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Abstract. The novel concept called neutrosophic set was launched to take care of indeterminate factors in
real-life data. The hybrid model of neutrosophic set and soft set has been widely studied in different areas of
algebra, especially in associative structures such as fields, groups, rings, and modules. In this current paper,
the novel concept is further introduce to a non-associative structure termed Q—neutrosophic soft quasigroup
(Q—NSG) and investigate its different algebraic properties of the quasigroups. We shown the conditions for
the sets of a—level cut of QfNSC;' to be subquasigroups, the condition for each set of subquasigroups of a
quasigroup to be @Q—level cut neutrosophic soft subquasigroup were established. It was shown that Q—-NSG
obeys alternative property and flexible law. In addition, We defined (Q—neutrosophic soft loop and investigate
some of its characteristics. In particular, it was shown that (Q—neutrosophic soft loop obeys inverse, weak
inverse and cross inverse properties. We established the condition for a ()—neutrosophic soft loop to obey anti-
automorphic inverse, semi-automorphic inverse and super anti-automorphic inverse properties. The necessary
and sufficient condition for (Q—neutrosophic soft set under a loop (é, o,/,\) to be a @—neutrosophic soft loop

was also established.

Keywords: Q- set; Soft set; Neutrosophic set; Quasigroup; Loop.

1. Introduction

Let G be a non-empty set and (o) be an operation on G. Ifwote G for all w,t € G, then
(G, o) is called a groupoid. A groupoid (@, o) is called quasigroup, if there exist a,b € G such

that each of the equations:

aow=1> and toa=1"b

BENARD Osoba, OYEBO Tunde Yakub® and ABDULKAREEM Abdulafeez Olalekan®, Algebraic Prop-
erties of Quasigroup Under Q—neutrosophic Soft Set



Neutrosophic Sets and Systems, Vol. 64, 2024 2 D

have unique solution w, t respectively. Furthermore, the quasigroup is called a loop if there is

a unique element e € G called the identity element such that V w € G,
woe=eow=w

In what follows, wt is written instead of w o ¢, which stipulates that o has lower priority
than juxtaposition amongst factors to be multiplied. For example we write, p o gr stands for
p(ar)-

Suppose that w is a fixed element in the groupoid (C, o), a translation map of w € @, called

the left(right) translation maps written as L,, and R,, respectively are defined as
tLy,=wot and tR, =tow.

Obviously, it implies that if the left and right translations maps are permutations, then a
groupoid (G, o) is a quasigroup. And if the left and right translation maps of a quasigroup are

bijections, it means that the inverse mappings L,,! and R! exist. Let
w\t = tL! and w/t = wR; !

and note that

w\t=2z<woz=t and w/t=z<zot=w.

Consequently, (G, \) and (G, /) are also quasigroups.

A consideration of Fuzzy set was first initiated by Zadeh in [2], and the notion was designed
to handle the challenges of uncertainty in real life data while the generalization of fuzzy
set was considered by Atanassov in [4,/6] which is called intuitionistic fuzzy set. In 1971,
Rosenfeld [5] for the time considered the concept of fuzzy set under the theoretical study of
a group structure and established different properties and conditions for a subset of fuzzy set
defined under a groups to be fuzzy subgroup. Since them, the concept has been extended to
different field in mathematics. As away of generalizing the work in [5], the fuzzification of
quasigroup was initiated by Dudek in 1998 [23] while 1999, Dudek and Jun [24] introduced
fuzzy subquasigroup under norms to further the results in [23]. In 2000, the consideration of
intuitionistic fuzzy set in a quasigroup was studied by Kyung et al. [27] as an extended method
of fuzzy subquasigroup. In [23], research on intuitionistic fuzzy subquasigroup was furthered
studied by Dudek [28] in 2005. It was revealed in [3] that each of these notions and their
hybrid methods has their respective limitations and difficulties, and to address some of those
difficulties, Molodtsov [3] launched the notion of soft set. It was reported that the notion of
soft set theory is a better method for handling problems involving uncertainty, incompatible
and incomplete data. Although, the study of soft set theory is not suitable for characterizing
the degree of membership values as in the case of intuitionistic fuzzy set. Also, the notion
is not capable for handling problems involving indeterminate data and as a result of that, a

BENARD Osoba!, OYEBO Tunde Yakub? and ABDULKAREEM Abdulafeez Olalekan?®,
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generalized concept called neutrosophic set was called out by Smarandache in 1998 [14,/15], as
a mathematical notion for dealing with indeterminacy occurrence. Neutrosophic set is more
complex and the only generalized concept of the classical set theory found in the literature
for dealing with problems involving indeterminate. The character of the degree values of a
neutrosophic set are represented by the true membership T', indeterminate membership I and
falsity membership F'.

The different methods of determining the indeterminate factors of neutrosophic set in real-
life data have been widely applied in different area in mathematics and its related field. For
example, the work of Jidid et al. in [8] applied neutrosophy concept to handle the product
quality control on inspection assignment form while Dey and Ray in 2023 [9] used the concept
to characterized the separation axioms of neutrosophic topological spaces. The concept were
used in the area of operation research in management in [10].

The hybrid model of neutrosophic sets, especially the neutrosophic consideration of soft set
structure has been widely and sporadically flagged by algebraist in the recent past, (see the
following articles [7,/114[13]/33]). However, it is important to mention the efforts of Muhammad
et al. |20] and Mumtaz et al. [19], where set components of neutrosophy study, was replicated
using groupoids, groups and bigroups. Furthermore, in 2020 Oyem et al. [29] conducted alge-
braic characterization of soft quasigroup while the generalization of his study was considered
in [30]. Most recently, a study pattern of Q—fuzzy groups and their hybrid methods was called
out by Solairaju et al. [16] and Thirunemi and Solairaju [17]. Then, was later escalated to
(@ —neutrosophic soft group in 2020 [18] to handle indeterminate data. The extension of Q—NS
group to @—NS quasigroup was recently announced by Oyebo et al. [25], which by tradition
a generalization of the former.

In this present research, results of fuzzy quasigroup and its generalizations studied in the
following articles |23}24],27,28] are extended to neutrosophic soft quasigroup of two universal
sets. Since the definition of (Q—neutrosophic soft quasigroup was flagged up by Oyebo et.
al [25], the question whether the concept obeys the following algebraic properties of quasigroup
such as left(right) alternative property LAP(RAP), and flexible law are not yet known for the
best of our searching. The result on characterization of supremum and infimum of fuzzy
quasigroup studied by Dudek were extended to (J—neutrosophic soft quasigroup by capturing
the behavior of an indeterminate factor of two universal sets that was lacking in structure
of fuzzy quasigroup and intuitionistic fuzzy quasigroup. In addition, this paper is for the
time introduced the concept of (Q—neutrosophic soft loop which is a Q—neutrosophic soft
quasigroup with an identity element without associative property. Also, the work of Dudek
[23.24] and the generalized version in [25] did not shown results on the algebraic characteristics

of the following class of quasigroup called left inverse property (LIP), right inverse property
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(RIP), cross inverse property (CIP), weak inverse property (WIP), automorphic inverse prperty
(AIP), anti-automorphic inverse property (AAIP), semi-automorphic inverse property (SAIP)
and super anti- automorphic inverse property loop (SAAIP). In order to close up the gap,
we investigate whether (Q)—neutrosophic soft quasigroup obey the properties of quasigroup
mentioned above. In addition, we also pay attention to the necessary and sufficient condition
for @ —neutrosophic soft set under a loop (G, o) to be Q—neutrosophic soft loop.

The table below shown some set structures studied in the literature with their respective

characterizations and generalizations.

TABLE 1. Properties of some set theories

Set structures Membership func- uncertainty inconsistency indeterminacy sum of member- independence (i)/
tion ship < dependence(d)

Fuzzy v v v X 1 d

intuitionistic v v v X 1 d

fuzzy

Soft X v v X not applicable not applicable

Rough not applicable v v X not applicable not applicable

interval fuzzy v v X 1 d

vaque set v v v X 1

Pythagorean v v v X 1 d

fuzzy

Neutrosophy v v v v 3 i

Spherical  fuzzy v v v X 1 d

set

2. Preliminaries

Definition 2.1. A quasigroup(loop) (G, o) is said to have

1) LIP if 3 a map J)y : u — u such that v owv = v for all u,v € G
2) RIP if 3 a map J, : u — u” such that uv o u” = v for all u,v € G,
3) RAP if t o ww = tw o w for all w,t € G,
) LAP if wwot = wowt for all w,t € G,

) flexible if uv o u = u o vu for all u,v € G,
6) IPL if it satisfies wt ow™ =t or w™ otw =t for all w,t € G and
7) WIPL if it satisfies the identity ¢ o (wt)™! = w™! for all w,t € G

Definition 2.2. The following identities hold in a loop (G, o) it is called:

(1) AIPL if (wt)™' = w 't! Vw,t e G,

(2) an AAIPL if (wt)™! =t w™! for all w,t € G, Yw,t € G

(3) a SAAIPL if (wotz) ' =z"1o (t7'w™!), for all w,t,z € G [see [26]]
(4) a SAIPL if (wtow)™ ' =w ' ow™!, for all w,t € G

BENARD Osoba!, OYEBO Tunde Yakub? and ABDULKAREEM Abdulafeez Olalekan?®,
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Theorem 2.3. [32] Let (G, o) be a quasigroup and G be a non empty subset of G. Then, G
is a subquasigroup of (G, o) if and only if (G,0), (G, /) and (G,\) are groupoids

Definition 2.4. [32] Let (G,0) be a quasigroup and ) # H C G. Then, H is called
subquasigroup of G if (H,o) is a quasigroup. Also, suppose that D and E are non empty
subsets of G, then Do E = {doe | d € D,e € E},D/E = {d/e | d € D,e € E} and
E\D ={e\d|de€ D,ec E}

Definition 2.5. Let M = [0,1] and S be a subset of M. Then: the supremum of S denoted
by sup S is a number Sy € [0, 1] satisfying the conditions

(1) Bp is an upper bound for S;

(2) for all € > 0, the number Sy — € is not an upper bound for S

the infimum of S denoted by inf S is a number g € [0, 1] satisfying the conditions

(1) o is an upper bound for S;

(2) for all € > 0, the number ag + € is not a lower bound for S

Definition 2.6. [3] Given a set M and a parameter set A of M. If F': A — P(M), where
P(M) is power set of M then the pair (F, %) is called a soft set .

Definition 2.7. [15] Given a set M. A neutrosophic set ® (NS) on M is an object of the
form

® = {(m,(Te(m),Is(m), Fp(m))) : m € M} and the membership degree is described by
Ty, Ip, Fo : W —]70, 1],

Definition 2.8. |[7] Given a set M and 2 parameter sets. A neutrosophic soft set (®,%) is
described as (®,2() = {(w, (Te(m), Is(m), Fo(m))) : m € M}

Definition 2.9. [1] Let W be a universe of discourse and ) be a non-empty set and A C E
be a set of parameters. Let p!QNS(W) be the set of all multi-Q-NSs on W with dimension
I =1. A pair (®%,20) is called a Q—neutrosophic soft set (Q — NSS) denoted by (®9, A) =
{(a,®9(a)) : a € A, ®9(a) € p'QNS(W)} over W, where &9 : A — p!QNS(W) is a map such
that ®@(a) = () if a ¢ A.

3. Results

Definition 3.1. Suppose that (Cl, o,\, /) is a quasigroup and (®2, ) is a Q—neutrosophic soft
set over (G, o,\,/). Then, (%9, 2) is called a Q — NSG of G if for all a € A, w1, wy € G,v € Q

satisfies the following conditions

(1) Tpe(q)(wr * w2, v) = min{Tyoq) (w1, v), Tyeq) (w2, v)}
(2) Ipa(q) (w1 * w2, v) < max{lpa(e)(w1,v), Ipa(e) (w1, v)}
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(3) F<I>Q(a) (wl * W, U) < maX{F‘1>Q(a) (w17 ’U), F<I>Q(a) (w27 'U)}
where * € {o,/,\}

Definition 3.2. Let (A9, 2) be a Q — NSG over G such that there exist o, 8,7 € [0,1] with
the restriction that ag + Bg + Yo < 3. Then, (A@, ) (a,8,y) 18 @—level soft set defined as
(AQ: W (a5 = {fi € G,v € Q: Tho((f1.v) = a, Ino(ay(f1.v) < B, Faa(f1,v) <7}

foralla e A

Suppose that a = 8 = v for any « € [0, 1] with a + o 4+ « < 3 such that (A?,A), = {f1 €
GveQ: Tre(o)(f1,v) 2 a, Iyeq)(f1,v) < a, Faeq)(f1,v) < af, then (AQ,2), is called a
-level set of A.

In neutrosophic soft set, the set

T(A®,a) = {fi € G,v e Q: A%a)(f1,v) > a},
F(AC,a)={fi e G,veQ:A%a)(f1,v) < a} and
I(AC o) ={fi € G,v e Q:A%a)(f1,v) < a}
are respectively called the truth, falsity and indeterminacy a-levels cut of A
Theorem 3.3. Let (A9 ) be a Q — NSG over G. Then, the sets U(A?, o), I(A%, )
and L(A®,q) are subquasigroups for all o € Im(Tha e (f1,v)) N Im(Ixeq)(f1,v)) N

Im(Fre(q)(f1,v)), where Im donate the image under the map of membership degree.

Proof: Let a € Im(Tpeq)(f1,v)) NIm(Ipeq)(f1,v))NIm(Fae(q)(f1,v)) € [0,1]. Obviously,
the sets U(A®, a), I(A?, o) and L(A?, a) are non-empty and let ¢ € Q and f1,h1 € U(A®, ).
Then, Tho(q)(f1,v) > a and Tho(q)(h1,v) > a for all a € A. Using Definition we have

Tro(ay(frh1,v) > min{Tha g (f1,v), Tac(a)(h1,v)} > a so that fiohy € U(A?, )
Suppose that fi, hy € I(A?,a), then Izo (o) (f1,v) < @ and Iyo(q)(h1,v) < a, by definition, we
have

Ina(q) (fih1,v) < max{Iyo(q)(f1,v), Iaq(q)(h1,v)} < @

Hence f1 o hy € I(A?, ).

Let f1,h € F(A®,q), then Froq)(f1,v) < o and Fpegy(h1,v) < a. From definition, it
follows that
FAQ (f1h17 v) <maX{FAQ (f17 v), FAQ(a)(h’lvv)}Sa

Hence, fi o hy € F(A®, ). Thus, U(A®, a), I(A®, a) and L(A?, ) are subquasigroups of G
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Theorem 3.4. Let (A9 ) be a Q—NSS over G such that a nonempty set (AQ,a’S) is a
subquasigroup ofé for all a € [0,1] . Then, (AQ,QK) 1s a Q—mneutrosophic soft subquasigroup
of G for all a € A

Proof: We assume that the nonempty set (A?, o) is a subquasigroup of Gforall a e [0, 1].
We want to show that (A?,2) is a Q—neutrosophic soft subquasigroup of G for all fi,h] €
G,v € @ and a € 2. On the contrary, suppose that Definition does not hold and there
exist f1,h} € G,v € Q, and a € A such that

( Tyo(q)(f1 0 by, v) < min{Tyeq)(f1,v), Twa (e (b1, v)}
{ Iyo (fl o hy,v) > max{I\I,Q (fla v), Tyo( )(h/p”)} (1)
U Fue@(fiohl,v) > max{Fya()(fi,v), Fya(q(hy,v)}

Let
Tya(e)(f1,v) = a1, Tya(g)(h',v) = B1 and Tyo(q)(f1 o ht,v) =7

Iyaa)(f1,0) = a2, Iya(q)(h1,v) = B2 and Tyq(q)(f1 0 hi/,v) =72
Fyaq)(f1,v) = a3, Fye(q)(h,v) = B3 and Fyaq)(fiohit,) =73

Then, its follows from equation

71 < min{ag, i}, 2 > max{ag, f2} and 3 > max{as, B3} (2)
Put
(3t = 4] Fworo(h o .00+ minTuere (.00, Taa ()
{75 =3 -I\IIQ y(f1 0 b, v) + max{Iye(q)(f1,v), Iye(q) (R}, v)} (3)
'lvf»f =3 _F\I'Q(a)(fl o b, v) + max{Fya () (f1,v), Fya(q)(hy,v)}
Therefore,

7t = 1 (1,0) + minfar,v), <61,v>}]

L (y2,v) + max{asz,v), (52,1))}}

(13, 0) + max{as, v), (Bs, v)}}

2
N %
Il
ol

|
N[

V3=
Then,

o > = % (71,) +min{o¢1,v),(61,v)}] >
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oo <7 — ;[wm T minfag, v), (Bz,v)}] <

2 <7 = | (0:0) + minfaa, o). (.00} < 7
Thus,
Tyo(q)(fi 0 By, v) <97 < min{Tye(e)(f1,v), Tye(q) (h,v)}
I\IJQ (fl ° hl? ) > ’Yik > min{I‘IIQ (a) (fl’v)aI\IlQ(a)(hllvv)}
Fya(q (flohp v) > 7 > mln{F\pQ (f17 v), Fyq )( ,0)}

It follows that fi,h} € (A9, o), but f1 o b} ¢ (AQ, o) a contradiction base on the fact
that

T\I'Q(a)(flav) =01 > min{(ahv): (61,1))} > 7>1k
Tya(q)(f1,v) = a2 < max{(ag,v), (B2, v)} <73
F\I}Q(a)(flvv) = Qa3 S max{(ozg,v), (ﬁ3av)} < 7;

this implies that fi,h) € (A9, o). Thus, condition hold. The prof is complete

Theorem 3.5. Let (A?,2A) be a Q—NSS over G. Then, each subquasigroup H of G is a
Q—level neutrosophic soft subquasigroup for all o, B,y € [0,1] and a € A

Proof: Let (A%, 2A) be defined by

a, if freH
T<1>Q<a)(fla”) =

0, otherwise.

B, if freH
logu (f1,0) =

0, otherwise.

) if fl €H
Foy, (f1,0) =

0, otherwise.

where «, 8,7 € [0,1] such that o + 5+ v < 3, for all f; € GuveQandac
We consider the following cases to show that (AQ, 20) is a Q- neutrosophic soft quasigroup
over G.
Case 1: Suppose that fi,h1 € H, then fioh; € H. So,
T\I/Q(a)(f]_ ohy,v) =a=min{a, a} = mln{T\I,Q (fl, v), Tyoq )(hl,v)}
Iya()(fiohi,v) =B =min{f, 8} = max{Iya(y(f1,v), [ye(q(h1,v)}
Fyaq)(fiohi,v) = B =min{B, 8} = max{Fyo(q)(f1,v), Fye(q)(h1,v)}
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Case 2: If f,h ¢ H, then
Tya(q)(f1,v) = 0 = Tyeq)(h,v), Iye@)(f1,v) = 0 = Iya(e(h,v) and Fye)(fi,v) = 0 =
Fya(q)(h,v). Therefore,
Tyo(q)(f10h1,v) > 0=min{0,0} = min{Tye,)(f1,v), Tye)(h1,v)}
Iya(q)(f1 0 hi,v) <0 =max{0,0} = max{Iye(q)(f1,v); lye(q)(h1,v)}
Fya(q)(f1 0 h1,v) <0 =max{0,0} = max{Fyo(q4(f1,v), Fya)(h1,v)}

Case 3: If f1 € Hand hy ¢ H, then Tyq(4)(f1,v) = o, Iy (q)(f1,v) = B and Fyoq)(f1,v) =
Y, Fya(q)(h1,v) = 0 = Tya(q) (h1,v) = Iyqq)(h1,v). So,

Tya(a)(froh1,v) 2 0 =min{Tya @) (f1,v), Tye(a) (b1, v)}
Tye(q)(f1ohi,v) <0 =max{lya(f1,v), lye@)(h1,v)}
Fya(q)(f10h1,v) <0 =max{Fyo(4)(f1,v), Fyea)(h1,v)}

Case 4: If hy € H and f1 ¢ H. It has a similar argument with case 3. This complete the

proof.

Theorem 3.6. If (A?,2) is a Q — NSG over G. Then,
(1) Tye(a)(fi,v) =sup{a € [0,1]: fr € U(AY, )}
(2) Tyoq(f1,0) = mH{B € 0,1] fi € I(A2, B)} and
(3) Fya(q)(f1,v) =inf{y € [0,1] : f1 € L(A%,~)}

for all f, eG and v € Q

Proof:
(1) Given € > 0, let § = sup{a € [0,1] : fi € U(A?,a)}. Then, § — ¢ < « for some
€ [0,1]. This implies that § — e < Tya(q)(f1,v) so that § < Tya(y)(f1,v) for every

an arbitrary € and for all v € Q and f; € G.
Next, we show that Tya(q)(f1,v) < 0. If Tya(q)(f1,v) = a1, then f1 € U(A®, o)

and so

o €{ael0,1]: fi € U, a),v € Q}
Hence,

Tyo)(f1,v) = a1 <sup{a €[0,1]: f1 € U(A®,a),veQ} =4

Therefore,

Tya(q)(f1,v) =d =sup{a € [0,1] : f1 € U(A% a),v € Q}
BENARD Osoba!, OYEBO Tunde Yakub? and ABDULKAREEM Abdulafeez Olalekan?®,
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(2) Let 7 = inf{B € [0,1] : f1 € I(A?,8)}. Then, inf{B € [0,1]: f1 € [(AY,8)} < T +e.
For any € > 0, we show that 3 < 7 + € for some 3 € [0, 1] with f; € I(AQ, ). Since €
is an arbitrary element, we have Iyq (4 (f1,v) < B for any v € Q. This implies that

Iyo)(fi,v) <7

To show that Iya(q)(f1,v) > 7, let Iya(q)(fi,v) = B

Then, f; € I(A?, ) and thus, By € {8 €[0,1]: f1 € I(A%,3)}.
Hence,

inf{B € [0,1]: f1 € [(AY,B)} < T
That is 7 < 1 = Iye(, y(f1, v) for any v € ). Consequently,
Iyago)(fi,v) =7 =inf{B €[0,1]: fi € I(A,8) ¥ v € Q}
(3) The argument is similar with 2 above.

Theorem 3.7. Let (U9, 2) be a Q — NSG over a (G, o). The following hold

(1) Tyoq)(fih1 o f1,v) = Tyeq)(fi © h1f1,v), Tyaw)(fih o fi,v) = Iye@q)(fi © hifi,v)
and Fyq(q)(fih1 o f1,v) = Fya(q)(f1 0 h1f1,v)
(2) Tya(ay(h o f7,v) = Tya(gy(hfi o fi,v), Tye (b1 o f7,v) = Iya(ey(hifi o fi,v) and
F\IIQ(a)(hlof17 v) = Fyq(q)(hfio f1,v)
(3) Tye(a)(ff © h1,v) = Tya)(fi o fih1,v), Tya@ (ff o h,v) = Iye(e)(fi o fihi,v) and
(f7 v) =

Fyoq)(fi o b1, Fya(fio fihi,v)

Proof: Let (®9,2) be a Q — NSG over a quasigroup (G, o). For all f1,hy € G,v € Q and
a € 2, we have

(1) Considering the LHS.

Tye(a)(fih1 o f1,v) = min{Tye ) (f1 0 h1,v), Tya(q)(f1,v)}
= min{Tyeq)(f1,v), Tya(q)(f1 0 h1,v)}

Zmin{Tw (f1.0), min{ Ty e (f1, ), Ty )<h1,v>}}
:mln{mln{T\pQ (1), Ty (1 )}7Tw(a)(hlvv)}

= min {T\I:Q(a) (fl;v)7T\IlQ(a) (hl?v)} (4)
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Considering the RHS.

Tya(qy(f1 0 h1fi,v) = min{Tyeq)(f1,v), Tye(q) (h1f1,v)}
= min{Tyeq) (71 f1,v), Tye(q)(f1,v)}

zmin{min{Tw(a)(hl, v), Tye(a)(f1, )}7Tw<a)(f1,v)}
= min { Ty . 0) min{ Ty (1,0): Twora (.0}
— min {Tw(a)(hl, v), Tya @ (f1, )} (5)
Therefore, min{Tq,@(a)(h,v),Tq,Q(a)(f1,v)} = {Tw ) (f150), Ty )(h,v)}.

Thus, Tyeq)(fiho f1,v) = Tyeq)(f1 0 hfi,v)

Iya(q)(fihi o f1,v) < max{Ige (g (f1 0 h1,v), Iye(q) (f1,v)}
= max{lyq(q)(f1,v); LyQ(q)(f1 0 h1,v)}

< ma { Ty (1,0), max{Taa (1,0). Taag (. o))}
= mac { max{Tyara (1,0 Ty (10} Ty (o)

= ma { Ty (1. 0). Tuago(1.0) | 6)
Considering the RHS.
Tyoa)(f1 0 b1 f1,v) < max{Iyq(q)(f1,v), TyQ(a)(h1f1,0)}
= max{IyQ(q)(h1f1,v), lye@)(f1,v)}

< max { maX{I\I/Q(a)(h17 U), I\IIQ(a) (f17 7))}, I\I/Q(a) (f17 U)}
= ma { Ty, o) max{ Ty (1), Tua () (1,0}

Imax{f\p@(a)(hl, )LpQ (fb )} (7)

Therefore, max {T\IJQ(a)(hla v), T\I/Q(a)(fh U)} =

max {Tw ) (f1,0), Tye )(hhv)}- Thus, Iye)(fih1 o f1,v) = Iya(e(fi © hifi,v).
The result for falsity membership is obtain in similar procedure.

(2) Let fi,h1 € G,a € A and v € Q, we want show that Tye ) (M1 ofZv) = Tyo@y(hifio
f1,v) for true membership.
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Considering the RHS,

Tya(ay(hifio fi,v) = min{Tya(e)(h1f1,v), Tye(q) (f1,v)}

2min{min{T\I,Q(a)(hl,v),T\pQ(G)UL }T\I/Q (flv )}
:min{T\I,Q(a)(hl, v), min{Tye 4 (f1,v), Tye(q) (f1, )}}

= min {T\I/Q(a)(hlv )T\IJQ (fl, )} (8)

Considering the LHS.

T‘IIQ(a)(hl o f127U) > min{T\I!Q(a)(hlp ) T‘IIQ (fla )}
= min{Tye(q)(h1,v), Tye)(f1 © f1,v)}

zmin{Tq,Q(a)(hl, v), min{Tye(q) (f1,v), Tye(q) (f1, )}}

= min { Tyago (0,0, Tar (.0) | )

That is, miH{T\pQ(a)(hl, v), Tyeq)(f1, )}:min{T\DQ(a)(hla v), Tge ) (f1, )}

(3) Follows in the similar result of 2.

Corollary 3.8. Let (2, ) be a Q—NSS over a quasigroup (G’, o). Then, the following are
equivalent.
(1) (#9,9) is a Q — NSG
(2) Tyo(a)(fih1 o f1,v) = Tye(q)(f1 © h1f1,v), Tyaw)(fih1 o fi,v) = Iye@q)(fi © hifi,v)
and Fyq(q)(fih1 o f1,v) = Fya(q)(f1 0 h1f1,v)
(3) Tye(a)(hi o fT,v) = Tya@(hifio fi,v), Tyaw)(h o f7,0) = Iya@(hifi o fi,v) and
Fye a)(h‘lof17 v) = Fyog)(h1fio f1,v)
(4) Tya(q)(ff 0 h1,v) = Tya(e)(f1 0 fihi,v), Tyee) ([T © h1,v) = Iya(e)(f1 o fihi,v) and
Fya(q)(ff 0 h1,v) = Fya(q)(f1 0 fil1,v)

Proof: Tt following from Theorem

Definition 3.9. Let (U9, 2A) be a Q—NSS defined over a loop (L,o,/,\). Then (%, 2) is
called a Q—neutrosphis soft loop (Q — NSﬁ) over L if forall a € A, fi,hy € L, and v € Q

satisfies the following conditions

(1) Tye(e)(fi*hi,v) > min{Tye(q) (f1,v), Tye @) (h1,v)},
Tya(q)((f1 % h1),v) < max{Iyeq)(f1,v), lye)(h1,v)}
Fyaq)(f1# hi,v) < max{Fyq(q)(f1,v), Fye (e (h1,v)}
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(2) Ty (fi'v) > Tyo()(f1,v),
Iyoa)(fi'sv) < Tyog (f1,0),
Fya@(fi'v) < Fyog(fi,0)

(3) Tye (" f1,9) > Tyo(q)(f1,v),

Y (17 f1,0) < Tyae (fiyv),

Fya(q)('™ f1,0) < Fyag(fi1,v)

where f~1 and '~ f are right inverse and left inverse in L and € {o, /,\}.

I\I,Q

Theorem 3.10. Let (A9, 2A) be a Q—NSS over a loop L. Then, (AQ,2) is a Q—neutrosophic
soft subloop of L if and only if the nonempty Q—level soft set (AQ<O‘75W),Ql) 18 a soft subloop
forall o, B,y € [0,1] and a € A

Proof: The proof is follow from Theorem [3.4] with definition [3.9]

Lemma 3.11. Let (9, 2A) be a Q — NSL over a loop (I:, o). Then, for all fi € L,veQ the
following hold

(1) T\I/Q(a)((fl_l)_lvv) = T\I/Q (f17 v), I\IIQ ((fl ) ) = I\IIQ (f17 v)
aF\IIQ(a)((fl_l)ilv’U) :F\IIQ(a)(f17 )

Proof. Follows from Definition 0

Theorem 3.12. Let (U2 A) be a Q — NSL over a loop (ﬁ, o,/,\). Then, for alla € A, f €
Lve Q the following hold

(1) Tye(q) fito) > Tye ) (f1,0), Iye(a (f1 ,U)

IN

( Iyaa)(f1,0), Fya (fi o) <
(

(2) Tye@ ('~ fl,U) > Tya(a)(f1,v), Iya@ ('~ f1,0) < Tya)(f1,v), Fye (' fi,v) <
(@) (/1
(

(3) T\I/Q(a) e Q) > Tyo ) (f1,0), Iye@)(€;v) < Iya(q)(f1,v), Fyeq)(e,v) < Fya(q)(f1,v)

Proof:
(1) Let (T9,) be a Q — NSL over loop (G,o0,/,\), then for all a € A, f; € L,veQ we

have

T\IIQ(a)(<f1_1>_17v) > Tq)Q(g)(fl?’U)
T (T 40) < Ty, (f1,0)
Fya((fi) 1 v) < Fag, (fi,0)

(2) it is similar with (1)
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(3) Let (U9 9A) be a Q — NSL over loop (L, o) with an identith element e € L. Then, for
all fi € L,v € Q, we have

Tya(ay(e,v) = Tyou)((fi'o f1,0)

> min{Ta,, (fi '), Tag, (f1,0)}
> min{Ts,,,, (f1,0), Toy, (f1,0)}
= Togy, (f1,0)

Iya(e,v) = Iyau((fi o fi,v)
< max{la,, (f1,), log, (fi ' v)}
< max{la,, (f1,0), Loy, (f1,0)}
= lagy, (f1,v)

Fyoay(e,v) = Fyag((fi' o fi,v)
< max{Fa, (f1,0), Fay., (fi ' v)}
<

maX{Fch(a) (fl; U)a F@Q(a) (f17 'U)}
Foq, (f1,v)

Tyoy(e,v) = Tyo((fiofi',v)

> min{Tog,, (f1,0), Tog, (fi'v)}
> min{Ts,, (f1,v), Tog, (f1,0)}
= Tay,, (f1,v)

Iyey(ev) = Iye@((fiofi',v)
< max{Is,,, (f1,0), log,, (fi 1 v)}
< max{la,, (f1,0), Loy, (f1,0)}
= oy, (f1,v)

Fyag)(e,v) = Fyeg((frofitv)
< max{Fy,, (f1,v), Fag, (fi ' v)}

< max{Fo,,, (f1,v), Foy,, (f1,0)}

= Fogu(f1,0)
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15 [ ]

Tye@y(e,v) =

I\IIQ(a) (67 ’U) =

Fya (e,

v) =

Tyo@(e,v) =

Tya(q)(e,v) =

F\IIQ(a) (6,

The proof is compete.

v) =

Tyo(a)((f1/f1,0)
min{Te,, (f1,0), Toy, (f1,0)}
Toq,, (f1,v)

Tyo(a) ((f1/ f15v)

max{la,,, (f1,0), Loy, (f1,0)}
Lo, (f1,0)

Fya(a)((f1/ f1,0)
max{Fg, ., (f1,v), Fay,, (f1,v)}
Fag i, (f1,0)

Tya(q)((f1\f1,v)
min{Ts,, ,, (f1,0), Tag, (f1,0)}
Toq ) (f1,0)

Tyo @) ((f1\f1,v)
max{le,, (f1,v), Lo, (f1,0)}
Iog, (f1,0)

Fya@)((fi\f1,v)

max{Fo, ., (f1,v), Fay, (f1,v)}
Fogu, (f1,v)

Theorem 3.13. Let (U9, 2) be a Q — NSL over a loop (L,o,/,\). Then, for alla € A, fi €

L,v e Q the following hold

(1) Tya@(hifi o fi'0) = Tyog)(hi,v), Iyog

Fyoay(hifio fitv) =
(2) Tya@(fi' o fihi,v) = Tyo(y(hi,v), Iya@w(fi' o fih,v)

(
(
Fya(q)(fi ' o fih1,v)
(3) Tyor(fi' o hifi,v) = Tya(h,v), Iy (fi' o hifi,v)
Fyo(a)(fi o hif1,0)
(
(

(4) Tya(gy(h1o(fiha)™
Fyq(q)(h o (fihi)™

Proof:

9y )
')

F\IIQ(a)(hhv)?

T\I;Q

= Fya(q)(h1,v)

= Fya(q)(h1,v)

y(hifi o fitv) = Iyoqey(hi,v), and

= Iyq(g)(h1,v) and

Iya(q)(h1,v) and

V(11 0)s Ty ey (P o (fiha) ™1 0) = Tyo(q) (fi 1, v) and
:F\I/Q(a)(fl ) )
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(1) Let (U9, 92) be Q — NSL over a loop (L,o,/,\). Then, we shall show that for all
ae€U, fi,hieLveQ

T\I!Q(a) (h’lf o f717 U) = T\IJQ(a) (hh U)
= Tya () (hifio f~1v) > min{Tya ) (h1 o f1,v), Tye()(fi ' v)}
> min{Tye(q)(h1 o f,v), Tye@q)(f1,v)}

zmin{min{T\pQ(a)(hh ), Tye (1, )}7T\1/Q(a)(f177))}
—min{T\pQ(a)(hl, v), min{Tyeq)(f1,v), Twe @) (f1, >}}

> min {T\I’Q(a)(h’17 ) T\I;Q (fla )} (10)

On the other hand,

Tya(q)(h1,v) = Tya(q)((h1/f1) o f,v)
> min{Tyq)((h1/f1), v)7T\I!Q(a)(f17v)}

min{T\yQ(a)(hb )T\I/Q (fl» )}?T\IIQ(a)(flav)}

> min { Tyago(h1,): Tuara(F1.0) | (11)

T‘IIQ(a)(hl’ )mln{T\I/Q (fla )T‘IIQ (f17 )}

And

Iya@(hifio fi ) = Iya(ey(h1,v)
= Tyo(q)(hifio [~ v) < max{Iyo(y(h1 o f1,v), Iyaw (fi ' v)}
< max{lyo(q)(h1 © f1,v), Iy ) (f1,v)}

< max { max{Iyo(s)(h1,v), Ty (f1,0)}, I\I/Q(a)(fhv)}
:maX{I\I,Q(a)(hl,'U),maX{I\I/Q(a)(fla v), Iye ) (f1, >}}

< max { Fya (. o) Tyoro (o) (12
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On the other hand,

Iyaay(h1,v) = Iya(q)((h1/f1) © f1,v)
< max{Iya(q)((h1/f1),v), Iye(q)(f1,v)}

< max { max{lyq(q)(h1,v), lya@) (fi,v)}, I\I/Q(a)(flvv)}
:maX{I\I,Q(a)(hl, v), max{lyeq)(f1,v), Iye(q)(f1; )}}

SmaX{I\DQ(a)(hla )I\IIQ (f17 )} (13)

Similarly, we can use the identity Tyeq)(h1,v) = Tye(q)((f1 © fi\h1),v). Result for
falsity is argued the same way.
(2) Use the same argument of 1
(3) Similar argument with 2
(4) We shall show that Ty (g (h1 o (fih1) ™", v) = Tya) (f 1, v).
Considering the LHS,

Tya () (h1 o (fh1)~" v) > min{Tya g (h1,v), Tye()((fh1) )

> min { Tya(e (11, 0) min T (). Tuaa(hi 1)) }

AIP

> min { Tyage(h1,0) min{ Ty (1,0). Tuago (1.0}

:min{mln{T\pQ ) (f1,0), Ty ) (h1,v) }, Tywe gy (h1,v)

= {T\IIQ ) (f1,0), min{Tye ) (h1,v), Tya(a)(h1,v)}

H—/%/—/H/—’

> min {T\I/Q(a)(fla v), Tye(q)(h1, U)} (14)

On the other hand,

T\I'Q(a)(fl_ ) )>T\IIQ (flv ) (15)
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Note that Ty, (f17 v) = Tye( (fl/hl ohqy,v). Then, using the last equality in ,

we get
Tya(a)(f1,v) 2 min{Tyoq)((f1/h1),v), Tye(a)(h1, v)}

Zmin{min{T\I’Q(a)(fhv)aT\I!Q( (h17 >} T\I/Q(a)<h17 )}
{T\IIQ(a)(fhU)amin{T\I/Q(a)(hlav)aT\I;Q(a)(hhv)}}

> min {T\IIQ(a)(fla v), Tya(ay(h1, U)} (16)
Considering the LHS, for the indeterminate membership
Ty (hio (fih1) ™' v) < max{Iyo (g (h1,v), Iya @ ((fib1) ', v)

< ma { Ty o) Ty (U 0) Ty (™ )} |
ATP

< e { Ty . o) max{ Ty (. 0): Ty )}

=max{max{fw<a)<f1, 0). Tyam (o)} Ty (. v)

Hf—’%/—/w—/

= ma {Iw y(f1,v), max{Iya(4)(h1,v), Ty (q)(h1,v)}

< max { yag (1.0): Ty (. ) (17)

On the other hand,
Iya@ (fi'v) < Iyagy(f1,0) (18)
Note that Iyo(q)(f1,v) = Iye(q)((f1/h1) 0 h1,v). Then, using the last equalith in ,

we get
Tya(a)(f1,v) < max{Iyq(q) ((f1/M),v), Iya(q)(h1,v)}

< ma { max{Tyago (1, 0) Tuege (11,00} Tyoro (. 0) |
:max{fq,Q ) (f1, )maX{I\IIQ(a)(hlﬂU)7I\IIQ(a)(h17U)}}

< max { Tyare (1. 0). Tuogo (. 0) | (19)

The result for falsity membership is similar with the result for indeterminate mem-

bership obtained.

Theorem 3.14. Let (U9, ) be Q — NSL over a loop (ﬁ, o). Then, for all a € A, f1,h1,21 €
L,v e Q the following hold:
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19 []

(1) Ty ((fi 0 h1)™hv) = Tyogy(hi' o fi'v), [\I!Q(a)<(f1 o h1)™hv) = Iyoy(hy' o
fitiv), and Fyog((firohi)” ,v> Fyag(hy'o fi0),

(2) Tye@((filr o fi)7"v) = @ o [ o), Iyeg ((fik o fi)™hv) =
Tya@(fi byt o £ )‘mdF\IfQ ((f1h10f1) 0) = Fyag (fi 'hito fitv)

(3) Tya(((frohi2)™v) = Tyar(z o hi fi 1, 0), Iyo(e)(frohiz) ™! v) = Iyoy (27t
hitfitv) and Fya gy ((fi o hi2) ™ v) = Fyogy(z Lo by fiv)

Proof:

(1) Let (¥9,2) be Q—neutrosophic soft loop over a loop (L, o). Then, we shall show that
foralla e, fi,hi € LiveQ

Tya(ay(froh) ™ v) = Tyaw (fi o hyt,v)

>Il’l11'1{T‘1;Q (fl ) ),T@Q(a)(hl_ ,u)}

> min {T\IJQ (f17 )}7 T\IIQ(a) (h17 U)} (20)
On the other hand

T‘IIQ ( O fl s ) Z min{Tq,Q(a) (h;l,’U),T\I,Q(a) (ffl, ’U)}

> min{T\I,Q(a)(h1,v),Tq;Q(a) (fi,v)} (21)

I\I'Q(a)(flohl)_7 )_I\IIQ(a)(f ohl ) )
<max{LI,Q (f1 ) )7I\I/Q(a)(h1_ u)}

< o { Tyogo (00} Tuogo(,0) (22)

RHS

Tyaey (b o fihv) > max{Iye() (hy ', v), Tye() (fi 5 v)}

< max{Iyq(q)(h1,v), Lya(e)(f1,v)} (23)

The result for falsity membership is similar with the result of indeterminate member-
ship.
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(2) For the true membership,

Tya @ ((fihio f1)710) = Tya ((froh) ™ o fi1),v)
AIP
> min{Tyo(a)((f1 0 h1) "), v), Tye( (fi ' v)}

> min{min{Tye 4 (f1,v), Tye(q)(h1,v)}, Tye ) (f1,v)}
= min{Tye(q)(f1,v), min{Tye(4)(f1,v), Tye(q)(h1,v)}}
( ,0)}, Tyo(ay(h, 0)}
> min{Tye(q)(f1,v), Tye(q)(h1,v)} (24)

= mln{mll’l{T\pQ(a f1,v), Tye(a) (f1

Similarly, we obtain

Tya () (fi thit o fit,v) 2 min{Tya () (f1,0), Tyaa)(h1,v)} (25)

Iya@ ((fikr o f1) 71 v) = Iyag ((froh) ™ o fi1),v)
AP
< maX{I\IIQ a)( fio hl) ),’U) I\I!Q(a (fl ’ )}

(
< max{max{lyo(q)(f1,v), lye(a)(h1,v)}, Tya(a)(f1,v)}
v), max{Iya(q)(f1,v), Iye(q)(h1,v)}}
= max{max{lyo(q)(f1,v), Lya()(f1,0)}, Tye(a) (h1,v)}
< max{Ilyq(q)(f1, ), Iye(q) (h1,v)} (26)

= maX{I\I,Q(a) (fl,

Also, we obtain the indeterminate membership for the RHS

Lyagy(fi hyt o £t v) = min{Tye(a)(f1,0), Tya () (h1,v)} (27)

Using similar approach to obtain result for indeterminate membership.

(3) The proof is similar with the result obtained for 2

Theorem 3.15. Let (U2, 2A) be a Q—NSS over a loop (ﬁ,o,/,\). Then, (U2 A) is Q- NSL
if and if only for all fi,h1 € L,v € Q

(1) Tyaay(hi = fi ' 0) = min{Tyo(q) (h1,v), Tye(a)(f1,v)}
Iyo(q)(hi * fi ', v) < max{Igo(g)(h1,v), Iye(a)(f1,v)},
Fya (b * fi1,v) < max{Fya g (h1,v), Fya(a)(f1,v)}

(2) Tyo ('™ f1*hi,v) > min{Tya(,) (f1,v), Tya(a)(hi,v)},
Ty (q) ('™ f1 % hi,v) < max{Iye(q)(f1,v), Iye(a)(hi,v)}
Fyo (o) ("™ f1 % by, v) < max{Fyeq)(f1,v), Fya(a)(h1,v)}
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(1) Suppose that (U9 ) is a Q — NSL over (L,o,/,\). Let * € {o,/,\} then we show
that (U9, 2l) satisfies for all fi,h1 € L, and v € Q, we have

Tya(ay(hi * fi s 0) > min{Tye(q) (h1,v), Tye (a)(fi ', v)}
> min{Tye(q) (h1,v), Tye(a)(f1,v)}

Iya( (b1 [t 0) < max{Iya (q)(h1,v), Iye(a)(fi ', 0)}
< max{lye(q)(h1,v), [ya(a)(f1,v)}
Fya(q)(h* [ v) < max{Fyo(q) (b1, v), Fya(a)(fi ! v)}
< max{Fyaq)(h1,v), Fye(a)(fi,v)}

Conversely, suppose equality (1) hold, then for all f1,hi,€ G,v € Q, and a € A, we
show (U@, ) is Q—neutrosophic soft subquasigroup over quasigroup (ﬁ, o,/,\). Thus,

Tya(ay(h1 * f1,0) = Tya@(hi = (fi) 7} 0)

min{Tye q)(h1,v), Tye (a)(fi ', 0)

min{Tye(q)(h1,v), Tye (a)(fi ', v)}
min{Tye 4 (h1,v), Tye (a)(f1,v)}

A2V

v

Next:

I\yQ(a)(hl * (ffl)_lav)
max{Iyo () (h1,v), Iy (a)(fi ' v)}
maX{I\IjQ(a)(hl,U)7I\1/Q (a)(flav)}

Tya(q)(h1 = f1,v)

IN

IN

Finally:

Fya@y(hix (fi ) o)
InaX{F\pQ(a)(th)a Fye (a)(ffl,v)}
maX{F\I,Q(a)(th),F\pQ (a)(f1,v)}

Fq;@(a)(hl * f1,0)

IN

IN

(2) it is similar to (1)

4. Conclusion

In this study, it was found that Q@ — NS G obeys LIP, RIP, LAP, RAP and flexible law. With
the help AIP, it was shown that Q — NSG obey AAIP, SAIP, SAAIP. Q — N SL were also
defined, and the definition was used to shown when is Q—NSS under loop said to be Q — NSG.
Furthermore, this research revealed that left and right inverse elements of Q@ — N S L coincided.
In future research, Definitions [3.1] and [3.9] will be use to study the structure of isotopy theory
of quasigroup.
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Abstract: Objective: The objective of this study is to establish the results of secondary k- column
symmetric (CS) Neutrosophic fuzzy matrices. Methods and Findings: We have applied CS
condition in neutrosophic environment to find the relation between s-k CS, s- CS, k- CS and CS.
Novelty: We establish the necessary and sufficient criteria for s-k CS Neutrosophic fuzzy matrices
and various g-inverses of an s — k CS Neutrosophic fuzzy matrices to be an s — k CS. The
generalized inverses of an s — k CS P corresponding to the sets P{1, 2}, P{1, 2, 3} and P{1, 2, 4} are

characterized.

Keywords: Neutrosophic fuzzy matrices (NFM), s-column symmetric, k-column symmetric, column

symmetric.

1. Introduction

Zadeh [1] has studied fuzzy set (FS). Atanassov [2] introduced intuitionistic FSs. Smarandache [3]
has discussed the concept of neutrosophic sets. Khan, Shyamal, and Pal [4] have studied
intuitionistic fuzzy matrices (IFMs) for the first time. Atanassov [5,6 ] has discussed IFS and
Operations over IV IFS. Hashimoto [7] has studied Canonical form of a transitive matrix. Kim and
Roush [8] have studied generalized fuzzy matrices. Lee [9] has studied Secondary Skew Symmetric,
Secondary Orthogonal Matrices. Hill and Waters [10] have analyzed On k-Real and k-Hermitian
matrices. Meenakshi [11] has studied Fuzzy Matrix: Theory and Applications.

Anandhkumar [12,13] has studied Pseudo Similarity of NFM and On various Inverse of NFM.
Punithavalli and Anandhkumar [14] have studied Reverse Sharp and Left-T And Right- T Partial
Ordering on IFM. Pal and Susanta Kha [15] have studied IV Intuitionistic Fuzzy Matrices. Vidhya
and Irene Hepzibah [16] have discussed on Interval Valued NFM. Anandhkumar et.al [17,18] has
focused on Reverse Sharp and Left-T Right-T Partial Ordering on NFM and IFM.
Anandhkumar,et.al have studied [19] Partial orderings, Characterizations and Generalization of
k-idempotent NFM. Here, we introduce the Secondary k-CS NFM and introduce some basic
operators on NFMs.
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1.1 Literature Review

Meenakshi and Jaya Shree [20] have studied On k-kernel symmetric matrices. Meenakshi and
Krishanmoorthy [21] have characterized On Secondary k-Hermitian matrices. Meenakshi and Jaya
Shree [22] have studied On k -range symmetric matrices. Jaya shree [23] has studied Secondary
k-Kernel Symmetric Fuzzy Matrices. Shyamal and Pal [24] Interval valued Fuzzy matrices.
Meenakshi and Kalliraja [25] have studied Regular Interval valued Fuzzy matrices. Anandhkumar
[26] has studied Kernal and k-kernal Intuitionistic Fuzzy matrices. Jaya Shree [27] has discussed
Secondary k-range symmetric fuzzy matrices. Anandhkumar et.al.,[28] have studied Generalized
Symmetric NFM. Kaliraja and Bhavani [29] have studied Interval Valued Secondary k-Range Symmetric
Fuzzy Matrices,

Let P be any fuzzy matrix, P occurs then this will coincides with the transpose of the matrix

(PT). The fuzzy matrix P belongs to Fn is known to be kernel symmetric matrix, then this shows that
N(P) = N(PT) which does not implies R[P] = R[PT]. But the converse is true. Symmetric matrices are
established in the field of complex entries for the theory of k - hermitian matrices. This idea make use
of the development of k - EP matrices in the generalization of k - hermitian matrices and also EP
matrices. Hill and Waters [30] have initiated the study on « - real and xk - Hermitian matrices. The
concept of Theorems on products of EPr matrices introduced by Baskett and Katz [30]. It is
commonly known that for complex matrices, the concepts of range and kernel symmetric are

equivalent. But this is fails for Interval valued fuzzy matrices.

The concept of interval valued s - k Hermitian and interval valued kernel symmetric matrices
for fuzzy matrices. We also expanded many basic conclusions on these two types of matrices. An
Interval valued secondary s - k kernel symmetric fuzzy matrix can be described. Suitable standards
for determining g - inverses of an Interval valued secondary s - k - kernel symmetric fuzzy matrices
are interval valued secondary s - k - kernel symmetric are found. We establish the necessary and
sufficient canditions for an interval valued s - k kernel symmetric fuzzy matrices. Meenakshi,
Krishnamoorthy and Ramesh [31] have studied on s - k - EP matrices. Meenakshi and
Krishnamoorthy [32] have introduced the idea of s - k hermitian matrices.

Shyamal and Pal [33] have studied Interval valued Fuzzy matrices. The definition of
k-symmetric matrices was introduced by the following authors Ann Lec [34] has studied Secondary
symmetric and skew symmetric secondary orthogonal matrices. . Anandhkumar et.al [35] have

discussed Interval Valued Secondary k-Range Symmetric NFM.

Table:1 Extension of Neutrosophic Fuzzy Matrices based on previous works

References | Extension of Neutrosophic Fuzzy Matrices from Fuzzy Matrices Year
[20] On k-kernel symmetric matrices 2009
[22] On k -range symmetric matrices 2009
[23] Secondary k-Kernel Symmetric Fuzzy Matrices 2014
[27] Secondary k-range symmetric FM 2018
[29] Interval Valued Secondary x-Range Symmetric Fuzzy Matrices 2022
Proposed Secondary k-column symmetric Neutrosophic Fuzzy Matrices 2023
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k -range symmetric matrices

|

Secondary k-range symmetric
M

l

Interval Valued Secondary

k-Range Symmetric FM

l

Secondary k-column

symmetric NFM

From Table 1 and process flow, it is observed that the previous studies are on k-Kernel, K-range,
Secondary k-Kernel and Secondary k- range using fuzzy matrices. It is evident that there is a
research gap of these studies in Neutrosophic environment. So, based on the above observation, we

have established the results of K-column and Secondary k- column in neutrosophic fuzzy matrices.

Notations:
PT  =Transpose of the matrix P
P+ =Moore-penrose inverse of P

CS = Column symmetric

C(P) = Column space of P
2. Generalized Symmetric NFM
Definition: 2.1 Let P be a NFM, if C[P] = C[P"] then P is said to be CS.

<0.3,0504> <0,0,1> <0.7,0.2,05>
Example:2.1 Let us consider P = <0,0,1> <0,0,1> <0,0,1> ,
<0.7,0.2,05> <0,0,1> <0.3,0.2,04>

The following NFM are not CS
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<11,0> <110> <0,0,1> <11,0> <0,0,1> <0,0,1>
P=/<0,01> <110> <110>| P =/<110> <11,0> <0,0,1>],

<0,0,1> <0,0,1> <110> <0,0,1> <110> <110>
(<11,0> <0,0,1> <Q04>feCGﬂ, (<1,0> <0,01> <QQ1>Y¢CGﬂ)
(<11,0> <110> <0,0,1>) eC(P), (<11,0> <11,0> <0,0,1>)" eC(P")
(<0,01> <110> <110>) eC(P), (<0,01> <L11,0> <110>) eC(P")
C(P)2C(P")

Definition 2.2: ANFM P € Fniss-symmetric NFM < P= vPlv.

<04,0.3,0.2> <0,0,1> <0.5,0.4,0.3>
Example:2.2 Let us consider P = <0,0,1> <0,0,1> <0,0,1> ,
<0.5,04,03> <0,001> <0.3,0.2,04>

<0,0,0> <«0,0,0> <110>
V=/<000> <110> <0,0,0>
<110> <0,0,0> <0,0,0>

Definition 2.3: ANFM P € Faiss-CSNFM < C(P)=C(VPLV).

<0.7,04,05> <0,01> <0.8,0.2,0.1>
Example:2.3 Let us consider P = <0,0,1> <0,0,1> <0,0,1> ,
<0.8,0.2,01> <0,0,1> <0.5,0.7,0.3>

<0,0,0> <0,0,0> <110>
V=,<000> <110> <0,0,0>
<110> <0,0,0> <0,0,0>

Definition 2.4: ANFM P € F. is s-k-CSNFM < C(P) = C(KVPTVK).

<0.7,0.3,04> <0.5,0.3,04>
Example:2.4 Let us consider P = ,
<0.5,0.304> <0.7,0.3,05>
B <110> <0,0,0> __<QQO> <110>
1<0,0,0> <110>|" |<1140> <0,0,0>|"
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Preliminary: 2.1 Let V is a permutation NFM its satisfies the conditions

G VVi= VIV=I
(i) VI=V
(iii) C(P)=C(VP)

(iv) C(P)=C(KD).

Remark 2.1: We notice that P = KVP VK implies that C(P) = C(KVPTVK)

This is illustrating the following example

Example 2.5. Consider a NEM, V= {

<0.5,0.3,04> <0.7,0.3,05>

<0,0,0> <110>
<110> <0,0,0>|"

<0,0,0> <110>

P_{<QZQ&OA> <050&OA>} K_{<LLO> <QQO>}

T [<1,1,0>
KVP'VK =
_<QQO>
[<0,0,0 >
| <11,0>
KVPTVK =

<110> || <11,0>
<110> || <1,1,0>
<0,0,0>1(|<0,0,0>

<Q00>}{<QQO>

[<0.7,0.3,04> <0.5,0.3,04>
1 <05,0304> <0.7,03,05>

Therefore, C(P) = C(KVPIVK)

Example 2.6. Consider a NFM

<0,0,0> <110> <0,0,0>
K=[<110> <0,0,0> <0,0,0>

<0,0,0> <0,0,0> <110>

<0,0,0>
P=|<050.304>

<0.4,0.2,06> <0.5,0.3,0.4>

<0,0,0> <110>

<11,0>
<0,0,0>
<0,0,0>
<110>

<11,0> <0,0,0>

<0,0,0 >

I
|

<0.7,0.3,04> <0.5,0.30.4>
<05,0.3,04> <0.7,0.3,05>

<0,0,0> <0,0,0> <110>
V=/<000> <110> <0,0,0>
<110> <0,0,0> <0,0,0>

<0,00> <110> <«0,0,0>(<0,0,0> <0,0,0> <110>
KV =|<«110> <0,0,0> <0,0,0>1<0,0,0> <110> <0,0,0>

<0,0,0> <0,0,0> <110>

<11,0> <0,0,0> <0,0,0>
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<0,1,0> <0,1,0> <0,1,0>
KV=(<010> <0,10> <110>
<110> <0,10> <0,1,0>

[<0,0,0> <0,00> <110>1[<0,0,0> <11,0> <0,0,0>
VK ={<0,0,0> <110> <0,0,0>] <110> <0,0,0> <0,0,0>
_<LLO> <0,0,0> <0,0,0>1(/<0,0,0> <0,0,0> <110>

[<0,,0> <0,,0> <110>
VK={<110> <0,10> <0,1,0>
_<QLO> <110> <0,1,0>

<0.5,08,04> <0.4,08,06> <0,0,0.4>
P'VK =| <0,0.7,0> <05,0.7,0> <0,0.7,0>
<0,0,0> <0,0,0 > <1,0,0>

[<0,1,0> <0,1,0> <0,10>|[<0.5,0.8,04> <0.4,0806> <0,00.4>
KVP'VK =/ <0,1,0> <0,,0> <110> <0,0.7,0 > <0.5,0.7,0> <0,0.7,0>
_<LLO> <0,,0> <0,1,0> <0,0,0> <0,0,0> <1,0,0 >

[ <0,0,0> <0,02,0> <0,0,0>
KVP'VK =| <0,0,0 > <0,000> <100>|#P
_<Q5Q0> <0.4,0,0> <0,0,0>

P # KVP'VK is not s- k —symmetric iff not s- k-CS.
Theorem 2.1:For NFM P € Fn, the subsequent are equivalent :

G cm@)=c .

(i) PT = PH= KP for several IFM H,Kand p([P)=r.

Lemma 2.1: For NFM P € Fnand a PM K, C(P) = C(Q) iff C(KPKT) = C(KQKT)
Theorem 2.2 .For NFM P €F, the subsequent are equivalent

(i) C(P)=C(KVPIVK)

(i) C((KVP)= C((KVP)T)

(iii)) C(PKV) = C((PKV)T)

(iv) C(VP)=CK(VP)TK)

(v) C(PK)= C(V(PK)TV)
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(vi) C(PT)=C(KV (P)VK)

(vii) C(P)=C(PTVK)

(viii) C(PT) = C(PKV)

(ix) P=VKPIVKHj for Hj €F,
(x) P=H;KVPTVKforH | €F,
(xiy PT=KVPVKH for HEF,

(xiiy PT = HKVPKV for HEF,

Proof: (i) < (i) < (iv)

< Piss-k-Cs
& C (P) = C(KVPIVK)

& C(KVP) = C (KvP)T

< KVP is Column symmetric
< VP is k- Column symmetric
So, (i) < (ii) < (iv) hence.
(i) < (i) < (v)
Piss-x-CS

& C(P) = C (KVPIVK)

& C(KVP) = C (KvP) D)

& C(PKV) = C((PKV)T)

< PKV is Column symmetric
& PKis s- Column symmetric
So, (i) & (i) < (v)hence.

(i) < (vii)

KVP is Column symmetric< C (KVP) = C((KVP)T)

< C(P) = C((KvP)T)

< C (P)=C(PTVK)

[ Preliminary 2.1]

[By Definition 2.4]

[ Preliminary 2.1]

[ Preliminary 2.1]
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So, (ii) < (vii) hence.

(iii) < (viii):
PVKis Column symmetric << C(PVK) = C((PVK)T)

< C (PVK) =crTh) [ Preliminary 2.1]

So,(iii) < (viii) hence.

(i) < (vi)

P is s- k- Column symmetric < C (P) = C(KVPTVK)

& C(KVP) = C (KvP)T) [ Preliminary 2.1]
= (KVP)T is Column symmetric

< PIVKis Column symmetric

& P'iss- k- Column symmetric

So, (i) < (vi) hence.
() & ) <& (0

P is s- k- Column symmetric < C (P)=C (KVPTVK)
< C(PT)=cKVPVK)
< Pl =KVPVKH [By Theorem 2.1]

& P=H{KVPIVK forH; €F,

So, (i) <= (xi) < (x) hence.
(il) < (xii)) < (ix)

KVP is Column symmetric < VP is k- Column symmetric

< C(VP)=C (K(VP)TK)

< C(P)= C(PTVK) [ Preliminary 2.1]
< c(@PT)=c kvp)

< PI=HKVPforHe Fn [By Theorem 2.1]

< PT=HKVPKV
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< P=VKPIVKH; forH{ € F,
So, (ii)) < (xii) < (ix) hence.

Corollary 2.1: For NFM P € F,, the subsequent are equivalent:

(i) C(P)=C(VPV)
(ii) C(VP)=C(VP)T
(iii) C(PV) = C(PV)T
(iv) Pis s-CS

(v) C(PT)=C(VPV)

(vi) cp)=C (PTv)

(vii) c@T)=c@ev)

(viii) c(kvP)=C(vP))

(ix) P =VPIVH; forHy € F,
(x) P=H{VPIVforH; € F,
(xi) PT=VPVH forH € F,

(xii)PT =HVPV forH € F

Theorem 2.3: For NFM P € F,,. Then any two of the subsequent imply the other one:

() C(P)=CKrIK)
(i) C(P)=C(VKPIKV)

di) c@l)=c (vkp)T)

Proof: (i) & (ii) <> (iii)

Piss-k-Cs

= C(P)=C (PTVK)

= C(KPK) = C(KPTK) [By Lemma 2.1]
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Hence (i) & (ii) = C®T)=c(vrPK)T)
So,(iii) hence.
(i) & (iii)) < (i)

P is k- Column symmetric = C (P) = C (KPTK)

= C(KPK) = C(PT) [By Lemma 2.1]
Hence (i) & (iii)

= C(KPK)=C((VPK)T)
= C(P)=C(P1VK)

= C(P)=C((KVP)T)

=>Piss-kCS [By Theorem 2.2]
So, (ii) hence.
(iii) & (ii) implies (i)

Piss-k-Cs

= C(P)=C (PIVK)
= C((KPK)=C (KPTV) [Preliminary 2.1]
Hence (ii) & (iii) = C(KPK) = C(PT)

= C(P) = C(KPTK) [By Lemma 2.1]
=P isk - Column symmetric

Therefore, (i) hold. Hence the Theorem

3.s- k-Column Symmetric Regular NFM

In this section, it was discovered that there are various generalized inverses of matrices in
NFM. The comparable standards for different g-inverses of s-k CS NFM to be s-k CS are
also established. The generalized inverses of an s — k CS P corresponding to the sets P{1, 2},
P{1, 2,3} and P{1, 2, 4} are characterized.

Theorem 3.1: Let € Fn,Z €P {1,2} and PZ, ZP, are s- k-CS NFM. Then P is s- k - CS NFM < Z is
s- k — CS NFM.
Proof: C(KVP) = C(KVPZP) c C(ZP) [since P = PZP]

= C(ZVVP) = N(ZVKKVP) € C(KVP)
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Hence, C(KVP) = C(ZP)
= C(KV(ZP)TVK)
= C(PT ZT VK)
= C(Z* VK)
= C((KVZ)")
C ((KVP)T) =C(PTVK)
=C (Z"PTVK)
= C((KVPZ)T)
= C(KVPZ)
=C(KVZ)
KVZ is column symmetric & C(KVP) = N((KVP)T)
o C((KVZ)T) = N(KVZ)
& KVZis CS
& Ziss- k- CS
Theorem 3.2: Let P € Fy, Z € P{1,2,3}, C(KVP) = C((KVZ)").Then P is s-k-CS NFM & Zis s- k - CS
NFM.

Proof: Given Z €P {1,2,3}, we have PZP =P,ZPZ=Z, (PZ)™=PZ

C ((KVP)T) = C(ZT PT VK) [By using PZP = P]
= C(KV(PZ)T)
= C((PZ)7) [ Preliminary 2.1]
=C(PZ) [(PZ)T = PZ]
=C(2) [By using Z = ZPZ]
= C(KVZ) [ Preliminary 2.1]

KVP is column symmetric NFM < C (KVP) = C (KVP)T)
& C((KVZ)T) = C(KVZ)
& KVZ is column symmetric
© Zis s- x - column symmetric.
Theorem 3.3: Let P € Fr, Z €P{1,2,4}, C(KVP)T) = C(KVZ) . Then P is s- k- CS NFM & Z is s- k- CS

NFM.
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Proof: Given Z € P{1, 2, 4},

PZP =P,ZPZ=7, (ZP)T=ZP

C(KVP) = C(P) [ Preliminary 2.1]
= C(ZP) [ZPZ = Z, PZP = P] = N((ZP)") [(ZP)" = ZP]
- C(P Z1)
-C (@
= C((KVZ)T). [Preliminary 2.1]

KVP is column symmetric NFM & C(KVP) = C((KVP)T
o C((KVZ) T)=C(KVZ)
< KVZis CS NFM

& Ziss- k- CS NFM.

4.Conclusion:

Firstly, we present equivalent characterizations of an k- CS, CS, s- CS5, s-k CS NFM. Also,we
give the example of s-k-symmetric NFM is s-k- CS Neutrosophic fuzzy matrix the opposite isn't
always true. We discussed various generalized inverses of NFM and generalized inverses of an s —
k CS P corresponding to the sets P{1, 2}, P{1, 2, 3} and P{1, 2, 4} are characterized.Finally, to conclude
we have introduced the concept of secondary k-CS neutrosophic fuzzy matrices. In future we will work on
interval valued secondary k-CS neutrosophic fuzzy matrices.
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Abstract: This paper presents the study of the effectiveness of horizontal transfer of local isolates of
the pathogenic fungus Beauveria bassiana (Balsamo) on adults of olive fruit fly Bactrocera oleae
(Rossi) at a concentration of 106 spores/ml in laboratory conditions (this work was carried out in
specialized scientific laboratories). In addition, it is not possible to reach the desired results in such
experiments effectively when the data and observations of the study are not clear and accurate. For
this reason, in this paper, experimental data will be presented with inaccurate or uncertain
observations using neutrosophic statistics. The purpose is to know the success of males
contaminated with pathogenic isolates in the transmission of infection to females. In laboratory
conditions through a neutrosophic reading of the study data. This proposed presentation provides
greater accuracy, flexibility, and applicability than the classic experimental design in the case of

uncertainty.

Keywords: Beauveria bassiana, bactrocera oleae, horizontal transmission, neutrosophic logic.

1. Introduction

Entomopathogenic fungi are the most common and easiest to distinguish insect pathogens. It is
characterized by its superiority in terms of species, the wide range of its terrestrial and aquatic hosts,
and its ability to form spores with which to resist unsuitable environmental conditions. In addition,
it would have been possible, through these characteristics, to reach the epidemiological level if it were

not for its close association with environmental conditions such as humidity and heat [9,15,18].
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Early symptoms of infection begin with the host insect stopping feeding and losing balance with slow
movement [13]. By penetrating the fungus' hyphal cells, we notice dark black spots resulting from
the deposition of melanin at the hyphal penetration sites. The mycelium outside the insect is the most

prominent manifestation of infection [18].

Infection of insects with fungal diseases goes through four successive steps:

1. Contact between the host and the sites of germination.

2. Adhesion and germination of the sporophyte tube.

3. Penetration and invasion of the fungus into the tissues and organs of the host under
anaerobic conditions.

4. The death of the host Balsamo to the natural obstruction of the alimentary canal, bronchi, and
circulatory systems, poisoning or physiological starvation) and the production of
blastospores which are contagious, and the transition to the throwing state that ends with

sporulation on the surface of the host’s body [21].

The time required for the pathogenic fungus to kill the insect varies according to several factors,
including the stage of the insect, humidity, and the pathogenic fungus itself. Most pathogenic fungi
need 3-12 days from infection until the insect dies [18]. The fungus secretes a group of secondary
metabolites and mycotoxins that are chemically diverse and vary according to the genetic strain of
the fungus. These toxins are Beauvericin, Bas-sianin, Beauverolides, Bassianolide and Tenellin, which
kill the host by destroying its tissues and degrading its cells, in addition, the growth of the fungus
impedes the path of the blood fluid. In addition, by feeding the fungus, it depletes the nutrients
present in the host’s body, and thus the body organs of the insects infected with it die [11, 20].

These toxins can weaken and kill the insect before the mycelium fully developed inside the
insect's body [20]. The pathogenic fungus can also kill the insect through its entry into the Gut of the
larvae, killing them from starvation [12].

Many studies have proven the ability of pathogenic fungi to infect insects and cause death to
them. Therefore, this research was conducted to study the possibility of transmission of infection
from males treated with pathogenic fungi to females, from a neutrosophic point of view. This opens
the way for dealing with issues surrounding study data that are not precisely defined.

Neutrosophic means the study of ideas and concepts that are neither right nor wrong, but
between that, and this means (neutrality, indeterminacy, ambiguity, contradiction, and others), and

that every field of knowledge and experience has its neutrosophic part, that part that contains
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indeterminacy. The first to lay the foundations of the neutrosophic was the American philosopher
and mathematician, "Florentin Smarandache", who presented neutrosophic logic in 1995 as a
generalization of fuzzy logic [1,2]. As an extension of this, Ahmed Salama presented the theory of
classical neutrosophic sets as a generalization of the theory of classical sets [3,4]. The neutrosophic
has grown significantly in recent years. Many researchers have worked in the neutrosophic field of
science around the world such as Huda E. Khalid et al [16,17]. Because it formed a real revolution in
science through its application in many disciplines and scientific and practical fields [5-8]. In this
research, we highlight the application of neutrosophic logic to the study data so that we have three
cases (dead, indefinite, injured) instead of two cases as in the classical logic that does not recognize

the existence of uncertain cases.

2. Research Materials and Methods:

1-Obtaining olive fruit fly adults: olive fruit fly larvae and pupae collected from the dissection of
infected fruits collected from olive trees Taken from [14].

2-Isolation of the pathogenic fungus: An isolation of the fungus Beauveria bassiana approved, which

follows the scientific classification. According to [19].

Kingdom of fungi, Department of Ascetic Fungi, Row: Sordariomycetes

Order: Hypocreales, Family: Clavicipitaceae, Genus: Beauveria

Genre: (Balsmo.criv.) (vuill,1912) B. bassiana.

3. Search Objective

Studying the role of male olive fruit fly in transmitting infection with the fungus Beauveria
bassiana to females. Under laboratory conditions through a neutrosophic viewpoint. (That allows us
to obtain incomplete or unclear information about the transmission of infection or the emergence of

symptoms).

4. The Method of Work

The concentrations of 10¢ spores/ml of the sporophyte suspension of the pathogenic fungus B.
bassiana were tested at a rate of 5 replications. 4 males were sprayed with the sporophyte suspension
at a rate of 1 ml of the tested concentration at the age of 0-24 hours, after placing them in a glass tube

and in the refrigerator at a temperature of 4°C for a period 2-5 minutes to reduce the movement of
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flies. Then the contaminated males were added to 4 females aged 0-24 hours in plastic containers with
a diameter of 10 cm, and a height of 20 cm. 5 replicates were approved for each concentration. Males
and females were monitored, and the possibility of pathogenic fungi transmitting to females by
mating or attempting to mate in laboratory conditions was recorded, while the control males were
treated with distilled water. The plastic containers were placed in the incubator at a temperature of
25+2°C, a humidity of 60+ 5%, and an illumination of 12:12 (dark: light). The death rates were recorded
every 48 hours starting from the fourth day (when the insects had matured sexually and became able

to mate) for 8 days after treatment.

5. Results and Discussion

The males contaminated with the pathogenic fungus by spraying the sporophyte suspension in
the laboratory achieved success in transmitting the infection to the females. The death of females
started on the sixth day of treatment, while the males started on the fourth day of treatment. In
addition, the following study shows us in days (4-6-8) the Corrected death rates and infection rates,
as well as the unspecified percentages that range between the healthy and the injured who have not
yet shown symptoms.

On the fourth day. The death rate of males from the treatment was 45%, and 25% of the males

had symptoms that ranged from simple to severe symptoms such as slow motion or even stopping
movement and going up to the top of the breeding box. In addition, there are 30% (unspecified
percentage) of Males did not show any symptoms. but this does not mean that these males are
healthy, as they may be carriers of spores and are able to transmit them to females even if they are
resistant to them. As for females, no death rate was recorded, and 20% of them showed some
symptoms of the disease, such as slow movement and lack of nutrition. Therefore, 80% of females are

not determined if they are healthy or infected, but they have not yet shown symptoms of the disease.
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Female Male
Undefined A patient undefined A patient
Corrected Corrected
"He showed no who has "He showed no who has
death rate death rate
symptoms" symptoms symptoms" symptoms
80% 20% %0 30% 25% 45%

Table (1): Corrected Death Rates and Infestation of Adult Olive Fruit Fly (When Males were Treated with an
Isolate of the Pathogenic Fungus B. Bassiana in Vitro)

On the sixth day of treatment. The death rate of males reached 77.8%, as the fungus spores on it,

and its secretion of toxic toxins affected the males greatly. In addition, 15% of the infected males
showed symptoms ranging from mild to severe, and therefore 7.2% of the males were not determined
whether they were healthy or infected and did not show symptoms yet.

As for females, the death rate was 20%, and 15% of the females” showed symptoms of infection

ranging from mild to severe, and therefore 65% of females are not determined whether they are

healthy or infected and have not shown symptoms yet.

Female Male
A patient A patient A patient
Corrected Corrected Corrected
who has who has who has
death rate death rate death rate
symptoms symptoms symptoms
65% 15% 920 7.2% 15% 77.8%

Table (2): Corrected Death Rates and Infestations for Adult Olive Fruit Flies (When Males were Treated with

an Isolate of the Pathogenic Fungus B. Bassiana in the Laboratory).

On the eighth day of treatment. the death rate of males reached 90%, and 7% of the males showed

symptoms ranging from mild to severe, and therefore 3% of the males were unspecified (if they were

completely healthy or infected, the symptoms did not appear yet).
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The death rate of females reached 35%, 20% of infected people showed symptoms ranging from

mild to severe, and 45% were unspecified (healthy or injured, no symptoms appeared yet).

Male

Female

A patient A patient
Corrected Corrected | A patientwho  Corrected
who has who has
death rate death rate | has symptoms  death rate
symptoms symptoms
45% 20% %35 3% 7% 90%

Table (3): Corrected Death Rates and Infestation for Adult Olive Fruit Fly (When Males were Treated with an
Isolate of the Pathogenic Fungus B. Bassiana in the Laboratory).

6. Conclusion and Results

This paper concludes that studying the role of male olive fruit fly in transmitting infection with
the fungus Beauveria bassiana to females under laboratory conditions through a neutrosophic point
of view provides a more general and clear view (In the transmission of infection between insects).
One of the well-known classic methods ends with the insect being infected or healthy only and
eliminating the idea and the state of the existence of uncertainty. That is, it is possible that there is an
unspecified case that appears healthy (and did not show any symptoms of infection), yet it is a carrier
of the disease and causes infection. The results of the research either indicate that males are carriers
of the disease, clearly and explicitly, or infected with no symptoms yet, but they can transmit it to
females in both cases. Where the males are carriers of spores and transmit them to the females
through mating or attempting to mate, and this is the aim of the study. Thus, according to our study,
the chance of transmitting the disease from males to females becomes higher. This provides a correct
view of the shortest possible time to achieve the goal, which is the largest possible infection rate and
therefore the highest death rates, and we get rid of this insect and its damage to olive fruits as soon

as possible. We look forward soon to generalizing this study to other types of insects.

Amani Alhabib, Rafif Alhabib, Huda E. Khalid, and A. A. Salama “Enhancing A Neutrosophic Study for the Transmission
of Infection with Pathogenic Fungi from Males of Olive Fly Insects to Their Females”



Neutrosophic Sets and Systems, Vol. 64, 2024 44

Acknowledgement

This research is supported by the Neutrosophic Science International Association (NSIA) in both

of its headquarters at New Mexico University and its Iraqi branch at Telafer University, for more

details about (NSIA), see the URL http://neutrosophicassociation.org/.

Conflicts of Interest: The authors declare no conflict of interest.

References

(1]

(3]

(4]

(5]

(6]

(7]

(8]

9]

Smarandache, F, Neutrosophy and Neutrosophic Logic, First International Conference on
Neutrosophy, Neutrosophic Logic, Set, Probability, and Statistics University of New Mexico, Gallup,
NM 87301, USA, 2002.
Smarandache, F. A Unifying Field in Logics: Neutrosophic Logic. Neutrosophy, Neutrosophic Set,
Neutrosophic Probability. American Research Press, Rehoboth, NM, 1999.
A. A Salama, F. Smarandache Neutrosophic Crisp Set Theory, Educational. Education Publishing 1313
Chesapeake, Avenue, Columbus, Ohio 43212, (2015).
A. A. Salama and F. Smarandache. "Neutrosophic crisp probability theory & decision-making
process." Critical Review: A Publication of Society for Mathematics of Uncertainty, vol. 12, p. 34-48,
2016.
R. Alhabib, M. Ranna, H. Farah and A. A. Salama, "Foundation of Neutrosophic Crisp Probability
Theory", Neutrosophic Operational Research, Volume III, Edited by Florentin Smarandache, Mohamed
Abdel-Basset and Dr. Victor Chang (Editors), pp.49-60, 2017.
R. Alhabib, A. A Salama, "Using Moving Averages To Pave The Neutrosophic Time Series",
International Journal of Neutrosophic Science (IJNS), Volume III, Issue 1, PP: 14-20, 2020.
Jdid .M, Alhabib.R, and A. A. Salama, The static model of inventory management without a deficit with
Neutrosophic logic, International Journal of Neutrosophic Science (IJNS), Volume 16, Issue 1, PP: 42-
48, 2021.
Jdid .M, Alhabib. R and Salama. A. A, Fundamentals of Neutrosophical Simulation for Generating
Random Numbers Associated with Uniform Probability Distribution, Neutrosophic Sets and Systems,
49, 2022

Araujo, ].P. and Hughes, D.P. Diversity of entomopathoogens Fungi: which groups conquered the

insect body. Bio rxiv, p 3756. 2014.

[10] Alhabeeb, A. F. ,Nammour, D.H and Ali.Y.A . The pathogenicity of local isolates of Beauveria bassiana

(Balsmo) Vuill for larvae of Bactrocera oleae (Rossi. 1790), Journal Albaath University, and volume.39.

2017 (in Arabic).

Amani Alhabib, Rafif Alhabib, Huda E. Khalid, and A. A. Salama “Enhancing A Neutrosophic Study for the Transmission
of Infection with Pathogenic Fungi from Males of Olive Fly Insects to Their Females”



Neutrosophic Sets and Systems, Vol. 64, 2024 45

[11] Baverstock, J., Roy, H.E., Clark, S.J. and Bell. Effect of fungal infection on the reproductive potential of
aphids and their progeny, Presented at Soc, Inverteberpathol. Helsinki, 17:63-66. 2004.

[12] Cheung ,P.Y.K.E,A. Grula. In Vivo, events associated with Entomopathology of Beauveria bassiana for
the corn earworm (Heliothis zea) ] Econ Entomol. 39,303-313. 1982.

[13] Ekesi,S. Pathogenicity and antifeedant activity of entomopathogenic hyphomycetes to the cowpea leaf
beetle, Otheca mutabilis Shalberg .insect science and its application 31:55-60. 2001.

[14] Genc , H., Nation JL. Survival and development of Bactrocera oleae Gmelin .Diptera: Tephritidae.
Immature stages at four temperatures in the laboratory. Afr. J. Biotechnol. 7:2495-500. 2008.

[15] Hajek, A.E.and St. Leger, R.J. Interactions between fungal pathogens and insect hosts. Annual Review
of Entomology, 39(1): 293-322. 1994.

[16] Huda E. Khalid, Giingor, G.D., and Zainal, M.A.N. “Neutrosophic SuperHyper Bi-Topological Spaces:
Original Notions and New Insights”, Neutrosophic Sets and Systems, 2022, 51, pp. 33—45.

[17] Salama, A.A., Huda E. Khalid, Elagamy, H.A., “Neutrosophic Fuzzy Pairwise Local Function and Its
Application” Neutrosophic Sets and Systems, 2022, 49, pp. 19-31

[18] Macleod, D.M. and Muller.K. Entomophthora species with pear-shaped to almost spherical conidia
(Entomophthorales. Entomophthoraceae), Mycologica. In: Entomogenous fungi. Mycologica: 823-893.
1973.

[19] Roy, H. E., Steinkraus, D. C., Eilenberg G, J., Hajek, A.E. and Pell, J. K. Bizarre interactions and
endgame: Entomopathogenic fungi and their arthropod hosts, Annual.Review. Entomology, 51: 331-
375. 2006.

[20] Roberts, D.W. .Toxins of entomopathogenic fungi. In: Burges HD, editor. Microbial control of pests and
plant diseases 1970-1980. London: Academic Press .pp 441-464. 1981.

[21] Wraight, S.P. Carruthers, R. I, Bradly, C. A,, Jaronski, S. T., Lacey, L. A., Wood. P. ,& Galaini-Wraight,
S. Pathogenicity of the entomopathogenic fungi Paecilomyces spp. And Beauveria bassiana against the

silverleaf whighefly, Bemisia argentifolii. ] Inverterbrate Pathology, 71(3), 217-226. 1998.

Received: 10 Oct 2023 Accepted: 17 Feb 2024

Amani Alhabib, Rafif Alhabib, Huda E. Khalid, and A. A. Salama “Enhancing A Neutrosophic Study for the Transmission
of Infection with Pathogenic Fungi from Males of Olive Fly Insects to Their Females”


https://www.scopus.com/authid/detail.uri?authorId=57220196657
https://www.scopus.com/authid/detail.uri?authorId=57740634900
https://www.scopus.com/authid/detail.uri?authorId=57930510500
https://www.scopus.com/authid/detail.uri?authorId=57220196657#disabled
https://www.scopus.com/authid/detail.uri?authorId=57077921900
https://www.scopus.com/authid/detail.uri?authorId=57220196657
https://www.scopus.com/authid/detail.uri?authorId=57352919800
https://www.scopus.com/authid/detail.uri?authorId=57220196657#disabled

Neutrosophic Sets and Systems, Vol. 64, 2024
University of New Mexico

._.:

The neutrosophic quaternions numbers

Yaser Ahmad Alhasan’*, Basel Hamdo Alarnous? and Iqbal Ahmed Musa?
Deanship of the Preparatory Year, Prince Sattam bin Abdulaziz University, Alkharj, Saudi Arabia; y.alhasan@psau.edu.sa
2Faculty of science, Department of Mathematics, Albaath univetsity, Sytia.; barnous.@albaath-univ.edu.sy

3Deanship the Preparatory Yeat, Prince Sattam bin Abdulaziz University, Alkhatj, Saudi Arabia.; i.abdulah@psau.edu.sa

“Cortesponding author: y.alhasan@psau.cdu.sa

Abstract. This article aims to study the neutrosophic quaternion numbers, where we defined the
neutrosophic quaternions numbers and the two equal neutrosophic quaternions numbers, also, the
neutrosophic quaternions numbers algebra were introduced by studying addition, multiplication,
division and conjugate of a neutrosophic quaternions number. In addition, we have discussed how

to calculate the absolute value of a neutrosophic quaternions number and its inverted.

Keywords: neutrosophic; quaternion numbers; division; multiplication; the absolute value of a

neutrosophic quaternions number.

1. Introduction and Preliminaries

In an attempt to replace the current logics, Smarandache introduced the neutrosophic logic
to illustrate a mathematical model of redundancy, uncertainty, contradiction, unknown, ambiguity,
undefined, inconsistency, vagueness, imprecision, and incompleteness. Smarandache defined
neutrosophic real number [2-4], probabilities according to neutrosophic logic [3-5-13], the
neutrosophic statistics [4][6], he has also introduced the concept of integration and differentiation in
neutrosophic [1-8]. Madeleine Al- Taha presented results on single valued neutrosophic (weak)
polygroups [9]. Chakraborty utilized pentagonal neutrosophic number in networking problems, and
Shortest Path Problems [11-12]. Yaser Alhasan probed the concepts of neutrosophic in the complex
numbers [7-14-10].

Paper consists of 3 sections. In 1th section, provides an introduction, in which neutrosophic
science review has given. In 2th section, frames the neutrosophic quaternion numbers. In 3th section,
a conclusion to the paper is given.

2. Main Discussion

The neutrosophic quaternions numbers

Definition1
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We call the numbers that take the form:
@ =C¢+dl+v,=¢+dl+ (¢ +d)i+ (& +do0)f + (¢ + dsDk

the neutrosophic quaternions numbers, denoted by symbol Hy; where ¢, d,c,,dy, ¢, dy, é5,ds
are real numbers, while | = indeterminacy and 1, J, k are units such that:

R~
= =¢

I
|
e~

We can noted that every neutrosophic quaternions number has two parts, a neutrosophic real
(scalar) part and a neutrosophic vector part, where:

¢ +dl is the neutrosophic real (scalar) part and (c’1 + dll)i + (c’z + dzl)j + (6'3 + d'31)lz is the
neutrosophic vector part

Example 1

1) q=3+71+(-4+8Di+ (7 —v31)j -G+ 9I)E
2) q=4i+G+Dj+(-1+2Dk

3) q =3I+ 2+3Di+ (-1+ 2Dk

4) q=6+1+(9—4Di

Note:

V' 0y, =0+ 01+ (0+0Di+ (0+0Dj+ (0+ 0Dk
4 OHN :1+OI+(0+01)i+(0+01)j+(0+01)l?

Definition2
Let gq;, p; € Hy where:

q=¢+dl+v,=¢+dl+ (¢ +di )T+ (& + do D)) + (¢ + dsD)k
pr=d+bl+1 =d+bl+ (dy + b )l + (& + b1 )j + (ds + b3l )k
then: q; = p; if and only if:
é = d and le = ‘li[
hence:
C’1+d,11=d1+b,11 = C’lz Ofland d1:61

& +d, =d,+b,] = ¢, = dy,and d, =b,

C’3 + d’31 = d3 + b’31 = C’3 = ()."3 and d,3 = b,3

2.1 The neutrosophic quaternions numbers algebra

2.1.1 Addition of the neutrosophic quaternions numbers

Let q;, p; € Hy where:
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q=¢+dl+v,=¢+dl+ (¢ +di DU+ (& + do)j + (& + dsDk
pr=d+bl+1, =d+bl+ (dy + b 1)U+ (& + b1)j + (ds + b5l )k

then:
a +p = (¢+dl+9)+ (¢ + bl +4)
= ((é +ad)+(d+ B)I) + ((c’1 +dy) + (by + d'l)l) I+ ((c’2 +dy) + (b, + d’z)l)j
+ (¢ + i) + (b + da)1 ) k
Example 2

Let g =8+71+ (=5+8Di+ (7—4Dj— (5+9Dk andp, =21+ (2 —-3Di+ B -Dj+ (-1 +
2Dk

then:

G +p=B+71+(=5+8Di+ (7 —4Dj— (G +9Dk)+ (21 + 2 -3DI+ 3 - Dj + (-1 + 2Dk)
=(8+9N+ (=3+5Di+ (10 = 50)j + (=6 — 7Dk

Note:
v Clearly, zero is neutral for addition.
v For every number q; € Hy, its additive counterpart is:

2.1.2 Multiplication of the neutrosophic quaternions numbers

Let q;, p; € Hy where:

@ =C¢+dl+v,=¢+dl+ (¢ +d)i+ (¢ +doD)f + (& + dsDk
pr=d+bl+1; =d+bl+ (dy + by 1)l + (cy + bo1)j + (5 + dsI)k

then:
q.pr = (¢ +dl +v,)(d + bl +4))

=[é+dl+ (¢ +diD)i+ (& + doD)f + (& + dsl)k][d + b + (dy + ByI)U + (b + byI)]
+ (s + B3|

= (¢+dn)(d+bI)+ (¢ +dI)(dy + by I)T + (¢ +dI)(dy + byI)] + (¢ + dI)(ds + bl )k
+ (a4 bI1)(¢, + di )i+ (¢4 + di1)i(dy + by I)T+ (¢4 + dy1)i(dy + byI)f
+ (¢ +di )i (s + bsD)k + (& + bI)(¢, + dy1)j + (g + by 1)i(¢, + dyD)f
+ (dy + bo1)J(¢ + dy)f + (ds + bsl)k(cy + dyI)f + (& + bI)(c5 + dsI)k
+ (5 + dsI)k(dy + by 1)U + (&5 + dsl)k(dy + byI)] + (&5 + dsl)k(ds + bl )k

=(¢+dn)(a+bI)+ (¢+dI)(dy + b )T+ (¢ +dI)(dy + byI)] + (¢ + dI)(ds + bsI)k
+ (¢ + b1)(¢ + dy1)T = (¢, + dyI)(dy + byI) + (¢4 + di1)i(cty + boD))
+ (¢, +di )i (s + b Dk + (& + bI) (¢, + dy1)f + (g + by1)i(¢, + dyl)f
— (dy + boI) (¢, + dyl) + (s + bk (&, + do)j + (& + I (¢ + dsI)k
+ (&5 + dsl)k(dy + by 1)U + (&5 + dsD)k(dy + byl1)j — (&5 + dsl)(d5 + b3l)
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= (¢+dI)(d+bI) = [(¢, + diI)(dy + b)) + (dy + byI)(¢y + dal) + (&5 + dal) (5 + bsl)]
+ (¢ +dI)[(cty + ByI)T + (dy + byI)] + (s + b3])k]
+ (a+b1)[(¢, + dyI)i+ (& + dyI)f + (&5 + dsl)k] + (¢) + dyI)(dy + byI1)E
— (¢, + dy1)(ds + bsl)j — (¢ + dol ) (dy + by D)k + (¢ + dy1)(ds + b3
+ (&5 + dsl)(dy + by1)j — (& + dsl) (dy + byI )T

we can write it by the form:

q.pr = (¢ +dI)(&+bI) — .4, + (¢ + dI; + (& + BT, + v, X 1
where:
vy = (¢ + diD)(dy + byl) + (& + doI)(dy + bol) + (&5 + dsl) (s + bsl)

1 j k
VX = ¢ +dil &G +dyd G+ dsl
&y + byl dy+ byl dy+ bsl
Resultl:

Multiplication of the neutrosophic quaternions numbers is not commutative because:
Uy X U; # Uy X v
Example 3

Let q=2+I1+1—4Di+ B-3Dj+ (6 +4Dk andp, =71 + (3 —3Di+ (2-5Dj + (-4 +
2Dk

then:

o =2+I1+1—-4DI+ B -3Dj+ (6+4Dk)(71+ 3-3Di+ (2 —5Dj + (-4 +
2Dk)
=141 + 71 — [3—=31 —12] + 121 + 16 — 40l — 6] + 15 — 24 + 12] — 16] + 8I]
+[(6— 61+ 31 =301+ (4 — 101 + 2] —51)] + (—8 + 41 — 41 + 21)k]
i 1 k
+[(71 = 28D + (561 — 2I)j + (421 + 28Dk| + |1 — 41 8_]31 6 + 41
3—-3] 2-5] —4+2I

=211 — (=5 —30I) 4+ (6 — 61)i + (4 — 131)j + (=8 + 2Dk + 2111 + 54I] +
701k + (—45 + 641)i + (22 — 281)j + (22 + 34Dk

=5+571+ 39+ 79Di+ (26 — 131)j + (12 + 1061k
Result2:

1) The neutrosophic quaternions numbers Hy is closed in relation to the addition operation, as
the product of adding two neutrosophic quaternions numbers is a neutrosophic quaternions
numbers, its real part is(¢ + &) + (d + B)I, and its vector part is:

((c’1 +dy) + (b + d'l)l) I+ ((c’2 +dy) + (by + d'Z)I)j + ((c’3 +ds) + (bs + d'3)1) k.

2) The neutrosophic quaternions numbers Hy is closed in relation to the multiplication
operation, as the product of multipl two neutrosophic quaternions numbers is a neutrosophic
quaternions numbers, its real part is(¢ + dI)(d + bI) — v.4;, and its vector part is(¢ +
dv, + (& + bI ), + v X ;.

3) Multiplication accepts distribution on addition from the right and the left, so if we have three
neutrosophic quaternions numbers q;,p;,1; € Hy, then:
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a(pr+ ) =q.p + a1
o+ ma =pq +1.q

4) The neutrality of multiplying numbers is 1 + 0]

2.2 The neutrosophic quaternions numbers conjugate
Definition3
neutrosophic quaternions number conjugate define by the following form:
Example 4
i g =28+4l+ (14 —17Di+ (17 = 3D)j — (77 — 45Dk
= q; =28+41— (14— 17D — (17 = 3Dj + (77 — 45Dk
i. ¢=0-13Dj+0O@-Dk = g =-1-13Dj— (9 -Dk
Result3:

1. The neutrosophic quaternions number conjugate of q; is the same The neutrosophic
quaternions number g;.

@ =dqr
Proof:

Let q; € Hy, where q, = ¢ + dI + v, then:
g =c¢+dl -
@ =(+dl—-v)=¢+dl+v,=q,
2. If g =¢+dl+v,=¢+dl+ (¢ +d )i+ (& + dyl)j + (65 + ds)k

then:
> q+q =2(¢+dI)=Re(q)

> q—q =29 =2(¢ +di1)i+2(c, + dy1)f + 2(¢5 + ds)k = V(q))

where Re(q;) is the neutrosophic real part (scalar) of the complex number and V(q;) is the
neutrosophic vector part.
3. The neutrosophic quaternions number is real (scalar) if and only if q; = q; , and it is vector
if and only if q; = —q;.

Remarksl1:
9y 41, = @iy + 41,

Proof:

Let q;,,4;, € Hy, where
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@ =¢+dl+v,=¢+dl+ (¢ +di )i+ (& + dyI)j + (¢ + d3I)k
qr, =C¢+dl+9; =¢é+dl + (& +d DI+ (& + doDf + (& + dsDk

then:
Gy +ar, = (c’+dl+c’+cfl1)+(c’1 +d,I+ ¢ +(f11)i+(c’2 +d, ]+ 6 +(f21)j+(c'3 +dyl +
&+ d}l)l?
a, Fa, = (c’+d1+c’+él)—(c’l+d11+51+J11)i—(52+d21+62+c521)j
- (c'3 +dyl 4+ &5 + d}l) k

= ¢+dl— (& +d )i — (& + dyD)j — (& + dsDE + é+ dI + (& + dyi DT + (& + dy 1)) +
(& + dsDk

=q,tq,
Theorem1

The conjugate of multiplication two neutrosophic quaternions numbers is equal to the
multiplication of their two conjugates.
q1-01 = P1-qr
where q;, p; € Hy

Proof:
Let q;, p; € Hy where:

q=¢+dl+9,=¢+dl+ (¢ +dy DU+ (& + doD)j + (¢ + dsl)k
pr=d+bl+1; =d+bl+ (dy + by 1)l + (cy + bo1)j + (5 + dsI)k

then:
q.-pr = (6 +dI +9,)(d + bI + 1))
= [é+dI + (¢ + dy D)1+ (& + dyI)f + (65 + ds1)k][d + bI + (dy + by I)T + (&, + by1)f
+ (ds + b31)k|

= (¢+dn)(a+b1)—[(¢, +diI)(dy + byI) + (dy + byI) (¢ + dyl) + (&5 + dsl)(ds + bsl))]
+ (¢ +dn)[(cty + ByI)T + (dy + byI)J + (b3 + b3])k]
+ (& +b1)[(¢, + dyI)T+ (& + dyI)f + (&5 + dsl)k] + (¢y + dy1)(dy + byI)E
— (¢4 + diI)(ds + bsl)j — (& + dyl)(dy + By )k + (&, + dol) (s + bsl)E
+ (¢ + dsI)(dy + byI)j — (& + dsl)(dy + byl)E

we can write it by the form:

qr.pr = (6 +dI)(d + bI) — v, + (¢ + dD)ud; + (& + b1V, + v, X 1

where:
v = (¢ + dyI)(dy + byI) + (& + dyI) (dy + bol) + (&5 + dsl)(ds + bsl)
i Ji k
VXU = |¢ +dyd G +dy & +dsl
Gy + byl dy+ byl dsy+ byl
then:

grp = (¢+dD)(a+bI) = v — (¢ +dl; — (¢ + b)Y, — v, x4,
pr.q; = (& + bl —)(¢ +dI —v))
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- (C’g + d’31)ié]

= (a+b1)(¢+dI)— (¢ +bI)(¢, + dyI)i— (¢ + bI) (¢, + dyI)f — (& + bI)(c5 + dal )k —
(¢+dn)(cy + b )T — (dy + by I)(¢, +dyl) + (g + by ) (6, + dol )k — (dy + byD)(¢ + dsl)f — (¢ +
dI)(d, + byI)j — (g + bal)(¢y + dy1)k — (dg + byI)(¢y + dyI) — (b, + boI) (65 + dsl)U — (¢ +
dI)(ds + bsl)k + (5 + bsl)(¢y + dyI)] — (d3 + bal) (¢, + dal )T — (ds + bal) (5 + dsl)

= (a4 bI1)(¢ +dI) = (dy + byI)(¢y + dyI) — (dy + boI) (&, + dal) — (s + bsI)(c5 + dsl)
—(¢+dD)(dy + by 1) — (¢ + dI)(cty + byI)] — (¢ + dI)(ds + bs] )k
— (@ +bI)(¢, +d D)t — (¢ + bI) (&, + dy1)j — (& + bI)(c5 + dsl )k
+ (dy + b 1) (& + dyD)k — (dy + byd) (¢ + dsl)f — (dy + byI)(¢y + di])E
— (dg + BI)(¢5 + d3I)U + (cbs + bsl)(¢y + dy1)f — (s + b3I)(cy + d,1)E
= (¢+dI)(d+bI) = v, — (¢ + dDuy — (& + bI)v, — v, x4,

= 4.0 =P q

2.3 The absolute value of a neutrosophic quaternions number

absolute value of a neutrosophic quaternions numbers defined by the following form:

lq,| = \[(c’ +dN? + (¢, +diD? + (¢, + dy])? + (65 + dy)?
Example 5

Let q; =1—4I +Ii + 2Ij — Ik, then:

lq,| = \[(c’ +dN? + (¢, +diD? + (¢, + dy])? + (65 + dy)?

=J(A—4D2+ (D2 + (212 + (I)?

=V1-8I+16] +1+4l+]
=1+ 141
Vi+14l =x + yl
1+ 141 = x? 4 2xyl + y?
by identifying we get:
{ x2=1
y?+2xy = 14

Since the absolute value is positive, we take: x =1

then:
y24+2y=14 = y*+2y—-14=0
—24 215
y =T 1 VTE 229
Therefore,
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lqil = J(A—4aDZ+ (D% + @DZ+ (D = 1+ 291
Theorem?2

Let q €Hy wheree q =¢+dl+v,=¢+dl+ (& +d DI+ (&+dD)j+(G+dsDk
multiplication the absolute value of g; by its conjugate equals to square of the absolute value of q; .
a-q = lal?

Proof:
q=C¢+dl+v,=¢+dl+ (¢, +d )i+ (¢ +dol)f + (& + dsDk
= q=¢+dl—v, =¢+dl— (& +dI)i— (& +dy1)f — (¢ + ds)k
Q@ = (¢ +dD*(¢ +dI - ;)
= (¢+dD)* = (¢ +dI)v, + (¢ + dI)v, — v v
= (¢é+dI)’ - v.9,
= (¢ +dD? + (¢, + diD)? + (&, + dp1)? + (65 + d31)? = |q;?
= q.q =gl
Example 6

Let g, =2— 61+ 3Ii+ (1 + 2)j — 5k, then:

ar-q; = la;|?

= (2= 61)% + 91 + (1 + 2I)?
=4 — 241 +36] + 91 + 1+ 4 + 4]

=54 29/
Remarks2:

Let q; € Hy, then:

1) gl =gl = 1—ql
2) lqr-pil = lql p;]

Proof (2):
la:- 1

1 = qr.00(qr-p1) = 41-01-01- @ = Q- 1001%. G = - Gp- i1 = i) 1oy |2

2.4 Division of neutrosophic quaternions numbers
Let q;, p; € Hy where:

q=¢+dl+9,=¢+dl+ (¢ +dy DU+ (& + do D)) + (¢ + dsD)k
pr=d+ Dbl +1; = d+ bl + (dy + b I)i + (cby + by1)] + (&5 + dsl)k

then:
q _¢+dl+9
pr &+ bl +1i

multiply the numerator and denominator by conjugate of p; we get:

qr _ (é+dI+v,)(d+ bl —i;)

pr (& +bl+1,)(d + bl — 1))
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_(e+dr+v)(a+bl—4)
(¢ + bI)* — (ui})?

_(e+dn)(a+bI1) — vy + (¢ +dD)v; + (& + by + ¥, x
(¢ + bI)* — (ui})?

where:
vy = (& + diI)(dy + byl) + (& + dol)(dy + bol) + (&5 + dsl)(¢5 + dsl)
i Ji k
VXU = |6 +dyd G +dy] & +dsl
&y + byl dy+ byl dy+ bsl
and (¢ +b1)" = (ip)? = (& +b1) + (cdy + B)" + (dy + B,1)" + (& + dsl)’
Example 7

Let q; =2+ (1 —4Di —3Ij + (6 + 4Dk and p; = 71 — 2Ii + (2 — 51)j + 4k

then:
q 2+ 1 —4D1—-3I]+ (6 + 4Dk
pr 7I—2Ii+ (2 —5Dj+4k

2+ @ —4D1 =31y + (6 +4Dk)(71 + 21T — (2 — 51)] — 4k)
(71 -20i+ (2 = 5D)j + 4k)(71 + 21T — (2 — 51)f — 4k)

2+ @ —4nt=3Ij+ (6 + 4Dk) (71 + 211 — (2 — 51)] — 4k)
(712 — (=211 + (2 — 51)f + 4k)°

244451 — 1811+ (=4 + 11Dj + (8 + 28Dk + (12 — 30D + (4 + 4D + (=2 — Dk
B 49] — (=41 — (2 - 5D% — 16)

244451+ (12 —48D1 + 1517 + (6 + 27Dk
B 20 + 91

24445 12-480 15 6+271,
T 2049 " 2049 ‘T20+91' T20+01

—6+1711+<3+2671>“+<151>“+<3+2431>E
57125 "5 7125 ) T \29° )7 " \10 " 200

2.5 Inverted Neutrosophic quaternions numbers

Definition4
We define Inverted q; € Hy as q;~! € Hy, whereas:

a-q t=q g =1y,
whereas: q; # Oy,

Remark3:
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2 _
lg;1? = q;.q@ = q= 4] = q "= a
a lq;1?

Proof:
Let q, € Hy where: q; = ¢+dl + v, =¢+dl + (¢, + dy )i+ (&, + do1)j + (&5 + d31)k, then:
1 1

-1 _ —
@ é+dl+ (¢ +d )i+ (& + dyD)f + (¢ + dsl)k

q =

é+dl
(a4 b1) + (dy + B D)+ (dy + ByD) + (s + dsl)’

(¢, +dil) 5
- L

(c+B1)" + (cty + b)) + (cy + 1) + (& + dsl)°
(& + dy1) ;
- p p p p ]

(c+B1)" + (cty + b))’ + (cy + 1) + (& + dsl)’°
B (& + dsl) y

(¢ +b1)" + (dy + By + (dy + By1)" + (¢ + ds)’

Example 8
1 2+1 (1-4) . (B8-3D . (644D .

211+ (1—4D)i+(8—30j+(6+4Dk 105+38] 105+38] 105+381° 105 + 381

2 29 I+< 1 + 458 >V+( 8 4 619 1),+< 6 192 I)E
=105 15015 105 T 15015 /) 105 " 15015 /7 105 15015
Remark4:
a) =q ot , whereas: p;.q; # Oy,
Remarkb5:

Since any neutrosophic complex number g; = ¢ + dl + (C'1 +d,1I )i can be written in the form:

q = ¢+dl+ (¢, +d )i+ 0j+ 0k
then:

5. Conclusions

In this paper, we introduced the neutrosophic quaternions numbers, where all algebraic operations

were studied on it. Also, we studied the absolute value of a neutrosophic quaternions number and

its inverted.
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Abstract

The Neutrosophic Bonferroni operator is a novel operator that we provide in this paper. Then the arithmetic operations
for Neutrosophic Bonferroni operator is developed which tells the existence of Neutrosophic Bonferroni operator.
Then its properties were discussed with special cases. To group decision-making issues with several attributes,
arithmetic ranking operations and the Neutrosophic approach are used. The result is compared with the existing
methodology. The suggested approach will more accurately give the decision maker the ideal attribute than the existing
system does. Neutrophic multicriteria is a method of decision-making that makes use of ambiguity to integrate various
criteria or factors—often with imprecise or ambiguous data—to reach a result. The neutrosophic multicriteria analysis
enables the assessment of subjective and qualitative factors, which can assist in resolving conflicting goals and
preferences. In Neutrosophic Multi-Attribute Group Decision Making (NMAGDM) problems, all the data supplied
by the decision makers (DMs) is expressed in single-value Neutrosophic triangular and trapezoidal numbers, which
are studied in this work and can improve the flexibility and precision of capturing uncertainty and aggregating
preferences. Studying this operator is crucial because it can be utilised to resolve multi-attribute

Keywords: Group decision making in multi-attributes using Neutrosophic(NMAGDM),Neutrosophic Bonferroni

operator, weighted Neutrosophic Bonferroni operator, Neutrosophic operator.

1.Introduction

[1] was first introduced the fuzzy set theory. This theory was used in many areas which is explained in [2]as the

essential ideas in fuzzy set theory are covered in Fundamentals of Fuzzy Sets. Its four-part structure makes it simple
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to reference both more recent and earlier findings in the subject, In [3] the definitions of the axioms pertaining to the
fundamental relationships between the entropy, distance, and similarity metrics of fuzzy collections are discussed, [4]
as Using probabilistic data, we created a novel decision-making model and aggregated the data using the instantaneous
probability idea. This kind of probability introduces the decision maker's attitude, which changes the objective
probability and in [5] as the theory and procedure of decision making are provided by the grey relational degree-based
decision making approach. The above all can deviate in various situation which was simplified by various fuzzy
members like [6] used interval valued fuzzy members produced by fuzzy disjunctive and conjunctive normal forms,
serve as a type Il fuzzy set model to depict the second order semantic uncertainty achieved by the linguistic connectives
that combine two or more fuzzy, ambiguous ideas, [7] used vague sets, [8] used intuitionistic fuzzy sets, [9] used
interval type 2 fuzzy sets, [9] used fuzzy multisets. This application was clearly explained in [10] as a method for
handling several qualities The suggested aggregation operators are used to make decisions in an intuitionistic fuzzy
environment, and an illustration is given to show the practicality and accuracy of the recommended approach, [11]
and [12]as generalization of a fuzzy set is a membership function and a non-membership function define an
intuitionistic fuzzy set. In this study, we first present a technique based on the accuracy and score functions for
comparing two intuitionistic fuzzy values. In [13], Xia et al. recently presented an intuitionistic multiplicative
preference relation to characterize the preference information provided by a decision maker over a set of objects. Next,
we develop some aggregation operators for aggregating intuitionistic fuzzy values, such as the intuitionistic fuzzy
ordered weighted averaging operator, intuitionistic fuzzy hybrid aggregation operator, and intuitionistic fuzzy
weighted averaging operator, and establish various properties of these operators. The intuitionistic multiplicative
preference relation is made up of all the 2-tuples, which can simultaneously express how much one thing is prior to
another and how much it is not. Compared to the conventional multiplicative preference relation, the 2-tuples can
more fully reflect the decision maker's preferences over objects because each component derives its value from the
closed interval [1/9, 9]. Finding a way to extract the object's priority weights from an intuitionistic multiplicative

preference relation is a key topic of research for decision making with such information.

The intricacy of the problem has increased along with the introduction of various sorts of fuzzy members.
Consequently, the Bonferroni operator was introduced as a new operator. [14] introduced the aggregation operator for
mean for the first time. With the aid of the OWA operator, this was made more generic, and [20] provides the Choquet
integral. The above-mentioned generalised approach is also provided by [21]. The Bonferroni mean(BM) operator of
interval type-2 is defined in [15]. Additionally, [16] applies this Bonferroni mean as the Bonferroni geometric mean,
which is a generalisation of the Bonferroni mean and geometric mean and can reflect the correlations of the combined
arguments. To more correctly define the uncertainty and fuzziness, membership, non-membership, and uncertainty
information could be taken into consideration using an intuitionistic fuzzy set. We go on building the intuitionistic
fuzzy geometric Atanassov To collect the intuitionistic fuzzy information of Atanassov, define the interdependence
between arguments using the Bonferroni mean. A few characteristics and unique circumstances of this mean are also

looked at [17], since it is a desired feature if the BM can capture the correlations between the input arguments. It
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seems, nevertheless, that the existing literature only discusses using the BM to aggregate crisp humbers—it does not
handle other types of reasoning. In this work, we investigate the BM in intuitionistic fuzzy environments. We construct
an intuitionistic fuzzy BM (IFBM) and discuss possible specific cases for it. Next, using fuzzy multi-attribute group
decision making (FMAGDM) scenarios in which the decision makers' (DMs') input is represented as trapezoidal
interval type-2 fuzzy sets (IT2 FS), the weighted IFBM is used to multicriteria decision making. This is done in [18].
We introduce the idea of interval possibility mean value and provide a new method for calculating the possibility
degree of two trapezoidal IT2 FS. The type-2 fuzzy geometric Bonferroni mean operator for trapezoidal intervals and
the type-2 fuzzy weighted geometric Bonferroni mean operator for trapezoidal intervals (TIT2FWGBM) are the two
aggregation techniques that we then develop and the Bonferroni mean (BM) is a crucial aggregation operator in
decision-making, as stated in [19]. A useful aspect of the BM is its capacity to record the relationship between the
individual attributes or the aggregation arguments. Proposed by Jin et al. in 2016, the extensions of the BM consist of
the optimum weighted geometric Bonferroni mean (OWGBM) and the generalised optimised weighted geometric
Bonferroni mean (GOWGBM). However, the OWGBM and GOWGBM lack both reducibility and boundedness,
which may lead to unsuitable and irrational aggregation outputs as well as poor decision-making. To overcome these
existing limitations, we propose two new measures: the generalised normalised weighted geometric Bonferroni mean
(GNWGBM) and the normalised weighted geometric Bonferroni mean (NWGBM), which are based on the
GOWGBM and the normalised weighted Bonferroni mean (NWBM).

Now, this can be expanded upon in this paper. The aggregating operations of a suggested Neutrosophic Bonferroni
operator are defined. [22] using Bonferroni power aggregation operator but the evaluation process is limited in
satisfying sum squares of non-membership and membership value. By using the above operators there will be flaws
in final calculation and that can be overcome by a proposed operator Neutrosophic Bonferroni operator which
satisfying some required properties and theorems and it is extended to weighted Neutrosophic Bonferroni operator
with its properties and theorems. Determining the concepts of neutrosophic possibility mean value and the degree of
neutrosophic possibility of two and three trapezoidal and triangular neutrosophic sets is the aim of this work. The
neutrosophic Bonferroni mean operator in triangular and trapezoidal arrangements [23].This essay attempted to give
a summary of every method that may be used to address the traffic issue [24]. It also applies the given approach to a

profit analysis decision-making problem in [25]

Thus, the paper is formulated as follows in Section 2, the basic definitions and theorems with proof of Neutrosophic
Bonferroni mean operator and theorem is given. In section 3, the properties of Neutrosophic Bonferroni operator will
be explained. In section 4, the weighted Neutrosophic Bonferroni operator is given with properties and theorems are

given. In section 5, the conclusion is given.

2. Neutrosophic Bonferroni operators:

Definition 2.1:
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Let
(TN, IN, FN)) = ((TNZ, INZ, FNY), (TNE, INE, FNE))

= (((Taf, 1a%, Fal), (T}, 1a%, Fa¥), (Tal, 1a%, Fay), (T, Ia%, Fal), (ThY, InY, FRY)),

((Tafy, Iajy, Fayy), (Tagy, lap, Fay), (Tags, Iags, Fap), (Tag, Lag, Fay,), (Thi, Th, FR))) (i = 1,2, ..., m)

represent the collection of Neutrosophic members, and we define the Neutrosophic Bonferroni mean for s,t>0 as

NBMGO((TNy, INy, FNy), (TNg, INy, FN,), .., (TNp, INp, FN)) = | = | ®Ty (sTN; @

S+t S
i#j
1 _1 _ 1
m(m-1) m(m-1) m(m-1)
1 1
tTN;) i | ®lj=1 (SIN; @ tIN;) e | ®lj=1 (sFN; @ tFN)) 1)
L#] l¢j
Theorem 2.1:
Let

(TN, IN, FN) = ((TNZ, INZ, FNY), (TNE, INE, FNE))
= (((Taf, 104, Fa), (Ta%, 1a%, Fa%), (Tal, 1a%, Fay), (T, Ia%, Fa¥), (ThY, IRV, FRY)),
((Tak,Iak, Fal), (Tal, laly, Fal), (Tak, laly, Faly), (Tak, Iak, Fal,), (ThE, IhE, FR))) (@ = 1,2, ..., m)

represent the set of Neutrosophic members, and in the case where s,t>0, the aggregation operation on (1) is likewise a

Neutrosophic member, as shown by

NBMED((TNy, INy, FNy), (TNy, INy, FNy), ..., (T Ny, INm, FNp)) = (TN, IN,FN) =
((TNY,INY,FNY), (TN, INE, FNL))where
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(TNY,INY, FNY)

1
s+t

And

®f=1 (TN @ tTN]

l$]

p <®1, 1 (STN @ tTN}]

l$]

1
pr <®1] 1 (STN @ tTNJ

l$]

i#]

1
o <®1, 1 (TN}, @ tTNj;

(TNL INE FNT)

®7-; (STNL @ TN

i#j

i#j

( o1 (STNL @ T

®7"~1 (STN; @ ¢T

i#j

i*j

(@3}:1 (STNL'Z @ tTN.

m(m-1)

m(m-1)

m(m-1)

m(m 1)

m(m 1)
o

m(m 1)
Nfz)>

m(m 1)
Ni)

m(m 1)
o

1
— (@1, 1 (sIN] @ tIN]

1
parrd (L2
1
_t®

i#j
i#j
-1 (sINZ @ tIN

li]

i#]

(@1, 1 (sIN, @ tINj,

Di—1,2,3,..,m(ThY 1’ FnY)

o
o
o

®” 1 (SINb @ tIN

i#j

lJ =1 (S[NlLl @ tIN
i#j

i#j

<®11 =1 (S[N1L3 @ tIN

l$]

( ®7"=1 (SINS @ tIN

Mi=1,2,3,..m(ThE 1nk FrE)

The proof of the above theorem is dome by mathematical induction,

Proof:

m(m 1)
ij= 1(SIN @tIN ) <®1] 1(SFN @tFN )

m(m 1)
m(m 1)

m(m 1)

m(m 1)
o) s

_t
m(m-1)
1
,—S+t<®,] 1 (sFN{] @ tFNj} )

i#j

1¢]

m(m 1)
(@U 1 (sFN{} @ tFNJ} )

i#j

1
m(m-1)
i#j

m(m 1)
(@,, 1 (sFNf, @ tFNj;

@)

Q-1 (sFN5 @ tFN

i%j

®7j=1 (SFN4 @ tFN
i#j

i%j

<®U -1 (SFNL @ tFN,

i#j

< Q-1 (SFNL @ ¢F

®)
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We start the proof by proving

®™ j=1 (sTN; @ tTN;)
i,j isnot
same

\

i,j is not
same

J\

Q™ j=1 (sTNY @ ¢TN,

®™ j=1 (sIN; @ tIN;)
i,j is not
same

i,j is not
same

\(
J\

l,j:l (SINilll S tIN]lll

\
/

ij=1 (SFN{ @ tFN,

i,j is not
same

®™ j=1 (SFN; @ tFN;)
i,j is not
same

®™j=1 (STNY @ tTNY)
i,j is not
same

®m” 1 (S[Nll2] @ tIN}Z)
i,j is not
same

®mLJ 1 (SFNlZ @ tFNJZZJ

i,j is not
same

I
(

\

®™ij=1 (STNE @ tTNY)

i,j is not
same

i,j is not
same

i,j is not

(
(

|
|
|

i,j is not
same

i,j is not
same

i,j is not
same

®™j=1 (sTNY @ tTNjZ)

®™ =1 (sTNLE @ tTN})
®™j=1 (STNh @ tTN)
®™j=1 (sTNh @ tTNY)

®™j=1 (sTNL @ TN},

i,j is not
same

o)
\(
J\
\(
J\

1]

i,j is not
same

(

min.

J
i,j is not
same

)
i,j isnot
same

)
i,j is not
same

i,j is not
same

|
|
|
|
)

®™ij=1 (SINS @ tINF)

®™ij=1 (SING @ tINY
i=1,2,3,.m(Th? 1nY FnY)

®™j=1 (SINS D tIN

®™j=1 (SINS ®tIN

®™ =1 (SINS D tIN

®Mij=1 (SING @ tINS

®Mij=1 (SFNY @ tFNJ

i,j is not
same

(
\
®™ij=1 (sFNj5 © tFNjs)

i,j is not

)

™ iz1 (SFNY @ tFNj

i,jis not
same

®™ j=1 (sFN§ @ tFN};)

i,j is not
same

1]

®™j=1 (SFNh @ tFNS)

i,j is not
same

’

’

~_

same

Q" j=1 (sFNL @ tFNS
i,j is not
same

}
}
)i
g
g
g
|

Ni—1,23,..m(ThE InkFrk)

)
|
|
|

N~
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(4)

Then by arithmetic operations on Neutrosophic we get the following equations

(((sTNl- @ tTN,)), ((s1N; ® tIN;)), ((sFN;, @ tFNj)))

(((sTN}{ @ tTNY)), ((sINY @ tINY
(
(

((G7ng @ ern)). (1N @ eINg)). (PN & ePNE))

). (PN @ ern)))
(sTNG @ tTNG)), ((sING @ tING)), ((sFNY & tFNY ))
) ( )

(sTNG @ tTNG)), ((sING @ tING)), ((sFNY @ tFNY

MUN;_1 2,3, m(ThY 1nY FrY)
(((sTNiLl @ tTNY)), ((sINg @ tINE)), ((sFN & tFNE))
(sTNS @ tTN3)), ((sIN: @ tIN)), ((sFNS @ tFNB))
)

(( )
(((sTNiL3 @ tTN5)), ((sIN @ tINY)), ((sFNS @ tFNK )
(((sTNie, @ tTNS)), ((sING @ tING)), ((sFN & thxljﬁ)))

min

i=1,2,3,...m(ThE ink Frk)

(@) form =2,

®%ij=1 (STN;®TN;) |,| ®%1j=1 (SIN; D tIN;) |,| ®%ij=1 (sFN; D tFN;) | | =
i,j is not i,j is not i,j isnot
same same same

(((sTN1 @ tTN,) ® (STN, @ tTN,)), ((sIN, @ tIN,)®(sIN, @ tIN,)), ((sFN, @ tFN,)

® (sFN, ® tFNl)))
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®%ij=1 (sFNY @ tFNY
i,j is not
same

i,j is not i,j is not

same same

(@211 1 (sTNY @ tTNY) <®2u 1 (SIN{ @ tIN])

®%ij=1 (STNY @ tTNY
i,j is not
same

®%ij=1 (SINS @ tING
i,j is not
same

®%ij=1 (SFNY @ tFNJ
i,j is not
same

2i=1 (sFN4 @ tFNj

i,jis not
same

i,j is not
same

i,j is not
same

\ \( \
) J\ J
( fig O ) ( (> ( (>
( \f \( \
\ ) ) )
) gz rse)

<®2” 1 (STN§ @ TN ( ij=1 (SINj @ tINY

min((Th”,Ih ,FhY), (Th”,lhz,Fh

i,jis not i,j is not i,j is not

same same same

®% =1 (STNiﬁGBtTMﬁ)/.\@ ij=1 (SIN§ @ tINj; / \®2 ij=1 (SFN& @ tFNj

i,j is not i,j is not i,j is not
same same same

®%ij=1 (STNE @ tTNE) || @%ij=1 (sIN @ tINS) || ®%1j=1 (sFNj @ tFN;
i,j is not i,j isnot i,j is not
same same same

<®2i,j=1 (sTN; @ tTNS) || ®%1j=1 (SIN; @ tINS) || ®%ij=1 (SFN5 @ tFN g))

same same same

®%ij=1 (STNL @ ¢TNE) || @%ij=1 (SINS @ tIN) || ®%1j=1 (sFNL @ tFNS
i,j is not i,j is not i,j is not

min((Th, Ik, FRY), (ThS, Ih%, FRY))
Therefore, for m = 2, (4) is right

Suppose we assume that (4) is true for m = k, which is given by the following equations
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( ®ki,j=1 (STNi @tTNj)

k k
®"“ij=1 (sIN; @ tIN)) ij=1
i,j isnot i,j is not i,jis not
same same same

(

*ij=1 (STNY @ tTN] \

A\

®* =1 (sINY ® tIN]l{
i,j is not
same

i,j is not
same

k L
®"“ij=1 (sTNh @ tTN/
i,j is not
same

®"ij=1 (sINs @ tIN}

i,j is not
same

’ ’

( ij=1 (STNilzl S tTNjLZI < ij=1 (SINllZJ @ tINJLZI (
i,j is not i,j is not
same same
<®ki.]’—1 (sTNG @ tTNj ) < iji=1 (SING @ tINj ) (
i,j is not i,j is not
same same
(@ki.j—l (sTN; © tTNjZ)) <®ku 1 (sING © tIN; <
i,j is not i,j is not
same same
_ Miz123,..k(thY 1Y FrY)
(@" ij=1 (STN5 @ tTN,-ﬁ)) , <® pj=1 (SINi @ tINf) |, (
i,j is not i,j isnot
same same
®"ij=1 (sTN5 @ tTNS) |, ,
i,j is not i,j is not
same same
%))

—_
S

k L L
®“ij=1 (sTNL @ tTN};
i,j is not
same

® ij=1 (SINLZGBHNJI:L

i,j is not
same

\
)
®" i1 (sINLLzeatuvfz)>

[Fgems){eggmem)

Mi12,3,..k(ThE 1Rk FRE)

(sFN; @ tFN)) \

“ij=1 (sFN§ @ tFN}

i,j is not
same

ij=1 (SFNJ @ tFNj

i,j is not
same

u1WW®W

i,j is not
same

®"ij=1 (SFN§ @ tFNY)

i,j is not
same

®"ij=1 (sFNi @ tFN})

i,j is not
same

®"ij=1 (sFNh @ tFN))

i,j is not
same

®ki,j=1 (SFNiL3 S tFN]-L3)

i,j is not
same

®"*ij=1 (sFNE ® tFNj,

i,j is not
same

|
|
)

|

|
|
|

|
)

®)
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Now we have to prove form = k + 1

( ® sy (STN;@®tTN)) || ®“%j=s (SIN; @ tIN)) || ®“Tj=1 (sFN; @ tFN;) \
i,j is not i,jisnot i,j isnot
same same same

i,j is not i,j is not

same same same

® (B TN @ eTN,,)).

= \@ki,j=1 (sTN; ® tTIVj)) , <®ki,j_1 (sIN; @ UNj)) , (@ki,j_l (sFN; @ tF]Vj))
i,j isnot
(®Ks TN, @ tINe1)), By SN, @ tFNes)))
(

® ((@ﬁgl (STNiy1 ® tTNj)), ®*_, (sINjr ® tIN]-)) , (®§=1 (sFNip1 @ tFNj)))

(6)

Using the arithmetic operations defined for Neutrosophic member, we get

(®ks GTN ® TNy, (BIy (SIN: @ 1)) @y (SN, B tFNy,))

(( £y (STNG @ (NG 11,) ). (® (SINE @ tING1y,)) (@K, (sFNY @ tFN(‘;H)l)))
((@l L (STNY @ TN 1)), (®, (SINS @ tING.11,)), (®L, (sSFNY @ tFN(‘,ﬁH)Z))),
((@l L (STNE @ (TN 1)) ), (® (SING @ tING1113)), (®I, (SFNY @ tFN(i+1)3)))
(( £y (STNY @ tTNG 110)) (R, (SINY @ tING.1y4)), (®1y (sFNY EBtFN(l,’c+1)4)))
min ((Th” InY, FRY), (Th 1, IhY, 1, Fh,,))

(®k, (sTNE @ tTN(k+1)1)) (®L (SINE @ tIN11))), (®L, (sFNE @ tFN(LkH)l)))
(®Ls (STNE @ tTNG1y2)), (®Ly (SINE @ tING11),)), (@, (sFN5 & tFN(LkH)Z))),
(®I1 (STNE @ tTNG11y3)), (®I (SINE @ tING11ys)), (®, (sFN5 @ tFN(L,Hm)))

( i=1 (STNLIZ@tTN(kH)z})) ( i=1 (SIN ®tIN(k+1)4)) ( i=1 (SFN ®tFN(k+1)4) )

min ((ThE, IhE, FRE), (Thy, Ihf s, FhE.))

N NN

~—

And

((@ﬁ?zl (STNias @ tTN;)), (®1Ly (5INias @ tIN,)), (R (SF Nty ® tFNj)))
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(( Ky (STNG 1y @ tTNY)), (@ (SING )y @ tINY)), (@' (SFNY 41y @ EFNY ))
((®, L (STNG 10 @ tTNG)), (@ (SING4ay @ tIN)), (@ (SFNYs1yz © EFNY ))
((@ 1 (STNGs1ys @ tTNE)), (®'y (SING 115 @ tING)), (@' (SFNY 41y © LFNY ))
(( Ky (STNGs1ye @ tTNY)), (@ (SINGs1)s t11vj4)) (®Uy (SFNGsrys © tFNY )

i ((Thfesry Thliry Fhiiersy), (ThY, Ihf, FRY))
(( ®'y (STNGryn @ (TNE)), @Koy (sINGarys @ tINE)), (@K, (SFNyinyy ® tFNle))),
<(® Ky (STNEr1y2 @ tTNS)), (@, (5INE i1y @ tINE)), (®IL; (SFNGary © tFNjg))),
((®1 1 (STNGis1)s © TN 3))'(®§=1 (SINGer1ys @ ”1\’1%))'(®§=1 (SFNier1ys @ tFNjL?»)))'
(( Ky (STNEinys @ tTNS)), (@12, (51N y1y0 @ tINS)), (®ILy (SFNEyys © LFN ))
min ((Th(kny Th{is1y Fhiisr)), (Thi, Ih, thL))

j=1,2,..

The above two equations and equation (5) will applied in (6). The resulting equation will gives

i#j i#] i#]j

( 12 (sTN; e]atTN)) ( 14 (sIN; @ tIN)) ( 14 (sFN; eathvj)>

®H (sTNY @ ¢TNY)), (®1 (sING @ tINY)), (@ (sFNS @ tFNY

®1 (sTNY @ tTNG)), (/< (sINY @ tINY

(®3 (sTNG @ tTNG)), (®1 (sING @ tINg)), (®L (sFNg @ tFNY

). (@ )
). (®< (sFNY & tFNY ))
). ( ))
). (e

MRy 53 k+1(tn? in? Fad)

®I41 (TN @ ¢TNR)), (®I1 (sING @ tINY)), (@ (sFNS @ tFN)

®1 (sTNL @ tTNS) ( K41 (sINS @ tING) ), (®I1 (sFNS @ tFNS)

— —r

(®

(®

(

( ® (sTNY @ tTNY)), (@21 (sINY @ tINy
(e ):

(e ):

( K1 (sTNE @ (TN) ), (®K (sING @ tIN;
(€ ).

). (®
). (® (sFNs ® tFNJ)
(&

K1 (sTNG @ tTNE)), (@K (sIN @ tIN)),

min,

*! (sFNf;, @ tFN}; ))

i=1,2,3,..k+1(ThE 1nk FRE)
Next we prove (1) is true,
By the arithmetic operations defined for Neutrosophic member and equation),

It is verified that the below equation (1) is true for any n.
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NBM(S't)((TNll INll FN]_), (TNZI INZI FNZ)’ ey (Tan Ian FNTL))

m(m-1)
1 1
= (s o ®™ j=1 (STNi (&) tT]Vj) S ®":j=1 (SINi
\ i,j is not i,jis not

same same

1 1

i,j is not
same

m(m—1) m(m-1)
VT )
@ tIN,) / - +t\® =1 (SFN; @ tFN;) /

Now we prove some important property for Neutrosophic Bonferroni mean(NBM)

3.Neutrosophic Bonferroni properties:

Property 3. 1:

This property is also called as idempotency on NBM.

Let
(TN, IN, FN) = ((TNZ, INZ, FNY), (TNE, INE FNE))

= (((Taf, 104, Fa), (T}, 1a%, Fa¥), (Tal, 1a%, Fay), (T, Ia%, Fal), (ThY, InY, FRY)),

((Tak,lak, Fab), (Tak, 1ak, Fak), (Tak, Iak, Fak), (Tak,, 1at, Fak,), (ThE, ThE, FRA)Y)) (i = 1,2, ..., m) be the

and s, t > 0. If every (TN, IN;, FN,) = ((TNl-U, INY,FND), (TNL-L,INL-L,FNL-L)) are equal for all .
(i.8) (TN, IN, FNy) = ((TNY,INY, FNY), (TNE, INE FNE)) = (TN, INo, FNo);

((TNy, INy, FNy) = ((TNY, INY, FNY), (TNE, IN§, FNE)) then

NBMEO((TNy, INy, FNy, (TN, INy, FNg), ..., (T'Ny, INy, FNy)) = ((TNo, INo, FNg) =
((TN,IN{,FN{), (TN§, INE, FNE)) )

Property 3.2:

This property is also called as boundedness on NBM.

(TN, IN, FNp) = ((TNZ, INZ, FNY), (TNE, INE, FNE))

= (((Taf, 1a%, Fa), (T}, 1a%, Fa¥)), (Tal, 1a%, Fay), (T, Ia%, Fal), (ThY, InY, FRY)),
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((Tak, Iak, Fab), (Tak, laky, Fal), (Tak, lak, Fak), (Tak, Iak, Fak), (ThE, Ihf, FR))) (i = 1,2, ..., m) be the
set of members of the Neutrosophic and for s, ¢ > 0 and also we have ((TNY,INY,FNY), (TN%,INL, FNY)) =
(miin Taf, min/ al, minF aﬁ) , (miinTaig, min] al, minF aig) , (miinTal%, min/ al, minF al%) ,
(miinTafi, min] a?, minF aﬂ) , (miinThlV ,min/ hY, minF hY ) ‘
(miinTal-Ll, min/ aty, minF al-Ll) , (miinTa{fZ, min] ab, minF al-LZ) , (miinTaiL3, min/ aly, minF aiL3) ,

(mjnTa{:l, minlal,, mjnFal-L4) , (m,inThiL, minlhF, mjthL-L)
L i L L i L
And((TNY,IN{,FN), (TN}, INY, FNY)) =

(m_ax TaY ,maxla¥, m_axFaiUl) , (maxTailé, maxlap, maxFal%) , (m_axTailé, max/al, m_axFal%) ,
L L L i i i i i i

)

(maxTaﬂ, max/a?, maxFaff}) , (maxThf’, max/h?, mathf’)
L i i l i i
L L L L L L L L L
(m_axTail, maxla;;, maxF ail) , (maxTaiz, max/aj,, maxF aiz) , (maxTalg, max/a;, maxF ai3) ,
L L L L i L 4 4 4

(m_axTaiL4, maxl/al,, maxF a{-“4) , (maxThiL, max/h}, maxF h* )
L l i i L L
Then we have,

(TN_,IN_,FN_) < NBM(S'f)((TNl,INl,FNl), (TN,,IN,, FNy), ..., (TN, IN,,, FNm)) < (TN,,IN,,FN,)
(8)
Property 3.3:

This property is also called as monotonicity on NBM.
(TN, IN;, FN;) = ((TNl-U JNY,FNY), (TN INE, FNiL))
= (((Taf, 104, Fa), (Ta%, 1a%, Fa%), (Tal, 1a%, Fay), (TaY, 1a%, Fa¥), (ThY, IRV, FRY)),

((Tak,lak, Fab), (Taky, 1ah, Fab), (Tak, lak, Fab), (Taky, 1aky, Fak,), (ThE, ThE, FRE))) (i = 1,2, ..., m) and for
s,t = 0and

(TMy, 1M, FM) = ((TMY,IM?, FMY), (TME, IME, FME) )
= (bl 1bY, FBY), (TbY, 1bY, FbY), (TbY, 168, FbY), (TbY, IbY, FbY), (ThY, IhY, FhY)),
((Tbh, Ibly, Fbly), (Thl, Ibh, Fbh), (Tbls, b, Fbl), (T, Ibk, FbY), (ThY, Iht, FRA))(i = 1,2, ..., m) and for

st > 0 and also (T}, < ThY), (Il < IbY), (Fal < FbY)) and ((Tak < Tb), (Iak < Ibk), (Fak < Fbk))

©)
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Property 4:

This property is also called as commutivity on NBM.
(TN, IN, FN)) = ((TNZ, INZ, FNY), (TNE, INE, FNE))
= (((raf, 104, Fa), (Ta%, 1a%, Fa¥), (Tal, 1a%, Fay), (TaY, Ia%, Fa%), (ThY, IRV, FRY)),

((Tak,lak, Fah), (Tak, 1ah,, Fab), (Tak, Iak, Fak), (Tak,, 1aky, Fak,), (ThE, IhE, FRI))Y (i = 1,2, ...,m) and

fors,t = 0and
(TN', IN'y FN') = ((TN{V, IN;", FN{"), (TN;", IN{*, FN"))
= ((Taf, 1af, Faif), (Ta, 108, Faif), (Taf, 1aY, Fal¥), (Taif, 1afy, Faff), (Thi" 1KY, FA{")),

(Tajy, lajt, Faip), (Tajz, lajz, Faig), (Tags, lajz, Faig), (Taig, lai;, Fai), (TR, Ik, FRi)) (i = 1,2,...,m) be
i1 i1 i1 i2 i2 i2 i3 i3 i3 4 i4 i4 i i i

the permutation number of above Neutrosophic member and for s, t = 0. Then,

NBMO((TNy, INy, FNy), (T Ny, INy, FNy), .., (T Ny, INy, FNy)) =
NBMSD((TN'y, IN'y, FN'y), (TN, IN'3, FN'2), oo, (TN i, Iy, FN',1)) (10)

By giving parameters s, t different values, we will get different values.
4.Neutrosophic weighted Bonferroni operator:
Definition 4.1:

Let

(TN, IN, FNp) = ((TNZ, INZ, FNY), (TNE, INE, FNE))

= (((Taf, 104, Fa), (T}, 1a%, Fa¥), (Tal, 1a%, Fay), (T, Ia%, Fa¥), (ThY, IRV, FRY)),

((Tak,lak, Fab), (Tak, 1ak, Fak), (Tak, Iak, Fak), (Tak,, 1at, Fak,), (ThE, IhE, FRE))) (i = 1,2, ..., m) and for
s,t > 0and (Tw, Iw, Fw) = ((Twy, Iwy, Fwy), (Twy, Iwy, Fws,) ... (TWy,, IWp, Fwy,)) be the weight vector for
(TN, IN,, FN,) = ((TNL-U,INL-”, FNY), (TN}, INE, FNiL)), where (Tw; > 0, Iw; > 0, Fw; > 0) and Y™ Tw; +

Ximo Iw; + X7, Fw; = 1, then the Neutrosophic weighted Bonferroni operator is defined as
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NWBM(S't)((TNl,INl,FNl),(TNZ,INZ,FNZ),...,(TNm,INm,FNm))=(ﬁ Q™ =1 (s(TN)Yi B
“same
_tr _r
m(m-1) m(m-1)
wj 1 . Wi 1 .
(rn)) | R @M uN @)Y | R @M (N @
i,j is not i,j is not
same same
1
m(m—1)\
Wi
t(FN;)™) (14)

)

Theorem 4.1:

Let

(TN, IN, FN)) = ((TNZ, INY, FNY), (TNE, INE, FNE))

((raf, 1a8, Fa}), (Tal, 1a%, Fa), (Ta%, a8, Fa¥), (Tal, 1a, Fal), (ThY, IhY, FhY)),

((TaLLI'IalLl'FalLl)' (TaiLz:IaiLz:FaiLz), (TaiL3:1a{'J3:FaiL3):(TaiL4xIaiL4:FaiL4):(ThiLthiLthiL))

(i =1,2,...,n) and for s,£20 are (Tw, Iw, Fw) = ((Twy, Iwy, Fwy), (Twy, Iwy, Fwy) ... (TWy, Iwy, Fwy,)) be the
weight vector for (TN, IN;, FN;) = ((TNl-U, INY, FND), (TNiL,INiL,FNiL)), where (Tw; = 0, Iw; > 0, Fw; > 0)
and X7 Tw; + X%, Iw; + X%, Fw; = 1. Additionally, a Neutrosophic member, so we have

NWBMEO((TNy, INy, FNy), (TNy, INy, FN), ..., (TN, IN,, FN,)) = (TN, IN,,, FN,,) =

((TNY, INS, FNY), (TN, INL, FNE)) (15)

Where
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(TNY,INY, FNY)

(.

m U\Wi Wi
I s+ tk i,jL’i]s:nlot (S(TNH ® t(Tle ))
same
( \m(m 1)
1
o t\®.”.w=l TN @ e(TN)")
i,jisno /
= ( \m(m 1)
1 i
st ®mi,]’=1 (S(TNig v 6Bt(TNj )
\ i,j is not /
( \‘m(m 1)
1 ; j
s+t ®"jon (s(TNG)™ @ t(TNS)™) ’
\ i,j is not }
And

(TN, INj, FN)

1 w; wj

| @ (TN @)
same

| @ (M) @ e(ri)™)

s+t l]lljsniot : 72
same

1 wi w;j

| 7 ()" @ ()™
same

1 wi w;j

S+t ®l]lljsnlot(S(TN4) @ t(TN, 4) )
same

\m(m 1)

_1
m(m—1)

m(m )

"IN Wf)}

i,j isnot
same

.
k@mi,}q (s(ing

( m(m 1
1 wy w;
@M= (sUNZ) " @ t(ING)™)
5+t\ i,jli}snlot ? 2
same
( m(m—l)
1 wy w;
, @™ =1 (sUNE)™ @ t(INE)™)
S+t\ i,jli]snlot B 2
same
( m(m—1)
l Wi w;
Q™ =1 (sUNY)" @ t(IN} 1)\ ,
s+ t\ i,jlijsnlut " i
same
MR _1 53, m(ThY 1nY,FrY)
1
m(m—1)
1 w w
®"j=1 (sUNE)™ @ t(INf)™)
s+t l]llJS nlot n n
same
1
m(m—-1)
1 . .
| ®mn GUNE)™ @ ()™
i,j isnot
same
1
m(m—1)
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77| ®"u= (SONE)™ @ t(Ng)™)
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same
1
m(m—1)
1 w wi
, ™ (sUNE)" @ t(INR)™)
s+t 1}1115 nlot * *
same
min;

i=1,2,3,...n(ThE IhE FRE)

Now we define the property for Neutrosophic weighted Bonferroni operator

Property 4.1:

)
N

+t

“»

1
+

t

1
s+t

1

s+t

.
K@mi,j—l (s(FNi

"o (FN] W")/

i,j isnot
same
_1
( m(m—1)
w; w;j
®Mj=1 (s(FNZ)™ @ t(FNj3)™)
\ i,j isnot
same
_1
( m(m—1)
w; w;j
®mi,j=1 (S(FNig D t(FNjg l)
\ i,j isnot
same
1

i,j is not
same

( \‘m(m 1)
K®mirf:1 (s(FNE)™ @ ¢(FNE)™)

(16)
1
m(m-1)
®"j=1 (s(FNL)™ @ t(FN5)™)
i,j is not
same
1
m(m—1)
®"j=1 (s(FNE)™ @ t(FNS)™)
i,j is not
same
1
m(m—1)
®"ij=1 (s(FNE)™ @ e(FNE)™)
i,j isnot
same
1
m(m—1)
® i,j=1 (S(FN 4)WL @ t(F 4)Wj)
i,j isnot
same

(17)
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This property is also called as idempotency on NBWM.

Let
(TN, IN,, FN,) = ((TNY, INY, FNY), (TN, INs, FNL))

_ ((((Tai”l)wl (1a%)", (Faft)"), ((Taf)", (1a)", (Fa)"), ((Taf)", (1a)", (Fa)"), ((Taf)", (1a)", (Fafy)" ), (Th{., 1hY, FhY) ) )

A\ (((rak)" (1ak)", (Fak)"), (Tak)", (1a)", (Fab)"), (Tak)", (1ak)”, (Fal)™), (Tak)", (1ak)", (Fak)™), (Thb, Ih}, Fht))
(i =12,..,m) and ifevery (TN, IN,, FN,) = ((TNY,INY,FNY), (TNL,INL, FNL)) are equal for all.

(i.e) (TN, IN,, FN,) = ((TNY,INY, FNY), (TNL, INL, FNL)) = (TN, INg, FNy);

((TNy, INy, FNy) = ((TNY, INY, FNY), (TN§, IN§, FNE)) then

NBWM(”)((TNl, IN;,FN;), (TN,,IN,,FN,), ..., (TN, IN,,, FNm)) = ((TNO, IN,, FNO)
= ((TN§,IN{,FN{), (TN§, INE, FNE))

Property4.2:
This property is also called as boundedness on NBWM.

(TNy,IN,, FN,) = ((TNY, INY, FND), (TNL, INL, FNE)) =

((((Taﬁ)wr (1a})", (Faf)™),((Tah)", (1a)", (Fal)"), ((ray)", (1a%)", (Fas)"), (Tak)", (1af))", (Fay)"), (ThY, 1nY, FhY))
(((Ta{‘“i)wr (laiL1)Wr (FaiLi)W)r ((Ta{‘“z)wr (laiLz)W' (FaiLz)w)' ((Taz'L3)w' (’U—iL3)Wv (FaiL3)w)' ((Taith)w' (’az'L4)Wv (Faz'L4)w)' (Thi, Int, FhiL))

fors,t > 0 and also we have (TN_,IN_,FN_) = ((TNY,INY,FNY), (TNL,INL, FNY)) =
(miin(TaiUl)Wi , miin(laiul)wi, miin(FaiUl)Wi) , (miin(TaiUz)Wi, miin(IaiUZ)Wi, miin(Fai”Z)Wi) , (miin(Ta,%)Wi, miin(lal%)wi, miin(FaL%)Wi) ,
(miin(Taﬂ)W’, miin(laili)wl, miin(FaffL)W’) , (miin(ThlV)W’, miin(lhl@’)wl, miin(Fhf’)W’)
<(miin(Ta{“1)W‘, miin(lafl)wl, miin(Fa,-Ll)Wl) , (miin(Ta{“Z)W‘, miin(Ia{“Z)W‘, miin(Fa{“Z)W‘) , (miin(Ta{-“S)Wl, miin(la{g)wl, miin(Fa{-g)W‘) ,>

(miin(Ta,-L4)Wi, miin(lal-L4)Wi, miin(FaiL4)Wi) , (miinThiL, ml_inlhiL, miith{f)

> G(i=12..,m)and

And

(TN,,IN,,FN,) = ((TN?,INY,FN?), (TNL INE,FNE)) =

(miax(TaiUl)wi , miax(laiul)wi, miax(Fal-Ul)Wi) , (miax(TaiUz)Wi, mlax(laiuz)wi, miax(FaiUz)Wi) , (mLaX(Tai’é)wi, ml_ax(lal%)wi, ml_ax(Fal%)Wi) ,
(miax(Tafft)Wl, miax(lafi)wl, miax(Fafi)wl) , (miax(ThlV)W’, ml_ax(lhf])wl, miaX(FhlV)W‘)
((miax(Tafl)W’, miax(lafl)wl, miax(Fafl)Wl) , (miax(TaiLz)wl, mlax(la{fz)wl, miax(Fa{-“Z)W‘) , (mLaX(Ta{g)W’, miax(la{g)wl, miax(Fa{-“s)W‘) ,>

(mlgix(Tal-L4)wi, miax(lal-L4)Wi, miax(FaiL4)Wi) ) (miaxThiL, miaxlhiL, miathiL)

Then we have,
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(TN_,IN_,FN_) < NBWM O ((TNy, IN,, FN,), (TN, INy, FN,), ..., (T Ny, INy, FN,)) < (TN, IN,,FN,)

Property 4.3:
This property is also called as monotonicity on NBWM.

(TN,,IN,,FN,) = ((TNY,INY,FNY), (TN, INE, FNE)) =

(((Taf)™, Ual)¥, (Fai)™), (Tak)¥, (Tap)”, (Fal)™), (Tai)™, Uai)™, (Fai)™), (Tal)™, (af)”, (Fai)™), (ThY, Ih{, FhY)),
( ((Tak)™, Uaf)¥, (Fai)™), (Tap)", Uap)", (Fab)*), (Tai)™, (Uai)Y, (Fai)™), (Tah), Uaf,)”, (Fai)™), (Thi, Ihi, Fhi)) ) (

1,2,..,m) and for s,t = 0

and
(TMy,, IM,,, FM,,) = (TMY, IMY, FMY), (TML, IML, FML)) =

((((Tbﬁ)w, (15i2)", (FbE)™), (T082)", (1612)", (F8)"), (T088)", (16)", (Fb)"), (762)", (162)", (FE)"). (A 10y F1Y)) ) ‘.

((Crph)", (165)", (Fbl)™), (Tbh)", (16h)", (Fbls)™), (Tbh)", (1bf)", (Fbis)"), (Tbh)”, (16)", (Fb)"), (Tht. 1ht, 1Y)

1.2,...,m) and for s,¢ > 0 and also (((Ta%)™ < (TBY)™), (Uaf)™ < (IbY)™), (Fal)™ < (FbY)™)) and

((Tab)™ < (TBEI™), (Uak)™ < (UbE)™), (Fak)™ < (FBE™))
Then we have

NBWMSO((TNy, INy, FNy), (TNy, INy, FN,), ..., (T Ny, INy, FN,y))
< NBWMGOD((TMy, IMy, FMy), (TMy, IMy, FM,), ..., (TMyy, My, FMp,))

Property 4.4:

This property is also called as commutivity on NBWM.

(TN, IN,,FN,) = ((TNY,INY,FNY), (TN, INE, FNE)) =

((((Tai"l)w, (Iai)™, (Fai)™), ((Tap)", (Tak)”, (Fap)™), (Taiz)™, (Tak)”, (Fai)™), (Tai)™, (ai)", (Fai)™), (ThY, Ih{, Fhﬁ’))) (
(((Taf)¥, Ua)¥, (Faf)Y), (Tah)”, Uab)¥, (Fap)Y), (Taf)”, (ak)Y, (Fai)Y), (Taf)”, Uap)¥, (Fal)Y), (Th, Ihi, Fh)

1,2,..,n)and fors,t > 0

By giving parameters s, t different values, we have some different result.

5. Conclusion:

The classical Bonferroni mean operator and possibility degree have been extended in the trapezoidal and triangular
neutrosophic environment to better organise and model the uncertainties and indeterminacy inside multi-attribute
decision analysis. In FMAGDM, the neutrosophic Bonferroni operator can combine several decisions or evaluations

from multiple decision-makers. Neutropphic surroundings, as opposed to trapezoidal and triangular contexts, are able
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to convey the decision-makers' ambiguity, indecision, and uncertainty. Based on the neutrosophic possibility degree
and the TITRNWBM operator, we have introduced a novel approach for NMAGDM. Numerous difficult multiple-
attribute decision-making issues can be resolved with the help of the suggested Neutrosophic Bonferroni operator and
weighted Neutrosophic Bonferroni operator, both of which meet the necessary criteria and theorems. Therefore, we
see this as a starting point for future research using this operator for solving multiple attributes decision making
problems.
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Abstract. The main purpose of this paper is to determine cardiovascular exercise strategies that improve functional responses in
patients with diabetic peripheral neuropathy. The methodology used is the 6-minute walk test (6MWT) which is recognized in
the field of treatment of health problems associated with diabetes. The sample included 34 patients of different ages. One of the
difficulties we encounter in the study of these diseases is the indeterminacy and uncertainty of the diagnosis of the disease and
the treatment. They are complex diseases that require family, institutional, and medical support, in addition to the patient's total
cooperation. The processed data corresponds to laboratory tests that must be evaluated with an interpretation of normal or non-
normal depending on values given in an interval form instead of a crisp value. That is why the authors of the article decided to
process the data using Neutrosophic Statistics, where traditional methods are extended to the framework of intervals instead of
crisp numbers. Finally, we obtained a linear equation in interval form to link the measurement of “dyspnea” with the “distance
of meters traveled.”

Keywords: neuropathy peripheral diabetic, diabetes mellitus, neutrosophic numbers, neutrosophic statistics, t-test, neutrosophic
least square method.

1 Introduction

Today there are approximately 382 million people who have diabetes mellitus (DM) worldwide and the pro-
jection towards 2030 is not encouraging at all, since the WHO considers that this disease will become in the leading
cause of death worldwide, which indicates a complex health panorama shortly, furthermore that at least 10% of
diabetic patients present diabetic peripheral neuropathy, a figure that reaches up to 50% in patients who have had
the disease for at least 10 years, and at least 75% develops a very high risk of amputations.

In Ecuador the prevalence is very high since it is estimated that at ages between 20-79 years old, it reaches up
to 8.5% of the population; It is even shortly proposed that diabetes and associated neuropathies would be the
second cause of deaths in general.

Diabetic peripheral neuropathy is a very common complication of type Il diabetes mellitus. It is usually char-
acterized by significant deficits in tactile sensitivity, the sense of vibration, and proprioception of the lower ex-
tremities. Performing cardiovascular exercises is one of the most effective and beneficial strategies to reduce the
symptoms of diabetic peripheral neuropathy.
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So, the main objective of this research is to develop cardiovascular exercise strategies that allow improving
functional responses in patients with diabetic peripheral neuropathy; to verify its effectiveness. The procedure
begins with a 6-minute walk test called 6MWT, to answer the question posed in this work: whether the develop-
ment of strategies based on cardiovascular exercises can improve functional responses in patients with diabetic
peripheral neuropathy.

For the study, we decided to use neutrosophic models since the clinical problems and treatment of diseases
such as diabetes and its complications can only be studied if the uncertainty and indeterminacy of both the diag-
nosis and the treatment are taken into account. In this type of disease converge a series of biological, as well as
sociological and psychological factors. The patient must be educated to live with his (or her) illness and avoid
complications. In addition, health parameters do not correspond to a single value, but to a range of values.

Due to the aforementioned, Neutrosophic Statistics is the tool that we proposed to apply in the study of the
strategies to follow in the improvement of patients who suffer from diabetic peripheral neuropathy, since Neutro-
sophic Statistics is the generalization of classical statistics to situations where data or parameters exist in the form
of intervals, also where the size of the population cannot be precisely defined [1-3]. In our case, due to the nature
of the problem that we set out to study, where an exact normal value of heart rate or laboratory test results cannot
be determined, it is, therefore, necessary to use values in the form of interval or neutrosophic numbers. In this way,
a greater number of measurement situations for each individual are taken into account, beyond the specific situa-
tion in which the study is carried out, which increases the reliability of the experiment. In addition, we obtained
an equation to determine the number of meters that the patient can travel concerning their state of dyspnea. For
this end, we use the neutrosophic least square method ([4]). In this way, the patient can determine his (her) physical
condition for walking by measuring the state of his dyspnea. This can be extended to other variables.

This paper is divided into a preliminary section, where we present the main concepts of neutrosophic numbers
and Neutrosophic Statistics. Section 3 contains the results of the study carried out. The last section is to give the
conclusions.

2 Preliminaries

This section contains the fundamental concepts about neutrosophic numbers and neutrosophic statistics.

Neutrosophic statistics refers to a set of data, such that the data or a part of it is indeterminate to some degree,
and to the methods used to analyze these data ([1]).

In classical statistics all data are determined, this is the distinction between neutrosophic statistics and classical
statistics. In many cases, when the indeterminacy is zero, the neutrosophic statistics coincide with the classical
statistics. The neutrosophic measurement can be used to measure indeterminate data. Neutrosophic statistical meth-
ods will allow us to interpret and organize neutrosophic data (data that may have some indeterminacies) to reveal
underlying patterns. Many approaches can be used in neutrosophic statistics.

In neutrosophic probability, indeterminacy is different from randomness. While classical statistics refers only
to randomness, neutrosophic statistics refers to both randomness and especially indeterminacy.

Neutrosophic descriptive statistics is composed of all techniques for summarizing and describing the charac-
teristics of neutrosophic numerical data. Since neutrosophic numerical data contain indeterminacies, neutrosophic
line graphs and neutrosophic histograms are represented in 3D spaces, rather than 2D spaces as in classical statis-
tics. The third dimension, in addition to the Cartesian system XOY, is that of indeterminacy (I). From unclear
graphic data, we can extract neutrosophic (unclear) information.

Neutrosophic inferential statistics consist of methods that allow the generalization of neutrosophic sampling
to a population from which the sample was selected.

Neutrosophic data are data that contain some indeterminacy. In a similar way to classical statistics, it can be
classified as:

- Discrete neutrosophic data, if the values are isolated points; for example: 7 + i, where i; € [0,1], 2, 38 +
i,, where i, € [10,12];

- and Continuous neutrosophic data, if the values form one or more intervals, for example [0.05, 0.1] or [0.9,
1.0] (i.e., not sure which one).

Other classification:

- Quantitative (numerical) neutrosophic data;

For example: a number in the interval [3, 8] (we do not know exactly), or; 50, 53, 58, or 61 (we do not know
exactly);

- and Qualitative (categorical) neutrosophic data; for example: blue or red (we do not know exactly), white,
black or green or yellow (we do not know exactly). Additionally, we can have:

- Neutrosophic data univariate, i.e. neutrosophic data consisting of observations on a single neutrosophic at-
tribute;

- and Multivariate neutrosophic data, that is neutrosophic data consisting of observations on two or more
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attributes. In particular cases, we mention the bivariate neutrosophic data and the trivariate neutrosophic data.
A neutrosophic statistical number N has the following form:
N = a+ bl, where a is the determinate (known) part of N, and bl is the indeterminate (unknown) part of N
([1D).
The arithmetic operations between these numbers are summarized below ([5-8]):
Given N; = a; + b;I and N, = a, + b, two neutrosophic numbers, some operations between them are de-
fined as follows:
e N, +N,=a;+a,+ (b +by)I (Addition);
e N, —N, =a; —a, + (b; — by)I (Difference),
e N, XN, =a,a,+ (ab, + bya, + b;b,)I (Product),

N ai+bql a azbi—ab
o =L =14 21 121 (Division).

N> az+byl - ap az(a2+b2)

For example, a = 4 + I, where I € [0, 0.5], is equivalent to a € [4,4.5], so for sure a > 4 (meaning that
the determinate part of a is 4), while the indeterminate parti € [0, 0.5] means the possibility that the number a is
a little greater than 4. For example, if we have the following neutrosophic data: 3 + I; with I, € (0,0.1); 5+ I,
with I, € [4,6]; 5 + I3, with I; € [0,1]; 10 + I,, with I, € [1.1,1.5); 9 + ;.

A neutrosophic sample is a selected subset of a population, a subset that contains some indeterminacy: either
concerning several of its individuals (who may not belong to the population we study or may only partially belong
to it) or concerning the subset as a whole.

While classical samples provide precise information, neutrosophic samples provide vague or incomplete in-
formation. By abuse of language, it can be said that any sample is a neutrosophic sample since its determination
can be considered equal to zero.

The results of the neutrosophic survey are survey results that contain some indeterminacy. A neutrosophic
population is a population that is not well determined at the level of membership (i.e., it is not certain whether
some individuals belong or do not belong to the population). For example, as in the neutrosophic set, a generic
x(t,i,f) € M element i% the belonging of x to M is indeterminate (unknown, unclear, neutral: neither in the pop-
ulation nor outside).

A simple random neutrosophic sample of size N from a classical or neutrosophic population is a sample of N
individuals such that at least one of them has some indeterminacy.

A neutrosophic normal distribution of a continuous variable o2, for example, p, or o, or both can be set with
two or more elements. The most common distributions are when p, o, or both are intervals.

The formula for the neutrosophic frequency function is the same, except replaced py by p and oy by o:

2

Xn~Ny(jiy, 08) = olefﬁ exp(— %
for X, we can have two or more bell-shaped curves that have common and uncommon regions between them and
are above the x-axis. Each of them is symmetrical concerning the vertical line passing through the mean (x =

).

Let us illustrate this with a neutrosophic example for the normal distribution, let us consider a normal distri-
bution withu = 0and ¢ = [1, 2]. Therefore, the standard deviation is indeterminate.

"Within one standard deviation of the mean" is translated in this example by p+ o = 10+ [2,3] = [10 —
3,10 + 3] = [7,13], or approximately 68% of the values are in x € [7,13].

"Within two times the standard deviations of the mean" translates to p+ 20 = 10+ 2-[2,3] = 10t
[4,6] = [10 — 6,10 + 6] = [4,16], or approximately 95.4% of the values are in x € [4,16]. We could also
calculate the last interval as: [7,13]+ 0 = [7,13]+[2,3] = [7—3,13+ 3] = [4,16].

Similar to classical statistics, a neutrosophic null hypothesis, denoted by NHo, is the statement that is initially
assumed to be true. The alternative neutrosophic hypothesis, denoted by NH,, is the other hypothesis.

When carrying out a test of NHo versus NHa there are two possible conclusions: to reject NH (if the sample
evidence strongly suggests that NHg is false) or do not reject NHo (if the sample does not support evidence against
NHo).

Examples:

NHo: 1t € [90,100] NH,: p< 90,

NHa: > 100, NHa: p € [90,100], where p represents the classical average Intelligence Quotient of all chil-
dren born since January 1, 2001.

For reading applications of Neutrosophic Statistics, see [9-14].

), where Xy means Ny (+,") that instead of one bell-shaped curve

3 Results

The study was carried out in the province of Tungurahua, Canton of Ambato—Cevallos, Ecuador. With a group
of patients suffering from diabetic peripheral neuropathy. Table 1 contains a summary of the distribution in terms
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of gender, age, and obesity, among other characteristics of the subjects studied.

% of the Total number of board

Age Elderly 70.6%

Adults 29.4%
Sex Male 32.4%

Female 67.6%
Index of massbodily Low weight 2.9%

Normal 32.4%

Overweight 26.5

Obesity 29.4

Table 1. Distribution of the patients under study according to their age, gender, and body mass index.

For a patient to be included in the study, the following inclusion criteria were used:
e Patients from Atahualpa and Cevallos who present diabetic peripheral neuropathy, to whom fractional
exercises will be applied, during the period from April to September 2022.

e Patients with ages ranging from 30 to 80 years old who present diabetic peripheral neuropathy.

e Patients who freely express their participation in the study by signing the informed consent.

The exclusion criteria used were the following:

e Patients who present pathologies other than diabetic peripheral neuropathy.

e  Patients with recent surgeries.

e Patients who, due to associated comorbidities, cannot comply with the protocol in its entirety.

e Patients with severe cardiovascular disease.

To determine the sample, probabilistic sampling was selected, a method that is characterized by seeking with
great dedication to obtain qualitatively representative samples, through the inclusion of apparently typical groups,
that is, they meet characteristics of interest to the researcher with patients who are located in Atahualpa and Ce-
vallos, who present diabetic peripheral neuropathy, to whom intense cardiovascular exercises 70% to 80% will be
applied, during the period October 2022-January 2023, after evaluation and from whom the data and information
required to the development of the study.

In the study, an initial and final evaluation was developed with the implementation of an accessible cardiovas-
cular exercise protocol for patients with diabetic peripheral neuropathy, 15-minute cardiovascular exercises were
selected. A form was used to record the information on the 6-minute walk test data for each patient who applied
the test and completed it in its entirety.

The 6-minute walk test is a variety of the Cooper test, which aims to measure the maximum distance that a
person can walk for 6 minutes. The speed at which the patient walks will determine the distance in meters, that is,
a test that evaluates, in an integrated manner, the response of the respiratory, cardiovascular, metabolic, skeletal
muscle, and neurosensory systems that the individual develops during exercise.

The 6-minute test is a valid and reliable method to evaluate functional capacity in a population with cardio-
vascular problems in phase 11/111. This test is very valuable for smaller healthcare facilities that wish to document
functional improvements but do not have access to conventional treadmill testing.

Table 2 shows a summary of the other diseases associated with the patients under study.

Background Pathological Personal

Disease Frequency Percentage
None 6 35.3
Hypertension 2 11.8
Hypothyroidism 6 35.3
Respiratory 3 17.6

Table 2. Percentage of person pathological history with diseases not directly related to diabetes and its complications.

To perform numerical calculations we use neutrosophic numbers to represent the collected data. For each
aspect to be measured, the symbolic value I represents the normal range of what is measured, and in numerical
calculations it is replaced by the equivalent range. For example, for oxygen saturation the normal range is between
95-100% resting, which is why we take I = [95,100], this guarantees that if a patient has a resting saturation
equal to 96 before the study and after the study he (she) has 98%, then the difference is 0. In this case, a reference
is obtained from what is normal to what is not normal. Although this means loss of precision, in reality, it is quite
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the opposite, since at the time of the study the patient may have a certain saturation that may vary at another time,
for example, upon awakening and when the interval I is considered instead of a specific value is taking into ac-
count, then more situations are studied than the only one in which the experiment is carried out, and in this way
the dynamic behavior of these indicators is more accurately reflected.

Before performing the statistical t Test, we checked that the data satisfied the normality condition; in this case,
it was a non-parametric test of normality with the help of the Kolmogorov-Smirnov test adapted to data in the form
of intervals. Although the test resulted in the data not being distributed normally, as the sample is large enough
n = 34 > 30, it is well known that the t-test is robust enough to give reliable results in the case of large samples,
greater than 30 [15,16].

Table 3 shows the results obtained for heart rate, it reflects the average of the initial evaluation and the final
evaluation, after having the training with the exercises.

Average initial evaluation| Average final evalua-| Difference aver- | p
tion age
Frequency cardiac resting —51+1 —4.6+1 0.76 0.683
Frequency cardiac 3min —034+1 241 +1 2.75 0.561
Frequency cardiac 6min —-0.12+1 1.41+1 1.53 0.644

Table 3. Results regarding average heart rate.

The following table (Table 4) shows the results regarding the saturation levels during the initial and final
evaluation process regarding the execution of the exercises.

Average initial eval-| Average final evalu-| Difference aver-| p
uation ation age
Saturation resting —-1.81+1 —1.53+1 0.28 0.988
Saturation 3 min —259+1 —1.24+1 1.35 0.921
Saturation 6 min —0.76 + Yo 041+VYo 1.17 0.371

Table 4. Levels of average saturation.

Table 5 shows the difference in the degree of fatigue between the execution of exercises between the initial

evaluation and the final evaluation.

Average initial evalua- | Average final evalua- | Difference p
tion tion average
Fatigue resting  10.02 + | —0.1+1/ -0.12 0.253
Fatigue 3 min 2.78 + 1 2.25+1 -0.53 0.253
Fatigue 6 min 5.66 + 1 4.78 + 1 -0.88 0.121

Table 5. Fatigue average.

Table 6 below shows the results regarding dyspnea between the initial and final evaluation regarding the exe-
cution of the exercise.

Average initial | Average final Difference av- | p
evaluation evaluation erage
Dyspnea resting 0.02 +1 _01+41 -0.12 0.09
Dyspnea 3 min 0.31+1 —0.1+1 -0.41 0.14
Dyspnea 6 min 0.84 + I 0.66 + I -0.18 0.34

Table 6. Dyspnea average.

Table 7 summarizes the results regarding blood pressure.

Average initial

Average final

Difference| p

evaluation evaluation

735+1 1012 +1
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Pressure arterial diastolic resting 024 +1 012 +1 2.36 0.013
Pressure arterial systolic 6 min 16.18 + 1 16.41 + I 0.23 0.010
Pressure arterial diastolic 6 min 288+ 1 276 + I -0.12 0.501

Table 7. Arterial Pressure average.
Table 8 shows the final results regarding the distance traveled in meters and the volume of oxygen used. In the

results of the table, we do not consider neutrosophic numbers, since the measured parameters have no limits of
what is a normal parameter.

Average initial evaluation = Average final evaluation = Difference aver- p

age
Meters traveled 325.71 336.18 10.47 0.00
VO2 max 22.89 23.55 0.66 0.00

Table 8. Distance traveled and average VO2.

Finally, in the following, we consider the neutrosophic method least squares that appear in ([4]). This is an
extension of the well-known statistical method. The objective is to link the variable dyspnea as a dependent vari-
able with the variable meters traveled as an independent variable. To do this, we carry out a statistical approxima-
tion using a linear function. The Equations are the following represented by intervals.

First, we wish to obtain the coefficients of the following linear equation:

In = ay + byxy D

Where y is the approximation in interval form (or its equivalent in neutrosophic number) of the dependent
variable, ay, and by are the coefficients in numbers within intervals of the linear equation, while xy is the data of
the independent variable given in the form of intervals/neutrosophic numbers.

The approximation of the first coefficient is obtained from Equation 2.

ay = Yy — byxy (2

Where ay € [a,, ay] and for the approximation of by Equation 3 is used.

7 _ nnQaxnyn)-Cxn)Eyn)
by = ) G @)

by € [b,, by] and ny is the number of elements in the sample.

In this way, we obtained the equation I;;5, = 338.601 — 77.014ys.

Conclusion

In this article, we carry out a study of the effectiveness of applying the 6-minute walk test (6MWT) in pa-
tients suffering from diabetic peripheral neuropathy in Ecuador. The study was carried out with 34 patients who
suffer from this complication due to diabetes. Measurements were made of the results of different medical indi-
cators applied before and after the training of the patients with the 6MWT, they are namely, "heart rate", "oxy-
gen saturation", "fatigue", "dyspnea”, "blood pressure", "distance traveled" and "condition physical cardiorespir-
atory (VO2max)". Within the study, we realized that the data collected are crisp and respond to the patient's state
at a precise moment of measurement, although these parameters change over time and moment, it is for this rea-
son that we converted the data from crisp to neutrosophic numbers and we apply neutrosophic statistics methods.
Additionally, we found a statistical relationship between dyspnea and the number of meters traveled by patients
with diabetic peripheral neuropathy, based on the neutrosophic least square method.

Specifically, about the results of the method, we conclude the following:

e Itis concluded that from the state of health and physical condition of diabetic patients, the vast majority
suffer from high blood pressure that affects their health condition and is a critical factor in diabetic pa-
tients if it is not adequately controlled.

e At the end of the application of the accessible cardiovascular exercise protocol for patients with diabetic
peripheral neuropathy, which was designed with information from the initial diagnosis of the patient's
clinical histories that allowed us to know the patient's pathologies, it was determined that the test of the
6 minutes is effective to evaluate the maximum travel distance and VVO2 level in the effort between
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distance and walking, to apply 15-minute cardiovascular exercises working at an intense intensity of
70% to 80% that were carried out in 8 weeks.

e At the end of the intervention, the results in older adults with diabetic peripheral neuropathy after having
trained in cardiovascular exercises established that the development of the intervention favors systolic
blood pressure resting and during the 6-minute exercise because it adapts the need and physical activity
favors the health of patients when it is developed in a planned manner and based on their needs, regular
exercise can contribute to diabetic patients by improving their quality of life.
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Abstract. Activity Cost and Financial Management are two variables of vital importance in livestock production. This paper
aims to measure the relationship existing between these two variables within the production of beef cattle in the Coto-Coto Chilca
Livestock Fair in Peru. To do this, we selected 141 ranchers from the area to give their opinions regarding the behavior of these
two variables. The data were represented with the help of an Indeterminate Likert Scale, to capture the uncertainty and indeter-
minacy of the respondents' opinion. Survey results were compared for the two variables using a measure of neutrosophic simi-
larities. Neutrosophic similarities are used to measure the degree of similarity between two neutrosophic sets measured in certain
aspects.

Keywords: Activity costs, financial management, profitability, resource optimization, Indeterminate Likert Scale, neutrosophic
similarity measure, triple refined indeterminate neutrosophic set, refined neutrosophic set.

1 Introduction

The cost due to economic activities refers to the identification and analysis of the different activities for the
allocation of the corresponding costs. Likewise, the cost by activities has the purpose of optimizing resources by
identifying unnecessary activities and the efficient use of time, which makes it a great tool for making timely
decisions and proposing policies that improve financial indicators to generate a competitive advantage, [1]. So, the
cost by activities has the purpose of identifying highly relevant activities to assign a good cost to those that are
generating a good performance for the organization.

Financial management consists of a process that seeks to plan, organize, direct, and control the economic
activities and cash flows of organizations, to be able to make decisions regarding investment and financing issues
in addition to stabilizing the relationship between risk and profitability, [2]. Financial management refers to the
way of planning, organizing, directing, and controlling the economic movements of an organization to make fi-
nancial decisions that benefit its profitability.

At an international level, in terms of production, livestock systems have evolved towards mixed agricultural-
livestock and dairy production systems, among other changes. The rapid increase in per capita consumption of
meat and milk has been accompanied by a change in dietary patterns. However, the benefits of expanding this
activity must be carefully weighed against growing concerns about unintended consequences (particularly envi-
ronmental damage and disease outbreaks).

At the national level in Peru, livestock farming has been a primary activity for the consumption and marketing
of meat and milk, to provide income to livestock farmers through production. Therefore, farmers must know about
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breeding, feeding, and caring for animals, as well as the use of medications, supplements, and modifications to
increase production.

Due to the volatile nature of the business world, reliable cost data is essential to make well-informed strategic
decisions. Since accurate information is the cornerstone of any good choice, a flawed pricing system is a serious
failure. Therefore, companies want reliable data to make important decisions. The expenses incurred by the com-
pany provide most of the data necessary for decision-making.

This article is focused on studying the variables Activity cost and Financial management, they are concepts of
vital importance in the study of business sciences, the topic deals with the measurement of their behaviors and
focusing them on our problem, for benefiting the beef cattle producers that gather at the Coto-Coto Sunday fair,
our purpose is to determine the relationship between the Activities cost and Financial management in Beef Cattle
Producers at this Livestock Fair.

The research design is included from a non-experimental level, the sample of study was made up of 141 beef
cattle producers participating in the fair, to whom a questionnaire was applied under the Indeterminate Likert Scale
as the measurement scale, [3-5].

To measure opinion, which is subjective, it is necessary to measure the uncertainty and at the same time the
indeterminacy of the criteria given by the interviewee. That is why an indeterminate Likert scale is used to quantify
the degree of agreement-disagreement of the interviewee with the item on which they are asked to give their opin-
ion; in this case, how the two variables Activities cost and Financial management are appropriate. The Indetermi-
nate Likert Scale is based on the triple refined indeterminate neutrosophic sets (TRINS) [6], which are part of the
refined neutrosophic sets, where the component of indeterminacy is split into three other subcomponents, to obtain
greater accuracy, [7-9].

To determine the degree of relationship that exists between the two variables, we apply a measure of neutro-
sophic similarity. Neutrosophic similarity is an extension of the concept of fuzzy similarity, where the degree of
similarity between two elements belonging to different fuzzy sets is measured using the degree of uncertainty
about a certain aspect [10-11]. In the case of neutrosophic sets, specifically Single-Valued Neutrosophic Sets, we
have two additional components that are indeterminacy and falsity, which increase accuracy compared to fuzzy
sets and similarities. In this case, we adapt the similarity formulas to the TRINS, which contains two additional
components, five in total.

In this article, we divide the presentation into a Materials and Methods section, where we present the funda-
mental concepts of the Indeterminate Likert Scale and Neutrosophic Similarity. This is followed by a Results
section where the details of the study carried out are presented. We finish with the Conclusions.

2 Materials and Methods

This section summarizes the main theoretical contents that we used in the study. First, we offer the basic
notions about the Indeterminate Likert Scale. The second subsection is dedicated to remembering the basic con-
cepts of Neutrosophic Similarity.

2.1. Indeterminate Likert Scale

Definition 1 ([6]). The Single-Valued Neutrosophic Set (SVNS) NoverUisA = {< x; Ty (x),15(x), Fa(x) >
: xeU}, where Ty: U—[0, 1], [,: U—[0, 1], and F5: U—[0, 1], 0 <Tp(x) + [5(x) + Fo(x) <3.

Definition 2 ([7]). The refined neutrosophic logic is defined such that: a truth T is divided into several types
of truths: Ty, T,, ..., Ty, I into various indeterminacies: Iy, 1I,,..., I, and F into various falsities: Fy, F5, ..., Fg,
where all p,r,s > 1 are integers,and p+r +s =n.

Definition 3 ([6]). A triple refined indeterminate neutrosophic set (TRINS) A in X is characterized by posi-
tive Py (x), indeterminacy I, (x), negative N, (x), positive indeterminacy Ip, (x) and negative indeterminacy
In,, (x) membership functions. Each of them has a weight wy,, € [ 0, 1] associated with it. For each x € X, there
are Py (x), Ip, (%), Ia (%), Iy, (%), Na(x) € [0,1],
wp' (Pa(x)), wip (Ip, (3)), Wi (Ia(x)), Wiy (In, (%)), wN' (Na(x)) € [0,1]and 0 < Po(x) +Ip, (%) + [ (x) +
In,(®)(X) + Na(x) < 5. Therefore, a TRINS A can be represented by A = { (x; PA(x),1p, (%), [a(%),

In, G, Na())[x € X,
Let A and B be two TRINS in a finite universe of discourse, X = {x4,X5,..., Xy}, Which are denoted by:

A = {{x Pa(),1p, (), 14 (%), In, (%), Na())[x € X}and B = {(x; Pg(x), Ipy (x),15(x),
Ing (), Ng(X))x € X},
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Where Py(x;), Ip, (xi), Ia(x1), In, (X;), Na(x3), Pe (%), Ipg (x1), 15 (x1), Ing (x1), Np(x;) € [0, 1], for every
x; € X. Let wi(i = 1,2,...,n) be the weight of an element x; (i = 1,2,...,n), with w; = 0(i=1,2,...n)and }{L, w; =
1.

The generalized TRINS weighted distance is ([6, 12]):
2
da(4,B) = L5y w; [IPaGe) — PaCa) 12 + [1p, () — T ()| + 11 Gr) — Ip G2 +

1
/
g ) = Ty GOI* + INA ) = NpGeI4]} @

Where A > 0.

The Indeterminate Likert Scale is formed by the following five elements:

— Negative membership,

— Indeterminacy leaning towards negative membership,

— Indeterminate membership,

— Indeterminacy leaning towards positive membership,

— Positive membership.

These values substitute the classical Likert scale with values:

—Strongly disagree,

— Disagree,

—Neither agree or disagree,

— Agree,

—Strongly agree.

Respondents are asked to give their opinion on a scale of 0-5 about their agreement in each of the possible
degrees, which are “Strongly disagree”, “Disagree”, “Neutral”, “Agree”, “Strongly agree”, for this end, they were
provided with a visual scale like the one shown in Figure 1.

HNEEN | EEEEN EEEEN EEEEN EEEEN

Figure 1. Graphic representation of the proposed Indeterminate Likert Scale.

2.2. Some Notions on Neutrosophic Similarity

Definition 4: ([10-11, 13-16]) The degree of similarity between two single-valued neutrosophic sets A and B
is a mapping S: M (X) x M (X) - [0,1]3, where V' (X) is the set of all single-valued neutrosophic sets in X =
{x1, %, "+, %}, such that S(4, B) = (S7(4, B), S, (A, B), Sp(4, B)) satisfies conditions (S1)-(S4).

(S1) S(A,B) = S(B,A), VA,B € N'(X),

(S2) S(A,B) =1 =(1,0,0) ifand only if A = B,

(S3)Sy(4,B) =2 0,5,(4,B) =20,5:(A,B) = 0,VA,B € N (X),

(S4)IfA< B < C,thenS(4,B) = S(A,C) and it satisfies S(B,C) = S(4, C).

Definition 5: ([10-11]) Let 4,B € N (X) in X = {x;, x5, -, X}, then a measure of similarity between A and
B is calculated by S(4, B) = (ST (A,B),S;(A,B),Sr(4, B)), where S;(4, B) is the degree of similarity of truthful-
ness, S;(4, B) is the degree of similarity of indeterminacy, and Sz (4, B) is the degree of similarity of falsity. The
formulas for similarity are the following:

Sr(4.B) = (S [ o] ) /m (22)

max (T 4(x;),Tp(x;))

SI (A, B) =1- ( ?:1 [min Ta(xi) I (xi)) )/n (2b)

max (14(x;),1p(x))

SF(A, B) =1— ( n min (F4(x;),Fp(x;)) )/n (ZC)

=1 | max (Fa(x)),Fp(xp)
in € X.

Definition 6: ([10-11]) Suppose that for each x; € X = {x;, x5, -+, x,,} aweight w; € [0, 1] is associated such
that Y7, w; = 1. Let A,B € N(X), then a weighted similarity measure between A and B is calculated by
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Sw(A,B) = (ST(A,B),SL(A, B),SE(A,B)), where ST(A, B) is the degree of similarity of truthfulness, S}, (4, B)
is the degree of similarity of indeterminacy, and SZ (4, B)is the degree of similarity of the falsehood. The formulas
for similarity are the following:

T _yn ., [minTak)Tsx:)

Sw(4,B) = 2y wi max (Ta(x),Tp(x;)) (32)
I —q1_vn ., [mndax)le))

SwldB) = 1= Xt Wi [ e 1 x0) (30)

SF(A B) =1=5"_w: min (Fa(x;).Fp(x;)) (3C)
w ]

=10 lmax (Fa(e).Fp(xp)
in e X.

Definition 7: ([10-11]) Let A,B € N (X) in X = {x;, x,, -+, x,,}, then a measure of similarity between A and
B is calculated by L(4,B) = (LT(A, B),L;(A,B),Lr(4, B)), where L1 (4, B) is the degree of similarity of truth-
fulness, L;(A, B) is the degree of similarity of indeterminacy, and Lz (4, B) is the degree of similarity of falsity.
The formulas for similarity are the following:

ST a(c)-TR ()
L+(A,B) = 1 — ZizTa@)-Te(xpl| A
r( ) T ITaG)+TB (x| (42)

L,(A,B) = Yiz1lla(xp) =1 (x| (4b)

P IPTEDETFEIED]
_ SR IFa(x)-Fp(xy)
Le(A,B) = S IFa(x)+Fp(x)l (4c)
in € X.
Definition 8: ([10-11]) Let A,B € V' (X) in X = {xq,x,, -, x,,}, then a measure of similarity between A4 and
Biscalculated by M(A,B) = (MT (A,B),M;(A,B), Mr(4, B)), where M1 (4, B) is the degree of similarity of truth-

fulness, M; (A4, B) is the degree of similarity of indeterminacy, and M (A4, B) is the degree of similarity of falsity.
The formulas for similarity are the following:

Mr(4,B) = L BiL, (1 - AT (52)
1 IPICHREIEN]

M,(4,B) = >y, (Hat=ietol) (b)
1 [Fa(x))—Fp(xy)|

Mg (A, B) = —¥iL, (Axflg(x)) (50)

Vxl- € X.

Definition 9: ([10-11]) Let A, B € NV (X) where X = {x4, x5, ***, x,,}, then a measure of similarity based on
the distance between A and B is calculated by:

1
Traap) ©)

S1(4,B) =

Such that d (A4, B) is a distance function between the two single-valued neutrosophic sets.
Let us recall that the distance function satisfies the following axioms VA, B, C € NV (X):
(1) d(A4,B) =0andd(4,B) =0ifandonly if A = B,

(2) d(A,B) =d(B,A),

(3) d(A,C) <d(A, B)+d(B,C).

3 Results

First of all, we establish the similarity formula that we use in data processing. We start with the generalized
Triple Refined Indeterminate Neutrosophic weighted distance with the help of Equation 1. 4 = 1,2 are the two
values that define the Hamming and Euclidean distances, respectively.

We define the neutrosophic similarity on the TRINS using formula 6 combined with the distance in (1).

To collect the data, 141 cattle farmers participating in the Coto-Coto Livestock Fair in Peru were asked to
give their opinions on Activity costs per and Financial management.
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The survey must be evaluated for each question for each of the possible evaluations on a scale of 0-5 as
shown in Figure 1. 0 indicates that the given evaluation grade is not accepted and 5 means the maximum grade
for such evaluation, this step must be done on every possible evaluation. Figure 2 shows an example to rely on.

~ ~ — ~’ 7
T T OMTT OO Ol T T

Figure 2. Example of the graphic use of the proposed Indeterminate Likert Scale.

In the example in Figure 2, it can be seen that the respondent expressed grade 0 of “strongly disagree”, grade
1 of “disagree”, grade 3 of “neutral”, grade 4 of “agree”, and grade 0 of “strongly agree”. This allows us for ob-
taining greater precision in capturing the opinion and feelings of the respondent since there is not always a single
possibility of agreement-disagreement with what is asked, rather in general there is a mixture.

The steps to follow are those:

1.

2.

3.

Evaluate at all levels of opinion the degree of agreement-disagreement that an appropriate “Activity
cost” is being applied in local livestock farming.

Evaluate at all levels of the opinion of the degree of agreement-disagreement that adequate “Financial
management” is being applied in local livestock farming.

Each grade selected for each agreement-disagreement is associated with a value of 0.2. In the example in
Figure 2, it is true that “Strongly disagree” has a value of 0(0.2) = 0, “Disagree” has a value of
1(0.2) = 0.2, “Neutral” is 3(0.2) = 0.6, and so on. Finally, in the example, we have a TRINS equal
t0 (0,0.2,0.6,0.8,0).

Each of the 141 ranchers is consulted about their opinion. The data is collected and converted into the
form of TRINS. Let C(X) be the TRINS on “Activity cost” and M (X) denotes the TRINS on “Financial
management”, for each of the respondents X = {x;, x5, ..., X141}

Itis calculated d,(C, M) (Equation 1) with w; = i Vx; € X, and then the degree of similarity (Equa-

tion 6). This last index is the one required to determine the relationship between one variable and an-
other.

Figures 3 and 4 contain the bar graphs with the degree of satisfaction-dissatisfaction for each of the two vari-
ables.

0
Strongly disagree Disagree Neutral Agree Strongly agree

Figure 3. Bar chart on the degree of agreement-disagreement regarding “Adequate cost for activities” in percentage.

Michael Raiser Vasquez-Ramirez 1, Ketty Marilil Moscoso-Paucarchuco 2 ,

Manuel Michael Beraun-Espiritu  , Humberto Rafael Yupanqui-Villanueva 4, Omar Arturo Vivanco-Nuiiez ° ,
Wilfredo Fernando Yupanqui-Villanueva ¢ , Rafael Jeslis Fernandez-Jaime 7 and Edgar Gutiérrez-Gémez 8, De-
termination of the degree of relationship between Activity Cost and Financial Management in beef cattle produc-

tion in a region of Peru, based on Indeterminate Likert Scale and Neutrosophic Similarity



88 Neutrosophic Sets and Systems, Vol. 64, 2024

60

20
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Strongly disagree Disagree Neatral Agree  Strongly agree

Figure 4. Bar chart on the degree of agreement-disagreement regarding “Appropriate financial management” in percentage.

The graphs in Figures 3 and 4 do not add up to 100% of the respondents. This is because the percentage of
each of the opinions is calculated in terms of what each respondent thinks, who may have contradictory opinions
when T, (x;) + I, () + 1o () + 1p, () + Fu(x) > 1.

Specifically, the degree of “Strongly agree” was calculated by Y721 T, (x;), the degree of “Agree” by

12117 ,(x;), the degree of “Neutral” by Y121 I, (x;), the degree of “Disagree” by X121 I, (x;), and the degree of
“Strongly disagree” by Y41 F, (x;).

Each of these values was divided by 141 and multiplied by 100 and this is how the percentages shown in
both figures were obtained.

We have gotten the distance d,(C, M) = 0.433504, and therefore the degree of similarity is equal to

SYC,M) = —-— =0.69759.

1+0.433504
This is interpreted as there is a degree of similarity over the average. Thus, there is a relationship between

both measured variables.
Conclusion

Livestock activity has great cultural, nutritional, economic, and social importance in the rural populations of
all or almost all countries. It is a source of food in terms of meat and milk, it is also a source of employment, and
it maintains a traditional trade. That is why in modern times, with such high population growth, it is essential to
correctly measure and manage the economic variables that are part of the production of beef and milk. Two of
them are Activity cost and Financial management. In this work, we set out to study the behavior of these two
variables in the town of Coto-Coto, Chilca, Peru, surveying 141 ranchers who participate in the local livestock
fair. We are determined to have the greatest possible accuracy with the objective of obtaining the result that most
closely resembles reality. We also accept that opinions have biases that are based on vagueness, uncertainty, and
indeterminacy. The tool chosen was an Indeterminate Likert Scale that satisfies all these requirements. Addition-
ally, we compare the individual results of each rancher's opinion on each of the variables using a measure of neu-
trosophic similarity, in this case, adapted to the TRINS. The results show a tendency towards neutrality regard-
ing whether or not there is adequate behavior in both variables. Moreover, “Activity cost" shows a neutral behav-
ior toward the positive, and "Financial management" has a neutral behavior toward the negative. The similarity
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between both was approximately 0.7, which is interpreted as that there is a positive relationship between both
variables, therefore the improvement of one of them will imply the improvement in the other. It is recommended
as a strategy to improve these variables, one and the other to produce better conjoint results. These are only pre-
vious results; in a future work we revisit this problem with more detail.
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Abstract: Physics thrives on precision, but paradoxes in set theory reveal limitations in our
understanding of well-defined boundaries. Neutrosophic logic, challenging the excluded middle
principle, introduces the concept of "betweenness" and partial belonging. This article explores
among other things several possible avenues to resolve set theory paradoxism, including potential
applications of neutrosophic logic in cosmology and particles, from set boundary, to the
hypothetical "cosmosphere" boundary, to mixed fermion-boson condensate hypothesis.
Embracing indeterminacy and fuzzy boundaries paves the way for a more holistic understanding
of the universe's complexity.

Keywords: set theory paradoxism; boundaries of set; Neutrosophic Logic; betweenness; partial
belonging; Lakoff & Nunez

1. Introduction

The concept of infinity has captivated mathematicians and philosophers for centuries, leading
to groundbreaking discoveries and perplexing paradoxes. One such paradox stands tall: Russell's
Paradox, a logical contradiction within set theory that threatened the very foundations of
mathematics.[1] But what if the solution lay not in more complex axioms, but in a shift in our
approach, moving from abstract symbol manipulation to an "evidence-based" framework grounded
in human cognition?

Traditionally, attempts to resolve set theory paradoxism focused on constructing intricate
axiom systems, like Zermelo-Fraenkel with Choice (ZFC). While successful in formalizing
mathematics, these systems often feel removed from our intuitive understanding of infinity. Enter
George Lakoff and Rafael Nufez, pioneers in cognitive science who propose a new perspective.
They argue that mathematics, including set theory, is not an abstract, disembodied language, but
rather a product of our embodied experience and conceptual knowledge. So, how can this cognitive
lens help us tackle Russell's Paradox? Let's revisit the crux of the paradox: it arises when we
consider the set of all sets that do not contain themselves. Does this set contain itself? If it does, it
violates its own defining property. If it doesn't, then it contains all sets that don't contain
themselves, including itself, leading to a contradiction.

From a cognitive perspective, the issue resides in our attempt to apply a single, uniform
definition of "set" to all possible collections. In reality, our brains categorize and reason about
different types of collections differently. Lakoff and Nufiez propose that instead of a single "set"
concept, we consider diverse conceptual categories like collections of physical objects, abstract
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ideas, or potential actions. Each category comes with its own inherent constraints and logic, shaping
how we reason about its members.

Applying this framework, we might recognize that the problematic "set of all sets that do not
contain themselves" belongs to a category that is fundamentally self-referential and unbounded.
Such a category may not be amenable to the same logical rules as collections of physical objects or
finite sets. Recognizing this cognitive limitation, we can avoid the paradoxism by simply excluding
such self-referential categories from our formal set theory, focusing instead on well-defined,
grounded collections.

This "evidence-based" approach does not negate the value of formal systems like ZFC. Instead, it
complements them by acknowledging the cognitive underpinnings of mathematics and
emphasizing the importance of aligning formal structures with our intuitive understanding of the
world. This can lead to a more "healthy" and accessible mathematics, less prone to paradoxes and
closer to how humans naturally reason about quantity and infinity.[3]

Furthermore, this shift can open doors to exploring alternative set theories that better reflect
different cognitive perspectives. Imagine set theories inspired by spatial reasoning, probability
judgments, or even social interactions. Such explorations could not only enrich our understanding
of infinity but also provide valuable insights into the cognitive diversity of mathematical thinking.

While Lakoff and Nufiez's approach is in its early stages, it offers a promising avenue for
addressing long-standing mathematical challenges. By embracing the evidence of our embodied
cognition, we can move beyond abstract symbol manipulation and develop a more natural,
"evidence-based" approach to mathematics, paving the way for a more inclusive and vibrant
understanding of infinity.

2. Materials and Methods

The method used here is analysis and analogy with well-defined problems such as cell biology,
diffusion and osmosis etc. toward rethinking of set theory paradoxism [6], especially in light of
evidence-based physics and evidence-based mathematics. Recent literature which are relevant to
the theme of this article have been cited.

3. Results

3.1. Approach #1: Cell model as boundary to any set, diffusion-osmosis interpretation to set
paradox

The shadow of Russell's Paradox(-ism) looms large over set theory, its logical contradiction
threatening the very foundations of mathematics. Traditional solutions focus on complex axiom
systems, but what if the answer resides not in abstract symbols, but in the concrete world of living
cells? This article proposes a novel "cell model" inspired by Lakoff and Nufez's cognitive science
approach, utilizing the concepts of diffusion and osmosis to shed light on the paradox.

Imagine a set as a living cell, bounded by a semipermeable membrane. This membrane
regulates what enters and exits the set, just as a cell membrane controls the flow of molecules.
Elements within the set are like nutrients inside the cell, while the surrounding "soup" represents
potential members waiting to join.[1][2]

Now consider Russell's problematic set — the set of all sets that do not contain themselves.
According to the cell model, this set's defining characteristic acts as a selective membrane. It allows
sets that don't contain themselves to "diffuse” in (like nutrients), but it should also allow itself in, as
it doesn't contain itself, leading to contradiction.

Here's where the concept of osmosis comes in. Osmosis describes the spontaneous movement
of molecules across a semipermeable membrane to equalize concentrations. Applied to our cell
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model, osmosis represents the inherent tendency of sets to be consistent and avoid paradoxes.
When the problematic set tries to "diffuse" in, due to its self-referential nature, it triggers an "osmotic
pressure" within the set. This pressure, analogous to the corrective force in osmosis, prevents the
paradox by pushing the problematic set back out. Essentially, the set's defining characteristic itself
acts as a barrier, preventing its own inclusion and maintaining consistency.

This model aligns with cognitive principles. Our minds naturally categorize and reason about
collections differently, understanding physical objects differently from abstract ideas. The cell
model reflects this, treating different types of sets as distinct "cells" with unique membranes and
osmotic pressures.

This approach offers several advantages. It provides a more intuitive understanding of set
boundaries and avoids complex formal machinery. It emphasizes the inherent limitations of self-
referential sets, aligning with our cognitive constraints. Furthermore, it suggests alternative ways to
think about set theory, inspired by biological processes like osmosis and cellular dynamics. While
the cell model is a first step, further development is needed. Refining the analogy, exploring
implications for different set types, and formalizing the osmotic pressure concept are crucial next
steps.

In conclusion, the cell model and its osmosis interpretation offer a promising evidence-based
approach to the set theory paradoxism. By grounding abstract concepts in the familiar world of
living cells, we gain a new perspective, highlighting the importance of cognitive limitations and
inherent dynamics within sets. This approach opens doors to a more intuitive and inclusive
understanding of infinity, enriching both mathematics and our understanding of human thought.

3.2. Approach #2: Exploring Cognitive Constraints: A Categorical Approach to Set Theory Paradox

This section explores how our cognitive limitations influence our understanding of infinity and
contribute to paradoxes like Russell's paradox(-ism); cf. [3]. Drawing on the work of Lakoff and
Ntfiez, you could:

- Analyze the cognitive categories we use to reason about collections, highlighting differences
between physical objects, abstract ideas, and potentially unbounded sets.

- Explore how these categoriesshape our intuition and logic, leading to potential
contradictions when applied to specific set definitions like "the set of all sets not containing
themselves."

- Propose alternative set theories that respect these cognitive constraints, potentially by
limiting self-referential definitions or introducing category-specific rules.

- Connect this approach to existing researchin cognitive science and philosophy of
mathematics, showcasing its evidence-based foundation.

This approach offers several advantages:

- Grounds the solution in evidence: It builds upon established research in cognitive science
and avoids relying on unproven concepts like morphic fields.

- Addresses the root cause: It focuses on how our cognitive limitations contribute to the
paradoxism, offering a deeper understanding of the issue.

- Connects to broader discussions: It aligns with ongoing research on embodied cognition and
its impact on mathematics.
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- Offers concrete solutions: It suggests alternative set theories grounded in cognitive
constraints, contributing to the overall development of set theory.

It shall be kept in mind that, the goal of an evidence-based approach is to provide solutions
supported by robust evidence and aligned with established scientific principles. By exploring well-
researched areas like cognitive science and applying their insights to mathematical problems, we
can contribute to a more robust and inclusive understanding of infinity and mathematics as a
whole.[3]

3.3. Approach #3: Beyond the Excluded Middle: Exploring Neutrosophic Frontiers in Fermion-Boson systems

Traditional physics excels in clear-cut definitions, but what if nature itself defies rigidity? This
article explores the potential of neutrosophic logic, which goes beyond the "in" or "out" paradigm,
to describe fuzzy boundaries and indeterminate states in the cosmos. We delve into intriguing
possibilities like a partially defined border for the universe and hybrid particles exhibiting
characteristics of both fermions and bosons. Accepting such "betweenness" challenges established
paradigms and offers exciting avenues for future discoveries, leading us closer to a more nuanced
picture of reality.

It is known, that aidst the elegance of its equations, paradoxes lurk, whispering of hidden
complexities. One such riddle is the question of set theory paradoxism, where seemingly logical
axioms lead to contradictory results. Traditionally, these paradoxes are resolved by upholding the
"excluded middle" principle - every element either belongs to a set or doesn't. However, what if
reality itself defies such crisp classifications?

This is where the intriguing idea of Neutrosophic logic emerges. It dares to challenge the
rigidity of the excluded middle, introducing the notion of partial belongingness and
indeterminacy. Instead of a traditional "in" or "out," elements can reside in a fuzzy "betweenness,"
exhibiting characteristics of both sets simultaneously. This opens a fascinating gateway to explore
realms where traditional physics might reach its limits.

One intriguing application lies in the vast unknown beyond our familiar solar system. We
know of the heliosphere, a thick "wall" of charged particles marking the boundary of our Sun's
influence, as observed for instance by Voyager. Ref. [4] Could there be an analogous "cosmosphere,"
a boundary to the observable Universe? If future observations reveal such a barrier, Neutrosophic
logic could elegantly describe its nature. Objects within this boundary might exhibit degrees of both
"inside-ness" and "outside-ness," existing in a state of partial belongingness.

Another promising avenue resides in the subatomic realm. The fundamental distinction
between fermions and bosons, particles with differing statistics, forms a cornerstone of quantum
mechanics. But what if, as hinted by mixed fermion-boson statistics, there also exist particles
exhibiting both fermionic and bosonic characteristics? The prospect of observing a condensate
corresponding to such a hybrid entity, transcending the traditional Bose-Einstein condensate,
would challenge and even transform our very understanding of particle classification. That
particular condensate may be called mixed fermion-boson condensate (MFBC). Ref. [5]

Exploring these Neutrosophic frontiers necessitates that we must embrace the possibility of
fuzzy boundaries, indeterminate states, and partial memberships. This doesn't negate the value of
traditional physics, but rather acknowledges its limitations in the face of the universe's inherent
complexity.

The road ahead may be riddled with conceptual and experimental challenges. Yet, venturing
into the uncharted territory of Neutrosophic physics holds immense potential. It could reshape our
understanding of the cosmos, from its grandest boundaries to its quantum enigmas, leading us
closer to a truly holistic picture of reality. So, let us cast aside the shackles of the excluded middle
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and embrace the vibrant "betweenness" whispered by Neutrosophic logic. The Universe, in all its
enigmatic splendor, awaits.

4. Applications and Concluding Remark

These authors have outlined several possible approaches to solve the set theory paradoxism,
for instance by defining certain real boundary system to a given set, let say cell system. Such an
evidence-based physics approach will allow us to figure out what can happen actually when certain
entity goes in or goes out of any given cell through the boundary layer. Alternatively, we can figure
out how Voyager space vehicle which goes through the boundary or thick wall of in the outer side
of the Solar System, or it is often termed heliosphere, faces the edge or boundary of outer Solar
System.[4] Similarly, we can hypothesize there is good likelihood that there is certain thick
boundary in the foremost edge of the Universe, which may be termed Cosmosphere. Therefore in
such a way, the meaning of set which contains all sets, i.e. the outer layer of the Universe that
contains everything else inside the Universe can be figured out in astrophysics term.

We hope that more discussions of evidence-based physics approach to set theory paradoxism
can be expected.
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Abstract: In various fuzzy multiple attribute decision making (MADM) applications, different
information descriptions and aggregation operators (AOs) play a crucial role. However, both the
Einstein sum and product can include their typical algebraic operation features, but they lack the
characteristics of periodicity operations. To fill the research gap of Einstein AOs for single-valued
neutrosophic values (SvNVs), this article aims to propose Einstein AOs of sine SYNVs and their
MADM model as their new extension. In this study, we first define a new sine SvNV, which
integrates sine functions into the membership functions of indeterminacy, falsehood, and truth, and
the Einstein operation laws of sine SYNVs. Then, we present the sine SYNV Einstein weighted
average and geometric AOs and their properties. Furthermore, we develop a MADM model based
on the proposed Einstein AOs in a SVNV circumstance. Lastly, we apply the developed MADM
model to a site selection example of a hydrogen power plant as the verification of its application in
a SVNV circumstance. The decision results reveal the rationality and validity of the developed
model with respect to the comparison of the related models.

Keywords: decision making problem; sine single-valued neutrosophic value; einstein operation law;
sine single-valued neutrosophic value Einstein aggregation operator

1. Introduction

Recently, various fuzzy multiple attribute/criteria decision making (MADM/MCDM) theories
and approaches have become research hotspots in uncertain decision applications. In MADM
applications, various fuzzy information descriptions and operations/aggregations imply their
importance and necessity. Fuzzy sets (FSs) [1] contain only membership degrees, but lack non-
membership degrees. Then, intuitionistic or interval-valued FSs (IFSs/IVESs) [2, 3] can contain both
membership and non-membership degrees and the dependent relationship of both, but cannot reflect
the independent relationship of indeterminate, false, and true membership degrees in inconsistent
and uncertain situations. As a general framework of different FSs, a neutrosophic set (NS) [4] can
reflect them. Regarding the subsets of NS, some scholars presented single-valued or interval-valued
or simplified neutrosophic values (SvNVs/IvNVs/SNVs) [5-7] and their operation laws and
aggregation operators (AOs) to effectively meet scientific and engineering applications. Zhang et al.
proposed the improved AOs of IvNVs for MADM [8]. Then, Yang and Li [9] introduced the power
AOs of SvNVs for MADM. Liu et al. [10] presented the power Muirhead mean AOs of SvNVs for
group decision making (GDM). Liu [11] also introduced the Archimedean AOs of SvINVs for MADM.
Garg [12] proposed the Frank norm AOs of SvNVs for MADM. Deli and Subas [13] introduced a
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SvNV sorting method for MADM. Liu and Liu [14] put forward a generalized weighted power
averaging operator of SvNVs for GDM. Karaaslan and Hayat [15] presented some operations of
interval-valued neutrosophic matrices and applied them to GDM. Garg [16] used the multiplicative
preference relation of SYNVs for MADM. Giri and Roy [17] introduced a neutrosophic programming
approach to solve the transportation problem of green four-dimensional fixed charges. Therefore, the
SNVs (SvNVs and/or IvNVs) have also revealed their merits in inconsistent and uncertain MADM
applications [18]. Consequently, many scholars have further developed SNV (SvNV and/or IvNV)
AQOs, such as ordinary weighted arithmetic and geometric AOs, Einstein AOs, generalized AOs [19],
Bonferroni mean AOs [20], Hamacher AOs [21], exponential AOs [22], subtraction and division AOs
[23], Frank AOs [24], prioritized interactive AOs [25], and fairly AOs [26] for SNVs (SvNVs and/or
IvNVs).

Recently, some scholars [27, 28] have proposed logarithmic SvNV operation laws and
logarithmic SNV Einstein AOs for GDM in view of t-conorm and t-norm. However, they reflect
some limitations, for example, logx(y) cannot be defined when x =1 or y = 0. Due to the periodicity
feature of the sine function, it implies some merit that satisfies the multiple periodicity MADM needs
in real problems. Therefore, the operation laws and AOs of sine SYNVs (5-5vINVs) [29, 30] have been
introduced in MADM applications. Then, there are the defects of some membership functions that
belong to the range of [0, 0.46) instead of the whole range of [0, 1] in S-SvNV [29, 30]. To overcome
this deficiency, AOs of tangent SYNVs (T-SvNVs), where the three membership functions belong to
the whole range of [0, 1], were presented for MADM [31]. Based on cosine, sine, arccosine, and arcsine
operations, Ye et al. [32] first proposed the single-valued neutrosophic credibility value trigonometric
AOs for MADM. However, the Einstein sum and product can include their typical algebraic
operation merits [19], but lack periodicity operation features. Furthermore, no Einstein operation
laws and AOs of S-SvNVs are presented in the existing literature. Therefore, it is necessary to develop
them for MADM issues with S-SvINV information to fill this gap. Motivated by the new ideas, this
article will propose the Einstein AOs of 5-5vNVs and their MADM model as a new extension to
address the defects and research gaps in the existing S-SvNV operation laws and AOs [29, 30]. In this
study, the objectives of this paper are to: (1) define a suitable S-SVNV including three membership
degrees belonging to the whole range of [0, 1] and Einstein operation laws (EOLs) of S-SvNVs, (2)
establish the S-SvNV Einstein weighted average (S-SVNVEWA) and geometric (5-SYNVEWG) AOs,
(3) develop a MADM model using the S-SYNVEWA and S-SVNVEWG AOs, and (4) apply the
proposed MADM model to a site selection example of a hydrogen power plant (HPP) in a SNV
circumstance. However, the comparison results with the existing related models indicate the
rationality and validity of the proposed model.

The remainder of this article is composed of these parts. Section 2 simply reviews the
preliminaries of single-valued NSs (SvNSs), including the operation laws and AOs of SYNVs and S-
SvNVs. In view of the integration of sine functions into indeterminate, false, and true membership
functions, Section 3 defines a new S-SvNV and the EOLs of S-SvNVs, and then presents the S-
SvNVEWA and S-SYNVEWG AOs and their properties. In Section 4, a MADM model is developed
in terms of the S-SYNVEWA and S-SYNVEWG AOs. Section 5 applies the developed MADM model
to a site selection example of HPP in a SYNV circumstance. The comparative results of the existing
related models reveal the validity of the developed model. Conclusions and future research are
summarized in Section 6.

2. Preliminaries of SvNSs

2.1. Operation laws and AOs of SUNVs

Set Xc as a fixed universe set. Then, the SYNS @ in Xc is represented as @n = {<xc, gni(xc), onu(xc),
ono(xe)> | xe € Xc} [6], where gno(xc), gnu(xe), on(xe) € [0, 1] are the membership functions of falsehood,
indeterminacy, and truth subject to 0 < @ni(xc) + @nu(xe) + gno(xc) < 3 for any xc € Xc. Then, <xc, gni(xc),
onu(xc), gno(xc)> in @n is represented as the SVNV gn = <gni, v, no> for simplicity.
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Set two SVN'Vs as ¢ns = <gniis), @nuts), pno> (s =1, 2) with g4 > 0. Then, their operation relationships
are presented below [7, 19]:

(1) v 2 N2 & N 2 PN, ENu(1) < PNu), and ENo) < ENo);

(2) pnv1 = 2 = v < vz and N1 D Pne;

3) P VP2 =Py ¥ Prrcys Pruscy A Pruay: Py A Prnizy )

4 P OOz = (Puy A Paiyr Pty ¥ Prniayr Poncty Y Prviay )

5) (241)° =Py 1~ Procyr Prugy) (Complement of pu);

©) PPy, = <(ﬂm(1) P2 ~ PuwPri) PruPrucz) PrvinPrviz) >?

7) Pu© @y, = <¢’Nt(1)¢’Nt(2) Pru@ T Pru) ~ PruwPru@ Pave T P ~ P Prviz) > ;
)t Py = (1= (A=) iy Py )

O oy = <¢N¥V(1) A== on)™ - (= ope)™ > .

Set @ns = <@nis), Enues), o> (=1, 2, ..., g) as a collection of SVNVs with their weight vector pw =
(tew1, po, ..., theq) subject to 0 < grs <1 and zz:l H,s =1. Then, SYNVWA and SYNVWG are denoted
as the SVNV weighted average and geometric AOs and expressed by the two formulae [19]:

a a a a
SVNVWA(q)Nl’ Pnzreen ¢Nq) = Zl:/uwsgoNs = <1_H(1_ ¢Nt(s) )‘uwS ! H(¢NU(S) )/JWS ’H(?Nv(s) )'UWS > / (1)

s=1 s=1 s=1
q q q q .
SYNVWG (@1, @y s -o-» ¢7Nq) = H((pNs )#WS = <H(¢7Nt(s) )”WS 1- H(l_ Dnugs) )FWS 1= H(l_ Pns) )! > -(2)
s-1 s-1 s-1 s-1

Set two SVNVs as @ns = <gnis), ¢nus), @Noe> (s =1, 2) with g > 0. Then, their EOLs are presented
as follows [19]:

1 | Pniwy T P PrnuPru2) PrnvayPrv2)
D) @y P @y, =
1+§0Nt(1)¢’Nt(2) 1+ 1- (PNu(l))(l ¢’Nu(z)) 1+ (1- §0Nv(1))(1 §0Nv(2))
@) oy ®e 0, = Pnie)Pri(2) Pauy TPw P TP
1+~ (DNt(l))(l ¢Nt(2)) 1+(PNu(1)¢Nu(2) 1+ Py Pr)
@) u - _ 1+ (pNt(l)) " _(1_¢Nt(1)) " 2(”Nu(1) Z(PN\V/V(l) .
v 1+ P ) +Q@Q- DOy e (2- §0Nu(1))yw + §0ﬁﬂv(1) (2- D )+ (0(113(1)
) pby = 2(/’@(1) L+ ¢Nu(1))#w -(- @Nu(l))ﬂw @+ (oNv(l))ﬂW -@1- ¢Nv(l))ﬂw
(2- goNt(l))#w + @ﬁ?(l) 1+ @Nu(l))ﬂw +(1- Prnuy ) @+ gDNv(l))#W +(1- P )

For a collection of SVNVs @ns = <gnis), @nus), gnes> (s =1, 2, ..., q) with their weight vector uw =
(tko1, phe2, ..., thog) subject to 0 < grs <1 and Zgzl Hys = 1, SYNVEWA and SYNVEWG are denoted as
the SVNV Einstein weighted average and geometric AOs and introduced by the two formulae [19]:

H(l“pm s)) H(l Pre s))#ws

0 —
H(1+ Pnics) )/WS H(l_(omt(s) )ﬂws , (3)
s=1

s=1

q
SVNVEWA((le, Dnosreen ¢Nq) = Z £ HusPns =

q q
- 2[ T(Pwi) ™ 2[ (o)™

s=1 s=1

q e 42 P W
H(Z_(pNu(s))/ +H(¢Nu(s))/ H(2_¢Nv(s))# +H(¢Nv(s))

s=1 s=1 s=1 s=1
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q
2H (th(s))#ws
s=1

q q
H (2= Ppys))™ + H (Prees) )™
s=1 s=1

q q
q P IT(:I'-i-quu(s))/uw5 _]‘_[(l_(pNu(s))#WS . (4)
SVNVEWG(¢N1’¢NZ""’¢Nq) :H E(QNS) "= sczll Sgl ,
s=1 H (1+ ¢)Nu(s))/—’ws +H (1_ (/,Nu(s))#ws
s=1 s=1

q q

| | (:I-—i_wNv(s))ﬂWs - I I (l_(DNv(s))ﬂWs
s=1 s=1

q

q
[T+ )™ + T~ o)™
s=1

s=1

To sort SVNVs gns = <), gnus), @Noe> (s =1, 2), the score and accuracy equations of SVNVs [19]
are presented below:

U (q)Ns) = (2 + ¢Nt(s) - ¢Nu(s) - Q)Nv(s)) / 3 for U ((DNs) € [Oll]’ (5)
\Y (¢Ns) = Onts) ~ Prves) for V(¢py) €[-11]. (6)

In terms of the score and accuracy equations, a sorting order of two SvNVs is defined by the
following rules:

(1) 1> e for U(ent) > U(en2);

(2) N1 > e for U(gpnt) = U(enz) and V(gn1) > V(pn2);

(3) on1 = @2 for U(gnt) = U(pn2) and V(gn) = V(gne).
2.2 Operation laws and AOs of S-SuNVs

Set SVNV as ov = <evy,  ong,  eno>. Then, S-SVNV  is  presented by
sin(p, ) = <Sin(0.5(0Nt7Z),1— sin(0.57 — ¢, ),1-sin(0.57 — (DNV)> [29, 30], where the membership

degrees of the indeterminacy, falsehood, and truth are 1-sin(0.57—¢,,)<[0,0.46) ,
1-sin(0.57 — ¢,,) €[0,0.46), and sin(0.5¢,,7) €[0,1], respectively.

Let Sin(@y,) = (SiN(0.505)), 1—SIN(0.57 — 9y, 5) ), 1= SIN(0.57 — 9y ))) for s = 1, 2 be

two S-SvNVs with & > 0. Then, their operation laws are introduced below [29, 30]:
1-(1-sin(0.5¢y,,, 7))L —sin(0.5¢y, 7)),

1) sin(py,) @sin(gy,) ={ L-sin(0.57 — @, )L -siN(0.57 — @y, ) );
(1-sin(0.57 — @y, 1)) (L —=SiN(0.57 — @y, 1))
sin(0.5¢>Nt(l)7z)Sin(O.S(oNt(z)ﬁ),

) sin(gpy,) ®sin(gy,) ={ 1-sin(0.57 — @y, ,)) SIN(0.57 — @y, »)): )
1-sin(0.57 — ¢y, 1)) SIN(0.57 — 9, )

1-(1-sin(0.5¢, 7)),

3) #,-sin(py,) ={ L-sin(0.57 =@y, )™, );

(L=sin(0.57 — @y, ;) )™

() (sin(py))™ = ((SIN(0.50yy )", 1= (SIN(0.57 — Py, 0))), 1= (SIN(0.57 — 2y )" ) -
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For a group of SVNVs @ns = <gnis), onus), gnos> (s =1, 2, ..., q) with their weight vector pw = (w1,
M2, ..., fhog) subject to 0 < pws <1 and ijl U, =1, S-SYNVWA and S-SVNVWG are denoted as the
S-SvNV weighted average and geometric AOs and introduced by the two equations [29, 30]:
q
S — SUINVWA(@y1, Pz s Prg) = Z/uws sin(gy,)
1
(7)

= (1_ ﬁ(l— sin (O.S(pNt(s)ﬂ))”ws , ﬁ (1—Sin (0.571' ~ Prugs) ))#WS : ﬁ (1—Sin (0.571' ~ Onus) ))#WS ]

s=1 s=1 s=1

q
S — SUNVWG (@1, Pz Pn) = [ ] (SiN(0e) )
s=1

= [ﬁ(sin(o.s%mn))““ 1-

s=1 S

-

.(8)
(in(0.57 = gy, ) ) ,1—ﬁ(sin(0.57r ~Pwe)) ]

s=1

I
[UN

2.3 Operation laws and AOs of T-SuNV’s

Set SYNV as ov = <env, ong,  ono> Then, T-SVNV  is  presented by
tan(¢, ) = (tan(0.25¢,,7),1-tan(0.257(1— ¢y, )),1-tan(0.257(1- ¢,)))  [31], where the

membership degrees of the indeterminacy, falsehood, and truth are 1—tan(0.25z(1-¢,,)) €[0,1],
1-tan(0.257(1-¢,,)) €[0,1], and tan(0.25¢,,7) €[0,1], respectively.
Let tan(py,) = (tan(0.25¢,, ), 1-tan(0.257 (L - Py ), 1~ tan(0.257 (- @y)))) for s

=1, 2 be two T-SvNVs with s > 0. Then, their operation laws are introduced below [31]:
1-(1-tan(0.25¢y,,y 7))L —tan(0.25¢y, 7)),
(1) tan(gy,) @tan(epy,) ={ —tan(0.257(1- @,y )))A—1an(0.257(1 -y, ) )
(1-tan(0.257(1- ¢y, 1)) —1tan(0.257(1- ¢y, (»))))
tan(0.25¢,,,,7) tan(0.25¢y », 7),
2) tan(gy,) ®tan(ep,,) ={ 1-tan(0.257(1-¢,)) tan(0.257(1 - @y,»))), );
1-1an(0.257(1 - ¢y, y)) tan(0.257z (1 - ¢, )))
1-(1-tan(0.25¢yy 7)™,
©) g1, tan(gy,) ={ (1—tan(0.257(L— @y, )™, )’
(1-tan(0.257 (1 - @y, ) )™
(tan(0.25¢,,,, 7)),
@) (tan(gy, )™ =( 1—(tan(0.257(1— @, ) ™
1- (tan(0.257z (1 — @y, ) )™
For a group of SVNVs @ns = <gnis), @nues), onos> (s =1, 2, ..., q) with their weight vector gw = (1,
w2, ..., fhog) subject to 0 < frs < 1 and Z; H,s =1, T-SYNVWA and T-SYNVWG are denoted as the
T-SvNV weighted average and geometric AOs and introduced by the two equations [31]:

q
T — SUNVWA(Qy 1, Pz Prg) = 2 L tAN(0y,)
s=1 4 (9)

- (1— f[(l- tan (0.25¢,,,)7)) ", ﬁ(l— tan (0.257(1-gy))) ﬁ(l—sin (0.257(1- g ) j

s=1 s=1 s=1
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q
T — SYNVWG(@;, @yss--s (oNq) = H(tan(ans))’Ws
s=1
.(10)

- (ﬁ(tan(o.zsgom(s);z))”“ 1- f[(tan(o.25;z(1— Pus))) ,1—ﬁ (tan(0.257(L- pye)))) j

s=1 s=1 s=1

3. EOLs and Einstein AOs of S-SvNVs

This part presents several EOLs and Einstain AOs of S-SvNVs and their properties.
First, we give a new S-SvNV definition below.
Definition 1. If ov = <ev, ong, o> is SVNV, then S-SvNV is defined by

sin(p, ) = <sin(0.5(pNt7z),1—sin(0.5(1— @y, )7),1—sin(0.5(1— (/)NV)7Z)> , where the membership
degrees of indeterminacy, falsehood, and truth are 1-sin(0.51-¢,,)7)<[0,1] ,
1-sin(0.5(1-¢,,)7) €[0,1], and sin(0.5¢,,7) €[0,1], respectively.

Definition 2. Let ¢ns = <gnis), ¢nuis), noe> (s = 1, 2) be two SYNVs and uw > 0. Then, the EOLs of S-
SvNVs are defined below:

sin(0.5¢y,4y7r) +5IN(0.5¢y () 7)

1+5in(0.5¢y,,7) SIN(0.5¢y ) 7)
(1-SiN(0.5(L— 9y, ) 7)) (A—SiN(0.5(L— 0y, ) )7))
1+sin(0.5(1— @y, q))7) SIN(0.5(1 - @ ) 7)
(1= SiN0.5(L— ) AL=SIN(0.5(1— Py ) 7))
1+sin(0.5(L— @y, 1)) 7) SIN(0.5(L— @y, ) 7)

1) sin(py,) ®¢ sin(p,,) =

H 4

Siﬂ(O.S(DNt(l)ﬂ')Siﬂ(O.SQ)Nt(z)ﬂ')
1+ (1-sin(0.5py,, 7)) (1—SiN(0.5¢ 7))’
1-sin(0.5(1— @y, p) ) 7) +1-5in(0.5(1 — @y, ) 7)
1+(1—sin(0.5(1—¢Nu(1))ﬁ))(1—sin(0.5(1—(pNU(Z));r))’ '
1-sin(0.5( - @y, ) ) 7) +1-5in(0.5Q - @y, () ) 7)
1+(1-sin(0.5(1- ¢y, ) 7))L =sin(0.5(L — ¢y, ) ) 7))
2(sin(0.5¢y, oy 7)™
(2—-sin(0.5¢,,,y 7)) +(sin(0.5¢y ;7)) ’
(2-5in(0.5(1— @y, ) 7))" — (SIN(0.5(1— 9y, ) 7))
(2—Sin(0.5(L+ @y, )) )™ +(SIN(0.5(L— @y, ) 7)™
(2-SiN(0.5(L P, ) 7)™ — (SIN(0.5(1L— 9y ) 7))
(2-5in(0.5(1— Py, ) 7)) +(SIN(0.501— Py, ) 7))

2) sin(gy,) ® sin(py,) =

@) (sin(py,))™ =
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(L+5IN(0.50 0, 7)) — (L—SIN(0.5 7))
(L+5iN(0.5¢y, 0y 7)) +(L—SIiN(0 5y 7))

2(1-sin(0.5(1— @y, ) ) 7)™

@ 4, -Sin(py,) =| —— : ,
" (l+5|n(0-5(1_(pNu(l))”))ﬂw +(1_S|n(o-5(1_¢Nu(1))7z))yw

2(1-sin(0.5(1L— @y q)) 7)™
(1+sin(0.5(1- ¢Nv(1))ﬂ-))yw +(1-sin(0.5(1- (DNv(l))ﬂ-))#w

In view of EOLs of S-SvNVs, we define the S-SVNVEWA and S-SvNVEWG AOQOs.
Definition 3. If ons = <gwis), onvues), gnes> (s=1, 2, ..., q) are a collection of SVNVs with their weight

vector uw = (w1, fhe, ..., fhg) for 0 < gws <1 and Z:zl M, =1, the SSSYNVEWA and S-SYNVEWG

AOs can be defined as follows:
q

S — SUNVEWA(@y 1, @211 Prg) = Haa SINO1) B 4, SIN(9,) B . B 1, SIN(0) = Z £ Hys SIN(Pys) 7 1)

q
S — SUNVWG (@, Py .- Prg) = (5IN(041) ) ®¢ (5in(py,) ) @ .. ®c (sin(pyg) ) =T [ e(sin(eye) )™ - (12)
s=1
Theorem 1. If gns =<@nis), @nus), pnoe> (=1, 2, ..., g) are a collection of SVNVs with their weight vector
pw = (lol, fo, ..., Hog) for 0 < pes <1 and Zj:l MU, =1, the aggregated result of the S-SYNVEWA AO

is still S-SvINV, which is yielded by the equation:
q
S — SUINVEWA(@y1, @+ Png) Z £ Hus SIN(Py)

s=1

ﬁ(1+sm(0 5Pni(s) )ﬂws ﬁ(
1 s=1

<1+Sin(0.5gom(s)7r )‘“ +f[(1 sin 05(/)Nt<s)7f))ﬂm

-1 .3

(1 sin (0. 5(1—(0Nu(s))7f))#ws

O 5§0Nt(s)ﬂ.))uws

73
I

=

»
I
[N

2

:jn

I
iN

S

(1+5in (050 py)7)) +f[(1—sin(0.5(1—%(5))7;))”“

s=1

-—

7
oL

2ﬁ(1 sin (0.5(L- gy ) 7))

s=1
f[(1+sin(0.5(1—¢)NV(S))”))”“ +ﬁ(l—sin(0.5(1—(pNV(S))7r))HWS
s=1 s=1

Proof. In terms of mathematical induction and Definition 2, we can give the proof of Theorem 1.
For g =2, the operational results are given below:

(1+5in(0.50y 7)) — (L—SIN(0.5 ) 7)) "
(1+5in(0.5¢y 1y 7)) + (1—siN(0.50,,, 7))
2(1—sin(0.5(1— @y, ) ) 7))
(L+5in(0.5(1— @y, 0y ) 7)) + (L—5in(0.5(1— @y, 0y ) 7))
2(1-sin(0.5(1- (DNv(l))ﬂ-))#l
(L+5in(0.5(1— @y, ) 7)) + (1= SiN(0.5(1— @y, 0y ) 7))

g -SIN(@y,) =
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(L+sin(0.5¢,,,)7))“* — (L—sIn(0.5¢,, ;7)) “*
(1+sin(0.5¢y, 5 7))* + (L—sIn(0.5¢y, ;7)) “ ’
2(1-sin(0.5(L— @y, () ) 7))
(@+sin(0.5(1 - @y, (2)) 7)) + (L —sIn(0.5(1 - @y, ) ) 7)) ’
2(1-sin(0.5(1— @y, ) 7))
(L+5in(0.5( — @y 5)) 7)) + (1 =SsiN(0.5(1— @y, ) 7))

Hy, -SIN(@y,) =

Then, there is the following result:

2
S — SYNVEWA(@y,,9y,) = Z £ Hys SIN(@,)

s=1

2 2
H(1+S|n(0 5¢, S)ﬂ')) " —H(l—Sin(OB(DNt(S)ﬂ))”WS
s=1 s=1
2 2 !
H(1+sin(0.5¢m(s)ﬂ)) " +H(1—sin(0.5¢m(s)7r))!
s=1 s=1
2 . 14
2[ T (1-sin (0.5~ @y )7)) 9
— s=1 ,
f[(1+sm (05(1-py)7)) +f[(1 sin (0.5(1- Py ) 7))
s=1 s=1
2
ZH(l sin (0.5(L— @y, ) )n)) "
s=1
H(1+sm(0 51— Pyuge) )n))ﬂw +H(1—sm(O.5(1—¢NV(S))7r))#WS
s=1 s=1
Suppose that Eq. (13) holds for q = p. Then, there is the equation:
S — SUNVEWA(@y, @z Pyp) = Zp: £ Hus SIN(Py)
s=1
ﬁ(1+ sin (0.5¢Nt(5)7z))#ws —ﬁ(l—Sin(0.5¢Nt(s)ﬂ'))ﬂW§
s=1 s=1
lﬂ[(1+sin(0.5gpm(s)7r))pws +1£[(1—sin(0.5gom(s)7z))”ws
s=1 s=1
15
Zﬁ(l sin(0.5(1- ¢NU(S))7Z)) =
— s=1 ,
ﬁ(l+sm (0.5(L— pyy) 7 )/l +ﬁ(l sin(0.5(1— (DNU(S))ﬂ)) "
s=1 s=1
2ﬁ(1 sin (0.5(L- oy )7))
P - Hs B s
H(1+S|n 0.5(1- ¢Nv5))ﬂ') +H(1 sin(0.5(1— (DNVS))ﬂ'))

S=.

1
EN

S

Based on Egs. (14) and (15) for g = p+1, we have
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p+1

S- SVNVEWA((DNI’ ¢N2 L (/)Np ' (0Np+1) E /uws Sln((oNs

s=1

(1-sin (050, 7))

(1-sin (050, 7))

zﬁ(l—sin (0.5(1—¢Nu(5))7z))”"“

s=1

(1+sm(o 51— Ppye)) 7 ))““+1£[(1—sin(0.5(1—¢NU(S));r))”"“

s=1

-

(1+sin(o.5¢m(s)n))”“ -

1 S

(1+ Sin(O.Squt(s)ﬁ))#WS +

i

S 1

o
-

-

I
oL

s=1

Hys

2f[(1—sin (0.5(1—§DNV(S))7Z'))#WS
(

(1+5in(0.5(1- g )7)) +ﬁ(l—sin 5= Pu)7))

s=1

-

Il
iN

(1+5in(0.5¢y,5.1)7)) ™" = (L=SIN(§ Py iy 7))

(1+ Sin(% Pre p+1)7[))”wp+1 + (1_ Sin(% ¢Nt(p+1)7r))ﬂwp+l ,
2(1-sin(0.5(L- @y, (pi) 7)) e

(S5 )2 + (A=A 07
2(1-sin(0.5(1- 7N Y7r)) e

(1+sin(0.5(1— @Nv(p+1))7z-))/1wp+l 4+ (L—sin(0.5(1— QNV(p+1))7Z.))/1wD+1

F1(esn(039,,) - la-so(o50,)
lj(h sin (0.5p7)) +H(1 sin (0.50y07)) |
2ﬁ(1 Sin(0.5(1- pyy)7))
: 1pili(hsin(0.5(1—¢>Nu<s))7r )"+ pﬂ(Hi”(0-5(1“”“““9”))#%, |
Zﬁ(l_sm (050-gu)7))”
ﬁ(1+sin(0.5(1—s_¢m<s))” )yws+ﬁ(1 sin (0.5(1- oy, )7))

Since Eq. (13) can hold for g = p+1, it can exist for all 4.

Then, this S-SYNVEWA AO reveals the features below.
Theorem 2. The S-SVNVEWA AO reveals some features in view of the sine function below.

(1) Idempotency: If @ns = <gNis), @Nus), ONos> = <Nt @Nu, @No>= @n (s =1, 2, ..., g), then there is
S — SUNVEWA(@y1, @z -+ (qu) =sin(gp,).

(2) Boundedness: Set (0& = <ms|n(¢Nt(S))’ msax(wNU(S))’ mSaX(¢NV(S))> and
40,; = <ma)((¢)Nl (s)), min ((PNu © ), min(goNV ©) )> as the minimum and maximum SvNVs. Then, there exists
S S S

sin(@y ) < S — SYNVEWA(@y;, Pypr-s Prg) < SIN(0) -
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(3) Monotonicity: Let ¢ns = <gni, ¢nus, gnes>and g = <¢:lt(s)’¢):lu (S),¢:‘V(S)> (s=1,2,...,q) be two
collections of SvNVs. Then S—SVNVEWA(@y,, @y, Pyg) < S — SYNVEWA(Qy,, 0y21 -+ Prg)
exists if @y, < (o:ls.

Proof. (1) Applying Eq. (13) for ¢ns = ¢n, we obtain
g

S _SVNVEWA(¢N1'¢N2""’¢Nq) =D & Has SIN(Py)

s=1

ﬁ(1+sin(0.5¢)m(s )" - f[( in(0.5p7)) "
s=1 s=1
li[(l-i-Sin(O.S(DNt(s )ﬂws+li[(1 sin (0.5, 7 ))#WS
s=1 s=1

Zﬁ(l sin (0.5(L— @y, )ﬂ))ﬂws
li[(1+sin(0.5(1—(pNu(s))7r ) +f[(1 sin (0.5(L- gy, )7)) |
2ﬁ(1—sm(0 51— pu)7))

Hys

li[(1+sin(0.5(1—(pNv(s))7r )"Mf[(l sin(0.5(1— (/)st))ﬂ))

s=1 521

(L+5iNn(0.50, 7)) =" — (L-sin(0.5, 7)) ="

(L+5iN(0.50, 7)) 2" + (1—Sin(0.5p 7)) ="
Nt Nt

2(1-sin(0.5(1 - ¢,,)7)) ¢ s
(L+SIN(0.5(L— @, )7)) =" + (L—sin(0.5(L— g, ) 7)) =

2(L-sin(0.5(L— gy, ) 7)) 25"
(L+5in(0.5(L ) 7)) 2" + (L—Sin(0.5(1— oy, ))) 25"
(1+5in(0.5¢,, 7)) — (1—sin(0.5¢,, 7))
(1+sin(0.5¢,, 7)) + (L-sin(0.5¢,,7))
_ 2(1-sin(0.5(1— ¢y, ) 7)) _sin(p,)

(1+5sin(0.5(1- @, ) 7)) + A—sin(0.5(1 - @, ) 7)) N
2(1-sin(0.5(1 - ¢y, ) 7))
(1+sin(0.5(1—py,)7)) + (L—sin(0.5(1— @, ) 7))
(2) For @y <@y <@y, Sin(p,) <sin(e,,) <sin(gy) exists since sin(z) for 0 < z < 7/2 is an

q g g
increasing function. Then, Z £ M, SIN(@y) < z £ M SIN(@) < Z U, SIN(py) is held. In view
s=1 s=1

s=1

of the feature (1), Sin(py)<S —SVNVEWA(@y;, @y, Pyq) <SIN(gy) can be also held.

(3) For @y, < @y, SiN(@y,) <sin(gy,) is held since sin(z) for 0 < z < m/2 is an increasing
g g
function. Z Mo Sin((oNs)SZ J7 sin((o;s) can be held in view of the feature (2). Thus,

S — SUINVEWA(@y 1, P21+ Pyg) < S — SYNVEWA(@y,, 0y, 9yq) can also hold.
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Example 1. Suppose that three SYNVs are gn1 =<0.6, 0.2, 0.3>, gn2=<0.8, 0.1, 0.1>, and ¢n3=<0.7, 0.3,
0.3> with their weight vector uw = (0.4, 0.3, 0.3). Using Eq. (13), we give the following aggregation
result of the S-SYNVEWA AOQ:

3
S — SYNVEWA(py,, Pyzs Pys) = Z £ Hys SIN(@,)

s=1

(1+sin(0.5%0.67))"* (1+sin(0.5x0.87))" (1+sin (05%0.77))"”
~(1-sin(0.5x0.67))"* (L-sin(0.5x0.87)) " (1-sin (0.5x0.77))""
(1+sin(0.5%0.67)) " (1+sin(0.5%0.87))" (L+sin (05x0.7x))"”

+(1-sin(0.5x0.67))* (1-sin (0.5x0.87))"* (1-sin (0.5%0.77))"”
2(1-sin(051-0.2)7))"* (1-sin (0.5~ 0.7))"* (L-sin (0.5(1-0.3)7))""
(1+sin(051-0.2)7))" (L+sin(0.50-0.1)7))"" (L+sin (0.5 -0.3) 7))’

+(1-sin(0.51-0.2)7))"* (L1-sin (0.5(-0.7)) (1-sin (0.5(1-0.3)7))"

2(1-sin(0.5(-0.3)7))* (L-sin (0.51-0.1)7))* (1-sin (0.5~ 0.3)7))""
(1+sin(0.51-0.3)7))" (L+sin (0.50-0.2)7)) (L+sin (0.5(1-0.3)7))"

+(1-sin(0.51-0.3)7)) " (1-sin (0.510.1)7))"” (1-sin (0.5~ 0.3)x))"’
=< 0.8918, 0.0414, 0.0573 >.

Theorem 3. Set gns = <@nis), Pnues), prus> (=1, 2, ..., q) as a collection of SYNVs with their weight vector

Hw = (Lo, ko2, ..., phog) for 0 < gees <1 and 25:1 M, =1.Then, the aggregated result of the S-SYNVEWG

AO is still S-SvNV, which is yielded by the equation:

S — SYNVEWG (@, Pz Png) ﬁ . Sln((,oNs ”WS

s=1

q
ZH (Sin(O.S(pNt(s)ﬂ))”Ws

s=1

q q
[ [(2-sin(0.5¢,, 7)) + ] [ (Sin(0.50y,)7))"

s=1 s=1

FqI(2—Si“<0-5<1—¢>Nu<s>)ﬂ>)”Ws—f[(sin(0.5(1—<oNu(s))fr»”ws - 19

H(Z sin(0.5(1- (ﬂNu(s))ﬂ))”m+H(Sln(O 5= Py )N™

s=1
q

H(2—Sin(0-5(1—¢Nv(s))7f))”“ —H(Sin(0-5(1—§0Nv(s))7r))#““

q

[[(@-sin(@5(- g, )m)* + ] [ GINO50-,) 7)™

s=1 s=1

However, the proof of Theorem 3 can be given based on a similar proof of Theorem 1, which is
omitted.

Similarly, the S-SSYNVEWG AO also indicates some features by the following theorem.
Theorem 4. The S-SYNVEWG AO reveals some features in view of the sine function below:
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(1) Idempotency: If @ns = <gnis), @Nus), PNus™> = <@nt, @Nu, @No> = N (s =1, 2, ..., g), then there is
S — SUNVEWG(py;, @y o0 (DNq) =sin(ey ).

) Boundedness: Set oy = <msin((pNt(s)), m?X((oNu(s)), m;’:lX((pNv(s))> and
40,; = <max(¢)Nl (s)), min ((pNu ®) ), min((pNV ©) )> as the minimum and maximum SvNVs. Then, there exists
S S S

sin(@y ) < S — SYNVEWG (01, @y 51+ Prg) < SIN(00y) -

(3) Monotonicity: Let ¢ns = <gnis, ¢Nuw, gnoe>and g = <(p;t(s)  Drs o ¢;V(S)> (s=1,2, ..., q) betwo
collections of SvNVs. Then, §-SVNVEWG(@py,,¢y,, " ¢y,) <S—SYNVEWG (w;l, ¢;2,-~-,(0;q)
exists if @y, < (/):‘s.

However, the proof of Theorem 4 can also be given in terms of a similar proof of Theorem 2,
which is omitted.

Example 2. Suppose that three SYNVs are ¢n1 =<0.8, 0.3, 0.1>, gn2=<0.7, 0.2, 0.2>, and ¢n3 =<0.9, 0.4,

0.4> with their weight vector uw = (0.5, 0.3, 0.2). Using Eq. (16), we give the following aggregation
result of the S-SYNVEWG AO:

3
S — SUNVEWG (@1, @y 2 Pys) = H E(Sin(QNs))#WS

s=1

2x(sin(0.5x0.87))**(sin(0.5x 0.77))**(sin(0.5x 0.97))**
(2-5in(0.5x0.87))*°(2—sin(0.5x 0.77))°%(2 —sin(0.5x0.97))*? |’
+(sin(0.5x 0.87))"*(sin(0.5x0.77))**(sin(0.5x 0.97))*? J
(2—-sin(0.5(1-0.3)7))**(2—sin(0.5(1-0.2) 7))**(2 —sin(0.5(1 - 0.4) 7))*?
—(sin(0.5(1—0.3)7))**(sin(0.5(1 - 0.2) ))**(sin(0.5(1- 0.4) r))"?
(2—-sin(0.5(1-0.3)7))**(2—sin(0.5(1-0.2) 7))**(2 —sin(0.5(1 - 0.4) z))*?
+(sin(0.5(1-0.3)7))**(sin(0.5(1 - 0.2) 7)) **(sin(0.5(1— 0.4) 7)) *?
(2-sin(0.5(1-0.1)7))* (2 —sin(0.5(1-0.2) 7)) **(2 —sin(0.5(1 - 0.4) 7))**
—(sin(0.5(1-0.1)7))**(sin(0.5(1—0.2) ))** (sin(0.5(1— 0.4) 7)) **
(2—-sin(0.5(1-0.1)7))** (2 —sin(0.5(1-0.2) 7)) **(2 —sin(0.5(1— 0.4) ))"*
+(sin(0.5(1—0.1)7))**(sin(0.5(1 - 0.2) 7)) **(sin(0.5(1 - 0.4) ))**
=<0.9403, 0.1077, 0.0595 > .

4. MADM model

This part develops a MADM model in view of the S-SYNVEWA and S-SYNVEWG AOs in the
circumstance of SYNVs.

A MADM issue commonly includes a set of several alternatives Yu = {Yu1, Yio, ..., Yy} and a set
of several attributes Xc = {xa, x2, ..., xq}. In the MADM process, the alternatives must meet the
requirements of the attributes, and then their SYNV assessment results are represented as their
decision matrix Qn = (¢nrs)pxq, Where ons (r=1,2, ..., p;s=1,2, ..., q) are SN Vs provided by decision
makers (DMs) according to the satisfactory assessment of an alternative Yur over attributes xe. The

weight vector of the attributes is specified by pw = (tw1, tier, ..., thog) for 0 < prws <1 and 22:1 He =1
Thus, the algorithm of the MADM model in the circumstance of SYNVs is described in detail below.

Step 1: The aggregated values of ¢nr for Yur (r=1, 2, ..., p) are yielded by one of the S-SYNVEWA
and S-SVNVEWG AOQs:
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q
= S SVNVEWA(¢er’ ¢Nr2’ '¢)qu = Z E:uws Sln(ris

s=1

(1+S|n(05(pNt(rs)7z))#W5 ﬁ( ( 5¢Nt(rs)7r))yws
(

T

s=1 s=1

-
::]g

(1+sin(0.5¢Nt<rs)ﬁ)) "+ (2-sin

0. 5§0Nt rs)ﬂ-))#wS

»
Il
[iN
Il

[iN

S

g ) , (17)
2 T(1-sin (0.5~ pu,)7))
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Step 2: The score (accuracy) values of U(enr) (V(gnr) (r=1, 2, ..., p) are yielded by Eq. (5) (Eq
(6))-

Step 3: Alternatives are sorted in the descending order of the score values (the accuracy values),
and then the best alternative is decided.

Step 4: End.

5. MADM application

5.1 Site selection example of HPP

Since hydrogen is one of the most efficient and clean energy sources, its share of world energy
has increased significantly. Then, it is important to choose the most suitable location for a HPP project,
which is influenced by many factors, such as social, environmental, and economic factors. Hence, the
site selection problem of HPP is a MADM problem. To apply the proposed MADM model to the
actual MADM problem, this section adopts a site selection example of HPP in [30] for convenient
comparison.

In this site selection example of HPP, experts and DMs preliminarily provide five potential
locations, which are represented as a set of the five alternatives Yu = {Ynu1, Y2, Y3, Yrs, Yus}. Then they
must satisfy the five main factors/attributes: the economic factor (x«), the technical factor (x«), the
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social factor (xes), the location factor (xa), and the environmental factor (x.s). The weight vector of the
five factors is given by uw = (0.22, 0.2, 0.15, 0.15, 0.28). In terms of the satisfactory degrees of each
location corresponding to the five main factors, experts/DMs provide the SvNVs, which are
composed of the indeterminate, false, and true degrees due to incompleteness, inconsistency, and
uncertainty, including the judgements/opinions of the experts/DMs, and then their decision matrix
of SVN'Vs Qn = (¢nis)sxs is presented as follows [30]:

Q=

[<0.3,0.2,0.4 >
<0.6,0.4,0.2>
<0.5,0.,0.3>
<0.5,0.2,0.2 >

<0.4,03,06>

<0.2,0.2,0.6 >
<0.6,0.3,0.2 >
<0.6,0.1,0.2>
<0.4,05,0.2>
<0.4,0.1,05>

<05,0.3,0.4 >
<0.7,0.1,0.3>
<05,0.3,0.4>
<0.7,0.3,0.2 >
<0.4,0.1,0.3>

<0.3,0.3,0.4>
<0.7,0.1,0.2>
<0.6,0.4,0.3>
<0.4,05,04>
<0.3,0.2,04 >

<0.5,0.2,0.3> |
<0.7,0.2,0.3>
<0.6,0.2,0.4> |.
<0.7,0.2,0.2 >
<0.5,0.1,0.2 > |

In this site selection problem of HPP, we give its MADM algorithm below.

Step 1: Applying Eq. (17) or Eq. (18), the aggregated results of the S-SYNVEWA or S-SYNVEWG
AO are given below:

ont = <0.5540, 0.0624, 0.1928>, pn2 = <0.8616, 0.0520, 0.0693>, ¢ns = <0.7756, 0.0384, 0.1191>, gna =
<0.7792, 0.1055, 0.0604>, and ¢ns = <0.6073, 0.0247, 0.1594>.

Or gni =<0.5174, 0.0670, 0.2154>, pn2 = <0.8563, 0.0817, 0.0748>, ¢ns =<0.7707, 0.0642, 0.1326>, gpna
=<0.7393, 0.1455, 0.0705>, and ¢ns = <0.5979, 0.0392, 0.2126>.

Step 2: By Eq. (5), the score values of U(¢~r) are yielded below:

U(en1) =0.7663, U(pnz2) =0.9134, U(gns) = 0.8727, U(ena) = 0.8711, and U(¢ns) = 0.8077.

Or U(gn) = 0.7450, U(@n2) =0.8999, U(gns) = 0.8579, U(¢ne) = 0.8411, and U(¢ns) = 0.7820.

Step 4: The sorting order of the five selection locations is Y2 > YH3 > Yrs > Yus > Yu1 and then the
best one is Y.

It is obvious that the sorting orders corresponding to the S-SYNVEWA and S-SYNVEWG AOs
are the same.

5.2 Comparative analysis

In view of the above example, this part conducts a comparative investigation with existing
related MADM models in the circumstances of SYNVs.

Based on the decision making methods of the existing MADM models [19, 30, 31], we can obtain
all the decision results by different AOs of Egs. (1)—(4) and Eqs. (7)—(10) and the score function of Eq.
(5), which are tubulated in Table 1. For easy comparison, the decision results of the proposed MADM
model are also shown in Table 1.

Table 1. Decision results corresponding to different AOs

AO Sorting result Optimal location
SvNVEWA [19] YH2 > YH3 > YHa > Yrs > Yin Yh2
SvNVEWG [19] YH2 > YH3 > YHa > Yrs > Yin Yh2
S-SVNVWA [30] Yr2> Yns> Yu3 > Yus > Yhn Yh2
S-SYNVWG [30] YH2> Y3 > Yra> Yus > Y Yh2
T-SVNVWA [31] YH2> YH3> Yra > Yus > Y Yh2
T-SvNVWG [31] YH2> YH3> YHa > Yrs > Y Y2

Proposed S-SYNVEWA Yh2> Yrs > Yra > Yus > Y Y2
Proposed S-SYNVEWG Yr2> Yrs > Yra > Yus > Y Y2

In the decision results of Table 1, we see that the sorting results based on the proposed S-
SvNVEWA and S-SVNVEWG AOs are the same as those based on the SYNVEWA and SYNVEWG
AOs [19], the T-SVNVWA and T-SVNVWG AOs [31], and the S-SVNVWG AO [30], but different from
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the ranking order based on the S-SVNVWA AO [30]. Then, the optimal site selection is always Y2
among the five alternatives. In addition, in the representation of decision information, the newly
defined S-SvNVs can overcome the flaws of the existing S-SvNVs [30], which include the [0, 0.46)
range of membership degrees. In the aggregation operations of decision information, the proposed
S-SVNVEWA and S-SVNVEWG AQOs can overcome the defects of the existing SYNVEWA and
SYNVEWG AOs without including periodicity features [19]. In terms of algebraic operation
performance, the proposed S-SYNVEWA and S-SYNVEWG AOs are superior to the existing T-
SvNVWA and T-SvNVWG AOs. Hence, the proposed model can satisfy the real needs of DMs in the
multi-stage decision process. In general, the proposed model reveals obvious superiority over the
existing models [19, 30, 31]. The decision results reveal the validity and rationality of the proposed
MADM model and can help us to find the best solution in the practical decision application.

The obvious advantages of this study are presented below:

The defined S-SvINV concept contains the superiority of the membership functions belonging to
[0, 1], which can overcome the defects in the existing S-SvINV concept with the membership functions
belonging to [0, 0.46) [29, 30].

The proposed EOLs and Einstein AOs of S-SvINVs can reflect their typical algebraic operations
and compensate for the insufficiencies of the existing AOs [19, 30, 31].

(c) The developed MADM model using the proposed S-SVNVEWA and S-SvNVEWG AOs
reveals its superiority over the existing MADM models using the SYNVEWA and SYNVEWG AOs
[19], the S-SVNVWA and S-SvNVWG AOs [30], and the T-SVNVWA and T-SVNVWG AOs [31].

6. Conclusions

In this study, the defined S-SvNV EOLs and the proposed S-SYNVEWA and S-SvNVEWG AOs
based on the monotonic membership functions of indeterminacy, falsehood, and truth can overcome
the insufficiencies of the existing S-SVNV representation, operation laws, and AOs. In view of the
presented S-SVNVEWA and S-SVNVEWG AOs, the developed MADM model can effectively improve
the MADM models based on the existing SYNVEWA, SYNVEWG, S-SvNVWA, S-SvNVWG, and T-
SvNVWA, and T-SvNVWG AOs in the SYNV circumstance. Then, the validity of the developed model
was investigated by the actual site selection example of HPP and examined by comparative analysis
with the existing related MADM models in the setting of SYN'Vs.

In this paper, the presented S-SYNVEWA and S-SVNVEWG AOs and their MADM model were
used only for single-valued neutrosophic aggregations and MADM problems, which shows their
limitations. Furthermore, the presented S-SVNVEWA and S-SYNVEWG AOs are only based on EOLs
of S-SvNVs, but cannot imply the trigonometric EOLs of SN'Vs based on trigonometric Einstein t-norm
and t-conorm, which show their disadvantages. Therefore, in the future work, we need to develop the
trigonometric EOLs and AOs of SNVs (SvNVs and IvNVs) and their MADM models. Then, the
developed models will be used for decision making problems in the fields of engineering management,
economic management, and medical management.
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Abstract

The shortest path problem is a classic optimization problem in graph theory and
computer technology. It involves identifying the shortest path between two nodes
in a graph, where each edge has a numerical weight. In this paper, we put our effort
into examining the use of the dynamic programming method to evaluate the
shortest path (SP) between the two specified nodes in a multistage network where
the parameter is a multi-value neutrosophic number (MVNN). Firstly, we propose
an algorithm based on the forward and backward approach in an uncertain
environment and also implement our approach in the Python-3 programming
language. Furthermore, a numerical illustration has been provided to showcase the
effectiveness and robustness of the novel model.

Keyword: dynamic programming approach; multistage graph; neutrosophic

multi-value number; shortest path problem
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1. Introduction:

The shortest path problem represents one of the primary network issues in graph
theory, with numerous applications in computer science and several real-life
applications such as transportation networks, communication networks, and
pipeline distribution systems. In this paper, we propose a new idea for evaluating
the shortest path of a multistage graph using fuzzy multivalued neutrosophic
numbers as arc length.

A fuzzy set (FS) is used to identify and solve a wide range of real-world issues that
involve uncertainty and improbability. Lotfi Aliasker Zadeh first suggested the
fuzzy set [1], and then Atanassov (1988) [2] proposed intuitionistic fuzzy sets (IFs),
which are the extended concept of fuzzy sets. Then Smarandache (1995) [3] first
established the theme of the new idea of neutrosophic sets (NS). The NS is a
collection of three parameters, namely fuzzy membership degree, fuzzy
indeterminate degree, and fuzzy non-membership degree, with the addition of their
weights being less than or equal to 3. The field of neutrosophic numbers extends
beyond crisp numbers. Numerous research papers have addressed the computation
of the fuzzy shortest path (FSP) in a single-stage network. For example, Wang
proposed the idea of IVNS (2018) by generalizing SVN (2010) [4]. The IVNS [5] is
a database that generalizes the idea of various types of sets in terms of intervals to
denote the truth T, falsity F, and indeterminacy | of membership degrees. Many
researchers have proposed various papers on neutrosophic environments (Basset
(2018), Abdel-Basset (2018), and Dey (2019)) [6-14].

Many researchers have proposed new approaches for finding SPP in uncertain
environments. Das and De (2015) [15] solved FSP using Bellman's dynamic
programming method with intuitionistic fuzzy trapezoidal numbers as parameters.
Bhincher and De (2011) [16] investigated the FSP in a connected network in which
they used triangular and trapezoidal fuzzy numbers as parameters in two distinct
approaches, namely the influential programming approach and the multi-objective
linear programming approach. Kumar (2015) [17] developed a technique for
determining the SP of a connected network using an interval intuitionistic
trapezoidal number. Kaliraja and Meenakshi (2012) [18] used interval-based
parameters and proposed a method to identify the SPP and model an
interval-valued FSPP.
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Said Broumi (2016) [19] proposed a new idea of evaluating the shortest path using
the parameters SV-triangular and SV-trapezoidal fuzzy neutrosophic numbers.
Then again, Said Broumi (2017) [20] suggested a new idea to evaluate the FSPP of
a given connected network with neutrosophic trapezoidal numbers. Said Broumi
(2017) [21] suggested an innovative method for formulating the SPP in which they
use the parameters, which are bipolar neutrosophic numbers. Deivanayagam Pillali,
N (2020) [22], solved the NSPP by using the score function, where the parameters
are interval-valued neutrosophic trapezoidal and neutrosophic triangular numbers.
Said Broumi (2019) [23] solved the SPP in a neutrosophic environment (NS) using
the Bellman-Ford approach, where the parameter is interval-valued neutrosophic
numbers(IVNNSs).

The primary aim of this study is to determine the shortest path between the source
node and the destination node using multi-value neutrosophic numbers, along with
identifying the minimum cost between the source and destination nodes. The
contents of the next parts of the paper are arranged in the following manner:
Section-2, highlights the motivation and contribution of this paper. Section-3
highlights some definitions of some of the existing terminologies. Section-4
highlights the algorithm, i.e., the multistage network, for multi-valued neutrosophic
numbers (MVNNS). Section-5 highlights a numerical example. Section-6 gives an
implementation of our algorithm with the Python programming language.
Section-7 provides a summary of the conclusions drawn from the study and offers
recommendations for further research endeavors.

2. Motivation:

There are various algorithms and various parameters that are used to evaluate the
SPP in uncertain circumstances. The key points are as follows:

« There are many methods used to solve the single-stage network, but our
method is used to solve the multistage network in NSP.

. In this paper, a dynamic programming method is used to evaluate the shortest
path (SP) between the two specified nodes in a multistage network, where the
parameter is a multi-value neutrosophic number (MVNN). Firstly, we propose an
algorithm based on the forward and backward approach in an uncertain
environment and also implement our approach in the Python-3 programming
language.
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o Inthis paper, we are finding the minimum cost between the source node and
the destination node.

«  Moreover, here we illustrate one algorithm with the help of a numerical
example.

3. Preliminaries

This section encompasses the review of literature concerning the fundamental
concepts and definitions of fuzzy sets (FSs), neutrosophic sets (NSs), and MVVNSs.
3.1 Fuzzy set (FS):
If Z is a generalised form of crisp set and z is a member of Z, then fuzzy setA on

Z is defined by a membership value n,(z), which identifies the function that
maps from every element to the interval [0, 1] and can be defined as
A={(Z nz), 7 €L}
and  p,(2):z - [0,1]

3.2 Neutrosophic set (NS):

If X isasetand xis one of its elements inX; then neutrosophic set 4 has the form
A={<xTz(x),I;x),F3(x) >8eX} —————— —— —— (1)

Where T denotes the truth degree, I denotes the indeterminacy degree and F
denotes the falsity membership degree of the element  xeX

0" = {Tz(®) +I3(x) + F(x)} = 3*

Now T;(x),15(x),F5z(x) are denotes subsets of the interval [0~ 1%].

3.3 Multi-valued neutrosophic set (MVNSs):

If X isasetand x is one of its elements in X. Then the multi-valued neutrosophic

(MVN) set is represented as.
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A =%T;(x),I;(x),Fz(x), %X

Then T;(x),15(x) and F5(x) are the membership function differentiate A in X.
Where T;(x),1z(x) and Fz(x) € [0,1] and the condition is
0<aBy=10<a"p’y" =3,0€T;x),pEI;(x),7 € F5x).
at = SupTz(x),p" = SupTz(x),7* = SupFz(x) - — —— — — —— (2)

The multi-valued neutrosophic (MVN) are called as single valued neutrosophic
(SVN) sets if A = {Tz(x),13(x),Fz(x)} has just one value.

3.4 Operations of Neutrosophic number:

Assume that A, ={Tz (x),Iz (x),F5 ()} and A, = {Tz (x),Iz (x),F5 (x)} are

represent two sets of neutrosophic numbers with multiple values. Subsequently, the
functions for SVNNSs are defined as follows:

(@) A1+ Ap) = {Tz,(®) + Tz, () — Tz, () Tz, (%), Iz, )1z, ®), Fz, )F5, (x)}

(b)

(A; X Ap) = {Tz, ®Tx, ), Iz, () + Iz, () — Iz, ()Ix, (%), Fz, ) + Fz, (%) — Fz, G)F5,(x)}
(€) A, = {1(1 — Tz, G4 Iz, 0% Fz, (07

(d) A" =T, N1 - (1-Tx5,600%1 — (1 — Tz, ()
With %> 0

3.5 Fuzzy Graded mean Integration:
If the fuzzy triangular number A = (1, m, ) .Then the Fuzzy graded mean

Integration  is expressed as:

G(A) =%(“11 FAMAT)——————— —— — — (3)
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If A=, ,m, ,i;) and B=(, ,m, ,6,) IS two fuzzy triangular numbers.

Then the graded mean integration representation is defined as

G(A) = g(ll + 4, + 13 )

el o
G(B) = ¢ (1 +4m; +1i3)

If A and B are two fuzzy triangular numbers then its addition is expressed as:
w1 . 1 L
G(A+B)=gﬁ1+41ﬁ1+ﬁ1)+gﬁg+4n"12+ﬁ2) ———————— 4)

If A and B are two fuzzy triangular numbers then its multiplication is expressed

as.

e o 1 1
G(AxB):301+4m1+ﬁ1)><g(”12+4m2+ﬁ2) ———————— (5)

4. Algorithm: Multistage Network Utilizing Multi-Valued
Neutrosophic Numbers (MVNNS)

> Step 1: Select a source and destination vertex within the provided multistage
network.

> Step 2: Convert the arc length values from multi-valued neutrosophic numbers
to single-value neutrosophic numbers using the fuzzy simplicity method
(equation-2).

» Step 3: Convert it from single-value neutrosophic numbers to a real number
using graded mean integration (definition-3).

» Step 4: Then, using a dynamic approach, i.e., a forward and backward
computation approach.
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Backward Approach Algorithm:

Algorithm BGraph (G, K, n, p)

{
B cost [1] H

For j to n do

{

Let r be such that an edge of
G b cost [r] + ¢ [r, J];
D [J] =r;

F graph (graph G,

{

Float cost [ size],

Cost [n]

For (int j = n-1; j>=1; j

{

Let r be a vertex such that an edge of G C[j1[r] + cost[r] minimum;
Cost [j] = C[j1[r] + Cost[r]

D[jl=r

}

P 1]

P[]]
}
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» Step-5: After applying the dynamic approach, i.e., forward and backward
approach if both techniques produce the equal minimum values and the shortest
path, then the path yielded in the process is called the optimal path or shortest path
of a network.

5. Numerical Example:

e e e e A

Fig- 1: Network

Arc Multi-membership value

S—A <[0.2,0.4,0.5],[0.3,0.5,0.6],[0.6,0.8,0.9]>
S—B <[0.1,0.3,0.4],[0.3,0.4,0.7],[0.5,0.7,0.9]>
S—C <[0.1,0.3,0.5],[0.3,0.5,0.7],[0.4,0.5,0.8]>
A—D <[0.3,0.4,0.5],[0.4,0.5,0.6],[0.5,0.7,0.9]>

Prasanta Kumar Raut, Siva Prasad Behera, Said Broumi, Amarendra Baral, Evaluation of Shortest path on multi stage
graph problem using Dynamic approach under neutrosophic environment



Neutrosophic Sets and Systems, Vol. 64, 2024 121

A—E <[0.2,0.3,0.6],[0.3,0.4,0.8],[0.4,0.5,0.9]>
B—D <[0.1,0.2,0.4],[0.3,0.4,0.6],[0.4,0.5,0.6]>
B—E <[0.3,0.4,0.6],[0.3,0.4,0.7],[0.4,0.7,0.9]>
B—F <[0.1,0.2,0.5],[0.2,0.4,0.5],[0.5,0.6,0.9]>
C—E <[0.4,0.2,0.5],[0.6,0.5,0.8],[0.5,0.6,0.8]>
C—F <[0.1,0.2,0.3],[0.2,0.5,0.6],[0.5,0.7,0.9]>
D—G <[0.4,0.5,0.9],[0.6,0.7,0.8],[0.5,0.6,0.9]>
E—G <[0.1,0.2,0.5],[0.2,0.4,0.5],[0.5,0.7,0.9]>
F—G <[0.2,0.6,0.7],[0.2,0.5,0.8],[0.6,0.8,0.9]>

Table- 1: Arc weight in Multi-membership value

Implementation of Algorithm
Step-1:
From fig-1 assume that source node is S and destination node is G
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Step-2:

Arc Single Membership value
S—A <[0.5, 0.6, 0.9]>
S—B <[0.4,0.7,0.9]>
S—C <[0.5,0.7,0.8]>
A—D <[0.5,0.6, 0.9]>
A—E <[0.6,0.8,0.9]>
B—D <[0.4,0.6,0.6]>
B—E <[0.6,0.7,0.9]>
B—F <[0.5,0.5,0.9]>
C—E <[0.5,0.8,0.8]>
C—F <[0.3,0.6,0.9]>

Prasanta Kumar Raut, Siva Prasad Behera, Said Broumi, Amarendra Baral, Evaluation of Shortest path on multi stage
graph problem using Dynamic approach under neutrosophic environment



Neutrosophic Sets and Systems, Vol. 64, 2024 123

D—G <[0.9,0.8,0.9]>
E—G <[0.5,0.5,0.9]>
F—G <[0.7,0.8,0.9]>

Table- 2: Single Membership value
Step-3:

Converting the Single membership value into a real value by using Graded mean
integration (definition-3.5)

Here (I = 0.5, = 0.6,i1 = 0.9)

G(&) = %(H 41 + 1)

1
G(&) =2(0.5+4x06+09)

= 0.63

Similarly to find all the edge’s value in Crisp number

Arc Single Membership value
S—A 0.63
S—B 0.68
S—C 0.68
A—D 0.63
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A—E 0.78
B—D 0.56
B—E 0.71
B—F 0.56
C—E 0.75
C—F 0.60
D—G 0.83
E—G 0.56
F—G 0.80

Table- 3: Membership value in crisp number

Step 4:

Backward Approach

In backward approach we start from source vertex, so the distance from source (S) to

destination vertex (T) is (S, T) is given by

dis(S,6) = min{0.63 + dis(A,G),0.68 + dis(B,G),0.68 + dis(C,G)}

Now to calculate the distance (4 to G), distance (B to G) and distance (C to G).

dis(A,G) = min{0.63 + dis(D,G),0.78 + dis(E,G)}

dis(A,G) = min{0.63 + 0.83,0.78 + 0.56}
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dis(A,G) = min{1.46,1.34}

dis(A,G)= 134 —————— — — 2.1

dis(B,G) = min{0.56 + dis(D,G),0.71 + dis(E,G),0.56 + dis(F,G)}.

d(B,G) = min{0.56 + 0.83,0.71 + 0.56,0.56 + 0.80}

dis(B,G) = min{1.39,1.27, 1.36}

d(B,G)= 1.27——— ——— — — 2.2

(C,6) = min{0.75 + dis(E, G),0.60 + dis(F, G)}

(C,G6) = min{0.75 + 0.56,0.60 + 0.80}

(C,G) = min{1.31,1.40}

CE == —— = —— 2.3

Now Putting all this values in equation 2.0

dis(S,6) = min{0.63 + dis(4,G),0.68 + dis(B,G),0.68+ dis(C,G)}

dis(S,G) = min{0.63 + 1.34,0.68 + 1.27,0.68 + 1.31}
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dis(S,6) = min{1.97,1.95,1.99}

dis(S,6) = 1.95(S—B—E—G)

Forward approach

Here dis(S,A) = 0.63

dis(S,B) = 0.68

dis(S,C) = 0.68

dis(S,D) = min{0.63 + dis(A,D),0.68 + dis(B,D)}

dis(S,D) = min{0.63 + 0.63,0.68 + 0.56}

dis(S,D) = min{1.26,1.24}

dis(S,D) = 1.24

dis(S,E) = min{0.63 + dis(4,E),0.68 + dis(B,E),0.68 + dis(C,E)}

dis(S,E) = min{0.63 + 0.78,0.68 + 0.71,0.68 + 0.75}

dis(S,E) = min{1.41,1.39,1.43}
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dis(S,E) = 1.39

dis(S,F) = min{0.63 + dis(B,F),0.68 + dis(C,F)}

dis(S,F) = min{0.63 + 0.56,0.68 + 0.60}

dis(S,F) = min{1.19,1.28}

dis(S,F) = 1.19

dis(5,G) = min{dis(S,D) + dis(D,G),dis(S,E) + dis(E,G),dis(S,F)

+ dis(F,G)}

dis(S,G) = min{1.24 + 0.83,1.39 + 0.56,1.19 + 0.80}

dis(S,G) = {2.07,1.95,1.99}

dis(5,6) =195(S—-B—-E - Q)
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Implementation of Our algorithm with Python Programming

Language

w M

Distance [

the

)
6

SG=[[infinity, , , infinity, infinity, infinity, infinity],
[infinity, infinity, infinity,infinity, , , infinity, infinity],
[infinity, infinity, infinity,infinity, s s , infinity],
[infinity, infinity, infinity, infinity, infinity, , , infinity],
[infinity, infinity, infinity, infinity, infinity, infinity, infinity,
[infinity, infinity, infinity, infinity, infinity, infinity, infinity,
[infinity, infinity, infinity, infinity, infinity, infinity, infinity,

D=Source_to_Destination(SG)

("SHORTEST PATH FROM SOURCE TO DESTINATION IS :",D)

Output Code:

SHORTEST PATH FROM SOURCE TO DESTINATION IS : 1.950

...Program finished with exit code 0
Press ENTER to exit console.l

Step-5:
In the dynamic approach, i.e., both forward and backward approaches have an equal

minimum path value 1.95 and an equal path S-B-E-G, so this is the SP connecting
the source vertex to destination vertex of this given Network.
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7. Conclusion

In this paper, we find the shortest path (SP) on the multistage network by using the
dynamic approach, i.e., the forward and backward approach, and then we implement
our result in the Python programming language, and finally, we get the shortest path.
The minimum cost between the source vertex and the destination vertex is 1.95. The
most important objective of this research is to determine a new algorithm for solving
multistage graphs. Right here, we propose a mathematical instance to show our new
suggested method. I’m hoping that this paper will help new researchers find the SPP
in multistage graphs.
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Abstract:
Simulation is a numerical technique used to perform tests on a numerical computer, and
involves logical and mathematical relationships interacting with each other to describe the
behavior and structure of a complex system in the real world over a period of time. Analysis
using simulation is a "natural” and logical extension of the mathematical analytical models
inherent in operations research, because most operations research methods depend on
building mathematical models that closely approximate the real-world environment and we
obtain the optimal solution for them using algorithms appropriate to the type of these models.
The importance of the simulation process comes In all branches of science, there are many
systems that cannot be studied directly, due to the great difficulty that we may encounter
when studying, and the high cost, in addition to the fact that some systems cannot be studied
directly. The simulation process depends on generating a series of numbers. Randomness
subject to a uniform probability distribution over the domain [0,1] , then converting these
numbers into random variables subject to the law of probability distribution by which the
system to be simulated works, using known transformation methods. In previous research,
we presented a neutrosophical vision of the reverse transformation method and the method
of rejection and acceptance. Which are used to transform random numbers into random
variables that follow probability distributions such as: uniform distribution, exponential
distribution, beta distribution..., In this research, we present a neutrosophical vision of the
Composition method (the mixed method of inverse transformation method and rejection
method), used to generate random variables that follow... To some Poisson distribution, the
aim is to obtain neutrosophic random variables that we use when simulating systems that
operate according to this distribution in order to obtain more accurate simulation results.
key words:
Simulation; neutrosophic logic; generating neutrosophic random numbers; converting
neutrosophic random numbers into neutrosophic random variables; synthesis method (mixed
method).
Introduction:
To keep pace with the great scientific development that our contemporary world is
witnessing, it was necessary to reformulate operations research methods according to the

Maissam Jdid, Florentin Smarandache, Generating Neutrosophic Random Variables Following the Poisson Distribution
Using the Composition Method (The Mixed Method of Inverse Transformation Method and Rejection Method)


mailto:maissam.jdid66@damascusuniversity.edu.sy
mailto:smarand@unm.edu
https://orcid.org/0000-0003-4413-4783

Neutrosophic Sets and Systems, Vol. 64, 2024 133

basic concepts of neutrosophic logic, because the margin of freedom enjoyed by neutrosophic
values gives more accurate results, which has prompted many researchers to prepare many
researches in various fields of science. Especially in the field of mathematics and its
applications [1-19], when performing the simulation process for any system according to
classical logic, we begin by generating random numbers that follow a regular probability
distribution over the domain [0,1] using one of the known methods, and then we convert
these random numbers into variables. Randomness follows the probability distribution in
which the system to be simulated operates. The simulation process we conduct produces
specific results that do not take into account changes that may occur in the system’s operating
environment. To obtain more accurate results, we have presented, in previous research, a
neutrosophical vision of the following topics:
In the paper [20] we generated neutrosophic random numbers that follow a uniform
neutrosophic distribution over the domain [0,1].In research [21] we used the inverse
transformation method to convert neutrosophic random numbers into neutrosophic random
variables that follow a uniform distribution over the domain [0,1].In research [22], we used
the inverse transformation method to convert random numbers into random variables that
follow the neutrosophic exponential distribution. In research [23] we used the rejection
method to transform random numbers into random variables that follow the probability
distribution according to which the system to be simulated operates. In the research [24] using
the rejection method to generate random numbers that follow the beta distribution.
In this research, we present a neutrosophical study of transforming random numbers into
random variables that follow the Poisson distribution using the composition method (The
mixed method of inverse transformation method and rejection method), a distribution that
has many uses in practical life. Such as inventory control, queueing theory, quality control,
traffic flow, and many other fields of management science.
Discussion:
Classic Composition method: [25-26]
The Composition method is based on the inverse transformation method and the rejection
and acceptance method is special for generating random variables that follow complex
probability distributions.
Using the conditional distribution of the variable x, we assume that f(x) is the law of the
probability distribution to be simulated, and that g(x|y) is the conditional distribution of If
y belongs to the cumulative distribution H(y) and P (x, y) is the joint distribution of (x, y),
then:

P(x,y) = h(y)g(x|y)
Thus, we find:

+00

o= ey = hogeina

— 00
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When the time periods between possible events are distributed exponentially, the number of
events that occur in one period of time has a Poisson distribution given by the following
probability density function:

A¥e=*
fO)=—— ;x=012,..,0

Where A is the number of expected occurrences in one time, this indicates that the time period
between events is exponentially distributed with an average of /31 . Using the relationship

between the exponential distribution and the Poisson distribution, we can generate random
variables that follow the Poisson distribution.

The neutrosophic vision of the method of installation:

The mixed method is based on the neutrosophic countertransference method [21-22] and the
neutrosophic rejection and acceptance method [23].

Using the conditional distribution of the variable x, we assume that fy (x) is the law of the
probability distribution to be simulated, and that g, (x|y) is the conditional distribution of If
v belongs to the cumulative distribution Hy (y) and Py(x,y) is the joint distribution of
(x,y), then:

Py(x,y) = hy(¥)gn(x|y)
Thus, we find:

fulo) = j Py(x,y)dy = f hy ) g ely)dy

When the time periods between possible events are distributed exponentially, the number of
events that occur in one period of time has a neutrosophic Poisson distribution given by the
following probability density function:

Where A, is a neutrosophic value from reference [27]. We find that what is meant by
neutrosophic data are completely indeterminate values written in the following standard
formula N = a + bl where aand b are real or complex coefficients, a represents the
specified part and bI the indeterminate part (indeterminacy). For the number N, it could be
[1, 2] or {4, 4, }or..otherwise it is any set close to the real value a, expressing the
number of expected occurrences in One time, this indicates that the time period between

events is exponentially distributed with an average of Ai . Using the relationship between
N

the neutrosophic exponential distribution and the neutrosophic Poisson distribution, we can
generate neutrosophic random variables that follow the Poisson distribution.

Here we distinguish three cases:

First case: the random numbers are neutrosophic and the probability distribution is classical.
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Second case: classical random numbers and neutrosophic probability distribution.

Third case: neutrosophic random numbers and neutrosophic probability distribution.

We start with the first case; the random numbers are neutrosophic and the probability
distribution is classical:

In this case the probability density function of the Poisson distribution takes the following
form:

Where A is the number of expected occurrences in one time, this indicates that the time period
between events is exponentially distributed with an average of /31 , since the random numbers

must be neutrosophic to obtain them, we follow the following steps:
a. Using the mean square method given by the following relation:
Ris1 = Mid[R?];i=0,1,23,——- (1)
Where Mid symbolizes the middle four ranks of R?, and R; is chosen, any fractional random
number composed of four places (called a seed) and does not contain a zero in any of its four
places, [25-26], we generate a series of random numbers that follow the distribution regular
over the domain [0,1], we get the following series:
Ry, Ry,Rs .Rp, ... (2)
b. Using the study given in reference [20] we convert these random numbers into
neutrosophic random numbers and here we distinguish three forms of the field [0,1]
with margin of indeterminacy, in the three forms we have ¢ € [0,n]and0 <n < 1
The first form: [0 + &, 1] indeterminacy at the minimum of the field we find:

Ri —-n
RNL'E[RL'IH] ; 0<n<l1
It is calculated from the following relation:
R, —¢
RNi: 1l_€ H SE[O,n]

The second form: [0, 1 + €] indeterminacy at the upper limit of the field we find:
R;
RNie[Ri,l_l_—n] ; 0<n<1
It is calculated from the following relation:
R;
- 1+¢
The third form: [0 + &, 1 + €] Indeterminacy at the upper and lower limits of the field

RNi ; €E [O:n]

we find:
RNiE[Ri,Ri—n] ; O0<n<1
It is calculated from the following relation:

Maissam Jdid, Florentin Smarandache, Generating Neutrosophic Random Variables Following the Poisson Distribution
Using the Composition Method (The Mixed Method of Inverse Transformation Method and Rejection Method)



Neutrosophic Sets and Systems, Vol. 64, 2024 136

Ryi=R;—¢; €€[0,n]
From each of the previous forms we get the following series of neutrosophic random
numbers:
Ry1, Rnz Rz o Ryms o (3)

c. Using the study mentioned in References [21-22], we convert these neutrosophic
random numbers into neutrosophic random numbers that follow the exponential
distribution defined by the following relation:

h(y) = AL.e ™™
Using the relation:

Yni = _ZlnRNi

We obtain the series of neutrosophic random numbers that follow the following exponential
distribution:
N1 VN2 N3 - YNmo o (4)
We apply the accept-reject method given in reference [23]:
We take the cumulative sum of these numbers if the following inequality:

X x+1
Zle' Slztes< ZJ’NL‘H
i=1 i=1

Then we consider the number x to be subject to the Poisson distribution, where x is the
number of random numbers y,; that are subject to the exponential distribution.

h(y) = A.e~*, the sum of which we took and the number did not exceed 1 + ¢, but if we
added another number yy;., the sum became greater than 1 + €. However, if the inequality
is not met, we return to Step (a), we repeat the work until we obtain the required number of
random numbers that follow the Poisson distribution.

The second case: classical random numbers and Poisson-Neutrosophic distribution.
The probability density function of the neutrosophic Poisson distribution is defined by the
following relationship: [28]

e N

fn(x) = !

Where Ay is a neutrosophic value that expresses the number of expected occurrences in one

;x=0,1,2,..,0

time, this indicates that the time period between events is exponentially distributed with an
1

average of — .
AN

a. Since classical random numbers follow a uniform distribution over the interval [0,1],
we take the sequence of random numbers from relation (2).
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b. Using the inverse transformation method, we convert these random numbers into
neutrosophic random numbers that follow the neutrosophic exponential distribution
defined by the following relation:

hy(y) = Ay.e™ Y

c. Using the conversion relation:
, In R;

Yni = _W
We obtain the series of neutrosophic random numbers that follow the following exponential
distribution:

YN1 VN2 YN3s oo Y - (4)

We take the cumulative sum of these numbers if the following inequality:

x x+1
! !
ZYNL' <lzxe< ZYNHl
i=1 i=1

Then we consider the number x to be subject to the Poisson distribution, where x is the
number of random numbers y,; which is subject to the exponential distribution.

h(y) = A.e~* whose sum we took and the number did not exceed 1 + ¢, but if we added
another number yy; ., the sum became greater than 1 + ¢, but if the inequality is not satisfied
we return to step (a), repeating the work until we obtain the required number of random
numbers that follow the Poisson distribution.

The third case: neutrosophic random numbers and neutrosophic probability
distribution.

From the study in the first case, we obtain the series of neutrosophic random numbers as in
(3).

Poisson Neutrosophic distribution, i.e., the probability density function is defined as it is in
the second case. To convert neutrosophic random numbers Ry;, Rn2, Rnz -« Rymy - INO

random numbers that follow the exponential distribution, we use the following relation:

ll’lRNl'
Yni = — /1N

We obtain the series of neutrosophic random numbers that follow the following exponential
distribution:

YN1 Y2 YNas o Yiimo - (5)
We take the cumulative sum of these numbers if the following inequality:

x+1

b
ZYI'\'IL' <lzte< Z%’\'ml
i=1 i=1
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achieved, then we consider the number x to be subject to the Poisson distribution, where x is
the number of random numbers y,; that obey the neutrosophic exponential distribution
hy(y) = Ay.e ¥ The sum of which we took and the number did not exceed 1 + &, but if
we added another number yy;,,, the sum became greater than 1 +e. However, if the
inequality is not met, we return to step (a), and we repeat the work until we obtain the number
the required random numbers follow a Poisson distribution.

Conclusion and results:

In this research, we presented a neutrosophic vision of the composition method used to
generate random numbers that follow complex probability distributions from simple
distributions. Random numbers that follow them can be generated using the neutrosophic
inverse transformation or the neutrosophic rejection and acceptance method, using the
relations provided by students and researchers in the field of mathematical statistics that link
the probability distributions. Complex with simple probability distributions, such as the
following relation between the Poisson distribution and the exponential distribution: When
the time periods between possible events are exponentially distributed, the number of events
that occur in one period of time has a Poisson distribution, which is relied upon to generate
neutrosophic random numbers that follow the distribution Poisson, which has many uses in
practical life, Such as inventory control, queueing theory, quality control, traffic flow, and
many other fields of management science.
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Abstract. A modified version of a Neutrosophic Set (NS), a Complex Neutrosophic Set (CNS) offers a more
accurate description of ambiguous situations than established fuzzy sets (FSs). It is widely applied in uncertain
control. This study offers the idea of Single-Valued Complex Neutrophilic Graph Structure (SVCNGS). Further
research is done into the relationship between an 7; — edge regular SVCNGS degree and the 7;-degree of a
vertex. Also, we introduce the notions of totally n; — edge regular and regular n; — edge SVCNGS. There is
an explanation of the conditions in which n; — edge regular SVCNGS and totally s — edge regular SVCNGS
are same. Moreover, this study several 7n; — edge regular and totally n; — edge regular SVCNGS properties
using an example, and we have discussed their application in SVCNGS. Finally, we develop an algorithm that

explains the fundamental workings of our application.

Keywords: SVCNGS, n; — edge regular, totally n; — edge regular, application

1. Introduction

The phrase FSs it initially used by L.A. Zadeh [48] in 1965 to describe a way to show
the ambiguity of FSs. The business sector is vital to our daily lives because it helps us see
ambiguities and identify them in most fields of science and medicine. T. Atanassov [4] sug-
gested that Intuitionistic FSs (IFSs) may be created by deriving a new component, degree of
membership and non-membership, based on the features of the FS. As a result, it can explain

more accurately and completely than a F'S. However, it can only handle partial and ambiguous
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information; it cannot manage the ambiguous and contradictory informationthat frequently
occurs in real-life situations. It can only handle partial and ambiguous information, not the
ambiguous and indeterminate information that often occurs in real-life situations. Therefore,
the terms NS, a unifying field in logics and a generalization of the IFSs are introduced by
F. Smarandache [ [27], [28], [29], [30], [31]] and is used in many different fields to deal with
ambiguous and contradictory data. If the total of these values in the NS is between 0 and
3, the terms of truth membership, indeterminacy membership, and false membership are all
done separately, and the indeterminacy value is directly quantified. Neutrosophy: Neutral
Probability, Neutral Set, and Neutral Logic Introduce the idea of NS, N probability, and
logic in more detail. Due to the broad range of description situations it covers, the NS has
quickly drawn the attention of many scholars. This new set also helps to manage the vague-
ness brought on by the N scope. Furthermore, a thorough evaluation of Xindong Peng and
Jingguo Dai [40] citation is provided. A bibliometric analysis of the neutrosophic collection is
presented, covering the period from 1998 to 2017. Ramot [I8] created the idea of a Complex
FS (CFS) in 2012 by changing the range of the membership function for the amount disc for
complex and real integers. A helpful generalisation of FS is the membership grade of this
concept, which is expressed as re?, where r stands for the amplitude term and 6 for the phase
term. Only values from the complex plane’s unit circle are permitted. The phase term of CFS
matters because it can handle cyclical problems or persistently troubling circumstances more
successful. Given that this term is a part of CFS, there will undoubtedly be circumstances
in which another dimension is required. In contrast to every other type of information that
is currently available, CFS is described in this phrase. A detailed investigation of CFS’s [43]
was performed by Yazdanbakhsh and Dick. Alkouri and Salleh [2] first introduced the ideas of
CIFSs in 2012. It is important to familiarize out with the novel forms, such as CIFSs, which
significantly expand upon CFSs; useful details regarding these kinds of structures can be dis-
covered in [ [19], [20]]. Recently, Prem Kumar Singh developed the equation of complex vague
set idea lattice and its features in his paper [16]. K. Ullah and T. Mahmood [39] presented the
concept of CPFSs in 2019 in addition to expanding the range of existing distance measures to
take into consideration CPF values. Mumtaz Ali and Florentin Smarandache developed the
concept of a CNS in 2016 [32]. A complex-valued NS is one whose real-valued amplitude terms
for truth, indeterminacy, and falsehood, along with the phase terms that go along with them,
are combined to form its complex-valued membership functions. The NS is expanded upon by
the CNS. Further, the establishment of Hypersoft Set Hybrids with CFS, CIFS, and CNS are
introduced in 2020 by Atige U. R., Muhammad.S, Florentin Smarandache, and Muhammad
R. A [6]. In 1975, Rosenfeld [2I] developed fuzzy graph theory. Examined the Fuzzy Graphs

(FG) for which Kauffmann created the fundamental concept in 1973. He explored a number of
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basic concepts in graph theory and developed some of their characteristics. In his remarks on
FGs, Bhattacharya [7] demonstrated that the conclusions drawn from (crisp) graph theory are
not necessarily applicable to FGs. In 1994, Shannon and Atanassov proposed the ideas of IF
relations and IFGs. Rashmanlou [I5] studied FGs with irregular interval values. Additionally,
they defined FGs [I7], various features of very irregular interval-valued FGs [17]. The Edge
Regular IFG was first proposed by M.G. Karunambigai and K. Palanivel [I0] in 2015. CFGs
were developed by Thirunavukarasu et al. [38] to manage ambiguous and uncertain relation-
ships with periodic nature. CIFGs were defined by Yaqoob et al. [44]. They looked into the
homomorphisms of CIFG and demonstrated a CIFG usage among cellular network supplier
companies to test their proposed approach. CNGs were introduced by Yaqoob and Akram to
expand the idea of NGs and CIFGs [45]. They addressed various fundamental CNG operations
and described them using specific instances. They also demonstrated CNGs’ energy. Anam
Lugman, Muhammad Akram, and Florentin Smarandache [I] further elaborate on the idea of
CN Hypergraphs: New Social Network Models in 2019. Two voting processes are the best in-
stances and source of inspiration for CNS and the example is provided in their introduction to
prove the applicability of their suggested model. The research papers Applications of graph’s
total degree with bipolar fuzzy information and Estimation of most effected cycles and busiest
network route based on complexity function of graph in fuzzy environment in 2022 by Soumi-
tra Poulik and Ganesh Ghorai [ [33], [34], [35]] is worth being referred to for more information.
Also, in 2021 proposed the idea of Determining the order of journeys based on a graph’s Wiener
absolute index using bipolar fuzzy information. Sampathkumar [23] introduced Graph Struc-
tures (GSs) in 2006 to be a generalization of signed graphs and graphs with colored or labeled
edges. The idea of a FGS was first presented by Dinesh [§], and also discussed some relevant
properties. Recently, the notions of Operations on IFGSs were introduced by Muhammad
Akram [ [12], [13], [14]]. Also, introduce the ideas of simplified Interval-Valued PFGs with
applications and a novel decision-making approach under CPF environments further. Later,

the idea of complex Pythagorean fuzzy planar graphs was created.

1.1. Framework of this research

This concept can be restated in an abstract form then applied in SVCNGS. The organization

of this work is as follows:

e This study introduces the idea of SVCNGS. In regular SVCNGS, the relationship
between vertex degree and edge degree is further investigated.

e We also define total n; — edge regular SVCNGS and 7n; — edge regular SVCNGS. It
is described under which conditions 1y — edge regular SVCNGS and total n; — edge
regular SVCNGS are comparable.
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e Furthermore, Applications and algorithm explaining for SVCNGS were also covered.

Finally, an explanation of all these studies is provided in Conclusion and future works.

2. Preliminaries

The construction of the research studies will be aided by the discussion of some fundamental

definitions and properties in this section.

Definition 2.1. [32] An object with the form of a SVCNS @ on a non-void set X
Q = {j, To(i)e" e, Ig(j)e®eV), Fo(j)eeV) : j € X}

where ¢ = /-1, amplitude terms T (j), Ig(j), Fo(j) € [0, 1] and phase terms
aq (i), Ba(i),1q(j) € [0, 2m].

Definition 2.2. [39] Let x = {j,T(j)e iax(9) T L(j)e W (3) Fx(j)ewxu) 1 J € Xhn =
{4, T, ()e D) I, (5)e9) | F(5)e"mV) : j € X} be the two SVCNS in X, then

e x C nif and only if T\.(j) < Tp,(j), Iy(j) < I,(j) and F\(j) < F;(j) for amplitude
terms and o, (j) < ay(4), By(d) < Byp(j) and v, (j) < v,(j) for phase terms, for all
JjEeX;

e x = n if and only if T.(j) = T5,(j), Iy (j) = I,(j) and F\(j) = F;(j) for amplitude
terms and o, (j) = ay(4), By(j) = Bn(j) and v, (j) = v,(j) for phase terms, for all
JjeX;

For simplicity, the (j,T(j)e’*W), I(5)e’?0), F(5)e) : j € X) is called the SVCN Number
(SVCNN), where T'(5),1(5), F(j ) € [0,1] such that 0 < T'(j) + I(j) + F(j) < 3 and «, 3,7 €
[0, 27].

Definition 2.3. [I3] On a non-empty set X, a SVCNG is a pair G = (x,7n), where x and 7
are SVCNSs on X and a SVCN relation on X, respectively, such that:

Tn(T‘S)emn(m) < min{TX(T),TX(S)}eimin{aX(T)’aX(s)}

In(rs)eiﬂn(rs) < maX{IX(T),IX(s)}eimaX{Bx(”vﬁx(S)}

Fy(rs)e ™) < max{Fy(r), Fy(s)}e' ™)}
0 < T, (rs) + I)(rs) + Fy(rs) < 3 for all r,s € X. We call x and 1 the SVCN vertex set and
the SVCN edge set of G, respectively.

3. Some Result on SVCNGS

The concept of SVCNGS is introduced in this section, along with definitions that are useful
in understanding the main findings. With examples, we further analyse several SVCNGS
characteristics.
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Definition 3.1. Let 7 = (v,m1,m2,...,nk) is referred to as an SVCNGS of GS 7% =

(M, Wy, W, ..., W) if v = {r,v1(r)e! ) yo(r)e'2(") y5(r)e’3(M} is an SVCN set on @ and

ny = {rs,n1y(rs)ePr7s) ny;(rs)etP27(8) ns;(rs)ets7(7s)} are SVCN sets on M and Wy such
that

Ma(r,5)e P09 < mingy (r), i (s) et e,

NoJ (7“, S)eiﬁw(TS)

IN

max{72(r), 1a(s) pe! M),

N3 (r,5)e” %) < max{ya(r), ya(s) per mextes s ()}

such that 0 < ny5(r,s) + n2s(r,s) + n3s(r,s) < 3 and B1(rs), Pos(rs), Bss(rs) € [0,2n] for
all (r,s) € Ry,J =1,2,... k.

Example 3.2. An SVCNGS 7 = (vy,m1,m2) of a GS 7% = (M, W, Wy) given figure{ll is a
SVCNGS 7 = (7y,m1,712) such that v = {u(.4e?67, .6ei-27 3eil4m),

UQ(.5€i1'07T, .6€i'87r, ‘487L1.67r)’ U3(.5€i'8ﬂ, .4ei1.07r’ .66i1'47r), U4(.3€i'67r, ‘5€7L1.87r’ .4ei1.67r)}.

Uy 771(_4611.071" .66“‘271—, .4ei1.67r) U

1.6
772(3 1671" 6611 87r, et Tl')
EA
n ( 6108717 6611 O7r’ 667'1 671')

U4 771('361'.6%7 .56i1‘8ﬂ, .6611'671—) us

FIGURE 1. 7 = (y,m1,12) is SVCNGS of 7*
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Definition 3.3. Let 7 = (v,m1,7m2, ..., k) be an SVCNGS of GS 7% = {M, Wy, W, ..., Wi }.

Then the vertex ny — degree is defined as

s (f) - <dm‘] (f)’ dipa; (f)’ d7I3J(f))7

dnlJ(f) = T]lJ(f7 /U)eiz(f,v)ERJ BlJ(f,’l))7
(fyU)EWJ

d?72] (f) = Z 772J(f, U)eiZ(f,v)eRJ BZJ(f,v)’
(f)EW,

dyy, (f) = Z " (f,v)eiZ(f,v)ewJ ﬂsJ(f,v)’
(fﬂ) EWJ

vJ=1,2,..,k.

Definition 3.4. A SVCNGS 7 = (v,m1,m2, ..., k) is 0y — strong if

771(](747 S)eiﬁu(rs) _ min{’yl(r), - (8)}€i min{al(r),oq(s)}’
1s(r,8)e P09 = max{s(r), na(s) e mx{az()ax)
nag(r,s)e3108) = max{ys(r), y3(s) et malas s} for all (r,5) € Wy, J =1,2, ..., k.

Example 3.5. Let 7 = (v, 11,72, ...,Mx) be an SVCNGS. Next, for every J = 1,2, the degree

of a ny — strong vertex is shown in figure{ll The 1, — strong degree of vertex wu;, i=1,2,3,4 is

dp(u1) = (dyyy (ur), digy (ur), dyg, (w1))
dp (ur) = (4e™07 6127 40T,
dyy (ug) = (.7et07 1,207 8eid-2m),
dyy (uz) = (.3e"07, 5e187T 6el-0m)
dy, (ug) = (.6€127, 117 1.0e"27)

The 19 — strong degree of vertex u;, i=1,2,3,4 is

7712(u1) ?722(u1) 132 ul))

1.6 6611 87 4611 .61

’

ez .8 6611 .Om 6611 61

)

iy (1) (d (
dhyy (u1) (:3e )
dyy(ug) = (.5e™87, 6107 6e'-0m)
iy, (u3) (:5 )
dyy (ua) (:3 )

62 .61 6611 8 4611 61

Theorem 3.6. Let 7 = (v,n1,12,...,n%) be an SVCNGS of GS 7 = {M, Wy, Wa, ..., Wi}.
n 72 ) Uj,U

Then Zi:l dTIJ (ul) = (2 E(ui,v)EWJ 7’]1{](’11/7;, U)e Z(uz,v)GWJ Pt )7 2 Z(ui7U)EWJ 772(](@6@,1))

2 2w mew; ﬂ”(“"’”), 23 (s yew, M3 (Ui, v)e’2 2(u0)eW s ﬂSJ("“U)) is ng — strong SVCNGS for

all J =1,2,..., k.
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Example 3.7. Next, we demonstrate the above theorem’s example - Let us Consider a
SVCNGS 7 = (y,m1,72) as shown in figure{ll Then Z?:l dy, (u;) =

(2 Z(Ui,U)EWJ (Ui, U)?ZQE(%’U)GWJ *BU(U“U), 2 Z(Ui,v)EW.z n2J (ui, v)eﬂ Lupwewy BQJ(Ui,U)a

2> (s )ew, nsy(ui, v)e” 2y )W,y BSJ(W’”)) is ny — strong SVCNGS for all J =1, 2.

Twice the degree of sum of 171 — edges in T is

2 Z i (ug, v)e’? Zmews SO0 =9 (uy, us) 4 1 (us, wa) + i (us, ua))
(ug,0)EWT
eiz(ﬁn(U17u2)+511(U2,U4)+511(U37u4))

= 2(A4+ .3+ .3)¢i2(10m+ 6m+.6m)

_ 9 gitdn
203 ma(ugyv)eEenem PO — o) (ur ug) + a1 (g, ua) + 121 (ug, ua))
(uivv)ewl

i2(B21 (u1,u2)+B21 (u2,ua) +B21 (us,ua))

= 2(.6+ .6+ .5)¢2(1:2m 18w +1.8m)

= 3.4¢"67
2 > si(ug, v)e Zwewt B0 — (g (g ug) + 3 (un, ua) + 031 (us, ua))
(unv)er

ei2(631 (u1,u2)+PB31 (u2,us)+031 (us,u4))

= 2(4+ 4+ .6)e2(16mHLOmH16m)

— 9.8¢1967

Degree of 71 — strong vertices in SVCNGS is given by Example{3.5]

4 4 4 4
Zdnl (wi) = (Z de(ui)a Zdnw (ui), ZdﬁsJ (i)
=1 =1 =1 i=1
— (2.067;4.471' 3'4€i9.67T 2.8€i9'6ﬂ)
4 .
de (uz) = (2 Z nll(ui,v)elz z(“iv”)ewl ﬁ11(u¢,v)72 Z ngl(ui,v)
=1 (ui,v)EW] (ui,v)EWL
62'22(%7”)6"‘/1 ’821(ui’v)7 2 Z A31 (UZ', U)eiz Z(uivv)€W1 531(ui’v))
(uiv)EWL
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Similarly, we calculate

4
Z dp, (u;) = (2 Z moa(us, U)el2 2 (ug v)EWs 512(%‘,0)’ 9 Z N2 (ui, V)
i=1 (ui,v)EW2 (ui,v)EW
ei2 Z(ui,v)EWQ B22 (Ui,v)7 9 Z 32 (Ui, 'U)eiQ E(ui,v)EWQ 532(11,1',1)))
(ui,v)GWQ

— (1‘6612.871' 2‘4ei5.67r 2.06i6'47r)

Definition 3.8. Let 7 = (v, m1, 712, ..., k) be an SVCNGS of GS 7% = {M, W1, Ws, ..., Wi }. If
dy; (u;) = (a,b,c) for all u; € Q, then for every vertex with a degree of 717 — degree, there
is an equal degree of a; similarly, for every vertex with a degree of 155 — degree, there is an
equal degree of b; and for every vertex with a degree of 135 — degree, there is an equal degree

of c. For all J =1,2,...,k, 7 is then considered to be n; regular SVCNGS.

Definition 3.9. Let 7 = (v,n1,m2,...,M%) be an SVCNGS of GS 7 = {M, Wy, Wy, ..., W }.

The total degree of 17; vertex is defined as

tdﬂJ(f) - (tdﬂu(f)’ td772J (f)? tdn&] (f))

oy, (f) = (D mulfov)+m(f))e Ewoew, Slhorald,

(fv)eW,

td, () = (D mas(fiv) +a(f)el Zrmew Rrtferrast,
(fv)eWy

tdn,, (f) = ( Z 157 (f,0) + 73(f))e’ Zrmew, Faa(f)tas(f)
(fv)EW,

The total degree of every vertex in 7;; has the same degree. n; and the total degree of each
vertex in 1o has the same degree. no, and the total degree of each vertex in 737 has the same

degree ng. For all J =1,2,....k, 7 is then considered to be totally n; regular SVCNGS.

4. Edge Regular in SVCNGS

This section introduces the idea of 1y — edge regular SVCNGS. Moreover, some properties

of the 1y — edge regular SVCNGS are explained with examples.

Definition 4.1. Let 7 = (v, m,72,...,mx) be an SVCNGS of GS 7% = {M, Wy, Wa, ..., W} }
and let e;; € W; be an edge in 7. Then the degree of an n; — edge e;; € W is defined as

d"l] (eij) - (de (eij)’ d772] (eij)’ d773] (eij))
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d771J (eij) = d771J (u%) + d771,1 (UJ) - 2771J(ui7 uj)eﬁﬂl‘](u“uj) (OT)
dy,,(ei) = O mulus,we) + > muy(ur,uy))
I rs

et 2o By (wisur)+3 s i (uk,uj)

d772J (eij) = (d772J (ul) + dan (u]) - 2772J(ui7 uj)ei2ﬁ2J(Ui7uj) (07’)
dyoylei) = > mos(us,ug) + > 1 (uk, uy))
[r gs

et 2o B2 (wisur)+3 s B2 (uk,uj)

dysy(€is) = (dug, (i) + dyg, (1) — 2037 (5, uy)e>H7 0449 (or)
dy,,(€i5) = (Z 3. (wi, uk) + ZWBJ(Ukan»
eiezzr o ot o o) 7
VO = (ui,ugp) € Wy, k # 5,05 = (up,uj) € Wy, k #dand J = 1,2, ..., k.

Notation: An 7; — edge of an SVCNGS is denoted by e;; € W or wu; € Wj.
Note:

dys(eis) = > mulwnuw)+ Y mg(ugur) = 2010 (ui ug))

(uisus ) EW, (uj,up)EW;

eiz(“'i,“'j)ewj Buy (iu5)+ gy ew 51J(uj,uk)*25u(u¢,u]‘)’ 1=1,2,3.and J = 1,2, ..., k.

Definition 4.2. Let 7 = (v,m1, 72, ...,mx) be an SVCNGS of GS 7% = {M, Wy, W, ..., Wi }.
The minimum 7; — edge degree of 7 is §,,(G) = (dy,,(G), dp,, (G), Oy, (G)), where

)y YN2g » YN3J
ms(G) = Ady,,(eij)/eij € Wy}
d = Mdy,,(eij)/eij € Wy}
(G) = /\{dnw(ei]’)/ei]’ eWyh VJ=12 k.

3
N}
<
—~
@Q
~—

Oy

3

<

The maximum 7; — edge degree of 7 is A, (G) = (Ay,,(G), Ay, (G), Ay, (G)), where

=2 ) =N3g
Ap,(G) = V{dy,,(eij)/eij € Wi}
Ap,, (G) = V{dy,,(eij)/eij € Wi}
A (G) = \/{dnw(eij)/eij eWyt, VJ=1,2, ..k

n3J

Definition 4.3. Let 7 = (v, 71,72, ...,n,) be an SVCNGS of GS G* = {M, Wy, Wy, ..., Wi}
and let e;; € W; be an edge in 7. Then the total degree of an 1y —edge e;; € Wy is defined as

td’?] (eZ]) = (tde (eij)7 tdnw (6@'), tdﬂsJ (eij))v
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tdy, (€)= Y ma(usue) + Y nrg(ue, ug) +musles;)
o =

et 2o B (uiur)+3 s ﬁlJ(ukauj)"’BlJ(eij)’

tdy,,(ei) = Y mas(ui,ur) + > m2s(uk, ug) + 12, (eij)
o Iz

et Soor Bag(uiug)+ s 62J(7lkvuj)+52j(eij)’

tdy,, (eij) = Z"BJ(Uiy ug) + Z 3. (g, uj) + n3.7(€ij)
er e

el Soor B (ui up)+Y s 531(“167“]')4'133‘](61']')’
VO = (ui,up) € Wy, k # j,0° = (ug,uy) € Wy, k#dand J =1,2,..., k.

Definition 4.4. Let 7 = (v, 11,72, ..., k) be an SVCNGS of GS 7* = {M, W1, W, ..., Wi }. If
dy,(eij) = (p,q,r) for all e;; € W for each edge of 11, has the same degree p and for each
edge of 727 has the same degree ¢ and for each edge of 135 has the same degree r. Then 7 is
said to be n; — edge regular SVCNGS for all J =1,2,..., k.

Example 4.5. Consider an SVCNGS

tau = (vy,m1,m2) of GS 7% = (M, W7, Ws) given Figure{2 is 75 — edge regular SVCNGS such
that v = {uy(.4e"5™, .34 5et6T)

ug (.45 4eP5T 607, uz (5t . 3et T 5et6™)  uy(4etOT, 4607 6e76™)}. The degree of

uy m (4et5T | 4et5T ) 6et0m) U
g\

— S

g =
S )
o ©
© S

- &

5 5

SQ.) NS
< =
& <.

1% &

2 £
< R,
= <
& o
=
&

Uy 772(.461'571—, '462.57r, .661'67T) us

FIGURE 2. 7 = (v,n1,n2) is regular SVCNGS of 7*
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an 11 — edge.
dp(e12) = (dpy,(€12), diyy (€12), digy (€12))
dpy(e12) = diyy (wr) + di,y (u2) — 2011 (un, ug) P11 1:42) (o)
dpy(e12) = ( Z 7711(U27U4))€i2(1‘27“4)6""17“4#4 B (uz,us)

(u2,uqa)EW,us#us

— (4 1+ 8- 2(_4))6i(.57r+1.07r—2(.57r))

—  4eiD

dyoi(€12) = dyy, (1) + dipyy (u2) — 2721 (w1, uz)eiZﬁgl(ul,uz)
= (A4+.8—2(0.4))e!FmH10m=2(5m)
= 4e'

dygi (€12) = diygy (un) + digg, (ua) — 231 (un, up) &1 (41:42)

= (.64 1.2 —2(.6))e (6 HL2m=2(6m)

— el

dnl (612) = (,4€i'57r7 .467;-571', 66267'()

Similarly, we calculate

dp, (€12) = diy, (e23) = dyy, (€34) = dyp, (e14) = (.4e™57, 4eP5™ 6e0T)
The degree of an 12 — edge.

dn,(e12) = dp, (e23) = dp, (e34) = dp, (e14) = (.4e™5™, 4e™5™ 6e5T)

In the above exampledddl is n; — edge regular SVCNGS for all J =1, 2.

Definition 4.6. Let 7 = (v,m1,7m2,...,mx) be an SVCNGS of GS 7" = {M, Wy, W, ..., Wi }.
If td,, (eij) = (x,y,2) for all e;; € Wy for each edge of 11y has the same total degree = and
for each edge of 197 has the same total degree y and for each edge of 7737 has the same total
degree z. Then 7 is said to be totally n; — edge regular SVCNGS for all J =1,2,.... k.

Example 4.7. Consider an SVCNGS 7 = (v,n1,12) of GS 7% = (M, W1, W) is given Figure{2
in exampled.H] is totally 1; — edge regular SVCNGS for all J = 1,2. The total degree of an
m — edge is

tdy, (e12) = tdy, (e23) = tdp, (e34) = tdyy, (e14) = (.8e1-07 8107 1.2¢1-2T)

The total degree of an 1 — edge is

tdp,(e12) = tdy, (e23) = tdy, (e34) = tdy,(e14) = (.8e™07, 8eil-0m 1.2¢i1-2T)

Hence, 7 is totally n; — edge regular SVCNGS for all J =1, 2.
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Theorem 4.8. Let 7 = (v, m1,M2, ..., k) be an SVCNGS of GS 7% = {M, W1, Wy, ..., Wi} and
T is a cycle. Then Y7 dy, (u;) = > i dn,(eij) for all J =1,2,....k and j =i+ 1.

Proof. Given that 7 = (v,n1, 712, ...,m%) be an SVCNGS of GS 7* = {M, W, Wy, ..., Wi} and

7" is a cycle ujusus...u,. Then

Z dy, (eij) = (Z dup, s (€ij); Z Ay, (€ij), Z s 5 (eij))
=1 =1

i=1 =1
VJ=1,2,..,kand j =1+ 1.

Consider
2 i1y (€ij)
= dy,,(e12) +dy,,(€23) + ... +dp, ,(en1), Where u,i1 = uy
= dyy, (w1) + doy y (w2) = 2715 (ur, ug)e®M70042) 4 dy(ug) + dy 5 ()
—2m17 (ug, uz)e?Prrw2us) 4 () 4 dyy (1) — 2007 (U, ug )€ 2P (nun)
= 2dy,,(u1) + 2dy, , (u2) + ... + 2d,, , (up)

—2(n1y(us, u2)€i251J(u1,U2) + g (us, ug)eﬂﬁu(uz,%) + oo 4 11y (un, ul)eﬂﬂu(un,m))

n
= 9 Z de(ui) -9 Z??u(uz', ui+1)ei22?=1 Br(uiuit1)

u; €M =1
n

= Z dhyy (i) + Z 5 (ui) — QZWU(W,Ui+1)6222i215“(u“ui+1)

u; €M u; €M =1

n . n .

= >y, (W) + 2 mug (s, wg) e B Aol — 9N Ty (g, e iz A (i)

u; €M =1 i=1
= Z )

u, €M

Similarly, we derive the equation
Z?:l dny, (€i5) = ZuieM dn,, (us),

Z?:l d773] (eij) - EuieM d773J (UZ)
Hence, Y 7 dy, (ui) = Y iy dp,(e55) for all J=1,2,.. kand j =i+ 1. g

Theorem 4.9. Let 7 = (7,171,702, ...,nx) be an SVCNGS on a crisp graph ™ of GS 7 =
{M, W1, Wy, ...,.Wi}. Then ZeijeWJ dy, (eij) = (ZeijeWJ d;J(eij)nlj(Uin)eiﬁlJ(uiuj)7
ZeijeWJ dy, (eij)Uzj(uiuj)eiﬂ”(“i“j),ZeijewJ d;"n(eij)ngj(uiuj)eiﬁwmmﬁ)) where dy, (eij)
dy,(ui) +dy (uj) =2 for all e;; € Wy and J =1,2,..., k.

Proof. Let 7 = (v,m1,72,...,m%) be an SVCNGS on a crisp graph 7° of GS 7* =
{M7 Wi, Wa, ..., Wk} We know that d"]] (eij) - (dn1J(eij>vd7}2J (eij)vdnsJ (61J))
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Therefore, in ) ei €Wy Iniy (ei5), every m17e¥17 — edge contributes it’s truth membership values
exactly number of 7, 7e’®17 — edges adjacent to that 7, 7€"%17 — edge times.

Thus, in Zeijew.l dyy, (i), each nyy(uzu;)etrs(Wits) appears dy, ,(€ij) times.

iB1(uiu,
Hence, g dy, ;(eif) g dnu (€ij)m(uiuj)e (wiug)
GZJGWJ GZJGWJ

Similarly, we solve the equation

Z d"]QJ (61]) = Z d;kIZJ (eij)UZJ (Uiuj')eiﬁz‘l(uiuj)

eijGWJ eijGWJ
Z dns, (€ij) = Z d;;w (6ij)773J(uiuj)eiﬁ&l(ui“j)
eijeWJ eijEWJ

Hence, Y2, ey, dn, (€is) = (Xe, ew, i, (eig)m (uiug)e'P1o (i),
Do ey A, (eig) g (upug) P20 i) 57 s di (eqg ) (ugug)etsr () o

Theorem 4.10. Let 7 = (y,m1,m2,...,0%) be an SVCNGS on a ny regular crisp graph 7°
Of GS ™ = {M> W17W2a"'7Wk}' Then ZEijEWJ dﬁJ(eij) = ((k - 1) ZuieMdﬁlJ(ui)a(k -
1) > vient oy (ui), (B = 1) 32 ey disy (i)

Proof. By Theorem44.9,

Z dy,(€i5) = Z d (eig)mu (uiug), Z d S (eig)nag (wiug),

eijEWJ 67,]€WJ eleWJ

> dy (eig)mag (uiny)

eijGWJ

= ( Z (df (ug) + ) (ug) — 2)mg (g, uy)ePrr i)

ui,ujGWJ

oy, (wi) + dy () = 2)ma (g, ug)etP27 (i),

ui,u; €EWy

Yo (dy, (i) + iy, (ug) = 2)35 (ui, ug)etPor o))

ui,u; EWy
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Since, 7% is a 1y regular crisp graph of GS, d;‘;J(ui) =k for all u; € M.
o dysley) = ((k+k=2) > Ay (g, ug)e! mivgey ML)
ei; €Wy wiu; €W
(k+k—2) Z 2. (i, uj)ei s u €W, ”QJ(“%“J')’
i, u; €Wy
(ktk=2) > mslu, uj)e’ iy ey oI i)y
ui,UjEWJ
= (2(k-1) Z (i, uj)eizui’“jew.] "U(“i’“j)’
Ui,ujeWJ
2(k—1) Z UQJ(Ui,Uj)Bi s s €W, ’721(”1‘7“1')7
i u; €Wy
26=1) >, 3. (i, uz)e’ i w37 (i)
ui,u; EWy
= ((k=1) Z iy 5 (ui), (k= 1) Z (i),
u; €M w; EM
(k—1) Z Ay, (i)
U €Q

Theorem 4.11. Let 7 = (v, 11,72, ...,n%) be an SVCNGS on a crisp graph 7° of GS 7* =
{Q.Ri, R, R}, Then Yo, ey, tdn,(eis) = (o, ew, dy, (e (uiug)ePotims)
Dy W, nlJ(“iuj)eiZ“iquW" Protuie), Deiewy & (eij)nag (uiuy ) P2 (vivs) 4
Sy, Mo (uiug)e’ = s RIS (e (i )e 0 () 4

EUiquRJ ngj(Uin)ei Zuiuj EWy BSJ(Uiuj))

Proof. By Definitionf43) of total degree of 1y — edge of G.

td??J (el]) - (tde (eij )7 td’?QJ (eij)’ td??&] (eij))
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Z tdy,(e:j) = ( Z tdy, , (€ij), Z tdy,, (€ij), Z tdn,, (eij))

ei; EW uu; €Wy uju; EWy wiu €Wy
= Z (dny, (€i5) + nlj(uiuj)elﬂl](ui“j))’
eijEWJ
Z (dﬁzJ (eij) + nzj(uiuj)eiﬁw(“i“j)),
eijEWJ
Z (dﬁgJ (eij) + 773J(uiuj)ew3](“i“j)))
eijEWJ
- ( Z dﬁu(eij) + Z nlj(uiu]‘)ez ZuiujGWJ f31J(uiug')7
eijGWJ uiujGWJ
Z dyy,., (€i5) + Z 772J(uiuj)62 2uujew,y /52J(U¢u]~)’
eijeW‘I uiu]‘EWJ
DI B iU
Z d773J (elj) + Z 773J(Uiuj)€zz iU EW 57 (u uj))
ei; €W wiu €W,

By Theorem{4.9, we get

Z tdy, (eij) = (Z d;;‘](eij)nlJ(uiuj)eiBIJ(Uiuj)+ Z nlj(uiuj)elzuiujewjBl](uiuj),

cig €W €ij €W uu; EWy
. ity Zzuu w BQJ(uiu')
5 )P 5 e B ),
8ij€WJ uinGWJ
5 ) - g S )
ei; €Wy wi €W,
|

Theorem 4.12. Let 7 = (7y,m, 72, ..., Nk) be an SVCNGS of GS 7 = {M, Wy, Wy, ..., W }. If
and only if the subsequent statements are equivalent, then 1y is a constant functional.

(i) T is an ny — edge reqular SVCNGS.

(ii) T is a totally ny — edge regular SVCNGS.

Proof. Let us assume that ny is a function that is constant. Then nlj(uiuj)eiﬁlJ(“i”j) = cq,
ngJ(uiuj)erJ(“i“j) = ¢9 and ngJ(uiuj)eiBSJ(“i“j) = c3 for every u;u; € Wy, where ¢, c2, c3 are
constants. (1)

Assume that 7 is 17 — edge regular SVCNGS. Then d,), (e;;) = (p,q,7) for all e;; € W;. (2)

Consider
tdy,(ei) = (dyy,(eij) + nuy(usug)etPro @),
iy, (€if) + oy (ugug)etP2r (i)
dng, (€if) + 37 (uguj)etPsr (i)

= (p+ci,q+ 2,7+ c3) for all uju; € Wy by (1) and (2)
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which implies 7 is totally n; — edge regular SVCNGS.
Therefore, (i) = (ii).
Let 7 be totally n; — edge regular SVCNGS. Then td,,(e;;) = (z,y, 2) for all e;; € W.
tdy,(eif) = (dny,(eij) +mg(wing) €70 dy, (eqs) + iy (wgug) e P27 i),
s (€37) + m3 (wing )7 (4vs)),

Now,

dny (i) = (dny;(€ij), dny;(€ij), dng, (if))
= (& — nrg ()7 )y — gy (ugug) P27 ) 2 — g g (ujug)ePor (i)
= (x—c1,y—co,z—c3) by(1)
Hence, 7 is ny — edge regular SVCNGS.
Thus, (i7) = (i).
Conversely, suppose that (i) and (ii) are equivalent.
As a resultt is ny —edge regular SVCNGS if and only if 7 is totally 1y —edge regular SVCNGS.
We have to prove that 1 is a constant function.
Let us assume that 7 is not a constant function. (3)
Then
i (wiy ug) @7 t) = gy g (g ) e rts) g g (ug, wg)eiP20 W) = N g (uy, ug)etr2s (trns)
and Ag](Ui,Uj)6i63J(ui’uj) = ngJ(uT,us)emJ(“““S) for at least one pair of u;u;,u,us € Rj.

Let 7 is ny — edge regular SVCNGS. Then d,, (e;;) = dy, (ers) = (p,q,7) (4)
= tdy, (i) = (dyy,(eig) +mg(uiyug)e™7 0 [ dy, (egg) + 2 (uiy ug)elP2 (o),
dys s (€if) + mz e ius))
= (p+ms(us, uj)elﬂu(ui,uj)7 q -+ 2 (s, uj)eiBQJ(ui7uj)’

7 3. (uiy )P W)Y ;€ Wy

and
tdy,(ers) = (dnyy(ers) + muy(upug)e?™ ) dy, (o) + g (urug)etPo ),
s, (€rs) + M3 (g )ePs7 (e
= (p 4 ny(upug) P [g oy 5 (upag)etP2r (urtes)
74 3. (upg ) €8 W)y g gy € Wy
Since,

g (i )P 0ets) gy g (g g )P Cntts) gy (ug, )02 (i) 2y g (uy ) et (ures)
and 137 (u;, wj)etP87 (Wit oL o 5 (u,, ug)etPss (urus)
= tdy, (eij) # tdy, (€rs)
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= Not all of 7 is a totally nn; — edge regular SVCNGS
= it is a contradiction.

Hence, 7y is a constant function.

Theorem 4.13. Let 7 = (v,n1,m2, ..., Nk) be an SVCNGS is both n; — edge regular and totally
ny — edge regular of GS 7" = { M, W1, Wa, ..., Wi.}. Then ny is a constant function.

Proof. The result is trivial according to Theorem44.12
Note: The above theorem{4.12 does not hold in its converse.

Theorem 4.14. Let ny be constant functions in an SVCNGS 7 = (v,m,n2,...,m) of GS
7 = {M, W1, Wa,...,Wi} and if T is ny reqular, Then totally n; — edge regular.

Proof. Let 7 = (v,m1,m2,...,Mx) be a ny regular SVCNGS. Then d,,(u;) = (a,b,c) for all
u; € M. Given that n; are constants. That is, 77 (u;, uj) = (c1, c2, c3) for all u;u; € Wy where
c1, C2,C3 are constant

We have to prove that 7 is totally 1y — edge regular SVCNGS.

By Definitiond4.3] of totally n; — edge degree, we have

td??J (el]) = (tde (€ij )7 td??w (eij)’ td??:u (&'j))
where
tdﬂu (eij) = dnlj(ui) + de(uj) - nlJ(uiv uj)eiﬁu(uz',uj')’ v LAGRS Wy
= a+a—cy, Yuuj € Wy (. 7is regular)
= 2a+ c1 = constant, V u;u; € W.
Similarly, we solve the equation
td??w (eij) = dnzj (ul) + dan (u]) - 772J(ui7 uj)eww(ui,%)’ v uiuj € Wy
= b+b—cy, Vuu; € Wy (. 7 is regular)

= 2b+ ca = constant, YV uju; € Wj.

tdﬂgj (eij) - dT]3J (u%) —+ d”]SJ (u]) - 773J(ui>uj>ei/83J(Ui7Uj)’ v Uit € Wy
= c+c—c3, Yuuj € Wy (. 7is regular)

= 2c+ cy = constant, V wu; € Wj.

(ie) tdy,(eij) = (2a + c1,2b + c2,2¢ + c3)
= 7 is a totally n; — edge regular SVCNGS.
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Theorem 4.15. Let 7 = (v,m1,72, ..., 0x) be an SVCNGS on a regular crisp graph 7 of GS
7 ={Q, R1, Ra, ..., Ri}. Thenny is a constant if and only if T is both n; regular and n;—edge
regular SVCNGS.

Proof. Let 7 = (v,m,m2,...,nx) be an SVCNGS on a regular crisp GS 7* =
(M, W1, Wa, ..., Wi}
Assume that 7 are constant functions, that is 7;(u;, u;) = (c1, c2, ¢3) for all uyu; € Wy where
c1, C2, c3 are constant
To prove: 7 is both 7 regular and totally n; — edge regular SVCNGS. By Definitiond3.4] of

1y — degree of a vertex,

dp,(ui) = (dy, (W), dpy, (1), dyg, (ui))

iz(ui,vj)EWJ By (ui,v;)

= ( n(ui, vj)e cY meg(ugv))e

(uiv;)EWS (ui,v;)EWy
Z ngJ(uivvj)eiZm,vj)ewJ 53](“1’:%’))7 Vo €M
(us,v5)EW

= ( c1, Z c2, Z c3)

(ui,vj)EWJ (ui,vj)EWJ (Ui,Uj)EWJ

= ($017y02, 203)

Hence, 7 is 1y regular SVCNGS.

Now,

td77J (eij) = (tde (eij) ) td??zJ (eij)7 thYSJ (eij))7 where

i ) i B (ui,u
tdy, ,(€i5) = Z ma(uq, ug)e Doy Wyt 1 hiik)
uup €W g,k#£j

i 1 i u 7u. ; . .
E 1 (g, uj)e Dugugew s i Pra (Uk,5) + g (u, uj)ezﬂu(uz,uj)
UkUjEWJ,k;éi

= Z c1+ Z c1+c

wijup €W s, k#j upu; €Wy ki
= cle—1)+cle—1)+c, YVuuj € Wy

= c1(2z —1), Y uuj € Wy.
Similarly, we solve the equation
tdy,, (eij) = 2y —1), Y uu; € Wy
tdy,,(eij) = c3(22—1), Y uu; € Wy
Hence, 7 is also totally n; regular SVCNGS.
Conversely, assume that 7 is both n; regular and n; — edge regular SVCNGS.

To prove: 77 is a constant function.
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Since, 7 is n; regular, dp, (u;) = (a,b,c), ¥ u; € M.
Also, 7 is totally 1y — edge regular.

Then td,,(e;j) = (x,y,2,), V uu; € Wy.

By Definitiond4.3] of totally 1; — edge degree,

td??J (eij) = (tde (eij)’ td772.] (eij)v tdﬁ:sJ (eij))a where
td??J (eij) = de(ui) + d’?u(“j) - nlJ(uiv uj)ele(Ui7uj)7 v Uiy < W
r = a+a—nlJ(ui,uj)ei’BU(“““j), Vuiuj c WJ
(i, ug)e? ) = 2a — @, ¥ uguy € W

Similarly, we solve the equation

ny(ui,uj)ew”(“““j) = 2b—y, Yuu; € Wy.

773J(Ui,uj‘)€i’33‘](ui’uj) = 2c—2z, Yuu; € Wy.

Hence, n; is a constant function.

Theorem 4.16. Let 7 = (v, 11,72, ...,n%) be an SVCNGS on a crisp graph 7° of GS 7 =
{M, W1, Wy, ... Wi}. If ns is constant functions, then 7 is an ny — edge reqular SVCNGS if

and only if 5 is an n; — edge reqular.

Proof. Given that 7, is constant functions. That is, 1 (u;, uj)e?® (1) = (c1, ¢, c3) for all
u;u; € Wy where c1, c2, c3 are constants.
Assume that 7 is an 75 — edge regular.

9is an 1y — edge regular.

To Prove: 7
Suppose that 77 is not an 1; — edge regular. Then dy, (eij) # dp,(ers) for at least one pair of
€ij, ers € Wy.

By Definitiondd.1] of an 775 — edge degree of an SVCNGS,

d’?J (eij) - (dnu(eij)v dan (eij)v d”]SJ (eij))7
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where

2.

uup €W g,k#j

2.

upu; EW s k#i

2

uu €W g,k#j

dny , (€ij)

c1+

N1y (wi, ug

1 (g, uy)e’

)ei 2 ujup e W g kg P17 (Ui uk) +

) Zuku]-EWJ,k;&i Bl](ukvuj)

2.

C1

uku]-GWJ,kyéi

= al(dy, (u) = 1)+ al(dy, (u;) — 1),
= aldy, (w)+dy,  (uj) —2)
= aldy, (ei))
Similarly, we solve the equation
dyyy(€ij) = caldy, (ei5))
ds, (€i5) cs(dy, (eij))
oy, (€45) (c1(dy, (€if)), c2(dy, (eiz)), es(dy , (€if))),
dn, (€jk) (c1(dy, (ejk)), caldy, (ejk)), cs(dy (k)

Since, dy (eij) # dy,

assumption is contradicted by this.

S

Hence, 77 is an 7y — edge regular.

(ejk) = dy,(eij) # dp,(ejx). Thus, 7 is not an 7y — edge regular. Our

Conversely, assume that 7 are constant functions and 7° is an 1 — edge regular.

To prove that: 7 is an 1y — edge regular SVCNGS.

Suppose that 7 is not an 7,; — edge regular SVCNGS. Then d,), (e;j) # dy, (ers) for at least one

pair of w;uj;, u,us € Ry

(dny ;s (€35) dnyy (€i5), dugg s (€35)) F (dipy s (€rs)s diy s (Ers), dng, (€rs))

Now,

dTilJ (eij) #

Z )eizuiukewj,k;,gj B (usuk) +

ujur €W g, k#j

2.

urur €Wy t#s

N1y (ws, ug

M (ur, ug)e’

ZurutEWJ,t#s nlj(ur,Ut) +

dnu<67’8)v

Z )ei ZukquWJ,k#i Br (uk,uj) £

upu; EW g ki

2.

urus EWy t#r

Ny (ug, uj

11 (g, g )€’ Surusew ez 1o ()
)
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ci(dyy, (wi) = 1) + er(dy,, (uj) = 1) # caldy,, (ur) = 1) + er(dy,, (us) — 1),
c1(dny, (ui) + dny, (uj) = 2) # caldy, (ur) + dyy, (us) —2),
cidy, ,(€i5) # cidy,,(ers)
dn,, (i) #  dny,(ers).

Similarly, we solve the equation.

Ay (€ij) #  dny,(ers),
dnsJ(eij) # d%](ers)

g (de (eij)v d772J (eij)’ d773] (eij)> # (dnu (67’8)7 d”]2J (67’8)’ d773J (67"8)>

S

Our assumption is contradicted by this. 77 is an n; — edge regular.

Hence, 7 is an 1y — edge regular SVCNGS.

Theorem 4.17. Let 7 = (v,m1,M2,..,Mk) be a ny regular SVCNGS of GS 7 =
{M, W1, Wy, ..., Wi}. Then 7 is an n; — edge regular SVCNGS if and only if ny is constant

functions.

Proof. Let

tau = (v,m,M2,...,nk) be a ny regular SVCNGS of GS 7% = {M, W, W,,...,Wi}. Then
dy, (u;) = (a,b,c) for all u; € M. Assume that 7y is constant functions, that is 77 (u;, u;j) =
(c1,¢2,¢3), YV uju; € Wy where c1, ¢, c3 are constants.

By Definitiond&T] of an 7y — edge degree,
dn,(eij) = (dyy;(€ij), duy; (i), dys; (i),

d771J (eij) = dﬂlj(ui) + dnlj(uj) - 2771J(ui7 uj)eizﬁlj(u“uj)
= a+a—2
= 2(a—c)

Similarly, we solve the equation

iy, (€i5) = 2(b—c2)
d773J(eij) = 2(0_63)

cody,(ei5) = (2(a — 1), 2(b — ¢2), 2(c — c3)).

Hence, 7 is an 1y — edge regular SVCNGS.

Conversely, we assume that 7 is an 1y — edge regular SVCNGS.
To prove that 7; is constant functions.
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d"l] (61]) = (p7Q7r) for all €ij € WJ

Now,
de (eij) = de (ul) + de (u]) - 2771J(ui7 uj)eiZBU(uhuj)
p = a+a—2771J(ui,uj)ei2BU(““”j)
; s 2a —
g (i, ug)elP1 () (26~ p) 5 7)

Similarly, we solve the equation

Moy (i, )Pz (witi) = (262_ 9)

N3 (g, ug)ePss (i) — (2e=p)

’ 2

.. Ay is constant functions.

5. Application

Applications are used in this article to find ambiguities in all facets of human existence.
This article discusses the developments in all countries around the world, as well as the rea-
sons for their growth. We will compute the growth and value of fundamental needs across the
nations of the world. We will determine the value of a country based on how much education
its citizens have access to and how much the government helps the country’s poor residents.
The medical facilities provided by the government for its citizens as well as the contribution
it provides to global health, are also taken into account. Through the contribution of military
security in that country, we can ascertain the level of security that the people get. We can also
find out how much both the government and the inhabitants of that country contribute to the
development of its economy. A country’s government measures its progress based on how well
it upholds the country’s laws and works in the best interests of the people. We can determine a
country’s progress and strength using all the aforementioned variables. We regard a country’s
strength and development to be calculated as v1e!®!, its weakness and underdevelopment to
be calculated as v3e'®3, and we consider a country’s strength and weakness that we cannot
predict, ie., indeterminacy to be calculated as v2e?2. We're going to use an ambiguous value
to quantify it. A set M is considered to show nations with the highest rates of strength and
development. M={United States, China, Russia, Germany, United Kingdom, Japan, France,
South Korea}. We can determine the development correlation between the United States and
other countries using our definition{3.1] (see Tablef2]). We can determine the development cor-
relation between Japan and other countries (see Table{3]). We can determine the development
correlation between China and other countries (see Tableld]). We can determine the devel-
opment correlation between Russia and other countries (see Tableff]). We can determine the
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TABLE 1
Country e | et | yzeis
United States (US) | .8e"™ | .4ei6 | 6077
Japan (J) T7et0™ | 60et T | 51et0m
China (C) 8et8™ | 52etAT | 4t
Russia (R) 62685T | 5etdT | 5el6m
Germany (G) 5etbm | 6eTT | 6et T
United Kingdom (U) | .7¢%5™ | 5¢#6m | 47
France (F) betdm | TetdT | 5t
South Korea (S) Teb0m | 4t T | et

TABLE 2. United States and other countries

O (US, C) (US,Q) (US.S)

D (.861'.77r’ .4€i’5ﬂ—, '46i.57r) (.561'.6#7 .66i'77r, .6€i‘77r) ('7673.57r7 .467:'771—, .6€i'77r)
D (.7ei.67r ‘46i.67r .66i'77r) (.561’.6# ‘46i.57r '5ei.67r) (.66i'57r '46i.67r .5€i.57r)
|:| (‘5ei.47r ‘5ei.67r ‘5€i.57r) (‘5ei.67r ‘5€7L.67r '461'.571') (‘7ei.67r .36i.57r .3€i 57r)
D (‘7ei.77r .562"577 '5€7L.67r) (‘461'.571' '5ei.67r .4€i'5ﬂ) (.6€i'47r .56i'6ﬂ ‘4ei.57r)
D (.7ei.77r .5€i'677 '6€i.57r) ('561'.571' '5€i.67r _461'.571') ('7€i.67r .4616# .5ei.67r)

TABLE 3. Japan and other countries

O (J, R) (J,U) (JF)

D (_Gei.?ﬂr '661'.771' '5€i.67r) ('761'.5# '561‘.5# _461'.571') (.Gei'4ﬂ .7€i.77r _561'.777)
D (.5€i.47r’ .567;‘671—, .5ei.37r) (.66224#7 .5€i.57r7 _5€i.77r) (.6€i'37r, .6€i'67r, .5ei.37r)
D (.5673.4%’ .4€i’6ﬂ—, '46i.57r) (.6€i’57r, '5ei.67r7 '5ei.47r) (567' 37r7 .66i'57r, .5€i 27r)
D (.5ei.47r ‘56i.57r .66i'57r) (.46i.57r ‘56i.67r '4ei.77r) (‘6€i.47r '46i.37r .4€i.57r)
D (.6€i'57r ‘4ei.57r ‘4€i.37r) (‘561‘.5# ‘5€i.67r '5ei.57r) (.66i'47r .76i.67r ‘562‘.4#)

TABLE 4. China and other countries

O (C, G) (C,U) (C, S)

D (‘5ei.57r .6€i'77r '6€7L.77r) (.6€i'57r ‘567L.67r .461'.771') (‘767L.67r .4ei.57r ‘4ei.77r)
D (.561'.4# .5€i'677 '5€i.57r) ('761'.571' '4€i.57r _361'.771') (.6€i'47r .561"6# .66i'57r)
|:| (_4ei.47r '561'.671' '4€i.77r) (.6€i'57r '5€i.57r _461'.571') (.Gei'?’” .5€i'5ﬂ _561'.477)
D (.5€i.47r’ .567;‘571—, .6€i'57r) (.461"5”, .5€i.67r7 _4€i.77r) (.6€i'47r, _5€i.67r, _5ei.77r)
D (.561'.6%’ .3€i’4ﬂ—, '36i.77r) (.562'.5#7 '5ei.67r7 '4ei.47r) (.667:'47r, '5ei.67r7 .561'.7#)
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TABLE 5. Russia and other countries

R, G)

(R, F)

(R, S)

OO0000o

(.
(.
(.
(.
(.

5e45T 6et T 6etTT)
5elAm 5et-bm 5t Tm)
4ei.47r’ ‘56i.67r’ '6€i.57r)
5ei.47r’ ‘5e7j.57r7 ‘6€i.57r)

)

5ei.47r 561’.671' 5€7L.77r
). 5.

(.662'A47r7 .7€i.57r7 _56i.77r)
(.562'.4#7 '5ei.57r7 '5€i.57r)
(.66i'47r, ‘46i.37r7 '4ei.57r)
(‘4ei.47r’ ‘5€7L.57r’ '561'.471')
(- )

561’.471' 5€7L.47r 561’.771'
). 5.

(.6€i'37r, _5€i.77r, .6€i.57r)
(.667:'57r, '4ei.57r7 .467;.7#)
(.66i'37r, '56i.57r’ .5€i.77r)
(.66i'47r, .56i.67r, ‘5ei.57r)
( )

667L.47r 5ei.67r 6ei.47r
. - y

development correlation between United Kingdom and other countries (see Table{d]).

Using these SVCNGS, we illustrate the severity of the development between each pair of

TABLE 6. United Kingdom and other countries

(U, G)

(U, F)

(U, §)

5€i.57r 66i.77r 66i.77r
b )"

5ei.47r 567§.67r 66@'.571’
b bR

5ei.47r 561’.571' 6€i.77r
5. ).

66i.47r 76i.67r 5ei.77r
bR b

66i.27r 66i.57r 5ei.57r
bR b

661’.471' 4€i.57r 461'.371'
5. 5.

76i.57r 4ei.57r 4ei.77r
. y . 5.

66i.47r 56i.77r 6ei.77r
. y . y

6€i.47r 561',671' 5ei.57r
. y . y

OO0000o

(- )| ( )| ( )
(- )| (. )| ( )
(‘4ei.47r’ ‘5ei.67r’ ‘5€7L.77r) (.5ei.37r’ .6€i'57r, .561'.571') (.667;'37r, .5ei.57r, ‘5ei.77r)
(- )| (. )| ( )
(- )| G )| ( )

5ei.47r 561’.671‘ 5€i.67r 561’.471’ 5ei.47r 561’.771' 66i.47r 561’.6# 66i.77r
y y - . - . y . -

nations. On set M, numerous relations can be defined. Let’s explain the relationships on
M as follows: Wj=education, Wo=medical science, Rs= military, Wy= economic growth,
W5 = effected government, such that 7" = (@, R1, Ra, R3, R4, R5) is a GS. Each element of
the relationship exemplifies a certain stage of growth between those two countries. Due to
the fact that the GS is 7* = (M, Wy, Wa, W3, W4, W5), only one relationship can exist be-
tween two countries. Thus, it would be considered a part of that relationship, whose false
membership amount is relatively low in comparison to various other relationships, and whose
truth-membership amount is relatively high in comparison to other connections. When mea-
sured against other relationships, its truth-membership the amount is relatively high, while its
indeterminacy-membership amount is relatively low. Using the previously provided data, the
SVCNGS on Wy, Wy, W3, Wy, W5 are formed by matching items in relations with the truth-
membership, indeterminacy, and false-membership. They are 11,12, 13,14, 715, respectively, of
these SVCNGS.

Wi={(US, C), (J, U),(C, 5),(U, 8)}, Wa={(C, U),(R, 5)}, W= {(US, 5),(R, F)},

Wa={(J, F),(U, F)}, Ws={(J, R),(C, G)}.

The Corresponding SVCNGS are follows:

m = {(US, C)(.8¢"T, .4e"5™  4e™5™) (J,U)(. 75T, 55T 4et57),

(C,8)(.7€"57, 4et5™  4etTT) (U, S)(.Te™5™, 45T 4etT™)},
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D economic growth
@' . |®

] effected government

FIGURE 3. SVCNGS

{(C,U)(.7e"™, 45T, 3e"TT), (R, S)(.6€"5T, 4e"5T, 4ehTT)},
{(US,S)(.7¢"07, 3¢5, 3¢5T), (R, F)(.6¢™47, 4e™3T, 4e'T)},

{(J, F)(.6e"17, .4e"3™, 4e"57) (U, F) (.67, 4e"2T, 4e3T)},

ns = {(J, R)(.6€"5™, .45 4e¥37) (C, G)(.5e"57, 3¢t 3l TP},

Therefore, the SVCNGS are represented in Figure3lis (v, 71,172,713, 74, 15). The country with
the greatest level of development is represented by each edge of the SVCNGS in Figuref3l As

an illustration, the expansion of education, with values for truth-membership, indeterminacy-

membership, and false-membership of .8¢%7", .4e*5™ and .4e"", respectively, is what con-

tributes to the most powerful and developing relationship between the United States and
China. It should be noted that the United States has the lowest vertex degree of indeterminacy-
membership, false-membership, and the highest vertex degree of truth-membership for the

relation proliferation of education. This shows that the United States has a proliferation of

education and is developing alongside other countries. The purpose of this is article is to

identify the most developed nations in the world by examining the growth and development of

every nation in the world. This opens the way for the growth of all the nations in the world.

5.1. Algorithm
We now present the stepwise for calculation of our method which is used in this application

in the following algorithm.

Algorithm
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step 1: Input the set Q = {q1, 42, ..., ¢n} of countries (vertices) and put the membership val-
ues v = (y1€', y2e"2, y3¢'3) of the nodes ¢is, i = 1,2,....,n, 71,7%2,73 € [0,1] and
a1, g, a3 € [0, 27].

step 2: Input the mem-
bership values 1; = (117(qiq;)e?®7 (@9, no 5 (qiq;)e??27 (49 935 (qsq;)ei?7(@%)) of the

edges ¢;q; € W such that

1 (gigs)e™™7 %) < min{y(g;), ni(gy) b Mt @)l
n2(qig; )€™ 9%) < max{ys(q;), 2 (gy) e' mexleztaealah,

n3J(qiqj)ezﬂ3J(Qin) < max{3(q:),73(q;) e’ max{as(q:),a3(q;)}

such that 0 < n17(qiqj) +n27(q:q;) +n37(qiq;) < 3 and B15(qiq;), B20(4:45), B37(q:q;) €
[0,27] for all (¢;q;) € Wy, J =1,2, ..., k.

step 3: Develop mutually disjoint, irreflexive and symmetric relations Wy, Wy, ..., Wj on the
set of countries M and give the name each relation as exemplifies a certain stage of
growth between those two countries.

step 4: Select a countries as greatest level of development from one countries to other, whose
membership value is superior to that of other nations.

step 5: Construct a graph structure on set of countries with relations, select those pairs of
countries having same kind of the highest level of development as elements of same
relation.

step 6: Write all elements of resulting relations 71,79, ..., are CNSs on Wy, Wa, ..., Wy, re-
spectively and (v, 71,72, ..., k) is a SVCNGS.

step 7: Draw the SVCNGS, each of whose edges indicates the best level of development for

the related Countries.

6. Conclusion and future works

The idea of an SVCNGS has been developed in this study article by the authors. In
comparison to traditional fuzzy sets, the Set SVCNS, an extension of the NS, provides a more
realistic description of uncertainty. Through fuzzy control, it can be used in a variety of
ways. In this research study, the idea of SVCNGS is introduced. Further research is done
on the relationship between the degree of a vertex and the degree of an 7; — edge in regular
SVCNGS. We also define totally 1y — edge regular SVCNGS and n; — edge regular SVCNGS.
It is described under what conditions 7y — edge regular SVCNGS and totally ny — edge regular
SVCNGS are comparable. We also investigated various 75 — edge regular and totally 7y — edge
regular SVCNGS properties using an example. Furthermore, we have presented an application
of SVCNGS in decision-making, that is, identification of best level of development Countries.
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There are several potential areas for future research in this area, if it is possible to use the
adjacency matrix SVCNGS. Further, for developing future solutions, analyze the isomorphic
adjacency matrix, edge regular adjacency matrix, totally edge regular adjacency matrix, etc.
Future research areas include Complex Pythagorean fuzzy graph structures, Complex bipolar
fuzzy graph structures, and Complex bipolar neutrosophic graph structures, all of which are
based on the various properties of the nodes and edges in GS. The following are some of this
work’s limitations:
e This research and related network systems were mostly focused on SVCNGS.
e This approach can only be used when there are symmetric, irreflexive, and mutually
disjoint relations on the CNS.
e The SVCNGS idea is not relevant if the membership values of the characters are
provided in distinct environments.

e Sometimes it may not be possible to get real data.
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Abstract The introduction of Industry 4.0 has brought about a significant shift in the manufacturing and
supply chain management sectors, requiring supplier selection procedures to be adjusted to this rapidly
changing technical environment. This study aims to improve supplier selection in Industry 4.0. This
selection contains various criteria, so multi-criteria decision-making (MCDM) is used to deal with these
criteria. The interval-valued neutrosophic sets (IVNSs) are used to deal with uncertainty in the evaluation
process. The IVNSs are integrated with the TreeSoft Set. The TOPSIS method is an MCDM method used to
rank the alternatives. The results show that the economic criterion is the most important, and supplier 7 is
the best.

Keywords: TreeSoft Set; Interval Valued Neutrosophic Set; Industry 4.0; Supplier Selection; Multi-Criteria
Decision Making.

1. Introduction

Known as the fourth industrial revolution, or industry 4.0, supply networks have been significantly and
extensively impacted. This change has profoundly impacted how companies plan, run, and maximize their
supply chain processes. Fundamentally, Industry 4.0 denotes a paradigm change in how businesses use
digital technology to improve supply chain responsiveness, productivity, and visibility. Integrating
cutting-edge technology is one of Industry 4.0's most significant effects on supply chains. They include
automation, big data analytics, machine learning, artificial intelligence (AI), and the Internet of Things
(IoT)[1].

These advances make it possible to monitor supply chain operations in real-time, which makes data-driven
decision-making easier. Massive volumes of data are gathered by Internet of Things (IoT) sensors installed
on assets like machinery, vehicles, and products. These sensors provide essential insights into the
whereabouts and condition of items at every stage of the supply chain. Al and machine learning algorithms
may process this data to estimate demand, optimize routes, and even carry out anticipatory equipment

repairs, lowering expenses and downtime[2], [3].
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The idea of a "smart" and networked supply chain ecosystem is another critical component of Industry 4.0's
effects on supply chains. Businesses may use digital twins to build virtual versions of their supply chains,
enabling detailed modeling and simulation. This helps companies to find bottlenecks, test different
scenarios, and create more effective plans. These digital twins may also be utilized for real-time process
monitoring and control, allowing quick modifications to minimize interruptions or take advantage of
opportunities. An essential component of supply chains enabled by Industry 4.0 is automation and robots.
The physical transportation of items is more accurate and efficient when autonomous robots, drones, and

automated material handling systems are used[4], [5].

Warehouses and distribution centers increasingly use automated solutions to expedite order fulfillment
and lower mistake rates. Furthermore, localized and on-demand production made possible by 3D printing
in manufacturing might substantially change the supply chain by lowering the need for large stocks and

long-distance shipping[6], [7].

Industry 4.0 encourages openness and cooperation through the supply chain. Blockchain technology builds
secure, unchangeable ledgers of goods movements and transactions. This improves transparency and
confidence, especially in sectors like food and pharmaceuticals with intricate, multi-tiered supply chains.
By providing a common source of truth, stakeholders can guarantee the safety and legitimacy of the
product. Moreover, Industry 4.0 makes it possible to transition from a linear supply chain model to a more
sustainable and circular one. Businesses may minimize waste, maximize resource utilization, and lessen
their environmental impact using data-driven insights[8], [9]. Supply chain strategies are starting to place
a greater emphasis on sustainability and corporate social responsibility, and Industry 4.0 technologies

facilitate the achievement of these goals.

This study used the concept of multi-criteria decision-making[10]-[12] for supplier selection in Industry 4.0

under an interval-valued neutrosophic set, and TreeSoft set. The MCDM has various applications[13]-[16].

It may be inferred from the literature that most studies have focused on quantitative, quantifiable attributes
when examining supplier selection in Industry 4.0. Although fuzzy set theories (FSs) are useful for handling
uncertain issues, they are only suitable for handling inconsistent or ambiguous data. As a result, in the
context of supplier selection in Industry 4.0, sophisticated computational methods like Neutrosophic Sets
(NSs) [17], a generalization of FSs, and Intuitionistic Fuzzy Sets (IFSs) have gained significance[18], [19].

Up to this point, no research has yet addressed the Industry 4.0 challenge of supplier selection utilizing the
IVNS subset of NSs[20]-[22]. One key feature of Zhang et al.'s IVNS theory is that the membership, non-
membership, and indeterminacy functions are considered as intervals rather than a single precise value.
Furthermore, resolving intricate scientific and technical issues in IVNS takes into account the viewpoints
of several experts with varying degrees of training, expertise, and interest. As a result, to evaluate

performance in a group MCDM issue[23]-[26], the views of many experts must be combined.
2. Materials and Methods

This section introduces two parts: the interval-valued neutrosophic sets (IVNSs)[27] and the TreeSoft (TS)
with IVNSs (TSIVNS).

Ali Algazzaz and Karam M. Sallam, A TreeSoft Set with Interval Valued Neutrosophic Set in the era of Industry 4.0



Neutrosophic Sets and Systems, Vol. 64, 2024 172

Definition 1.

The neutrosophic set k can be defined with three membership functions as truth, indeterminacy, and falsity
membership degrees Ty, (u;), I (u;), and F, (u;),

k = {(Tie(u), I (wy), Fre ()| u; € U} €9
Where U refers to the universal numbers including components u;.
0~ < sup Ty (w;) + sup I (w;) + sup F (w;) < 37 (2)

Definition 2.

We can define an IVNS as:
T (u;) = [inf Ty (u), sup Ty (u)] 3)
I (u) = [inf I, (u), sup I (u)] (4)
Fo(u;) = [infF(u), sup F(u)] (5)
k = {[inf T, (w ), sup T (w) 1, [inf I (u ), sup L (w ) |, [inf Fy (), sup F(u) 1| u € U} (6)

Definition 3.
We can present some IVNS operations as:

Let interval-valued neutrosophic numbers as: k; =
[inkal(u ),sup Ty, (u) ], [inflkl(u ),sup I, (u) ], [iankl(u ),sup Fy, (u) ] and k, =
[irlka2 (u),sup Ty, (u) ], [inflkZ (u),sup Iy, (u) ], [iank2 (u),sup Fy, (u) ]

[ inf Ty, (w) + inf Ty, (w) — inf Ty, (w) - inf Ty, (u), ]

sup Ty, (w) +sup Ty, (w) —sup Ty, (w ) - sup Ty, (w ) |’

ki+k,= . . 7
G [infly, (u) - infL, (), sup I, (u) - sup I, (w) |, )
[iankl(u ) -inf Fy, (u ), sup Fy, (w) - sup Fy., (u) ]
[inkal(u) inf Ty, (w),sup Ty, (u ) - sup Ty, (u )]
[ infly, (w) +infly, (w) — infl () - inf I, (u), ]
ky -k, =|[suply, () +suply,(u) —supl, (u) suply, ()|’ (8)

[ inf F, (w) + inf Fy, (u) — inf Fy, () - inf Fy,, (u),
sup Fy,, (u) + sup Fy,(u) — sup F, (u) - sup Fy, (u)

[1-(1-infTy, @)’ 1 - (1= sup Ty, @)’ ]
sk, = [(inflkl(u))s, (sup I, (u))s ]' ®
[(iank1 (u))s, (sup Fy, (u))s]

[(inf T, ))’, (sup Tp,,w))°],
ki =|[1—(1-infl, )", 1— (1 —supl, (W)’], (10
[1- (1 - infF, )", 1~ (1 - sup Fy, W)’ |
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2.1 TreeSoft [28]

Let U be a universe disclosure and H a non-empty subset of U, with P(H) be a powerset of H.

Let TSR be a set of attributes of the problem (criteria),

TSR ={TSR{,TSR,, ..., TSR, },n > 1 (11
Where TSR,, TSR, ..., TSR, are criteria of the first level of the tree.

Each attribute TSR,,1 < i < n,is formed by sub — attributes:

TSRy, = {TSRy1, TSRy 5. ..., }

TSR, = {TSR,1, TSR, 5. ..., }

TSR, = {TSR,1, TSRy . ..., }

Where TSR;; are sub-attributes.

The TreeSoft set can be formed by:

F:P(Tree(TSR)) - P(H) (12)

Tree(TSR) is the set of all nodes and leaves from level 1 to level m and P(Tree(TSR)) is the power set of
the Tree(TSR).

Tree(TSR) = {TSR;| iy = 1,2,3, ..} U{TSR;| iy, iy = 1,2,3, .. }U {TSR;| iy, ip,is = 1,2,3, ..} U ...
U{TSR;|iy, iz o im = 1,2,3,..} (13)
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Build a tree and define the nodes

Define the nroblem with a set of criteria

Build the decision matrix

Convert the IVNNs to the criso values

Aggregate the decision matrices

Combute the criteria weights

Normalize the decision matrix

Combute the weighted normalized decision matrix

Combute the positive ideal solution and negative ideal

Combpute the distance from the pbositive and negative

Combute the closeness value

Rank the alternatives

i N . Y S v Y v > e

Figure 1. The steps of the TSIVNS TOPSIS method.
2.2 TSIVNS TOPSIS Method
This part introduces the TOPSIS method[29]-[31] with the TSIVNS. Figure 1 shows the research framework:
Step 1. Build a tree and define the nodes.
The tree has more than one level, in the first level, the main criteria and introduced as TSR, TSR, ..., TSR,
In the second level, the sub-criteria are introduced as TSRy 1, TSRy, ... And TSR, 1, TSR, 5, ...
Step 2. Define the problem with a set of criteria.
The main, and sub-criteria are defined in this step by problem definition.
Step 3. Build the decision matrix[27].

The decision matrix is built based on the IVNSs
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[inka11 (w),sup Ty, , (u)], [inkam (w),supTy,, (u)],
[[inflku(u),sup Iku(u)]], [[[inflkln(u),sup Ikln(u)]],
[[iank11 (u), sup Fkn(u)]] [[iankm(u) , sup ka(u)]]

= [inf Th,p, W ,'sup Thpns (u)], ' [inf Ty (W) ,.sup Tun (u)],
[[inflkm1 W), supl,,, (u)]], [[inflkmn(u) , sup Ikmn(u)]],
[[iankm1 (w),sup Fy, . (u)]] [[iankmn (w),sup Fy, . (u)]]

Step 4. Convert the IVNNs to the crisp values[27].

The IVNNSs are converted by the score function to crisp values, then the decision matrix as:

A1 0 Qun
A= : :
An1 0 Amn

Step 5. Aggregate the decision matrices

The decision matrices are combined using the average method.
Step 6. Compute the criteria weights.

The criteria weights are computed by the average method.
Step 7. Normalize the decision matrix.

a;;j

Tij =
n 2

i=1 ij

Step 8. Compute the weighted normalized decision matrix
Rij =Ty - w;
Step 9. Compute the positive ideal solution and negative ideal solution.

max 71;; positive criteria
i=1,..n

J _min 1;; negative criteria
i=1,...,n

min 1;; positive criteria
i=1,..,n

P =1 max 1y negative criteria
i=1,.,n

Step 10. Compute the distance between the positive and negative ideal solutions.

d*(a;) =

(13)

(14)

(15)

(16)

17)

(18)

(19)
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(20)
Step 11. Compute the closeness value.
d~(a;)
S =—F—F—— 21
T @)+ d @) @b

Step 12. Rank the alternatives.

3. Application

This section introduces the results of TRIVNS with the TOPSIS method to select the best supplier in

industry 4.0. There are three experts are invited to evaluate the criteria and alternatives in this study.

Step 1. Build a tree and define the nodes.

We built the tree nodes with one level with ten nodes. The ten nodes present the main criteria in this study

as shown in Figure 2.

~
TreeSoft
Attributes
~
—~~ A~ —~ —~ —~ —~ A~ A~ -~ —~
Socio-political Social Product Transportation Technological Economic Environmental Company ratin| Establis = Delivery time
\.p_/ N~— S— \p._/ \._j ~— ~— i._y/ ’ CD@OH \._ry/
Figure 2. Level 1 of nodes.
Step 2. Define the problem with a set of criteria.
There are ten criteria used in this study.
Step 3. Build the decision matrix.
We built three decision matrices by the opinions of experts in Eq. (13) as shown in Table 1.
Table 1. Three decision matrices by IVNNSs.
TRS: TRS; TRS; TRS, TRSs TRSg TRS; TRSg TRS, TRS1o
TRA:  ([0.102], ([0204], ([0.608], ([0.10.2], ([0204], ([0.6,08], ([0.60.8], (07,09, ([0.1,0.2], ([0.20.4],
[0506], [0.506], [0.304], [0506], [0506], [0304], [0304], [0.203], [0.506], [0.50.6],
[07,08]) [0.506]) [0.204]) [0.7,08]) [0506]) [0.204]) [0204]) [0.102]) [0.7,0.8]) [0.50.6])
TRA,  ([0608], ([0.1,02], ([0.2,04], ([0.2,04], ([0.1,0.2], ([0.40.6], ([0.709], ([0.60.8], ([0.2,0.4], ([0.1,0.2],
[0304], [0506], [0506], [0506], [0506], [0405], [0203], [0.304], [0.506], [0.50.6],
[0.204]) [0.7,08]) [0506]) [0506]) [07,08]) [0304]) [0102]) [0204]) [0506]) [0.7,0.8])
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TRA;  ([0.10.2], ([0.204], ([0.204], ([0.709], ([0.7.09], ([0.608], ([0608], ([0406] ([0.406] ([0.4,0.6],
[0506], [0506], [0506], [0203], [0.203], [0304] [0304], [0405], [0.405], [0.405],
[0.7,08]) [0506]) [0506]) [0.1,02]) [0.02]) [0204]) [0204]) [0304]) [0304]) [0.304])
TRA,  ([0.60.8], ([0.1,02], ([0.204] ([0.60.8], ([0.7.09], ([0.60.8], ([0.7.0.9], ([0.2,04], ([0.60.8], ([0.6,0.8],
[0304], [0506], [0506], [0304], [0.203], [0304] [0203], [0506], [0.304] [0.304],
[02,04]) [0.708]) [0506]) [0204]) [0.02]) [0204]) [0102]) [050.6]) [0.204]) [0.204])
TRAs  ([0.204], ([0.60.8], ([0.204], ([0.204], ([0.608], ([0.7,09], ([0204], ([0204] ([0.7,09], ([0.7,09],
[0506], [0304], [0506], [0506], [0304], [0203], [0506], [050.6], [0203], [0.203],
[0506]) [0.204]) [0506]) [0506]) [0.204]) [0.102]) [0506]) [050.6]) [0.1,02]) [0.1,0.2])
TRAs  ([0.70.9], ([07.09], ([0.204], ([0.70.9], ([0.60.8], ([0.40.6], ([0.20.4], ([0.60.8], ([0.60.8], ([0.10.2],
[0203], [0203], [0506], [0203], [0304], [0405] [0506], [0304], [0304] [0.50.6],
[01,02]) [0102]) [0506]) [0.1,02]) [0.204]) [0304]) [0506]) [0.204]) [0204]) [0.7,0.8])
TRA;  ([0.40.6], ([0.70.9], ([0.70.9], ([0.60.8], ([0.20.4], ([0406] ([0608], ([0.608], ([0.406] ([0.1,02],
[0.405], [0203], [0203], [0304], [050.6], [0405] [0304], [0304], [0.405], [0.50.6],
[0304]) [0.02]) [0102]) [0204]) [050.6]) [0304]) [0.204]) [0.204]) [0304]) [0.7,0.8])
TRAs  ([0.10.2], ([0.1,02], ([0.608], ([0.20.4], ([0608], ([0.709], ([07.0.9], ([0.7.09], ([0.20.4], ([0.20.4],
[0506], [0506], [0304], [0506], [0304], [0203], [0203], [0203], [0506], [0.50.6],
[0.7,08]) [0.708]) [0204]) [0506]) [0.204]) [0102]) [0102]) [0.10.2]) [0506]) [0.50.6])
TRA;  ([0.10.2], ([0.1,02], ([0.204] ([0.204], ([0608], ([0.608], ([0.40.6], ([0.406], ([0.1,0.2], ([0.40.6],
[0506], [0506], [0506], [0506], [0.304], [0304] [0405], [0405], [0506], [0.405],
[0.7,08]) [0.708]) [0506]) [0506]) [0.204]) [0204]) [0.304]) [0.304]) [0.7,08]) [0.3,04])
TRA,  ([0.70.9], ([07.09], ([0.204], ([0.204], ([0.1,02], ([0.204], ([0.40.6], ([0.60.8], ([0.70.9], ([0.6,0.8],
[0203], [0203], [0506], [0506], [050.6], [0506] [0.405], [0.304], [0203], [0.304],
[01,02]) [0.102]) [0506]) [0506]) [0.708]) [0506]) [0.304]) [0.204]) [0.1,02]) [0.2,04])
TRS, TRS, TRS; TRS, TRSs TRSs TRS, TRSs TRS, TRS1o
TRA;  ([0.10.2], ([0204], ([0.608], ([0.1,0.2], ([0204], ([0.608], ([0608], ([0.7,09], ([0.10.2], ([0.20.4],
[0506], [050.6], [0.304], [0506], [0506] [0304], [0304], [0203], [0506], [0506],
[0.7,08]) [0506]) [0204]) [0.708]) [0506]) [0204]) [0.204]) [0.10.2]) [0.7,08]) [0.50.6])
TRA,  ([0.60.8], ([0.102], ([0.204] ([0.204], ([0.1,02], ([0.406], ([0.10.2], ([0.1,02], ([0.20.4], ([0.10.2],
[0304], [0506], [0506], [0506], [050.6], [0405], [0506], [050.6], [0506] [0.50.6],
[02,04]) [0.708]) [0506]) [0506]) [0.708]) [0304]) [0.708]) [0.7.0.8]) [0506]) [0.7,0.8])
TRA;s  ([0.10.2], ([0608], ([0.204] ([0.7,0.9], ([0.608], ([0.60.8], ([0.60.8], ([0.608], ([0.40.6], ([0.10.2],
[0506], [0.304], [050.6], [0.203], [0.304] [0304], [0304], [0304], [0405], [0506],

[0.7.08]) [0.2,04]) [0506]) [0.1,02]) [0.204]) [0.204]) [0204]) [0.204]) [0304]) [0.7,0.8])
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TRA,  ([0.60.8], ([0.10.2], ([0.10.2], ([0.60.8], ([0.10.2], ([0.608], ([0.1,02], ([0.1,02], ([0.608], ([0.6,0.8],
[0304], [0506], [0506], [0.304], [050.6], [0304] [0506] [050.6], [0.304] [0.304],
[02,04]) [0.708]) [0708]) [0204]) [0.708]) [0204]) [0.708]) [0.7.0.8]) [0.2,04]) [0.2,0.4])
TRAs  ([0.204], ([0608], ([0.608], ([0.10.2], ([0608], ([0.102], ([0608], ([0608], ([0.70.9], ([0.10.2],
[0506], [0.304], [0304], [0506], [0304], [0506] [0304], [0304], [0203], [0.50.6],
[0506]) [0.204]) [0204]) [0.708]) [0.204]) [07,08]) [0.204]) [0.204]) [0.1,02]) [0.7,0.8])
TRAs  ([0.709], ([0.709], ([0.10.2], ([0.60.8], ([0.608], ([0608], ([0204] ([0.1,02], ([0.1,02], ([0.6,0.8],
[0203], [0203], [0506], [0304], [0.304], [0304] [0506], [050.6], [0506] [0.30.4],
[01,02]) [0102]) [0708]) [0204]) [0.204]) [0204]) [0506]) [0.708]) [0.7,08]) [0.2,04])
TRA;,  ([0.406], ([07.09], ([0.608], ([0.10.2], ([0204], ([0.102], ([0608], ([0.608], ([0.60.8], ([0.10.2],
[0.405], [0.203], [0304], [0506], [050.6], [0506] [0.304], [0304], [0304] [0.50.6],
[0304]) [0.02]) [0204]) [0.708]) [050.6]) [07,08]) [0.204]) [0.204]) [0.204]) [0.7,0.8])
TRAs  ([010.2], ([0.10.2], ([0.60.8], ([0.60.8], ([0.608], ([0608], ([07,09], ([0.1,02], ([0.1,02], ([0.6,0.8],
[0506], [0506], [0304], [0304], [0304], [0304] [0203], [050.6], [0506] [0.30.4],
[0.7,08]) [0.708]) [0204]) [0204]) [0.204]) [0204]) [0102]) [0708]) [0.7,08]) [0.204])
TRA;  ([0.10.2], ([0.1,02], ([0.204] ([0.20.4], ([0.608], ([0.60.8], ([0.40.6], ([0.608], ([0.60.8], ([0.10.2],
[0506], [0506], [0506], [0506], [0304], [0304] [0405], [0304], [0304] [0.50.6],
[0.7,08]) [0.708]) [0506]) [0506]) [0.204]) [0204]) [0.304]) [0.204]) [0204]) [0.7,0.8])
TRA,  ([0.70.9], ([07.09], ([0.204], ([0.204], ([0.1,02], ([0.204], ([0.40.6], ([0.608], ([0.7.09], ([0.6,0.8],
[0203], [0203], [0506], [0506], [050.6], [0506] [0.405], [0304], [0203], [0.304],
[01,02]) [0102]) [0506]) [0506]) [0.708]) [0506]) [0.304]) [0.204]) [0.1,02]) [0.2,04])
TRS, TRS, TRS; TRS, TRSs TRSs TRS, TRSs TRS, TRS1o
TRA;  ([0.204], ([0204], ([0608], ([0.204], ([0204], ([0.608], ([0.60.8], ([0204], ([0.10.2], ([0.20.4],
[0506], [050.6], [0.304], [0506], [0506] [0304], [0304], [0506], [0506], [050.6],
[0506]) [050.6]) [0.204]) [050.6]) [0506]) [0204]) [0204]) [0506]) [07,08]) [0506])
TRA,  ([0.10.2], ([0.102], ([0.204] ([0.10.2], ([0.1,02], ([0.40.6], ([0.20.4], ([0.1,02], ([0.20.4], ([0.10.2],
[0506], [050.6], [050.6], [050.6], [0506], [0405], [0506], [0506], [0506], [050.6],
[0.708]) [0.708]) [050.6]) [0.708]) [0.708]) [0.304]) [0506]) [0708]) [0506]) [0.7,08])
TRA;  ([0.40.6], ([0204], ([0204] ([040.6], ([07.09], ([0.204], ([0.10.2], ([0.406], ([0.1,0.2], ([0.4,0.6],
[0.405], [0506], [0506], [0.405], [0.203], [0506], [0506], [0405], [0506] [0.405],
[0304]) [0506]) [0506]) [0304]) [0.02]) [0506]) [0.708]) [0.304]) [0.7,08]) [0.3,04])
TRA,  ([0.60.8], ([0.1,02], ([0.102], ([0.608], ([07.09], ([0.10.2], ([0.40.6], ([0.608], ([0.40.6], ([0.60.8],
[0304], [050.6], [050.6], [0.304], [0203], [0506], [0405], [0304], [0405], [0.304],

[0.2,04]) [0.7,08]) [07,08]) [0204]) [0.1,02]) [0.708]) [0304]) [0.204]) [0304]) [0.20.4])
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TRAs  ([0.204], ([0.40.6], ([0.40.6], ([0.20.4], ([0.204], ([0406] ([0608], ([0204] ([0608], ([0.7,09],
[0506], [0405], [0405], [0506], [050.6], [0405], [0304], [0506], [0.304] [0.203],
[0506]) [0304]) [0304]) [0506]) [0506]) [0304]) [0204]) [050.6]) [0.204]) [0.1,0.2])
TRAs  ([0.10.2], ([0608], ([0.608], ([0.70.9], ([0.1,0.2], ([0.60.8], ([0.20.4], ([0.60.8], ([0.60.8], ([0.10.2],
[0506], [0304], [0304], [0203], [050.6], [0304] [0506], [0304], [0304] [0.50.6],
[0.7,08]) [0.204]) [0204]) [0102]) [0.708]) [0204]) [0506]) [0.204]) [0204]) [0.7,0.8])
TRA;  ([0406], ([0.70.9], ([0.70.9], ([0.60.8], ([0.406], ([0406] ([0608], ([0608], ([0.406] ([0.1,02],
[0.405], [0203], [0203], [0304], [0405], [0405], [0304], [0304], [0.405] [0.50.6],
[0304]) [0.02]) [0102]) [0204]) [0304]) [0304]) [0204]) [0.204]) [0304]) [0.7,0.8])
TRAs  ([0.60.8], ([0.1,02], ([0.608], ([0.204], ([0608], ([0.709], ([0.7.0.9], ([0.7,09], ([0.2,04], ([0.20.4],
[0304], [0506], [0304], [0506], [0304], [0203], [0203], [0203], [0506], [0.50.6],
[02,04]) [0.708]) [0204]) [0506]) [0.204]) [0.102]) [0102]) [0.10.2]) [0506]) [0.50.6])
TRA;  ([0.10.2], ([0.1,02], ([0.204] ([0.204], ([0.608], ([0.608], ([0.40.6], ([0406], ([0.1,0.2], ([0.4,0.6],
[0506], [0506], [0506], [0506], [0304], [0304] [0.405], [0405], [0506], [0.405],
[0.7,08]) [0.708]) [0506]) [0506]) [0.204]) [0204]) [0304]) [0.304]) [0.7,08]) [0.3,04])
TRA,  ([0.70.9], ([07.09], ([0.204] ([0.204], ([0.1,0.2], ([0.204], ([0.40.6], ([0.60.8], ([0.7,0.9], ([0.6,0.8],
[0203], [0203], [0506], [0506], [050.6], [0506] [0.405], [0304], [0203], [0.304],

[0102]) [0102]) [0506]) [0506]) [0.7,08]) [0506]) [0304]) [0204]) [0.102]) [0.2,0.4])
Step 4. Convert the IVNNSs to the crisp values.
The IVNNSs are converted by the score function to crisp values, then the decision matrix as:
Step 5. Aggregate the decision matrices

Step 6. Compute the criteria weights as shown in Figure 3. The economy has the highest importance and
society has the lowest importance.

0.18
0.16
0.14
0.12

0.1
0.08
0.06
0.04

0.02
0

TRA1 TRA2 TRA3 TRA4 TRAS TRA6 TRA7 TRA8 TRA9 TRA10

Figure 3. The criteria weights.
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The criteria weights are computed by the average method.

Step 7. Normalize the decision matrix by using Eq. (15) as shown in Table 2.

Table 2. Normalization decision matrix.
TRS1 TRS2 TRSs TRS4 TRSs TRSs TRS~ TRSs TRSy TRS1w0

TRA1 0.165528  0.185954  0.444651 0.16747  0.182788  0.378925  0.382012 0.357618  0.143203  0.207747
TRA:2 0.340355  0.143451  0.199523  0.182524  0.141008  0.274478  0.248961  0.218545 0.185633  0.160262
TRAs3 0205515  0.262107 0.199523  0.446902 0.450877 0.309294 0.298753  0.316227  0.247511  0.276996
TRA4 0.435208  0.143451 0.16912  0.440316  0.362095  0.296339  0.284061 0.23179  0.375687 0.46298
TRAs 0.195286  0.376336  0.322087  0.182524 0.3325 0.281765 0.311814  0.245035 0.457896  0.411538
TRAs 0.386852  0.458688  0.266031  0.487358  0.318574 034411  0.171416  0.302982  0.323532  0.261168
TRA7 0315247  0.480825 0.492157  0.344349 0.220216  0.226707  0.382012 0.38742  0.337676  0.160262
TRAs 0.245502  0.143451  0.444651 027849  0.407356  0.419409  0.443232  0.344373 0.17149  0.292825
TRAy 0.150649  0.143451 0.199523 0.197578 0.407356  0.378925 0.276714 0316227 0.233368  0.276996
TRA1w0 0.504953  0.480825  0.199523  0.197578  0.141008 0.170031  0.276714 0.38742  0.479995 0.46298

Step 8. Compute the weighted normalized decision matrix by using Eq. (16) as shown in Table 3.

Table 3. Weighted normalized decision matrix.
TRS1 TRS2 TRSs TRS4 TRSs TRSs TRS~ TRSs TRSy TRS1w0

TRA1 0.013631  0.011252  0.041053  0.015932  0.017389  0.050232  0.058744  0.050196  0.010586  0.015357
TRA:2 0.028027 0.00868  0.018421  0.017364  0.013415 0.036386  0.038284  0.030675  0.013723  0.011847
TRAs3 0.016923  0.015861  0.018421  0.042516  0.042894  0.041001  0.045941  0.044386  0.018297  0.020477
TRA4 0.035837 0.00868  0.015614  0.041889  0.034448  0.039284  0.043681  0.032534  0.027772  0.034225
TRAs 0.016081  0.022773  0.029737  0.017364  0.031632  0.037352  0.047949  0.034394  0.033849  0.030422
TRAs 0.031856  0.027756  0.024562  0.046364  0.030307  0.045617  0.026359  0.042527  0.023917  0.019307
TRA7 0.025959  0.029095  0.045439  0.032759 0.02095 0.030053  0.058744  0.054379  0.024962  0.011847
TRAs 0.020216 0.00868  0.041053  0.026494  0.038753  0.055598  0.068158  0.048337  0.012677  0.021647
TRAy 0.012405 0.00868  0.018421  0.018796  0.038753  0.050232  0.042551  0.044386  0.017251  0.020477
TRA1w0 0.041581  0.029095 0.018421  0.018796  0.013415 0.02254  0.042551  0.054379  0.035483  0.034225

Step 9. Compute the positive ideal solution and negative ideal solution by using Egs. (17 and 18).

Step 10. Compute the distance from the positive and negative ideal solutions by using Eqgs. (19 and 20).
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Step 11. Compute the closeness value by using Eq. (21) as shown in Figure 4.

Step 12. Rank the alternatives. Alternative 7 is the best and alternative 2 is the worst.

0.8
0.7
0.6
0.5
0.4
0.3
0.2

0.1

TRA3 TRA4 TRAS TRAG6 TRA7 TRA8 TRA9 TRA10

Figure 4. The closeness values.
4. Conclusions

This paper used the MCDM methodology for the supplier section in Industry 4.0. This study used the
TOPSIS method as an MCDM method for ranking alternatives and used the best one. The TOPSIS method
is integrated with the IVNSs and TreeSoft Set. Three experts are invited to evaluate the criteria and options
in this study. This study used ten criteria and ten suppliers. The decision matrices are built by the opinions
of experts. Then, we use the IVNNs to evaluate the requirements and alternatives. The IVNNs are
converted to the crisp values. The results show that the economic criterion has the highest weight, and the

social criterion has the lowest. Alternative 7 is the best, and alternative 2 is the worst.
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Abstract: In the present script, we explain the neutrosophic a, g -continuous function in the

neutrosophic topological spaces. We analyze their behaviour; study the various relations and

properties existing among them.

Further we like to extend the study to neutrosophic a(,,z) -open function, @, g, -closed function,

neutrosophic (¥, Bre) - irresolute functions and neutrosophic a(, g - homeomorphism in the

neutrosophic topological spaces. The relationship among them can be studied in detail. The

neutrosophic (e, B,.) -continuous function, neutrosophic (yne.ag) -open(closed) function,

neutrosophic a,-limit point, neutrosophic a,-derived set and neutrosophic a,-neighbourhood

point are explained and utilized to obtain various remarkable properties. They are explored through

the specified examples.

Key Words: neutrosophic y -open set (closed set), neutrosophic a, -open set (closed set),
neutrosophic a,,g) -continuous function, neutrosophic @,z -open(closed) function, neutrosophic

@(y,5) -homeomorphism.

1.Introduction and motivation
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The following notations have been used throught this paper: neut- neutrosophic, neut topo spa-
neutrosophic topological space, neutro- neutrosophy, topo spa- topological space, se-set,

topol-topology, ses-sets, spa-space, spas-spaces, fuz-fuzzy

Many philosophies have been raised for vagueness counting the argument of
probability, the approach of fuz ses, the ideology of intuitionistic fuz ses, the idea of rough ses, and
so on. Even though numerous novel approaches have been extended as a development of these
concepts there are still various problems, main complications arise due to the insufficiency of

parameters.

Lugojan [11] studied the generalized topology during the year 1982.The concept of
fuz topo spas was dealt by Chang [5]. Neut se is a generalization of a classic se, a fuz se and a
Intuitionstic fuzzy se. The word Neutro means skill on neutrals. Neut method is derived from Fuzzy
logic or Intuitionstic fuz logic. In 1965, Zadeh [21] familiarized the fuz se and in 1983 Atanassov [2-4]
presented the Intuitionstic fuz se. A novel division of the idea named Neutro was introduced by
Smarandache [15-18] in 1999 by totaling a self-governing indeterminacy-affiliation function.

In a neut set, the indeterminacy is calibrated obviously. The certainty-affiliation
function, indeterminacy- affiliation function, and erroneous- affiliation function is ultimately
self-regulating. Wang [19] described the lone valued neut set and then offered the se-formularized
process and a variety of resources of lone valued neu ses.

Salama [12-14], initiated neut topo spas which was a generality of Intuitionistic fuz
topo spa exposed by Coker [6] also a neut se as well the degree of membership, the degree of

indeterminacy then the degree of non- membership of respective element.

N. Kalaivani and G. Sai Sundara Krishnan [9] introduced the a,-open sets, a,- Ti

spaces with the help of a-open sets and y-open sets. Their properties were studied. They also

introduced a,,z)-continuous functions, @y, g -irresolute functions, [8] s -open(closed) functions

[7] and studied them in detail.

To fill up the gap existing in the neu theory, now we want to introduce y-open ses,

neu a,-open ses, yTi spas, a,- Ti spas, g -continuous functions and ay,p) -open (closed)

functions in neutrosophic Topological Spaces.

In our earlier article [10] the insight of neu y-open ses, neu a,-open ses, that are created through neu

a,-open ses are deliberated besides few of their fundamental properties were discovered. The
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connection among these neu yTi spas in addition neu a,- Ti spas were incarnated over drawings

besides evaluated their behaviour.

In third chapter we investigate neut a(, g-continuous functions and analyze their
properties. The neut ag, -open functions, neut ag,g -closed functions and neut

@(y,p) -homeomorphism are introduced and analyzed in the fourth, fifth and sixth chapters

respectively. The rapport amongst them is examined in the sixth chapter.

All over this study, consider that Z,. designate the neut topo spa (Z., Tn.)and

Y: Tpe — P(Z,.) be an operation on T,,.

2.Preliminaries

The theory of neut ses which is a tool for dealing with uncertainties was exposed by Smarandache

[15-18]. Salama [12-14], Alblowi [1] familiarized the thought of neut topo spas.

The neut se, its complement, inclusion relation, union, intersection, neut topology, neut open set,
neut closed se were introduced by Salama et al [12-14]. The neut functions was revealed by Turnali
and Coker [20].

Definition 2.1.[10] Let (2., T4.) be a neut topo spa. A maneuver y on the topo T, is a charting
from 1, into the power set P (2, ) of Z,, suchthat M © M¥foreach M € t,,. MY designates the

charge of y at M .Itissymbolized by y: T, = P (2 ).

Definition 2.2. [10] A neut subse B of a neut topo spac is supposed to remain a neut y-open se
contingent upon for individual z € B, there prevails a neut open se V,aforesaid that z € V along

with V¥ € B. 1y, designates the set of all neut y-open ses.
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Definition 2.3. [10] A neut subse B of a neut topo spa is thought to remain a neut y-closed se in
(ZheTne) incasethat Z,,— B isaneut y -opense in (Zy, Tpe) .

Definition 2.4. [10] An operation y is thought to be neut open if, for every single neut open
neighbourhood V of Z,., there occurs a neut y-opense P akinthat z € P besides P C V7.
Definition 2.5.[10] Agree (Z,,,7,.) be a neut topo spa in addition B be a neut  subse
of (Zpe, Tne) - Formerly neut y -interior of B is the congregation of entire neut y -open ses
encompassed in B in addition it is indicated through 7(;¢y,-int (B).

Tneyy-int (B) = {V: V isaneut y -opensethen V < B}.

Definition 2.6. [10] Agree (Z,.,7,.) be a neut topo spa also B be a neut subse of (Zp,, Tpe) -
Formerly neut y -closure of B is the intersection of entire neut y -closed ses contained in B in
addition it is symbolized by means of 7(p,),-int (B).

Tneyy-cl (B) = {M: M is aneut y -closed se besides B € M}.

Definition 2.7. [10] A spa (Zy., Tne) is termed a neut y Tyspa if for each distinct point s,t
€ Zyethere liesaneut y -opense M alikethat s €M and t & MY or t € M besidess & MY.
Definition 2.8. [10] A spa (Z,,, T;.) is labeled a neut y T;spa if for each distinct point s,t
€ Zpothere endures neut y -open ses M, N containing s,t respectively aforesaid that ¢ & MY ands
€& NY.

Definition 2.9. [10] A spa (2., T,.)is termed a neut y Tspa if for each distinct point s,t € 2, there

occurs aneut y -open ses M,N like that s EM ,t €N and MY N NY = 0.
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Definition 2.10. [10] Let (Z,,, 7,.) be a neut top spa. Formerly a neut subse member H of Z,.is
aforesaid to be a neut y generalized closed se (ne y g-closed set) if 7(,), <l (H) & M
whensoever H € M besides M is aneut y -opensein (2, Tne) .

Remark 2.1. [10] After the definition 4.4, Each one neut y -closed se in (Z,.,T,.) is a neut y

generalized closed se. Yet, the conflicting statement need not be exact.

Definition 2.11. [10] A neut top spa(Z,., Tn.) is labeled as a neut y T spa in case that each single
2

neut y generalized -closed se belonging to the (Z,,, T,.) isaneut y -closed se.

Definition 2.12. [10] A neut conventional se H in a neut top spa (Zpe, Tne) is concluded as a neut
a, -open se contingent upon H € T(pney, -INt( Tineyy €l (T(ney, -int (H))).

Theorem 2.1. [10] Let (Z,,,7,.) be a neut top spa and {Ak:x € J} be the group of neut @, - open
ses in (2, Tye) .Formerly U,e; Ak is also aneut a, - open se.

Definition 2.13. [10] Agree (Z,.,T,.) be a neut top spa in addition P be a subse of Z,,.. At that
time P is supposed to be neut a,- closed se on condition that 2Z,.,~P is a neuta,- open se.
Definition 2.14. [10] A subse member M of Z,,. is noted to be a neut «, - closed se in the event

that 2, — M isaneut a, -open se, which is unvaryingly, Agree (Z,., Ty.) be a neut top spa then

¥
¥ - an activity on 7, in addition M be a subse member of Z,,.. Formerly M is aneut «, -closed
se subject to M 2 T(yey, €l (Tineyy -INt(T(rey, -cl (M))).

Definition 2.15. [10] Endorse (Z,,, T,.) as a top spa along with Q as a neut subse of (Z,,, Tye) .
Then neut T(ne)a, -interior of Q is the unification of all neut @, -open ses accommodated within @
and it is symbolized by T(ne)a, -int( Q).

T(ne)ay -int( Q) =U{U : U isaneut a,-openseand U < Q }.

Definition 2.16. [10] Confer (2., T,.) to be a top spa along with C be a neut subse of (Zp,, Tne) . At

that time, T(ne)ay -closure of C isthe intersection of all neut «, -closed ses consisting of € and it is

7
indicated by T(ne)ay -cl( C).
T(ne)ay -cl () =N {F: F isaneut @, -closedseandC C F }.
Remark 2.2. [10] (i) If M is a neut subse of (Z,,,T,.). Then T(ne)a, -l (M) is a neutrosophic a,-
closed se containing M.

(i) M is aneut a,-closed se in the event T(ne)q, -cl(M)= M .
Definition 2.17. [10] A top spa(Zy,, T,.) is entitled a neut «,To spa if for each different points p, q
€ Z,. nearby existsa «, -openset, P likethatp €P and q ¢ P or q €F besidesp ¢ P.
Definition 2.18. [10]A top spa (Z, TyeJis termed a neut «, Ti spa if for each dissimilar points p,

g € Zne nearby exists neut a, -open ses, P,Q enclosing pand g commonly alike that ¢ ¢ P
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and p Q.

Definition 2.19. [10] A top spa(Z,,, T,.)is described a neut @, T spa if for each distinctive points p,
q € Z,. nearby exists neut @, -openses, P , @ akinthat p € P,g € Q and P NQ = 0.
Definition 2.20. [10] Agree (Z,., T,.)be a top spa. Then a neut subse member M of 2, is
forenamed to be neut a,g- closed se if T(ne)ay -l (M) € P wheneverM € P and P is aneut a, -
closed se in (Z,,, Tre)-

Remark 2.3. [10] After the definition 4.4 explanation, Individual neut a, -closed conventional se of
(Ze» Tre) is aneut a,g-closed se. Nevertheless, the antipode need not be appropriate.

Definition 2.21. [10] A top spa(Z,,, T,.)is termed as a neut @, T % spa supposing that individual
neut @, g-closed se of (Z,,, T,.)is aneut a,- closed se.

Theorem 2.2. [10] The top spa(Z.,, T,.)is a neut @, T % spa on condition that for every single m €
Zne, {m} is aneut a,- closed se or a neut a,- open se in (2, Tpe).

Theorem 2.3. [10] Agree(Z,,, 7,.) be a top spa also M C Z,. . At that time the succeeding
statements hold:

(1) T(neye, -INt (Zne = M) = Zpe ~T(neye, -cl (M)

(i) T(neya, -l (Zne = M) =Zne ~ T(neye, -int( M)

Theorem 2.4. [10] Accredit (Z,,, T,.)be a top spa. Supposing that a neut subse member M of 2, is
assumed to be a neut @, g- closed se, thereupon T(ne)ay -cl ( M) — M does not enclose a non-void

neut a@,- closed se.

Theorem 2.5. [10] The top spa(Z.,, T,.)is a neut @, T % spa on condition that for every single m €

Zne, {m} is aneut a,- closed se or a neut a,- open se in (Zy, Tpe).

3.Neutrosophic @, gy-continuous functions

In this chapter we investigate neutrosophic a(,)-continuous functions as well analyze their
properties.

3.1.(i) Definition A function f..: (Zne, Tne) = (Ype, 05e) is aforesaid to be aneut ) -continuous
function given for respective neut ag- open set U of Yy, the contrary image el (U) is aneut a, -

open sein Z,,.

(i) Definition A function f.: (Zye, Tne) = (Une, 0ne) is supposed to be a neut (&, B,.)-continuous

function with the condition that the converse appearance of apiece neut f,.-open se in ( Yne, one)
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abides to be a neut e, -open se of (Zy, Ty).

(iii) Definition A function f,.: (Z,., The) = (Une, 0ne) is aforesaid to be a neut (¥, fre)-continuous
function in case that the reverse icon of every single neut f8,,.-open se of (U, o,.) continues to be a
neut Yp.-open se of (Zpe, Tne)-

3.2. Example Given Z,, = {hy, hs, h3},Tne = {146, Dne, F1, F3, Fy, F53

+ Une = {91, 92, g3}and oy, = {1ne-'zne-H1-H3-H4.H5} were
F, = {z,(0.2,0.6,0.1), (0.1,0.1,0.1), (0.3,0.1,0.1)},
F; ={z,(0.8,0.6,0.3), (0.4,0.5,0.1), (0.1,0.1,0.3)},
Fy, = {z,(0.8,0.6,0.3),(0.4,0.5,0.1),(0.1,0.1,0.1) },

F; = {z,(0.7,0.6,0.3), (0.1,0.1,0.1), (0.1,0.1,0.1)}
H, = 7,(02,06,0.1),(0.1,0.1,0.1),(0.3,01,0.1)},
Hs; = {y,(0.7,0.6,0.3), (0.4,0.5,0.1), (0.1,0.1,0.3)},
H, = ,(0.7,0.60.3),(0.4,05,0.1),(0.1,0.1,0.1)},
He = 7,(08,0.6,0.3),(0.1,0.1,0.1), (0.1,0.1,0.1)}

U U {hs}ifU # {hi}

; i Y =
Define an operation y on 7, such that(U) { Uif U= (hy)

Then T(ne)ay = {1ne-'zne-F1- F3, FS} .

U U {g:}ifU # {g:}

Define an operation  on a,, such that(U)Y ={ Uif U= (g

Then T(ne]ay = {1ne-zne- Hq, Hy, HS}

Define fi.: Zhe = UYneas fue (h1) = g1, fue(h2 ) = g> and fh.(hs) = g3 Formerly the overturned
copy of restricted neut ag-open se acts as a neut @, - open se beneath f,..Thence f,. endures to be a

neut &, g)- continuous function.

The subsequent 3.3. Remark and 3.4. Remark display that the thought of neut a(, g-continuous
functions and neut (¥ye,fne) -irresolute functions are self-governing nevertheless after 2, is a
neutrosophicy -regular spa and U,, is aneut B-regular spa together the thoughts concur.

3.3. Remark The insights of neut «, g)-continuous functions besides neut (y,e,Bre) -irresolute

functions are self-regulating.

Given Z,, = {hy, hy, h3},Tp. = {1ne-'zne- Fy,F, F3,F,, FS} s YUne = 191,92, 95} and .
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= {16, Zne, Hy, Hs, Hy Hs | were

F, = {£,(0.2,0.6,03),(0.1,0.1,0.1),(0.3,0.1,0.1)},

F, = {£,(0.8,05,0.1),(0.1,0.1,0.1),(0.1,0.1,0.1)},

F; = {z,(0.8,0.6,0.3), (0.1,0.1,0.1), (0.1,0.1,0.1)},
F, = {z,(080.6,03),(0.4,05,0.1),(0.1,0.1,0.1)},
F: = {z,(0.7,0.6,0.3), (0.1,0.1,0.1), (0.1,0.1,0.1)}

H, = £,(0.2,0.6,0.1),(0.1,0.1,0.1),(0.3,0.1,0.1)},
H; = {y,(0.7,0.6,0.3),(0.4,0.5,0.1), (0.1,0.1,0.3)},
H, = {,(0.7,0.6,03),(0.4,05,0.1),(0.1,0.1,0.1)},
H. = {7,(08,0.6,03),(0.1,0.1,0.1), (0.1,0.1,0.1)}

U U {hs}ifU # {hi}

; i Y =
Define an operation y on 7, such that(U) { Uif U= (hy)

Then T(ne)ay = {1ne, Zne, F1, Fs, Fs}

Vifg, €V

i i -
Define an operation S on &,, such that(V) {cl V) if g, €V)

Define frne: Zne = Yneds fue (hl) = g1, fne(hz )= gz and fne(hS) = g3

Formerly fpn.is a neut (Vne, Breirresolute function. But f,,.'({g1,9.}) = {hy, h,}, is not a neut a, -open
se under f,.. Henceforth f,. isnotaneuta, g)-continuous function.
3.4. Remark If Z,, is a neut y-regular spa and Y, is a neut f- regular spa, at that moment the

conception of neut (y, £)- irresoluteness in addition neut a,,z)-continuity concur.

3.5. Definition A neut member H of Z,,. is supposed to be a neut ,-neighbourhood of a point

t € Z,, if there befalls aneut «,- opense G like that t € G € H.

3.6. Theorem A function f.: (Zne, Tne) = (Une, One) is a neut @, g -continuous function designed
for each r of Z,., the opposing statement of each neut ag-neighbourhood of f,.(r) is a neut

a,-neighbourhood of r.
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Proof. Assumer € Z,.in addition B be a neut @, -neighbourhood of f,.(r). By the assertion of the
3.5. Definition there ensues a V € O(neyag such that f,, (r) € V& B. This deduces that r
€ fre' (V)E fue' (B). Since f,cis a neut a, g -continuous function, fe' (V) € T(ne)a, - Henceforward

fre'(B) is a neut a, -neighbourhood of r.

Conversely, letB € O(ne)ags A=f,2}(B) and r € A. Later by the announcement of the 3.5. Definition,
there arises a set 4, € T(ne)a, similar thatr € 4. € A. This supposes that A = U, ¢ 4 4,. Through the
assertion of the 2.1. Theorem, A is a neut @, -open se of Z,., Accordingly, f,. is a

neut a, g)-continuous function.

3.7. Theorem A function f,.: (Zpe, Tne) = ( Une, 0ne) is a neut @y g)-continuous function provided
that for separate point m of 2, besides respective neutrosophic ag -neighbourhood B of

fne(m), there is a neutrosophic @, -neighbourhood 4 of m alike that f,.(4) < B.

Proof. Let n€ Z,, also B acts as a neut ag- neighbourhood of f.(n). Later in there lies a
set Or(n) € O(nejag such that foe (n) € Ory & B. It follows that m € fre' (Opmy) € fue' (B). By
hypothesis, fue'( Ormy) € T(neyay,- Let A = fre'(B). Then it trails that A is a neut @, -neighbourhood

ofnand fue(A4) = fue(fae'(B)) S B.

Conversely, letU € O(ne)ag - Let W =f.*(U). Letn € W. Formerly f,.(n)€ U. Thus U is a
neut @,- neighbourhood of f.(n) and hence there exists a neut @, - neighbourhood V,of n akin that
fae (Vu) € U .Accordingly it trails that n€V, € fiz! (fre (Vi) S fue? (U) = W. Since V, is a

neut @, -neighbourhood of n, which implies that there exists a W, € r(ne)aylike that ne W, © W.
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This implies thatW =U, ¢y W, . Through 2.1. Theorem Statement, W is a neut a,-open se of Z,, .

Consequently f;,. is aneutea, g)- continuous function.

3.8. Theorem Accredit fie:(Zye, Tre) = (UYne One) remain a function. Formerly the ensuing

assertions are comparable:

(i) fre: (Zne, Tre) = (Ynes nelis aneut ag, g)- continuous function;
(i) fre(T(neya,~c1 (D)) € O(neyag=cl (fre(D )) holds for every member D belonging to Zp,;

(iii) For respective single neut ag-closed se Vof Ype, fre' (V)is aneut a,-closed se belonging to 2.

Validation. ()= (ii) Givens € fu.(T(neye, -cl (D)) besidesV be aneut ag-open se comprising s. By
dint of the 3.7. Theorem, at this juncture ensues a point y € Z,,, along with a neuta,-open se
Ucomparable that y € Uwith f.(y) =s and f,.(U) € V. Subsequently y € rsay-cl D), UnD=09

besides henceforth ® # f,.(UN D) S f..(U)N f1e(D) SV N fo(D). This implies that s€ a(ne)aﬁ,—cl

(fne(D))' Therefore fne(r[ne]a},'d (D)) c a(ne]aE'C1 (fne(D))-
(ii) = (iii) Given V' be a neut ag- closed se in Y,.. Then O(ne)ag -cl (V) = V. Through (ii),

fne(r(ne)ay' cl (fn_el(V))) c O—(ne)aﬂ'd (fne(fn_el(v))) c a(ne)aﬁ'C1 (V) =V holds. Consequently T[ne}'d

(fre'(4)) € fue' (V) and fia'(V) = Tineya,=cl (fre (V). Henceforthfo'(V) is a neut @y -closed se in Z.

(iii) = (i) Contemplate B as a neut ag-open se in Y,.. DeliberateV = Y,, — B. Thereupon V is a
neut ag- closed se in Y,. . Through (iii) fnet(V) is a neut a,-closed se in Z,,. Laterf,.*(B ) =Zo—

JneX(Une = B) = Zpe— fuer(V) is a neut a,-open se of Z,.. Hereafter f,. is a neut a(, g - continuous

function.
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3.9. Theorem Agree f.: (26, Tne) — (Yne, 0ne) be a neut ey, gy- continuous also injective function.
Assuming that Y, is a neut agT, spa (respectively neut agT;spa), formerly Z,,. is a neut a,T,

spa (respectively neut @, T;spa).

Proof. Suppose Y, a neutagT,spa. Given i and j be two distinct points of Z,,, . Formerly, there
presents dual neut ag-open ses U , V akin that f,.(i) € U, fu(j) € V in addition U N V= 0.
Meanwhile f,. isaneut e, gy- continuous function, for U along with V', in view there occurs two
neut @, - open ses!and | such that i € I and j€ ], f,.(I) © U and f,.(J) € V, infers that In J
=@ . Henceforth Z,,.is a neutrosophic &, T, spa. In the similar technique it can be evinced that Z,, is

aneuta,T,; spa whenever UY,, isaneut agT; spa.

3.10. Theorem Accredit f.:(Zpe Tne) = (UnerOne) and  gua: (UYner One) = (Xne, 61e) be  two
functions.  Supposing that f,.is a neut @ gy -continuous function further g,. is a neut

@) -continuous function, previously gne:fre: (Xne,One) = (Zne,Tre) is @ neut ey, g -continuous

function.

Proof. Manifestation trails from the 3.1. Definition.

3.11. Definition Approve D be a neut subse of Z,. then z be any point in Z,.. At that time z is
called a neut a,-limit point of D suppose that U N (D —{z} )* @, for any neuta,-open set U
encompassing z. The collection of all neut @, -limit points of D is commanded as a neut a,-derived

set of A as well it is indicated as d{ne}a}, (D) .

3.12. Remark Agree L , M be some subsets of Z,,.. At that time,
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(i) ifL S M, then dinea, (L) S dineya, (M).

(ii) 1 € d(neye, (L) ifand only if r € T(ne)ay (L)-cl (L — {r}).

Proof. Confirmation tracks after the declaration of 3.11. Definition.

3.13. Theorem Accept L and M are any two neutrosophic subses of Z,.. At that moment the

ensuing information hold good.

() LU dneya, (L) S Tineyer,-cl (L);

(ii) dmeya, (L U M) =d(neya, (LI VU d(neye, (M);
(iU 1 neyey, (Li) =dner (U (LD);

(iv) dneyay, (Ame)ay, (L)E dneya, (L);

(V)r(ne)aP ~cl (d(ne) (L)) = d{ne)ay (L)

Proof. (i) In case | € LU d(ye)q, (L), then to establish that I € T(ne)q,-cl (L). If I € L formerly I
€ T(ne)ap—cl (L). If I € L, at that time to indicate that [ € r(ne}ay-cl (L). Or else, at that time there is a
neut @, - closed se C comprising L but not encompassing I. Then! € Z,, - C, which is a
neut a,-open se furthermore U N L = @. This suggests that [ & d,.,(L). This strangeness displays

that X € T(p)-cl(L). Henceforth L U d{ne}ay e T(ne)a, cl (L).

(i) Let I € dmeya, (LU M). Through the 3.11.Definition, @ = UnN ((LU M)—{1} ) =U N[(L — {I})n

(M—{} )] = [UNn (L={H]U [UNn (M—{1} )] and hence either | € d(ne)a, (L) OF d(neya,
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(M).Therefore d(ne)a], (LU M) gd(ne)ay (L)u d(ne)ay (M). The outcomed(ne)ay (L) v d(ne)a], (M)
€ dneye, (LU M), tracks by the 3.12. (i) Remark outcome.

(iii) Validation trails on or after the 3.12. Remark and (ii) outcome.

(iv) Assuming that [ € dyeyq, (L). Then I € T(ne)q,-cl (L — {1}). At this moment, there ensues a
neut a,- open set U like that I € U and UN (L —{l} ) = @. To attest that | & deya, (dineya, (L))-
Supposing on the conflict that [ € d(ne)ay (d(ne)ay (L)). Then [ € T(ne)aP'CI (d(ne)ay (L) —{1}). Since
Il €U, UN (dmey (L) —{1} )+ @ .Subsequently there is a q # [ so that q € U N (d(ne)q, (L)). This
suggests that € (U —{l} ) N (d(ne)e, (L) —{1} ). Later (U —{1} ) N (dineye, (L) —{1} ) )# 0, an
illogicality to the datum that U N (dmeye, (L) —{1} ) =@. This hints that [ & dmeya, ([A(neya, (L)) and
after this d(ne}ap (d[ne]a}, (L)e d(ne}a}, (L).

(v) This trails after the 3.11. Definition.

3.14. Theorem A function f.: (Zpne, Tne) = ( Une, One)is a neut g, gy-continuous function contingent

upon fue(dineye, (4)) < a(ne)aﬁ,—cl ( fue(4)), for entire 4 € Z,,,..

Proof. Given f.:(Zne, Tne) = ( Une, One)is a neut ey, g)- continuous function. Agree that4 C Z,,,
and z € d(ye)q, (4). Assume that f,.(z) € fre(A) and let Vdenote a neut ag- neighbourhood of fy.(z).
Meanwhile f,,. is a neutrosophic «(, z)-continuous function, by means of 3.6. Theorem, there arises a
neut @, - neighbourhood U of z like that fu(U)S V. From z€ d(ne)q,(4), it trails that Un 4 = 0.
There arises at least a factor c€ U N A, suggests that fi.(c)€ fre(4) and fre(c) € V. Meanwhile

frneZ) & fre(A) andfye(c)# fre(z). Therefore, each neut ag- neighbourhood of f,.(z) encompasses a
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component f,,.(c) € f,.(4) unalike from f,.(z). Henceforward,f,.(z) € d(ne)aﬂ (fue(4 )). By dint of the

assertion of 3.13. (i) Theorem fre(dneyay, (A)) S O(ne)ag cl (fre(4)).

On the contrary, assume that f,, is not a neut a, g-continuous function. Then via 3.7.
Theorem, there occurs z € Z,,, and a neut ag- neighbourhood V' of f,.(z) so that every single neut

a ,-neighbourhood Uof z covers at least one member c€ U, for which f,.(c)& V. Let A= {c € Z,,,

fue(c) & V}. Since f.(z) € V, therefore z € A and hence f,.(z) & fre(4). Since fhe(4) N (V

fne (Z)) =0 ’ therefore fne (Z) ¢ d(ne)aﬁ ((fne (A)) It surveys that fne (Z) € fne( d(ne)aﬂ ((A))

(fre (A) Udsq, ((fre (A))=® , which is a flaw to the given condition. Henceforth f.is a

neut a, g)-continuous function.

3.15. Theorem Let f,.:(Z,., Tne) = (Yner0ne)be a neut one-to-one function. Then f,. is a
neut @, - continuous function on condition that fie (demeye, (4))E dneyag (fre (4)), for all
that A € Z,,,.

Proof. Given 4 € 2., z€ d(neyay, (A) and Vis a neut ag-neighbourhood of f,.(z). By the reason
offyeis a neut ay, gy-continuous function by the announcement of 3.7. Theorem, at this juncture
befalls a neut @, - neighbourhood U of z similar that f,.(U) S V. Nevertheless zE d;¢)q, (A) stretches
there happens a component c € U N A corresponding that c#z, f.(c) € f;.(4) then by the cause
of fre is one-to-one, fr.(c) * fr.(2z). Consequently, every neut ag-neighbourhood V' of f,. (z)

comprises a component f,.(c) of f,.(4) dissimilar from f;.(z). Accordingly,f,(z) € d(ne)aﬂ(fne(A)).
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Thus f,.e (dneye, (A))S d(ne)aﬁ (fne(4)), for altogether A C Z,,.. Contrary portion trails from the 3.14.

Theorem.

4. Neutrosophic @, gy-open functions

4.1. Definition A function f,.: (Zse, Tne) = (Yne, 05e) is said to be a neut «, g)-open function akin

that for entire neut a,-open se M € T(ne)ays the image f,,. (M) € O(ne)ag-
4.2. Example Given

Zne = {hy, ha, ha}The = {1ne, Zne, F1, F3, Fa, Fs), Yne = {91, 92, 933and 0y, = {10, Zype, Hp, Hs} were

F,= {z,(0.2,0.6,0.1), (0.1,0.1,0.1), (0.3,0.1,0.1)},

F; = {z,(0.8,0.6,0.3), (0.4,0.5,0.1), (0.1,0.1,0.3)},
F,= {z,(0.8,0.6,0.3),(0.4,0.5,0.1),(0.1,0.1,0.1) },

F; = {z,(0.7,0.6,0.3), (0.1,0.1,0.1), (0.1,0.1,0.1)}
H, = {,(0.2,0.6,0.1), (0.1,0.1,0.1), (0.3,0.1,0.1)},
H: = {v, (0.8,0.6,0.3), (0.1,0.1,0.1), (0.1,0.1,0.1)}
Construe an operation ¥ on T, analogous that (U)" = cl(U)

Delineate an operation 8 on o, alike that (V)f = ¢l(B)

Define fie: Zhe = Uneas fue (M1) = g1, fre(hz ) = g3 and fi.(hs) = g; .Then the image of each one

neut @,-open se is aneut ag-open se under f,..

Later fy, is aneuta, g-open function.

4.3. Theorem Suppose that f.: (Zpe, Tre) = (Yne, 0ne) is a neut a(y, gy-open function in addition
supposes that gpe: (Une, One) = (Xne,6re) is a neut g sy -open function, at that juncture the

composition gre © fre: (Zne, Tne) = (Xne, Gpe)is aneut @y, 4)- open function.

Proof. Validation trails after the 4.1. Definition statement.
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4.4. Theorem A function fr.: ( Zpe, Tne) = (Yne, 0ne) is a neut @y, gy-open function in situation that
for entire z € Z,,., and for every A€ T(ne)ay akin that z € 4, there ensues a B € O(neyag such

that f,. (z) € B and B C f,.(4).

Proof. Consider A as a neut @, - open se and z € Z,.. At that juncture f,.(z) € f.(4).
Then f,.(A)is a neut ag-neighbourhood of f,.(z) in Y,, Formerly by the declaration of 3.7.

Theorem there present a neut @, -open neighbourhood B € 0.« 5 akin that f,.(z) EB C f,.(4).

In reverse let A € r(ne)apalike that z € A. At that moment by belief, there is a B € a(ne)aﬂalike that
fre(2) € BC fr.(4) . So fp.(A)is a neut ag- neighbourhood of f,.(z) in Y,. and this infers

that fne(A)=Ufnet'z)efne(-‘4~l B. Formerly through 2.1. Theorem f,.(4) is a neut @g-open se in Y,,.

Henceforward f,, is aneut a(, g -open function.

4.5. Theorem A function f,.: (Zye, Tne) = (Une, 0ne) is aneut gy, gy -open function in the event that
for entire z € Z,,, in addition for every single neut a,- neighbourhood U of z € Z,,,there present

aneutag -neighbourhood V' of f,,.(2) alike that V < f,.(U).

Proof. Given U be a neut @, - neighbourhood of z € Z,.. At that time via the statement of 3.1.
Definition there occurs a neut a,-open se W such that z € W < U. This mentions that
fne(2)E fue(W) € fre (U). Then fr.is a neut ag, g -open function, f. (W) is a neut ag- open se.

Henceforward V=" f,.(W) is a neut ag-neighbourhood of f,.(z)and V C f,.(U).
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Conversely, let U € r(ne)ayand x€ U. Then U is a neuta,-neighbourhood of z also thence, there
prevails a neut ag- neighbourhood V' of f,.(z) akin that f,.(z) €V € f,. (U). That is, f.(U) is a
neut ag-neighbourhood of f,.(2). Thus f,.(U) is a neut ag -neighbourhood to each of its points.

Accordingly, fn.(U) is aneut ag-open se. Thence f,.is aneut ag,g)- open function.

4.6. Theorem A function f,.: (Zye, Tne) = (Une, 0ne) is @ neut ag, gy-open function in case that if

fne(r(ne)ay-int (4)c a(ne)aﬁ-int (fre(4)), for each A € Z,,.

Proof. Let z € T(neya, -int (A). Then there occurs aU € r(ne)ayalike that ze U< A. So f. (2)
C fre(U) € fre(4). Meanwhile f,.is a neut a4z - open function, f,.(U) is a neut ag-open set
InYpe. Later fe(2) € Oneyag-int (fre(4)). Thus fre(Tneye,-int (4)) S Omejag-int (fre(4)).
Contrariwise, let U € T(ne)ay and hereafter f,(U) = fre (T(ne)a], -int (U ))E O(neag -int
(fre(U) ) € fre(U) < a(ne)aﬁ—int (fre(U)) € fre(U). This implies that f,.(U) is a neutag-open se.

Thusly f,. is aneut a(, g -open function.

4.7. Theorem A function fp.: (Zye, Tne) = (Une, 0ne) is a neut a(,, gy-open function on the supposition

that T(ne)q,-int (fre* (B)) S fre'( O(neyag-int (B)), for each B < Ype.

Proof. Given B be a neut subse of Yp.. Apparently T(ne)q,-int (fira (B )) is a neut a@,-open se
belonging to Z,.. Also fu. (T(neay, -int (fae* (B))E fue (fue* (B))S B. Subsequently fp. is a

neutag, g -open function besides by 4.6. Theorem fu. (T(ne)a, -int (fuer(B)) € O(neyag -int (B).
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Hence T(ne)ay'int (fn_el (B)) c fn_el(fne (r(ne)ay’int (fn_el(B)))) This imphes that T(ne)ay'int (fn_el (B))

€ fre (O(neyag-int (B)) for all B S Ype.

Contrarywise, accredit that 4 € Z,,, ,at that time T(ne)q, -int (4) € Teya, -int (fre' (fre(4)) € fre®
(Ome)agint (fue(A ) ). This implies that fue(Tneya,-int (A ) ) S fre (Tsa, int (Fre* (Fre (A ) )  fre
(fiz* (Oeag ANt (fue(A ) ) € Oneragrint (fe(A ). Consequently fre (Zneya,-int (4 ) ) € O(nepag-int
(fre(4 )), for all A € Z,,.. By 4.6. Theorem,f,. is aneut a(, g - open function.

4.8. Theorem A function fu.:(Zne Tne) = (Une,0ne) is a neut ag,p) -open function on the

supposition that f,;;* (O(nerag=cl (D))S T (neyay, =€l (fel(D)), for all D € Y,,.

Proof. Agree D be a neut subse of U,.. Through 4.7. Theorern,r(ne)ap -int (figl (Yne— D )
)€ fue' (O(neyag-int (Yne— D) ). Then Tineya,-int (Zne —fre' (D)) S fre' (Oneyag-int (Yne — D ) ). As
O(neyag-int (D) = Yne ~Oneyag~ €l (Yne= D) ), therefore Zne — Ttneya,~cl (fue' (D) )E fre' (Yne —
O(neyag=cl (D) ) OF Zne —T(nejay,~ Cl (faet (D) )E Zpe —fie* (9(neyag-cl (D) ). Hence fue'( O(neyag=cl (B))
S T(neyayCl (Fre*(D))-

Conversely, let D C© Y, and hence, fn_el(a(ne)aﬂ- cl (Ype — D))E r(ne)a},—cl (et (Une — D)).
Then Zne — Tneya, L (foe'(Une= D)) S Zne ~fue' (O(nerag~cl (Une — D). Hence Zne— T(neyay, -l (Zne
~fne (DS fre' (Yne=0(neyag~ €l (Yne— D)). This gives that Tpueya,-int (fre' (D)) S fre' (G(ne)ag-int (D)).

Using 4.5. Theorem, it follows that f,. is aneut @, g)-open function.
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4.9. Theorem Let f,.: (2o, Tne) = (Yne, ne) aNd gne: (Yne, One) = (Xpe, 8,2) be two functions such
that g,e © fre: (Zne, Tne) = (e, Gpe)is a neut ey, 5y- continuous function. Formerly

i) Assuming that g,. is a neut« .z 5y -open injection at that time f,. is a neut a, z,-continuous
g 8.8) “Op ] .B)

function.

(ii) Supposing that f..is a neut a,,z -open surjection at that time g,. is a neut ez - continuous

function.

Proof. (i) Approve U € O(ne)ag .Meanwhile g,. is a neut a4 -open function, at that time

Gne(U) E {(ne)as- Subsequently g, is injective besides gne © fre is aneut @ s)-continuous function,
— -1 - — — — .

(Gne ° fre) ! ( Gne U)) = (fne ©Gne 1)( (gne(U)) =fnel(gnel(§ne ()] =fnel(u) 1s a neuta,- open

function of Z,,.. This demonstrates that f,.is a neut @, g- continuous function.

(ii) Accredit V € {(ne)q; - Meanwhile gy ° fe is a neut @, ) - continuous function, at that
time (gpe©° fue) t(V)E T(ne)ay, - AS well f,. is a neut @, - open function, accordingly f,.
((Gne © fre)1(V)) is a neut ag- open set prevailing in UY,.. By reason of f,. is surjective, we

obtain (fne ° (gne @ fne)_l)(v) =(fne ° (fne_l ° gne_l))(v) = ((fne ofngl) ° gne_l)(v) =9ne_1(v) It

trails that g,.” (V) € O(ne)ag: This evidences that g, is a neut ag s)-continuous function.

5.Neutrosophic a,g)-Closed Functions

5.1.()) Definition A function fu.:(Zye, Tne) = (Une One) is supposed to be a neut ey z)- closed
function provided that the image se f,.(4) is a neut ag-closed se for entire neutrosophic a,- closed

subse A of Z,,.
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(ii) Definition A function f,.: (Zye, Tre) = (Une, 0re) is supposed to be a neut (’yne. ag)—open(closed)
function supposing that the icon of each neut f,. -open(closed) se prevailing in Z,. is a

neut ag-open(closed) se prevailing in UYp,.

(iii) Definition A function f.:(Z,e,Tne) = (Yne, 04e) is thought to be a neut (¥, fne)-irresolute

function in case that f;y*(P) is a neuty,.-open se be present in Z,, for each B,.-open set P

survives in UY,,.

5.2. Example Given Z,, = {hy, hy, h3},Tne = {1ne, Bne, F1, F3, Fy, F5}

; Yne = {gl-gz-gat}andane = {1ne-'zne-H1-H4-H5.H6} were

F, = {z,(0.20.6,03),(0.1,0.1,0.1), (0.3,0.1,0.1)},
F; = {z,(0.8,0.6,0.3), (0.1,0.1,0.1), (0.1,0.1,0.1)},
F, = {z,(08,0.6,03),(0.4,05,0.1),(0.1,0.1,0.1)},
Fs = {z,(0.7,0.6,0.3), (0.1,0.1,0.1), (0.1,0.1,0.1)}

H, = 7,(02,06,0.1),(0.1,01,0.1),(0.3,01,0.1)},
H, = {y,(0.7,0.6,0.3), (0.4,0.5,0.1), (0.1,0.1,0.3)},
He = 7,(08,0.6,0.3), (0.4,0.5,0.1), (0.1,0.1,0.1)},
He = ,(07,0.60.3), (0.4,0.5,0.1), (0.1,0.1,0.1)}

U U {hs}ifU # {hi}
Uif U= {hi}

Vifg, €V
cl(V)if g. €V}

Characterize an operation y on 1, alike that(U)Y ={
Specify an operation 8 on o, aforesaid that(V)f = {

Define fre: Zne = Yneds foe (h1) = 91, fre(hz )= g2 and fre(hs) = gs -
Then the appearance of each one neut a,-closed se is a neut ag-closed se under fg,.

Henceforth f,,. is a neut a(, gy-closed function.

5.3. Theorem Accredit f.: (Zye, Tne) = (Yne, 0ne) be a neut ag,, g -closed function, previously the

succeeding declarations hold good.
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(i) Assume Gne: (Une, 0ne) = (Xpes 6pe) 18 a neut ags -closed function,

then gye © fre: (Zne, Tne) = (Xpe, 8re)  is aneut g, g)- closed function;

(ii) a(ne)aﬂ—cl (fre(4)) € fne(r(ne)ay—cl (4)), for each subset 4 of Z,,;

(iii) a(ne)aﬂ—cl (Ome)ag-int (O(neyay -l (fae(A ) ) € fre(Tmeya,~cl (4)), for all neut subset A of Zy,;
(iv) for all neut subset B of UY,. and to each neute,- open set A of Z,.encompassing f.*(B),

there occurs a neut ag-open setC in Y, comprising B alike that fret(C) E A.

Proof. Confirmations are alike to the proofs of the 4.3.,4.4.,4.5 and 4.6. Theorem:s.

5.4. Theorem Let f.:(Zye, Tne) = (Yne 0ne) be a neut bijective function. Previously the ensuing

assertions are analogous:

(i) fre is aneuta, gy- closed function;

(ii) fre is aneut e, gy- open function;

(iii) fe* is aneut @ y)-continuous function.

Proof. ()= (ii) Substantiation trails after the declarations of 4.1. Definition and 5.1. Definition.

(i) = (iii) Specify that 4 is a neuta,-closed se in Z;.. Formerly 7(;¢)q,-cl (4) =A. By the effect of
(ii) and 4-8-Theorem/ fn_el (U(ne)aB'CI (fne(A) )) c T(rte?)ary'd (fn_el(fne(A) )) infers that U(ne)aB'CI Ocne
(4) ) € fre(Tneya,~cl (A )). Consequently o(ne)az-cl (fe)"H(A)) € (fie)) "1 (4), aimed at each single

subse A of Zy, it trails that f;z* is aneut ay,g)- continuous function.

(iii) = (i) Specify that A is aneut a,-closed se of Z,,, . Formerly Z,,, — A is aneuta,- open se lying

in Z,.. By reason of f;;'is an a@(y,p)-continuous function, ( fret) ™Y (Zne— A) is a neut ag- open se in
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Une- Nevertheless (f,21) 7 (Zne— 4) = f1e(Zne — 4) = Une — fre(4). Consequently f,.(4) is a neut
ag-closed se lying in UY,.. This one demonstrates that the function fy, is a neut a,g- closed
function.

5.5. Definition Let id:7— P(X) remain as the identity maneuver. A function
fre: (Zne Tne) = (Une, 0ne) is held to be a neut a(;4 ) - closed func if designed at any neut a-closed

se F of Z,., f,.(F)is aneutag-closed sein Uy,,.

5.6. Theorem Supposing that fu.:(Z4e, Tne) = (Yne,0ne) is a  Dbijective  function
also fue': (Yne,One) = (ZnesTne) is @ neut  @gqp) -continuous function, formerly f,. is a

neut a(;4 gy-closed function.

Proof. Authentication tracks next to the descriptions of 5.1. Definition besides 5.5. Definition.

5.7. Theorem Supposing that f,. is a neut a(,g)-continuous function. Formerly

(i) Suppose that Ais a neut a, g -closed se in (Zp.,T,.) , later the image f,.(4) is a neut

agg -closed se.

(ii) Given B be a neut ag g - closed se of (Yne, 0pe), later the set f;,.1(B) is aneut a, g -closed se.

Proof. (i) Contemplate V as a neut ag-open se prevailing in U,.alike that f,.(4)S V. By means of
3.8. Theorem statement, f.'(V) is a neut a,-open se encompassing 4. By postulation T(ne)a,~ Cl

(A)C firt (V), 50 fue (T(neyay, -l (A))) € V. Since fye is a neutay g)- closed function, f;. (Tmeye,~ €l
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(4)) is a neut ag-closed se comprising f,. (4)entails that a(ne)aﬁ,—cl (fre(4) )< a(ne)aﬁ,—cl (fre(Tneyay - cl

(4))) = fre(Tmeya,~ 1 (4) )S V. Hence f,.(4) is a neut ag g-closed se.

(ii) Assume U be a neut a,- open se of Z,, akin that f.}(B)S U for any subse B inUY,,. Put F =
T(ne)a,~Cl (et (B)) N(Zpe— U). Tt trails from the 2.2.(ii) Remark and 2.3. Theorem, that Fis a neut
a,~closed se in Z,,, . Meanwhile f,.is a neut a,,g)- closed function, f.(F)is a neut a(,g)- closed se
inY,e . By the 2.4 Theorem declaration then by the 3.8.(ii) Theorem declaration in addition the
subsequent insertion f;.(F)< a(ne)aﬁ,-cl (B) - B, it is gained that f,.(F) =0 , and henceforth F =0 .

This infers that r[ne}ay—cl (fae'(B)) € U. Therefore f,.'(B)is aneut a,g-closed se.

5.8. Theorem Given f.: (Zye, Tne) = (Yne, 0ne) is a neut g, gy-continuous and neut a, g - closed
function. Then

(i) With the condition that f,, is a neut injective function moreover Y, is a neutagTiat that
2

juncture Z,.is aneut a,T:1 space.
2

ii) Conceding that is a surjective function besides Z,. is a neut a,T: formerl is a neut
g ne 1] ne plit Y Yne
2

ag T% space.

Proof. (i) Accept 4 be a neut a, g-closed se of Z,,.. Formerly via 5.7. Theorem statement (i), f,,c(4)

is a neutrosophic agg- closed se. Accordingly, by postulation 4 is a neut «, -closed se in Z,,

SoZ,. isaneuta,T: space.
2

(i) Contemplate B as aneutag g-closed se lying in U,,.. At that moment it surveys after the

5.7.(ii) Proposition and the supposition that f;* (B) is a neut a,-closed se. Hencef,. is a neut
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@y, -closed function, implies that f,.(f,e! (B)) = B is a neut ag-closed se inY,, . Therefore Y, is

aneut agT1 space.
2

5.9. Remark Each neut (yy,Br.)-irresolute function is a neut (a,, fy.) -continuous function.

Nonetheless, the conflicting statement need not be factual.

6.Neutrosophic a(, g - Homeomorphism

6.1. Definition A function f;,.: (Zyc, Tne) = (Une, 0ne) is a neut gy, g-homeomorphism, if f,, is a

bijective, neut a(,,g)-continuous function and f;! is aneut ag,,-continuous function.

6.2. Remark Each bijective, neut @, g)-continuous and neut a, g)- closed function is a neut

@(y,gy-homeomorphism.

6.3. Theorem Let fi.: (2., Tre) = (Yne, 04e) be a neut a, g)-homeomorphism. If Z,.is a neut

a, T% space then U,.is a neut ag T% space.

Proof. Assume {y} as a singleton se of U, . Then there befalls a point z of Z,. alike that y =

fre(2).Via 2.5. Theorem Announcement, it trails that the singleton se{y} is furthermore a neut

ag-open se or else a neut ag-closed se. Accordingly Y,.is a neut aBT% spa.

6.4. Remark Each neut a, g -open (closed) function is a neut (yy., @z)-open (closed) function.

Nonetheless, the opposing statement must not be exact. Then the succeeding comment shows the

connotation amongst the neut a,,5)-open (closed) functions, neut (yye, az)-open (closed) functions

and neut (¥, B5)- open (closed) functions.
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6.5. Remark From the 6.1.(i), (ii), (iii) Definitions 6.3. and 6.4. Remarks the subsequent illustrative

inferences 2. Figure is attained:
/ neutrosophic @, g -continuous functions
neutrosophic (cry. 5ne)-continuous functions

.

neutrosophic (¥pe, fne) - irresolute functions

A — B represents Ainfer B, A » B represents A doesnot infer B.

2. Figure: Relationship between neutrosophic continuous functions

6.6. Remark As of the 4.1,5.1. (i), (ii), (iii) Definitions and 5.9. Remark the ensuing pictorial

inferences 3. Figure is gained:

neutrosophic @, g)-open(closed) functions

5

neutrosophic (¥ye, @5)-open (closed) functions

.

neutrosophic(¥pe, Bre)- open (closed) functions

A — B symbolizes Aindicates at B, A » B signifies A does not indicate at B.
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3. Figure: Association between neutrosophic open (closed) functions

Conclusion and Future study

In this article the observation of neut a, g)-continuous functions that are created
over neut a,-open ses are considered and many of their basic properties are detailed. Also, the neut
acy.p-open (closed) functions are declared besides inspected their rudimentary properties. Neut

a,~derived se, neut &, -frontier besides neut a,-kernel are described also experienced to create the

ideas of several neut continuous functions and neut open(closed) functions. The connection amongst

these neut a, g-continuous functions, neut a, g-open functions, neut oy, g-closed functions are
illustrated. Further the concept of the neut (yne. ag)-open(closed) function, neut (¥, Bre)-irresolute
function neut (a,,B,.) -continuous function and neut (Ve Bne) -continuous function,
neut &, -neighbourhood of a point, neut a,-limit point, Composition of functions, neut a,-derived
set and neut a(, - continuous, injective function are detailed and utilized for deriving numerous
highly significant results. Contra neut ay, g)-continuous functions, contra neut (a,, B,.)-continuous

function and contra neut (¥, f..)-continuous function can be studied as a future work.
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Abstract: The assignment problem (AP) is a well-researched combinatorial optimization problem in
which the overall assignment cost or time is minimized by assigning multiple items (tasks) to several
entities (workers). Today's optimization challenges cannot be adequately addressed by a
single-objective AP, hence the bi-objective AP (BOAP) is taken into consideration. This problem
frequently occurs in practical applications with ambiguous parameters in real life. Henceforth, in
this article the uncertain parameters are presented as interval valued neutrosophic numbers. In the
present study, we formulate bi-objectives assignment problem (BOAP) having cost and time
parameters as an interval valued neutrosophic numbers. We proposed interactive left-width method
to solve the interval valued neutrosophic BOAP (IVNBOAP). In this method interval valued
neutrosophic numbers is reduced to interval numbers using score function. Then, the bi-objective
interval assignment problem (BOIAP) is reduced to a deterministic BOAP using the left-width
attributes on each objective function. The reduced deterministic objective function is separated and
constructed as a multi-objective AP. In the solution procedure, the global weighted sum method is
adopted to convert the multi-objective AP into a single objective problem (SOP) and solved using
Lingo 18.0 software. Finally, numerical examples are illustrated to clarify the steps involved in the
proposed method and results are compared with the other existing methods.

Keywords: Interval Assignment Problem, Interval-valued Neutrosophic Numbers, Interactive
Left-Width Method, Optimal Compromise Solution, Global Weighted Sum Method.

1. Introduction

In the AP, the objective is to distribute several tasks to an equal number of machines, people or
facilities with optimal decision parameters. From the existing literature, it can be seen that
several researchers have come up with different methods to resolve AP[1-3]. In all these
studies, it is noted that actual deterministic numbers are used for effectual matrices of the
relevant AP. In real-life situations, the elements of the effectual matrices of AP are an
imprecise number than deterministic, due to the limited knowledge of personnel on problem
domain, lack of data, inaccurate estimates, etc. This inexact information on decision parameters
is expressed by interval numbers or fuzzy numbers or intuitionistic numbers or neutrosophic
numbers. In recent years, numerous experts [4-7] have conducted thorough studies on the interval
AP. When the boundary of this interval is ambiguous, that interval is a fuzzy set. In 1965, Lotfi
Zadeh introduced fuzzy set theory, which was developed to provide formalized techniques for

addressing imprecision through varying degrees of membership and to mathematically
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describe uncertainty. Various researchers such as Gupta et al.[8] , Thorani and Shankar [9],
Baidya and Bera [10] , Buvaneshwari and Anuradha [11] have utilized the various methods for
solving fuzzy TP/AP to determine the optimal/ optimal compromise solution.

The fuzzy set (FS) deals with uncertainty, but hesitation is also taken into consideration in a
real-life problem. Atanassov [12] has extended FS to intuitionistic FS (IFS) by including
hesitation as a non-membership degree. An IFS can be a realistic and relevant tool in dealing
with problems having both uncertainty and hesitation. An accuracy function was applied by
Ebrahimnejad and Verdegay [13] and Mahmoodirad et al. [14] to solve the intuitionistic fuzzy
transportation problem (IFTP). Roy et al. [15] proposed the intuitionistic fuzzy programming
approach (IFPA) and goal programming approach (GPA) to solve the intuitionistic fuzzy
multi-objective transportation problem (IFMOTP). Bharati [16] has discussed TP with
interval-valued IFS influence of a new ranking. Mahajan and Gupta [29] utilized a variety of
membership functions (MFs) to solve fully IFMOTP. Ahmadini and Ahmad [17] proposed the
different MFs for solving the intuitionistic fuzzy multi-objective linear programming problem.
IFS contemplate both the degree of MF and non-MF, but it cannot deal with reality's inherent
indeterminacy. To tackle these problems, Smarandache [18] introduced a theory of the neutrosophic
set (NS), which is the degree of indeterminacy as well as the degree of truth MF and falsity MF while
making decisions. Das and Roy [19] developed novel method named computational algorithm for
handling the multi-objective non-linear minimization programming problem in the neutrosophic
environment. Risk Allah et al.[20] proposed the neutrosophic compromise programming approach
to solve the MO transportation problem under neutrosophic environment and it is verified by
applying the TOPSIS technique to measure the ranking degree. Broumi and Smarandaache [21]
presented innovative approaches for harmonic, geometrical, and arithmetic means for interval
neutrosophic sets. Khalifa et al.[22] proposed the approach for optimality conditions to the interval
valued neutrosophic TP and it is solved by Weighting Tchebycheff method. Saini et.al [23]
introduced a novel approach namely minimum row column method for interval-valued trapezoidal
neutrosophic transportation problem. Khalil et al. [24] discussed on the aspirations levels for
interval-valued true, interval-valued falsity, and interval-valued indeterminacy, which are

dependent only on the algebra of interval neutrosophic sets and confluence criteria.

The contributions of this paper are as follows:

We proposed interactive left-width method to solve the interval valued neutrosophic BOAP
(IVNBOAP). The IVNBOAP is first reduced to a BOIAP using the score function and it is reduced to
deterministic bi-objective assignment problem using the left-width attributes on each objective
function. Then, construct the multi-objective problem by splitting each objective function. The
reduced multi-objective problem cannot be solved explicitly. Also, the managers are always keen on
minimizing the cost and time of AP. The global weighted sum method (GWSM) is used to transform
the deterministic multi-objective AP into the single-objective AP. Using the Lingo 18.0 software, the

reduced problem is solved to obtain the optimal compromise solution of the IVNBOIAP.

The construction of this paper is as follows: In Section 2, basic concepts and preliminaries are

presented. Section 3 describes the problem formulation of IVNBOAP and Section 4 briefly proposed
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the interactive left-width method. Section 5 illustrates the proposed method implementation using
the numerical examples and its computational results. In Section 6, the results and discussion part
have been included and Section 7 discusses sensitivity analysis and finally the conclusion and future

scope of this paper.

2. Preliminaries
The fundamental concepts of arithmetic operations, partial ordering of closed bounded intervals,

interval optimal solutions, and optimal compromise solutions are found in [25].

Definition 2.1[26] An interval number is a number whose precise value is unknown, but the range
in which it lies is known. An interval number with lower and upper boundaries as A =[at, a!], where

at < g4 The mid and width of the interval are similarly shown as
moqw LU L, aU n_ (@ +a’) w U_ L

A=<a",a">={a:a -a” <a<a +a ,acR},wherea = and 2" =(a” -a") respectively.

Definition 2.2 [26] The order relation <tu between A =[al, a!] and B =[b", b!].

A<, B iff a_ <b and &, <h;,

A<, B iff A<, Band A#B.

This order relation <tu represents the decision maker’s (DMs) preference for the alternative with

lower minimum and maximum cost, thatis, if A <wu B, then A is preferred to B.

Definition 2.3 [26] The order relation <tu between A =[a™, a*] and B =[b", b»].

A<, B iff a,<b, anda,<h,,

A<, B iff A< Band A=B.

This order relation <mw represents the DMs preference for the alternative with lower minimum and
maximum cost, that is, if A<mw B, then A is preferred to B. To compare interval numbers, the total of
each element in the interval number is utilised as a scale. The total of all the components of the
interval number that equals zero is the zero interval.

Definition 2.4 (Neutrosophic set [27]) Let X be a universe. A neutrosophic set F over X is defined by

NN:{<X,PN(X),QN(X),RN(X)>:X6X} where PN,QN,RN:X—>]O',3+[ are called the truth,

indeterminacy and falsity MF of the element Xe X to the set D" with
0" <P"(x)+Q" (x)+R"(x)<3".

Definition 2.6 (Interval-valued neutrosophic set [21] ). Let X be a nonempty set. Then an interval

valued neutrosophic (IVN) set of X is defined as:

R = {(x [R™ (), R™ ()LIQM™ (), Q5™ COLIRM™ (x), RY™ (x)1): x € X}, where

([PLN (X)' PUN (X)]'[QE‘ (X)’QL’J\‘ (X)],[Ri\l (X), Rl'j‘ (X)]) <[0,1].

The neutrosophic numbers, trapezoidal neutrosophic numbers and its arithmetic operation are
referred in [28].
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.F IVN

Definition 2.7 Let be the TrNNs and it can be evaluated using the score function and

accuracy function as follows:

i.  Score function SC( o ) = (%j[r +S+t+ u]*[P'VN +@-Q")+@-RrR™ )]
- 1

ii.  Accuracy function AC( v ) = (Ej[r +S+t+ u]*[/lﬁN +(@1-0 )+Q+o )]

3. Description and Problem formulation

This section defines the model assumption, indices, formulation of interval valued neutrosophic

bi-objective assignment problem.

3.1 Mathematical Model of Interval valued Neutrosophic Bi-Objective Assignment Problem
We consider n skilled workers in agencies and the n companies want the workers to process their

jobs. Each worker has to be associated with one and only one company. A penalty
¢, —(CJ, o [R™ RMLIQOM, QL',VN],[RD’N,R"JVN]) is the cost of transport and
£ (tIJ LR R LIQM, QYN LIRM™, RY™ ]) is the total time to reach the companies, which is

incurred when companies j ( j =1,2,..,n) is processed by the workers 7 (i =1,2,...,n) respectively. Let

%N = (XIJ 0SSP R LIQM, QUMY LR, RL'JVN]) denote the assignment of j# company to i

worker. Our aim is to determine the worker-to-company assignment at a minimum assignment cost

and time to the companies.

Now, the mathematical model of the above IVNBOAP is given as detailed below.

- n n
(A)  Minimize Z"™ (x)=>>"¢,""%,"", (1)
i=1 j=1
- n n -
Minimize Z,"" (x)=>_>"&""&,"", )
i=1 j=1
subject to the constraints
> =1"i=12,..n, ©)
j=1
n
&M =1",j=12,...n, 4)
i=1
%"= 0" or 1" for all iandj. 5)

Using score function (Definition 2.7) the problem (A) is reduced to bi-objective interval AP (B).
Now, the mathematical model of the BOIAP is given as detailed below.

(B) Minimize[z;,zf]:izn:[ ci.ci I (6)

i=1 j=1
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n

Minimize[Z),Z) ] = Zzn:[tu,tﬂ (7)

i=1 j=1

subject to the constraints

> x;=1fori=12...n (8)
j=1

> x; =1forj=12...n )
i=1

xij=0or1 for alliandj. (10)

Ishibuchi and Tanaka[26] state that the expected value and interval uncertainty can be attributed to
an interval's midpoint and width. Since the objective function (6) and (7) of Problem (B) is the cost
and time function which is to be minimized simultaneously and our aim is to obtain optimal
compromise solution with minimum ambiguity. We can express the problem (B) in terms of
expected cost and time using definition (2.1). Since any two of the four characteristics of an
interval —left limit, right limit, mid-value, and width—can be used to represent it. Finally, the
objective function of BOIAP (6) and (7) can be reduced to a left and width objective value problem
(M) by employing left and width attributes.

(M) Minimize<Z;,Z" > _ZZ< Cj .G >X; (11)
i=1 j=1

Minimize < Z},Z) > _ZZ<t” > (12)
i=1l j=1

subject to the constraints (8) to (10).
Construct the multi objective problem (N) by splitting the left and width of each objective function

(11) and (12).
(N) Minimize Z,"=>"> ci'x; — > > ci'x; (13)
i-1 )1 i1 1
n n
Minimize Z" =" > c/'x; (14)
i1 1
n n n n
MinimizeZ," = > > tx, = >_ > _t'x; (15)
i=1 j=1 i=1 j=1
n n
MinimizeZ," =" > t'x; (16)
i1 =1

subject to the constraints (8) to (10).

U

v —ct
The width of the cost coefficient of Z1, ¢j = [ 4 5 4 J,

L . n (Gt
The mid-point of the cost coefficient of Zi, ¢ = 5 ,

tY —t-
The width of the cost coefficient of Z», tj = (—” 5 i J,
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)+t
The mid-point of the cost coefficient of Z», t' = {—“ 5 i ] .
4. Interactive Left-Width Method (ILWM)

Step 1: Construct the problem (B) from the problem (A) using the Score function.

Step 2: Using left and width attributes, the objective function of (B) can be reduced into a left and
width value problem (M).

Step 3: Construct the multi objective problem (N) by splitting the left and width objective value
problem (M).

Step 4: Reduce the problem (N) into single objective problem (G) using global weighted sum
method [29].

Step 5: Using step 4, the optimal compromise solution for (G) is obtained. Also, the optimal

compromise solution for the problem (A) is obtained from each xijthrough proposed method.

4.1 Working Methodology

IVBOAP (A)
[ |

( The problem (A) can be reduced into problem (B) using score -\"

function and then the objective function of (B) is transformed by
left and width value using the Definition 2.1. I |

width of the each objective function

Construct the multi objective problem (M) by split the left and

- v

Reduced SOP is then solved using Lingo 18.0 software to obtain
compromise solution

Print optimal compromise solution for Problem(A)

—

Figure 1: Working methodology of BOIAP

5. Application Example
In this section, two application examples are provided to illustrate our proposed method.
Example 5.1 A labour agency must arrange the distribution of three distinct skilled workers to three
distinct companies in three different locations. Consider that there are two objectives to be
considered: (i) Determine the distribution that reduces the overall cost of transferring workers to
companies. (ii) Reduce the overall travel time (in hours) to the companies. We typically can't get
this information precisely because the allocation schedule has been prepared in advance. The
typical method for obtaining interval data for this condition is to rate the experience. Consider the
following IVNBOAP, which is shown in the Table 1.

Table 1: The bi- objective interval valued neutrosophic AP.
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D1 D2 D3
s1 [En]vN [En]™N [Ens]™™
[Fu]VN [F12] VN [£1a]'VN
o 2 [E21]V [&22]¥N [E]™
[Fa]VN [F22] VN [£23]'VN
o [&31]VN [&33]'VN [E33]VN
[E31]VN [Ea]IVN [E3s]'VN

[u]VN= ((10, 11, 12, 13);[0.1,0.7],[0.8,0.8],[0.8,0.9] );  [Eu]™N = (18, 27, 29, 30);[0.1,0.5],[0.8,0.8],[0.9,0.9] )

[&2]VN = ((28,29, 31, 38);0.1,0.6],[0.7,0.7],[0.8,0.8]);  [Fu2]¥N = ((10, 12, 25, 26);[0.1,0.6],[0.8,0.9],[0.9,0.9])

[&s]VN = (23, 25, 31, 38); [0.1,0.6], [0.7,0.7],[0.8,0.8]);  [F1s]™N=((10, 11, 12, 13);[0.1,0.9], [0.7,0.7],[0.9,0.6])

[&1] VN =((14, 17, 21, 28);[0.2,0.9], [0.2,0.3],[0.6,0.6]);  [Ex]™N=((23, 25, 31, 38);[0.1,0.5], [0.7,0.8],[0.8,0.9])

[&2] VN =((18, 19, 21, 22);[0.1,0.9], [0.8,0.8],[0.9,0.9]);  [¥22]¥N=((14, 17, 21, 28);[0.2,0.8], [0.2,0.2],[0.6,0.6])

[&23] VN =((18,27, 29, 30);[0.1,0.5], [0.8,0.8],[0.9,0.9]);  [Ex]™¥N=((15, 17, 21, 28);[0.2,0.9], [0.1,0.2],[0.4,0.6])

[&1] VN =((14, 17, 21, 28);[0.2,0.9], [0.2,0.2],[0.6,0.6]);  [Ex1] VN =((23, 25, 31, 38);{0.1,0.6], [0.7,0.7],[0.8,0.8])

[E52] VN =((18, 27, 29, 30);[0.1,0.5], [0.8,0.8],[0.9,0.9]);  [Ex]™N= ((23, 25, 31, 38);[0.1,0.5], [0.8,0.8],[0.9,0.9])

[£53] VN =((28, 29, 31, 38);[0.1,0.6], [0.7,0.8],[0.8,0.9]);  [E3s]™N= ((10, 11, 12, 13);[0.1,0.5], [0.8,0.9],[0.8,0.9])

Using Step 1, the problem (A) is reduced to problem (B) using the score function (definition 2.7) as

shown in Table 2.

Table 2: The bi- objective interval assignment problem.

Wi

2

Workers

3

Labour Agencies

L1 L2 Ls
[1,3] [5,9] [4,8]
[3,5] [2,4] [1,5]
[7,10] [2,6] [3,5]
[4,6] [7,10] [9,11]
[7,11] [3,5] [5,7]
[4,8] 3,6] [1,2]

T.K. Buvaneshwari and D. Anuradha, On Solving Bi-objective Interval Valued Neutrosophic Assignment Problem



Neutrosophic Sets and Systems, Vol. 64, 2024 219

Using Step 2, construct the problem (M) from the problem (B) by using the definition (2.1) as shown
in Table 3.
Table 3: The bi- objective left-width assignment problem(M).

Labour Agencies

L: L2 Ls
<1,1> <5,2> <4,2>
Wi
<3,1> <2,1> <1,2>
2] <7,1.5> <2,2> <3,1>
g W2
g <4,1> <7,1.5> <9,1>
<72> <3,1> <5,1>
Wis
<4,2> <3,1.5> <1,0.5>

By Step 3, split the problem (M) into four objectives (zf, zi", z%, z2) by left and width objective

function, which is shown in below Table 4.

Table 4: Multi- objective assignment problem(N).

Labour Agencies

Problem (z§)  Problem (z¥) Problem(zi)  Problem (z¥)

L1 L2 Is La Lo Ls L. Lo Ls L1 L Ls

Wi 1 5 4 1 2 2 3 2 1 1 1 2
W2 7 2 3 15 2 1 4 7 9 1 15 1

Workers

Ws 7 3 5 2 1 1 4 3 1 2 15 05

By Step 4, the problem (M) is reduced into single objective problem (SOP) using global weighted

sum method as follows. In problem (M), solve each objective function individually with the
constraints (8-10) using the Hungarian algorithm. Optimal solution for (zF) = 7, x11=x23=x32=1, (z}")=3,

xu=x2=x32=1, (zf) =7, xi2=xa1=x33=1, and (z3")=2.5, x11=x2s=x32=1. Then, create the pay-off matrix is as

shown in Table 5.

Table 5: Pay-off matrix

z zy’ z zy
x1 7 3 15 3.5
x2 7 3 15 3.5
x3 17 4.5 7 25
x4 17 4.5 7 2.5
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We find the lower and upper bound of each objective function that is L1=7, L2=3, L3=7, L4=2.5,
U1=17, U2=4.5, U3=15, U4=3.5. Formulate the deterministic model with the weights 0.25 to each
objective,
(G)Minimize 77;
subject to the constraints (9) to (11), 7>0;.

1

7t 7Y zv_3Y zt_77Y zv 25\ ]2

n=10.25| 21 1025 & +0.25| | £ +0.25( 22 ;
17-7 45-3 15-7 35-25

Then, using Step 5, Lingo 18.0 software is employed to solve the problem (G) to obtain optimal

allocation is x11=x2=x33=1. Replace the optimal allocation of the problem (G) to the problem (B) is

Z=([8,16],[11,17]) and for problem (A) is Z" ={((56,59,64,73);[0.7,0.91,[0.7,0.8],[0.8,0.9]),
((42,55,62,71);0.8,0.9], [0.2,0.2],[0.6,0.6] )}.

Example 5.2 The bi- objective interval- valued Neutrosophic AP model is considered in order to
confirm the method's efficacy: Three separate skilled workers must be allocated among three various
branches of businesses in four different locations, according to an automobile manufacturing
corporation. Consider that there are two goals to consider: (i) Identify the distribution that
minimizes the overall cost of hiring new personnel. (ii) Shorten the distance travelled (in hours)
between the companies. Typically, the allocation plan has been created in advance, thus we are
unable to obtain this information precisely. The standard method is to rate the experience to gather
interval data for this circumstance. Consider the following bi-objective interval valued neutrosophic

assignment problem is shown in Table 6.

Table 6: The bi- objective interval valued neutrosophic AP.

D1 D2 D3 D4
s1 [En™ [ [E1s] [E1a]vN
[F1]VN [F12]VN [F13]VN [F14]VN
G/t S [€21]VN [E22]VN [E23]TVN [E24] VN
ij/ Tij
[E21]'VN [F22]'WN [#23]IVN [F24]IVN
o [E31]VN [&33]IVN [E33]IVN [&34]IVN
[Fa1]VN [Fa2] VN [F3s]VN [Fa4] VN

[&n]= (14, 17, 23, 28);[0.3,0.8], [0.2,0.3],[0.1,0.2]);  [Fu]= ((14, 17, 21, 28);[0.4,0.9], [0.1,0.3],[0.5,0.5])

[#12]= (26,27, 30, 33);[0.4,0.9], [0.2,0.3],[0.2,04]);  [F12]= ((26, 27, 30, 33);[0.6,0.9], [0.2,0.3],[0.2,0.3])

[#15]= (49, 50, 55, 57);[0.5,0.9], [0.4,0.5],[0.5,0.6]);  [F13]= ((49, 50, 55, 57);[0.5,0.9], [0.4,0.5],[0.5,0.6])

[#14]=((49, 52, 55, 57);[0.4,0.9], [0.4,0.5],[0.4,0.5]);  [Fu]= ((26, 27, 30, 33);[0.6,0.9], [0.2,0.2],[0.2,0.2])
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[#21]=((48, 49, 50, 51);0.1,0.9], [0.5,0.5],[0.4,0.4]);

[62]=((53, 56, 57, 58);[0.1,0.9], [0.5,0.6],[0.9,0.9]);

[#2]=((14,17, 21, 28);0.4,0.9], [0.1,0.3],[0.5,0.5]);

[&24]=((60, 61, 65, 69);0.3,0.7], [0.5,0.7],[0.7,0.8]);

[&:1]=((49, 52, 56, 58);0.4,0.9], [0.4,0.5],[0.5,0.5]);

[#2]=((28, 31, 35, 38);]0.1,0.9], [0.6,0.6],[0.3,0.3]);

[#33]=((48, 49, 50, 51);[0.5,0.9], [0.5,0.5],[0.4,0.4]);

[#34]=((49, 52, 56, 58);]0.2,0.6], [0.6,0.6],[0.5,0.5]);

[#21]= (17, 19, 23, 28);[0.2,0.8], [0.3,0.3],[0.2,0.2])

[#22]= ((51, 56, 57, 58);]0.1,0.9], [0.5,0.6],[0.6,0.9])

[#23]= (26, 27, 30, 33);[0.6,0.9], [0.2,0.2],[0.2,0.2])

[#24]= ((60, 61, 65, 69);[0.4,0.6], [0.5,0.7],[0.6,0.7])

[£:1]= ((30, 34, 38, 45);[0.1,0.9], [0.6,0.6],[0.5,0.5])

[#22]= ((49, 50, 52, 53);[0.5,0.9], [0.5,0.5],[0.4,0.4])

[#33]= ((59, 65, 80, 83);[0.5,0.6], [0.7,0.7],[0.4,0.4])

[#34]= (72, 82, 83, 84);[0.4,0.6], [0.6,0.7],[0.4,0.5])

By Step 1, using the score function (definition 2.7) the problem (A) is reduced to problem (B) as

shown in Table 7.

Table 7: The bi- objective interval unbalanced assignment problem.

D1 D2 D3 D4
o [10,12] [15,16] [21,24] [21,25]

[9,11] [16,17] [21,24] [16,18]
o [15,25] [10,20] [9,11] [18,19]

ot [9,13] [14,19] [16,18] [19,20]
o [20,26] [10,17] [20,25] [15,20]

[9,17] [20,26] [25,27] [28,29]

Using Step 2, construct the problem (N) by using the equations (6-17) which is shown in Table 8.

Table 8: The bi- objective left-width unbalanced assignment problem.

D1 D2 D3 D4
<10,1> <15,0.5> <21,1.5> <21,2>
51 <9,1> <16,0.5> <21,1.5> <16,1>
il t - <15,5> <10,5> <9,1> <18,0.5>
<9,2> <14,2.5> <16,1> <19,0.5>
<20,3> <10,3.5> <20,2.5> <15,2.5>
53 <9,4> <20,3> <25,1> <28,0.5>
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By Step 3, split the problem (N) into four objective using left and width values of the function. Table
9 and Table 10 shows that the multi- objective unbalanced assignment problem (MOUBAP) for cost

and time.

Table 9: The multi- objective unbalanced assignment problem for cost.

Labour Agencies  Labour Agencies

zh ")

D1 D2 D3 D4 D1 D2 D3 D4

s1 10 15 21 21 1 05 15 2

50 15 10 9 18 5 5 1 0.5

53 20 10 20 15 3 35 25 25

Workers

Table 10: The multi- objective unbalanced assignment problem for time.

Labour Agencies  Labour Agencies

(F:13) %)

D1 D2 D3 D4 D1 D2 D3 D4

51 9 16 21 16 1 05 15 1

s 9 14 16 19 2 25 1 0.5

Workers

s3 9 20 25 28 4 3 1 0.5

Now, using Step 4, reduce the MOUBAP into SOP using global weighted sum method. Then,
formulate the deterministic model with the weights 0.25 to each objective function. Using Step 5,
obtain the optimal compromise solution for the problem (B) is xu=xzs=x3s=x4=1, Z=([34,43],[53,58])
and for the problem (A) is Z"" = {((77, 86, 100, 114);{0.4,0.9], [0.1,0.3],[0.1,0.2] ), (112, 126, 134,
143);[0.6,0.9], [0.1,0.2],[0.2,0.2] )}.

6. Result and Discussion

The numerical examples are used to investigate the efficacy of the proposed interactive left-width
method to obtain the optimal compromise solution. Table 11 and Table 12 displays the comparison
between the optimal compromise solution for the problem (B) with different existing solution
methods. Table 11 demonstrates that optimal compromise solution for example 1, which is obtained
by our proposed method is same to Global criteria method (GCM) [30] and obtain minimum value to
the Fuzzy programming approach [31], Weighted sum method [32]. Table 12 demonstrates that
optimal compromise solution for example 2, which is obtained by our proposed method is same to
Global criteria method and obtain minimum value to the Fuzzy programming approach, Weighted
sum method. To show the effectiveness, the same is plotted in the Figure 2 and Figure 3. The optimal
compromise solution for our proposed approach is minimum by taking average to the interval.

Overall, the proposed strategy is better suited to problems involving multi-criteria in structures.
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Table 11 Optimal compromise solution for different approaches-Example 1

Approaches Allocations Optimal compromise solution
Fuzzy programmin
Y Piog 8 x11=x23=X32=1 Z=([7,13],[15,22])
approach[31]
Weighted sum
x11=x23=X32=1 Z=([7,13],[15,22])
method[32]
Global criteria
X11=X22=x33=1 Z=([8,16],[11,17])
method[30]
Proposed interactive
X11=X22=X33=1 Z=([8,16],[11,17])

left-width method

Table 12 Optimal compromise solution for different approaches-Example 2

Approaches Allocations Optimal compromise solution
Fuzzy programming 7=[(40,53);(52,62)]
X14=X23=X32=X41=1
approach
Z=[(40,53);(52,62)]
Weighted sum method X14=X23=X32=X41=1
Global criteria method X11=X23=X34=X42-1 7=([34,43],[53,58])

Proposed interactive

X11=X23=X34=X42-1 Z=([34,43],[53,58])
left-width method

Optimal compromise solution Optimal compromise solution

Proposed ILWM SN Proposed ILWV 2050
GCM
WSM ccv TN
FPA ——— wsvM T

FPA .
12 125 13 135 14 1 0 20 40 60

Figure 2: Comparison for Example 1 Figure 3: Comparison for Example 2
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7. Sensitivity analysis
In this section, sensitivity analysis (SA) is performed for the optimality in terms of cost coefficients
for the problem (B). First, we perform the SA of first objective problem having the interval cost

[C”F , CiLjJ } and then for the second objective having the interval time [tilj‘,'[iLjJ ].We split interval cost

[CiJ-L,CiLjJ ] and time [t--L tV ] as lower bound IAP Cilj' , ti-L

U tU
ij 1 G ; and upper bound IAP C; , t;

Analyse the sensitivity of (i,j)* cost of upper and the lower bound of interval for the problem (B).
Using GWSM the optimal compromise solution obtained for problem (B) is x11=x2=x33=1. Therefore,

the basic cells of the given problem (B) are (1,1), (2,2) and (3,3). Now, analyse the sensitivity range

of (i,j)* cost for the o

j to the problem (B). Replace the (i,j)* cost value Cilj' by Cilj' + A in which

the parameter A may vary. We find the modi indices ui and vj to calculate (Cilj' +A)— (ui+vj) =0 for
all i and j. Then, we compute the minimum and maximum range of A (i.e) [A", A™], so that the
optimal basis to the problem Cilj' is not changed. Hence, the sensitivity ranges is [Cilj' +A7, Cilj' +A™].

Similarly, we can calculate for CiLjJ , '[ilj' and tiLjJ .
Now, we preform the SA for each cell in the Ci? which is a basic/ non-basic variable cell.

Case (Ia): Now, we consider the SA of the Ci? in the basic cell (1, 1) and compute the ranges of

non-basic variables, ( Cilj' +A) = (ui+vj )20 foralliandj.

Table 13
ui / vj vi=l+ A v2=5 vs =4
w =0 1+A 5 4
=0 7 2 3
us=0 7 3 5

Compute the ranges of non-basic variables, 7 — (0 +1 +A) 2 0. Then, A varies from -e to 6. Therefore,

e L .
sensitivity range of Cj; varies from -e to7..

Case (Ib): We consider the SA of the C;Jl in the basic cell (1, 1).

Table 14
ui / vj v1=3 V2 =6 v3 =5
o 3 9 8
=0 10 6 5
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0 11 5 7

Compute the ranges of non-basic variables (i.e) 10 — (0 +3+A) =2 0 and 11 — (0 +3+A) = 0. Then, choose

the minimum range of A that varies from - to 7. Therefore, C1Ul varies from - to 10. Thus, the cell
. L U .

(1,1) interval cost, [Cll, Cll] varies from (-eo, -e0) to [7, 10].

Similarly, we can do for the second objective function. Then, the lower & varies from - to 1 and tlLl

varies from -e to 4. Then, upper & varies from -« to 1 and tlul varies from -e to 6. Therefore,

[tilj‘ , '[iLjJ ] varies from [-eo, -eo] to [4, 6].

Next, we consider the SA of the Cilj' in the cell (1, 2) which is a non-basic cell.

Case (IIa): We consider the SA of the lower bound TP in the cell (1, 2).

Table 15
ui / vj vi1=1 v2 =2 vs =5
w =0 1 5+A 4
=0 7 2 3
us=0 7 3 5

Then, A2 varies from -3 to e. Thus, c12 varies from 2 to oo,

Case (IIb): We consider the SA of the upper bound TP in the cell (1, 2).

Table 16
ui / vj v1=3 V2 =6 vs =5
=0 3 9+A 8
=0 10 6 5
=0 11 5 7

Then, A varies from -e to -3. Thus, ci2 varies from -e to 6. Similarly, we can do for the second

objective function. Then, lower d varies from 5 to « and t12 varies from 10 to «. Then, upper d varies

from 6 to e and t12 varies from 10 to «. Therefore, [tijL,tiljJ ] varies from [7,10] to [eo, e]. Similarly,

we can find the sensitivity ranges of costs in the problem (B) which is shown in Table 17 and Table
18.
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Table 17 SA for First objective problem(B)

Limit for Cilj'

Limit for CiLjJ

Limit for [Cilj‘ , CiLjJ

—0<C, <7 -0<¢,; <10 [-o0,—0]<c, <[7,10]
2<Cc,<o  6<c,<o© [2,6]<c,, <[00, 0]
5<¢y<0  7<LC,y<0  [57]<c, <[]
1<c, <0 3<c, <o [L3]<c, <o, 0]
-0<(C, <3 -0<(C,<3 [-wo-m]<cC,<[33]
5<Cyuy<0  7LC,y<0  [5,7]<C,, <[oo,x0]
1<cy <o 3¢, <0 [L3]<cy <[oo, 0]
2<C, <o  6<2C,<0  [2,6]<C,, <[oo,o]
—0<Cp <3 —0<C,u<5 [-wo,-w]<c, <[35]

Table 18 SA for Second objective problem(B)

Limit for tiJ-L

Limit for t;’

Limit for [tijL,tiljJ ]

—0<t, <4 -0t <6 [-o,-o]<t, <[4,6]
7<t, <o 10<t,<o0  [7,10]1<t, <[oo,00]
1<t, < 2<t,<0  [L2]<t, <[00, 0]
3<t,, <0 5<t, <0 [3,5]<t, <[oo, 0]
—0<t, <2 -w<t, <4 [-o,-o]<t, <[2,4]
1<t,, <0 2<t,<o  [12]<t, <[oo,m]
3<t, <0 5<t,; <o [3,5] <ty <[oo, 0]
7<t, <0 10<t, <0 [7,10]<t,, <[oo, 0]
—0<t, <1 —0<t, <5 [-oo,—00] <t, <[1,5]

Table 17 and Table 18, show that the sensitivity of the interval cost parameter is used to examine
how uncertainties in a parameter affect the overall uncertainty of the problem (B). This helps the
DM to change the variables within models, based on information specific to a certain scenario to

understand the outcome of a real-life situation.
8. Concluding remarks and future research directions

This study proposed a novel solution methodology interactive left-width technique for the interval
valued neutrosophic BOAP. In this methodology the problem is first reduced to BOIAP using score
function and it is reduced to a deterministic bi-objective AP using the left-width technique on each
objective function. Then, each objective function of left-width problem is separated along with the
constraints and multi-objective AP is constructed. Global weighted sum method is adopted to
convert the multi-objective AP into SOP and then reduced problem is solved using Lingo 18.0

software to obtain the optimal compromise solution. This article demonstrates the effectiveness of

T.K. Buvaneshwari and D. Anuradha, On Solving Bi-objective Interval Valued Neutrosophic Assignment Problem



Neutrosophic Sets and Systems, Vol. 64, 2024 227

the proposed interactive left-width method in problem and obtains the following improved results
for the same case study: (i) illustrate the reliability and transparency of our proposed method and (ii)
less assignment costs and shorter total allocation time. Applying nonlinear membership functions
requires a significant amount of computational effort, which is the primary limitation of the
proposed method. In future research, evolutionary computation may be used to effectively address
multi-objective interval nonlinear problems in uncertain parameters. Further future research
endeavors could potentially employ the solution method to address other supply chain planning
problems such as inventory management, vendor selection, production distribution planning, and

procurement-production-distribution planning.
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