1+ B̄k

δ . Now, since each fk is non-decreasing and modulus,
it follows that

fk(B̄k) < fk(1 +
B̄k

δ
) <

1
2
fk(2) +

1
2
fk(

2B̄k

δ
).

Again, since each fk, k ∈ N satisfies ∆2 − Condition, we have

fk

(
B̄k

)
<

1
2
K

(B̄k)
δ

fk

(
2
)

+
1
2
K

(B̄k)
δ

fk(2).

Thus, fk

(
B̄k

)
< K (B̄k)

δ fk

(
2
)
. Hence,

lim
B̄k>δ,k∈N

fk

(
B̄k

) ≤ max{1, (Kδ−1fk

(
2
)
)H} lim

B̄k>δ,k∈N
(B̄k), H = max{1, sup

k
pk}. (25)

Therefore, from (23), (24) and (25), we have Ā = (Āk) ∈ CI
◦(Ā,Λ,F ◦ G, p). Thus,

CI
◦(Ā,Λ,G, p) ⊆ CI

◦(Ā,Λ,F ◦ G, p). Hence, X (Ā,Λ,G, p) ⊆ X (Ā,Λ,F ◦ G, p) for X= CI
◦ . For

X= CI , MI
C and MI

C◦ the inclusions can be established similarly.
(b) Let Ā = (Āk) ∈ CI

◦(Ā,Λ,F , p) ∩ CI
◦(Ā,Λ,G, p). Let ε > 0 be given. Then, the sets

{
k ∈ N : fk

(
‖ Λk(Āk) ‖

)pk ≥ ε

}
∈ I, (26)

and {
k ∈ N : gk

(
‖ Λk(Āk) ‖

)pk ≥ ε

}
∈ I. (27)

Therefore, from (26) and (27), we have
{

k ∈ N : F + G
(
‖ Λk(Āk) ‖

)pk ≥ ε

}
∈ I. Thus,

Ā = (Āk) ∈ CI
◦(Ā,Λ,F + G, p) Hence, CI

◦(Ā,Λ,F , p) ∩ CI
◦(Ā,Λ,G, p) ⊆ CI

◦(Ā,Λ,F + G, p). For
X= CI , MI

C and MI
C◦ , the inclusions are similar. For gk(x) = x and fk(x) = f(x), ∀ x ∈ [0,∞),

we have the following corollary.
Corollary 2.8. X (Ā,Λ, p) ⊆ X (Ā,Λ,F , p), for X= CI , CI

◦ , MI
C and MI

C◦ .
Theorem 2.9. Let F = (fk) be a sequence of modulus functions. Then, the inclusions

CI
0 (Ā,Λ,F , p) ⊂ CI(Ā,Λ,F , p) ⊂ `I

∞(Ā,Λ,F , p) hold.
Proof. Let Ā = (Āk) ∈ CI(Ā,Λ,G, p) be any arbitrary element. Then, there exists some

interval number Ā such that the set
{
k ∈ N : fk(‖ Λk(Āk)− Ā ‖)pk ≥ ε

} ∈ I. Since, each fk is
modulus, we have

fk(‖ Λk(Āk) ‖)pk = fk(‖ Λk(Āk)− Ā + Ā ‖)pk ≤ fk(‖ Λk(Āk)− Ā ‖)pk + fk(‖ Ā ‖)pk .

Taking supremum over k on both sides, we get Ā = (Āk) ∈ `I
∞(Ā,Λ,F , p). The in-

clusion CI
0 (Ā,Λ,F , p) ⊂ CI(Ā,Λ,F , p) is obvious. Hence CI

0 (Ā,Λ,F , p) ⊂ CI(Ā,Λ,F , p) ⊂
`I
∞(Ā,Λ,F , p).

Theorem 2.10. The spaces CI
0 (Ā,Λ,F , p) and CI(Ā,Λ,F , p) are sequence algebra.

Proof. Let Ā = (Āk), B̄ = (B̄k) ∈ CI
0 (Ā,Λ,F , p). Then, the sets

{
k ∈ N : fk

(
‖ Λk(Āk) ‖

)pk ≥ ε

}
∈ I, (28)

and {
k ∈ N : fk

(
‖ Λk(B̄k) ‖

)pk ≥ ε

}
∈ I. (29)
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Therefore, from (28) and (29), we have
{

k ∈ N : fk

(
‖ Λk(Āk.B̄k) ‖

)pk ≥ ε

}
∈ I. Thus,

Ā · B̄ ∈ CI
0 (Ā,Λ,F , p). Hence, CI

0 (Ā,Λ,F , p) is a sequence algebra. Similarly, we can prove that
CI(Ā,Λ,F , p) is a sequence algebra.
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[30] Yilmaz Ylimaz. Sümeyye Cakan and Sahika Aytekin. Topological quasilinear spaces. Hindawi

Publishing Corporation, Abstract and Applied Analysis, 2012.



Scientia Magna
Vol. 12 (2017), No. 1, 78-91

Cartan involution and geometry of semi-simple
Lie groups

M. Aliabadi1 and B. Hassanzadeh2∗

1Department of Mathematics, Statistics, and Computer Science
University of Illinois at Chicago, 851 S. Morgan St, Chicago, IL 60607, USA

E-mail: maliab2@uic.edu
2Department of Mathematics, Azarbaijan University of shahid madani

Tabriz, Iran
E-mail: babakmath777@gmail.com

Abstract In this paper we study geometrical properties of the semi-simple Lie groups by Car-

tan involution and Cartan decomposition. Using Cartan involution and a bilinear symmetric

form, we investigate the Hermitian Covariant derivative ∇̄, the covariant derivative and their

relationship. Then we study left invariant and bi-invariant almost complex structure when

∇̄J = 0. The relation between the Hermitian covariant derivative and covariant derivative is

studied by Cartan involution while it was a special automorphism.

Keywords Cartan involution, semi-simple Lie algebra, Hermitian covariant derivative.

2010 Mathematics Subject Classification 42A20, 42A32.

§1. Introduction

Let G be a semi-simple Lie group, g be its Lie algebra and J be an almost complex
structure. A subgroup(submanifold) Ḡ is called holomorphic if J(TeḠ) ⊂ TeḠ, e is identity
element of Ḡ, where TeḠ denotes the tangent space to Ḡ at the point e. Ḡ is called totally
real if J(TeḠ) ⊂ TeḠ

⊥ for identity element e ∈ Ḡ, where TeḠ
⊥ denotes the normal space to Ḡ

at the point e. A generalization of holomorphic and totally real subgroups, slant submanifolds
were introduced by B. Y. Chen in [1]. We recall that the subgroup Ḡ is called slant [1] if for
e ∈ Ḡ and X ∈ TeḠ, the angle between JX and TeḠ is a constant θ(X) ∈ [0,

π

2
], i.e., it does

not depend on the choice of point of Ḡ and X ∈ TeḠ. It follows that invariant and totally real
subgroup with slant angle θ = 0 and θ =

π

2
respectively. A slant subgroup which is neither

invariant nor totally real is called a proper slant subgroup [4].
In this paper we study the differential geometry of semi-simple Lie groups with Cartan

involution. It helps us to decompose the semi-simple Lie algebra of Lie group that is called
Cartan decomposition. Here we tried to use geometric and Lie algebraic tools for study of
semi-simple Lie groups, like almost complex structure and Cartan involution. The aim of the
present paper is to study the left invariant and bi-invariant almost complex structure’s behavior

2*corresponding author
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regarding Hermitian bilinear, symmetric form and Hermitian covariant derivative when Cartan
involution have special relationship with almost complex structure. Furthermore, we had shown
that the relationship between almost complex structure and algebraic homomorphisms affect
the subalgebras. We believe that involutions are powerful tools for studying the Lie group, as
are useful in non-commutative geometry, as they are developing in Harmonic Analysis we can
use that results in differential geometry. This is the first paper of applications of involutions in
the semi-simple Lie groups and in the next step we will show how they are connected algebra
and geometry by left and right transformations instead of Exponential Functions.

§2. Preliminaries

Some definitions and basic concepts.
First, we note that throughout this paper F = R or C.
Definition 2.1. A Lie algebra over F is pair (g, [., .]), where g is a vector space over F

and

[., .] : g× g → g

is an F-bilinear map satisfying the following properties

i)[X, Y ] = −[Y, X],
ii)[X, [Y, Z]] + [Z, [X, Y ]] + [Y, [Z,X]] = 0,

the latter is the Jacobi identity. In this paper for any X, Y ∈ g we have

[X, Y ] = ∇XY −∇Y X,

where ∇ is covariant derivative. A Lie subalgebra of a Lie algebra is a vector space that is
closed under bracket.

Let G be a Lie group(smooth manifold equipped with positive definite bilinear, symmetric
form) and e ∈ G be identity element, then g = TeG is called Lie algebra of Lie group.(dimg =
dimTeG = dimG)

First we say a Lie group H of a Lie group G is a subgroup which is also a submanifold.
The following theorem shows the relationship between Lie subgroups and Lie algebras.

Theorem 2.1. [3] Let G be a Lie group.
(a) If H is a Lie subgroup of G, then h ' TeH ⊂ TeG ' g g is a Lie subalgebra.
(b) If h ⊂ g a Lie subalgebra, there exists a unique connected Lie subgroup H ⊂ G with Lie
algebra h.

Let G be a Lie group equipped with a bilinear symmetric form, by using only these identities
and combining a few permutations of variables obtain the formula

〈∇XY, Z〉 =
1
2
{X〈Y, Z〉+ Y 〈X, Z〉 − Z〈X, Y 〉 (1)

− 〈[X, Y ], Z〉+ 〈[Z, X], Y 〉+ 〈[Z, Y ], X〉}.

But in this case three terms of it vanish since 〈X, Y 〉 is constant [2].
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Definition 2.2. Let G be a connected Lie group. The subgroup

Z(G) = {x ∈ G : xy = yx, ∀y ∈ G},

is called the center of G It is a Lie subgroup with corresponding Lie subalgebra

Z(g) = {X ∈ g : [X, Y ] = 0,∀Y ∈ g}.

In present paper we study semi-simple Lie groups and will review geometric features of
these groups. First we give required concepts.

A Lie subalgebra h ⊂ g is called an ideal if [h, g] ⊂ h. The Lie algebra of a normal Lie
subgroup of G is necessarily an ideal. A Lie algebra g is called simple if it has no nontrivial
ideals (that is 0 and g are the only ideals in g). It is called semi-simple if it is a direct sum of
simple Lie algebras or contains no nonzero solvable ideals. Note that this in particular implies
that the center Z(g) = 0. A Lie group is called simple (respectively semi-simple) if its Lie
algebra is simple (respectively semi-simple).

If (G, 〈, 〉) be a Lie group equipped by left invariant inner product and g is the Lie algebra
of G and H is a Lie subgroup with Lie algebra h, we defined

h⊥ = {X ∈ h | 〈X, Y 〉 = 0; ∀Y ∈ g}.

The next theorem expresses useful information about semi-simple Lie algebras.
Theorem 2.2. [3] Let g be a semi-simple Lie algebra.

(i) If I is ideal of g, then g = I ⊕ I⊥.
(ii) If g be a semi-simple Lie algebra, then any subideal of g is ideal of g.
(iii) If g is semi-simple, any ideal of g is semi-simple.

Next two states are so important throughout of this paper.
Let 〈, 〉 be a left invariant bilinear symmetric form on a connected Lie group G. This form

will also be right invariant if and only if ad(X) is skew-adjoint for every X ∈ g. therefore if 〈, 〉
be a left invariant form on a connected Lie group G, then ad(X) is skew-adjoint, in this case

∇XY =
1
2
[X, Y ],

whenever ∇ is covariant derivative. Throughout this paper Lie groups are connected.

§3. Cartan involution

Let g be a Lie algebra of Lie group G. An automorphism σ : g → g such that σ2 = idg is
called involution. Such an involution yields a decomposition into eigenspaces to the eigenvalues
+1 and -1. An involution θ of a semi-simple Lie algebra g such that the symmetric bilinear
form

Bθ(X, Y ) = −B(X, θY ),

is positive definite and is called Cartan involution.
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Definition 3.1. A Cartan decomposition, is a vector space decomposition g = t + p,
where t is a subalgebra, p is a subspace, [t, t] ⊆ t, [t, p] ⊆ p, [p, p] ⊆ t, and Bθ is negative definite
on t and positive definite on p.

For Bθ we can consider:
(1) B is negative definite on t, then θX = X, for any X ∈ t.
(2)B is positive definite on p, then θV = −V , for any V ∈ p.
We have a decomposition of the from g = t ⊕ p. for all X, X

′ ∈ t and Y, Y
′ ∈ p, furthermore;

we have

[t, t] ⊆ t ⇒ θ[X, X
′
] = [X, X

′
] = [θX, θX

′
],

[t, p] ⊆ p ⇒ θ[X, Y ] = −[X, Y ] = [X,−Y ] = [θX, θY ],

[p, p] ⊆ t ⇒ θ[Y, Y
′
] = [Y, Y

′
] = [−Y,−Y

′
] = [θY, θY

′
].

Thus t is a Lie subalgebra, while any subalgebra of p is commutative. Bθ is symmetric, bi-
linear, positive definite form. In the following theorem we consider behavior of t and p with
automorphisms.

Theorem 3.1. Let σ ∈ autg be an arbitrary element such that Bθ(σX, σY ) = Bθ(X, Y ),
then

i)σ(t) ⊆ t,
ii)σ(p) ⊆ p.

Proof. Let X, Y ∈ t and V, W ∈ p are arbitrary elements. If σ(p) ⊆ t, then

σ([X, V ]) = [σ(X), σ(V )],

left hand is an element of t, then from right hand we conclude σ(t) must be an element of t.
On the other hand, assuming σ(t) ⊆ p, contradicts σ([X, Y ]) = [σ(X), σ(Y )]. Furthermore, if
σ(p) ⊆ p, then

σ([X, V ]) = [σ(X), σ(V )],

which implies σ(t) ⊆ t and if σ(t) ⊆ t, using

σ([V, W ]) = [σ(V ), σ(W )],

we cannot determine σ(p). Therefore σ(t) ⊆ t. If σ(p) ⊆ t, then

Bθ([V, X], Y ) = Bθ([σ(V ), σ(X)], σ(Y )).

Thus σ(p) ⊆ p.

Suppose Bθ is a bi-invariant form, then

Bθ(X, [V, W ]) = Bθ(W, [X, V ]) = Bθ(V, [W,X]), (2)

for all X, Y, V, W ∈ g. Some straightforward computations show that

R(X, Y )Z =
1
4
[[X, Y ], Z]. (3)
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Now we can see

∇R(X, Y ;V, W ) = 0,

for all X, Y, V, W ∈ g, therefore semi-simple Lie groups with bi-invariant form are symmetric
spaces. Applying ∇ to R, we have

∇V R(X, Y )Z +∇ZR(X, Y )V =
1
2
R(X, Y )[Z, V ],

for all X, Y, Z, V ∈ g. The theorem explain features of semi-simple Lie groups when Bθ is
bi-invariant.

Theorem 3.2. Let G be a semi-simple Lie group equipped with bi-invariant form Bθ

and h is a subset of p so that it’s a Lie subalgebra. Then
(1)adt(h) ∈ p,
(2)adt(p) ∈ h,
(3)Bθ([U, V ], [X, Y ]) = Bθ([X, V ], [U, Y ]) = 0, for all X, Y ∈ t and U ∈ h, V ∈ p,
(4)h ⊂ p,(proper subset)
(5)[p, p] ⊂ t, (proper subset).

Proof. From definition we know h is an abelian subalgebra and from (2) we get

Bθ([X, U ],W ) = 0,

for all U,W ∈ h and X ∈ t, now proof of (1) is trivial. Let U ∈ h, V ∈ p and X ∈ t, then

Bθ(X, [V, U ]) = Bθ(U, [X, V ]) = Bθ(V, [U,X]) 6= 0.

Hence [t, p] ∈ h and proof of (2) is completed. For third part from Jacobi identity we get

[U, [X, V ]] = [[U,X], V ] + [X, [U, V ]] = 0. (4)

Thus [[X, U ], V ] = [X, [U, V ]] and we have

Bθ([U, [X, V ]], Y ) = −Bθ([X, V ], [U, Y ]) = 0, (5)

and

Bθ([[X, U ], V ], Y ) = Bθ([X, U ], [V, Y ]) = −Bθ([X, Y ], [U, V ]) = 0.

Let p = h in this case from (5) we conclude that [U,X] ∈ h, from (1) proof of (4) is trivial.
Finally; suppose X, Y ∈ t and Y is an arbitrary element, then there are V, W ∈ t such that
X = [V, W ], then

Bθ(X, Y ) = Bθ([V, W ], Y ) = Bθ(V, [W,Y ]) = 0.

Therefore X ∈ Radg and the proof is completed.
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As regards Lie group G is a smooth manifold we introduce to almost complex structure.
Let G be a real 2n-dimensional Lie group. An almost complex structure on G is defined by a
linear map J : g → g satisfying:

J2 = −I,

the pair (g, J) is called an almost complex Lie algebra[1]. If a Lie group has almost complex
Lie algebra, it’s called almost complex Lie group. The Nijenhuis tensor N of an almost complex
structure J is defined by

N(X, Y ) = J [X, Y ]− [JX, Y ]− [X, JY ]− J [JX, JY ],

for any X, Y ∈ g.
Let J be a left invariant almost complex structure, also if Bθ be a left invariant form, if for

any X, Y ∈ g, we have

Bθ(X, Y ) = Bθ(JX, JY ), (6)

Bθ is called Hermitian form. Using (6) we have

Bθ(JX, Y ) = Bθ(J2X, JY ) = −Bθ(X, JY ),

which means that J is skew-symmetric.
If Nijenhuis tensor vanishes, then there exists a complex structure on G and J is an almost

complex structure which is induced from the complex structure on G. An almost complex
structure J on a Lie group G is called bi-invariant if it is invariant with respect to both, left
and right translations on G, On corresponding Lie algebra g of G this condition is equivalent
to ad ◦ J = J ◦ ad, i. e.

[X, JY ] = J [X, Y ].

for all X, Y ∈ g. Immediately we conclude that [JX, JY ] = −[X, Y ] [6]. In this case t and p

are invariant and it’s obvious that Nijenhuis tensor is vanishes, i. e. J is a complex structure.
An almost Hermitian Lie group G is called nearly Kahler Lie group if

(∇XJ)X = 0,

also, it is called Kahler Lie group if

(∇XJ)Y = 0.

for all X, Y ∈ g. If G is a Kahler Lie group and J is a bi-invariant almost complex structure,
then

R(X, Y )JZ = JR(X, Y )Z. (7)

Hence, we compute

Bθ(R(X, Y )JZ,W ) = Bθ(R(X, Y )JW,Z).
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We define the Holomorphic curvature by

H(X) = Bθ(R(X, JX)X, JX).

and it’s trivial H(X) = 0, for any X ∈ g. If J and Bθ are left invariant, then we call the
(G,Bθ, J) is left invariant almost complex Lie group and also for bi-invariant. If ϕ be an
automorphism, from below equation

ϕ[t, t] = [ϕt, ϕt],

we conclude ϕ : t → t, i.e. t is invariant by any automorphism and now from

Bθ(ϕX, ϕV ) = Bθ(X, V ),

we realized that ϕ : p → p or ϕ(p) = 0, for any X ∈ t and V ∈ p. In this case from the first
theorem of homomorphism of Lie algebra, we get

g

p
¹ t

and we have V + g ∈ t, therefore ϕ(p) 6= 0 and ϕ : p → p, in a similar way it can be shown that
ϕ(t) 6= 0. For an almost Hermitian (G, J,Bθ) we define the J −Ric tensor as

RicJ(X, Y ) = traceZ → −J(R(Z, X)JY )). (8)

If G is a Kahler manifold then RicJ and Ric coincide. By simple calculations, we get

Ric(X, Y ) =
1
4
ΣiBθ([X, ei], [Y, ei]) =

1
4
Bθ(X, Y ), (9)

whenever {ei}2n
i=1 is an orthonormal basis. Now from Ric(X, Y ) =

S

2n
Bθ(X, Y ) we have S =

n

2
or

1
4
dimG. We calculate the Weyl curvature tensor, but first we need definition of Kulkarni-

Nomizu product.

(h¯ k)(X, Y, Z, V ) = h(X, Z)k(Y, V ) + h(Y, V )k(X, Z)

− h(X, V )k(Y, Z)− h(Y, Z)k(X, V ), (10)

for all X, Y, Z, V ∈ g. Then we have the Weyl tensor

W (X, Y, Z, V ) = R(X, Y, Z, V )− 1
2n− 2

Bθ(X, V )¯Ric◦(Y, Z)

− S

4n(2n− 1)
Bθ(X, V )¯Bθ(Y, Z). (11)

Also, Ric◦ = ric− S

n
Bθ, therefore

Ric◦(Y, Z) = −1
4
Bθ(Y, Z).

Then

W (X, Y, Z, V ) =
1
4
Bθ([X, Y ], [Z, V ])− 12

(n− 1)(2n− 1)
Bθ(X, V )¯Bθ(Y, Z).
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From the algebraic Bianchi identity we define map b with

b(R)(X, Y, Z, V ) =
1
3
{R(X, Y, Z, V ) + R(Y, Z,X, V ) + R(Z, X, Y, V )},

for all X, Y, Z, V ∈ g. In this case we will have

b(R)(X, Y, Z, V ) =
1
3
{Bθ([[X, Y ], Z], V ) + Bθ([[Y, Z], X], V )

+ Bθ([[Z, X], Y ], V )} = 0.

Now we give some calculations which are frequently used in this paper.
Suppose X ∈ t and Y ∈ p are arbitrary elements of g such that [X, Y ] = V and there is

Z ∈ t such that [Z, [X, Y ]] = W , then Bθ(V, W ) = 0. In the other case let X, Y ∈ t, V, W ∈ p

and Z, U ∈ n, n is a subspace of p, such that V = [Z, X] and W = [U, Y ], then

Bθ(V, W ) = Bθ([Z, X], [U, Y ]) = Bθ(X, [[U, Y ], Z]),

= Bθ(X, [U, [Y, Z]]) = Bθ([U,X], [Z, Y ]).

Then, if we put V
′
= [U,X], W

′
= [Z, Y ], we get

Bθ(V, W ) = Bθ(V
′
,W

′
).

Now let X, Y ∈ t and V, W,W
′ ∈ p such that X = [V, W ] and Y = [V, W

′
], then using Jacobi

identity, we find

[W
′
, X] = [W

′
, [V, W ]] = −[Y, W ] + [V, [W

′
,W ]],

[W,Y ] = [W, [V, W
′
]] = −[X, W

′
] + [V, [W,W

′
]],

[[W
′
,W ], V ] = [W,Y ]− [X, W

′
].

If W,W
′ ∈ h, where h is a subalgebra of p, then

[X, W
′
] = −[Y, W ],

using theorem 3.2 and Jacobi identity we have

[t, [h, h⊥]] = [[t, h], h⊥] + [h, [t, h⊥]] = [h⊥, h⊥] + [h, h].

Let X = [V, V
′
] and Y = [W,W

′
], for all V, W ∈ h and V

′
,W

′ ∈ h⊥, then

[X, Y ] = [X, [W,W
′
]] = [[X, W ],W

′
],

and we conclude [X, Y ] ∈ [h⊥, h⊥]. Let [X, Y ] = [V, W ] = Z, for all X, Y ∈ t and V, W ∈ p,
then by straightforward calculations we have

Bθ(Z, Z) = Bθ([X, V ], [Y, W ])−Bθ([X, W ], [Y, V ]).

For Hermitian forms we can provide the definition of Hermitian covariant derivative by

∇̄XY = ∇XY +
1
2
(∇XJ)Y, (12)

for all X, Y ∈ g [5]. It is obvious that if J is a bi-invariant almost complex structure, then ∇̄ = ∇
and if J is a left invariant almost complex structure, some calculation gives the following results.
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(1)∇̄XY − ∇̄Y X = [X, Y ] +
1
2
J [X, Y ] +

1
2
∇XJY − 1

2
∇Y JX,

(2)∇̄XX = ∇XX +
1
2
∇XJX − 1

2
J∇XX,

(3)(∇̄XJ)Y = (∇XJ)Y − J∇XJY ,

(4)∇̄XJY = ∇XJY − 1
2
∇XY − 1

2
∇XJY ,

for all X, Y ∈ g.
Curvature tensor Corresponding to the definition of the Hermitian covariant derivative

in (12) we define curvature tensor by

R̄(X, Y )Z = ∇̄X∇̄Y Z − ∇̄Y ∇̄XZ − ∇̄[X,Y ]Z,

for all X, Y, Z ∈ g. With the relatively long calculations we get the following fact.

R̄(X, Y )Z =
5
4
R(X, Y )Z − 1

2
JR(X, Y )Z +

1
2
R(X, Y )JZ

− 1
4
JR(X, Y )JZ +

1
4
∇[X,Y ]Z +

1
4
J∇[X,Y ]JZ

+
1
4
∇XJ∇Y JZ +

1
4
J∇XJ∇Y Z − 1

4
∇Y J∇XJZ

− 1
4
J∇Y J∇XZ.

Furthermore, using similar calculations we find

K̄(X, Y ) =
5
4
K(X, Y ) +

1
2
R(X, Y, Y, JX) +

1
2
R(X, Y, JY, X),

+
1
4
R(X, Y, JY, JX) +

1
4
Bθ(∇[X,Y ]Y, X)− 1

4
Bθ(∇[X,Y ]JY, JX),

+
1
4
Bθ(∇XJ∇Y JY, X)− 1

4
Bθ(∇XJ∇Y Y, JX)− 1

4
Bθ(∇Y J∇XJY, X),

+
1
4
Bθ(∇Y J∇XY, JX),

for all orthonormal X, Y ∈ g. In the following lemma we investigate the relation between the
Hermitian covariant derivative and the sectional curvature.

Theorem 3.3. Let (G,Bθ, J) be a semi-simple almost Hermitian left invariant almost
complex Lie group. Assume that ∇̄XY = 0 and [X, Y ] = 0, for all X, Y ∈ g. Then the following
statements are equivalent
i)J(t) ⊂ t,
ii)J(p) ⊂ p.

Proof. Let ∇̄XY = 0, then

∇XY = −1
2
(∇XJ)Y, (13)

since Bθ is left invariant form we get

∇XY = −1
2
∇XJY +

1
2
J∇XY (14)
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and applying J on (14) we get

J∇XY = −1
2
J∇XJY − 1

2
∇XY, (15)

using (12) we have

∇̄XJY = ∇XJY − 1
2
∇XY − 1

2
J∇XJY. (16)

Combining (14) and (16) we obtain

∇̄XJY =
5
4
∇XJY − 1

4
J∇XY − 1

2
J∇XJY. (17)

Also, combining (15) and (16) we get

∇̄XJY = ∇XJY + J∇XY. (18)

Comparing (17) and (18) and brief calculations, we have

(∇XJ)Y = 4J∇XY + 2J∇XJY, (19)

using (13) and (19) and brief calculations, we get

∇XY = −2J∇XY − J∇XJY. (20)

By changing X and Y we find

∇Y X = −2J∇Y X − J∇Y JX. (21)

By subtracting the (20) and (21) we obtain

[X, Y ] = −2J [X, Y ]− J [JX, Y ]. (22)

Let J(t) ⊂ t and J(p) ⊂ t, from (22) we have

[p, t] = −2J [p, t]− J [Jp, t]. (23)

It’s trivial left hand is an element of p and right hand is an element of t, therefore J(p) ⊂ p,
conversely, is proven in similarly way.

Lemma 3.1. Let G be an almost Hermitian Lie group with a left invariant almost
complex structure. If (∇̄XJ)Y = 0, then

∇XY − J∇XY = −∇XJY − J∇XJY,

for all X, Y ∈ g.

Proof. Using (13) and some calculations the proof is trivial.

Lemma 3.2. Let G be an almost Hermitian Lie group with a left invariant almost
complex structure. Then

∇̄XY −∇XY =
1
2
{(∇̄XJ)Y − J(∇XJ)Y },

for all X, Y ∈ g.
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Proof. From (12) we have

(∇̄XJ)Y = ∇̄XJY − J∇̄XY,

= (∇XJ)Y − J(∇XJ)Y. (24)

From (12) and (24) we get

∇̄XY = ∇XY +
1
2
(∇̄XJ)Y − 1

2
J(∇XJ)Y,

and the proof is trivial.

§4. Semi-simple Lie group with special automorphisms

In this section a type of automorphisms are studied that called special automorphisms
which they have a delicate relationship with almost complex structure, at the first step main
definition.

Definition 4.1. The automorphism σ is called special automorphism if

JσX = −σJX,

for any X ∈ g.
Throughout this section automorphisms are assumed to be special. Since a Cartan invo-

lution is an automorphism, then for X ∈ t we have

JθX = JX and JθX = −θJX,

therefore JX = −θJX and JX must be an element of p. Also, if X ∈ p, then

JθX = −JX and JθX = −θJX.

Thus −JX = −θJX and we conclude JX ∈ t. Ultimately, if θ as Cartan involution is special
automorphism then t and p are anti-invariant. Let J be a left invariant almost complex structure.
By straightforward calculations we get the following facts about Nijenhuis tensor,
(1)N(θX, θY ) = −θN(X, Y ), for all X, Y ∈ g,
(2)N(θX, Y ) = N(X, θY ), for all X, Y ∈ g or X, Y ∈ p,
(3)N(θX, Y ) = −N(X, θY ), for all X ∈ g Y ∈ p.

Moreover, for the Hermitian covariant derivative we have,
(1)∇̄θXθY = ∇̄XY , for all X, Y ∈ g or X, Y ∈ p,
(2)∇̄θXθY = −∇̄XY , for all X ∈ g, Y ∈ p,
(3)θ(∇̄XY ) = ∇̄XY − (∇XJ)Y , for all X, Y ∈ g.

Following lemma shows the relationship between the θ and the Hermitian covariant deriva-
tive.

Lemma 4.1. Let (G, J,Bθ) be a left invariant almost Hermitian semi-simple Lie group
and θ be a special automorphism as a Cartan involution, then

θ∇̄XY = ∇̄θXθY − (∇θXJ)θY

for all X, Y ∈ g.
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Proof. We have

θ(∇XJ)Y = θ∇XJY − θJ∇XY = −∇θXJθY + J∇θXθY = −(∇θXJ)θY. (25)

From (12) and (25) the proof is trivial.

Lemma 4.2. Let (G, J,Bθ) be a left invariant semi-simple almost complex Lie group
such that Cartan involution be a special automorphism. Assume ∇̄XY = 0, then ∇XY = 0,
for all X, Y ∈ g.

Proof. From the assumptions we have

2∇XY + J∇XY = ∇XJY. (26)

Using the anti invariancy of t and p and applying θ to (26) we find

2∇XY − J∇XY = −∇XJY (27)

From (26) and (27) we have ∇XY = 0, for all X, Y ∈ p. Now let X ∈ t and Y ∈ p, applying θ

to (26) we obtain

−2∇XY + J∇XY = ∇XJY. (28)

Comparing (26) and (28) we have

J∇XY = ∇XJY, (29)

thus ∇̄XY = ∇XY and the proof is complete.

Corollary 4.1. Let (G, J,Bθ) be a left invariant semi-simple almost complex Lie group
such that Cartan involution be a special automorphism. Assume ∇̄XY = 0, then
(1)(∇̄XJ)Y = ∇XJY + J∇XJY , for all X, Y ∈ t,
(2)(∇̄XJ)Y = 0, for all X ∈ t and Y ∈ p.

Proof. We have

(∇̄XJ)Y = ∇̄XJY − J∇̄XY,

= ∇XJY +
1
2
(∇XJ)Y,

= ∇XJY − 1
2
J∇XJY.

for (1) and (2) the proof is trivial.

Theorem 4.1. Let (G, J,Bθ) be a left invariant semi-simple almost complex Lie group
such that Cartan involution be a special automorphism. Assume (∇̄XJ)Y = 0, for all X, Y ∈ g,
then g is a nearly Kahler Lie algebra.



90 M. Aliabadi and B. Hassanzadeh No. 1

Proof. Using the definition of ∇̄ and assumptions we have

∇̄XJY = J∇̄XY,

then

∇XJY − 1
2
∇XY − 1

2
J∇XJY = J∇XY +

1
2
J∇XJY − 1

2
∇XY, (30)

therefore

∇XY = −∇XJY + J∇XY + J∇XJY. (31)

Applying θ to (31) we have

∇XY = ∇XJY − J∇XY + J∇XJY. (32)

Comparing (31) and (32) we obtain

[X, Y ] = −2∇XJY + 2J∇XY = −2(∇XJ)Y, (33)

we put X=Y and obtain (∇XJ)X = 0, now the proof is complete.

Lemma 4.3. Let (G, J,Bθ) be a left invariant semi-simple almost complex Lie group
such that Cartan involution be a special automorphism and ∇XJY = −J∇XY . Then

(∇̄XJ)Y = 2∇XJY,

for all X, Y ∈ g.

Proof. We have

∇̄XY = ∇XY +
1
2
(∇XJ)Y = ∇XY +∇XJY. (34)

This implies

(∇̄XJ)Y = ∇̄XJY − J∇̄XY,

= ∇XJY −∇XY − J∇XY − J∇XJY,

= −2J∇XY. (35)

The proof is complete.

Some problems for study

Let (G, J,Bθ) be a left invariant, semi-simple, almost complex Lie group.
(1) It would be interesting to research the case that

ad2(X)V = −‖X‖2V

for all X ∈ t and V ∈ p.
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(2) So it would be interesting to find properties of G while J is abelian almost complex
structure

[X, Y ] = [JX, JY ]

for all X, Y ∈ g.
(3) It would be interesting to consider case Jθ = θJ .
(4) For Hermitian case we can bring the definition of J-Hermitian covariant derivative by

∇̄XY = ∇XJY +
1
2
(∇XJ)JY

for all X, Y ∈ g. So it would be interesting to study G with ∇̄ and Bθ.
(5) It will be so interesting to study G, while covariant derivative

∇XJY = −J∇XY

for all X, Y ∈ g.
(6) It would be interesting to study slant, semi-slant, hemi-slant subgroups of semi-simple

Lie groups [1].
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§1. Introduction and preliminaries

The concept of a fuzzy subset was introduced and studied by L. A. Zadeh [16] in the year
1965. The subsequent research activities in this area and related areas have found applications
in many branches of Science and Engineering. C. L. Chang [4] introduced and studied fuzzy
topological spaces in 1968 as a generalization of topological spaces. Many researchers like R.
H. Warren ( [15], [14],) K. K. Azad ( [1], [2]) G. Balasubramanian and P. Sundaram [3], S. R.
Malghan and S. S. Benchalli ( [7], [8]), M. N. Mukerjee and B. Ghosh [10], A. Mukherjee [9],
A. N. Zahren [17], J. A. Goguen [6] and many others have contributed to the development of
fuzzy topological spaces.

In 2001-2003, Nakaoka and Oda ( [11], [12] and [13]) introduced minimal open sets and
maximal open sets, which are subclasses of open sets. In 1978, Cameron [5] introduced regu-
lar semi-open set which is weaker than regular open set and regular closed set in topological
spaces. K. K. Azad [1] defined fuzzy regular open sets in fuzzy topological spaces in the year
1981 and study their related fuzzy regular continuity in fuzzy topological spaces. Thereafter,
Mathematicians gave in several papers in different and interesting new open sets. In 1994,
A. N. Zahren [17] introduced the concept of fuzzy regular semi-open sets in fuzzy topological
spaces. In this paper, we introduce and study the notion of fuzzy maximal regular semi-open
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sets and fuzzy minimal regular semi-closed sets in fts’s. In section 3, we also introduce a new
class of mappings viz., fuzzy maximal regular semi-continuous, fuzzy maximal regular semi-
irresolute functions, fuzzy maximal regular semi-connectedness and establish interrelationship
among them and some of their properties, characterization theorems and some applications in
details. As for basic preliminaries some definitions and results are given for ready references.

Throughout this paper, X, Y, and Z mean fuzzy topological space (fts, for short) in Chang’s
sense. For a fuzzy set λ of a fts X, the notion IX , λc = 1X − λ, Cl(λ), Int(λ), FMaRInt(λ),
FMiRCl(λ) will respectively stand for the set of all fuzzy subsets of X, the complement, fuzzy
closure, fuzzy interior, fuzzy maximal regular interior, fuzzy minimal regular closure of λ. By 1φ

(or 0X or φ) and 1X (or X) we will mean the fuzzy null set and fuzzy whole set with constant
membership function 0 (zero function) and 1 (unit function) respectively. A fuzzy point xt for

t ∈ I0 is an element of IX such that xt(y) =





t if y = x

0 if y 6= x.

The set of all fuzzy points in X is denoted by Pt(X). A fuzzy point xt ∈ λ iff t < λ(x).
A fuzzy set λ is quasi-coincident with µ, denoted by λqµ, if there exists x ∈ X such that
λ(x) + µ(x) > 1. If λ is not quasi-coincident with µ, we denoted λq̄µ.

Definition 1.1. [1] A fuzzy subset λ of fuzzy space (X, τ) is said to be

(1) fuzzy regular open set if Int(Cl(λ)) = λ.

(2) fuzzy regular closed set if Cl(Int(λ)) = λ or if 1X − λ is fuzzy regular open set in X.

The class of all fuzzy regular open and fuzzy regular closed sets are respectively denoted
by FRO(X) and FRC(X).

Lemma 1.1. [1] If a fuzzy topological space (fts, for short) (X, τ) is product related to
another fts (Y, σ) then for λ ∈ IX and µ ∈ IY , Cl(λ× µ) = Cl(λ)× Cl(µ).

Lemma 1.2. [1] If f : (X, τi) → (Y, σi) fuzzy mappings and λi be fuzzy set of Yi,

(i = 1, 2). Then, (f1 × f2)−1(λ1 × λ2) = f−1
1 (λ1)× f−1

2 (λ2).
Definition 1.2. [17] A fuzzy set λ of a fts X is said to be fuzzy regular semi-open

set in fts X if there exists a fuzzy regular open set µ in X such that µ ≤ λ ≤ Cl(µ) (or
λ ≤ Cl(FRInt(µ)) and its complement 1X − λ is called fuzzy regular semi-closed set of X.

We denote the class of all fuzzy regular semi-open sets and fuzzy regular semi-closed sets
in fts X by FRSO(X) and FRSC(X).

§2. Fuzzy maximal regular semi-open sets and fuzzy mini-

mal regular semi-closed sets

In this section, we introduce the notion of fuzzy maximal regular open (resp. maximal
regular semi open) sets and fuzzy minimal regular closed (resp. minimal regular semi closed)
sets and study their properties. Some fundamental theorems and their applications are also
studied.

Definition 2.1. A non empty proper fuzzy regular open set λ of any fuzzy space (X, τ)
is said to be fuzzy maximal regular open set if any fuzzy regular open set which contains λ is
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either λ or 1X .

Definition 2.2. A non empty proper fuzzy regular closed set β of any fuzzy space (X, τ)
is said to be fuzzy minimal regular closed set if any fuzzy regular closed set contained in β is
either 1φ or β or equivalently, if βc is fuzzy maximal regular open set in (X, τ).

The family of all fuzzy maximal regular open set and fuzzy minimal regular closed sets are
respectively, denoted by FMaRO(X) and FMiRC(X).

Definition 2.3. A non empty proper fuzzy subset λ ∈ IX of any fts (X, τ) is said to be
fuzzy maximal regular semi-open set in X if there exists a fuzzy maximal regular open set λ1

such that λ1 ≤ λ ≤ Cl(λ1) or if λ ≤ Cl(FMaRInt(λ)).
Definition 2.4. A non empty proper fuzzy subset β ∈ IX of any fts (X, τ) is said to be

fuzzy minimal regular semi-closed set in X if there exists a fuzzy minimal regular closed set β1

such that Int(β1) ≤ β ≤ β1 or if FMiRCl(Int(λ)) ≤ λ.
Or equivalently, the complement (i.e., 1X −β) of β is fuzzy maximal regular semi-open set

in X.

Or equivalently, the complement of a fuzzy maximal regular semi-open set is called a fuzzy
minimal regular semi-closed set in X.

The family of all fuzzy maximal regular semi-open and fuzzy minimal regular semi-closed
sets are respectively denoted by FMaRSO(X) and FMiRSC(X).

Example 2.1. Let X = {a, b, c} and τ = {1φ, λ1, λ2, λ3, λ4, λ5, λ6, 1X}, where
λ1(a) = 0, λ1(b) = 1, λ1(c) = 1;
λ2(a) = 1, λ2(b) = 1, λ2(c) = 0;
λ3(a) = 1, λ3(b) = 0, λ3(c) = 1;
λ4(a) = 1, λ4(b) = 0, λ4(c) = 0;
λ5(a) = 0, λ5(b) = 0, λ5(c) = 1;
λ6(a) = 0, λ6(b) = 1, λ6(c) = 0.

Then (X, τ) forms a fts. FRO(X) = {1φ, λ1, λ2, λ3, λ4, λ5, λ6, 1X}.

FMaRO(X) = {λ1, λ2, λ3} = FMaRSO(X) and
FMiRC(X) = {λ4, λ5, λ6} = FMaRCO(X).

Theorem 2.1.

(1) Union of arbitrary member of fuzzy maximal regular semi-open (resp. fuzzy maximal
regular open) sets is either fuzzy maximal regular semi-open (resp. fuzzy maximal regular
open) set or fuzzy whole set 1X .

(2) Intersection of arbitrary member of fuzzy minimal regular semi-closed (resp. fuzzy mini-
mal regular closed) sets is either fuzzy minimal regular semi-closed (resp. fuzzy minimal
regular closed) set or fuzzy null set 1φ.

Proof. (1) Let {λα : α ∈ Λ} be an arbitrary collection of fuzzy maximal regular semi-open (resp.
fuzzy maximal regular open) sets in X. Then, for each α, there exists a µα ∈ FMaRSO(X)
(resp. µα ∈ FMaRO(X)) such that µα ≤ λα ≤ Cl(µα). Taking union of all such relations, we
have ∨

µα ≤ λα ≤
∨

Cl(µα).
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⇒ ∨
µα ≤

∨
λα ≤

∨
Cl(µα) ≤ Cl(

∨
µα) [Since,

∨
Cl(µα) ≤ Cl(

∨
µα) ]

⇒
∨

µα ≤
∨

λα ≤ Cl(
∨

µα). (1)

But,
∨

µα = 1X or µi = µj , i, j ∈ Λ.

If
∨

µα = 1X , then (1) ⇒ 1X ≤ ∨
λα ≤ Cl(1X) ⇒ ∨

λα = 1X .

If µi = µj = µ, i, j ∈ Λ, then (1) ⇒ µ ≤ ∨
λα ≤ Cl(µ) ⇒ ∨

µα ∈ FMaRSO(X). (resp.∨
µα ∈ FMaRO(X)).

(2) Let {βα : α ∈ Λ} be any collection of fuzzy minimal regular semi-open (resp. fuzzy
minimal regular open) sets in X. Then, βα

c ∈ FMaRSO(X)
(resp. βα

c ∈ FMaRO(X)), for each α and for each α, there exists a γα ∈ FMaRSO(X) (resp.
γα ∈ FMaRO(X)) such that γα ≤ βα ≤ Cl(γα) for each α. Taking union of all such relations,
we have∨

γα ≤
∨

βc
α ≤

∨
Cl(γα)

⇒ ∨
γα ≤

∨
βc

α ≤
∨

Cl(γα) ≤ Cl(
∨

γα) [ Since,
∨

Cl(µα) ≤ Cl(
∨

µα)]
⇒ ∨

γα ≤
∨

βc
α ≤ Cl(

∨
γα).

⇒ ∨
βc

α ∈ FMaRSO(X). (resp.
∨

βc
α ∈ FMaRO(X)).

But
∨

γα = 1X or γi = γj , i, j ∈ Λ.

If
∨

γα = 1X then (i) 1X ≤ ∨
βc

α ≤ Cl(1X) ⇒ ∨
βc

α = 1X .

If γi = γj = γ, i, j ∈ Λ, then (i) ⇒ γ ≤ ∨
βc

α ≤ Cl(γ)
⇒ ∨

βc
α = (

∧
βα)c ∈ FMaRSO(X)(resp.(

∧
βα)c ∈ FMaRO(X))

⇒ ∧
βα ∈ FMiRSC(X). (resp.

∧
βα ∈ FMiRC(X)).

Remark 2.1.

(1) Intersection of finite or infinite number of fuzzy maximal regular semi-open (resp. maxi-
mal regular open) sets may not fuzzy maximal regular semi-open (resp. maximal regular
open) sets in X.

(2) Union of finite or infinite number of fuzzy minimal regular semi-closed (resp. minimal
regular closed) sets may not fuzzy minimal regular semi-closed (resp. minimal regular
closed) sets in X.

Example 2.2. In Example 2.1, λ1 and λ2 are fuzzy maximal regular open set in X.

But λ1 ∧ λ2 = λ6 which is not fuzzy maximal regular open set in X. Also, λ4 and λ5 are
fuzzy minimal regular closed set in X. But λ4 ∨ λ5 = λ3 which is not fuzzy minimal regular
closed set in X. Also, we see that λ1 and λ2 are fuzzy maximal regular semi-open set in X. But
λ1 ∧ λ2 = λ6 which is not fuzzy maximal regular semi-open set in X. Also, λ4 and λ5 are fuzzy
minimal regular semi-closed sets in X. But λ4 ∨ λ5 = λ3 which is not fuzzy minimal regular
semi-closed set in X.

Remark 2.2. Every fuzzy maximal regular open (resp. fuzzy minimal regular closed)
set is fuzzy maximal regular semi-open (resp. fuzzy minimal regular semi-closed) set but the
converse is false which is shown by the following example.

Example 2.3. Let X = {a, b, c} and τ = {0X , λ1, λ2, λ3, λ4, 1X} where
λ1(a) = 0.1, λ1(b) = 0.4, λ1(c) = 0.6;
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λ2(a) = 0.7, λ2(b) = 0.2, λ2(c) = 0.4;
λ3(a) = 0.7, λ3(b) = 0.4, λ3(c) = 0.6;
λ4(a) = 0.1, λ4(b) = 0.2, λ4(c) = 0.4.

Fuzzy closed sets in X are τ c = {0X , δ1, δ2, δ3, δ4, 1X} where
δ1(a) = 0.9, δ1(b) = 0.6, δ1(c) = 0.4;
δ2(a) = 0.3, δ2(b) = 0.8, δ2(c) = 0.6;
δ3(a) = 0.3, δ3(b) = 0.6, δ3(c) = 0.4;
δ4(a) = 0.9, δ4(b) = 0.8, δ4(c) = 0.6.

Then (X, τ) forms a fts. Here, λ1, λ2, λ3, λ4 are fro sets in X. Here, λ3 is the only fuzzy
maximal regular open set in X. This implies λ3 ∈ FMaRO(X). Now, since λ3 ≤ λ ≤ Cl(λ3) =
δ4, we take λ = (0.8a, 0.4b, 0.6c). This implies that λ is fuzzy maximal regular semi-open set in X,

which is neither fuzzy regular open nor fuzzy maximal regular open set in X. Similarly, δ3 is fuzzy
minimal regular closed set in X implies that δ3 ∈ FMiRC(X). Now, since Int(δ3) ≤ δ ≤ δ3,

we take δ = (0.3a, 0.2b, 0.4c). This implies that δ is fuzzy minimal regular semi-closed set in X,

which is neither fuzzy regular closed nor fuzzy minimal regular closed set in X.

Corollary 2.1. Let X be a fuzzy topological space, then

(1) FMaRO(X) ⊂ FMaRSO(X).

(2) If λ ∈ FMaRSO(X) and λ ≤ λ1 ≤ Cl(λ), then λ1 ∈ FMaRSO(X).

Definition 2.5.

(1) The union of all fuzzy maximal regular semi-open sets of X contained in a fuzzy set µ is
known as fuzzy maximal regular semi-interior of µ and is denoted by FMaRSInt(µ) i. e.,
FMaRSInt(µ) = sup{λj : λj ≤ µ and λj ∈ FMaRSO(X) ; j ∈ Λ, an arbitrary index set.}

(2) The intersection of all fuzzy minimal regular semi-closed sets of X containing a fuzzy set
µ is called fuzzy minimal regular semi-closure of µ and is denoted by FMiRSCl(µ) i. e.,
FMiRSCl(µ) = inf{γc

k: γc
k ≥ µ and γc

k ∈ FMaRSC(X) ; k ∈ Λ, an index set. }

(3) A fuzzy set α is called fuzzy maximal regular neighborhood (shortly, FMaR-nbd) of a fuzzy
point xp in X if there exists a β ∈ FMaRO(X) such that xp ∈ β ≤ α.

(4) A fuzzy set α is called fuzzy maximal regular semi-neighborhood (shortly, FMaRS-nbd)
of a fuzzy point xp in X if there exists a β ∈ FMaRSO(X) such that xp ∈ β ≤ α.

(5) A fuzzy set α is called fuzzy maximal regular-quasi-neighborhood (shortly, FMaRQ-nbd)
of a fuzzy point xp in X if there exists a β ∈ FMaRO(X) such that xpqβ ≤ α.

(6) A fuzzy set α is called fuzzy maximal regular semi quasi-neighborhood (shortly, FMaRSQ-
nbd) of a fuzzy point xp in X if there exists a β ∈ FMaRSO(X) such that xpqβ ≤ α.

(7) A fuzzy point xp is said to be fuzzy maximal regular limit (or cluster) point of a fuzzy set
λ ∈ IX of a fuzzy space X if for every FMaR-open nbd µ of xp, (µ− xp) ∧ λ 6= 0X .

(8) A fuzzy point xp is said to be fuzzy maximal regular semi-limit (or cluster) point of a fuzzy
set λ ∈ IX of a fuzzy space X if for every FMaR-semi open nbd µ of xp, (µ−xp)∧λ 6= 0X .
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Theorem 2.2.

(1) For a fuzzy set λ ∈ IX , a fuzzy singleton xr ∈ FMiRSCl(λ), iff λqη for each fuzzy
maximal regular semi-open set η of a fts X such that xrqη.

(2) For a fuzzy set λ ∈ IX , a fuzzy singleton xr ∈ FMiRCl(λ) iff every fuzzy maximal regular
open quasi neighborhood η of xr, is quasi-coincident with λ.

Proof. (1) Let xr ∈ FMiRSCl(λ) and let λqη for each fuzzy maximal regular semi-open set of a
fts X such that xrqη. Then λ ≤ ηc such that λ > ηc(x). Since ηc is fuzzy minimal regular semi-
closed set, so FMiRSCl(λ) ≤ ηc < r, for x ∈ X. Hence xr /∈ FMiRSCl(λ) which contradicts
the given hypothesis. Thus λqη for each fuzzy maximal regular semi-open set η of X such that
xrqη.

Conversely, suppose that λqη for each fuzzy maximal regular semi-open set of X with xrqη

and let xr /∈ FMiRSCl(λ). Then r > FMiRSCl(λ) ⇒ 1− r < FMaRSInt(1X − λ) = V (say)
⇒ r + V > 1 with V ≤ λc ⇒ xrqV such that λqV for fuzzy maximal regular semi-open set η

of X which is a contradiction to the given hypothesis. Hence xr ∈ FMiRSCl(λ).
(2) Similar to the proof of (1).

Theorem 2.3. If λ1 is a fuzzy maximal regular semi-open set of X and λ1 ≤ λ ≤ Cl(λ1),
then λ is a fuzzy maximal regular semi-open set of X.

Proof. Since λ1 is fuzzy maximal regular semi-open set in X, so there exists a fuzzy maximal
regular open set U such that U ≤ λ1 ≤ Cl(U). Then U ≤ λ1 ≤ λ ≤ Cl(λ1) ≤ Cl(U). Hence
U ≤ λ ≤ Cl(U). Thus λ is a fuzzy maximal regular semi-open set of X.

Theorem 2.4. If β1 is fuzzy minimal regular semi-closed sets in X and Int(β1) ≤ β ≤ β1,

then β is also fuzzy minimal regular semi-closed in X.

Proof. Let β1 be a fuzzy minimal regular semi-closed set of X. Then there exists a minimal
regular closed set H in X such that Int(H) ≤ β1 ≤ H. Hence Int(H) ≤ Int(β1) ≤ β ≤ β1 ≤ H.

This implies that Int(H) ≤ β ≤ H. Hence, β is a fuzzy minimal regular semi-closed set of
X.

Theorem 2.5. A fuzzy set λ ∈ IX is fuzzy maximal regular semi-open set in X iff
Cl(λ) = Cl(FMaRInt(λ)).

Proof. Let λ be fuzzy maximal regular semi-open set in X. So by definition of fuzzy maximal
regular semi-open set λ ≤ Cl(FMaRInt(λ)). Taking closure on both sides, we have,

Cl(λ) ≤ Cl(FMaRInt(λ)) (2)

Also, we have, FMaRInt(λ)) ≤ λ

⇒ Cl(FMaRInt(λ)) ≤ Cl(λ). (3)

Hence from (2) and (3), we have Cl(λ) = Cl(FMaRInt(λ)).
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Conversely, let us suppose that

Cl(λ) = Cl(FMaRInt(λ)) (4)

Now, we have FMaRInt(λ) ≤ λ ≤ Cl(λ) ⇒ FMaRInt(λ) ≤ λ ≤ Cl(FMaRInt(λ)) [using (3)]
⇒ FMaR-open set ≤ λ ≤ Cl(FMaR-open set) ⇒ λ is fuzzy maximal regular semi-open set in
X.

Theorem 2.6. A fuzzy subset β of X is fuzzy minimal regular semi-closed iff there exists
a fuzzy minimal regular closed set β1 in X such that Intβ1 ≤ β ≤ β1.

Proof. Suppose, β is a fuzzy minimal regular semi-closed set in X. By definition, βc is fuzzy
maximal regular semi-open set in X. Therefore, there exists a fuzzy maximal regular open set
λ such that λ ≤ βc ≤ Cl(λ), which implies

Int(λc) = (Cl(λ))c ≤ β ≤ λc.

Take β1 = λc, so that β1 is a minimal regular closed set, such that Intβ1 ≤ β ≤ β1.

Conversely, suppose that there exists a fuzzy minimal regular closed set β1 in X such that
Intβ1 ≤ β ≤ β1 ⇒ βc

1 ≤ βc ≤ (Intβ1)c = Cl(βc
1). Therefore, there exists a maximal regular

open set λ = βc
1 such that λ1 ≤ βc ≤ Cl(λ).

⇒ βc is a fuzzy maximal regular semi-open set in X and hence β is fuzzy minimal regular
semi-closed set in X.

Lemma 2.1. For any fuzzy set λ ∈ IX of a fuzzy space (X, τ),

(1) 1X − FMaRSInt(λ) = FMiRSCl(1X − λ).

(2) 1X − FMiRSCl(λ) = FMaRSInt(1X − λ).

Proof. The proofs are easy and follow from Definition 2.5.

The following theorem can be easily verified.
Theorem 2.7. For any fuzzy set λ, µ ∈ IX of a fts (X, τ), the following properties hold:

(1) µ is fuzzy maximal regular semi-open in X iff µ = FMaRSInt(µ).

(2) µ is fuzzy minimal regular semi-closed in X iff µ = FMiRSCl(µ).

(3) λ ≤ µ ⇒ FMiRSCl(λ) ≤ FMiRSCl(µ) and FMaRSInt(λ) ≤ FMaRSInt(µ).

(4) FMiRSCl(FMiRSCl(µ)) = FMiRSCl(µ).

(5) FRSCl(µ) ≥ FMiRSCl(µ).

(6) FRSInt(µ) ≤ FMaRSInt(µ)

(7) FMaRSInt(λ) ∈ FMaRSO(X)

(8) FMiRSCl(λ) ∈ FMiRSC(X).
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(9) µ is fuzzy minimal regular semi-closed in X iff µ = FMiRSCl(µ).

Theorem 2.8. If a fts (X, τ) is product related to an another fts (Y, σ) and λ ∈
FMaRO(X), µ ∈ FMaRO(Y ). Then λ× µ ∈ FMaRO(X × Y ).

Proof. Obvious.

Theorem 2.9. If a fts (X, τ) is product related to an another fts (Y, σ) and λ ∈
FMaRSO(X), µ ∈ FMaRSO(Y ). Then λ× µ ∈ FMaRSO(X × Y ).

Proof. Since, λ ∈ FMaRSO(X), µ ∈ FMaRSO(Y ). So, there exists γ ∈ FMaRO(X) and
η ∈ FMaRO(Y ) such that γ ≤ λ ≤ Cl(γ) and η ≤ µ ≤ Cl(η) which implies that

γ × η ≤ λ× µ ≤ Cl(γ)× Cl(η). (5)

Since (X, τ) is product related to (Y, σ). So, by Lemma 1.1.[1], we must have, Cl(γ)×Cl(η) =
Cl(γ × η) and then (5) ⇒ γ × η ≤ λ × µ ≤ Cl(γ × η). Since by Theorem 2.8, γ × η is fuzzy
maximal regular open set in the product space (X × Y, τ × σ). Hence λ × µ is fuzzy maximal
regular semi-open set in the product fts (X × Y, τ × σ) i.e., λ× µ ∈ FMaRSO(X × Y ).

§3. Fuzzy maximal regular continuous (resp. fuzzy maxi-

mal regular semi-continuous) and fuzzy maximal regular

irresolute (resp. fuzzy maximal regular semi-irresolute)

functions

In this section, we introduce some new notions of fuzzy mappings viz., fuzzy maximal reg-
ular continuous, fuzzy maximal regular semi-continuous, fuzzy maximal regular irresolute and
fuzzy maximal regular semi-irresolute functions. We also establish some of their characteriza-
tion theorems and show some interrelationship among these new class of functions.

Definition 3.1. A mapping f : (X, τ) → (Y, σ) is said to be fuzzy maximal regular
continuous (shortly, FMaR-cont.) iff for each λ ∈ FO(Y ), f−1(λ) ∈ FMaRO(X).

Example 3.1. Let X = Y = {a, b} and τ = {0X , λ1, λ2, 1X}, σ = {0X , λ1, 1X} where λ1

and λ2 are defined as
λ1(a) = 3

4 , λ1(b) = 1
4 ;

λ2(a) = 1
4 , λ2(b) = 1

4 ;
Then (X, τ) and (Y, σ) forms a fts. FRO(X) = {λ1, λ2}. Consider the function f : (X, τ) →
(Y, σ) defined by f(x) = x, ∀x ∈ X. Here λ1 is the only non-empty proper fuzzy open set in Y

and also λ1 is fuzzy maximal regular open set in Y such that

f−1(λ1(x)) = λ1(f(x)) = λ1(x) ∈ FMaRO(X).

Thus f is fuzzy maximal regular continuous function on X.

Theorem 3.1. For a mapping f : (X, τ) → (Y, σ) the following statements are equivalent:

(1) f is FMaR-continuous function.



100 A. Vadivel and B. Vijayalakshmi No. 1

(2) for every fuzzy point xr of X and for every fuzzy neighborhood η of f(xr) in (Y, σ), there
exists a fuzzy maximal regular open neighborhood γ of xr in (X, τ) such that f(γ) ≤ η.

(3) f−1(β) ∈ FMiRC(X), ∀β ∈ FC(Y ).

Proof. We need to prove the following implications: (1) ⇒ (2), (2) ⇒ (3) and (3) ⇒ (4).
(1) ⇒ (2): Let f be FMaR-continuous function and let xr ∈ X and η be any fuzzy

neighborhood of f(xr) in Y. Then there exists a µ ∈ σ such that f(xr) ≤ µ ≤ η ⇒ xr ∈
f−1(µ) ≤ f−1(η). As f is FMaR-continuous and µ ∈ σ. So, f−1(µ) ∈ FMaRO(X) so that
γ = f−1(η) is a fuzzy maximal regular neighborhood of xr in X such that f(γ) = η ≤ η.

(2) ⇒ (3): Let (2) is true for the function f and let β be a closed set in Y and xr ∈ f−1(βc)
⇒ f(xr) ∈ βc. Since βc is open neighborhood of f(xr), so, by hypothesis, there exists a fuzzy
maximal regular neighborhood V of xr in X such that f(V ) ≤ βc so that V ≤ f−1(βc). Since,
V is fuzzy maximal regular neighborhood of xr, there exists a fuzzy maximal regular open set δ

such that xr ∈ δ ≤ f−1(βc) ⇒ ∨{xr} ≤
∨{δ} ≤ ∨{f−1(βc)} ⇒ f−1(βc) ≤ ∨{δ} ≤ ∨

f−1(βc)
⇒ (f−1(β))c =

∨{δ} = δ or 1X ∈ FMaRO(X) ⇒ f−1(β) ∈ FMiRC(X).
(3) ⇒ (4): Let (3) is true and λ ∈ FO(Y ). Then f−1(λ) = (f−1(λc)c) = (f−1(λc))c. Since,

λc ∈ FC(Y ), by hypothesis, we have, f−1(λc) ∈ FMiRC(X) and hence (f−1(λc))c = f−1(λ) ∈
FMaRO(X) showing that f is FMaR-continuous function on X.

Theorem 3.2. For FMaR-continuous mapping f from a fts (X, τ) into another fts (Y, σ)
the following statements hold:

(1) f(FMaRInt(λ)) ≥ Intf(µ), for every fuzzy set µ in X.

(2) FMaRInt(f−1(λ)) ≥ f−1(Int(λ)), for every fuzzy set λ ∈ Y and for onto map f.

(3) f(FMiRCl(µ)) ≤ Clf(µ), for every fuzzy set µ in X.

(4) FMiRCl(f−1(λ)) ≤ f−1(Cl(λ)), for every fuzzy set λ in Y and for onto map f.

Proof. (1) Since, Int(f(µ)) is fuzzy open set in Y and f is FMaR-continuous, f−1(Intf(µ)) ∈
FMaRO(X). As we know that f(µ) ≥ Intf(µ) ⇒ µ ≥ f−1(Intf(µ)) ⇒ FMaRInt(µ) ≥
f−1(Intf(µ)) so that f(FMaRInt(µ)) ≥ Intf(µ).

(2) Since, f−1(λ) is a fuzzy set in X, so for µ = f−1(λ) (1) must hold, i.e.,

f(FMaRInt(f−1(λ))) ≥ Int(f(f−1(λ))) = Int(λ),

as f is onto mapping. Hence, FMaRInt(f−1(λ)) ≥ f−1(Int(λ)).
(3) Since, Cl(f(µ)) is fuzzy closed set in Y and f is FMaR-continuous, f−1(Cl(f(µ)) ∈

FMiRC(X). Now, f(µ) ≤ Cl(f(µ)) ⇒ µ ≤ f−1(Cl(f(µ)))
⇒ FMiRCl(µ) ≤ f−1(Cl(f(µ))). Thus f(FMiRCl(µ)) ≤ Cl[f(µ)].
(4) Since, f−1(λ) ∈ IX , ∀λ ∈ IY , so for µ = f−1(λ) we have from (3) f(FMiRCl(f−1(λ))) ≥

Cl(f(f−1(λ))) = Cl(λ). [Being f an onto map.]
Hence, FMaRInt(f−1(λ)) ≥ f−1[Cl(λ)].
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Definition 3.2. A function f : (X, τ) → (Y, σ) is said to be fuzzy maximal regular
irresolute (shortly, FMaR-irresolute) iff for each λ ∈ FMaRO(Y ), f−1(λ) ∈ FMaRO(X).

Example 3.2. Consider the function f : (X, τ) → (X, σ) defined by f(x) = x, ∀x ∈ X,

where (X, τ) defined in Example 2.3 and (X, σ) is defined as σ = {0X , λ3, 1X}. Here, λ3 is the
only non empty proper fuzzy maximal regular open set in Y such that f−1(λ3(x)) = λ3(f(x)) =
λ3(x) ∈ FMaRO(X). Thus f is fuzzy maximal regular irresolute function on X.

Definition 3.3. A function f : (X, τ) → (Y, σ) is said to be fuzzy maximal regular
semi-irresolute iff for each λ ∈ FMaRSO(Y ), f−1(λ) ∈ FMaRSO(X).

Example 3.3. Consider the function f : (X, τ) → (X, σ) defined by f(x) = x, ∀x ∈ X,

where (X, τ) and (X, σ) are defined as X = Y = {a, b, c} and τ = {0X , λ1, λ2, 1X}, σ =
{0X , λ2, 1X} where

λ1(a) = 0.3, λ1(b) = 0.4,, λ1(c) = 0.5;
λ2(a) = 0.6, λ2(b) = 0.5,; λ2(c) = 0.5;

Here λ2 is the only non-empty proper fuzzy maximal regular semi open set in Y such that

f−1(λ2(x)) = λ2(f(x)) = λ2(x) ∈ FMaRSO(X).

Thus f is fuzzy maximal regular semi-irresolute function on X.

Theorem 3.3. If f : (X, τ1) → (Y, τ2) be FMaR-continuous function and g : (Y, τ2) →
(Z, τ3) be fuzzy continuous function. Then g ◦ f : (X, τ1) → (Z, τ3) is also FMaR-continuous
function.

Proof. Let λ ∈ FO(Z). Now (g ◦ f)−1(λ) = (f−1 ◦ g−1)(λ) = (f−1(g−1(λ))). Since g is fuzzy
continuous, g−1(λ) is fuzzy open and then (g ◦f)−1(λ) = (f−1( fuzzy open in Y )). But f being
FMaR-continuous, (g ◦ f)−1(λ) ∈ FMaRO(X). This shows that g ◦ f is FMaR-continuous
function.

Theorem 3.4. If f : (X, τ1) → (Y, τ2) be FMaR-irresolute function and g : (Y, τ2) →
(Z, τ3) be FMaR-continuous function. Then g ◦ f : (X, τ1) → (Z, τ3) is also FMaR-continuous
function.

Proof. Let λ ∈ FO(Z). Now (g ◦ f)−1(λ) = (f−1 ◦ g−1)(λ) = (f−1(g−1(λ))). Since g is FMaR-
continuous, g−1(λ) is FMaR-open and then (g ◦f)−1(λ) = (f−1(FMaR-open set in Y )). But f

being FMaR-irresolute, (g ◦f)−1(λ) ∈ FMaRO(X). This shows that g ◦f is FMaR-continuous
function.

Theorem 3.5. Composition of two FMaR-irresolute function is again a FMa-irresolute
function.

Proof. Straight forward.

Definition 3.4. A mapping f : (X, τ) → (Y, σ) is said to be fuzzy maximal regular semi-
continuous (shortly, FMaRS-continuous ) iff for each λ ∈ FO(Y ), f−1(λ) ∈ FMaRSO(X).

Example 3.4. Let f : (X, τ) → (X, σ) be a function defined by f(x) = x, ∀x ∈ X, where
(X, τ) and (Y, σ) are defined in Example 3.3. Since for λ2 ∈ σ,

f−1(λ2(x)) = λ2(f(x)) = λ2(x) ∈ FMaRSO(X),
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Thus f is fuzzy maximal regular semi continuous function on X.

Theorem 3.6. Let Xi, Yi, (i = 1, 2) be fts such that X1 is product related to X2

and fi : (Xi, τi) → (Yi, σi) (i = 1, 2) fuzzy maximal regular semi-continuous function. Then
f1×f2 : X1×X2 → Y1×Y2 is also fuzzy maximal regular semi-continuous function on X1×X2.

Proof. Let λ ∈ FO(Y1), µ ∈ FO(Y2). Then λ × µ ∈ FO(Y1 × Y2). Using Lemma 1.2 [1], we
have (f1 × f2)−1(λ× µ) = f−1

1 (λ)× f−1
2 (µ). Since, f is fuzzy maximal regular semi-continuous

function on Xi. So, f−1
i (λ) is fuzzy maximal regular semi-open set on Xi. Again, since X1 is

product related to X2. So,

(f1 × f2)−1(λ× µ) = f−1
1 (λ)× f−1

2 (µ) ∈ FMaRSO(X)

and hence f1 × f2 is fuzzy maximal regular semi-continuous function on X1 ×X2.

Theorem 3.7. Let Xi, Yi, (i = 1, 2, ..., n) be fts such that Xi is product related to
Xj (i 6= j) and fi : (Xi, τi) → (Yi, σi) (i = 1, 2, ..., n) fuzzy maximal regular semi-continuous

function. Then
n∏

i=1

fi :
n∏

i=1

Xi →
n∏

i=1

Yi is also fuzzy maximal regular semi-continuous function

on
n∏

i=1

Xi.

Proof. Obvious.

Theorem 3.8. Let f : X → Y be a function defined by f(x) = y, ∀x ∈ X and
g : X → X×Y a graph of the map f defined by g(x) = (x, f(x)), ∀x ∈ X. If g is fuzzy maximal
regular semi-continuous, then so is f.

Proof. Let µ ∈ FO(Y ). Then for 1X ∈ FO(X), 1X × µ is a fuzzy open set in X × Y. Since g is
a graph of the map f, So g(x) = (x, y) = (x, f(x)), ∀x ∈ X. Now ∀x ∈ X we have,

g−1(1X × µ)(x) = (1X × µ)(g(x))

= (1X × µ)(x, f(x))

= min{1X(x), µ(f(x))}
= 1X(x) ∧ f−1(µ)(x)

= (1X ∧ f−1(µ))(x)

= f−1(µ)(x).

Since g is fuzzy maximal regular semi-continuous, so g−1(1X × µ) = f−1(µ) ∈ FMaRSO(X),
∀µ ∈ FO(Y ). Hence f is fuzzy maximal regular semi-continuous function on X.

Theorem 3.9.

(1) Every fuzzy maximal regular continuous function is fuzzy maximal regular semi-continuous
function. But the converse may not be true which can be seen from the following example.

Consider the function f : (X, τ) → (Y, σ) defined by f(x) = x, ∀x ∈ X, where (X, τ)
defined in Example 2.2 and (Y, σ) is defined as Y = {a, b, c}, σ = {0Y , δ, 1Y }, where
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δ(a) = 0.8, δ(b) = 0.4, δ(c) = 0.6. Here, δ is the only non empty proper fuzzy open set in
Y. Since,

f−1(δ(x)) = δ(f(x)) = δ(x)

which is a FMaRSO set in X but not FMaR-Open set in X. Thus f is fuzzy maximal
regular semi-continuous but not fuzzy maximal regular continuous function on X.

(2) Every fuzzy maximal regular-irresolute function is fuzzy maximal regular semi-irresolute
function.

Proof. (1) Proof follows from Corollary 2.1 [1], i.e., from the fact that “every fuzzy maximal
regular open set is fuzzy maximal regular semi-open set in a fts (X, τ)”.

(2) Obvious.

Definition 3.5.

(1) A collection M is said to be fuzzy maximal regular open cover (shortly, FMaR-open cover)
of a fuzzy set µ ∈ IX iff M covers µ and each member of M is fuzzy maximal regular
open set in X i.e., µ ≤ sup{µα ∈ FMaRO(X) : µα ∈M,∀α ∈ Λ}.

(2) A collection M is said to be fuzzy maximal regular semi-open cover (shortly, FMaRS-
open cover) of a fuzzy set µ ∈ IX iff M covers µ and each member of M is fuzzy maximal
regular semi-open in X. i.e., µ ≤ sup{µα ∈ FMaRSO(X) : µα ∈M,∀α ∈ Λ}.

Definition 3.6.

(1) A fuzzy set λ ∈ IX of a fts (X, τ) is said to be fuzzy maximal regular compact (shortly,
FMaR-compact) iff each FMaR-open cover M of λ has a finite subcover M0 which also
covers λ.

(2) A fuzzy set λ ∈ IX of a fts (X, τ) is said to be fuzzy maximal regular semi-compact
(shortly, FMaR-compact) iff each FMaR-semi-open cover M of λ has a finite subcover
M0 which also covers λ.

Theorem 3.10.

(1) Fuzzy maximal regular continuous image of a FMaR-compact set is fuzzy compact.

(2) Fuzzy maximal regular semi-continuous image of a FMaRS-compact set is fuzzy compact.

Proof. (1) Let f : X → Y be fuzzy maximal regular continuous and β ∈ IX , a FMaR-
compact set of a fts X and P = {µα : α ∈ Λ} be a fuzzy open cover of f(β) such that
f(β) ≤ SupP ⇒ β ≤ f−1(f(β)) ≤ f−1(Sup{µα : α ∈ Λ}) = Sup{f−1(µα) : α ∈ Λ}. Then
Q = {f−1(µα) : α ∈ Λ} is a fuzzy cover of β. Since f is fuzzy maximal regular continuous
function, f−1(µα) ∈ FMaRO(X), ∀α ∈ Λ, an arbitrary index set and then Q is FMaR-open
cover of β. Since β is FMaR-compact, there exixts a finite sub-cover Q = {f−1(µα) : α =
1, 2, 3, ..., n} of Q such that β ≤ Sup{f−1(µα) : α = 1, 2, ..., n}. Since each f−1(µα) is distinct,
FMaR-open set in X. So, by Theorem 2.7 [6], Sup{f−1(µα) : α = 1, 2, ..., n} = 1X so that
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α ≤ 1X ⇒ f(α) ≤ f(1X) = 1Y . This shows that P = {1Y } is the existing finite subcover of α.

Hence, f(β) is compact set in Y.

(2) Same as the proof of (1).

Theorem 3.11.

(1) If f : X → Y is fuzzy maximal regular irresolute function and λ ∈ IX , a FMaR-compact
set of X, then f(λ) is FMaR-compact set in Y .

(2) If f : X → Y is fuzzy maximal regular semi-irresolute function and λ ∈ IX , a FMaR-
semi-compact set of X, then f(λ) is FMaR-compact set in Y .

Proof. (1) Let λ be a FMaR-compact set of X and Q = {µα : α ∈ Λ} be a FMaR-open cover
of f(λ) such that f(λ) ≤ SupQ. Then, P = {f−1(µα) : α ∈ Λ} is a cover of λ. Since f is
fuzzy maximal regular irresolute function, each f−1(µα) ∈ FMaRO(X), ∀α ∈ Λ = arbitrary
index set and then P is FMaR-open cover of λ. Since, λ is FMaR-compact, there exists a finite
subcover P0 = {f−1(µα) : α = 1, 2, 3, ..., n} of P such that

λ ≤ Sup{f−1(µα) : α = 1, 2, 3, ..., n}.

Since, each f−1(µα) is distinct FMaR-open set in X. So, by Theorem 2.7 [6], Sup{f−1(µα) :
α = 1, 2, 3, ..., n} = 1X so that α ≤ 1X ⇒ f(α) ≤ f(1X) = 1Y . This shows that Q0 = {1Y } is
existing finite FMaR-open subcover of Q. Hence, f(λ) is FMaR-compact set in Y.

(2) Same as the proof of (1).

Definition 3.7.

(1) Two non-empty fuzzy sets λ and µ of a fuzzy space (X, τ) are said to be fuzzy maximal
regular separated (in short, FMaR-separated ) if FMaRCl(λ)qµ and FMaRCl(µ)qλ.

(2) Two non-empty fuzzy sets λ and µ of a fuzzy space (X, τ) are said to be fuzzy maximal regu-
lar semi separated (in short, FMaRS-separated ) if FMaRSCl(λ)qµ and FMaRSCl(µ)qλ.

(3) A fuzzy subset β is said to be fuzzy maximal regular connected (shortly, FMaR-connected)
iff β cannot be expressed as the union of two FMaR-separated sets λ and µ of X.

(4) A fts X is said to be fuzzy maximal regular connected (shortly, FMaR-connected) iff X

cannot be expressed as the union of two non-empty disjoint FMaR-open sets λ and µ i.e
X 6= λ ∨ µ, where λ, µ ∈ FMaRO(X).

(5) A fuzzy subset β is said to be fuzzy maximal regular semi connected (shortly, FMaRS-
connected) iff β cannot be expressed as the union of two FMaR-semi separated sets λ and
µ of X.

(6) A fts X is said to be fuzzy maximal regular semi connected (shortly, FMaR-semi-connected)
iff X cannot be expressed as the union of two non-empty disjoint FMaR-semi-open sets
λ and µ i.e X 6= λ ∨ µ, where λ, µ ∈ FMaRS-O(X).
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Example 3.5 By easy computations, in Example 2.3, it follows that FMaRCl(λ3)qλ2

and FMaRCl(λ2)qλ3. Thus λ2 and λ3 are not fuzzy maximal regular separated. (i.e.) FMaR-
separated. Also β 6= λ2 ∨ λ3 ⇒ β is FMaR-connected. In a similar manner, λ2 and λ3 are not
fuzzy maximal regular semi separated. (i.e.) FMaRS-separated.

Theorem 3.12. A fuzzy subset λ ∈ IX of a fts (X, τ) is FMaR-connected (resp. FMaR-
semi-connected) iff X cannot be expressed as the union of two non-empty disjoint FMaR-closed
sets (FMaR-semi-closed sets.)

Proof. Follows from Definition 3.7.

Theorem 3.13.

(1) If f : X → Y is FMaR-continuous surjection map and X is FMaR-connected, then Y is
fuzzy connected.

(2) If f : X → Y is FMaR-semi-continuous surjection map and X is FMaR-semi-connected,
then Y is fuzzy connected.

Proof. (1) Suppose that f(X) = Y is not fuzzy connected space. Then, there exists non-empty
fuzzy open sets λ and µ such that f(X) = λ ∨ µ ⇒ Both λ and µ are fuzzy clopen sets in Y.

Then X = f−1(λ) ∨ f−1(µ). Since f is FMaR-continuous and λ and µ are non-empty disjoint
fuzzy closed sets, f−1(λ) and f−1(µ) are also non-empty disjoint and ∈ FMaRC(X). This
shows that X is not FMaR-connected which is a contradiction to the given hypothesis. Hence
Y is fuzzy connected.

(2) Same as the proof of (1).

Theorem 3.14.

(1) If f : X → Y is FMaR-irresolute surjection map and X is FMaR-connected, then Y is
FMaR-connected.

(2) If f : X → Y is FMaR-semi-irresolute surjection map and X is FMaR-semi-connected,
then Y is FMaR-semi-connected.

Proof. (1) Suppose that f(X) = Y is not FMaR-connected space. Then, there exists non-
empty fuzzy open sets λ and µ such that f(X) = λ∨µ ⇒ Both λ and µ are FMaR-open as well
as FMiR-closed sets in Y. Then X = f−1(λ) ∨ f−1(µ). Since λ and µ are non-empty disjoint
FMiR-closed sets and f is FMaR-irresolute surjection, f−1(λ) and f−1(µ) are also non-empty
disjoint and ∈ FMiR-C(X) such that X = f−1(λ) ∨ f−1(µ). This shows from Theorem 3.12
that X is not FMaR-connected which is a contradiction to the given hypothesis that X is
FMaR-connected. Hence,Y is FMaR-connected.

(2) Similar to the proof of (1).

Conclusion: In this paper, we have introduced fuzzy maximal regular semi-open sets,
fuzzy minimal regular semi-closed sets, fuzzy maximal regular semi-continuous, fuzzy maximal
regular semi-irresolute functions and fuzzy maximal regular semi-connectedness in fts’s. Also,
we have studied some basic properties and characterization theorems. Finally, we have given
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some counter examples to show that these types of sets and mappings are not equivalent. These
results will help to extend some generalized closed sets, mappings, compactness and hence it
will help to improve fuzzy bitopological and smooth topological spaces.
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§1. Introduction and preliminaries

After the introduction of fuzzy sets by Zadeh [11], there have been a number of gener-
alizations of this fundamental concept. The notion of intuitionistic fuzzy sets introduced by
Atanassov [1] is one among them. Using the notion of intuitionistic fuzzy sets, Coker [4] in-
troduced the notion of fuzzy topological spaces. In [10] Vadivel, introduced the notions of
intuitionistic fuzzy e-open sets and intuitionistic fuzzy e-continuity. In this paper, we introduce
and study the concept of intuitionistic fuzzy e-compactness. Several preservation properties
and some characterizations concerning intuitionistic fuzzy e-compactness have been obtained.

Before entering in to our work, we recall the following notations, definitions and results of
intuitionistic fuzzy sets as given by Atanassov [2]. Coker [4] and Seenivasan [9]. Throughout
this paper, (X, τ), (Y, σ), and (Z, η) (or simply X, Y and Z ) are always means an intuitionistic
fuzzy topological spaces on which no separation axioms are assumed unless otherwise mentioned.

First we shall present the fundamental definitions and results which will be used in the
sequel.

Definition 1.1. [2] Let X be a nonempty fixed set. An intuitionistic fuzzy set (IFS, for
short) A is an object having the form A = {〈x, µA(x), νA(x)〉 : x ∈ X} where the functions
µA : X → I and νA : X → I denote the degree of membership (namely µA(x)) and the
degree of nonmembership (namely νA(x)) of each element x ∈ X to the set A, respectively, and
0 ≤ µA(x) + νA(x) ≤ 1 for each x ∈ X.
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Obviously, every fuzzy set A on a nonempty set X is an IFS having the form A =
{〈x, µA(x), 1− νA(x)〉 : x ∈ X}.

Definition 1.2. [2] Let X be a nonempty set and the IFS’s A and B be in the form
A = {〈x, µA(x), νA(x)〉 : x ∈ X}, B = {〈x, µB(x), µB(x)〉 : x ∈ X} and let A = {Aj : j ∈ J} be
an arbitrary family of IFS’s in X, then

(i) A ≤ B iff ∀x ∈ X[µA(x) ≤ νA(x) and νA(x) ≥ γA(x)];

(ii) A = {〈x, νA(x), µA(x)〉 : x ∈ X};

(iii) ∧Aj = {〈x,∧µAj (x),∨νAj (x)
〉

: x ∈ X};

(iv) ∨Aj = {〈x,∨µAj (x),∧νAj (x)
〉

: x ∈ X};

(v) ∨Aj = ∨Aj, ∧Aj = ∧Aj;

(vi) 1∼ = {〈x, 1, 0〉 : x ∈ X} and 0∼ = {〈x, 0, 1〉 : x ∈ X};

(vii) A = A, 0∼ = 1∼ and 1∼ = 0∼.

Definition 1.3. [4] Let X and Y be two nonempty sets and f : X → Y be a function.

(i) If B = {〈y, µB(y), νB(y)〉 : y ∈ X} is an IFS in Y , then the preimage of B under f

denoted and defined by f−1(B) = {〈f−1(µB)(x), f−1(νB)(x)
〉

: x ∈ X};

(ii) If A = {〈x, λA(x), νA(x)〉 : x ∈ X} is an IFS in X, then the image of A under f denoted
and defined by f(A) = {〈y, f(λA)(y), f (νA)(y) : y ∈ Y 〉} where f (νA) = 1− f(1− νA).

Definition 1.4. [5] Let A = 〈x, µA, νA〉 and B = 〈x, µB , νB〉 be two IFS’s in X. Then, A

and B are said to be quasi-coincident, denoted by AqB, iff there exists an element x ∈ X such
that µA(x) > νB(x) or νA(x) < µB(x). The negation of AqB will be denoted by AqB.

Definition 1.5. [4] An intuitionistic fuzzy topology (IFT, for short) on a non-empty set
X is a family Ψ of IFS’s in X satisfying the following axioms.

(i) 0∼, 1∼ ∈ Ψ,

(ii) A1 ∧A2 ∈ Ψ for every A1, A2 ∈ Ψ,

(iii) ∨Aj ∈ Ψ for every {Aj : j ∈ J} ⊆ Ψ.

In this case the pair (X, Ψ) is called an intuitionistic fuzzy topological space (IFTS, for
short) and each IFS in Ψ is known as an intuitionistic fuzzy open set (IFOS, for short) in X.

Definition 1.6. [4] The complement A of IFOS A in IFTS(X, Ψ) is called an intuitionistic
fuzzy closed set (IFCS, for short).

Definition 1.7. [4] Let (X, Ψ) be an IFTS and A = 〈x, µA(x), νA(x)〉 be an IFS in X.
Then the fuzzy interior and fuzzy closure of A are denoted and defined by cl(A) = ∧{K : K is
an IFCS in X and A ≤ K} and int(A) = ∨{G : G is an IFOS in X and G ≤ A}.

Definition 1.8. [10] Let A be an IFS in an IFTS(X, Ψ). A is called

(i) an intuitionistic fuzzy e-open set (IFeOS, for short) in X if A ≤ clintδ(A) ∨ intclδ(A),
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(ii) an intuitionistic fuzzy e-closed set (IFeCS, for short) in X if A ≥ clintδ(A) ∧ intclδ(A).

Definition 1.9. [10] Let (X, Ψ) be an IFTS and A = 〈x, µA, νA〉 be an IFS in X. Then
the intuitionistic fuzzy e-closure and intuitionistic fuzzy e-interior are defined and denoted by
cle(A) = ∧{K : K is an IFeCS in X and A ≤ K} and inte(A) = ∨{G : G is an IFeOS in X

and G ≤ A}. It is clear that A is an IFeCS (IFeOS) in X iff A = cle(A)(A = inte(A)).
Definition 1.10. Let f be a mapping from an IFTS X into an IFTS Y . The mapping

f is called

(i) an intuitionistic fuzzy e-continuity [10] if f1(B) is an IFGOS in X for each IFOS B in
Y .

(ii) an intuitionistic fuzzy e-irresolute [10] if f1(B) is an IFGOS in X for each IFOS B in
Y .

§2. Intuitionistic fuzzy e-compact spaces

Definition 2.1. Let X be an IFTS. A family {〈x, µGi
, νGi

〉 |i ∈ I} of IFOS’s in X

satisfies the condition
⋃{〈x, µGi

, νGi
〉 |i ∈ I} = 1∼ is called an intuitionistic fuzzy open cover of

X.
A finite subfamily of an intuitionistic fuzzy open cover {〈x, µGi

, νGi
〉 |i ∈ I} which is also

an intuitionistic fuzzy open cover of X is called a finite subcover of {〈x, µGi , νGi〉 |i ∈ I}.
An IFTS X is called intuitionistic fuzzy compact if and only if every intuitionistic fuzzy

open cover has a finite subcover.
Definition 2.2. Let A be an IFS in an IFTS X. A family {〈x, µGi

, νGi
〉 |i ∈ I} of IFOS’s

in X satisfies the condition A ⊆ ⋃{〈x, µGi
, νGi

〉 |i ∈ I} is called an intuitionistic fuzzy open
cover of A.

A finite subfamily of an intuitionistic fuzzy open cover {〈x, µGi , νGi〉 |i ∈ I} of A which is
also an intuitionistic fuzzy open cover of A is called a finite subcover of {〈x, µGi , νGi〉 |i ∈ I}.

An IFTS A = 〈x, µA, νA〉 in an IFTS X is called intuitionistic fuzzy compact if and only
if every intuitionistic fuzzy open cover of A have a finite subcover.

Definition 2.3. Let X be an IFTS. A family {〈x, µGi
, νGi

〉 |i ∈ I} of IFeOS’s in X

satisfies the condition
⋃{〈x, µGi

, νGi
〉 |i ∈ I} = 1∼ is called an intuitionistic fuzzy e-open cover

of X.
A finite subfamily of an intuitionistic fuzzy e-open cover {〈x, µGi , νGi〉 |i ∈ I} which is also

an intuitionistic fuzzy e-open cover of X is called a finite subcover of {〈x, µGi
, νGi

〉 |i ∈ I}.
Definition 2.4. Let X be an IFTS. A family {〈x, µGi

, νGi
〉 |i ∈ I} of IFeCS’s in X has

the finite intersection property if every finite sub-family {〈x, µGi
, νGi

〉 |i = 1, 2, ..., n} satisfies
the condition

⋂n
k=1{〈x, µGi

, νGi
〉 |i ∈ I} 6= 0∼.

Definition 2.5. An IFTS X is called intuitionistic fuzzy e-compact if and only if every
intuitionistic fuzzy e-open cover has a finite subcover.

Theorem 2.1. An IFTS X is intuitionistic fuzzy e-compact if and only if every family
{〈x, µGi

, νGi
〉 |i ∈ I} of IFSPCS’s with the finite intersection property has a nonempty inter-

section.
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Proof. Suppose X is intuitionistic fuzzy e-compact and {〈x, µGi
, νGi

〉 |i ∈ I} is any family
of IFSPCS’s in X such that

⋂{〈x, µGi
, νGi

〉 |i ∈ I} = 0∼. Therefore
⋂{〈µGi

〉 |i ∈ I} = 0∼
and

⋃{〈νGi
〉 |i ∈ I} = 1∼. Then

⋃{〈x, µGi
, νGi

〉 |i ∈ I} = 1∼, so {〈x, µGi
, νGi

〉 |i ∈ I} is a
intuitionistic fuzzy e-open cover of X. Since X is intuitionistic fuzzy e-compact there is a finite
subcover {〈x, µGi , νGi〉 |i = 1, 2, ..., n}. Then

⋃n
k=1{〈x, µGi , νGi〉 | = 1∼}. Hence

∨{〈νGi(x)

〉 |i =
1, 2, ..., n} = 1∼ and

∧{〈µGi
(x)〉 |i = 1, 2, ..., n} = 0∼. Finally

⋂n
k=1{〈x, µGi

, νGi
〉 | = 0∼}. We have

proved that if X is intuitionistic fuzzy e-compact space, then given any family {〈x, µGi
, νGi

〉 |i ∈
I} of IFSPCS’s whose intersection is empty, the intersection of some finite subfamily is empty.
Conversely, let X has the finite intersection property. It means that if the intersection of
any family of IFSPCS’s is empty, the intersection of each finite subfamily is empty. Suppose
{〈x, µGi , νGi〉 |i ∈ I} is any intuitionistic fuzzy e-open cover of X. Then

⋃{〈x, µGi , νGi〉 |i ∈
I} = 1∼. Therefore,

∨
{〈µGi(x)〉 |i ∈ I} = 1∼ and

∧
{〈νGi(x)〉 |i ∈ I} = 0∼.

Hence
⋂{〈x, µGi

, νGi
〉 |i ∈ I} = 0∼, so {〈x, µGi

, νGi
〉 |i ∈ I} is a family of IFSPCS’s whose inter-

section is empty. According to the assumption, we can find finite subfamily {〈x, µGi
, νGi

〉 |i =
1, 2, ..., n} such that

⋂n
k=1{〈x, µGi , νGi〉 | = 0∼}, so {〈x, µGi , νGi〉 |i = 1, 2, ..., n} is a finite sub-

cover of {〈x, µGi , νGi〉 |i ∈ I}. Therefore, X is intuitionistic fuzzy e-compact.

Theorem 2.2. Let f : X → Y be an intuitionistic fuzzy e-irresolute mapping from an
IFTS X onto IFTS Y . If X is intuitionistic fuzzy e-compact, then Y is intuitionistic fuzzy
e-compact, as well.

Proof. Let {〈y, µGi , νGi〉 |i ∈ I} be any intuitionistic fuzzy e-open cover of Y . Then

⋃
{〈y, µGi

, νGi
〉 |i ∈ I} = 1∼.

From the relation f−1(
⋃{〈y, µGi , νGi〉 |i ∈ I}) = 1∼ follows that

⋃{〈y, µGi , νGi〉 |i ∈ I} = 1∼, so
{f−1({〈y, µGi

, νGi
〉 |i ∈ I} is a intuitionistic fuzzy e-open cover of X. Since X is intuitionistic

fuzzy e-compact, there exists a finite subcover {f−1(〈x, µGi
, νGi

〉)|i = 1, 2, ..., n}. Therefore

⋃
{f−1(〈y, µGi , νGi〉)|i = 1, 2, ..., n} = 1∼.

Hence f(
⋃{f−1(〈y, µGi

, νGi
〉)|i = 1, 2, ..., n}) = 1∼, so

⋃{f(f−1(〈y, µGi
, νGi

〉))|i = 1, 2, ..., n} =
1∼. From

⋃{(〈y, µGi , νGi〉)|i = 1, 2, ..., n} = 1∼ follows that Y is intuitionistic fuzzy e-compact.

Theorem 2.3. Let f : X → Y be an intuitionistic fuzzy e-continuous mapping from an
IFTS X onto IFTS Y . If X is intuitionistic fuzzy e-compact, then Y is fuzzy compact.

Proof. It is similar to the proof of the Theorem 2.2.

Definition 2.6. Let A be an IFS in an IFTS X. A family {〈x, µGi
, νGi

〉 |i ∈ I} of
IFeOS’s in X satisfies the condition A ⊆ ⋃{〈x, µGi

, νGi
〉 |i ∈ I} is called intuitionistic fuzzy

e-open cover of A.
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A finite subfamily of a intuitionistic fuzzy e-open cover {〈x, µGi
, νGi

〉 |i ∈ I} of A which is
also a intuitionistic fuzzy e-open cover of A is called a finite subcover of {〈x, µGi

, νGi
〉 |i ∈ I}.

Definition 2.7. An IFS A = 〈x, µA, νA〉 in an IFTS X is called intuitionistic fuzzy
e-compact if and only if every intuitionistic fuzzy e-open cover of A has a finite subcover.

Theorem 2.4. An IFS A = 〈x, µA, νA〉 in an IFTS X is intuitionistic fuzzy e-compact if
and only if for each family {〈x, µGi

, νGi
〉 |i ∈ I} of IFGOS’s with properties µA ≤ ∨{µGi

|i ∈ I}
and 1− νA ≤ ∨{1− νGi |i ∈ I} there exists a finite subfamily {〈x, µGi , νGi〉 |i = 1, 2, ..., n} such
that µA = ∨{µGi |i = 1, 2, ..., n} and 1− νA = ∨{1− νGi |i = 1, 2, ..., n}.

Proof. Suppose A = 〈x, µA, νA〉 is a intuitionistic fuzzy e-compact set in IFTS X and

{〈x, µGi , νGi〉 |i ∈ I}

be any family of IFeCS’s in X satisfies the condition µA ≤ ∨{µGi
|i ∈ I} and 1 − νA ≤

∨{1 − νGi
|i ∈ I}. Then 1 − νA ≤ 1 − ∧{νGi

|i ∈ I}, so νA ≥ ∧{νGi
|i ∈ I}. Hence A ⊆⋃{〈x, µGi

, νGi
〉 |i ∈ I}. According to the assumption there exists finite subfamily

{〈x, µGi , νGi〉 |i = 1, 2, ..., n}

such that A ⊆ ⋃{〈x, µGi
, νGi

〉 |i = 1, 2, ..., n}. It follows that µA = ∨{µGi
|i = 1, 2, ..., n} and

1− νA = ∨{1− νGi
|i = 1, 2, ..., n}.

Conversely, let A = 〈x, µGi , νGi〉 be any IFS in IFTS X and let {〈x, µGi , νGi〉 |i ∈ I} be any
family of IFeCS’s in X satisfies the condition µA ≤ ∨{µGi |i ∈ I} and 1−νA ≤ ∨{1−νGi |i ∈ I}.
From 1− νA ≤ 1− ∧{νGi

|i ∈ I}, so νA ≥ ∧{νGi
|i ∈ I} follows that µA ≥ ∧{νGi

|i ∈ I}, so

A ⊆
⋃
{〈x, µGi

, νGi
〉 |i ∈ I}.

Hence {〈x, µGi , νGi〉 |i ∈ I} is a intuitionistic fuzzy e-open cover of IFS A. According to the
assumption there exists finite subfamily {〈x, µGi , νGi〉 |i = 1, 2, ..., n} such that µA = ∨{µGi |i =
1, 2, ..., n} and 1 − νA ≤ ∨{1 − νGi

|i = 1, 2, ..., n}. From µA ≤ ∨{µGi
|i = 1, 2, ..., n} and

νA ≥ ∧{µGi
|i = 1, 2, ..., n} we obtain that A ⊆ ⋃{〈x, µGi

, νGi
〉 |i = 1, 2, ..., n}. Therefore, A is

intuitionistic fuzzy e-compact.

Remark2.1. From the definition above it is not difficult to conclude that every intuition-
istic fuzzy e-compact in an IFTS is fuzzy compact.

Theorem 2.5. Let f : X → Y be an intuitionistic fuzzy e-irresolute mapping from an
IFTS X onto IFTS Y . If A is intuitionistic fuzzy e-compact, then f(A) is intuitionistic fuzzy
e-compact.

Proof. Let {〈y, µGi
, νGi

〉 |i ∈ I} be any intuitionistic fuzzy e-open cover of f(A). Then f(A) ⊆⋃{〈y, µGi
, νGi

〉 |i ∈ I}. From the relation A ⊆ f−1(
⋃{〈y, µGi

, νGi
〉 |i ∈ I}) follows that

A ⊆ ⋃{f−1(〈y, µGi
, νGi

〉)|i ∈ I}, so {f−1(〈y, µGi
, νGi

〉)|i ∈ I} is an intuitionistic fuzzy e-
open cover of A. Since A is intuitionistic fuzzy e-compact, there exists a finite subcover
{f1(〈y, µGi , νGi〉)|i = 1, 2, ..., n}. Therefore A ⊆ ⋃{f−1(〈y, µGi , νGi〉)|i = 1, 2, ..., n}. Hence

f(A) ⊆ f(
⋃
{f1(〈y, µGi

, νGi
〉)|i = 1, 2, ..., n})
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=
⋃
{f(f1(〈y, µGi

, νGi
〉))|i = 1, 2, ..., n}

=
⋃
{(〈y, µGi , νGi〉)|i = 1, 2, ..., n}

so f(A) is intuitionistic fuzzy e-compact.

Theorem 2.6. Let f : X → Y be an intuitionistic fuzzy e-continuous mapping from an
IFTS X onto IFTS Y . If A is intuitionistic fuzzy e-compact, then f(A) is fuzzy compact.

Definition 2.8. An IFTS X is called intuitionistic fuzzy e-Lindelöf (fuzzy Lindelöf) if
and only if every intuitionistic fuzzy e-open (fuzzy open) cover of X has a countable subcover.

Definition 2.9. An IFTS A = 〈x, µA, νA〉 in an IFTS X is called intuitionistic fuzzy
e-Lindelöf (fuzzy Lindelöf) if and only if every intuitionistic fuzzy e-open (fuzzy open) cover of
X has a countable subcover.

Definition 2.10. An IFTS X is called countable intuitionistic fuzzy e-compact (countably
fuzzy compact) if and only if every countable intuitionistic fuzzy e-open (fuzzy open) cover of
X has a finite subcover.

Definition 2.11. An IFTS A = 〈x, µA, νA〉 in an IFTS X is called countable intuitionistic
fuzzy e-compact (countably fuzzy compact) if and only if every countable intuitionistic fuzzy e-
open (fuzzy open) cover of A has a finite subcover.

Remark2.2. From the definitions above we may conclude that

(i) Every intuitionistic fuzzy e-Lindelöf of IFTS is fuzzy Lindelöf;

(ii) Every countably intuitionistic fuzzy e-compact of IFTS is countably fuzzy compact;

(iii) Every countably intuitionistic fuzzy e-compact of IFTS is intuitionistic fuzzy e-compact.

Theorem 2.7. If an IFTS X is both intuitionistic fuzzy e-Lindelöf and countably intu-
itionistic fuzzy e-compact, then it is intuitionistic fuzzy e-compact.

Theorem 2.8. If an IFS A in an IFTS X is both intuitionistic fuzzy e-Lindelöf and
fuzzy countably intuitionistic fuzzy e-compact, then A is intuitionistic fuzzy e-compact.

Theorem 2.9. Let X be an intuitionistic fuzzy e-Lindelöf IFTS. Then X is countably
intuitionistic fuzzy e-compact if and only if X is intuitionistic fuzzy e-compact.

Proof. In the Remark 2.2, it is mentioned that if X is intuitionistic fuzzy e-compact, then
it is countably intuitionistic fuzzy e-compact. Conversely, let {〈x, µGi , νGi〉 |i ∈ I} be any
intuitionistic fuzzy e-open cover of X. Since X is intuitionistic fuzzy e-Lindelöf, there exists a
countable subcover {〈x, µGi

, νGi
〉 |i = 1, 2, ...} of {〈x, µGi

, νGi
〉 |i ∈ I}. Therefore

{〈x, µGi
, νGi

〉 |i = 1, 2, ...}

is countably intuitionistic fuzzy e-open cover of X, so there exists subcover {〈x, µGi , νGi〉 |i =
1, 2, ...n} of {〈x, µGi

, νGi
〉 |i = 1, 2, ...}. Hence X is intuitionistic fuzzy e-compact.

Theorem 2.10. Let an IFeOS A be intuitionistic fuzzy e-Lindelöf in an IFTS. Then A

is countably intuitionistic fuzzy e-compact if and only if A is intuitionistic fuzzy e-compact.
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Proof. The proof is similar to the proof of the previous theorem.

Theorem 2.11. Let f : X → Y be an intuitionistic fuzzy e-irresolute mapping from
an IFTS X onto IFTS Y . If X is intuitionistic fuzzy e-Lindelöf (countably intuitionistic fuzzy
e-compact), then Y is intuitionistic fuzzy e-Lindelöf (countably intuitionistic fuzzy e-compact),
as well.

Proof. It is similar to the proof of the Theorem 2.2.

Theorem 2.12. Let f : X → Y be an intuitionistic fuzzy e-continuous mapping from
an IFTS X onto IFTS Y . If X is intuitionistic fuzzy e-Lindelöf (countably intuitionistic fuzzy
e-compact), then Y is fuzzy Lindelöf (countably fuzzy compact).

Proof. It is similar to the proof of the Theorem 2.3.

Theorem 2.13. Let f : X → Y be an intuitionistic fuzzy e-irresolute mapping from an
IFTS X onto IFTS Y . If A is intuitionistic fuzzy e-Lindelöf (countably intuitionistic fuzzy e-
Lindelöf (countably intuitionistic fuzzy e-compact)), then f(A) is intuitionistic fuzzy e-Lindelöf
(countably intuitionistic fuzzy e-compact), as well.

Proof. It is similar to the proof of the Theorem 2.5.

Theorem 2.14. Let f : X → Y be an intuitionistic fuzzy e-continuous mapping from
an IFTS X onto IFTS Y . If A is intuitionistic fuzzy e-Lindelöf (countably intuitionistic fuzzy
e-compact), then f(A) is fuzzy Lindelöf (countably fuzzy compact).

Proof. It is similar to the proof of the Theorem 2.6.
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§1. Introduction

Let G = (V, E) be a simple graph with | V (G) |= n vertices and | E(G) |= m edges. For
a vertex v ∈ V (G), we denote the degree of v by dG(v). A vertex with degree one is called a
pendant vertex. As usual, we denote by Nn, Pn, Cn, Sn,Kn,Kt,s and Tt,s the null, path, cycle,
star, complete, bipartite and tadpole graphs, respectively.

The subdivision graph S(G) of a graph G is the graph obtained from G by replacing each
of its edges by a path of length 2, or equivalently by inserting an additional vertex into each
edge of G.

Several topological graph indices have been defined and studied by many mathematicians
and chemists as most graphs are generated from molecules by replacing atoms with vertices
and bonds with edges. Two of the most important topological graph indices are called first and
second Zagreb indices denoted by M1(G) and M2(G), respectively:

M1(G) =
∑

u∈V (G)

d2
G(u) and M2(G) =

∑

u,v∈E(G)

dG(u)dG(v). (1)

They were first defined 45 years ago by Gutman and Trinajstic, [7], and are referred to due
to their uses in QSAR and QSPR. In 2010, Todeschini and Consonni, [8], have introduced the
multiplicative variants of these additive graph invariants by

Π1(G) =
∏

u∈V (G)

d2
G(u) and Π2(G) =

∏

u,v∈E(G)

dG(u)dG(v) (2)

and called them multiplicative Zagreb indices. Zagreb indices and multiplicative Zagreb coindices
of graphs have been studied in [3] and some bounds related to those are obtained. Similarly,
these multiplicative Zagreb indices are calculated for main graph operations in [1].
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For a graph G with vertex set V (G) = {v1, v2, ..., vn}, we take another copy of G with
vertices labelled by {v1, v2, ..., vn} where vi corresponds to vi for each i. If we connect vi to the
neighbours of vi for each i, we obtain a new graph called the double graph of G. It is denoted
by D(G). Double graphs were first introduced by Indulal and Vijayakumari, [10], in the study
of equienergetic graphs. Later Munarini et al. [9], calculated the double graphs of Nn and Kt,s

as N2n and K2m,2n, respectively. These subdivision graphs were recently studied by Togan,
Yurttas and Cangul in [4] where ten types of Zagreb indices and coindices including first and
second Zagreb indices and multiplicative Zagreb indices were calculated. In [2], the Zagreb
indices of the line graphs of the subdivision graphs are studied. Also in [11], the resistance
distance and the Kirchhoff index in double graphs were studied and the closed-form formulas
for resistance distances and the Kirchhoff index of double graphs were derived. Here, we first
calculate double graphs of other simple graph types such as cycle graphs Cn, path graphs Pn,
star graphs Sn, complete graphs Kn, tadpole graphs Tt,s. For a graph G, the subdivision graph
of G denoted by S(G) is defined by adding one vertex to each existing edge.

Similarly the r-subdivision graph of G denoted by Sr(G) is defined by adding r vertices
to each edge by Togan, Yurttas and Cangul in [5]. In this paper we shall calculate the first
and second Zagreb indices and multiplicative Zagreb indices of all these graphs. We also give
some relations between these numbers. Similar calculations were made in [6] for subdivision
graphs of double graphs. For convenience, we shall denote the number of vertices and edges of
G, D(G), Sr(G) and Sr(D(G)) by n,m, nd,md, n(Sr),m(Sr) and nd(Sr),md(Sr), respectively.
Obviously,

Lemma 1. With the above notation, we have
a) nd = 2n,

b) md = 4m,

c) n(Sr) = n + rm,

d) m(Sr) = (r + 1)m,

e) nd(Sr) = rmd + nd = 2n + 4mr,

f) md(Sr) = (r + 1)md = 4m(r + 1).

Proof. a) nd = 2n by definition.

b) md = 2m +
n∑

i=1

dvi
= 2m + 2m = 4m.

c) and d) follows by the definition of r-subgraph.
e) nd(Sr) = rmd + nd, by definition. Also by a) and b), nd(Sr) = 2n + 4mr.
f) md(Sr) = (r + 1)md by definition, and md(Sr) = 4m(r + 1) by b).

§2. First and Second Zagreb and Multiplicative Zagreb

Indices of Some r-Subgraphs of Double Graphs

For a null graph Nn, one can not obtain a subdivision graph by adding a new vertex so
our result will be given for other graph types.

Theorem 2. Let m,n, m(Sr), n(Sr),md(Sr), nd(Sr) be the number of edges and vertices of
G,Sr(G) and Sr(D(G)), respectively. Then the first and second Zagreb indices of r-subdivision
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graph of double graphs of path, cycle, star, complete and tadpole graphs is given as follows:

M1(Sr(D(G))) =





16(nr − r + 1) + 32(n− 2) if G = Pn, n ≥ 2

32n + 16nr if G = Cn, n > 2

8(n− 1) [1 + 2r + (n− 1)] if G = Sn, n ≥ 2

8n(n− 1) [(n− 1) + r] if G = Kn, n ≥ 2

16 [(s + t)(r + 2) + 1] if G = Tt,s, t ≥ 3, s ≥ 1

and

M2(Sr(D(G))) =





32 + 16(n− 1)(r − 1) + 64(n− 2) if G = Pn, n ≥ 2

64n + 16n(r − 1) if G = Cn, n > 2

8(n− 1) [2n + r − 1] if G = Sn, n ≥ 2

8n(n− 1)(2n + r − 3) if G = Kn, n ≥ 2

16
[
(s + t)(r2 + 3) + 2

]
if G = Tt,s, t ≥ 3, s ≥ 1.

Proof. We prove the theorem for star graphs. Similar methods can be used for others. Let G be
a star graph Sn. Its r-subgraph has n(Sr) = mr +n = (n− 1)r +n and m(Sr) = (r +1)(n− 1)
and for a star graph, r -subgraph of its double graph has nd(Sr) = 4r(n−1)+2n = 4r(n−1)+2n

and md(Sr) = 4(r + 1)(n− 1). In Sr(D(Sn)), we have two vertices with degree 2(n− 1) in the
centers of stars, r(n−1) vertices of degree 2 on each edge of star and 2(n−1) vertices of degree
2 at the end points of star.

So if we use the definition of M1(G), we have

M1(Sr(D(Sn))) = 22 · 2 · (n− 1) + 22 · 4r · (n− 1) + 2 · [2(n− 1)]2

= 8(n− 1) + 8r(n− 1) + 8(n− 1)2

= 8(n− 1) · [1 + r + (n− 1)] .

There are 3 types of entries in M2(Sr(D(Sn))):
i) u is an endpoint (pendant vertice) and v is a newly added vertex of degree 2 in Sr(D(G)):

For each u, there are m = n− 1 added vertices which forms an edge with u so each vertex pair
adds (2 · 2) · 4(n− 1) to M2(Sr(D(Sn))).

ii) u is the central vertex with degree 2(n − 1) and v is a newly added vertex of degree 2
which forms an edge together with u. So a total of 2 · 2(n− 1) · 4(n− 1) is added.

iii) Both u and v are middle vertices (of degree 2) and uv ∈ E(G): There are r− 1 vertex
pair in each edge of star so 2·2·[2(n− 1)(r − 1) + 2(n− 1)] is added to M2(Sr(D(Sn))). Finally
adding all these together we get the desired result:

M2(Sr(D(Sn))) = (2 · 2) · 2(n− 1) + [2(n− 1) · 2] · 4(n− 1)

+2 · 2 · [2(n− 1)(r − 1) + 2(n− 1)]

= 8(n− 1) + 16(n− 1)2 + 8r(n− 1)
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= 8(n− 1)(2n + r − 1).

Theorem 3. The first and second multiplicative Zagreb indices of the r -th subdivision
of double graphs of several graph types are given by

Π1(Sr(D(G))) =





28[1+r(n−1)+(n−2)] if G = Pn, n ≥ 2

28n(r+1) if G = Cn, n > 2

24(n−1)(1+2r) [2(n− 1)]4 if G = Sn, n ≥ 2

[2(n− 1)]4n 24nr(n−1) if G = Kn, n ≥ 2

28[(t+s)(r+1)−1]34 if G = Tt,s, t ≥ 3, s ≥ 1

and

Π2(Sr(D(G))) =





22[(r−1)(n−1)+4(3n−4)] if G = Pn, n ≥ 2

28n(r+2) if G = Cn, n > 2

28(n−1)(r+1)(n− 1)4(n−1) if G = Sn, n ≥ 2

(n− 1)4n(n−1)24n(n−1)(r+1) if G = Kn, n ≥ 2

28[(t+s)(r+2)−2]312 if G = Tt,s, t ≥ 3, s ≥ 1.

Proof. We prove the theorem for complete graphs. Similar methods can be used for others. Let
G be a complete graph Kn. Its r-subgraph has n(Sr) = mr + n and m(Sr) = (r + 1)m and for
a complete graph, r-subgraph of its double graph has nd(Sr) = 2n + rm(Sr) = 2n + 2nr(n− 1)
and md(Sr) = (r + 1)md = 4(r + 1)(n − 1). In Sr(D(Kn)) we have 2n vertices with degree
2(n− 1) and r [2m + n(n− 1)] vertices of degree 2.

So if we use the definition of Π1(G), we have

Π1(Sr(D(Kn))) = [2(n− 1)]4n · 24nr(n−1).

There are 2 types of entries in Π2(Sr(D(Kn))):
i) u is an endpoint with degree 2(n − 1) and v is a newly added vertex of degree 2 in

Sr(D(Kn)): For each u, there are 2(n − 1) added vertices v forming an edge with u, so that
each vertex pair adds 2 · 2(n− 1) · [2n · 2(n− 1)] to Π2(Sr(D(Kn))).

ii) Both u and v are middle vertices (of degree 2) which form an edge: There are r − 1
vertex pairs in each edge of a complete graph so (2 · 2) · (r − 1) · [2m + n(n− 1)] is added to
Π2(Sr(D(Kn))). Finally adding all these together, we get the desired result:

Π2(Sr(D(Kn))) = [2 · 2(n− 1)]2n·2(n−1) · (2 · 2)(r−1)·[2m+n(n−1)]

= [4(n− 1)]
4n(n−1)

.42n(n−1)(r−1)

= 24n(n−1)(r+1)n4n(n−1).
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§1. Introduction, Definition and Motivation

Let Sp (p is fixed integer ≥ 1) denote the class of all analytic functions f(z) of the form,

f(z) = zp +
∞∑

n=p+1

anzn (1)

defined on the open unit disk,

U : {z ∈ C : |z| < 1} (2)

and let S1 = S. A function f(z) ∈ Sp is said to be p-valent starlike function (f(z)
z 6= 0), if it

satisfies the condition,

<
{

zf ′(z)
pf(z)

}
> 0 (z ∈ U) (3)

Let f be an analytic function in a simply connected region of the z-plane containing the origin
and the multiplicity of (z-ζ)−λ is removed by requiring log(z − ζ) to be real when z - ζ > 0.
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The generalized fractional derivative of order λ is defined,

Jλ,µ,ν
0,z f(z) =





1
Γ1−λ

d
dz

{
zλ−µ

∫ 2

0
(z − ζ)λ ¦ zF1

(µ− λ, 1− ν; 1− λ; 1− ζ
2 )f(ζ)dζ)

}
, 0 ≤ λ < 1

dn

dzn Jλ−n,µ,ν
0,z f(z)(n ≤ λ < n + 1, n ∈ N), (k > max

{0, µ− ν

−1} − 1)

(4)

Provided further that,
f(z) = 0(|z|k) (z 3 0) (5)

It follows at once from the above definition that,

Jλλ,ν
0,z f(z) = Dλ

z f(z) (0 ≤ λ < 1) (6)

Furthermore in terms of gamma function we have,

Jλ,µ,ν
0,z =

Γ(ρ + 1)Γ(ρ− µ + ν + 2)
Γ(ρ− µ + 1)Γ(ρ− λ + ν + 2)

zρ−µ (0 ≤ λ < 1,

ρ > max{0, µ− ν − 1} − 1)
(7)

In recent paper Goyal and Goyal[ 23] defined as generalized Ruscheweyh derivatives,

Jλ,µ
p fn,p, µ > −1 as (8)

Jλ,µ
p fn,p(z) =

Γ(µ− λ + ν + 2)
Γ(ν + 2)Γ(µ + 1)

zpJλ,µ,ν
0,z (zµ−pfn,p(z))

= zp +
∞∑

k=n+p

akβλ,µ
p (k)zk

(9)

where,

βλ,µ
p (k) =

Γ(k − p + 1 + µ)Γ(ν + 2 + µ− λ)Γ(k + ν − p + 2)
Γ(k − p + 1)Γ(k + ν − p + 2 + µ− λ)Γ(ν + 2)Γ(1 + µ)

(10)

for λ = µ, this generalized Ruscheweyh derivatives get reduced Ruscheweyh derivative of f(z)
of order λ.

Dλ
pf(z) =

zp

Γλ + 1
dλ

dzλ
(zλ−pf(z))

= zp +
∞∑

k=p+1

akβk(λ)zk
(11)

where,

βk(λ) =
Γ(λ + k)

Γ(λ + p)Γ(k − p + 1)

=
Γ(λ + k)

Γ(λ + p)(k − p)!

(12)
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The qth Hankel determinant for q ≥ 1 and n ≥ 1 is stated by Noonan and Thomas [ 21] as,

Hq(n) =

∣∣∣∣∣∣∣∣∣∣∣∣

an an+1 · · · an+q−1

an+1 an+2 · · · an+q

...
...

...
...

an+q−1 an+q · · · an+2q−2

∣∣∣∣∣∣∣∣∣∣∣∣

This determinant has been considered by several authors in the literature, for example Noor
[22 ] determined the rate of growth of Hq(n) as n → ∞ for the function f given by (1.1) with
bounded boundary rotation. Ehrenbarg [ 6] studied the Hankel determinant for exponential
polynomials. It is well known [5] that for f ∈ S and given by (1.1). The sharp inequality
|a3 − a2

2| ≤ 1 holds. This corresponds to the Hankel determinant with q = 2 and n = 1.
Fekete - Szego [8] then further generalized the estimate |a3−µa2

2| with µ real and f ∈ S for a
given family f of the function in A, the sharp upper bound for the nonlinear functional |a2a4−a2

3|
is popularly known as the second Hankel determinant for various subclass of analytic functions
were obtained by different researchers including Janteng et al [10], Mishra and Gochhayat [19]
and Murugusundaramoorthy and Magesh [20]. Recently Trailokya Panigrahi and Krishna et
al obtain the sharp bound in the case of q = 2 and n = p+1 denoted by H2(p+1) given by
|ap+1ap+3 − a2

p+2|.
For our discussion in this paper, we consider the Hankel determinant in the case q = 3and

n = p denoted by H3(p) given by,

H3(p) =

∣∣∣∣∣∣∣∣

ap ap+1 ap+2

ap+1 ap+2 ap+3

ap+2 ap+3 ap+4

∣∣∣∣∣∣∣∣

for f ∈ Sp, ap = 1 so that we have,

H3(p) = ap+2(ap+1ap+3 − a2
p+2)− ap+3(ap+3 − ap+1ap+2) + ap+4(ap+2 − a2

p+1) (13)

and by applying triangle inequality, we obtain

|H3(p)| ≤ |ap+2||ap+1ap+3 − a2
p+2|+ |ap+3||ap+1ap+2 − ap+3|

+ |ap+4||ap+2 − a2
p+1|

(14)

Motivated by the results obtained by D. V. Krishna et. al[1].And the result obtained
by Babalola [3] and different researchers in this direction finding the sharp bound to Hankel
determinant H3(P) for the class RT.

In this paper, we obtain an upper bound to the functional |ap+1ap+2−ap+3| and hence for
H3(p), for the function f given in (1.1) belonging to the class S∗p(λ) is defined as follows.

Definition 1.1. A function f(z) ∈ Sp is said to be in the class S∗p(λ) if it satisfies the
condition,
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<
{

zDλ
pf(z)

PDλ
pf(z)

}
> 0 (15)

where,

Dλ
pf(z) = zp +

∞∑

k=p+1

βk(λ)akzk

βk(λ) =
Γ(λ + k)

Γ(λ + p)(k − p)!

§2. Preliminary Lemmas

Lemma 2.1. If the function ρ ∈ p is given by the series,

p(z) = 1 + c1z + c2z
2 + . . .

then the following sharp estimate holds,

|pk| ≤ 2 k = 1, 2, . . .

Lemma 2.2. If the function ρ ∈ p is given by the series then,

2c2 = c2
1 + x(4− c2

1)

4c3 = c3
1 + 2c1(4− c2

1)x− c1(4− c2
1)x

2 + 2(4− c2
1)((1− |x|2)z)

for some x,z, |x| ≤ 1, |z| ≤ 1.

Lemma 2.3. The power series of p given in (2.1) converges in δ in to function p if and
only if the Toeplitz determinant

Dn =

∣∣∣∣∣∣∣∣∣∣∣∣

2 C1 C2 . . . Cn

C − 1 2 C1 . . . Cn−1

...
...

...
...

...

C − n C − n + 1 . . . . . . 2

∣∣∣∣∣∣∣∣∣∣∣∣

Where, n =1,2,3,. . . and Ck = C̄k ∀ non-negative. They are strictly positive except for

p(z) =
m∑

k=1

pkp0(eitkz)

pk >0 , tk real and tk 6= tj for k 6= j in this case Dn > 0 for n < m - 1 and Dn =0 for n ≥ m



124 S. M. Patil and S. M. Khairnar No. 1

§3. Main Results

Theorem 3.1. If f(z) ∈ S∗p(λ) with p ∈ N then,

|ap+1ap+3 − a2
p+2| ≤

4p2

(λ + p)2(λ + p + 1)2
(16)

Proof. Let Dλ
p f(z) = zp +

∑∞
k=P+1 βk(λ)akzk be in the class S∗p(λ) from definition (1) [1,1]

there exist an analytic function p ∈ P in the unit disk U with p(0) = 1 and <{p(z)} > 0 such
that,

z(Dλ
pf(z))′

pDλ
pf(z)

= p(z) (17)

z(Dλ
pf(z))′ = p((p(z)))Dλ

pf(z) (18)

z

{
pzp−1 +

∞∑

k=P+1

βk(λ)akkk−1

}
= p[1 + c1z + c2z

2 + c3z
3 + . . .]

[
zp +

∞∑

k=p+1

βk(λ)akzk

] (19)

pzp +
∞∑

k=p+1

βk(λ)akkzk = [p + pc1z + pc2z
2 + pc3z

3 + . . .]

[
zp +

∞∑

k=p+1

βk(λ)akzk

] (20)

Equating the coefficients of zp+1, zp+2, zp+3, and zp+4 we get,

ap+1 =
pc1

βp+1(λ)
(21)

ap+2 =
pc2 + p2c2

1

2βp+2(λ)
(22)

ap+3 =
2pc3 + 3p2c1c2 + p3c3

1

6βp+3(λ)
(23)

ap+4 =
6pc4 + 6p3c2c

2
1 + 3p2c2

2 + 8p2
1c1c3 + p4c4

1

24βp+4(λ)
(24)

Considering the second Hankel functional |ap+1ap+2 − a2
p+2| for the function f ∈ S∗p(λ) and

substituting the values of ap+1, ap+2 and ap+3 from above relation we have,
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|ap+1ap+3 − a2
p+2| =

∣∣∣∣∣
pc1

βp+1(λ)

(
2pc3 + 3p2c1c2 + p3c3

1

6βp+3(λ)

)
−

(
pc2 + p2c2

1

2βp+2(λ)

)2∣∣∣∣∣

=

∣∣∣∣∣
p2c1c3 + 3p3c2

1c2 + p4c4
1

6βp+1(λ)βp+3(λ)
− 1

4(βp+2(λ))2
[
p2c2

2 + 2p3c2
1c2 + p4c4

1

]∣∣∣∣∣

=

∣∣∣∣∣
p2c1c3 + 3p2c2

1c2 + p4c4
1

(λ + p)2(p + λ + 1)(p + λ + 2)
−

p2c2
2 + 2p3c2

1c2 + p4c4
1

(λ + p)2(λ + p + 1)2

∣∣∣∣∣
= A(p, λ)

∣∣p2c1c3 + 3p2c2
1c2 + p4c4

1 −B(p, λ)
[
p2c2

2 + 2p3c2
1c2 + p4c4

1

]∣∣

(25)

where, A(p, λ) =
1

(λ + p)2(λ + p + 1)(λ + p + 2)

B(p, λ) =
λ + p + 2
λ + p + 1

(26)

By applying lemma,

= A(p, λ)

{∣∣∣∣∣p
2c1

[
c3
1

4
+

c1(4− c2
1)x

2
− c1(4− c2

1)x
2

4
+

(4− c2
1)

2
(1− |x|2z)

]

+ 3p2c2
1

[
c2
1 + x(4− c2

1)
2

]
+ p4c4 − β(p, λ)

{
p2

(
c2
1 + x(4− c)2

2

)2

+ 2p3c1

(
c2
1 + x(4− c2

1)
2

)
+ p4c4

1

}∣∣∣∣∣

}

|z| ≤ 1, |x| = ρ, c1 = c ∈ [0, 2]

(27)

≤ A(p, λ)

{
p2c4

4
+

p2c2(4− c)2ρ
2

− p2c2(4− c2)ρ2

4
+

p2c2(4− c2)
2

(1− ρ2) +
3p2c4

2
+

3
2
p2c2ρ(4− c2) + p4c4 −B(p, λ)

[
p2

4
(
c4 + 2c2ρ(4− c2) + ρ2(4− c2)2

)
+ p3c3 + p3cρ(4− c2) + p4c4

]}

= F (c, ρ)

(28)
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F ′(c, ρ) = A(p, λ)

{
p2c2(4− c2)

2
− p2c2(4− c2)ρ

2
− p2c2(4− c2)ρ

+
3
2
p2c2(4− c2)− B(p, λ)p2

4
[
2c2(4− c2) + 2ρ(4− c2)2

+ p3c(4− c2)
]
}

F ′(c, ρ) > 0

(29)

∴ F ′(c, ρ) is an increasing function of ρ and hence it can not have maximum value of any point
in the interior of closed square[0,2] × [0,1] after the fixed c ∈ [0,2]. ρ = 1, F(c,1) = G(c).

G(c) ≤ A(p, λ)

{
p2c4

4
+

p2c2(4− c2)
2

− p2c2(4− c2)
4

+
3p2c4

2

+
3
2
p2c2(4− c2) + p4c4 + B(p, λ)

[
p2c4

4
+

p2c2

2
(4− c2)

+
p2

4
(4− c2)2 + p3c3 + p2c(4− c2) + p4c4

]}
(30)

put c = 0 and ρ = 1 the upper bound of (25)

≤ A(p, λ)
{

B(pλ)
[
p2

4
× 16

]}

≤ 4p2A(p, λ)B(p, λ)

≤ 4p2

(λ + p)2(λ + p + 1)2

(31)

Corollary 3.2. If p = 1, λ = 0 then |a2a4 − a2
3| ≤ 1 with coinside the result Janteng et

al.

Theorem 3.3. If f(z) ∈ S∗p(λ) then,

|ap+1ap+2 − ap+3| ≤ 4p

(λ + p)(λ + p + 1)(λ + p + 2)
(32)
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Proof. From equation (21),(22)and (23)

|ap+1ap+2 − ap+3| =
∣∣∣∣∣

pc1

βp+1(λ)
× pc2 + p2c1

βp+2(λ)
− 2pc3 + 3p2c1c2 + p3c3

1

6βp+3(λ)

∣∣∣∣∣

=

∣∣∣∣∣
p2c1c2 + p3c2

1

(λ + p)2)(λ + p + 1)
−

2pc3 + 3p2c1c2 + p3c3
1

(λ + p)(λ + p + 1)(λ + p + 2)

∣∣∣∣∣

= c(p, λ)
∣∣∣∣p2c1c2 + p3c2

1 −D(p, λ)
[
2pc3 + 3p2c1c2 + p3c3

1

]∣∣∣∣

(33)

C(p, λ) =
1

(λ + p)2(λ + p + 1)
& D(p, λ) =

λ + p

(λ + p + 2)

Applying lemma (2.2)

= c(p, λ)

{∣∣∣∣∣p
2c1

[
c2
1 + x(4− c2

1)
2

]
+ p3c2

1 −D(p, λ)

[
2p

[
c3
1

4

+
2c1(4− c2

1)x
4

− c1(4− c2
1)x

2

4
+

2(4− c2
1)(1− |x|2z)

4

]

+ 3p2c1

[
c2
1 + x(4− c2

1)
2

]
+ p3c3

1

]∣∣∣∣∣

}

|z| ≤ 1, |x| = ρ, c1 = c ∈ [0, 2]

≤ c(p, λ)

{
p2c4

2
+

p2cρ(4− c2)
2

+ p3c2 −D(p, λ)

[
pc3

2

+ pc(4− c2)ρ− pc(4− c2)ρ2

2
+ p(4− c2)(1− ρ2) +

3
2
p2

[
c3 + ρ(4− c2)

]
p3c3

]}

≤ F (c, ρ)

(34)

F′(c,ρ) < 0 ⇒ F′(c,ρ) is an increasing function c ∈ [0,2]. If ρ = 1, F(c,1) = G(c).

G(c) ≤ c(p, λ)

{
p2c4

2
+

p2c(4− c2)
2

+ p3c2 + D(p, λ)

[
pc3

2
+

pc(4− c2)− p(c− 2)(4− c2)
2

+ p(4− c2) +
3p2

2

[
c2 + (4− c2)

]

p3c3
1

]}
G(c) ≤ G(0)

(35)
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upper bounds for (25)

|ap+1ap+2 − ap+3| ≤ c(p, λ)
{

D(p, λ)4p

}

≤ 4p

(λ + p)(λ + p + 1)(λ + p + 2)

(36)

Theorem agree with the following result due to Babalola [3].

Corollary 3.4. If p = 1, λ = 0 then,

|a2a4 − a3| ≤ 2
3

(37)

Hence we have G(c) ≤ G(0) = 2
3 , c ∈ [0,1). This is less than 2, which is the case when c ∈

[1,2]. Thus the maximum of function, |a2a3 − a4| corresponds to ρ = 1 and c = 2. We put ρ =
1 and c = 2 in (28).

|ap+1ap+2 − ap+3| = c(p, λ)

∣∣∣∣∣
p2

2
(16) + p34−D(p, λ)

[
4p+

3
2
p2(8) + 8p3

]∣∣∣∣∣

= c(p, λ)

∣∣∣∣∣8p2 + 4p3 −D(p, λ)
[
4p + 12p2 + 8p3

]∣∣∣∣∣
If p = 1 and λ = 0 then,

≤ 1
2

∣∣∣∣12− 1
3
(24)

∣∣∣∣

≤ 1
2

∣∣∣∣12− 8
∣∣∣∣

≤ 2

(38)

∴ |a2a4 − a3| ≤ 2 with the result due to Babalola and Gagandeep et al.
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Theorem 3.5. If f(z) ∈ S∗p(λ) then,

|ap+2 − a2
p+1| =

∣∣∣∣∣
pc2 + p2c2

1

2(λ + p)(λ + p + 1)
− p2c2

1

(λ + p)2

∣∣∣∣∣

=

∣∣∣∣∣
pc2

2(λ + p)(λ + p + 1)
+

p2c2
1(λ + p)− 2p2c2

1(λ + p + 1)
2(λ + p)2(λ + p + 1)

∣∣∣∣∣

=

∣∣∣∣∣
p

[
c2
1+x(4−c2

1)
2

]
+ p2c1

2(λ + p)(λ + p + 2)
− p2c2

1

(λ + p)2

∣∣∣∣∣

=
p

2(λ + p)(λ + p + 1)

∣∣∣∣∣c2 − p2c2
1

2

[
c1(λ + p)

]∣∣∣∣∣

=

∣∣∣∣∣
pc2

1 + px(4− c2
1) + 2p2c1

2(λ + p)(λ + p + 1)
− p2c2

1

(λ + p)2

∣∣∣∣∣
|x| = ρ

≤
∣∣∣∣∣
pc2

1 + pρ(4− c2) + 2p2c

2(λ + p)(λ + p + 1)
− p2c2

(λ + p)2

∣∣∣∣∣
ρ = 1 and c = 0

=
2p

(λ + p)(λ + p + 1)

(39)

Corollary 3.6. If λ = 0, p = 1 then,

|a3 − a2
2| ≤ 1

By using theorem (3.1), (3.3) and (3.5) and using inequality |ak| ≤ k, then we get |H3(1)| ≤
16, results consider with the result of Babalola [3] and Jetange [12].
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§1. Definition and simple properties

For any positive integer n, the famous Smarandache function S(n) is defined as the smallest

positive integer m such that n | m!. That is,

S(n) = min {m : n | m!, n ∈ N} . (1.1)

Many people studied the lower bound of S(n).

M. Le [16]. Let p > 2 be a prime. Then S
(
2p−1(2p − 1)

)
≥ 2p+ 1.

J. Su [35]. Let p ≥ 5 be a prime. Then S
(
2p−1(2p − 1)

)
≥ 6p+ 1.

J. Su and S. Shang [36]. Let p ≥ 7 be a prime. Then S(2p + 1) ≥ 6p+ 1.

M. Liang [23]. Let p > 7 be a prime. Then S(2p ± 1) ≥ 8p+ 1.

T. Wen [40]. Let p ≥ 17 be a prime. Then S(2p ± 1) ≥ 10p+ 1.

C. Shi [33]. Let p ≥ 17 be a prime. Then S(2p ± 1) ≥ 14p+ 1.

X. Wang [38]. For any m ∈ N, let p ≥ 9m2(logm+ 1)3 be a prime. Then S(2p − 1) ≥
2mp+ 1.

F. Li and C. Yang [20]. Let a and b be distinct positive integers, and let p ≥ 17 be a

prime. Then S (ap + bp) ≥ 8p+ 1.

P. Shi and Z. Liu [34]. Let a and b be distinct positive integers, and let p ≥ 17 be a

prime. Then S (ap + bp) ≥ 10p+ 1.

L. Gao, H. Hao and W. Lu [6]. Let a and b be positive integers with a > b, and let

p ≥ 17 be a prime. Then S (ap − bp) ≥ 8p+ 1.

J. Wang [37]. Let Fn = 22
n

+ 1 be the Fermat number. Then S(Fn) ≥ 8 · 2n + 1 for

n ≥ 3.

M. Zhu [55]. Let Fn = 22
n

+ 1 be the Fermat number. Then S(Fn) ≥ 12 · 2n + 1 for

n ≥ 3.

M. Liu and Y. Jin [26]. Let Fn = 22
n

+ 1 be the Fermat number. Then S(Fn) ≥
4(4n+ 9) · 2n + 1 for n ≥ 4.



Vol. 12 A survey on Smarandache notions in number theory I: Smarandache function 133

M. Bencze [2]. For positive integer sequences m1, · · · ,mn, we have

S

(
n∏
k=1

mk

)
≤

n∑
k=1

S (mk) .

M. Le [17]. There are infinite many n ∈ N such that S(n) ≤ S(n− S(n)).

The distribution properties have also been studied.

W. Zhu [56]. Let m = pT1
1 pT2

2 · · · p
Tk
k , where p1, p2, · · · , pk are distinct primes. For any

n ∈ N, we have

S (mn) = n · max
1≤i≤k

{(pi − 1)Ti}+O
( m

lnm
lnn

)
.

M. Le [15]. For any distinct positive integers k and n, logkn S
(
nk
)

is never a positive

integer.

F. Du [4]. 1. Assume that n = p1p2 · · · pk, where p1, p2, · · · , pk are distinct primes.

Then
∑
d|n

1

S(d)
can not be an integer.

2. Suppose that n = pT , where p > 2 is a prime and T ≤ p. Then
∑
d|n

1

S(d)
can not be an

integer.

3. Let n = pT1
1 pT2

2 · · · p
Tk−1

k−1 ·pk, where p1, p2, · · · , pk are distinct primes. If S(n) = pk, then∑
d|n

1

S(d)
can not be an integer.

L. Huan [9]. 1. Assume that n = p1p2 · · · pk, where p1, p2, · · · , pk are distinct primes.

Then we have ∏
d|n

S(d) = p1 · p22 · · · p2
k−2

k−1 p
2k−1

k .

B. Liu and X. Pan [25]. For any positive integer n, the formula

S(2)S(4) · · ·S(2n)

S(1)S(3) · · ·S(2n− 1)

is an integer if and only if n = 1.

A. Zhang [49]. For integer n > 1, we have

1

n
|{m : 1 ≤ m ≤ n, S(m) is a prime}| = 1 +O

(
1

lnn

)
.

W. Xiong [43]. Define

ES(n) = |{a : 1 ≤ a ≤ n, 2 | S(a)}| , OS(n) = |{a : 1 ≤ a ≤ n, 2 - S(a)}| .

Then for integer n > 1, we have

ES(n)

OS(n)
= O

(
1

lnn

)
.
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Q. Liao and W. Luo [24]. Let p be a prime and α be a positive integer.

1) For any positive integer r and α = pr, we have

S(pα) = pr+1 − pr + p.

2) For any positive integer r, t ∈ [1, r] and α = pr − t, we have

S(pα) = pr+1 − pr.

3) For any positive integer r, t ∈ [r + 1, pr − pr−1] and α = pr − t.
(I) If

α = pr − r −
n−1∑
i=1

(−1)i−1(pki − ki) + (−1)npkn

with

ki < pki−1(p− 1)− 1, 1 ≤ i ≤ n− 1,

then we have

S(pα) = (p− 1)

(
pr +

n∑
i=1

(−1)ipki

)
+ (−1)np.

(II) If

α = pr − r −
n−1∑
i=1

(−1)i−1(pki − ki) + (−1)n
(
pkn − t

)
with t ∈ [1, kn] and

ki < pki−1(p− 1)− 1, 1 ≤ i ≤ n− 1,

then

S(pα) = (p− 1)

(
pr +

n∑
i=1

(−1)ipki

)
.

Q. Liao and W. Luo [24]. Let φ(n) be the Euler function and let σ(n) be the sum of

the different positive factors for n.

1) For any positive integer k, there are no any prime p and positive integer m coprime with

p, such that φ(pm) = S(pk) and S(pk) ≥ S(mk).

2) For any positive integer k, if there are some prime p and positive integer m coprime with

p, such that φ(p2m) = S(p2k) and S(p2k) ≥ S(mk), then p = 2k+1 or 2 6= p ≤ k. Furthermore,

(I) If 2k + 1 = p, then

(p,m) = (2k + 1, 1), (2k + 1, 2), (2, 3).

(II) If 2 ≤ p ≤ k, then k ≥ 3 and 2 ≤ φ(m) ≤ 2k2+k−1
3 , k ≡ 2(mod3),

2 ≤ φ(m) ≤ 2k2+k
3 , otherwise.
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3) For any positive integer k, if there are some prime p and positive integer m coprime

with p, such that φ(pαm) = S(pαk) and S(pαk) ≥ S(mk). Then αk + 1 > pα−3(p2 − 1) and

1 ≤ φ(m) ≤ q, where

αk + 1 = qpα−3(p2 − 1) + r, 0 ≤ r < pα−3(p2 − 1).

4) For any positive integer k, there exist some prime p and positive integer m coprime with

p, such that φ(p3m) = S(p3k) and S(p3k) ≥ S(mk), m = 1, 2.

Q. Liao and W. Luo [24]. 1) For any prime p, there is no any positive integer α such

that
σ(pα)

S(pα)
is a positive integer.

2) Let p be an odd prime, α ≥ 1 and n = 2αp.

(I) If

∞∑
i=1

[ p
2i

]
≥ α and

σ(n)

S(n)
is a positive integer, then 2α+1 ≡ 1(mod p).

(II) If

∞∑
i=1

[ p
2i

]
< α and

σ(n)

S(n)
is a positive integer, then

σ(n)

S(n)
= m

2α+1 − 1

d
and p = m

S(2α)

d
− 1,

where d =
(
2α+1 − 1, S(2α)

)
and 0 < m ≤ d.

§2. Mean values of the Smarandache function

C. Yang and D. Liu [45]. Define σ(n) =
∑
d|n

d. For any real x ≥ 3 we have

∑
n≤x

σ (S(n)) =
π2

12
· x

2

lnx
+O

(
x2

ln2 x

)
.

Y. Wang [39]. For any real x ≥ 2 we have the asymptotic formula

∑
n≤x

S(n)

n
=
π2

6
· x

lnx
+O

(
x

ln2 x

)
.

W. Yao [48]. Let Λ(n) be the Mangoldt function. For any real x ≥ 1 we have

∑
n≤x

Λ(n)S(n) =
x2

4
+O

(
x2 log log x

log x

)
.

B. Shi [31]. Let k be any fixed positive integer. For any real x ≥ 1 we have

∑
n≤x

Λ(n)S(n) = x2
k∑
i=0

ci

logi x
+O

(
x2

logk+1 x

)
,

where ci (i = 0, 1, · · · , k) are constants, and c0 = 1.
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Z. Lv [28]. Let k be any fixed positive integer. For any real x > 2 we have the asymptotic

formula ∑
n≤x

(S(n)− S (S(n)))
2

=
2

3
ζ

(
3

2

)
x

3
2

k∑
i=1

ci

logi x
+O

(
x

3
2

logk+1 x

)
,

where ζ(s) is the Riemann zeta function, ci (i = 1, 2, · · · , k) are computable constants, and

c1 = 1.

J. Ge [7]. The Smarandache LCM function SL(n) is defined as the smallest positive

integer k such that n | [1, 2, · · · , k], where [1, 2, · · · , k] denotes the least common multiple of

1, 2, · · · , k. Let k be any fixed positive integer. For any real x > 2 we have the asymptotic

formula ∑
n≤x

(SL(n)− S(n))
2

=
2

3
ζ

(
3

2

)
x

3
2

k∑
i=1

ci

logi x
+O

(
x

3
2

logk+1 x

)
,

where ζ(s) is the Riemann zeta function, ci (i = 1, 2, · · · , k) are computable constants.

X. Fan and C. Zhao [5]. Let d(n) be the divisor function. For any real x ≥ 2 we have∑
n≤x

S(n)d(n) =
π4

36
· x

2

lnx
+O

(
x2

ln2 x

)
.

Z. Lv [29]. Let k ≥ 2 be any fixed positive integer. For any real x > 1 we have

∑
n≤x

S(n)d(n) =
π4

36
· x

2

lnx
+

k∑
i=2

ci · x2

lni x
+O

(
x2

lnk+1 x

)
,

where ci (i = 2, 3, · · · , k) are computable constants.

M. Zhu [54]. Define σα(n) =
∑
d|n

dα, α ≥ 1. Let k ≥ 2 be any fixed positive integer. For

any real x > 1 we have

∑
n≤x

S(n)σα(n) =
ζ(α+ 2)ζ(2)

2 + α
· x

α+2

lnx
+

k∑
i=2

ci · xα+2

lni x
+O

(
xα+2

lnk+1 x

)
,

where ci (i = 2, 3, · · · , k) are computable constants.

H. Zhou [53]. Let k ≥ 1 be any fixed positive integer. For any complex s with Re s > 1

we have
∞∑
n=1

Λ(nk)

Ss(nk)
= −ζ(s)

ζ ′(ks)

ζ(ks)
.

Y. Guo [8]. Define a function F (n) as follows:

F (n) =

 0, if n = 1,

α1p1 + α2p2 + · · ·+ αrpr, if n > 1 and n = pα1
1 pα2

2 · · · pαrr .

Let k ≥ 1 be any fixed positive integer. For any real x > 1 we have

∑
n≤x

(F (n)− S(n))
2

=

k∑
i=1

ci · x2

lni+1 x
+O

(
x2

lnk+2 x

)
,
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where ci (i = 1, 2, · · · , k) are computable constants, and c1 =
π2

6
.

C. Shi [32]. For any positive integer k, the Smarandache kn-digital sequence a(k, n) is

defined as all positive integers which can be partitioned into two groups such that the second

part is k times bigger that the first. For 1 ≤ k ≤ 9 and real x > 1 we have∑
n≤x

S(n)

a(k, n)
=

3π2

20k
ln lnx+O (1) .

C. Yang, C. Li and D. Liu [44]. For any real x ≥ 2 we have∑
n≤x

S2(n) =
ζ(3)x3

3 lnx
+O

(
x3

ln2 x

)
,

∑
n≤x

S2(n)

n
=
ζ(3)x2

3 lnx
+O

(
x2

ln2 x

)
.

W. Huang [11]. Let k ≥ 1 be any fixed integer. For any real x ≥ 2 we have

∑
n≤x

Sk(n) =
ζ(k + 1)

k + 1
· x

k+1

lnx
+O

(
xk+1

ln2 x

)
,

∑
n≤x

Sk(n)

n
=

2ζ(k + 1)

k + 1
· x

k

lnx
+O

(
xk

ln2 x

)
.

C. Li, C. Yang and D. Liu [19]. Let P (n) denote the largest prime factor of n. For

any real x ≥ 2 we have

∑
n≤x

S(n)

P (n)
= x ln 2 +

6x
2
3

lnx
+O

(
x

2
3

ln2 x

)
.

M. Yang [46]. For any real x ≥ 2 we have∑
n≤x

S(n)

SL(n)
= x+O

(
x ln lnx

lnx

)
,

∑
n≤x

P (n)

SL(n)
= x+O

(
x ln lnx

lnx

)
.

L. Li, J. Hao and R. Duan [22]. For any real x ≥ 1 we have∑
n≤x

lnS(n) = x lnx+O (x) .

Z. Liu and P. Shi [27]. For any real x ≥ 3 and β > 1 we have

∑
n≤x

(S(n)− P (n))
β

=
2ζ
(
β+1
2

)
x
β+1
2

(β + 1) lnx
+O

(
x
β+1
2

ln2 x

)
.
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W. Huang [12]. For n = pα1
1 pα2

2 · · · p
αk
k , we define $(n) = p1 + p2 + · · ·+ pk. For any

real x ≥ 2 we have

∑
n≤x

S(n)$(n) = B
x3

lnx
+O

(
x3

ln2 x

)
,

where B is computable constant.

G. Chen [3]. Define H(n) =
∑

[r,s]=n

S(r)S(s). Let k ≥ 1 be any fixed positive integer.

For any real x > 1 we have

∑
n≤x

H(n) =

k∑
i=1

di · x3

lni x
+O

(
x3

lnk+1 x

)
,

where di (i = 1, 2, · · · , k) are computable constants, and d1 =
1

3
· ζ

3(3)

ζ(6)
.

Q. Yang [47]. For any real δ ≤ 1, the series

∞∑
n=1

1

S(n)δ

diverges.

For any real ε > 0, the series
∞∑
n=1

1

S(n)εS(n)

converges.

§3. Mean values of the Smarandache function over sequences

W. Zhang and Z. Xu [50]. Let a(n) denote the square complements of n. For any real

x ≥ 3 we have the asymptotic formula

∑
n≤x

S(a(n)) =
π2

12
· x

2

lnx
+O

(
x2

ln2 x

)
.

H. Li and X. Zhao [21]. Let rk(n) denote the integer part of k-th root of n. For any

real x ≥ 3 we have ∑
n≤x

S(rk(n)) =
π2

6(k + 1)
· x

1+ 1
k

lnx
+O

(
x1+

1
k

ln2 x

)
.

J. Ma [30]. Define L(n) = [1, 2, · · · , n]. For any real x ≥ 1 we have∑
n≤x

S (L(n)) =
1

2
x2 +O

(
x

23
18+ε

)
.
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Q. Wu [41]. Define Z(n) = min

{
k : n ≤ k(k + 1)

2

}
. Let k ≥ 2 be any fixed positive

integer. For any real x > 1 we have

∑
n≤x

S (Z(n)) =
π2

18
· (2x)

3
2

ln 2x
+

k∑
i=2

ci(2x)
3
2

lni 2x
+O

(
x

3
2

lnk+1 x

)
,

where ci (i = 2, 3, · · · , k) are computable constants.

H. Zhao [51]. Let ak(n) denote the k-th power complements of n. For any real x ≥ 3

we have ∑
n≤x

(S(ak(n))− (k − 1)P (n))
2

=
2ζ
(
3
2

)
3
· x

3
2

lnx
+O

(
x

3
2

ln2 x

)
.

W. Huang [10]. Define u(n) = min {k : n ≤ k(2k − 1)}. Let k ≥ 2 be any fixed positive

integer. For any real x > 1 we have

∑
n≤x

S (u(n)) =
π2

144
· (2x)

3
2

ln
√

2x
+

k∑
i=2

ci(2x)
3
2

lni
√

2x
+O

(
x

3
2

lnk+1 x

)
,

where ci (i = 2, 3, · · · , k) are computable constants.

Q. Zhao and L. Gao [52]. Define W (n) = min {k : n ≤ k(3k + 1)}. Let k ≥ 2 be any

fixed positive integer. For any real x > 1 we have

∑
n≤x

S (W (n)) =
π2

486
· (3x)

3
2

ln
√

3x
+

k∑
i=2

bi(3x)
3
2

lni
√

3x
+O

(
x

3
2

lnk+1 x

)
,

where bi (i = 2, 3, · · · , k) are computable constants.

W. Huang and J. Zhao [14]. Define

ur(n) = min

{
m+

1

2
m(m− 1)(r − 2) : n ≤ m+

1

2
m(m− 1)(r − 2), r ∈ N, r ≥ 3

}
,

vr(n) = max

{
m+

1

2
m(m− 1)(r − 2) : n ≥ m+

1

2
m(m− 1)(r − 2), r ∈ N, r ≥ 3

}
.

Let k ≥ 2 be any fixed positive integer. For any real x > 1 we have

∑
n≤x

S(ur(n)) =
π2

18(r − 2)3
· (2(r − 2)x)

3
2

ln
√

2(r − 2)x
+

k∑
i=2

ci(2(r − 2)x)
3
2

lni
√

2(r − 2)x
+O

(
x

3
2

lnk+1 x

)
,

∑
n≤x

S(vr(n)) =
π2

18(r − 2)3
· (2(r − 2)x)

3
2

ln
√

2(r − 2)x
+

k∑
i=2

ci(2(r − 2)x)
3
2

lni
√

2(r − 2)x
+O

(
x

3
2

lnk+1 x

)
,

where ci (i = 2, 3, · · · , k) are computable constants.

W. Huang [13]. Define a(n) = n− ur(n) and b(n) = vr(n)− n. Let k ≥ 1 be any fixed

positive integer. For any real x > 1 we have

∑
n≤x

S(n)a(n) =
8 4
√

2π2

63(r − 2)
5
4

· x
7
4

ln 2x
+O

(
x

7
4

ln2 2x

)
,
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∑
n≤x

S(n)b(n) =
8 4
√

2π2

63(r − 2)
5
4

· x
7
4

ln 2x
+O

(
x

7
4

ln2 2x

)
.

R. Xie, L. Gao and Q. Zhao [42]. Define qd(n) =
∏
d|n
d<n

. Let k ≥ 1 be any fixed positive

integer. For any real x > 1 we have

∑
n≤x

(
S (qd(n))−

(
1

2
d(n)− 1

)
P (n)

)2

=

k∑
i=1

ci
x

3
2

lni x
+O

(
x

3
2

lnk+1 x

)
,

where ci (i = 1, 2, · · · , k) are computable constants, and

c1 =
3

2
·
ζ4
(
3
2

)
ζ(3)

− 2ζ2
(

3

2

)
+

2

3
ζ

(
3

2

)
.

B. Li, J. Guo and H. Dong [18]. Define

U(n) =

 1, if n = 1,

max
1≤i≤r

{α1p1, α2p2, · · · , αrpr}, if n = pα1
1 pα2

2 · · · pαrr .

Let k ≥ 2 be any fixed positive integer. For any real x ≥ 3 we have

∑
n≤x

(S (ak(n))− (k − 1)U(n))
2

=
2

3
ζ

(
3

2

)
k2 · x

3
2

lnx
+O

(
x

11
6

ln2 x

)
.

J. Bai and W. Huang [1]. Let A denote the set of the simple numbers. Let k ≥ 2 be

any fixed positive integer. For any real x ≥ 2 we have

∑
n≤x
n∈A

Sk(n) =
Bxk+1

(k + 1) lnx
+

k∑
i=2

Cix
k+1

lni x
+O

(
xk+1

lnk+1 x

)
,

∑
n≤x
n∈A

1

S(n)
= D ln lnx+

E
√
x ln lnx

lnx
+O

(√
x

lnx

)
,

where B,D,E, Ci (i = 2, 3, · · · , k) are computable constants.
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§1. Definition and simple properties

According to [11], the pseudo-Smarandache function Z(n) is defined by

Z(n) = min

{
m : n

∣∣∣m(m+ 1)

2

}
.

Some elementary properties can be found in [11] and [1].

R. Pinch [20]. For any given L > 0 there are infinitely many values of n such that
Z(n+ 1)

Z(n)
> L, and there are infinitely many values of n such that

Z(n− 1)

Z(n)
> L.

For any integer k ≥ 2, the equation
n

Z(n)
= k has infinitely many solutions n.

The ration
Z(2n)

Z(n)
is not bounded.

Fix
1

2
< β < 1 and integer t ≥ 5. The number of integers n with et−1 < n < et such that

Z(n) < nβ is at most 196t2eβt.

The series

∞∑
n=1

1

Z(n)α
is convergent for any α > 1.

Some explicit expressions of Z(n) for some particular cases of n were given by Abdullah-

Al-Kafi Majumdar.

A. A. K. Majumdar [18]. If p ≥ 5 is a prime, then

Z(2p) =

 p− 1, if 4 | p− 1,

p, if 4 | p+ 1,

Z(3p) =

 p− 1, if 3 | p− 1,

p, if 3 | p+ 1,
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Z(4p) =


p− 1, if 8 | p− 1,

p, if 8 | p+ 1,

3p− 1, if 8 | 3p+ 1,

3p, if 8 | 3p+ 1,

Z(6p) =


p− 1, if 12 | p− 1,

p, if 12 | p+ 1,

2p− 1, if 4 | 3p+ 1,

2p, if 4 | 3p− 1.

A. A. K. Majumdar [18]. If p ≥ 7 is a prime, then

Z(5p) =


p− 1, if 10 | p− 1,

p, if 10 | p+ 1,

2p− 1, if 5 | 2p− 1,

2p, if 5 | 2p+ 1.

If p ≥ 11 is a prime, then

Z(7p) =



p− 1, if 7 | p− 1,

p, if 7 | p+ 1,

2p− 1, if 7 | 2p− 1,

2p, if 5 | 2p+ 1,

3p− 1, if 7 | 3p− 1,

3p, if 7 | 3p+ 1.

If p ≥ 13 is a prime, then

Z(11p) =



p− 1, if 11 | p− 1,

p, if 11 | p+ 1,

2p− 1, if 11 | 2p− 1,

2p, if 11 | 2p+ 1,

3p− 1, if 11 | 3p− 1,

3p, if 11 | 3p+ 1,

4p− 1, if 11 | 4p− 1,

4p, if 11 | 4p+ 1,

5p− 1, if 11 | 5p− 1,

5p, if 11 | 5p+ 1.
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A. A. K. Majumdar [18]. Let p and q be two primes with q > p ≥ 5. Then

Z(pq) = min {qy0 − 1, px0 − 1} ,

where

y0 = min {y : x, y ∈ N, qy − px = 1} ,

x0 = min {x : x, y ∈ N, px− qy = 1} .

A. A. K. Majumdar [18]. If p ≥ 3 is a prime, then Z(2p2) = p2 − 1. If p ≥ 5 is a

prime, then Z(3p2) = p2 − 1.

If p ≥ 3 is a prime and k ≥ 3 is an integer, then

Z(2pk) =

 pk, if 4 | p− 1 and k is odd,

pk − 1, otherwise,

Z(3pk) =

 pk, if 3 | p+ 1 and k is odd,

pk − 1, otherwise.

S. Gou and J. Li [2]. The equation Z(n) = Z(n+ 1) has no positive integer solutions.

For any given positive integer M , there exists a positive integer s such that

|Z(s)− Z(s+ 1)| > M.

Y. Zheng [29]. For any given positive integer M , there are infinitely many positive

integers n such that

|Z(n+ 1)− Z(n)| > M.

M. Yang [27]. Suppose that n has primitive roots. Then Z(n) is a primitive root modulo

n if and only if n = 2, 3, 4.

W. Lu, L. Gao, H. Hao and X. Wang [17]. Let p ≥ 17 be a prime. Then we have

Z (2p + 1) ≥ 10p, Z (2p − 1) ≥ 10p.

L. Gao, H. Hao and W. Lu [?]. Let p ≥ 17 be a prime, and let a, b be distinct positive

integers. Then we have

Z (ap + bp) ≥ 10p.

Y. Ji [10]. Let r be a positive integer. Suppose that r 6= 1, 2, 3, 5. Then

Z (2r + 1) ≥ 1

2

(
−1 +

√
2r+3 · 5 + 41

)
.
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Assume that r 6= 1, 2, 4, 12. Then

Z (2r − 1) ≥ 1

2

(
−1 +

√
2r+3 · 3− 23

)
.

§2. Mean values of the pseudo-Smarandache function

Y. Lou [16]. For any real x > 1 we have∑
n≤x

lnZ(n) = x lnx+O(x).

W. Huang [9]. For any integer n > 1 we have

n∑
k=2

lnZ(k)

ln k

n
= 1 +O

(
1

lnn

)
,

Z(n)∑
k≤n

lnZ(k)
= O

(
1

lnn

)
.

L. Cheng [4]. Let p(n) denote the smallest prime divisor of n, and let k be any fixed

positive integer. For any real x > 1 we have

∑
n≤x

p(n)

Z(n)
=

x

lnx
+

k∑
i=2

aix

lni x
+O

(
x

lnk+1 x

)
,

where ai (i = 2, 3, · · · , k) are computable constants.

X. Wang, L. Gao and W. Lu [23]. Define

Ω(n) =

 0, if n = 1,

α1p1 + α2p2 + · · ·+ αrpr, if n = pα1
1 pα2

2 · · · pαr
r .

Let k ≥ 2 be any fixed positive integer. For any real x > 1 we have

∑
n≤x

Z(n)Ω(n) =
ζ(3)x3

3 lnx
+

k∑
i=2

aix
3

lni x
+O

(
x3

lnk+1 x

)
,

where ai (i = 2, 3, · · · , k) are computable constants.

H. Hao, L. Gao and W. Lu [8]. Let d(n) denote the divisor function, and let k ≥ 2

be any fixed positive integer. For any real x > 1 we have

∑
n≤x

Z(n)d(n) =
π4

36
· x

2

lnx
+

k∑
i=2

aix
2

lni x
+O

(
x2

lnk+1 x

)
,

where ai (i = 2, 3, · · · , k) are computable constants.

X. Wang, L. Gao and W. Lu [24]. Define

D(n) = min

{
m : m ∈ N, n |

m∏
i=1

d(i)

}
.
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Let k ≥ 2 be any fixed positive integer. For any real x > 1 we have

∑
n≤x

Z(n) lnD(n) =
ζ(3) ln 2

3
· x

3

lnx
+

k∑
i=2

aix
3

lni x
+O

(
x3

lnk+1 x

)
,

where ai (i = 2, 3, · · · , k) are computable constants.

§3. The dual of the pseudo-Smarandache function, the near pseudo-Smarandache

function, and other generalizations

According to [21], the dual of the pseudo-Smarandache function is defined by

Z∗(n) = max

{
m ∈ N :

m(m+ 1)

2
| n
}
.

D. Liu and C. Yang [15]. Let A denote the set of simple numbers. For any real x ≥ 1

we have ∑
n≤x
n∈A

Z∗(n) = C1
x2

lnx
+ C2

x2

ln2 x
+O

(
x2

ln3 x

)
,

where C1, C2 are computable constants.

X. Zhu and L. Gao [30]. We have

∞∑
n=1

Z∗(n)

nα
= ζ(α)

∞∑
m=1

2m

mα(m+ 1)2α
.

The near pseudo Smarandache function K(n) is defined as

K(n) =

n∑
i=1

i+ k(n),

where k(n) = min

{
k : k ∈ N, n |

n∑
i=1

i+ k

}
. Some recurrence formulas satisfied by K(n) were

derived in [19].

H. Yang and R. Fu [26]. For any real x ≥ 1 we have

∑
n≤x

d

(
K(n)− n(n+ 1)

2

)
=

3

4
x log x+Ax+O

(
x

1
2 log2 x

)
,

∑
n≤x

φ

(
K(n)− n(n+ 1)

2

)
=

93

28π2
x2 +O

(
x

3
2+ε
)
,

where φ(n) denotes the Euler function, A is a computable constant, and ε > 0 is any real

number.

Y. Zhang [28]. For any real number s >
1

2
, the series

∞∑
n=1

1

Ks(n)
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is convergent, and

∞∑
n=1

1

K(n)
=

2

3
ln 2 +

5

6
,

∞∑
n=1

1

K2(n)
=

11

108
π2 − 22 + 2 ln 2

27
.

Y. Li, R. Fu and X. Li [14]. We have

∑
n≤x
n∈A

K(n) =
x2 ln lnx

3 lnx
+B

x2

lnx
+

2x2 ln lnx

9 ln2 x
+O

(
x2

ln2 x

)
,

∑
n≤x
n∈A

1

K(n)
=

2

3
(ln lnx)2 +D ln lnx+ E +O

(
ln lnx

lnx

)
.

L. Gao, R. Xie and Q. Zhao [5]. Define

pd(n) =
∏
d|n

d, qd(n) =
∏
d|n
d<n

d.

For any real x > 1 we have∑
n≤x
n∈A

K (pd(n)) =
x5

5 lnx
ln lnx+A1

x5

lnx
+

x5

25 ln2 x
ln lnx+O

(
x5

ln2 x

)
,

∑
n≤x
n∈A

K (qd(n)) =
x3

3 lnx
ln lnx+A2

x3

lnx
+

x3

9 ln2 x
ln lnx+O

(
x3

ln2 x

)
,

where A1, A2 are computable constants.

Other generalizations on the near pseudo-Smarandache function have been given. For

example, define

Z3(n) = min

{
m : m ∈ N, n | m(m+ 1)(m+ 2)

6

}
.

The elementary properties were studied in [6] and [7].

Y. Wang [25]. Define

Ut(n) = min
{
k : 1t + 2t + · · ·+ nt + k = m,n | m, k, t,m ∈ N

}
.

For any real number s > 1, we have

∞∑
n=1

1

Us1 (n)
= ζ(s)

(
2− 1

2s

)
,

∞∑
n=1

1

Us2 (n)
= ζ(s)

(
1 +

1

5s
− 1

6s
+ 2

(
1− 1

2s

)(
1− 1

3s

))
,

∞∑
n=1

1

Us3 (n)
= ζ(s)

(
1 +

(
1− 1

2s

)2
)
.
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M. Tong [22]. Define

Z0(n) =

 min{m : m ∈ N, n | m(m+ 1)}, if 2 | n,

min{m : m ∈ N, n | m2}, if 2 - n.

For any real x > 1, we have∑
n≤x

Z0(2n− 1) =
3ζ(3)

π2
x2 +O

(
x

3
2+ε
)
.

X. Li [12]. Define

C(n) = min

{
a+ b : a, b ∈ N, n | a(a+ 1)

2
+ b

}
.

For any real x > 1, we have∑
n≤x

C(n) =
√

2x
3
2 +O (x) ,

∑
n≤x

1

C(n)
= ln 2 ·

√
2x+O (lnx) ,

∑
n≤x

d(C(n)) =
1

2
x lnx+ x

(
2γ +

5

2
ln 2− 3

2

)
+O

(
x

3
4

)
,

where γ is the Euler constant.

Y. Li [13]. Define

D(n) = max

{
ab : a, b ∈ N, n =

a(a+ 1)

2
+ b

}
.

For any real x > 1, we have

∑
n≤x

D(n) =
4
√

6

45
x

5
2 +O

(
x2
)
,

∑
n≤x

C(n)

D(n)
=

9
√

3

4
lnx+O (1) .
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