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Abstract. The aim of this work is to introduce the new notion of Neutrosophic hypersoft rough set and study
its properties. Neutrosophic hypersoft rough set is a generalization of Neutrosophic soft rough set. The notion
of Neutrosophic hypersoft rough set has not been reported in the literature. The concept of Neutrosophic hy-
persoft approximation space is presented with illustrative examples and some of its properties are established.
The notions of equality, reduct and core among Neutrosophic hypersoft rough sets are studied with suitable

examples. Some directions for applications and future research in this area are also indicated.
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1. Introduction

Extension of soft set to hypersoft set was discussed by Smarandache.F [13,/14]. Al-Quran.A
et al. |1] presented a novel approach to Neutrosophic soft rough set in 2019. Some basic op-
erations on hypersoft sets was studied by Mujahid.A et al. |[10]. Jafar.M.N et al. [8] proposed
trigonometry similarity measures of Neutrosophic hypersoft set and investigated the basic oper-
ations on them. They have also presented an application to revolvable energy source selection.
Jafar.M.N et al. [7] have proposed different similarity measures with the help of distances and
max-min operators defined on Neutrosophic hypersoft sets. They have proved some proper-
ties of this similarity measures and presented an application in site selection for solid waste
management system. Jafar.M.N and Saeed.M [6] have also presented an algorithm based on
a score function to solve a multi attribute multi criteria decision making problem. Aggregate

operators on Neutrosophic hypersoft sets was studied by Saqlain.M et al. [12]. Huseyin.K [5]
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investigated on hybrid structure of hypersoft sets and rough sets. Das.M et al. [4] expanded
the scope of rough set, soft set, and Neutrosophic set by combining Neutrosophic soft set with
rough set theory. Broumi.S et al. [1,2] developed a hybrid structure called rough neutrosophic
set and discussed its properties. Maji.P.K [9] defined some operations on Neutrosophic soft
set and established some properties. Ozturk.T.Y et al. [11] have redefined some operations on
Neutrosophic soft sets with illustrative examples. Yolcu.A et al. [15] have broadened the scope
of rough, soft and Neutrosophic sets by developing the notion of Neutrosophic soft rough set.
They have also presented examples and established some properties of the new structure.

From the above literature study it can be seen that hybrid structures combing Neutrosophic
sets and soft sets, Neutrosophic sets and rough sets as well as Neutrosophic hyper sets and
soft sets have been considered by different authors for different applications. No work in the
literature exists combining Neutrosophic hypersoft sets and rough sets.

In this paper we propose to introduce the hybrid structure Neutrosophic hypersoft rough
set (NHSRS) and discuss some of its basic properties like union, intersection and comple-
mentation with illustrative examples. The notions of equality between NHSRSs, the reduct
and core of a NHSRS are studied.

The rest of the paper is organized as follows. Section 2, deals with the necessary preliminar-
ies. In section 3, we present the definition of NHSRS and give an example. Some properties
of Neutrosophic hypersoft approximation space are also established. In section 4, equality be-
tween NHSRSs is defined and some interesting results are also established. Section 5, deals
with reduct and core of a NHSRS. Some theoretical results connecting core and reduct are

proved with necessary examples.

2. Preliminaries

The necessary fundamental definitions such as neutrosophic set, hypersoft set, rough set,
some properties of neutrosophic hypersoft set and neutrosophic hypersoft rough set can be
found in [11,/15].

3. Neutrosophic Hypersoft Rough Sets (VHSRSs).

In this section we introduce the notion of NHSRSs.

Definition 3.1. Let U be a non-empty universe set and Py (U) be the set of all neutrosophic
sets over U. Let E denote the set of parameters. We assume that £ = {A1, Ag, ..., A},
where A; N A; = 0 for i # j. Let 6; C A; j € {1,2,..,n}. Then II}_,5; C II?_;A;. The
pair (N, H?:16j> = Pyp(U), where N is mapping defined by N : II7_,0; — Pn(U) is called
a Neutrosophic hypersoft set (NVHSS). The triplet (U,N,H?Zléj) is called a neutrosophic

hypersoft approximation space. The lower and upper neutrosophic hypersoft approximation
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spaces of K € Pypg(U) with respect to (U,N,H?Zléj) are denoted by aprNHSS(K) and
apr \ryss(K) respectively, defined by

Jj=1

»
apr K) = 05, < — — >, VxelU;.
Niss(K) {( j=19j Fintn_ e ):nngbzléj(”)’VHJT‘:l‘sj(%) )

n ) X
WNHSS(K)_{<Hj_16]7< L ( ) n (%) Vi 5 (%) >) ’V%GU}'
71‘[;1 1 . s =1

where,

s, () = { A\ prn_y5,0) s pmrn_s, (56) € KO (NG, T 185); (N T 6) € KV € U }
Mg 5,09 = N8, () 5, () € KOV (0N, T4 85); (N, T, 85) € K Ve €U}
Zn;!/:l(sj(%) :{\/Vn;ﬁ:laj(%) v 5y () € K0 (N, TF165); (N, T165) C© K, Vo € U}
B, s, () = {\ prp_, s, ) s s, () € KU (N5, Iy 8,); (N, Iy 85) © K, Ve € U |
M s, (%) = {\/ mr_ 6 (5) smmn_ 6, () € KU (NG, I 65); (N, T4 85) © K,V € U}

P, s, () :{/\ynn 5, () vimn_ s, (30) € K U (N, T3, 85); (N, T 65) C K, Ve € U}

where “min” and “max” operators are denoted by “ A” and “\/”, respectively. It is easy to
see that apr .o o(K) and @pr y g gs(K) are two NHSSs over Pyy(U). It is said that K is a

neutrosophic hypersoft definable set if apr K) = aprpryss(K), otherwise it is referred

NHSS(
to as a Neutrosophic hypersoft rough sets (NVHSRSs).

Example 3.2. Let U = {11, 52, 53, 54 }. Define the attributes sets by,

Ay = {e11,e12}, Ay = {ea1, €22}, Az = {e31,e32}.

Let 61 = {611,612},52 = {621,622},(53 = {631} that is H}lzléj - H;LZIA]', 7 =1,2,3. Let the
NHSS,

1 2

(N1, T, 05) :{((6”’621’631)’ {< 5,.2,.3>'<.7,.3,.2 >})’

((e13, €28 €3a), { .S,ii 2> < .7,:.683, 9> < .6,9.?, 1)
Vs

(e e en) {55 =<,
V4 .

((er2, €21, €1):{ 8, .j, 1>'< 1, .;,.5 N2
n .

(12, ez e3), {2 5, 21 3> < 4, .;,.2 S

((exs, €21, e31) { =2 =)

<.8,.9.2>"<4,.2.7>
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o] = {611},0&2 = {621,622},&3 = {631,632} that is H;‘Zlaj - H?:lAj 7 = 1,2,3. Let the

NHSS,

(No, IT2_ ;) :{((611,621,631)a {< '27}';2’ 6> < .8,.%5, 1 >})’
((613,623,633)a{< '6,9.632, 8>'< .2,:.1;;, 3 >})7
((e11, e22, €31), {#ﬁ})’
((e11, e21,€32), {< ,4,.%317 5> < .7,?, 2 >})7
((e11, e22,€32), {< '4,?, 2>"< .1,3.{;, 8 >})’
((e1s, €21, e31), {< '9’%227 4> < .8,?,.9 >})}

61 = {611,612},ﬁ2 = {621},,83 = {631,632} that is H?:LB]’ - H?:lAj 7 = 1,2,3. Let the

NHSS,

2

73 !

(N3, II3_, 8;) :{((611,6217631),{

L2

<.7,4,5><.9,6,7> < .4,6,8>

1

x3

((613,6237633),{< 10

2

1
1

8>7<.8,.4,9>
4

((612,6217631),{< 5.6,

2!

3>7<.6,.3,4>
3 7y

1

((611,6217632),{< )

1

3>7<.6,.7,.8>"<.3,8,2>
3
b,

((61276217632),{< 6.3

x3
((e13,€21,€31), {

Let K be a N'HSS defined as

1

< .8, 4,

2

B5>"<.4,5,9>

D}

d>

3 <z

1

K ={((€117€21,631),{
P2

< .8,.5,.2 >
P2

b,

((e11,e22,€31),{

< .6,.4,.9>"<.5,.

3

6,.9>"<.2,.5,.6>"<.8,.6,.6>

4z

b,

((61276217631)7{< A

1

9>"<.5,.7,
7y

8>"<.6,.4,8>

((61276227631)7{< 78

1

2>7<.5,.6,
3

1

3>
7y

((61176217632)7{< 6.3

3

8>"<.6,.6,
Y

s

2>'<.7,.5,.8>

((61176227632)7{< 37

1

9>"<.8,.9,
3

2 >})’

((61276217632)7{< 6.3

8>"< 4,.6,

el

Then the lower and upper N'HSS approximation of K are calculated as

%NHSS(K) :{((6117 €21, 631)7 {

12
<.2,.3,.9>

h}
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sl 9 3 7\

<.6,.4,3>"<.7,6,2>"<.9.6,.1>"<.8.6,.6>
2

< .8,.5,.2 >})’
2 3 1y

<.7,6,2>"<.8,.7,.1>"<.6,.5,.4>
sl Y })

<.7,8,.2>"<.5.6,.2>""
1 3 My

<.7,9,3>'<.6,.7,2><.7,.8,2>
3 Y })

< .4,.7,2>7<.8,.9,.2>""

Fal 3
((er2, €21, €30), { 6,3.5> < .4 6,9 >})}'

})7

apr nyss (K) Z{((enaem,ezl)»{
((6117 €22, 631)7 {

})7

((612, €21, 631)7 {

((e12,€22,€31),{

})?

((e11,e21,e32),{

((e11, €22, €32),{

Theorem 3.3. Let (U, N, H’;:l&j) be a neutrosophic hypersoft approximation space, and
K,L € Pyg(U), then the following properties hold.

i. apr K) C K Capryyss(K)

./\/’HSS(
i apr, ., 550w, mn_ ) =0, ne_,6;)s apr \ryss(lw, H;*:léj)) = Lw, mr_s))
iii. If K C L, then aprNHSS(K) C aprNHSS(L)
iv. If K C L, then aprpryss(K) C aprparyss(L)
(KNL)Capr (K)Napr
KUL)Capr K)Uapr

L

(L)
aPr s ) € apr 55 (K) U apryy 5(L)
vil. @prpryss(K N L) C apraryss(K) Naprayss(L)
vili. @pr gy ss(K U L) C aprayss(K) Uapryyss(L)

v. apr

LNHSS LNHSS LNHSS

vi. apr

Proof. (i) From the Definition 3.1, we can conclude that apr,., ..(K) € K.

In addition, from the definition of neutrosophic hypersoft upper approximation,
v (NI 65) N K # O, sy, 78,777 € KU (N, T 65).
Hence KCWNHSS(K)
N?—LSS(K) CKC WN’HSS(K)
(ii) From Definition 3.1, the proof of (ii) naturally follows.
(iii) Let K C L and (Nj,m: 5-) CK,j=(1,2..,n)
(e (m8))
Also, we have ((Nj,l'[?: 5 ) C K then (N m_s; ) cL

Hence apr, ., oo(L) = LN (ﬂ ( ))
apr 55 ) “pTNHss(L)
(iv) Let K C L and (Nj,m: 5 ) NK#0,j=1,2,...n

Then @pFyr3s5(K) = K U (U (NJ,H 6 )) . For K C L,
then (Nj,ng;laj) AL+ 0 and @pFyps5(L) = LU (U (NJ,H 0 )) .
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This implies apTNHSS(K) C apryyss(L).
apr s NL).

n”
There exist (N, Hj:15j> such that s, %

S
n H;'lzléj n
(N,szlaj) C K and .05 € (NIT0;)

TL

o7
(v) Let 50,55 * € apr

5j

tT“ﬁ
S =
m

( i/ 1(5J> C apry,ss(KNL), 5
L.

Tﬁerefore %H v, e aprNHSS(K> alfll’fl
Hum | € APTye o s(L), implying %ufun € apryry 55 () N apr s 5(L)-
Thus aprNHSS(K NL)C GPTNHSS(K) N a’prj\[’HSS(L)

. H 165
(vi) Let s, %5, " ¢ apr ., o5 (K UL).
There exist (N, Hj:15j> such that %E,
that <N, H;;laj) Z K and (N,H;L:laj) Z L.

n

(N 17 ) Z apr ., ¢s(K ML), hence it follows

m_s; 1171 9;

Therefore 3,7, ' ¢ apr apr 4,55 (K) and suim | & apr aprq,,s5(L);
R

implying %,u,]l/ml ’ ¢ apT‘N,HSS(K) U aprN’?—LSS(L)

Thus apr KUL)Capr K) Uapr L).

./\/HSS( NHSS( NHSS(

H 165
(vii) Let »,5, ~ € aprayss(K N L).
d;
There exist (N,1_,d;) such that s € (NI_,8;) 0 (K 1 L) # 0

(N, ngléj) N (K) # 0, 1y_3,) and (N,H?Zléj) N (L) # 0w, w5,

nr_,s;
Therefore dum | € apraryss(K) and

U, H?:l(sj)’

1

H ; . . Hn_ A; ___ -
Hubm | € GPTNHSS(L) implying >¢,55 " € apr nyss(K) N apryyss(L).-
i
(viii) Let %W/n " eapryyss(KUL).
5

There exist (N,szléj) such that %EJ 17 (N 7,4, ) N(KUL)# 0y, mr_5,); it follows
that
(N,m: 5-) N (K) # 0w, my_,s;) of (N,Hﬂ, 5-) (L) # 0w, mr_s,)-

H” 165 H 165
Therefore 5,7 * € apraryss(K) or su0y € apraryss(L).
H 5
Hence 5,1, ' € @GP prpss(K) UapTaryss(L)-

Thus aprpryss(K U L) C aprpryss(K) Uapryyss(L) o

The converse of properties (i), (iii), (), (v), (vi), (vii) and (viii) in Theorem 3.3 does not
hold.

Theorem 3.4. Let (U, N, H?:16j> be a neutrosophic hypersoft approximation space, and
K,L € Pyg(U), then the following properties hold.
Loapry i ss (aprNﬂss(K )> apr s ()
i apr nyss (@PT nyss (K)) 2 apraryss(K)
iii. apryryss(K) S apryuss (ﬂNHSS(K))-

iv. aprpyss (CLPTN—HSS(K)) 2 aprNHSS(K)
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1T, 1 J
Proof. (i) Let %(’f-?[n V)(; € CLPTNHSS(K)
19
Then, we have %(uj,n,l/) € (Nj,Hj: 0j ) - apTNHSS(K)

s

S0 32,0y € AT s (ap " nss B )>
Therefore apr s (K) C apr \russ (GPTNHSS (K)>

From the Theorem 3.3 apr,. ..(K) C K using (iii) of Theorem 3.3 we obtain

NHSS
P \ryss (aprNHss(K )> C apryryys5(K)-
Hence apr, .. <o (aprNHSS(K)> apr v, s5(K)-

(ii) Let P = aprpryss(K). Using property (i) of Theorem 3.3,
we get P C aprpryss(K).

Hence a@przryss (@7 xuss(K)) 2 aprapss(K).

Using property (i) of Theorem 3.3, we got apr K)CP.

NHSS(
Hence apr, . s (DT pryss(K)) S aprppyss(K).

(iv) Let @ = apr,,, 55 (K).

Using property (i) of Theorem 3.3, we got aprryss(K) 2 Q.

Hence apr, .. oo € apT prpys5(K) (apTNHSS(K)> o

The converse of properties (ii), (iii) and (iv) in Theorem 3.4 does not hold.

Remark 3.5. Let (U, N, H?:16j> be a neutrosophic hypersoft approximation space, and
K,L € Pyg(U), then the following properties hold.

Loapr, ., o5 (K°) # [apTarpss(K)]°
i aprprpss(K°) # [apr 65 (K]

Definition 3.6. Let (Nl,H?:15j> and (NQ,H?:15]'> be two NHSSs over the same uni-
verse set U. Then “ (Nl,ﬂyzléj) difference (Nz,ﬂyzléj)” operation on them is denoted by
((N1 \ Na), Hg:15j> and is defined by

(0 \ Mo, 11 67) = (80,0455 ) 0 (8,185

= {I_,6j, < =, (1—M)Nj,ngglaj( #), (L=m)ny 55 (3¢), (L=v)n; in_ 55(5¢) >:c € U 1465 C
IIERYAVES

where

M(NI\NQ),Hyzlsj(%) mm{ﬂNl mnr_, (%) HNo, 117 5;(%)}

W(Nl\NQ),ngléj(%)—’mm{ﬂNl, " 10 (%) TNz, 1T ( }

)
VN\No) I, 05 (%) = max{vn, 55 (%), g i 65(50) }-
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Definition 3.7. Let apr,. ..(K) and apryryss(K) be neutrosophic hypersoft lower and
upper approximations of K € Py (U) with respect to the neutrosophic hypersoft approxima-

tion space K, respectively. Then
posnwss(K) = apr ., o o(K)
negnuss(K) = (@rayss(K))°

bndpyss(K) = apryyss(K) \ apr ., o o(K)
are called the neutrosophic hypersoft positive region, neutrosophic hypersoft negative region

and neutrosophic hypersoft boundary region of K, respectively.

Example 3.8. Consider Example 3.2. The neutrosophic hypersoft rough positive, negative,
and boundary region can then be computed as follows:
posnuss(K) =apr .., o (K)

={emen e {575 550

negnuss(K) =(apryyss(K))°

1 V29) 73 <
:{((6”’621"‘331)’{< 4,6,7><.3,4,8> <.1,4,.9> < .2 4, 4 =2
((611,622,631),{%})7
((61276217631)){< ‘3722’ ’8>' < '2’_%3?, 9> < _4,?, .6 >})
((6127622,631)’{< ‘373'{21’ 8> < '5’?7 8 >})
((611,621,632)a{< _3’.%117 7>’ < .47}.;3’ 8>« _3,%247 .8 >})
a =

((61176227632)7{< 6,.3,.8>"<.2.1,8>

1 3
((ers eonses2) A == 50 1 >})}
K))° = -
(07 55 B ={ (e, e e) A g 75 )}

Brdyss(K) =apryrpss(K) \ apr oo (K)

=aprprpss (K) 0 (apr 0,65 (K))°

:{((611, €21, 631)7 {<7%7622>})}

Obviously, apr,., ¢s(K) # @prapuss(K). So K is NHSS in the approximation space

(U, N, H;.;laj)

Theorem 3.9. Let (U N, II7_ 5j) be a neutrosophic hypersoft approximation space, and

K,L e Pyu(U), then apr,.. o (K \ L) Capr,., oo(K)\apr,. <s(L).
V.S. Subha, R. Selvakumar, A New Approach to Neutrosophic Hypersoft Rough Sets




Neutrosophic Sets and Systems, Vol. 58, 2023 2@

Proof. Let %u] 1% € apTNHSS(K\L)Hn .
There exist <N 1T} 5-) such that s}, " € (N, Hg’:léj) C apr

(N s, ) CK and 220", € (N, H’?;l(sj) C Ic

IIm_

d;

ey
-

Nyss(K \ L)7

<
3
m

1-v,1—n
Thus apr ., oo (K\ L) € apr,.. o (K) \ apr, ., <5 (L).

7,65
Therefore 5,7, * € apr apr ., s (K) and
7,4, i I
s o, € apryr,5(L°), implying %“Jl,n s apr s (K \apr . oo (L).
Thus apr ., (KN L) Capr, . (K \apr,. (L) o

The converse of Theorem 3.9 does not hold.

Remark 3.10. Let (U, N, H;L:15j> be a neutrosophic hypersoft approximation space, and
K, L€ PNH(U), then

aprpryss (K \ L) # apraryss(K) \ aprapyss(L).

Example 3.11. Let (U, N, H?Zléj) be a neutrosophic hypersoft approximation space, and
K,L € Pyy(U), based on Example 3.2 defined as,

K :{((611,621,631)a{< .6,.%41, 9> < .5,?, 9> < .2,%53, 6> < .8,}.2, 6 >})’
((613,6237633)7{< .8,}-252, 9> < _4,?, 8> < .8,}.2, .9 >})’
((611,6227631)7{<.87}_fﬁ})’

((612,621,331)7{< .77}_2 9> < _5,%73, 8>"< .6,}.2.8 >})’
((612,6227631)7{< .77}_;17 29> < _5724, 3 >})7
((e11,€21,€32)7{< .6,}-;17 8> < ,6,?, 2> < .7,}.?, .8 >})’
((e11, €22, e32), { a = b,

<.3,.7,9>"<.8,.9,.2>

25 3
((e12; €21, e32), { 6,.3,.8>" < 4,.6,.9 >})}

Then the lower and upper N'HSS approximation of K are calculated as

7
apTNHSS(K) :{((611,6217631), {W})u
2 3 }
(ers, €23, e53). { 4,3,9><.2,4,.9 =)

V.S. Subha, R. Selvakumar, A New Approach to Neutrosophic Hypersoft Rough Sets
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apr nryss (K) :{((611,621,631)7{< .6,1.{41, 3> < .7,.%62, 2> < .9,.%(?, 1>"< .8,J.{64, 6 >})»
((613,623,633)7{< .8,1.{62, 9> < .8,?, 3> < .8,2 4 >})’
((611’622’631)’{<.8,%ﬁ})’
((612,621,631)7{< ,7,}.f62, 2> < .8,.%73, 1>"< .6,.%54, A4 >})’
((612,622,€3l)a{< .7,.%81, 2> < .57.%(;1, 2 >})’
((611,621,632)7{< _7’37 3> < ,6,}?, 2> < .7,?, 2 >})’
((611,6227632)7{< _4’.%737 92> < .8,}.;1, 2 >})’
((612,6217632)7{< .6,.%31, 5> < '47}_;3’ 9 >})}
Let L :{((611’621’631)’{< .7,? 4> < .6,?, 8> < .3,}.f63, 2> < .9,%(?, 350

((611,6227631)7{#%})’

((612,621,631)7{< ,9,.%82, 1> < _6,.%;, 5> < .7,}.t54, A >})’

((611,621,632>7{< .8,.%51, 6> < _8,.%;, 1>"< .8,}.?, 3 >})’

((612,6217632>7{< .8,.%51, 3> < _6’237 7 >})’

((613,6217631>7{< .7’_%12’ 3>’ < _gi)i 8 >})}

Then the lower and upper N'HSS approximation of L are calculated as

7
@NHSS(L) :{((611&21,631)7 {W})v

((e13, e21,e31), L})}

<.4,.1,.9>
apr pryss (L) :{((611,621,631),{< ‘77%{51’ 3> < ,7,,%72, 2>'< .9,3.{;,.1 >’ < .9,?, 3 >})’
((611,6227631%{%})’
((e12, €21, €31), {< _9,?, 1> < ,8,1.483, 1>"< .7,?, A4 >})’
((e11,e21,e32), {< .S,J;l, 1> < ,6,1.{73, 8>"< .8:?, 2 >})’
((e12, €21, e32), {< .8,?, 3> < .6,1.{83, 7 >})’
((e13, €21, €31), {< ‘9,?’ 2> < ~9,J-{j, 1 >})}

apr a5 (K)/apr o0 oo (L) :{((6117 €1, €31), {#ﬁ})}
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L - n Vo) 73 4
apTnmss(K) /P vmss (L) :{((6“’621’631)’{< 3475 <3385 <LA95 <La7s)
2

<1595
0 3 4
((exz a1, ea) 2 1,.2,.9>7<.2,.2,.9>"< 3,5,.6 b

((e11,e22,€31),{

(( ) { 24 3 4 })
€11, €21, €
11, €21, ©32/5 <.2,,1,9>"<.4,3,2>"<.2,2,.8>""

n 73
((e12; €21, es2), { 2,5,.7> < 4,.2,.3 >})}

L¢ :{((611,621,631),{< ‘3:{51’ 6> < ,4,?, 2> < .7,29), 8>"< .1,?, T >})’
s

NS

((e12,e21,€31), {< ‘1:{22’ 9> <« ,4,1.{23, b>T< .2:2, 7 >})’

((e11,e21,€32), {< .6,2, 8>« ,2,1.{53, 7> < .4,%2{ 3 >})’

((e12,€21,€32), { “ “ })}

<.3,9,.7>"<.1,.7,2>

n 9 73 <z

K L :{ ) b ) bl ) bl bl

\ (emeanes) d 3 I 3 95 2.5 85 < L4775
4P

<.1,.5,.9 >})’

P 23 P2 1

<.1,2,9>"<4,2,.8> < .24, 8>""

1 3 4
(lenseaea) { g0 55 75 Ta 2850

Al 3
(e es) {5355 =7 69 —h}

((e11,e22,€31), {

((e11,e22,€31),{

((e12,€21,€31),{

%N’HSS(K \ L) :{((611, €21, 631), {%})}

apT aruss(K\ L) :{((611’621’631)’{< .5,1.{41, 3>7< .7,?, 2>7< .9,?, 1>7< .4,?,.8 >
((ﬁh@z&&)ﬂ#ﬁ})’
((612,621,631)7{< ,5,1.{62, 3> < ,S,J.{éi 1>"< .6,?, 4 >})’
((611,621,632)7{< ‘7’%91, 3> < .6,?, 7> < .7,1.?, 2 >})’
((612,621,632)7{< .6,1.{31, 5> < ‘4,?’ 9 >})}

Hence,
apr\rayss BN L) S apry o, oo (K) \ apr o o o(L)

apr \russ (K \ L) # aprppss(K) \ apraryss(L).
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4. Equality Properties on Neutrosophic Hypersoft Rough Sets

In this section, we define equity between neutrosophic hypersoft rough sets.

Definition 4.1. Let (U, N, H?Zléj) be a neutrosophic hypersoft approximation space, then
V K,L € Pyg(U), we define the following binary relations:

(i). Sets K and L are in lower N'HSS equal related iff

K Smss L= apryp,55(K) = apr  55(L)-
(ii). Sets K and L are in upper NHSS equal related iff

K 2nnss L <= apryryss(K) = apryyss(L).
(iii). Sets K and L are NHSS equal related iff

K =ypss L <— @NHSS(K) = @NHSS(L) & WN’HSS(K) = WNHSS(L) :

Theorem 4.2. Let (U, N, H?:15j> be a neutrosophic hypersoft approximation space, then V
K,L,M,N € Pyy(U). Then the following hold:

(i). If K C L and L Rpxuss O(U,Hy:ﬁj)’ then K Rnuss O(Uﬂ;;:lgj).

(ii). If K C L and K Rnuss 1(U,H§P:16j); then L R nuss 1(U,H;P:16j)'

(i) K Ryuss L <= K ynss (KUL) Zyuss L.

(iv) K Rnpss Ly M Lypss N = (KUM) Znpuss (LUN).

Proof. (i). Given K C L and L Ry yss O(U,H;-gléj)v
so that aprgss(K) S apryyss(L) and apryryss(L) = Ow,mr_s,)-
Hence, apryryss(K) = Ownr_,s;) = aPTauss(L)-
(ii). Given, K 2 uss 1(U,H;P:16j) and K C L,
then apr 55 (K) = apryyss(Lwnn_,s;)) and apryyss(K) C apryyss(L)-
But we know that apryyss(K) € aprayuss(Lwmr_,s));
hence aprryss(K) = apryuss(Lwnr_,s;))-
We note here that K <yyss L iff KN L Kyyss K and K N L Kpyss L is not true in
general.
(iii) Assume that K < yss L. By definition 4.1(ii), we have
apr nyss(K) = apryryss(L).
From Theorem 3.3, it is known that aprryss(K U L) = @pryryss(K) U aprayss(L). There
by we obtain apr \yss(K U L) = apryryss(K) = aprryss(L).
Consequently, K <y uss L = K yuss (KU L) Jauss L.
Conversely, if K Zayss (K U L) auss L then it is obvious that K <yyss L from the
transitivity of < yuss.
(iv) Suppose that K <ryss L and M <xyss N. By Definition 4.1(ii),
we can write apraryss(K) = apraryss(L) and @pryryss(M) = apraryss(N). By considering
Theorem 33, we have WN'HSS(KUL) = WN’HSS(K) UWN'HSS(L) and W/\/’HSS(MUN) =
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apr \ryss (M) U apryryss(N).
Thereby, we conclude that aprpryss(K U M) = aprpryss(L U N) and

S0 apT Aryss (K U M) Rnuss apr ayss(LUN). g

The converse of property (iv) in Theorem 4.2 does not hold.

Example 4.3. Let (U, N, H?:15j> be a neutrosophic hypersoft approximation space, then
V K,L € Pyy(U) based on Example 3.2, K Ryuss L <= apraryss(K) = aprayss(L),

K= {((611’621’631)’{< .6,3.2, 9>"< .5,9.062, 9>"< .2,3.653, 6> < .8,9.6(;1, .6 >})’
((611,6227631)7{#ﬁ})7
({12, e21 e31), {2 .7,:.642, 9> < 5x; 8> < .6,3.::, 1)
((611’621’632)’{< .6,%31, 8>"< .6,9.663, 2>7< .7,%54, 8 >}>’
((e12, €21, e32), { —m G H}

<.6,.3,.8>"<.4,.6,.9 >
The lower and upper NHSS approximation of K are calculated as

apr s (K) = {((e11, e21, e31), {Jﬁ})}

N Ty x2 x3 T4
K) =
apTmss(K) ={(ew eavea) { 5= == =5 5 T T 86,650
T2
< .8,.5,.2 >})’
<.7,6,2>"<.8,.7,.1>"<.6,.5,.4>""
T T3 Ty })
<.7,9,3>'<.6,.7,2>"<.7,.8,2>""
T1 T3
((erzsean en2) A 55— 695!
<.6,4,5>"<.6,6,.8>"<.8,.6,4>"<.8.6.6>""
)
< .8,.5,.2 >})’
i) I3 Ty })
<7,5,6>"<.6,.7,4>"<.6,.4,.8>""
71 T3 Ty 1
<7,4,6>7<.6,.7,2>"<.7,.6,5>""

T1 I3
((e12, €21, €32), { 6,3, 7> <4 6,9 3

The lower and upper NHSS approximation of L are calculated as

((e11,e22,€31), {

((e12,e21,€31), {

((e11,e21,€32), {

L ={((e11,e21,€31),{

((e11,e22,e31),{

((e12,e21,€31),{

((e11,e21,e32), {

apryoo(L) = {((e11, €21, e31), {%})}
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T X9 T3 X4

@rymss(L) ={(eneaes) d 5= == 755 T 615 <8665
((6117622,631%{%}),
((612’621’631)’{< .7,%;, 2> < .8,9.6;, 1>"< .6,9.654, A >})’
((611’621’632)’{< .7,3.65;, 3>'< .6,3.6;, 2>7< .7,%;, 2 >})’
(€12, €21, €32), { == =1}

<.6,.3,.5>"<.4,.6,.9 >

Theorem 4.4. Let (U, N, H?:16j> be a neutrosophic hypersoft approrimation space, then ¥
K,L,M,N € Pyg(U). Then the following hold:

(1) If K C L and L Snuss Ownr_,s,), then K Snwss O, s,)-

(ii). If K € L and L Sxuss L, s,), then K Snvuss Lonr_,s;)-

(i) K Syuss L <= K Syuss (KUL) Rvmss L.

(iv) K Sauss L, M Sauss N = (KU M) Snuss (LUN).

Proof. By considering Definition 4.1(i), and Theorem 3.3, it can be proved similar to the proof
of Theorem 4.2.

The converse of property (iv) in Theorem 4.4. does not hold.

Example 4.5. Let (U, N, H?:15j> be a neutrosophic hypersoft approximation space, then

V K,L € Pvu(U) based on Example 3.2, K Snuss L < apr,., o (K) = apr,., o (L),
K= {((6“’621’631)’{< .6,:2, 9>"< .5,?, 9>"< .2,%53, 6> < .8,%(451, .6 >})’
((611,6227631),{<'87C.Uﬁ}),
({12, e21 e31), {2 .7,3.642, 9> < 5x; 8> < .6,:21, 1)
((en, 621’632)’{< .6,9.631, 8> < .6,%(:5)), 2>7< .7,%54, 8 >})’
(e12, €21, €32), { == =}

<.6,.3,.8>"<.4,.6,.9 >
The lower and upper NHSS approximation of K are calculated as
T2

<.2,.3,.9 >})}
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I T2 I3 Ty

aprnpss(K) = {((611,621,631),{< 6,.4,3>"<.7,6,2>"<.9,.6,.1>"<.8,.6,.6 >})’
x
((611,622,631)7{ﬁ})’
((612,621,631)»{< .7,:.662, 9> < .8,3.6;, 1> < ,6,3,6;, A4 >})’
((611,621,632)7{< '7’%917 3> < .6,%;, 2> < ,7,3.6;, 2 >})’
((612,621,632)7{< .6,9.2, 5> < _4,%(?7 9 >})}
L={(en, ear,em) { .7,9.051, 4> < .6,3.672, 9>'< .3,9.6(?, 2> < .9,%, 31
x
((e11, e22,€31), {ﬁ}%
((612,621,631)a{< .9,%82, 1>’ < .6,2,.5 ST < _7,3_6547 4 >})’
((611,621,632)a{< .8,‘?, 6> < .8,?,.1 ST < _8,%6451, 3 >})’
((exz €21, e32), .8,:2, 3>'< .6,2, 75
The lower and upper NHSS approximation of L are calculated as
apr  ros(L) = {((e11, e21, €31), {ﬁ})}
@rmss(L) = {((en, ez, ean), { .7,9.651, 3>7< .7,%72, 2> < .9,9.66:3)), 1>7< .9,3.6(;1, 3500
((611,6227631%{%})’
((612,621,631)a{< .9,3.882, 1>’ < '87:.6; 1> < ,7,3.0547 A4 >})’
((611,621,632)a{< .8,%91, 1>’ < .6,:.(:;, 8> < ,873.2, 2 >})’
((e12, €21, €32), { 2 = })}

<.8,5,.3>7<.6,.8,.7>
5. Reduct and Core of Neutrosophic Hypersoft Rough Sets

In this section, we discuss reduct, core, dispensable, and indispensable neutrosophic

hypersoft rough sets.

Definition 5.1. Let (Ry, 1", X;), (Sn, 1I"_,Y;) & T, 1I7_, Z;) be

NHSSs on U, where (II_ X, T2, Y, 117, Z;) € (N,IT7_,4; ), and

Ry 1" X; — Py(U), Sy : 17, Y; = Py(U), Ty : I, Z; — Pn(U) are mappings.
Let <N, H?;Zlaj) = {(Ry : TI"_, X)), (S : T, V))&(Ty : T2, Z))}.

We define approximate neutrosophic hypersoft set, which is denoted by APP.

APP (N, Hg:15j>

:APP{(RN, 7, X;), (S, I0_, V))& (T, H;;lz'j)}
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= {(Tnyzlaj sste 8ot vy )y (BN, (rin_ o), SN (st 8,), I, (b ;) }
= {(H?zlej, N, H?:l(ej)) \H;‘lzlej S (N, H?:ﬂsj)}?

where Tnglzlaj S RN, SH?:}ﬂj S SN, tl?;_l: o S TN and

H?:lej S <N, H?:15i> - RN X SN X TN,

(N, I, (e5)) = ﬂ{RN, (rme_ya;), SN, (s 8;), I, (tH;’:m)}'

Also we write the difference in approximate neutrosophic hypersoft sets as

app((N1my_y5;) - (éN,H;;lXj)) - APP((ézv,H;LlYG), (T;N,H?le'j))-

1

Definition 5.2. Two approximate neutrosophic hypersoft sets APP(G, H;‘leéj) and
APP(H,TT_,Cy) are said to be equal, that is APP(G,TI"_, B;) = APP(H,TI_,Cy) if for
every II7_,b; € II_, B; there exists one II}}_, ¢; € II}_, U such that G, (H?zlbj) =H, (11} _;cx)
for some 1 < j,k < n and for every II}'_,c; € szlé’k there exists one II7_,b; € H?Zléj such
that H, (II}_,cx) = H, (II}_;c) for some 1 < j,k < n, where H?Zléj,ﬂzzlék C szzlAjk
and G : 11" B; — Py(U), H : 1I}_ Cy, — Px(U).

Definition 5.3. The neutrosophic hypersoft set (]éN, H?:1X ;j)) is dispensable in
{(éiva m_, X;), (S I, Y;), (Tw, H?:1Zj))}

if APP((N, H;;léj» - APP((N,Hngaj) - (éN,Hylej)).

Suppose it APP((N,11_,0;) # APP((N,T1_,6;) — (R, T, X;)),

then (éN, H?:1Xj) is indispensable in (N,H?Zldj).

Definition 5.4. The neutrosophic hypersoft set APP((N, H;;l(sj)) is independent if each
(RN, H?:1X i) € (N, H?Zléj) is indispensable in (N, Hg’zléj). Otherwise neutrosophic hypersoft
set (N,II7_;d;) is dependent.

Definition 5.5. The set of all indispensable neutrosophic hypersoft sets in APP (N , H;‘Zléj)
is called the core of APP <N, H?:15j> and is denoted CORFE (APP (N, H?Zléj)).

Theorem 5.6. CORE (APP (N, nglaj» — N RED (APP (N, H;L:l(sj)),
where RED (APP (N, Hyzldj)) is the family of all reducts of APP (N, H;L:l(s,-).

Proof. If (}%N,H;-Lzl)/(j) is a reduct of (N, H?Zléj) and

(S, 10, Y5) € (N, T8 ) — (B, T, X,),

then APP (N, Hy:15j> — APP(Ry,TI"_ X;),

(R, B, T, X;) C (N, ngl(sj) - {(éN,ngle)} C (N,nglaj).
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Note that, if (N, H;;lfsj) (B, T, X)), (S, T, Y5),

then APP(Ry, ", X;) = APP(Sy, T, Y)).

Assuming that (S, T, ;) = (N, 10,6 ) —{ (S, 1_,6;) b we conclude that (S, TT7_, ;)
is superfluous, i.e. (S;'N,Hg?zlde) ¢ C’ORE((N, H?:15j>> and

CORE((N,nglaj)) C m{(éN,ngl)’(j) (R, T, X;) € RED((N, ngl(sj)) }

Suppose Sy, TI"_,Y}) ¢ OORE((N,nglaj)), ie.  (Sn,I,Y;) is superfiuous in
(N, 117_,6;). That means APP((N, prod;_,5;)) = APP((N,1_,6;) {(S;N,ngli’/j)D,

which implies that there exists an independent subset TN,H}1 1Zj - (N,H?Zléj) —

(S, I, Y})}, such that APP(T, T ;) = APP((N, H;;laj)). Obviously Ty is reduct of

(N, H?:15j> and SN,Hglzle) € TN,H?ﬂZ/j. This shows that

CORE((N,11_,6;) ) 2 n{(éN,nylej) (B, T, X)) € rED((N.1,65)) } o

Example 5.7. Now we consider an apartment evaluation problem.  Suppose U =
{51, 50, ..., 29} be a set of nine apartments, £ = {A1, Ag, Az, Ay} be the set of attributes,
where {A; —rate; Ag—condition; Ag—in fra—structure; Ay—environs}. The values of rate are
{e11 — high; e12 —normal; e13 —low}, the values of condition are {eg1 —worth; eao —not worth},
the values of infra-structure are {e3; — super; eza — ok; es3 — worst}, and the values of environs
are {e41 — quiet; eqs — a little noisy; ey3 — noisy; eqq — quite noisy}. The evaluation results are
listed below. The reduct and core are evaluated as follows.

Here, TT_,8; = {H;’.’:le,H?ZlXj,ngle,H;%:lZ’j}

For attribute rate

Wj o e11-high = {521, 54, 565, 307}, e19-normal = {309, 33}, e1g-low = {323, 566, 209 };

For attribute condition:

Xj o eg1-worth = {301, 500, 523, 56 }, €29-not worth = {s¢4, 5¢5, 307, 38, 79 };

For attribute infrastructure:

Yj i eg1-super = {1, s, 23}, €39-0k = {324, 55, 3, 307, 73}, ezz-worst = {x9};

For attribute environs:

Zj eqr-quiet = {301,509}, eqo-a little noisy = {s3, 25}, eqz-noisy = {sy, 35, 37}, eqq-quite
noisy = {3, 39 };

Let éN,H?ﬂWj = {A; — rate} éN,H?ZIXj = {A9 — condition}, éN,H?ZIYj = {A3 —

infrastructure}, TN,H?ZIZj = {A4 — environs} C H§:1Aj-
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(Qn, I W) ={((611,6127613)76?1\/(611,6127613))}

{( I = = o}
= & e e
DAL 8 0>"<5,6,6> <.2,8.6> <8,.9 6>
{ 9 s }
< 8 2,.7>7<.7,.9,4>"
{ = = ——h}
<648><632><788>
(R, I}, X)) { ((e21, e22), RN(€217€22))}
{ 1 9 3 6 }
e 6 b ) b )
21, €22) <.8,.5, 3>'<5.904> <93 4> <4 86>
{ My s Mg 9 })}
<832><662><649><531><992>
(Sn, H?:1Yj) ={((631, e32,€33), SN(€31» €22, 633))}
B 1 9 3
_{((631’632’633)’{< 6,87><2.92> <2361 Sh
7 5 g ry g }

{< 7,5,3>7<.9,4,6>"<.2,3,.8>"<.6,3,9>"<.6,.8.3>"

{< .6,.39, .8 >})}

(Tw, 11, Z;) Z{((641,€42,643,644),TN(641,6427643,844))}

_ 1 7
*{((641’642’643’644)’ {2 6.4,.9> <5 6,9 Sh
—— LR
<.8,5,2>"<.7,3,4>"
{ 7y 75 e }
<.7,.1,9>"<.84,1>"<.5,.3,.8>"
g 79
{< 7,8,.2>"<.6,.3, 8>})}
pP((N,TT_,5;)) = APP ja X, (Sn T V), (T TI", 2
] = =
APP((NTT,5;)) (@ Ty 1), (o, T, X5), (S, T, Y3), (T, T, Z5)

Pl
Z{((en, e12,€13), (€21, €22), (€31, €32, €33), (€41, €42, €43, €44), {WL

{ 4 5 7 }

<.5,.1,9>"<.2,4,6>"<.5.3.9>"
2

<.2,.2,.9>
g

< 5,.3,.4>
3

<.3,3,8>
Vs

<.2,.3,.8>
79

{m})}

P N N
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APP((N, m_,5;) — (QN,H?ZIWZ-)> - APP((RN, 7, X5), (S, T, Vi), (T, n;;lz’j))

|2

sl 9
<.6,4,9>"<.2,6,9>

={((€217 €22), (€31, €32, €33), (€1, €42, €43, €44), {

|2

7y s 7
<.7,1,9>"<.6,4,6><.5.3,.9>
L}
<.3,.3,4>"

6

b
b

<.2,.3,.8>
g

<.5,.3,.3>
M9

{< .6,.3,.8 >})}
” APP((N,H;;laj))

N = T SRS

Hence, (Qn,TI7_, ;) is indispensable in(N,TI_, ;).

APP((N, 17_,5;) — (Rw, nglej)) - APP((QN,H;;IW]-, Sy, T, Y, (T’N,nyzlz’j))

t

<.3,4,.9 >}’

:{((611, €12, e13), (€31, €32, €33), (€41, €42, €43, €44), {

}7

7 75 7
<.5,.1,9>"<.2,4,.6>"<.5.3.9>
L}
<.2,2,9>
L}
< .6,.8,.4>

3

.8 >}’
.8 >}

)

i

< 3,4,

6
< .2,.3,

9

=533 >})}
- APP((N, H;;léj))

e e T e N e T

i
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Hence, (]:ZN, H?:1Xj) is dispensable in(N,H?Zléj).

APP((N 1_,5;) — (S, I )) APP((QN,H” Wy, R, TU_ X5, (T, T 7, ))
Z{((€11,612,€13), (€21, €22), (€41, €42, €43, €44), {#ﬁ},
{ 7y 5 i }
<.5,1,9>"<.2.4,.6>"<.5.3.9>"
V)
{< 5,.2,.9 >}’
3
{< 5,.3,.4 >}’
(—= )
<.6,.3,.8>"<.4,.3,6>"
P 4] }
{333V

” APP((N m?_,5; ))
Hence, (SN,H] 1YJ) is indispensable in(N, II}_, ;).
APP((N.T,05) = (Ty, T, Z;)) = APP((Qn, T W, R, T, X5, (Sn, T, Y5) )

}7

IS
<.3,4,9>

2

Z{((en, e12, e13), (€21, €22), (€31, €32, €33), {
5 7

< .5, 3 6>"<.2,4,6><.6,.3,.9>
< .2,

{
{ 7>
{

I

2

Y

< .5, 3 4>
=
<3,3.8>
{L
<23 8>
9
(=638 >})}
- APP((N 5 ))

{

Y

}
}
}
}

?

Hence, (TN, H?lej) is dispensable in(N, 7_,65).

The set of four approx1mate neutrosophlc hypersoft sets

APP((QN, )(RN, ’),(SN, ]:Y),(TN,H]: Zj)) is the same as the
APP((Qu TU_ W5, (S, T, ), (T, 102, Z)

and APP((QN,H;‘:le), (RN,Hylej), (SN,H?:1YJ')>- In order to find reducts of the ap-
proximate neutrosophic hypersoft sets
APP((N,Hng(Sj)) _ APP((QN, W), (R, T 1Xj),(SN,Hy:1Yj)) we have to check
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whether APP((Q;N,H;-Zlej), (]éN, H?:lXj)a (b;’N,H?:le)) are independent or not.
Because APP((@N, 15, (Sx, T, V5), (T, H;;lz’j)) £ APP((Q, T, 1)
APP((Qn, T, 1)), (Sn, T0_,Y5), (T T, Z5) ) # APP((Sy, T, )
APP((éN, I 1), (Sw, T, V), (T, %)) # APP((Ty,TI"_, Z;)), hence the approx-
imate neutrosophic hypersoft sets are independent and consequently
APP((Q’N,H;;IW]-), (Sy, T, Y5), (fN,ngzlzj)) is reduct of APP((N,Hng(sj)). Proceed-
ing in the same way we find that APP((@N, H?lej), (éN, H?:1Xj)» (éN, H?:1Yj)> is also a
reduct of APP((N,H;‘Zléj)).

Thus there are two reducts of the approximate neutrosophic hypersoft sets
APP((N, H;;laj)),
APP<(C§N7H?:1WJ')’ (S;NaH?:ﬂ;})a (T;zv’H?:lZ'j))
and APP((éN, W), (R, T, X), (S, m_,Y;))

From Theorem 5.6,
CORE(APP (N.1_,5;) )= (Y RED(APP (N,IT}_;¢;) )
= {APP((Qn, TU_ W)), (Sy, T, Vi), (T, TG, Z5) ) }

M

[APP((Qn Gy W5), (Bv, TG X;), (S, 15, Y5) )}

= APP((Qn .1y W), (Sn. 1Y)

is the core of APP((N, H?Zléi)) and also APP((CéN,H?ZIWj), ((S;’N,H;-‘:l)}j)> is indispens-
able in APP ((N ) H?Zldj)) . If these nine houses are the training samples, then we have two dif-
ferent kinds of evaluation references for other input samples {rate; in frastructure; environs},
{rate; condition;in frastructure} and it is clear that the attributes {rate;infrastructure} is

the key attributes for the evaluation of apartments.

6. Conclusion

This article defines the neutrosophic hypersoft rough set by combining the notions three
sets: neutrosophic set, hypersoft set, and rough set. The study of fundamental properties
such as union, intersection, and complement are illustrated using examples. The lower and
upper rough neutrosophic hypersoft approximations are then specified and validated. The
relationship between the core and reduct on the neutrosophic hypersoft rough set is illustrated
with examples. The ideas of reduct and core can be used in data reduction and identification

of vital set of attributes in decision making problems. We propose to work on multi-attribute,
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multi-criteria decision making problems using the theoretical properties of reduct, core and
equity defined in this work as our future research direction.
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