:

.

Volume 57,2023

Neutrosophic dets and Systems

nnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnn

i oS

b <Ruth @b f‘

----

! ' !
Floren 3 ﬂil! Broumi
' s-in-Chie i
4

iy
ISSN 2331-6055 (Print) h . i
ISSN 2331-608X (Online) . ;
I



Neutrosophic Science

International Association (NSIA)
ISSN 2331-6055 (print) ISSN 2331-608X (online)

Neutrosophic
Sets
and
Systems

An International Journal in Information Science and Engineering

University of New Mexico



ISSN 2331-6055 (print) ISSN 2331-608X (online)

University of New Mexico

Neutrosophic Sets and Systems

An International Journal in Information Science and Engineering

Copyright Notice

Copyright @ Neutrosophics Sets and Systems

All rights reserved. The authors of the articles do hereby grant Neutrosophic Sets and Systems non-exclusive,
worldwide, royalty-free license to publish and distribute the articles in accordance with the Budapest Open Initi-
ative: this means that electronic copying, distribution and printing of both full-size version of the journal and the
individual papers published therein for non-commercial, academic or individual use can be made by any user
without permission or charge. The authors of the articles published in Neutrosophic Sets and Systems retain their
rights to use this journal as a whole or any part of it in any other publications and in any way they see fit. Any
part of Neutrosophic Sets and Systems howsoever used in other publications must include an appropriate citation
of this journal.

Information for Authors and Subscribers

“Neutrosophic Sets and Systems ” has been created for publications on advanced studies in neutrosophy, neutrosophic
set, neutrosophic logic, neutrosophic probability, neutrosophic statistics that started in 1995 and their applications in any field,
such as the neutrosophic structures developed in algebra, geometry, topology, etc.

The submitted papers should be professional, in good English, containing a brief review of a problem and obtained results.

Neutrosophy is a new branch of philosophy that studies the origin, nature, and scope of neutralities, as well as their inter-
actions with different ideational spectra.

This theory considers every notion or idea <A> together with its opposite or negation <antiA> and with their spectrum of
neutralities <neutA> in between them (i.e. notions or ideas supporting neither <A> nor <antiA>). The <neutA> and <antiA>
ideas together are referred to as <nonA>.

Neutrosophy is a generalization of Hegel's dialectics (the last one is based on <A> and <antiA> only).

According to this theory every idea <A> tends to be neutralized and balanced by <antiA> and <nonA> ideas - as a state of
equilibrium.

In a classical way <A>, <neutA>, <antiA> are disjoint two by two. But, since in many cases the borders between notions are
vague, imprecise, Sorites, it is possible that <A>, <neutA>, <antiA> (and <nonA> of course) have common parts two by two,
or even all three of them as well.

Neutrosophic Set and Neutrosophic Logic are generalizations of the fuzzy set and respectively fuzzy logic (especially of
intuitionistic fuzzy set and respectively intuitionistic fuzzy logic). In neutrosophic logic a proposition has a degree of truth
(7, a degree of indeterminacy (/), and a degree of falsity (F), where T, I, F are standard or non-standard subsets of /-0, 17/

Neutrosophic Probability is a generalization of the classical probability and imprecise probability.
Neutrosophic Statistics is a generalization of the classical statistics.
What distinguishes the neutrosophics from other fields is the <neutA>, which means neither <A> nor <antiA>.
<neutA>, which of course depends on <A>, can be indeterminacy, neutrality, tie game, unknown, contradiction, igno-
rance, imprecision, etc.
All submissions should be designed in MS Word format using our template file:
http://fs.unm.edu/NSS/NSS-paper-template.doc.
A variety of scientific books in many languages can be downloaded freely from the Digital Library of Science:
http://fs.unm.edu/ScienceLibrary.htm.
To submit a paper, mail the file to the Editor-in-Chief. To order printed issues, contact the Editor-in-Chief. This journal
is non-commercial, academic edition. It is printed from private donations.
Information about the neutrosophics you get from the UNM website:
http://fs.unm.edu/neutrosophy.htm. The
home page of the journal is accessed on
http://fs.unm.edu/NSS.

Copyright © Neutrosophic Sets and Systems, 2023



ISSN 2331-6055 (print) ISSN 2331-608X (online)

University of New Mexico

Neutrosophic Sets and Systems

An International Journal in Information Science and Engineering

** NSS has been accepted by SCOPUS. Starting with Vol. 19, 2018, the NSS articles are
indexed in Scopus.

NSS ABSTRACTED/INDEXED IN

SCOPUS,

Google Scholar,

Google Plus,

Google Books,

EBSCO,

Cengage Thompson Gale (USA),

Cengage Learning (USA),

ProQuest (USA),

Amazon Kindle (USA),

University Grants Commission (UGC) - India,
DOA]J (Sweden),

International Society for Research Activity (ISRA),
Scientific Index Services (SIS),

Academic Research Index (ResearchBib),

Index Copernicus (European Union),

CNKI (Tongfang Knowledge Network Technology Co.,
Beijing, China),

Baidu Scholar (China),

Redalyc - Universidad Autonoma del Estado de Mexico (IberoAmerica),
Publons,

Scimago, etc.

Google Dictionaries have translated the neologisms "neutrosophy" (1) and'neutrosophic”
(2), coined in 1995 for the first time, into about 100 languages.

FOLDOC Dictionary of Computing (1, 2), Webster

Dictionary (1, 2), Wordnik (1),Dictionary.com, The Free

Dictionary (1), Wiktionary (2), YourDictionary (1, 2),OneLook Dictionary (1, 2), Dictionary /
Thesaurus (1), Online Medical Dictionary (1,2), Encyclopedia (1, 2), Chinese Fanyi Baidu
Dictionary (2), Chinese Youdao Dictionary (2) etc. have included these scientific neologisms.

Copyright © Neutrosophic Sets and Systems, 2023



NSS

ISSN 2331-6055 (print)

Editorial Board

ISSN 2331-608X (online)

gV
N1

University of New Mexico
=~

Editors-in-Chief

Prof. Emeritus Florentin Smarandache, PhD, Postdoc, Mathematics, Physical and Natural Sciences Division,
University of New Mexico, Gallup Campus, NM 87301, USA, Email: smarand@unm.edu.

Dr. Mohamed Abdel-Baset, Head of Department of Computer Science, Faculty of Computers and
Informatics, Zagazig University, Egypt, Email: mohamedbasset@jieee.org.

Dr. Said Broumi, Laboratory of Information Processing, Faculty of Science Ben M’Sik, University of Hassan
11, Casablanca, Morocco, Email: s.broumi@flbenmsik.ma.

Associate Editors

Assoc. Prof. Alok Dhital, Mathematics, Physical and Natural Sciences Division, University of New Mexico,
Gallup Campus, NM 87301, USA, Email: adhital@unm.edu.
Dr. S. A. Edalatpanah, Department of Applied Mathematics, Ayandegan Institute of Higher Education,

Tonekabon, Iran, Email: saedalatpanah@gmail.com.

Charles Ashbacker, Charles Ashbacher Technologies, Box 294, 118 Chaffee Drive, Hiawatha, IA 52233,

United States, Email: cashbacher@prodigy.net.

Prof. Dr. Xiaohong Zhang, Department of Mathematics, Shaanxi University of Science &Technology, Xian

710021, China, Email: zhangxh@shmtu.edu.cn.

Prof. Dr. W. B. Vasantha Kandasamy, School of Computer Science and Engineering, VIT, Vellore 632014,

India, Email: vasantha.wb@pvit.ac.in.

Yanhui Guo, University of Illinois at Springfield,
One University Plaza, Springfield, IL. 62703, United
States,Email: yguo56@uis.edu.

Giorgio Nordo, MIFT - Department of
Mathematical and Computer Science, Physical
Sciences and Earth Sciences, Messina University,
Italy,Email: giorgio.nordo@unime.it.

Mohamed Elhoseny, American University in the
Emirates,Dubai,UAE,

Email: mohamed.elhoseny(@aue.ae.

Le Hoang Son, VNU Univ. of Science, Vietnam
National Univ. Hanoi, Vietnam,
Email: sonlh@vnu.edu.vn.

Huda E. Khalid, Head of Scientific Affairs and
Cultural Relations Department, Nineveh Province,
Telafer  University, Iraq,  Email: dr.huda-
ismael@uotelafer.edu.iq.

A. A. Salama, Dean of the Higher Institute of
Business and Computer Sciences, Arish, Egypt,
Email: ahmed_salama_2000@sci.psu.edu.eg.
Young Bae Jun, Gyeongsang National University,
South Korea, Email: skywine@gmail.com.
Yo-Ping Huang, Department of Computer Science
and Information, Engineering National Taipei
University, New Taipei City,
Taiwan, Email: yphuang@ntut.edu.tw.

Editors

Tarek Zayed, Department of Building and Real
Estate, The Hong Kong Polytechnic University,
Hung Hom, 8 Kowloon, Hong Kong, China,
Email: tarek.zayed@polyu.edu.hk.

Vakkas Ulucay, Kilis 7 Aralik University, Turkey,
Email: vulucay27@gmail.com.

Peide Liu, Shandong University of Finance and
Economics, China, Email: peide liu@gmail.com.
Jun Ye, Ningbo University, School of Civil and
Environmental Engineering, 818 Fenghua Road,
Jiangbei District, Ningbo City, Zhejiang Province,
People's Republic of China,
Email: yejunl@nbu.edu.cn.

Memet Sahin, Department of Mathematics,
Gaziantep University, Gaziantep 27310, Turkey,
Email: mesahin@gantep.edu.tr.

Muhammad Aslam & Mohammed Alshumrani,
King Abdulaziz Univ., Jeddah, Saudi Arabia,
Emails magmuhammad@kau.edu.sa, maalshmrani
@kau.edu.sa.

Mutaz Mohammad, Department of Mathematics,
Zayed University, Abu Dhabi 144534, United Arab
Emirates.  Email: Mutaz.Mohammad(@?zu.ac.ae.
Abdullahi Mohamud Sharif, Department of
Computer Science, University of Somalia, Makka
Al-mukarrama  Road, Mogadishu, Somalia,
Email: abdullahi.shariif@uniso.edu.so.

Copyright © Neutrosophic Sets and Systems, 2023


mailto:smarand@unm.edu
mailto:mohamedbasset@ieee.org
mailto:s.broumi@flbenmsik.ma
mailto:adhital@unm.edu
mailto:saedalatpanah@gmail.com
mailto:cashbacher@prodigy.net
mailto:zhangxh@shmtu.edu.cn
mailto:vasantha.wb@vit.ac.in
mailto:yguo56@uis.edu
mailto:giorgio.nordo@unime.it
mailto:mohamed.elhoseny@aue.ae
mailto:sonlh@vnu.edu.vn
mailto:dr.huda-ismael@uotelafer.edu.iq
mailto:dr.huda-ismael@uotelafer.edu.iq
mailto:ahmed_salama_2000@sci.psu.edu.eg
mailto:skywine@gmail.com
mailto:yphuang@ntut.edu.tw
mailto:tarek.zayed@polyu.edu.hk
mailto:vulucay27@gmail.com
mailto:peide.liu@gmail.com
mailto:yejun1@nbu.edu.cn
mailto:mesahin@gantep.edu.tr
mailto:magmuhammad@kau.edu.sa
mailto:maalshmrani@kau.edu.sa
mailto:maalshmrani@kau.edu.sa
mailto:Mutaz.Mohammad@zu.ac.ae
mailto:abdullahi.shariif@uniso.edu.so

NSS

ISSN 2331-6055 (print)

Editorial Board

ISSN 2331-608X (online)

Y1

S

Katy D. Ahmad, Islamic University of Gaza,
Palestine,Email: katyon765@gmail.com.
NoohBany Muhammad, American University of
Kuwait,Kuwait,Email: noohmuhammad12@gmail
.com.

Soheyb Milles, Laboratory of Pure and Applied
Mathematics, University of Msila, Algeria,
Email: soheyb.milles@univ-msila.dz.

Pattathal Vijayakumar Arun, College of Science and
Technology,Phuentsholing,Bhutan,

Email: arunpv2601(@gmail.com.

Endalkachew Teshome Ayele, Department of
Mathematics, Arbaminch University, Arbaminch,
Ethiopia,Email: endalkachewteshome83(@gyahoo.
com.

A. Al-Kababji, College of Engineering, Qatar
University,Doha,Qatar,

Email: ayman.alkababji@ieee.org.

Xindong Peng, School of Information Science and
Engineering, Shaoguan University, Shaoguan
512005, China, Email: 952518336@qq.com.
Xiao-Zhi Gao, School of Computing, University of
Eastern Finland, FI-70211 Kuopio, Finland, xiao-
zhi.gao@uef.fi.

Madad Khan, Comsats Institute of Information
Technology,Abbottabad,Pakistan,

Email: madadmath@yahoo.com.

G. Srinivasa Rao, Department of Statistics, The
University of Dodoma, Dodoma, PO. Box: 259,
Tanzania,Email: gaddesrao@gmail.com.

Ibrahim FEl-henawy, Faculty of Computers and
Informatics,ZagazigUniversity,Egypt,

Email: henawy2000@yahoo.com.

Muhammad Saeed, Department of Mathematics,
University of Management and Technology,
Lahore, Pakistan,
Email: muhammad.saced@umt.edu.pk.

A. A, A Agboola, Federal University of
Abeokuta, Nigeria,
Email: agboolaaaa@funaab.edu.ng.

Abduallah Gamal, Faculty of Computers and
Informatics, = Zagazig  University,  Egypt,
Email: abduallahgamal@zu.edu.eg.

Ebenezer Bonyah, Department of Mathematics
Education, Akenten Appiah-Menka University of
Skills Training and Entreprencurial Development,
Kumasi 00233, Ghana,
Email: ebbonya@gmail.com.

Agriculture,

University of New Mexico
= L

Roan Thi Ngan, Hanoi University of Natural
Resources and Environment, Hanoi, Vietnam,
Email: rtngan@hunre.edu.vn.

Sol David Lopezdominguez Rivas, Universidad
Nacional de Cuyo, Argentina.
Email: sol.lopezdominguez@fce.uncu.edu.at.
Maikel Yelandi Leyva Vazquez, Universidad
Regional Auténoma de los Andes (UNIANDES),
Avenida Jorge Villegas, Babahoyo, Los Rios,
Ecuador,

Email: ub.c.investigacion@uniandes.edu.ec.

Arlen Martin Rabelo, Exxis, Avda. Aviadores del
Chaco N° 1669 ¢/ San Martin, Edif. Aymac I, 4to.
piso, Asuncion, Paraguay,
Email: arlen.martin@exxis-group.com.

Carlos Granados, Estudiante de Doctorado en
Matematicas, Universidad del Antioquia, Medellin,
Colombia,

Email: carlosgranadosortiz@outlook.es.

Tula Carola Sanchez Garcia, Facultad de
Educacion de la Universidad Nacional Mayor de
San Marcos, Lima, Peru,
Email: tula.sanchezl@unmsm.edu.pe.

Carlos Javier Lizcano Chapeta, Profesor -
Investigador de pregrado y postgrado de la
Universidad de Los Andes, Mérida 5101,
Venezuela, Email: lizcha_4@hotmail.com.
Noel Moreno Lemus, Procter & Gamble
Operations  S.A,,
Email: nmlemus@gmail.com.

International Panama,
Asnioby Hernandez Lopez, Mercado Libre,
Montevideo, Uruguay.
Email: asnioby.hernandez@mercadolibre.com.
Muhammad Akram, University of the Punjab, New
Campus, Lahore, Pakistan,
Email: m.akram@pucit.edu.pk.

Tatiana Andrea Castillo Jaimes, Universidad de
Chile, Departamento de Industria, Doctorado en
Sistemas de Ingenierfa, Santiago de Chile, Chile,
Email: tatiana.a.castillo@gmail.com.

Irfan Deli, Muallim Rifat Faculty of Education,
Kilis 7 Aralik University, Turkey,
Email: irfandeli@kilis.edu.tr.

Ridvan Sahin, Department of Mathematics, Faculty
of Science, Ataturk University, Erzurum 25240,
Turkey, Email: mat.ridone@gmail.com.
Ibrahim M. Hezam, Department of computer,
Faculty of Education, Ibb University, Ibb City,

Copyright © Neutrosophic Sets and Systems, 2023


mailto:katyon765@gmail.com
mailto:noohmuhammad12@gmail.com
mailto:noohmuhammad12@gmail.com
mailto:soheyb.milles@univ-msila.dz
mailto:arunpv2601@gmail.com
mailto:endalkachewteshome83@yahoo.com
mailto:endalkachewteshome83@yahoo.com
mailto:ayman.alkababji@ieee.org
mailto:952518336@qq.com
mailto:xiao-zhi.gao@uef.fi
mailto:xiao-zhi.gao@uef.fi
mailto:madadmath@yahoo.com
mailto:gaddesrao@gmail.com
mailto:henawy2000@yahoo.com
mailto:muhammad.saeed@umt.edu.pk
mailto:agboolaaaa@funaab.edu.ng
mailto:abduallahgamal@zu.edu.eg
mailto:ebbonya@gmail.com
mailto:rtngan@hunre.edu.vn
mailto:sol.lopezdominguez@fce.uncu.edu.ar
mailto:ub.c.investigacion@uniandes.edu.ec
mailto:arlen.martin@exxis-group.com
mailto:carlosgranadosortiz@outlook.es
mailto:tula.sanchez1@unmsm.edu.pe
mailto:lizcha_4@hotmail.com
mailto:nmlemus@gmail.com
mailto:asnioby.hernandez@mercadolibre.com
mailto:asnioby.hernandez@mercadolibre.com
mailto:m.akram@pucit.edu.pk
mailto:tatiana.a.castillo@gmail.com
mailto:irfandeli@kilis.edu.tr
mailto:mat.ridone@gmail.com

I NSS

ISSN 2331-6055 (print)

Editorial Board

ISSN 2331-608X (online)

V1

S b

Yemen, Email: ibrahizam .math@gmail.com.
Moddassir khan Nayeem, Department of Industrial
and Production Engineering, American
International University-Bangladesh, Bangladesh;
nayeem@aiub.edu.

Aiyared lampan, Department of Mathematics,
School of Science, University of Phayao, Phayao
56000,  Thailand, Email: aiyared.ia@up.ac.th.
Ameirys Betancourt-Vazquez, 1 Instituto Superior
Politécnico de Tecnologias e Ciéncias (ISPTEC),
Luanda,  Angola, Email: ameirysbv@gmail.com.
H. E. Ramaroson, University of Antananarivo,
Madagascar, Email: erichansise@gmail.com.
G. Srinivasa Rao, Department of Mathematics and
Statistics, The University of Dodoma, Dodoma
PO. Box: 259, Tanzania.
Onesfole Kuramaa, Department of Mathematics,
College of Natural Sciences, Makerere University,
P.O Box 7062, Kampala, Uganda,
Email: onesfole.kurama@mak.ac.ug.

Karina Pérez-Teruel, Universidad Abierta para
Adultos (UAPA), Santiago de los Caballeros,
Republica Dominicana,
Email: karinaperez@uapa.edu.do.

Neilys Gonzalez Benitez, Centro Meteorolbgico
Pinar del Rio, Cuba, Email: neilys71@nauta.cu.
Jesus Estupinan Ricardo, Centro de Estudios para
la Calidad Educativa y la Investigation Cinetifica,
Toluca,Mexico,Email: jestupinan2728@gmail.com
Victor Christianto, Malang Institute of Agriculture
(IPM), Malang, Indonesia,
Email: victorchristianto@gmail.com.

Wadei Al-Omeri, Department of Mathematics, Al-
Balqa  Applied  University,  Salt 19117,
Jordan, Email: wadeialomeri@bau.edu.jo.
Ganeshsree Selvachandran, UCSI University, Jalan
Menara Gading, Kuala Lumpur, Malaysia,
Email: Ganeshstee@ucsiuniversity.edu.my.
Ilanthenral Kandasamy, School of
Computer Science and Engineering
(SCOPE), Vellore Institute of Technology (VIT),
Vellore 632014, India,
Email: ilanthenral k@yvit.ac.in

Kul Hur, Wonkwang University, Iksan,
Jeollabukdo, South Korea,
Email: kulhur@wonkwang.ac.kr.

Kemale Veliyeva & Sadi Bayramov, Department
of Algebra and Geometry, Baku State University,

University of New Mexico
-

23 Z. Khalilov Str., AZ1148, Baku, Azerbaijan,
Email: kemale2607@mail.ru,

Email: baysadi@gmail.com.

Irma Makharadze & Tariel Khvedelidze, Ivane
Javakhishvili Thilisi State University, Faculty of
Exact and Natural Sciences, Thilisi, Georgia.
Inayatur Rehman, College of Arts and Applied
Sciences, Dhofar University Salalah, Oman,
Email: irehman@du.edu.om.

Mansour Lotayif, College of Administrative
Sciences, Applied Science University, P.O. Box
5055, East Al-Ekir, Kingdom of Bahrain.
Riad K. Al-Hamido, Math Department, College of
Science, Al-Baath University, Homs, Syria,
Email: riad-hamido1983@hotmail.com.

Saced Gul, Faculty of Economics, Kardan
University, Parwan-e- Du Square, Kabil,
Afghanistan, Email: s.gul@kardan.edu.af.
Faruk Karaaslan, Cankirn Karatekin University,
Cankiri, Turkey,
Email: fkaraaslan@karatekin.edu.tr.

Mortrisson Kaunda Mutuku, School of Business,
Kenyatta
Surapati Pramanik, Department of Mathematics,
Nandalal Ghosh B T  College, India,
Email: drspramanik@isns.org.in.

Suriana Alias, Universiti Teknologi MARA (Ui'TM)
Kelantan, Campus Machang, 18500 Machang,
Kelantan,

Email: suria588@kelantan.uitm.edu.my.
Arsham  Borumand Saeid, Dept. of Pure
Mathematics, Faculty of Mathematics and
Computer, Shahid Bahonar University of Kerman,

University, Kenya

Malaysia,

Kerman, Iran, Email: arsham@uk.ac.it.
Ahmed Abdel-Monem, Department of Decision
support, University, Eeypt,
Email: aabdelmounem@zu.edu.eg.

Zagazig

Caglar Karamasa, Anadolu University, Faculty of
Business,

Turkey, Email: ckaramasa@anadolu.edu.tr.
Mohamed Talea, Laboratory of Information
Processing, Faculty of Science Ben M’Sik,
Morocco, Email: taleamohamed@yahoo.ft.
Assia Bakali, Ecole Royale Navale, Casablanca,
Morocco, Email: assiabakali@yahoo.ft.
V.V. Starovoytov, The State Scientific Institution
«The United Institute of Informatics Problems of
the National Academy of Sciences of Belarusy,

Copyright © Neutrosophic Sets and Systems, 2023


mailto:ibrahizam.math@gmail.com
mailto:nayeem@aiub.edu
mailto:aiyared.ia@up.ac.th
mailto:ameirysbv@gmail.com
mailto:erichansise@gmail.com
mailto:onesfole.kurama@mak.ac.ug
mailto:karinaperez@uapa.edu.do
mailto:neilys71@nauta.cu
mailto:jestupinan2728@gmail.com
mailto:victorchristianto@gmail.com
mailto:Ganeshsree@ucsiuniversity.edu.my
mailto:ilanthenral.k@vit.ac.in
mailto:kulhur@wonkwang.ac.kr
mailto:kemale2607@mail.ru
mailto:baysadi@gmail.com
mailto:irehman@du.edu.om
mailto:riad-hamido1983@hotmail.com
mailto:s.gul@kardan.edu.af
mailto:fkaraaslan@karatekin.edu.tr
mailto:drspramanik@isns.org.in
mailto:suria588@kelantan.uitm.edu.my
mailto:arsham@uk.ac.ir
mailto:aabdelmounem@zu.edu.eg
mailto:ckaramasa@anadolu.edu.tr
mailto:taleamohamed@yahoo.fr
mailto:assiabakali@yahoo.fr

NSS

ISSN 2331-6055 (print)

Editorial Board

ISSN 2331-608X (online)

WY1
D o
Minsk, Belarus, Email: ValeryS@newman.bas-
net.by.

E.E. Eldarova, L.N. Gumilyov Eurasian National
University, Nur-Sultan, Republic of Kazakhstan,
Email: Doctorphd_eldarova@mail.ru. Mukhamed
iyeva Dilnoz Tulkunovna & Egamberdiev Nodir
Abdunazarovich, Science and innovation center
for information and communication technologies,
Tashkent University of Information Technologies
(named  after Muhammad  Al-Khwarizmi),
Uzbekistan.

Mohammad Hamidi, Department of Mathematics,
Payame Noor University (PNU), Tehran,
Iran. Email: m. hamidi@pnu.ac.it.

Lemnaouar Zedam, Department of Mathematics,
Faculty of Mathematics and Informatics, University
Mohamed Boudiaf, Msila,
Email: l.zedam@gmail.com.

M. Al Tahan, Department of Mathematics,
Lebanese

Algeria,

International ~ University,  Bekaa,
Lebanon, Email: madeline.tahan@]liu.edu.lb.
Mohammad Abobala, Tishreen University, Faculty
of Science, Department of Mathematics, Lattakia,
Sytia,Email” mohammad.abobala@tishreen.edu.sy
Rafif Alhabib, AL-Baath University, College of
Science, Mathematical Statistics Department,
Homs, Syria, Email: ralhabib@albaath-univ.edu.sy.
R. A. Borzooei, Department of Mathematics,
Shahid Beheshti University, Tehran,
Iran, borzooei@hatef.ac.it.

Selcuk Topal, Mathematics Department, Bitlis
Eren University, Turkey,
Email: s.topal@beu.edu.tr.

Qin Xin, Faculty of Science and Technology,
University of the Faroe Islands, Térshavn, 100,
Faroe Islands.

Sudan Jha, Pokhara University,Kathmandu, Nepal,
Email: jhasudan@hotmail.com.

Mimosette Makem and Alain Tiedeu, Signal, Image
and Systems Laboratory, Dept. of Medical and
Biomedical — Engineering, Higher Technical
Teachers” Training College of EBOLOWA, PO
Box 8806, University of Yaoundé, Cameroon, E-
mail: alain_tiedeu@yahoo.ft.

Mujahid Abbas, Department of Mathematics and
Applied Mathematics, University of Pretoria
Hatfield 002, Pretoria, South Aftrica,
Email: mujahid.abbas@up.ac.za.

University of New Mexico
~ K

Zeliko Stevi¢, Faculty of Transport and Traffic
Engineering Doboj, University of East Sarajevo,
Lukavica, East Sarajevo, Bosnia and Herzegovina,
Email: zeljko.stevic@sf.ues.rs.ba.

Michael Gr. Voskoglou, Mathematical Sciences
School of Technological Applications, Graduate
Technological Educational Institute of Western
Greece, Patras, Greece,
Email: voskoglou@teiwest.gt.

Sacid Jafari, College of Vestsjaelland South,
Slagelse, Denmark, Email: sj@vucklar.dk.
Angelo de Oliveira, Ciencia da Computacao,
Universidade Federal de Rondonia, Porto Velho -
Rondonia, Brazil, Email: angelo@unir.br.
Valeri Kroumov, Okayama University of Science,
Okayama, Japan, Email: val@ee.ous.ac.jp.
Rafael Rojas, Universidad Industrial de Santander,
Bucaramanga, Colombia,
Email: rafael2188797@correo.uis.edu.co.

Walid Abdelfattah, Faculty of Law, Economics and
Management, Jendouba,
Email: abdelfattah.walid@yahoo.com.
Akbar Rezaei, Department of Mathematics,
Payame Noor University, P.O.Box 19395-3697,
Tehran, Iran, Email: rezaei@pnu.ac.it.
John Frederick D. Tapia, Chemical Engineering
Department, De La Salle University - Manila, 2401
Taft Avenue, Malate, Manila, Philippines,
Email: john.frederick.tapia@dlsu.edu.ph.

Darren Chong, independent researcher, Singapore,

Tunisia,

Email: darrenchong2001@yahoo.com.sg.

Galina Ilieva, Paisii Hilendarski, University of
Plovdiv, 4000 Plovdiv, Bulgaria, Email: galili@uni-
plovdiv.bg.

Pawel Plawiak, Institute of Teleinformatics,
Cracow University of Technology, Warszawska 24
st., F-5, 31-155 Krakow, Poland,
Email: plawiak@pk.edu.pl.

E. K. Zavadskas, Vilnius Gediminas Technical
University, Vilnius, Lithuania,
Email: edmundas.zavadskas@vgtu.lt.

Darjan Karabasevic, University Business Academy,
Novi Sad, Serbia,
Email: datjan karabasevic@mef.edu.rs.

Dragisa Stanujkic, Technical Faculty in Bor,
University of Belgrade, Bor, Serbia,
Email: dstanujkic@tfbor.bg.ac.ts.

Katarina Rogulj, Faculty of Civil Engineering,

Copyright © Neutrosophic Sets and Systems, 2023


mailto:ValeryS@newman.bas-net.by
mailto:ValeryS@newman.bas-net.by
mailto:Doctorphd_eldarova@mail.ru
mailto:m.hamidi@pnu.ac.ir
mailto:l.zedam@gmail.com
mailto:madeline.tahan@liu.edu.lb
mailto:mohammad.abobala@tishreen.edu.sy
mailto:ralhabib@albaath-univ.edu.sy
mailto:borzooei@hatef.ac.ir
mailto:s.topal@beu.edu.tr
mailto:jhasudan@hotmail.com
mailto:alain_tiedeu@yahoo.fr
mailto:mujahid.abbas@up.ac.za
mailto:zeljko.stevic@sf.ues.rs.ba
mailto:voskoglou@teiwest.gr
mailto:sj@vucklar.dk
mailto:angelo@unir.br
mailto:val@ee.ous.ac.jp
mailto:rafael2188797@correo.uis.edu.co
mailto:abdelfattah.walid@yahoo.com
mailto:rezaei@pnu.ac.ir
mailto:john.frederick.tapia@dlsu.edu.ph
mailto:darrenchong2001@yahoo.com.sg
mailto:galili@uni-plovdiv.bg
mailto:galili@uni-plovdiv.bg
mailto:plawiak@pk.edu.pl
mailto:edmundas.zavadskas@vgtu.lt
mailto:darjan.karabasevic@mef.edu.rs
mailto:dstanujkic@tfbor.bg.ac.rs

NSS

ISSN 2331-6055 (print)

Editorial Board

ISSN 2331-608X (online)

Y1

N b

Architecture and Geodesy, University of Split,
Matice  Hrvatske 15,21000  Split, Croatia;
Email: katatina.rogulj@gradst.hr.

Luige Vladareanu, Romanian Academy, Bucharest,
Romania, Email: luigiv@atrexim.ro.
Hashem Bordbar, Center for Information
Technologies and Applied Mathematics, University
of Nova Gorica,
Email: Hashem.Bordbar@ungsi.
N. Smidova, Technical University of Kosice, SK
88902, Slovakia, Email: nsmidova@yahoo.com.
Quang-Thinh  Bui, Faculty of Electrical
Engineering and Computer Science, VSB-

Slovenia,

Technical University of Ostrava, Ostrava-Poruba,
Czech Republic, Email: qthinhbui@gmail.com.
Mihaela Colhon & Stefan Vladutescu, University of
Craiova, Computer Science Department, Craiova,
Romania,Emails: colhon.mihaela@ucv.ro, vladute
scu.stefan@ucv.ro.

Philippe Schweizer, Independent Researcher, Av.
de Lonay 11, 1110 Morges, Switzerland,
Email: flippe2@gmail.com.

Madjid Tavanab, Business Information Systems
Department, Faculty of Business Administration
and Economics University of Paderborn, D-33098
Paderborn, Germany, Email: tavana@]lasalle.edu.
Rasmus Rempling, Chalmers University of
Technology, Civil and Environmental Engineering,
Structural Engineering, Gothenburg, Sweden.
Fernando A. F. Ferreira, ISCTE Business School,
BRU-IUL, University Institute of Lisbon, Avenida
das Forcas Armadas, 1649-026 Lisbon, Portugal,
Email: fernando.alberto.ferreira@jiscte-iul.pt.

Julio J. Valdés, National Research Council
Canada, M-50, 1200 Montreal Road, Ottawa,

University of New Mexico

*ﬁ
Ontario K1A 0RO, Canada,
Email: julio.valdes@nrc-cnre.ge.ca.
Tieta Putri, College of Engineering Department of
Computer Science and Software Engineering,
University of Canterbury, Christchurch, New
Zeeland.
Phillip Smith, School of Earth and Environmental
Sciences, University of Queensland, Brisbane,
Australia, phillip.smith@ug.edu.au.
Sergey Gorbachev, National Research Tomsk State
University, 634050 Tomsk, Russia,
Email: gsv@mail.tsu.ru.
Sabin Tabirca, School of Computer Science,
University  College  Cork, Cork, Ireland,
Email: tabirca@neptune.ucc.ie.
Umit Cali, Norwegian University of Science and
Technology, NO-7491 Trondheim, Norway,
Email: umit.cali@ntnu.no.
Willem K. M. Brauers, Faculty of Applied
Economics, University of Antwerp, Antwerp,
Belgium, Email: willem.brauers@uantwerpen.be.
M. Ganster, Graz University of Technology, Graz,
Austria, Email: ganster@weyl.math.tu-graz.ac.at.
Ignacio J. Navarro, Department of Construction
Engineering, Universitat Politécnica de Valéncia,
46022 Valéncia, Spain,
Email: ignamarl@cam.upv.es.
Francisco Chiclana, School of Computer Science
and Informatics, De Montfort University, The
Gateway, Leicester, LE1 9BH, United Kingdom,
Email: chiclana@dmu.ac.uk.
Jean Dezert, ONERA, Chemin de la Huniere,
91120 Palaiseau, France,
Email: jean.dezert@onera.fr.

Copyright © Neutrosophic Sets and Systems, 2023


mailto:katarina.rogulj@gradst.hr
mailto:luigiv@arexim.ro
mailto:Hashem.Bordbar@ung.si
mailto:nsmidova@yahoo.com
mailto:qthinhbui@gmail.com
mailto:colhon.mihaela@ucv.ro
mailto:vladutescu.stefan@ucv.ro
mailto:vladutescu.stefan@ucv.ro
mailto:flippe2@gmail.com
mailto:tavana@lasalle.edu
mailto:fernando.alberto.ferreira@iscte-iul.pt
mailto:julio.valdes@nrc-cnrc.gc.ca
mailto:phillip.smith@uq.edu.au
mailto:gsv@mail.tsu.ru
mailto:tabirca@neptune.ucc.ie
mailto:umit.cali@ntnu.no
mailto:willem.brauers@uantwerpen.be
mailto:ganster@weyl.math.tu-graz.ac.at
mailto:ignamar1@cam.upv.es
mailto:ignamar1@cam.upv.es
mailto:chiclana@dmu.ac.uk
mailto:jean.dezert@onera.fr

NSS Editorial Board ISSN 2331-608X (online)

ISSN 2331-6055 (print)
]TITI University of New Mexico
u : ‘l‘

Contents

Weiming Li, Jun Ye, Ezgi Tirkarslan, MAGDM Model Using the Aczel-Alsina Aggregation Operators of

Neutrosophic Entropy Elements in the Case of Neutrosophic Multi-Valued
S 1
Hongru Bu, Qingqing Hu and Xiaohong Zhang, Neutrosophic Pseudo-t-Norm and Its Derived Neutrosophic
Residual IMPHCAtion ........o.iiuiiii i i e 18
D. Nagarajan, V.M. Gobinath, Said Broumi, Multicriteria Decision Making on 3D printers for economic
manufacturing using Neutrosophic envirONMENt. .. .. ..ottt 33

Priyanka Majumder, Arnab Paul and Surapati Pramanik, Single-valued pentapartitioned neutrosophic weighted
hyperbolic tangent similarity measure to determine the most significant environmental risks during the COVID-19

PANACITIIC. ... 57
Sanjoy Biswas, and Samir Dey, Neutrosophic Hesitant Fuzzy Techniques and its Application to Structural
DI, ot e 76
M.Anandhkumar, G.Punithavalli, T.Soupramanien, Said Broumi, Generalized Symmetric Neutrosophic Fuzzy
A T o 114
Abdulrahman AlAita and Hooshang Talebi, Augmented Latin Square Designs for Imprecise
T 128
A. Kanchana, D.Nagarajan, S. Broumi, Multi-attribute group decision-making based on the Neutrosophic
Bonferroni Mean OPEIator. ... .. o.uiui it 139
Yaser Ahmad Alhasan, Igbal Ahmed Musa and Isra Abdalhleem Hassan Ali, Applications of neutrosophic
complex numbers In tHANGIES. ... ... .o 165

Noor Azzah Awang, Nurul Izzati Md Isa, Hazwani Hashim and Lazim Abdullah, AHP Approach using
Interval Neutrosophic Weighted Averaging (INWA) Operator for Ranking Flash Floods Contributing Factors

................................................................................................................................... 173

M. Shanmugapriya, R. Sundareswaran, S Said Broumi, Solution and Analysis of System of Differential Equation
with Initial Condition a8 TT AP Ny ymber -« -« veneennemmmemt e ettt e et naees 194

Maissam jdid, Florentin Smarandache, Optimal Neutrosophic Assignment and the Hungarian Method
.................................................................................................................................... 210
Rahul Thakur, S.C. Malik, Masum Raj, Neutrosophic Laplace Distribution with Application in Financial Data
AAALYSIS . ¢ttt e 224
Florentin Smarandache, New Types of Topologies and Neutrosophic Topologies (Improved
TS 3 e ) 234
Mohammed Abu-Saleem, Omar almallah and Nizar Kh. Al Ouashouh, An application of neutrosophic theory
on manifolds and their topological transformations. ............oviiiiiiiiiii 245
Inayat Rasool Ganaie, Archana Sharma and Vijay Kumar, On SO-summability in neutrosophic soft normed linear
SPACES ettt ettt e e e 256
Reda M Hussien, Amr A. Abohany, Karam M. Sallam and Ahmed Salem, Smart Assessment of Wheat Suppliers
via MARCOS-based MCDM Modelling under a Neutrosophic
SCEMALIO. . 272

Mahmoud Ismail, Ahmed M.Ali, Ahmed Abdelhafeez, Ahmed Abdel-Rahim EI-Douh, Mahmoud Ibrahim,
Ayman H. Abdel-aziem, Neutrosophic Multi-Criteria Decision Making for Sustainable Procurement in Food

BT S . - ettt 283
V. Inthumathi, M. Amsaveni and M. Nathibrami, On Hypersoft Semi-open Sets........... 294

Karam M. Sallam, Amr A. Abohany, Ahmed Salem and Reda M Hussien , An Effective Decision-Making
Framework for Evaluating the Intelligent Logistics Development Scenarios
POt OrMANCE. « .ottt e 306
Sirus Jahanpanah, Roohallah Daneshpayeh, On Derived Superhyper BE-Algebras....................... 318
Prasanta Kumar Raut, Siva Prasad Behera, Said Broumi, Debdas Mishra, Calculation of shortest path on
Fermatean Neutrosophic Networks. ... ... 328
Ayman H. Abdel-aziem, Tamer H.M. Soliman, Ahmed M.Ali, Ahmed Abdelhafeez, Evaluation the Impact
Potentials of Materials and Systems with Specific Criteria under Neutrosophic
St et 342

Prasanta Kumar Raut, Siva Prasad Behera, Said Broumi, Debdas Mishra,
Calculation of Fuzzy shortest path problem wusing Multi-valued Neutrosophic number under fuzzy

LSS A 02V 01 0 LN 356
Kshitish Kumar Mohanta, Deena Sunil Sharanappa and Abha Aggarwal, Value and Ambiguity Index-based
Ranking Approach for Solving Neutrosophic Data Envelopment Analysis
.................................................................................................................................... 370
Sirus Jahanpanah, Roohallah Daneshpayeh, On Neutro Variable Q-subalgebras .......................o 398
Mingming Chen, Yudan Dul and Xiaogang An, Research on a Class of Special Quasi TA-Neutrosophic
EXtENded THIPIEt: TA-GIOUPS ....oettit ittt et e e e e et e e e e e e 408

Copyright © Neutrosophic Sets and Systems, 2023



NSS Neutrosophic Sets and Systems, Vol. 57, 2023

University of New Mexico

I,
4 -

MAGDM Model Using the Aczel-Alsina Aggregation
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Abstract: To overcome the limitations of both the conversion method based on the standard
deviation and the decision flexibility in existing neutrosophic multi-valued decision-making models,
this study aims to propose various new techniques including a conversion method, Aczel-Alsina
aggregation operations, and a multi-attribute group decision making (MAGDM) model in the case
of neutrosophic multi-valued sets (MVNSs). First, we propose a conversion method to convert
neutrosophic multi-valued elements (MVNEs) into neutrosophic entropy elements (NEEs) based on
the mean and normalized Shannon/probability entropy of truth, falsity, and indeterminacy
sequences. Second, the score and accuracy functions of NEEs are defined for the ranking of NEEs.
Third, the Aczel-Alsina t-norm and t-conorm operations of NEEs and the NEE Aczel-Alsina
weighted arithmetic averaging (NEEAAWAA) and NEE Aczel-Alsina weighted geometric
averaging (NEEAAWGA) operators are presented to reach the advantage of flexible operations by
an adjustable parameter. Fourth, we propose a MAGDM model in light of the NEEAAWAA and
NEEAAWGA operators and the score and accuracy functions in the case of NMVSs to solve flexible
MAGDM problems with an adjustable parameter subject to decision makers’ preference. Finally, an
illustrative example is given to verify the impact of different parameter values on the decision
results of the proposed MAGDM model. Compared with existing techniques, the new techniques
not only overcome the defects of existing techniques but also be broader and more versatile than
existing techniques when dealing with MAGDM problems in the case of NMVSs.

Keywords: neutrosophic multi-valued set; neutrosophic entropy element; Aczel-Alsina aggregation
operator; group decision making

1. Introduction

In indeterminate and inconsistent situations, multi-valued neutrosophic sets (MVNSs) or
neutrosophic hesitant fuzzy sets (NHFSs) can be depicted by the multi-valued sequences of the truth,
falsity, and indeterminacy membership degrees, which were the extension of neutrosophic sets [1].
Then, relation operations, aggregation algorithms, and measure methods of MVNSs/NHESs are
critical research topics and play important roles in the fuzzy decision-making issues. Therefore,
MVNSs/NHFSs have been used in medical diagnosis, decision making, engineering experiments,
measurements, etc. Under the environment of NHEFSs, some aggregation operators of single and
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interval valued NHFSs were presented and utilized in multi-attribute decision making (MADM)
problems [2-4]. Then, MADM models based on the extended grey relation analysis [5] and the TOPSIS
method [6] were introduced in the setting of NHFSs. Under the environment of MVNSs, some
aggregation operators of MVINSs were proposed for multi-valued neutrosophic MADM problems [7,
8]. The Dice similarity measure of single-valued neutrosophic multisets (SVNMs) was introduced
and used for medical diagnosis [9]. Furthermore, the correlation coefficient of dynamic SVNMs was
presented for MADM problems [10]. The TODIM methods were introduced for MADM problems
with MVNSs [11, 12]. However, there are the operational difficulty and complexity between different
sequence lengths/cardinalities in multi-valued/hesitant sequences. To solve these issues, Fan et al.
[13] introduced a conversion method from SVNMs to single-valued neutrosophic sets (SVNSs) by the
average aggregation values of truth, indeterminacy, and falsity sequences, and then proposed the
cosine similarity measure of SVNSs for MADM problems in the case of SVNMs. But this conversion
method in [13] may result in some loss/distortion of information. To solve this problem, Ye et al. [14]
further proposed a reasonable conversion method of neutrosophic multi-valued sets (NMVSs)
(including MVNSs, NHFSs, and SVNMs) in light of the average values and consistency degrees
(complement of standard deviation) of truth, indeterminacy, and falsity sequences to realize the
reasonable information expression and operations of consistency neutrosophic sets/elements
(CNS/CNEs), and then developed a multi-attribute group decision making (MAGDM) method using
correlation coefficients of CNSs in the case of NMVSs. Then, the conversion method based on the
average value and standard deviation [14] is only suitable for normal distribution, which indicates
its limitation. Moreover, the existing MAGDM method based on two correlation coefficients of CNSs
[14] lacks decision flexibility in the case of NMVSs. Therefore, it is difficult to satisfy the preference
of decision makers and/or application needs. Under a probabilistic MVNS environment, Liu and
Cheng [15] proposed a three-phase MAGDM method based on the multi-attributive border
approximation area comparison (MABAC) method. Since the probability method needs a large
number of evaluation values to reasonably give their probabilistic values in MAGDM problems, it is
difficult to apply it in actual MAGDM problems. According to the theory of probability and statistics,
it is seen that the probability value yielded from a few of the evaluation values (small-scale sample
data) is unreasonable and may cause the probability distortion. Moreover, the three-phase MAGDM
method also lacks its flexible decision-making feature in the setting of probabilistic MVNSs.

Recently, many researchers have proposed various Aczel-Alsina aggregation operators and their
decision-making approaches in various fuzzy circumstances because the operations based on the
Aczel-Alsina t-norm and t-conorm [16, 17] reflect the advantage of changeability by an adjustable
parameter. For example, Fu et al. [18] proposed the Aczel-Alsina aggregation operators of entropy
fuzzy elements and their MAGDM model for renal cancer surgery options in the case of fuzzy multi-
sets. Yong et al. [19] introduced the Aczel-Alsina aggregation operators of simplified neutrosophic
elements and their MADM approach. Senapati [20] proposed the Aczel-Alsina average aggregation
operators of fuzzy picture elements and their MADM approach. Hussain et al. [21] presented the
Aczel-Alsina aggregation operators of T-spherical fuzzy elements and their decision-making
problems. Then, Senapati et al. [22-24] developed the Aczel-Alsina aggregation operators of (interval-
valued) intuitionistic fuzzy elements and their MADM approach. Senapati et al. [25] introduced
hesitant fuzzy aggregation operators and applied them to the assessment of cyclone disasters.
However, these Aczel-Alsina aggregation operators cannot deal with the aggregation operations and
MAGDM issues of NMVSs.

To solve the aforementioned limitations/deflects of the existing methods in the case of NMVSs,
the purposes of this research are: (1) to propose a conversion method from a neutrosophic multi-
valued element (NMVE) to a neutrosophic entropy element (NEE) in light of the average values and
Shannon/probability entropy of truth, falsity, and indeterminacy sequences, (2) to define score and
accuracy functions of NEE and ranking laws of NEEs, (3) to propose the Aczel-Alsina t-norm and t-
conorm operations of NEEs and the NEE Aczel-Alsina weighted arithmetic averaging
(NEEAAWAA) and NEE Aczel-Alsina weighted geometric averaging (NEEAAWGA) operators, and

Weiming Li, Jun Ye, Ezgi Tirkarslan, MAGDM Model Using the Aczel-Alsina Aggregation Operators of Neutrosophic
Entropy Elements in the Case of Neutrosophic Multi-Valued Sets



Neutrosophic Sets and Systems, Vol. 57, 2023 3

(4) to develop a MAGDM method by the proposed NEEAAWAA and NEEAAWGA operators and
score and accuracy functions to be effectively used for flexible decision-making issues with the
information of NMVSs.

In order to verify the impact of different parameter values on the decision results of the proposed
MAGDM model, an illustrative example indicates the efficiency and rationality of the proposed
MAGDM model. Then, comparative analysis shows that our new techniques not only overcome the
defects of the existing techniques, but also are broader and more versatile than the existing techniques
when dealing with MAGDM problems in the setting of NMVSs.

However, the conversion method, the NEEAAWAA and NEEAAWGA operators, and the
MAGDM model proposed in this research show new contributions and outstanding advantages of
these new techniques.

The remainder of this paper contains the following sections. Section 2 proposes a conversion
method from NMVE to NEE in terms of the mean and Shannon entropy of the truth, indeterminacy
and falsity sequences in NMVEs, and then defines score and accuracy functions of NEE, ranking laws
of NEEs, and the Aczel-Alsina t-norm and t-conorm operations of NEEs. Section 3 presents the
NEEAAWAA and NEEAAWGA operators and their properties. In Section 4, a MAGDM model is
established by the NEEAAWAA and NEEAAWGA operators and the score and accuracy functions
of NEEs in the NMVS setting. Section 5 introduces an illustrative example and comparison with
existing techniques to show the efficiency and rationality of the new techniques. The last section
contains conclusions and further work.

2. NEEs Based on the Mean and Normalized Shannon Entropy in the Case of NMVSs

In the setting of NMVSs, this section first presents a NEE concept by a conversion method based
on the Shannon entropy and average values of truth, falsity and indeterminacy sequences, and then
defines the score and accuracy functions and ranking laws of NEEs and the Aczel-Alsina t-norm and
t-conorm operations of NEEs.

Definition 1 [14]. Set Y = {yx| k=1, 2, ..., m} as a finite universe set. A NMVS M on Y is defined as

M = (e M (5. M, (). Me (0) i Y

where Mr(yx), Mi(yx) and Mr(yx) are the truth, indeterminacy, and falsity sequences with the same
and/or different fuzzy values, which are denoted by M, (Y,)= (5 (Y ), (Y, )i (V,)) .

M, (y,) = (all(yk)’alz(yk)’---va:k (y,)) and Mg (yk) = (Oﬁl: (yk),a,i (yk),---'a.ik (yk)) for yx € Y,
along with the length of their sequence r«and 0 <sup M. (y,)+supM, (y,)+supM (y,) <3 (k
=1,2,...,m).

For convenience, the kth element <yk,MT YO M, (Y, ), M, (yk)> in M is denoted as the NMVE
Ms, =(M; .M, M )= <(a%k,aT2k,...,OtTrf(), (A, Oy ), (Ol o O > in decreasing

sequences.
First, the concept of the Shannon/probability entropy [26] is introduced below.
Set a = {on, e, ..., ou} as a probability distribution on a set of random variables. Then, the
Shannon entropy of the probability distribution « is expressed as

P(oz)z—znlaj In(e;). (1)

where ¢; € [0, 1] and Z?:lai =1.

If all values of ¢ (j =1, 2, ..., n) are the same, then the entropy P(«) reaches the maximum value,
which means perfect consistency of . Generally, there is an approximately linear relationship
between entropy and standard deviation: the larger the standard deviation, the smaller the entropy.
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In the following, we present the definition of NEE by a conversion method in light of the
normalized Shannon entropy and average values of truth, falsity, and indeterminacy sequences in
NMVE.

Definition 2. Set Ms, :<MTk' My, MFk> :<(a'l%k’a'|?k""’a'ltt<)!(ail-k'alzk""’alrli)!(aékiaék""’alzkk)> as the

kth NMVE. Then, its NEE is represented as follows:

Ng, :<(aTk’eTk)’(alk’elk)'(aFk’eFk)>’

where an, ax, arx € [0, 1] are the average values of the truth, indeterminacy, and falsity sequences
and em, ex, erc € [0, 1] are the normalized entropy values of the truth, indeterminacy, and falsity
sequences, which are yielded by the following formulae:

1 1 & « a
— ] _ TK Tk .
1) oy ——E o, and €, =— E - In— ;

r < Inr, 4= - ;
K K ZaTJk Zale

1& 1 & « a
2 a,=— E a) and €, =— E K |n—%—|;
I

k= Nt = Za|{< Zaljk

j=1 i=

1& 1 &G « a
_ ] _ Fk Fk
@) an =— E o, and ey =— E - In—

r < Inr, <= ; ;
K I zaék Zaék

=t i=

Remark 1. Since the entropy of r« components cannot exceed Inrx (1« > 1), the defined normalized
Shannon entropy measures satisfy emn, e, erx € [0, 1], and also there exist the following results:

i T i

IR Y
T = e s 3 g
i1 j [ j -1 j
ZO‘Tk Zalk ZaFk

which can satisfy the Shannon entropy conditions. When all components in a multi-valued sequence
are the same value, the normalized Shannon entropy is equal to one (the maximum value).

Example 1. Let Ms = <(0.8, 0.7, 0.5), (0.3, 0.2, 0.1), (0.2, 0.2, 0.2)> be NMVE. Using the formulae (1)-(3)

in Definition 2, we obtain the following NEE:
Ne=<(0.6667, 0.9835), (0.2, 0.9206), (0.2, 1)>.
Then, we can give the definition of some relations of NEEs below.
Definition 3. Set Ne1=<(amn, er1), (an, en), (ar, er1)> and N2 =<(ar, er), (ar, er), (ar, er)> as two NEEs.
Then, their relations are defined as follows:

(1) N2 Ne2 & an > ar, ert 2 en, ar > on, er > en, ar > ar, and er > er;

(2) Ne1 = Ne2 << N1 © Ne2 and Ne2 D Neg;
(8) Ng,UNg, = <(0‘T1 V Qg €0y VE), (@ A5, €1 A8,) (Oey A5, B /\er)>;

(4) Ng, MNg, :<(0‘T1 Ay, AB), (@) VaIZ’ellvelz)!(aFlvaFZ’eFlveF2)>;

Weiming Li, Jun Ye, Ezgi Tirkarslan, MAGDM Model Using the Aczel-Alsina Aggregation Operators of Neutrosophic
Entropy Elements in the Case of Neutrosophic Multi-Valued Sets



Neutrosophic Sets and Systems, Vol. 57, 2023 5

(5) (NEl)C:<(aF1,eFl),(l—a,l,l—ell),(aTl,eT1)> (Complement of Ne1).

To sort NEEs, we define the score and accuracy functions and ranking laws of NEEs below.
Definition 4. Let N = <(am, ew), (an, ex), (ark, er)> for k =1, 2 be two NEEs. Then, the score and
accuracy functions of NEEs are defined as follows:

R(Ng ) =(2+ay xey —ay <, —ag xeg) /3 for R(NEk) €[0,1], 2)

Q(Ng) =a;, xe;, —aq xe., for Q(Ng)e[-11]. (3)
Thus, the two NEEs Ne1 and N are ranked by the following laws:
(1) If R(Ne) > R(Ne2), then N1 > Nez;
(2) If R(Ne) = R(Ne2) and Q(Ne1) > Q(Nez), then Ne1 > Nez;
(3) If R(Ne) = R(Ne2) and Q(Ne1) = Q(Nez), then Ne1 = Ne2

Example 2. There are two NEEs N = <(0.6333, 0.6376), (0.1333, 0.6534), (0.3, 0.6783)> and Nk =
<(0.4667, 0.6464), (0.2, 0.6338), (0.2333, 0.7346)>. By Eq. (2), the score values and ranking of the two
NEEs are given as follows:
R(NE1) = (2+0.6333x0.6376 — 0.1333x0.6534 — 0.3x0.6783)/3 = 0.7044,
R(NE2) = (2+0.4667x0.6464 — 0.2x0.6338 — 0.2333x0.7346)/3 = 0.6678.
Since R(Ne1) > R(Ne), the ranking of both is Ne1 > NE.
Regarding the t-norm and t-conorm operations, Aczel and Alsina [16] and Alsina et al. [17]
defined the Aczel-Alsina t-norms G » (c,d) : [0, 112 - [0,1] and the Aczel-Alsina t-conorms

Hp(C, d):[0,1]2—[0,1] forallc, d € [0, 1] and p> 0 as follows:
(a) The Aczel-Alsina t-norms are defined as
G,(c,d), ifp=0
G,(c,d)=1min(c,d), ifp=o

(~Inc)? +(~Ind )~y

e , Otherwise
(b) The Aczel-Alsina t-conorms are defined as
H,(c,d), ifp=0
H (c,d)={max(c,d), ifp=00 ’
1— g (CA=e)"+ @O gtheryise

where Go(c, d) and Ho(c, d) are the drastic t-norm and the drastic t-conorm, respectively, which are

denoted as
c, ifd=1 c, ifd=1
G,(c,d)=4d, ifc=1 and Hy(c,d)=<d, ifc=1
0, otherwise 1, otherwise

Since the operations based on the Aczel-Alsina t-norm and t-conorm [16, 17] reflect the
advantage of changeability by an adjustable parameter p, we can give the definition of the Aczel-
Alsina t-norm and t-conorm operations of NEEs.

Definition 5. Let Nu = <(ar, en), (an, en), (ar, en)> and Ne2 = <(ar, er), (an, er), (ar, er)> be two
NEEs, p21, and y> 0. Then, their operations are defined below:
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(1_ o (CI-ary) 4 (-In(l-ar )7 1 _ g=((-In(1-ery))” +(-In(i-er;))” )" )

(1) NEl @ NE2 = e_((—|l’1a|1)“+(—|na|2)0)1//3 ’ e_((_|ne|1)a+(_|nelz)p)ﬂp )’ I

- (Inaey) +(-Inag)” e—«—lnepl)m(—lne;z)ﬂ)”ﬂ)

(e—((—lnan)P+(—Inam>ﬂ)”“ e—((—lnen)h(—lnemm”ﬂ)

@ N_,®N_= 1_e—((—ln(l-au))”+(—|n(l-a|z))”)ﬂ" l_e—((—ln(l—el1))"+(—|n(1—e|z))p)””)
El E2 !

l 7

(1_e*((*|ﬂ(l*0¢1))"+(*|n(1*apz))”)ﬂp 1_e*((*ln(lfem))“(*|n(1*9|=z))")”” )

(1_ o (In-ar )Y q _ o-(r(-Ini-ery))” ) )

(3) 7Ng=

(e—m—ln(au»”)”ﬂ e—(y(—lne.n”)”ﬂ) (e—(y(—lnammﬂﬂ e—(y(—lnemmﬂp)

(e—(y(—lnamp)”” 1 g (r(-ner) ) )

(4) (N E]_)y = (1— e_(}/(_In(l—o‘u))p)l//J ’1_ e—(}/(—h‘](l_ell))p)l/p ) ,

(1_ o (rInt-ae )} o=(r(-In-ec))")"” )

Example 3. Let N1 = <(0.6333, 0.6376), (0.1333, 0.6534), (0.3, 0.6783> and Ne2 = <(0.4667, 0.6464), (0.2,
0.6338), (0.2333, 0.7346)> be two NEEs, p=3, and y= 0.6. Using the operations (1)-(4) in Definition 5,
we obtain the following operational results:

(1_ e—((—ln(1—0.6333))3+(—In(1—0.4667))3)”3 1— e—((—In(1—0.6376))3+(—In(1—0.6464))3)”3 )

—((— 3.0 3313 _((_ 3.(_ 33
Ng, ®N,,= (e ((~1n0.1333)3+(~In0.2)) e ((~1n0.6534)%+(~In0.6338)°) )

M ;
(e—((—ln0.3)3+(—ln0.2333)3)”3 e—((—ln0.6783)3+(—ln0.7346)3)”3)
= <(0.6603, 0.7260), (0.0991, 0.5735), (0.1845, O.6411)>
(e—((—ln0.6333)3+(—In0.4667)3)”3 e—((—ln0.6376)3+(—In0.6464)3)”3)
N o N L= (1_ e—((—In(1—0.1333))3+(—In(1—0.2))3 W3 1— e—((-|n(1-o.6534))3+(—|n(1—0.6338))3)”3 )
(2) : .
(1_ e—((—ln(l—0.3))3+(—In(1—0.2333))3 W3 1- e—((—In(1—0.6783))3+(—In(1—0.7346))3)”3 )
= <(O.4434, 0.5721), (0.2143, 0.7278), (0.3299, 0.7898)>
1— e—(O.G(—In(1—0.6333))3 Y3 1— e—(O.G(—In(l—O.6376))3 3 )
0.6N,,=
3) ( @ (06(-n 0.1333)%)Y2 ’ o (06(-In 0.6534)%)Y3 ) 1 (ef(o.e(fm 0.3)%)"8 ’ (08(-In 0.6783)%)3 )

= ((0.5709, 0.5752), (0.1827, 0.6984), (0.3622, 0.7208))
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(e—(0.6(—ln 0.6333)%)3 @ (06(-n 0.6376)% )3 )

3,13 3 13
(NEl)o.ez (1 @ (06(-In(1-01333))°) 1 @~ (06(-In(1-06534))%) )
4)

(
(1_ e—(o.s(—|n(1—o.3))3)”3 1— e—(O.G(—In(1—0.6783))3)”3 )

=((0.6803, 0.6841), (0.1137, 0.5909), (0.2598, 0.6158))

3. Aczel-Alsina Aggregation Operators of NEEs

3.1 NEEAAWAA Operator

This part proposes the NEEAAWAA operator according to the operations in Definition 5.
Definition 6. Set Nex = <(a, em), (au, ex), (arx, er)> (k=1,2, ..., m) as a group of NEEs with the weight
vector of Nex = (0, 1, ..., yn) for n € [0, 1] and ZL 7, =1. Then, the definition of a NEEAAWAA

operator is given by the following form:
NEEAAWAA(NEI,NEZ,...,NEm)=k@:1}/kNEk. 4)

Thus, the NEEAAWAA operator has the following theorem.
Theorem 1. Set N = <(ar, enx), (a, ex), (ark, er)> (k=1, 2, ..., m) as a group of NEEs with the weight

vector of Nex ¥ = (1, 2, ..., ym) for x € [0, 1] and Z:Zlyk =1. Then, the collected value of the
NEEAAWAA operator is till NEE, which is given by the formula:

m Vp m Ve
—[Zyk (- In(l-arpy ))ﬂ] —[Z:/k (- In(1-ex ))P]
1— g \kt e \kt

_[gyk(_lnelk)p] ’ . (5)

,e )

m _[in(_lnalk)p] ’
NEEAAWAA(Ne;, Ney i Ne) = © 74 Ng =( | e

o Up . up
’{Z?k (’InaFk)p] ’[Zyk(’lneFk)p]
k1 =)

€ e

Proof. Theorem 1 is proved by mathematical induction below.
(1) Letk=2. According to Definition 5 and Eq. (4), the operational results are given as
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NEEAAWAA(N,,,N¢,) =Ny, @ 7,Ng,

(1— e’(m—ln(l—an))*’)ﬂ” 1 e—(yl(fln(lfe“))f’)”" j , ( 1l (-In(t-ar,))” 1 ol (-In@er)”)”” ] ,
_ (e—(yl(—lna”)")ﬂp e‘(h("” eu)p)lh7 j @ (e—(h(—ln alz)p)yﬂ e—(yz(—lnelz)/’)llﬂ j
(e—(h(-'na:l)")w e_(}/l(_lneFl)p)upj (e_(b(_man)p)ﬂp e_(yz(_mepz)p)wj
2 Up 2 Up
—{Zn (~In(t-a ))"] {Zn (~In(1—en, ))pj
l-e'= J1—e ,
(6)
2 Up 2 1p
—(Zn (-'”an()p} _[Z}/k (_Inelk)pj
— e k=1 , e k=1 ,
2 Up 2 1p
—[Zﬂ (_InaFk)p) —[Z7k (=Inegy )p]
e k=1 , e k=1
(2) Assume Eq. (5) for k =s exists. Then, there exists the following result:
s Up R Up
—[Zn (=In(L-a ))f’] —[Zn (~In(L-en ))*’]
l-e'= J1—e ,
s 1p s Up
s *[Z?k(*'nam)p] *[ZYK (*'“elk)p] : (7)
k=1 k=1

NEEAAWAA(N;, Nzg,, . Ne) = @ 7 Ng ={ [ e e\ :

Up

s Ve s
—{Zm (_InaFk)ﬁ] —{Z}/k ("“%k)"]
g \id e \d

(3) Let k=s+1.By Egs. (6) and (7), there is the following result:
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s+1

NEEAAWAA(N,, N,,...,N;, N, 1) = @ 7, N

Vp

S ]Jp S
—[Zn (~In(l-ar »P] —[Zn(—lnu—m ))ﬂ]
l1-e '\ J1—e '

(1— g - in-ama)y? Jr 1 g (rmatn-erm)y ) j

s Vp s p

e’(}/mﬂ (*Inemd)p)ﬂ/) \]

(e(y”‘” (=In aF"‘*l)p)up e7(7m+1 (=In eFm+1)p)l/ j

s Vo s Vo
*[Zn (*lmlpk)pj {Zn (*'neFk)pJ
e €

k=1

s+ Vo st Ve
—[Zyk (~Inl-ar »/’] —{Zn (=In(2—er, ))ﬂ]
1 —e \ —e \

s+l Ve s+l W
{Zn (*ln%k)a] *[Z}’k (*'nelk)p]
k=1 k=1

= e [l e ’

k=1 k=1

stl Ve stl Ve
_[ZVK (_lnaFk)pJ _[ZVK (_IneFk)pJ
e e

Based on the above (1)-(3), Eq. (5) can hold for any k. [
Moreover, the NEEAAWAA operator of Eq. (5) implies the following properties.
Theorem 2. The NEEAAWAA operator contains the properties (P1)-(P4):

(P1) Idempotency: Set Nex = <(am, er), (au, ex), (arx, erx)> (k=1, 2, ..., m) as a group of NEEs. If Nex= Nk
(k=1,2, ..., m), there is NEEAAWAA(NEi, N, ..., Nem) = NE.

(P2) Commutativity: Assume that a group of NEEs (Ng,, N¢,, ..., Ng,,) is any permutation of (N,
N2, ..., Nem). Then, NEEAAWAA (N, Ng,, ..., Ni,) = NEEAAWAA (Ng;,Ng,,...,Ng, ) can exist.

(P3) Boundedness: If the maximum and minimum NEEs are specified as follows:

Nepee = (max(a ). max(ey,)). (min(e, ). min(e, ) ). (min(a. ) mincey,) )

N = (min(ees, ) min(eq,) ). (ma(ce, ), max(e.) ). (max(ezs, ), max(es) )
then Nemin < NEEAAWAA(NE1, N, ..., Nen) £ NEmax can exist.

(P4) Monotonicity: If Ng < N;k (k =1, 2, ..., m), there is NEEAAWAA(NE1, Ng, ..., New) <
NEEAAWAA(Ng,,N,,...,NZ ).

Proof. (P1) If Nex=<(om, en), (aw, ew), (ork, er)>=NEe (k=1, 2, ..., m), by Eq. (4) we yield the result:

Weiming Li, Jun Ye, Ezgi Tirkarslan, MAGDM Model Using the Aczel-Alsina Aggregation Operators of Neutrosophic
Entropy Elements in the Case of Neutrosophic Multi-Valued Sets



Neutrosophic Sets and Systems, Vol. 57, 2023 10

NEEAAWAA(Ne;, Ne, .., Nep) = @ 7N

m Up m Up
—[Zyk (=In(L-ar »ﬂ] —[Zm (=In(t-ep, »”J
Jd1-e

1—g \2 k=L

m Ve m Vp
—[Zyk (-Inl-ay ))”] —[Zyk (~In(L-¢r ))”]
1 —e \ g \kt

m Up m Ve m Ve m Up
*[ZVK(*'”D‘W)D] *[zn(*lnelk)p} {Zm (=Iney )pJ *[ZVK (=Ine, )p]
— g \a e

k=1 — k=1 k=1
1 e ’ - e ’ 1

m Up m Up m Up m Up
—[Zm—lnapk )”J —[Zn(—lnm)*’] —[Zn (-Ine )ﬂ] —[Zm—lnep)“]
e k=1 e k=1 e k=1 e k=1

1— e—((—ln(l—aT )? )]'” 1— e—((—ln(l—eT )7 )up
' ' (l_eln(l—aT),l_eln(l—eT))’

_ [e((Ina,)/’)ﬂﬂye((Ine,)")ﬂﬂj’ _ (ema, ,elne. >, :<(aT'eT)!(al’el)’(aF!eF)>: NE

Inag  Alnep

(P2) The property (P2) is straightforward.
(P3) Since the inequalities mkin ()< aq < max (o) - mkin (en) <ey < max (I

mkin ()< oy < max (ay) - mkin (ex) =< g, < max (ex) - mkin (o) < ag < max (ag) » and
min (e, ) < e, <max(e,) exist based on the maximum and minimum NEEs, there are the
k K

following inequalities:

/p Up
2 (= In(l-max e )))*’]

> 7 (=In(a- m'”(ﬂfrk)))p] [
<l-e

[ - > e (Ina- aw))”]
l-e'=

7

Va 1 p
{Zn( In(1- mm(ewk)»“] PFAG LS max(erk)»*’]

Sl_e {k1

[Zn( In(1— w»ﬂ]
(Zyk( In(max(a.k)»*J [ Yie(= lna.k)”J
g\ <g '\ <e

l-e

7

n 1 p
ayAS ln(mm(a.k»)*’]

7

k=1

1p
n( |n(m|n(e|k)))‘ J

7

[Zyk( In(max(e.k)»*] > Ine.k)”J
e =

m Up m Up n Up
—{Zyk (-In(max (e )))*’] A lnaw] | 2o (In(min (e )))”]

e k=1 Se [k

7

1Up 1Up
[Zyk( In(max(e;k)))”] [ 7 (- lnepk)p]
e <e

k=1

TME

n 1Up
| 27 (-In(min (e )))*J

m
Regarding the property (P1) and the score value of Eq. (2), we can obtain Nemin < k@l 7Ng <
Nemax, then there is Nemin < NEEAAWAA(NE, Ne, ..., Nen) £ NEmax.
m m
(P4) When Ng < N;k (k = 1, 2, ..., m), there exists k@l}/k Ng < k@l}/k Ng . Thus,

NEEAAWAA(NEi, Ne, .., Niw) < NEEAAWAA(NZ,, NL,,..., N, ) can exist. [

Especially when p =1, the NEEAAWAA operator of Eq. (5) is reduced to the NEE weighted
arithmetic averaging (NEEWAA) operator:
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k=1 k=1

[lﬂ[ (a, )" ,lﬂ[ (e,)" j, [lﬂ[ (g ) ,lﬂ[ (e, )" j

(kﬁ(l—%)”J—ﬁ(l—ew)“ j

NEEWAA(N;, Nzy s Ney) = © 7, N = .8

3.2 NEEAAWGA Operator

This part presents the NEEAAWGA operator according to the operations in Definition 5.
Definition 7. Set Nex = <(ar, em), (o, ex), (arx, er)> (k=1,2, ..., m) as a group of NEEs with the weight

vector of Nex y= (1, 9, ..., ) for xe [0, 1] and ka:1 7, =1. Thus, a NEEAAWGA operator is defined

as
NEEAAWGA(Ngy, Nezy-ors Ney) = ®(Ngy ) ©)

Then, the NEEAAWGA operator shows the following theorem.
Theorem 3. Set N = <(ar, enx), (o, ex), (ark, er)> (k=1, 2, ..., m) as a group of NEEs with the weight

vector of Nex ¥ = (»n, 72, ..., ym) for we [0, 1] and ka:17k =1. Then, the collected value of the
NEEAAWGA operator is also NEE, which is obtained by the following formula:

Up

m Ve m
_[Zﬂk (=Ina )ﬂ] —[Z:Vk (—IneTk)/’]
€ ,8 N

k=1

> Inay, ) > (In(i-e )

NEEAAWGA(NEl,NEZ,...,NEm):é(NEk)”: 1—e{k:1 J,l—e_[“ ) AR

m Ve
Z}/k (=In(1-egy ))p]

m Ve
—[Zn (cIni-ar, ))*’j —[
Py 1—g \i@

l-e

By the similar proof way of Theorem 1, we can easily verify Theorem 3, which is omitted.
Similarly, the NEEAAWGA operator also contains some properties.

Theorem 4. The NEEAAWGA operator includes these properties (P1)-(P4):

(P1) Idempotency: Set Nex = <(ar, etx), (o, ex), (ark, er)> (k=1, 2, ..., m) as a group of NEEs. When N«
=Ne(k=1,2, ..., m), NEEAAWGA(NE, N, ..., Nem) = NE exists.

(P2) Commutativity: Assume that a group of NEEs (Ng,, N¢,, ..., Ng,) is any permutation of (N,
Nk, ..., Nen). Then, NEEAAWGA (N, N, ..., N, ) = NEEAAWGA (N, N, ..., N, ) can exist.

(P3) Boundedness: If the maximum and minimum NEEs are specified below:

N = {(max(et, ) max(er) ), (min(es,). min(e, ) ). (min(as, ). mines,) )

Ne i :<(mkin(aTk),mkin(eTk)),(mgx(a,k),mgx(e,k)),(mgx(aFk),m;ax(eFk))>,
then Nemin < NEEAAWGA(NE1, Ne, ..., Nen) £ Nemax can hold.

(P4) Monotonicity: Set Ng, < N;k (k =1, 2, ..., m). Then, NEEAAWGA(Nze, Ney, ..., Nen) <
NEEAAWGA(N;,,Nf,,..., N7, ) exists.

By the similar proof method of Theorem 2, we can easily verify Theorem 4, which is not repeated
here.
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Especially when p =1, the NEEAAWGA operator is reduced to the NEE weighted geometric
averaging (NEEWGA) operator:

NEEWGA(N,;, Nz ..., Ney) = ©(Ng, )"
(ﬁ (o)™ 1lﬂ[(erk)ykJ’(l_lﬂ[(l_oﬁk)yk J‘ﬁ(l_elk)yk j’ - (1)
(1_ﬁ(1_aFk)yk 11_1m[(1_e|:k)yk ]

4. MAGDM Model Based on the NEEAAWAA and NEEAAWGA Operators and the Score and
Accuracy Functions

In this section, a MAGDM model is established by the proposed NEEAAWAA and
NEEAAWGA operators and score and accuracy functions to solve MAGDM problems in the NMVS
setting.

Regarding a MAGDM problem, a set of s alternatives L = {L1, Lo, ..., Ls} is preliminarily provided
and satisfactorily evaluated by a set of m attributes B = {1, b, ..., bu}. Then, the importance of various
attributes bk (k =1, 2, ..., m) is assigned by a weight vector y= (», 12, ..., ) with x € [0, 1] and

:11 7 =1. The satisfactory evaluation values of each alternative L: (i = 1, 2, ..., s) over each

attribute bx (k =1, 2, ..., m) are assigned by a group of experts/decision makers, then the evaluated
truth, indeterminacy, and  falsity = sequences are denoted as the NMVE

_ 12 i ) i ) f
Ms, = <MTik MM Fik> = <(aTik'aTik""’ o ) (O Qs ooy O ) (Ol s Ay oo O > for

0<supM;, +supM,, +supM, <3 and aTjik, a,jik,a,iik el0,11(G=12,...,mi=1,2,..., s k=
1, 2, ..., m). Then, the evaluated NMVEs are represented as the decision matrix of NMVEs Mbp =
(Msik)sxm.

Regarding this MAGDM problem, we give the decision steps below.

Step 1: By the formulae (1)-(3) in Definition 2, all NMVEs in the decision matrix Mp are
conversed into the NEEs Nri = <(ari, eri), (cuik, eiix), (i, eri)> for arix, cuix, arik € [0, 1] and erw, eri, erix €
[0,1]1(G=12, ..., s k=1,2, ..., m), which are constructed as the decision matrix of NEEs Nbp = (Nki)sxm.

Step 2: Using one of Eq. (5) and Eq. (10), the aggregated NEE N:i (i=1, 2, ..., s) for Li is given by
one of two formulae:

m Ve m Ve
—{Zn (=In(1-ery, ))”J {Zm (=In(1-er;, ))ﬂ]
l-e' d1—e '

{gm—lne..k )ﬂ]ﬂﬂ , (12)

n Up
*[Zyk (=Inayi )pJ
e :

Ng :NEEAAWAA(NEil’NEiZ""’NEim):gykNEik: €

up

m Ve m
{Zn(*lnam )P] [Zn (*'”eFik)p]
k= k=L

e €
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m Up m Up
—[Zyk (~Inary )*’] —[Zn (~Iner, )/’]
k=1 k=1

e e )

.(13)

m

Vp
D (=In(l-ayy ))”]

m . *[ *[iyk (*ln(]-*enk))ﬂJ /
Ng = NEEAAWGA(N gy, Neiy -+ Ne) = ®(Ng ) =( | 1-e 1 1-e & ,

m Vo
—[Zyk (= In(l-ag;, »p]
1—p \& _ k=1

m Ve
—[Zn (= In(l-exic »”J
e

Step 3: The score values of R(NEi) (the accuracy values of Q(NEi) subject to necessary) (i=1,2, ...,
s) are obtained by Eq. (2) (Eq. (3)).

Step 4: All alternatives are sorted based on the ranking laws and the best one is chosen.

Step 5: End.

5. Illustrative Example and Comparison with Existing Techniques

5.1 Example on the Performance Assessment of Service Robots

Service robotics contain many application fields, such as industrial service robots, home service
robots, and medical service robots. They are improving our daily lives in various ways. Then, most
of them have unique designs and different degrees of automation (from full teleoperation to fully
autonomous operation) to affect the quality of our work and lives. However, the performance
evaluation of the service robots is an important issue for users. To indicate the applicability of the
developed MAGDM model under the environment of NMVSs, this subsection applies the developed
MAGDM model to the performance assessment of service robots.

Suppose that there are four kinds of service robots/alternatives, which are denoted as their set L
= {Ly, L2, Ls, Ls}. Then, they must satisfy the requirements of the four performance indices/attributes:
mobility (b1), dexterity (b2), working ability (bs), and communication and control capability (bs). The
weight vector of the four attributes is given as y=(0.25, 0.24, 0.26, 0.25) by experts/decision makers.
The assessment of four types of service robots over the four attributes is performed by three
experts/decision makers, where their evaluation values are assigned by the NMVEs

Ms;, = <MTik’ My, M Fik> = <(a'lj:ik Oty eees Oy ) (i O 05 ), (s O a;kik)> (consisting of the
truth, indeterminacy, and falsity sequences) for 0<supM,, +supM,, +supM_, <3 and aTjik ,
a,jik, a,iik €[0,11(G=1,23;i k=1, 2,3, 4 rc=_3). Thus, all assessed NMVEs can be expressed as the
following decision matrix of NMVEs Mb = (Msik)4xa:

(0.8,0.7,0.7),\  /(0.8,0.7,0.6),\ /(0.7,0.7,0.6),\  /(0.7,0.7,0.7),
(0.3,0.2,0.1), ) {(0.3,0.1,0.1), <(0.3,0.3,0.3), (0.3,0.1,0.1),
(0.2,0.2,0.1) (0.4,0.3,0.2) (0.3,0.2,0.2) (0.3,0.3,0.3)
(0.7,0.7,0.6),\  /(0.7,0.7,0.7),\  /(0.8,0.8,0.7),\  /(0.8,0.8,0.8),
M, (0.2,0.2,0.2), ) {(0.3,0.3,0.2), <(0.1,o.1,0.1), (0.2,0.1,0.1),> .
w | M:|_| \©20200 (0.3,0.1,0.1) (0.3,0.2,0.2) (0.4,0.3,0.3)
°7IM,| | /(0.8,07,06)\ [(0.7,0.7,06),\ /(0.8,0.7,07),\ /(0.8,0.8,0.7),
M, (0.3,0.3,0.2), ) {(0.2,0.1,0.1), (0.1,0.1,0.2), (0.2,0.1,0.1),
(0.3,0.2,0.2) (0.3,0.3,0.1) (0.2,0.1,0.1) (0.4,0.4,0.3)
(0.8,0.8,0.6),\ /(0.9,0.8,0.8),\ /(0.8,0.7,0.7),\ /(0.7,0.7,0.7),
(0.2,0.2,0.2), ) {(0.1,0.1,0.1), (0.4,0.4,0.2), ) { (0.2,0.1,0.1), >
| 1(0.3,02,0.2) (0.3,0.2,0.1) (0.5,0.3,0.3) (0.2,02,0.1) / |
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In the MAGDM example, the proposed MAGDM model is given by the following decision

process.

First, using the formulae (1)-(3) in Definition 2 for the decision matrix Mb = (Msi)4x4, we obtain

the NEE decision matrix Nbp:

((0.7333, 0.9981), (0.2000, 0.9206), (0.1667, 0.9602))
((0.6667, 0.9977), (0.1667, 0.9602), (0.1667, 0.9602))
> 1 ((0.7000, 0.9938), (0.2667, 0.9851), (0.2333, 0.9821))
((0.7333, 0.9922), (0.1667, 0.9602), (0.2333, 0.9414))

((0.6667, 0.9977), (0.3000, 1.0000), (0.2333, 0.9821
<(0.7667, 0.9983), (0.1000, 1.0000), (0.2333, 0.9821
<(0.7333, 0.9981), (0.1000, 1.0000), (0.1333, 0.9464)
<(0.7333, 0.9981), (0.3333, 0.9602), (0.3667, 0.9713)

((0.7000, 0.9938), (0.1667, 0.8650), (0.3000, 0.9656))
((0.7000, 1.0000), (0.2667, 0.985L1), (0.1667, 0.8650))
((0.6667, 0.9977), (0.1333, 0.9464), (0.2333, 0.9141))
((0.8333, 0.9986), (0.1000, 1.0000), (0.2000, 0.9206))

((0.7000, 1.0000), (0.1667, 0.8650), (0.3000, 1.0000))
((0.8000, 1.0000), (0.1333, 0.9464), (0.3333, 0.9461))
((0.7667, 0.9983), (0.1333, 0.9464), (0.3667, 0.9922))

)
)

(0.7000, 1.0000), (0.1333, 0.9464), (0.1667, 0.9602)

Then using one of Egs. (12) and (13), the aggregated NEEs N&i (i = 1, 2, ..., s) are calculated
corresponding to various values of p, and then score values of Nt (i =1, 2, ..., s) for Li and ranking
orders of the four alternatives are given by Eq. (2) and the ranking laws, which are shown in Tables

1 and 2.

Table 1. Decision results based on Eq. (12) and Eq. (2)

p Score value Ranking The best one
1 0.7594, 0.7953, 0.7863, 0.7909  L2>La> L3> L1 L
3 0.7673,0.8067, 0.7981, 0.8038  L2>Ls>Ls>Ls L
5  0.7730,0.8148, 0.8066, 0.8133 ~ L2>Ls>Ls> L1 Lo
7 0.7777,0.8209, 0.8130, 0.8206 ~ L2>Ls>Ls>Ls Lo
9  0.7815,0.8255,0.8178,0.8264  Ls>[2>Ls>1Ls Ls
11 0.7846, 0.8290, 0.8217,0.8309  Lis>L2>L3>Ls Ls

Table 2. Decision results based on Eq. (13) and Eq. (2)

p Score value Ranking The best one
1 0.7448, 0.7820, 0.7717,0.7728 ~ L2>La>L3>1La L
3 0.7340, 0.7617, 0.7496, 0.7446  L2>Ls>La>1La L
5 0.7250, 0.7455, 0.7326, 0.7247  L[2>Ls>La>1La L
7 0.7183,0.7341, 0.7212,0.7123 ~ L2>Ls>L1> L4 L
9 0.7135, 0.7262, 0.7134, 0.7043 ~ L[2>L1> L3> L4 L
11 0.7100, 0.7207, 0.7079, 0.6988 ~ L2>L1> L3> L4 L.

According to the decision results in Tables 1 and 2, the ranking orders produced by Eq. (12) and

Eq. (13) show their difference, then the best alternative Lz is the same by taking p=1, 3. Moreover, in
the proposed MAGDM model, using different values of p and different aggregation operators can
affect the ranking orders of alternatives and show its decision flexibility, then the change of the
parameter p is sensitive to the ranking impact of alternatives. However, the best alternative of the
example is L2 or L« depending on a preference selection of decision makers.

5.2 Comparison with existing techniques in the setting of NMVSs
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In this part, we compare our new techniques with existing techniques [14] in the setting of
NMVSs.

On the one hand, the characteristic comparison between our new techniques and the existing
techniques is indicated in Table 3.

Table 3. Characteristic comparison between our new techniques and the existing techniques

Decision-making

Evaluation Using
Method Conversion form model with an

information condition

adjustable parameter
CNE based on the
mean and
Existing Normal
NMVS/NMVE  consistency degree No
techniques [14] distribution

(complement of

standard deviation)

NEE based on the
Our new
) NMVS/NMVE mean and Shannon Yes No limitation
techniques
entropy

Regarding the comparative results of Table 3, our new techniques are often broader and more
versatile than the existing techniques when dealing with MAGDM problems in the setting of NMVSs.

On the other hand, we can apply the existing MAGDM model using two consistency
neutrosophic correlation coefficients [14] to the above example. By the existing MAGDM model using
two consistency neutrosophic correlation coefficients, we give all decision results, which are shown
in Table 4.

Table 4. Decision results of the existing MAGDM model using two correlation coefficients

Existing decision-making model Ranking The best one
Correlation coefficient 1 [14] [2>[3>La>1a L>
Correlation coefficient 2 [14] Li>[3>La>]2 L1

Although there is the same ranking order between the existing MAGDM model using the
correlation coefficient 1 [14] and our proposed MAGDM model using the NEEAAWGA operator for
p = 3, 5, the existing MAGDM model lacks its decision flexibility. Furthermore, in the existing
MAGDM model, the conversion technique based on the mean and standard deviation only is suitable
for the normal distribution of multi-valued sequences in NMVEs. Therefore, our proposed model can
not only overcome the limitation and insufficiency of the existing model [14], but also show its
outstanding advantage of diversified decision results to satisfy the preference order of decision
makers in actual applications. However, our new conversion method and decision-making model are
superior to the existing ones in the setting of NMVSs.

6. Conclusions

To overcome the shortcomings of existing MAGDM method under the environment of NMVSs,
this study proposed a NEE concept based on the normalized Shannon extropy and average values of
the truth, falsity, and indeterminacy sequences in NMVSs to overcome the limitation of the existing
conversion method based on the mean and standard deviation of the truth, falsity, and indeterminacy
sequences. Then, the proposed ranking laws based on the score and accuracy functions of NEEs and
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the proposed Aczel-Alsina t-norm and t-conorm operations and NEEAAWAA and NEEAAWGA
operators provided important mathematical tools for solving flexible decision-making issues in the
case of NMVSs. The developed MAGDM model can effectively carry out flexible decision-making
issues with the information of NMVSs, where various parameter values can affect ranking orders of
alternatives to satisfy decision makers’ preference requirements. Finally, an illustrative example was
given to verify the efficiency and rationality of the developed MAGDM model. Compared with the
existing techniques, our proposed techniques are broader and more versatile than the existing
techniques when dealing with MAGDM problems in the case of NMVSs. However, in this study, the
proposed information expression, operations, and aggregation operators of NEEs and the established
MAGDM method show the highlighting advantages of these new techniques.

Regarding these new techniques, we have many future researches to be performed in various
areas, such as image processing, medical diagnosis, and information fusion. Meanwhile, the
proposed Aczel-Alsina t-norm and t-conorm operations and aggregation operators of NEEs are also
extended to cubic neutrosophic sets, refined neutrosophic sets, consistency neutrosophic sets,
neutrosophic rough sets, etc. Then, they can be applied in engineering management, slope
risk/stability evaluation, as well as clustering analysis, information retrieval, data mining, and so on
in the case of NMVSs.

Data Availability: All data generated or analyzed during this study are included in this article.

Conflict of Interest: The authors declare no conflict of interest.
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Abstract: First of all, on the basis of complete lattice, the concept of neutrosophic pseudo-t-norm
(NPT) is given. Definitions and examples of representable neutrosophic pseudo-t-norms (RNPTs)
are given, while unrepresentable neutrosophic pseudo-t-norms (UNPTs) is also given. Secondly,
De Morgan neutrosophic triples (DMNTs) consists of three operators: NPTs, neutrosophic negators
(NNs) and neutrosophic pseudo-s-norms (NPSs), where NPTs and NPSs are dual about NNs.
Again, we study the neutrosophic residual implications (NRIs) of NPTs, as well as their underlying
properties. Finally, we give a method to get NPTs from neutrosophic implications (NIs) and
construct non-commutative residuated lattices (NCRLs) based on NRIs and NPTs.

Keywords: Neutrosophic set; Neutrosophic pseudo-t-norm; Neutrosophic residual implication;
Non-commutative residuated lattices

1. Introduction

From the perspective of philosophy, Smarandache introduced neutrosophic sets (NSs). NSs is a
expansion of fuzzy sets (FSs), and has universality [1]. Although NSs has expanded the expression of
uncertain information, there are many inconveniences in practical application. From a scientific
standpoint, so as to solve more practical problems, single valued neutrosophic sets (SVNSs) was put
forward by Wang [2]. Some multi-attribute decision problems are solved by applying SVNSs.
“SVNSs” is simply denoted as “NSs” in this article.

The t-norms, s-norms, negators, pseudo-t-norms, pseudo-s-norms and implications operators
are fundamental tools in FS theory. Pseudo-t-norm and pseudo-s-norm was proposed in [3],
followed by their residual implication were put forward by Wang in [4]. Pseudo-t-norm has many
applications, such as resolution of finite fuzzy relation equations, linear optimization problems of
mixed fuzzy relation inequalities and so on [5-10].

NSs has a lot of important neutrosophic logical operators, such as: NPTs, NPSs, NNs, NIs,
NRIs and so on. In past few years, Smarandache [11] introduced n-conorm and n-norm in
neutrosophic logic. Zhang et al. [12] introduced a new type of relation of inclusion for NSs. A new
kind of residuated lattice obtained through neutrosophic t-norms and its derived NRIs was
introduced by Hu and Zhang [13]. On the basis of neutrosophic t-norms, fuzzy reasoning triple I
method was studied by Luo et al. [14]. Therefore, it is very meaningful to study the NRIs of NPTs.
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The basic framework of this paper: Section 2 presents the basics knowledge that will be useful
for writing this paper. We defined NPTs, NPSs, NNs and so on in Section 3. Moreover, we also
provide some useful typical examples and theorems. In Section 4, the definitions of NRIs generated
from NPTs are obtained, and their basic properties are discussed in depth. In addition, this paper
provides a new method to generate NPTs from NIs, and at the same time prove that system (D*; A,
vi, ®, =, ~, Op, 1p*) is a NCRL. Section 5 concludes the whole content of this paper.

2. Preliminaries

Definition 2.1 ([3]) A mapping PT: [0, 1]2=[0, 1] be a pseudo-t-norm iff, Vi, n, re[0, 1]:
(PT1) PT(m, PT(n, r)) = PT(n, PT(m, 1));

(PT2) if m <n, then PT(m, r) < PT(n, r), PT(r, m) < PT(r, n);

(PT3) PT(1, m) =m, PT(m, 1) = m.

Definition 2.2 ([3]) A mapping PS: [0, 1]x[0, 1]=[0, 1] be a pseudo-s-norm iff, Vm, n, r€[0, 1]:
(PS1) PS(m, PS(n, r)) = PS(n, PS(m, 1));

(PS2) if m < n, then PS(m, r) < PS(n, r), PS(r, m) < PS(r, n);

(PS3) PS(0, m) =m, PS(m, 0) = m.

Definition 2.3 ([15]) An intuitionistic fuzzy set (IFS) W in nonempty set M is depicted through
two mappings: pw(m) and vw(m): M—[0, 1]. W is expressed as, when VmeM,

W ={(m, g, (M), (M))|me M},
satisfy 0 < uw(m)+vw(m) <1, where uw(m) is affiliation function, vw(m) is non-affiliation function.

Definition 2.4 ([2]) Let the set M be nonempty. A SVNS W in M is depicted through Tw(m),
Iw(m), and Fw(m), all of which are functions defined on [0, 1]. Then, W is expressed as, when VmeM,

W ={(m, T, (m), 1, (m), R, (M))|me M},

satisfy 0 < Tw(m)+lw(m)+Fw(m) < 3, where Tw(m) is the function of truth-affiliation, Iw(m) is the
function of indeterminacy- affiliation, and Fw(m) is the function of falsity- affiliation.

Proposition 2.5 ([13]) The first type of inclusion relationship is discussed in this article.

Definition 2.6 ([1,17,18]) Let the set M be nonempty. Give two NSs W, N in M, where W={(m,
Tw(m), Iw(m), Fw(m))lmeM)}, N ={(m, Tn(m), In(m), En(m)) | meM]}. The algebraic operations of the first
type of inclusion relation was given as shown below, VmeM,

(1) W<y N < Tw(m) £ Tn(m), Iw(m) 2 In(m), Fw(m) = Fn(m);

(2) WU N = {{m, max(Tw(m), Tn(m)),min(Iw(m), In(m)),min(Fw(m), Fn(m))) | meM};

(3) W N = {(m, min(Tw(m), Tn(m)),max(Iw(m), In(m)),max(Fw(m), Fn(m)))| meM]};

(4) We= {(m, Iw(m), 1- Fw(m), Tw(m)) | meM]}.

Proposition 2.7 ([13]) We consider that set D* defined by,
D" ={m=(m,m,,m)|m,m,,m, [0,1]}.
Vm, neD?*, the order relation we define <1 on D* is shown below:

m <1 n << mi <N, me 2 12, M3 2 1s.

Proposition 2.8 ([13]) (D* <1) is a partially ordered set.
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Proposition 2.9 ([13]) Vm, neD*, m A1 n is called maximum lower bound of m, 1, and expressed
as inf(m, n); m v1 n is called minimum upper bound of m, n, and expressed as sup(m, n). In other
word, (D*; <1) is a lattice.

The content of definition of operators A1 and v1 refers to proposition 2 in [13].
Proposition 2.10 ([13]) (D% <1) is a complete lattice.
The maximun of D* is indicated as 1p-= (1,0,0), the minimun of D* is indicated as Op-= (0,1,1).

Definition 2.11 ([16]) A pseudo-t-norm PT: LxL—L on (L; <t) be undecreasing and associative
mapping that meets PT(1z, m) =m = PT(m, 1.), which VmeL. A pseudo-s-norm PS: [2=L on (L; <t) be
associative and undecreasing mapping that meets PS(0t, m) =m = PS(m, O), Vm €L.

Definition 2.12 ([13]) For every meD*, we define a complement of m as follows:
me= (ms, 1-m2, m1).

Proposition 2.13 ([13]) The system (D*; A1, vi, ¢, Op, 1p*) is a De Morgan algebra.

3. NPTs On (D% <1)

Definition 3.1 A binary function PT: D*xD*=>D*is called NPT, Vi, n, u, v, reD*, if PT satisfies:
(NPT1) PT(m, PT (n, r)) = PT(n, PT (m, 1));

(NPT2) PT(m, n) <1 PT (u, v) and PT(n, m) <1 PT(v, u), where m <1 u, n <1 v;

(NPT3) PT(1p+, m) = m, PT(m, 1p*) = m.

Definition 3.2 A binary function PS: D*xD*-=D* is called NPS, Vm, n, u, v, reD¥, if PS satisfies:
(NPS1) PS(m, PS (n, r)) = PS(n, PS(m, 1));

(NPS2) PS(m, n) <1 PS(u, v) and PS(n, m) <1 PS(v, u), where m <1 u, n <1 v;

(NPS3) PS(0p+, m) = m, PS(m, Op*) = m.

Example 3.3 ([3,19]) Table 1 below gives part pseudo-t-norms, and its derived residual
implications.

Table 1. Eaxmple of part pseudo-t-norms

Pseudo-t-norms Residual implications
max(a,, n) if m<b,m>n,
0 ’ 0 0 L, (mn)=<n if m>b,m>n,
PT,(mn)=1 . | me[.’ai]’ne[ ol 1 if m<n.
min(m, n) otherwise, )
b if m<a,m>n,
where O0<a, <b <1. )
l,r(m,n)=<n if m>a,m>n,
1 if m<n.
1 if m<n,
o (M) = max{n Earcsin(l—m)}if m>n
min(m,n) if sin(g m)+n>1, " )
PT,(m,n) = - 1 if m<n,
0 if sin(=m)+n<1. (M, n) = -
2 max{n,l—sin(E m} if m>n.
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min(m,n) if m*+n®>1,
PT,(m,n) = P
if m“+n°<1.
min(m, n ifm++vn>1,
PT,(mmy =" Vo
if m++/n<1.

1 if m<n,

fau () {max{n,\/l— m’}

if m>n.

1 if m<n,
IgR(m'n):{max{n,i/l—?} if m>n.
1 if m<n,
o (/1) = {max{n,l—\/ﬁ} if m>n.
L) :{1 i.f m<n,
max{n,(1-m)*} if m>n.

Example 3.4 Table 2 below gives part pseudo-s-norms, and its derived residual co-implications.

Table 2. Example of part pseudo-s-norms

Pseudo-s-norms

Residual co-implications

PS,(m,n) = {1

max(m, n) otherwise,

where 0<a, <b, <1.

max(m,n) if sin(E m)+n<1,
PS,(m,n) = 2
1 if sin(g m)+n>1.

max(m,n) if m*+n’<1,
PS;(m,n) = _

1 if m*+n®>1.

max(m, n if m++n<1,
ps, (m,m)={ "™ ¥ <

1 if m++/n>1.

if m>a,n>p, Ju(mn)=qn

Jz(m,n) =

a if m>b,m<n,
if m<b,m<n,
0 if m>n.
min(a,, n) if m>a,m<n,
Jir(m,n)=4n if m<a,m<n,
0 if m>n.
0 if m>n,
‘]ZL(mIn):

min{n,garcsin(l—m)} if m<n.
T

0 if m>n,

min{n,l—sin(g m)} if m<n.

0 if m>n,
Ja (/1) = {min{n,ﬁ} if m<n.
0 if m>n,
Jon (/1) = {min{n,i/l—?} if m<n.
0 if m>n,
Ju ()= {min{n,l—\/ﬁ} if m<n.
0 if m>n,
Jar (M) = {min{n,(l— m)2} if m<n.

Example 3.5 Suppose that PT: (i=1,2,3,4) are pseudo-t-norms as shown in Example 3.3 and PS:
(i=1,2,3,4) are pseudo-s-norms as shown in Example 3.4. Then, the binary function PT: (i=1,2,3,4,5,6)

defined on D* are NPTs as follows:

(1) PT,(m,m)= (PT,(m,,1,), PS,(m,,n,), PS,(my,mny));
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(2) PT,(m,n)= (PT,(m,n),PS,(m,,n,), PS,(my,n,));
(3) PT,(m,n)= (PT,(m,,n),PS,(m,,n,),PS,(m,,n,));
4) PT,(m,n)= (PT,(m,,n,),PS,(m,,n,),PS,(m,,n,));
() PI,(m,n)= (PI,(m,,n),PS,(m,,n,),PS;(m,,n,));
(6) PT,(m,n)= (PT(m,n,) PS,(m,,n,),PS,(m,,n,)).

Example 3.6 Suppose that PT: (i=1,2,3,4) are pseudo-t-norms as shown in Example 3.3 and PS:
(i=1,2,3,4) are pseudo-s-norms as shown in Example 3.4. Then, the binary function PS: (i=1,2,3,4,5,6)
defined on D* are NPSs as follows:

(1) PS,(m,n)= (PS,(my,n), PT;(m,,n,), PT,(my,ny));

(2) PS,(m,n)= (PS,(m,,n,),PT,(m,,n,), PT,(m,,n,));

(3) PS,(m,n)= (PS;(m,,n),PT,(m,,n,), PT,(m,,n,));

(4) PS,(m,n)= (PS,(m,,n),PT,(m,,n,), PT,(m,,n,));

(6) PS,(m,n)= (PS,(m,,n,),PT,(m,,n,), PT,(m,,n,));

(6) PSy(m,m)= (PS,(my,m), PTy(m,,m,), PT,(m,m,).

Theorem 3.7 Give a binary function PT: D*xD*->D* two pseudo-s-norms PSi (i=1,2) and a
pseudo-t-norm PT. Then, Vm, neD*,

PT(m,n)= (PT(m,,n,),PS,(m,,n,), PS,(m,,n,))

is a NPT.

Proof. Vm, u, n, v, reD*, have following:

(NPT1) According to item (PT1) of Definition 2.1 and item (PS1) of Definition 2.2, it is obvious
that PT(m, PT(n, r)) = PT(m, (PT(m, 1), PSi(nz, 12), PS2(ns, 13))) = (PT(m1, PT(m, 1)), PSi(m2, PSi(n2, 12)),
PSa(ms, PSa2(ns, 13))) = (PT(n1, PT(m1, 1)), PSi(n2, PS1(m2, 12)), PS2(ns, PS2(ms, 13))) = PT(n, PT(m, r));

(NPT2) If m <1 u, n <1 v, then PT(m1, m) < PT(u1, v1), PSi(mz, n2) 2 PS1(uz, v2), PS2(ms, n3) = PS2(us,
v3). Therefore, PT(m, n) <1 PT(u, v). Likewise, we can also get PT(n, m) <1 PT(v, u).

(NPT3) PT(m, 10*) = (PT(m1, 1), PSi(mz, 0), PS2(ms, 0)) = (m1, m2, ms) = m. Similarly, PT(1p+, m) = m.

Thus, PT(m, n) is a NPT.

Theorem 3.8 Give a binary function PS: D*xD*-=D¥, two pseudo-t-norms PTi (i=1,2) and a
pseudo-s-norm PS. Then,

PS(m,n)= (PS(m,,n,), PT,(m,,n,), PT,(m,,n,))

is a NPS, for arbitrary m, neD*.

Theorem 3.7 provieds a idea for constructing NPT on D* with pseudo-s-norm and
pseudo-t-norm. However, the reverse is not able to find two pseudo-s-norms PSi (i=1,2) and a
pseudo-t-norm PT to make PT = (PT, PSy, PS2).

In order to make a clear distinction between the two types of NPTs, so put forward a concept of
RNPT.

Definition 3.9 If Vi, neD*, there exists two pseudo-s-norms PSi (i=1,2) and a pseudo-t-norm PT
such that PT holds with respect to the following equation:

PT(m,n)= (PT(m,,n,),PS,(m,,n,),PS,(m,,n,)).

Then PT is said to be representable.
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Definition 3.10 If Vi, neD¥, there exists pseudo-s-norm PS and pseudo-t-norm PT such that PT
holds with respect to the following equation:

PT(m,n)= (PT(m,,n,), PS(m,,n,), PS(m,,n,)).

Then PT is said to be standard representable.
These NPTs given in Example 3.5 are representable.

Definition 3.11 If Vi, neD*, there exists two pseudo-t-norms PTi (i=1,2) and a pseudo-s-norm
PS such that PS holds with respect to the following equation:

PS(m,n)= (PS(m,,n,), PT,(m,,n,),PT,(m,,n,)).
Then PS is said to be representable.

Definition 3.12 If Vi, ne D¥, there exists pseudo-s-norm PS and pseudo-t-norm PT such that PS
holds with respect to the following equation:

PS(m,n)= (PS(m,,n,), PT(m,,n,), PT(m,,n,)).

Then PS is said to be standard representable.
These NPSs given in Example 3.6 are representable.

Propositions 3.13 and 3.14 below demonstrate a approach to construct new RNPTs (RNPSs)
with intuitionistic fuzzy t-norms (IFTs) and intuitionistic fuzzy s-norms (IFSs).

Proposition 3.13 Vx = (x1, x3)€L, y = (y1, y3) €L, T(x, y) = (t(x1, y1), s2(x3, y3)) is a representable IFT,
which ¢ and sz are t-norm and s-norm, respectively. If Vi, neD*, there is a pseudo-s-norm ps: that
makes 0 < t(m1, m)+psi(inz, n2)+sz2(ms, n3) < 3 true, then PT(m, n) = (t(m, m), psi(mz, nz), s2(ms, n3)) is a
RNPT.

Proposition 3.14 Vx = (x1, x3)eL, y = (1, y3)€L, S(x, y) = (s(x1, y1), t2(x3, y3)) is a representable IFS,
where s and # are s-norm and t-norm, respectively. If Vm, n €D, there is a pseudo-t-norm pt: that
makes 0 < s(m1, m)+pti(mz, n2)+t2(ms, ns) < 3 true, then PS(m, n) = (s(m, m), pt(mz, n2), t2(ms, n3)) is a
RNPS.

Example 3.15 ([20]) Table 3 below gives part t-norms, and its derived residual implications.

Table 3. Example of the part t-norms

t-norms Residual implications
T,, (M, n) = min(m, n) lep (M, N) = {1 !f m=n,
n ifm>n.
1 if m<n,
T.(m,n)=m-n loe(M,n) = n > L
m
T« (m,n) =max(m+n-1,0) I« (m,n)=min(L,1-m+n)

Example 3.16 ([20]) Table 4 below gives part s-norms, and its derived residual co-implications.

Table 4. Example of the part s-norms

S-norms Residual co-implications
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0 if m>n,
S,, (m,n) = max(m,n J.,(m,n)= .
w (m,n) = max(m, ) ol ){n M
0 if m>n,
Sp(m,n)=m+n-m-n Jec(MN)=sn-m .
— ifm<n.
1-m
S,k (m,n)=min(m+n,1) J .« (m,n) =max(0,n—m)

Example 3.17 Let PSi (i=1,2,4) are pseudo-s-norms as shown in Example 3.4, Tm, Tp, Tix are
t-norms as shown in Example 3.15, and Sum, Sr, Sik are s-norms as shown in Example 3.16. Then, the
binary function PT: (i=7,8,9) constructed by IFTs defined on D* are RNPTs as follows:

(1) PT,(m,n)= (T,,(m,,n,),PS,(m,,n,),S, (m,,n,));

(2) PT,(m,n)= (T,(m,,n,),PS,(m,,n,),S,,(m,,n,));

(3) PT,(m,n)= (T, (m,,n,),PS (m,,n,),S,(m,,n,)).

Example 3.18 Let PTi (i=1,2,4) are pseudo-t-norms as shown in Example 3.3, T, Tr, Tix are
t-norms as shown in Example 3.15, and Sm, Sp, Stk are s-norms as shown in Example 3.16. Then, the
binary function PSi (i=7,8,9) constructed by IFSs defined on D* are RNPSs as follows:

(1) PS,(m,n)= (S,,(m,,n,),PT,(m,,n,), T, (m,,n,));

(2) PS;(m,n)= (S,(m,,n,),PT,(m,,n,),T,,(m,,n,));

(3) PS,(m,n)= (S, (m,,n,),PT (m,,n,),T,(m,,n,)).

Definition 3.19 ([13]) A mapping N: D*=>D*be known as NN if satisfies, Vm, neD*:

(NN1) m <1 niff N(m)=1 N(n);

(NN2) N(1p*) = 0o

(NN3) N(Op*) = 1p~.

If N(N(m)) = m holds with VmeD?, then N is said to be involutive NN.
The function Ns: D*=>D* defined by, V(m1, m2, ms)eD*,
Ns(m, mz, maz) = (ms, 1-mz, m1)

is a involutive NN, which is also called standard NN. Meanwhile, N(m) = (m2, 1-ms, 1), N(m) = (m2,
m, mi), N(m) = (m2, 1-m2, m1) are NNs.

Definition 3.20 Assume that PT is a NPT, N is a NN and PS is a NPS. Vm, neD?, if the triple
(PT, N, PS) satisfied the following conditions:

N(PS(m, n)) = PT(N(m), N(n)).
N(PT(m, n)) = PS(N(m), N(n));

Then, we call the triple (PT, N, PS) is a DMNT.
Theorem 3.21 Suppose N is involutive. If exists a NPS PS, then such that PT be defined as
PT(m, n) =N (PS(N(m), N(1)))
is NPT. Besides, (PT, N, PS) is a DMNT.

Proof. According to known condition, there are as follows, Vm, u, n, v, reD*:

(NPT1)According to item (NPS1) of Definition 3.2, naturally there is PT(m, PT(n, r)) = PT(m,
N(PS(N(n), N(r)))) = N(PS(N(m), N(N(PS(N(n), N(r)))))) = N(PS(N(m), PS(N(n), N(r)))) = N(PS(N(n),
PS(N(m), N(r)))) = PT(n, PT(m, 1)).
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(NPT2) If m <1 u, n <19, so N(m) 21 N(u), N(n) 21 N(v). From (NPS2) of Definition 3.2 and (NN1)
of Definition 3.19, we get PS(N(m), N(n)) 21 PS(N(1), N(v)) and PS(N(n), N(m)) 21 PS(N(v), N(u)).
Thus, N(PS(N(m), N(n))) <1 N(PS(N(u), N(v))) and N(PS(N(n), N(m))) <1t N(PS(N(v), N(u))), that is,
PT(m, n) <1 PT(u, v) and PT(n, m) <1 PT(v, u).

(NPT3) PT(1p+, m) = N(PS(N(1p*), N(m))) = N(PS(0p+, N(m))) = N(N(m)) = m. Similarly, PT (m, 1p)
= .

Therefore, the statement that PT is NPT is proved.

Besides, (PT, N, PS) is a DMNT.

Theorem 3.22 Assume N is involutive. If exists a NPT PT, then such that PS be defined as
PS(m, n) = N(PT(N(m), N(n)))
being NPS. Moreover, (PT, N, PS) isa DMNT.

Example 3.23 A few NPTs and NPSs are dual about Ns.

(1) PTi(m, n) = (PTi(m1, n1), PS1(m2, n2), PS1(ms, n3)), PSi(m, n) = (PSi1(m1, m), PTi(mz, n2), PTi(ms,
n3)).

Indeed, PT1(Ns(m), Ns(n)) = PTi((ms, 1-m2, m1), (ns, 1-n2, n1)) = (PT1(ms, n3), PS1(1-m2, 1-n2), PSi(m,
m)), then Ns(PTi(Ns(m), Ns(n))) = (PSi(m1, m), 1-PS1(1-mz, 1-n2), PTi(ms, n3)) = (PSi1(mm, n1), PTi(mz, n2),
PTi(ms, n3)) = PSi(m, n).

(2) PTs(m, n) = (PTs(m1, m), PSs(mz, n2), PSs(ms, n3)), PSs(m, n) = (PSs(m1, m), PTs(mz, n2), PTa(ms,

ns)).
The theorem about UNPT is given next:
Theorem 3.24 Let PT: D*xD*—>D* being a function. Vm, neD*,
m n=1,.,
PT(m,n)=+n m=1,.,
(min(2m, n,), max(1—2m,,1—n,), max(m,,n,)) otherwise.
is a UNPT.

Proof. First, we show that PT is a NPT, Vm, u, n, v, reD*.

(NPT1) If m = 1p* or n = 1p~, then PT satisfies the associative law. If m # 1o+, n # 1o, PT(m, PT(n,
r)) = (min(2mi, min(2n1, 1)), max(1-2m1, 1-min(2m, r1)), max(ms, max(ns, 13))) = (min(2mi, 2m, r),
max(1-2m, 1-2m, 1-r1,), max(ms, n3, 13)) = (min(2n1, min(2ms, r1)), max(1-2m, 1-min(2m, 1)), max(ns,
max(ms, 13))) = PT(n, PT(m, 1)).

(NPT2) If m = 1o~ or n = 1p», we can prove PT is undecreasing in each variable. If m # 1o+, n # 1o,
at the same time satisfy m <1, n <1 v, and m1 < u1, m1 <v1, ms > us, n3 2 va. Thus, min(2my, n1) <min(2us,
1), max(1-2m1, 1-m) > max(1-2u1, 1-v1), max(ms, n3) > max(us, vs). That is, PT(m, n) <1 PT(u, v).
Likewise, we can also have PT(n, m) <1 PT(v, u).

(NPT3) PT(m, 10+) = m, PT(1p+, m) = m. Therefore, PT is a NPT.

Second, assume NPT PT is representable, m = (m1, mz, ms)eD*, n = (n1, nz2, ns)eD, there are a
pseudo-t-norm PT and two pseudo-s-norms PSi (i=1,2) such that PT(m, n) = (PT(m1, n1), PSi(mz, n2),
PSa(ms, n3)). Let m = (0.2, 0.5, 0.4), u = (0.4, 0.3, 0.2), n = (0.5, 0.7, 0.6). From PT(m, n) = (0.4, 0.6, 0.6)
and PT(u, n) = (0.5, 0.5, 0.6), we get PSi(im2, nz) = 0.6 and PSi(u2, n2) = 0.5, so PSi(mz, n2) # PSi(uz, n2).
Thus PSi(m, n) is not independent from 11, that is to say PT is UNPT.

Moreover, Vm, neD¥, the dual of NPT PT about standard NN Ns is NPS PS, which be defined
as:
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m n=0,.,
PS(m,n)=<n m=0,.,
(max(m,,n,), min(2m,,n,),min(2m,,n,))  otherwise.
Then, PS is unrepresentable.
Remark 3.25 On the one hand, suppose PT and Ns are UNPT and standard NN on D%

respectively. The dual of PT about Ns is PS. Then, we have that PS is UNPS. On the other hand, let N
be involutive NN, the dual NPT about N of UNPS is unrepresentable.

4. NRI Induced by NPT on D*

Definition 4.1 ([13]) A NI is a mapping I: D*xD*=>D*, Vm, u, n, ve D" if it satisfies:
(NI1) m <1 u = I(m, n) 21 I(u, n);

(NI2) n <1v = I(m, n) <1 I(m, v);

(NI3) I(1p+, 1p+) = I(Op*, Op*) = 1p%;

(NI4) I(1p+, Op+) = Op-.

Since NPT without commutativity, we can define left and right NRIs which satisfy the residual
property induced by NPT.

Definition 4.2 Let PT be a NPT. Define two functions I®), I®): D*xD*-D*,

I0(m, n) =suplk | keD* PT(k, m) <1 n};
I®(m, n) =suplk | keD*, PT(m, k) <1 n}.

Then, I® (I®) is called left NRI (right NRI) induced by PT.
We note that the two NRIs induced by PT as Irr®), Irr®).
Besides, Let PT be a NPT, then Vm, n, ke D*, PT satisfies the residual criteria iff,

PT(k, m) <1 niff k <1 Ierl)(m, n);
PT(m, k) <1 niff k <1 Ier®(m, n).

Likewise, the concept of neutrosophic co-implications (NCls) and related knowledge are also
given as follows:

Definition 4.3 ([13]) A NCl is a binary function J: (D*)2=>D*, Vm, u, n, veD*, if it satisfies:
(NJ1) m <1 u = J(m, n) >1 J(u, n);

(NJ2) n <1 v = J(m, n) <1 J(m, v);

(NJ3) J(Op~, 0p*) = J(1p*, 1p*) =0p%

(NJ4) J(Op~, 1p*) = 1p~.

Analogously, we can also define left and right neutrosophic residual co-implications (NRClIs)
which satisfie the residual property induced by NPS.

Definition 4.4 Suppose that PS is a NPS. Define two functions J®), J®: D*xD*-=>D*,

JO(m, n) = inf{k | keD*, PS(k, m) >1 n};
J®(m, n) =inf{k | keD* PS(m, k) >1 n}.

Then, JO (J®) is called left NRCI (right NRCI) induced by PS.
We remark that two NRClIs induced by PS as Jrs®), Jps®.

Let PS be a NPS, then Vm, n, ke D*, PS satisfies the residual criteria iff
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PS(k, m) 21 niff k 21 Jes®(m, n);
PS(m, k) 21 niff k 21 Jps®(m, n).

Through learning above definitions, we give the NRIs (NRCIs) of NPTs (NPSs) discussed in
Section 3 as follows:

Example 4.5 Suppose that L (i=1,2,3,4) and [z (i=1,2,3,4) are left and right residual implications
induced by pseudo-t-norms PTi (i=1,2,3,4) as shown in Example 3.3; Jir (i=1,2,3,4) and Jir (i=1,2,3,4) are
left and right residual co-implications induced by pseudo-s-norms PSi (i=1,2,3,4) as shown in
Example 3.4. Then, the binary functions Irro® (i=1,2,3,4,5,6) and Irre® (i=1,2,3,4,5,6) induced by
RNPTs PT: (i=1,2,3,4,5,6) of Example 3.5 defined on D* are left and right NRIs as follows:

(1) Ty O (mm)= (1, (my,my), ], (my,my), Ty, (ms,1m3)) 5

IPT1<R>(m,n) = (Ix(m,,m), ], (my,1,), ], (m5,15)) ;

(2) Loy, ()= (Ly (), 1y (1,1, ], (15, 15);

IPT2<R>(m,n) = (Lg(my,n,), |,e(m,, 1), |, (15,15)) ;

@) Ly, (m,m)= Ly (my,my), ], (my,m,), I, (5, 1,)) ;

IPT3(R)(mf”): (Lyg (my, 1)), e (1, 1,), ] (1, 11,)) ;

4) IpT4(L)(m/”): (I, (m,n), ], (m,,n,),]J, (ms,n,));

IPT4(R)(7”/”): (Ig(my,n), ], o (my,my), ], o (my, 1)) ;

B) Lpy, W (m,m)= (L, (my,my), I, (1), Ty (15, 15) 5

L, (mm) = (I (my, 1), T (1), T (1, 1)) 5

6) Ipp, " (m,m)= (I, (my,m), Iy (1, 1y), Ty (1, 13);

IPT6<R>(m,n) = (Lg(my,n), I (my, 1), e (my,1,)) .
Example 4.6 Suppose that li. (i=1,2,3,4) and Iiz (i=1,2,3,4) are left and right residual implications
induced by pseudo-t-norms PTi (i=1,2,3,4) as shown in Example 3.3; Ji. (i=1,2,3,4) and Jiz (i=1,2,3,4) are
left and right residual co-implications induced by pseudo-s-norms PSi (i=1,2,3,4) as shown in

Example 3.4. Then, the binary functions Jesi® (i=1,2,3,4,5,6) and Jrsey® (i=1,2,3,4,5,6) induced by
RNPSs PSi (i=1,2,3,4,5,6) of Example 3.6 defined on D* are left and right NRCIs as follows:

(1) Jps P (m,m)= (Jy, (1)), Iy (g 1)), 1y (1) 5
Tos, " (m,m)= (T (my, 1), 1 (1), T (1)
2) Jps, " (mm) = (Jyy (my, 1), Ly (1), 1, (15,1) 5
Tos, " m,m) = (L (my 1)), Ly 1y 1,), Ly (15, 1) 5
@) Jps, ' (m,m)= (I, (my,m,), Ly (my, 1), 1, (1, m3);
Tps, O (m,m) = (T (my 1), Ly (my 1), Ly (1) ;
@) Jps, P (mm)= (], (my,m), 1, (my, 1), 1, (my, ) ;
Tos, " (m,m) = (] Oy, 1), 1 (1, 1,), Ly (15, 1,)
(B) Jps, P (m,m)= (T, (my,my), Ty my my), Iy, (s, ) ;
]ps5(R)(m/”): (J,(my, 1)), L (my, 1), 1 (my,my)) ;
6) Jps, " (m,m)= (], (my,my), Iy (my,my), I, (my,ms)) 5

IPSG(R)(m’ n) = (]1R(m1’nl )’ ISR(mZ’nZ )’ ISR(m3’n3)) ‘
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Because NPS PS are dual operator of NPT PT about Ns, so the NRIs induced by NPT and the
NRClIs induced by NPS are dual. For Examples 3.5 and 3.6 given above, If PS and PT are dual, then
the NRCIs Jrs derived by PSis the dual operator of the NRIs Irr induced by PT.

The following we will show an important theorem which proves sufficient conditions that the
residual operator derived by a NPT is always a NI.

Theorem 4.7 Assume PT be a NPT on D*. Then, Vm, neD?,

Irtt(m, n) = supik | keD*, PT(k, m) <1 n};
Irt®(m, n) =supfk | keD* PT(m, k) <1 n}.

are NIs.

Proof. First give the proof that Irr®is a NI, Vm, u, n, veD*

We get Irt®(m, 1p*) = sup{k | keD* PT(k, m) <1 1p*} = 10 by Definition 4.2. Thus Irr®(1p, 10) =
1p~. From (NPT2) in Definition 3.1, we get Irr®)(1p+, Op) = supfk | keD*, PT(k, 10*) <1 Op+} = Op~.
Irt®(0p+, Op7) = supik | keD*, PT(k, Op*) <1 Op+} = 1o~

If m <1 u. By (NPT2) in Definition 3.1, {k | keD* PT(k, m) <1 n} o1 {k | keD¥, PT(k, u) <1 n}, then
suplk | keD* PT(k, m) <1 n} 21 supik | keD*, PT(k, u) <1 n}. Thus, Irt®(m, n) 21 Irt®)(u, n).

If n <1 v. Since the undecreasingness of PT, we have {k | ke D*, PT(k, m) <1 n} <1 {k | keD* PT(k,
m) <1 v}, then sup{k | keD*, PT(k, m) <1 n} <1 supfk | keD*, PT(k, m) <1 v}. Thus, Ier®)(m, n) <1 Iet®(m,
).

To sum up, Irt®™is a NI Likewise, Irr®is a NI can also be proved.
Some relevant properties of NRI are given below.

Theorem 4.8 Suppose that PT be a NPT on D*, Irt®), Irt® are NRIs. Then, Vm, n, reD¥,
(1) Irt(Op*, 1) = 1p%;

(2) Irt)(m, 10+) = 1px;

(3) IrtL)(m, m) = 1p~

(4) Irt(1p, n) = n;

(5) IrtL)(m, n) 21 1;

(6) IrtD(m, n) = 1p~iff m <1 n;

(7) IrtO(PT(m, n), PT(m, 1)) 21 Iet(n, 7);

(8) m <1 IetD(n, PT(m, n)).

Similarly, Irr® also satisfies the properties (1)-(7) in Theorem 4.8. However, it should be noted
that NI induced by NPT, because pseudo-t-norm removes commutativity, leads to the difference in
property (8) in the corresponding Theorem 4.8 of Irr®), as shown below:

(8) m <1 It®(n, PT(n, m)).

Proof. The proofs of (1)-(4) are straightforward to obtain by Definition 4.2, so the proof is
ignored.

(5) From (NI1) in Definition 4.1, we get that IrtM)(m, n) 21 Irt®(1pr, n) = n.

(6) (=) if Ier(m, n) = 1o+, then PT(1p+, m) <1 n. Thus, m <1 n. (<) since m <1 n, PT(1py, m) <1 n.
Thus, IrtH(m, n) 21 1o+, that is Irr®(m, n) = 1p~.

(7) IetO(PT(m, n), PT(m, 1)) = supik | keD*, PT(k, PT(m, n)) <1 PT(m, r)} = supik | keD*, PT(m,
PT(k, n)) <1 PT(m, r)} 21 supik | keD*, PT(k, n) <1 r} = Ipth)(n, 7).

(8) Since PT(m, n) <1 PT(m, n), so we get m <1 Iett)(n, PT(m, n)).

The proof which Irr® satisfies the properties (1)-(8) is similar to the proof of Irr(®.

In the same way, we give two theorems about NPS on D*.

Hongru Bu, Qingging Hu and Xiaohong Zhang, Neutrosophic Pseudo-t-Norm and Its Derived Neutrosophic Residual
Implication



Neutrosophic Sets and Systems, Vol. 57, 2023 29

Theorem 4.9 Let PS be a NPS on D*. Then, Vm, neD¥,

Jes®(m, n) = inflk | keD*, PS(k, m) >1 n};
Jes®(m, n) = inf{k | keD* PS(m, k) =1 n}.

are NCls.
Proof. According to the Definition 4.4, we can use the proof of Theorem 4.7 method to prove it.

Theorem 4.10 Let PS is a NPS on D*, Jrs®, Jrs® are NRCls. Then, Vm, n, reD¥,
(1) Jes)(1p+, n) = Opx

(2) Jes)(m, Op*) = Op;

(3) JesW(m, m) = Op;

(4) Jes)(Op+, n) =mn;

(5) JesW(m, n) <1 m;

(6) Jrs)(m, n) = Op~ iff m >1 n;

(7) Jes)(PS(m, n), PS(m, 1)) <1 Jps®(n, 1);

(8) m =1 Jes(n, PS(m, n)).

Similarly, Jrs® also satisfies the properties (1)-(7) in Theorem 4.10. However, it should be noted
that NCI induced by NPS, because pseudo-s-norm removes commutativity, leads to the difference in
property (8) in the corresponding Theorem 4.10 of Jrs®, as shown below:

(8) m 21 Jrs®) (n, PS (n, m)).

Definition 4.11 Let I®), I®: D*xD*-=>D* are Nls. Vm, neD*, the induced operators PT,%), PT(®
by I®), I® are defined as follows:

PTV(m, n) =inf{k | keD* m <1 IU(n, k)};
PT®(m, n) = inf{k | keD* n <1 I®(m, k)}.

Theorem 4.12 Let I®), I® are NIs on D*. Vm, n, reD¥, if I©), I® satisfies below conditions:

(a) v <1 Io(n, m) iff n <1 I®(r, m);

(b) I&(m, IM(n, 1)) = 10(n, IV (m, 1)); I®(m, I®(n, 1)) = I®(n, I®(m, 1));
(c) I(m, n) = 1p+iff m <1 n; I® (m, n) = 1o~ iff m <1 n;

(d) IO(1p, m) = m; I®O(1p+, m) = m.

Then, the induced operators PT,®), PTi® by I®, I® in Definition 4.11 are NPTs.

Proof. Vm, u, n, v eD¥, there are below:

(NPT1) From (a) and (b), PT/M(m, PT(M(n, 1)) = inffk | keD* m <1 IO(PTO(n, 1), k)} = inf{k |
keD* PT(n, r) <1 I®(m, k)} = inf{k | ke D*, r <1 I®(n, I®(m, k))} = inf{k | keD*, r <1 [®(m, I®(n, k))} =
inf{k | keD*, PT(O(m, r) <1 I®(n, k)} = infl{k | keD*, n <1 IO(PTO(m, 7), k)} = PTO(n, PT(O(m, 1)).

(NPT2) If m <1 u, n <1 0. So IO(v, k) <1 IW(n, k) for VkeD*. Vkoefk | ke D*, u <1 I0)(v, k)}, it can be
concluded that u <1 I0(v, ko). Since m <1 u, and IO(v, ko) <1 IO(n, ko), m <1 I&(n, ko), namely koefk |
keD* m <1 IO(n, k)}. Thus, {k | keD* u <1 IO(v, k)} < {k | keD*, m <1 I0(n, k)}. Hence, inf{k | keD* m
<1 I®(n, k)} <1inflk | ke D%, u <1 IO(v, k)}, that is, PTiM(m, n) <1 PT{O(u, v). Likewise, we can prove that
PT/O(n, m) <1 PTi(v, u).

(NPT3) PT(\)(1p+, m) = inf{k | keD¥, 1o+ <1 I0(m, k)} = inf{k | ke D*, I&(m, k) = 1o} = inf{k | keD*, m
<1k} =m; PT\O (m, 1p+) = inf{k | keD*, m <1 IO(1p+, k)} =inflk | keD*, m <1 k} =m.

Therefore PTi® is a NPT, and in the same way, we can also show that PT® is a NPT.

Theorem 4.13 If PT is a NPT on D?*, so there is PT = PT{L)= PT®.
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Proof. Vi, neD*, from Definitions 4.2 and 4.11, we get PT® (m, n) =inf{k | keD*, m <1 IO (n,
k)} = inf{k | keD* PT(m, n) <1 k } = PT(m, n) and PT{®(m, n) = inf{k | ke D*, n <1 I®(m, k)} = inf{k |
keD?*, PT(m, n) <1 k } = PT(m, n). Thus, PT = PT{V= PT{®.

Definition 4.14 ([21]) An algebraic system S=(S; A, v, ®, =, =, 0, 1) is said to be a NCRL, Vm, n,
re§, if S satisfies:

(1) (S; A v, 0, 1) be a bounded lattice on S, its corresponding order is <, 0 is minimal element
and 1 is maximal element of S;

(2) (S; ®, 1) be non-commutative monoid and its neutral element is 1;

B)ymAn<romins>ronim-r.

Sections 3 and 4 focus on NPTs and their NRIs. Next, a NCRL is established, which is
constructed from three neutrosophic logic operators.

Theorem 4.15 Suppose (D* A1, v, ¢, Opy, 1p) is a system and PT is a NPT on D*. Vm, neD?,
define the following three equations:

m®n = PT(m, n); m—>n = IrtO(m, n); m»n = Ipt®(m, n).
Then, (D*; A1, vi, ®, =, », Op+, 1p*) is NCRL.

Proof. First, by Proposition 2.9, we get that (D*; A1, v1, Op+, 10*) be a bounded lattice on D*.

Second, the fact that (D*; ®, 1p*) is non-commutative monoid is proved. (1) m®1p* = inf{k |
keD* m <1 IO(1p+, k)} = inflk | keD*, m <1 k} = m and 1p:®@m = inf{k | keD*, 1p- <1 IO(m, k)} = inf{k |
keD* It (m, k) = 10} =inf{k | keD* m <1k} =m, i.e. VmeD*, the equation 1o®m =m®1p* = m is true.
(2) Theorem 4.13 proves that PT»= PT is a NPT. Thus, PT does not satisfy the commutative law. (3)
From (NPT1) of Definition 3.1, ® satisfies the associative law.

Finally, Vi, n, ke D¥, we prove the below equivalence relation

mIn<ikom<nskon<mok

holds. On the one hand, by what we know about ®, there are m®n = inf{k | keD* m <1 I&(n, k)},
m®n <1 k. Thus, there are n <m-~k and m < n—-k. On the other hand, by what we know about -, we

get n—>k = sup{t | teD?*, PT(t, n) <1 k}. Since m < n—k, therefore m®n <1 k. Likewise, there are n < m-

k=m®n < k.
Thus, (D* A1, v1, ®, =, ~, Op+, 1p7) is NCRL.

5. Conclusions

Neutrosophic logic is an important part of NS theory. Common neutrosophic logic operators
are: NPTs, NPSs NIs, NNs and so on. On the basis of complete lattice (D*; <1), We define NPTs and
NPSs. In addition, DMNTs are defined, describing that NPT and NPS are dual with regard to the
standard NN. Then, on the basis of complete lattice (D*; <1), the concepts of NRI and NRCl is given,
and we present a theorem which states that residual operators derived by NPTs must be NIs, and
further study their fundamental properties. Finally, we provide a method to get NPT from NI and
construct NCRLs. In the future, we will investigate neutrosophic inference methods and
neutrosophic pseudo overlap functions based on some new results [22-36], and further study their
fundamental properties.
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Abstract

Multicriteria group decision-making scenarios with a large number of criteria values may be challenging for experts
to control. This is a result of the specialists' need to consider an excessive amount of data. They find it difficult to
make the optimal decision since the possibilities overwhelm them. We propose a novel multicriteria group decision-
making method that methodically eliminates the initial set of criterion values in order to address this issue. One of the
most promising emerging technologies currently in development is an additive manufacturing (AM), which includes
3D printing. It has been hypothesized that 3D printing technology could eventually replace the conventional
production machinery that is commonly used in the industrial sector. Making conclusions through accurate figures is
difficult for decision-makers due to the complexity and ambiguity of reality. Neutrosophic ensembles are used to
tackle uncertainty and indeterminacy in a practical environment. By concentrating on ranking the smaller set of
criterion values, the proposed method enables the experts to carry out the group decision-making process. As a result,
a relaxed decision-making environment is created, allowing the experts to handle a reasonable amount of information
while still making decisions. To demonstrate the decision process of a 3D printer, we combine a single valued
Neutrosophic with hybrid score and accuracy function, the single valued Neutrosophic number ranking approach, and
the single valued Neutrosophic score and accuracy function. To determine the best attributes, the score function was
used to rank the total values of each possibility. Concrete examples have been given to support the suggested solution
to the multi-attribute decision-making problem (MADM).

Keywords: 3D printer, Neutrosophic Logic; Multicriteria decision making, knowledge based system, Decision
support system.

1.Introduction:

Numerous fields are affected by Decision Making (DM) difficulties. Assessment of the proof in DM cases often
depends on many factors rather than one. It’s also becoming more difficult for decision-makers to evaluate all relevant
aspects of a problem as the intricacy of the technical environment rises. Therefore, complex decision problems are
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often tackled by experts who pool their knowledge and experience. There are a variety of approaches that have been
developed to handle these complex Multi Criteria Decision making (MCDM) problems. [17] The field of additive
manufacturing (AM), which includes 3D printing, is often regarded as the most promising of the developing
technologies currently under development. It has been suggested that 3D printing technology could eventually take
the place of conventional production equipment widely used in the industrial industry. There are seven main categories
of 3D printing technology. Regarding 3D printing, each method is entirely distinct from the others (i.e., operation,
material usage, and no wastage) [44]. A product's final cost includes every cost incurred during production. The most
crucial step is to think about the machine’s characteristics and cost before production begins. Furthermore, the price
of the American-made object will be determined by the total production expenses. The pricing of the product could
then be reduced by selecting an AMM with desirable characteristics at an affordable price [7]. Therefore, the purpose
of this study is to use one of the multi-criteria decision-making (MCDM) tools—the analytical hierarchy process—to
address a decision-making issue raised by the AMM selection (AHP). The MSME begins selecting an FDM machine
for its structural and doll product by requesting price quotes from several AM manufacturers. Extruder type, and
machine weight should all be taken into account while selecting the optimum machinery for the project. AHP relies
on criteria developed in collaboration with those making the calls. AHP requires decision-makers to answer the
common Saaty’s scale criterion questions to produce the pair-wise matrix [67].

AM has the ability to produce materials with the most intricate geometric features while using little bulk and waste.
AM is a compelling material-saving solution with its low material costs and independent characteristics that allow for
control of process parameter customization. In recent years, 3D printing, also known as additive manufacturing, has
garnered interest from every primary industry. The conventional industrial production system is in crisis, and AM is
the root of the problem (CM) [23]. “Compared to traditional manufacturing methods, additive manufacturing is
superior at creating geometrically rigid material structures [81]. As an added benefit as seen in CM, AM excels at
bypassing the need for an integrated assembly in favor of a more straightforward, layer-by-layer approach to material
preparation. The high prototype production cost, the increased production rates, the high prices of the product itself,
and the difficulty of performing real-time operational tests are all reasons that make AM challenging to implement”
stated by [47]. Although AM prototypes are more expensive than CM ones, they provide significant benefits in terms
of reduced production time [33].

Over the past few decades, the Neutrosophic has evolved alongside its ecosystem. Multiple subjects benefit from using
a Neutrosophic environment, including logic, statistics, algebra, neural networks, etc. Given the inherent uncertainty
in most real-world decision-making scenarios, philosophers’ sets provide a promising solution. Uncertainty is inherent
in situations that occur in the real world, and environmental factors often contribute significantly to it. [49]. The
outcomes of neutron star environments are applied to a new facet of traffic management. When it comes to managing
traffic, neutrality plays a crucial role. The data is indeterminate, and the issues of membership and non-membership
are addressed.

The potential for sustainability is enhanced by the fact that 3D printing is a novel manufacturing method with far-
reaching environmental impacts across the entire product life cycle. Additive manufacturing constructs items layer by
layer rather than chopping away from a greater volume, drastically lowering resource requirements and production
waste. Traditional manufacturing generates waste because raw materials must undergo subtractive procedures to be
transformed into finished goods [46]. Due to the additive nature of 3D printing, no waste is generated. With most 3D
printing technologies, the only waste is the support structures created with the product and then taken out after
manufacturing.

Further, 3D printing helps cut down on defective product waste [34]. Due to this improvement in resource efficiency,
less energy is needed to produce or transport materials. According to [21], 3D printing might drastically cut down on
or even eliminate production waste, but the technique has to be validated before it can be widely utilized.

3D printing reduces manufacturing energy requirements by eliminating intermediaries and speeding up production.
These energy-efficient production methods also reduce carbon dioxide emissions. The carbon footprint of shipping
may also be reduced thanks to 3D printing [55]. The carbon footprint associated with production and transportation
of these goods can be reduced. Suppose 3D printing technologies are adopted on a large scale. In that case, production
speeds are increased, and additional printable materials are made accessible, [35] argues the industry’s net CO2
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emissions and energy usage might be reduced. Additionally, they warn that the sustainability gains from 3D printing
might be nullified by a “rebound effect” if the production volume is raised because of the technology’s enhanced
efficiency.

A pool of molten metal receives metal powder, which is then deposited as new metal by laser melting. This process is
repeated until the pool of molten metal tank is full. Fused deposition modeling [27] involves heating a filament of
thermoplastic polymer and then extruding it onto a surface. Despite the fact that the materials employed in this method
are more easily recyclable, this method is still preferred.

These pillars have not received the attention they deserve since it was believed that they were superfluous [24].
Although this is a difficulty, there is a solution described in [20] that involves crushing the supports and then extruding
them into a filament using the new material. This is a technique that may be used to solve the problem. The acrylonitrile
butadiene styrene (ABS) plastic, on the other hand, deteriorates under the effect of heat generated by the FDM printer.
Research is being carried out on new polymers with the hope of improving their potential for recycling [22]. which is
also an area for development [16]. The material choice might influence the sustainability of 3D printing.

Laser metal deposition and other processes involving the melting metal powders offer the environmental benefits
when reusing the material but are also very energy intensive. Although FDM techniques offer a reduced energy
footprint, they have the additional drawback of increased emissions [59]. “Toluene, ethylbenzene, and formaldehyde
are all recognized carcinogens”, and [45] discovered that “FDM with ABS plastic generated substantial amounts of
these chemicals. Although [26] demonstrated that “VOCs are released during 3D printing procedures using PLA,
these emissions were minimized when PLA was used instead of ABS, yielding substantially less particulate matter
and no VOCs”. In both the best and worst-case scenarios for printing, the amount of volatile organic compounds is
far below occupational exposure levels, posing no threat to human health.

EcoPrinting, suggested by [69], is a 3D printing procedure that uses waste polymers as a source material and has a
negligible environmental impact. An integrated solar battery charging system and other low-power components help
the EcoPrinting system significantly reduce energy consumption [15]. To help the people of the Solomon Islands, this
technique has been used to print pipe couplers and plumbing seals as part of a humanitarian assistance project [14].
ABS plastics were employed in the EcoPrinting process applied to plastic from vehicle parts and technological debris
collected from a Solomon Islands landfill and local companies [43]. The Tolerances for filaments produced from
recycled material are equivalent to those of filaments sold commercially [1]. By functioning without an electricity
connection and utilizing collected ABS plastic waste as the printing feedstock, the EcoPrinting system has successfully
demonstrated the potential improvements in 3D printing.

Unlike the CM mode, AM mode allows for a more targeted counter design. [2] studied the topic of choosing
individualized procedures in healthcare. This work enhanced a strategy for selecting functions in AM’s fabrication of
novel materials and replacement components [3]. A practical method for reducing the likelihood of AMM failure is
to systematically evaluate which AMM is the most effective. It’ll boost AMM’s productivity. Art critics [13] examined
additive manufacturing, which decreases waste by utilizing fewer powder particles to create end products, and how
the absence of process selection tools is a wasted economic opportunity.

AM stocks are beginning to register as part of the third wave of manufacturing by creating industry-spanning prototype
jewels. [6] demonstrated the AM sectors manufacturing benefits in terms of lead time and time to market by comparing
several fast prototype methods. Unlike traditional manufacturing methods, AM does not require the use of tools
throughout the creation process, as noted by [37]. The result of this is mass manufacturing. How to choose the RP
processes is in detail by [63], who use a modified matrix technique and graph theory to explain their findings. [78]
detailed a comparison of genetic models for determining the optimal procedure in fast prototyping in terms of build
cost, build duration, and surface roughness. According to the findings of [12], the rule-based expectation system will
address the issues with AM’s process selection that have been posed in the business and academic communities.
Research on RP methods follows a topic-specific methodology that takes into consideration criteria such as strength
of building materials, accuracy, prototypes, cost, elongation, and build time [11]. A product’s roughness, precision,
speed, price, and mechanical qualities were quantitatively investigated [10]. Furthermore, studies have investigated
how AMMs use marginally fewer raw resources. [80] found that, when it comes to orthodontists’ applications and
multimodal 3D face recognition, 3D printing offers the most outstanding accuracy and lowest material waste.Studies
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by [79] and [77] have shown that the structure of AMMs affects their mechanical characteristics and is crucial for
maintaining these qualities stable. Newer multiple-choice problems with numerous criteria and solutions may be
solved with the help of the MCDM method. Using prior studies’ literature, the following are the advantages and
applications of MCDM.

3D printing as part of a more significant educational effort to produce pre-scanned bones for use in teaching anatomy”
[3] and [4].

Researchers at “Australia’s Monash University” have invented a revolutionary technique for 3D printing cadaveric
orbital separation incisions in ophthalmology and optometry teaching and training [25]. 3D printing is expected to
significantly improve students' educational experience in STEM fields. In reviewing the efforts of the “European
Federation of Chemical Engineers” Working Party on Education’s efforts over the previous decade, Gillet[56] 200
highlights three crucial aspects of chemical engineering education: curriculum creation, individual growth, and
ongoing education. Middle and high school teachers were the target audience for [64] a three-day 3D printing
workshop, which included online educational and visual resources. They demonstrated the potential of open-source
3D printing technology to enhance learning by encouraging active students’ participation in all subjects. Loy [60]
showed how 3D printing can combine eLearning and making to revolutionize how product design is taught in the
classroom. In their research, [76] shows how a conceive-design-implement-operate framework may balance
pedagogical theory, technology training, and classroom instruction. However, in 2013, an MIT research team led by
[18] launched 4D printing, which has aided in developing intelligent materials. Fourth-dimensional printing (4D
printing) is a development of 3D printing in which time is included as a fourth dimension. Depending on the stimuli
(such as heat, ultraviolet light, or water), the printed form may change over time, making it a dynamic structure with
malleable features and functions [74],[75]. Although this development has expanded the application of digital
manufacturing’s application, it still needs expertise in several fields (such as mathematics, mechatronics, mechanical
engineering, and chemical engineering). New intelligent engineering materials have been exhibited and studied
recently, including temperature- and pH-controlling smart valves, adaptive pipes, sensors, and soft robotics [50].

I3Mote is only one example of open-source software that has been made available to facilitate the creation of products
based on integrated hardware and software. Industry 4.0, derived from the notion of a “smart factory,” is an umbrella
term for the 10T built on cyber-physical systems (CPS) that integrate virtual and real-world settings [43],[42],[41].

“Advanced robotics, additive manufacturing, augmented reality, simulation, horizontal and vertical integration, the
industrial internet, the cloud, cybersecurity, and big data and analytics” are the nine pillars upon which Industry 4.0
rests [48]. Germany’s “Industry 4.0” program, launched in 2011, aims to digitalize the manufacturing process [51].
This program is responsible for coining the phrase “Industry 4.0” and developing the architectural reference model
that underlies the concept.

Regarding consolidation and integration of the high-tech industries and guaranteeing the country’s technical
leadership, Industry 4.0 in Germany is based on the High Tech 2020 Strategy. Singapore’s “Smart Nation Program,”
Japan’s “Industrial Value Chain Initiative,” China’s “Made in China 2025,” and the United States’ own “Smart
Manufacturing” all outline similarly ambitious goals [73] and [72]. Most of Malaysia’s industrial industries are either
highly mechanized or involved in mass production. To raise awareness of and contribute to the development of a
comprehensive national strategy for Industry 4.0, the government has held discussions with a wide range of
stakeholders and implemented several public outreach initiatives [5].

Optimizing part geometries, for instance, is crucial in the design phase because it can affect the environmental impact
[52]. In some other cases, though, the decision-maker doesn’t consider them.

seeing widespread usage in fast prototyping [53] and [54]. Others share some features of one 3D printing technology
because they share similar underlying principles. In contrast, other features are distinct because they reflect the
technology’s regulations and lead to distinctive differences in the characteristics of the printed parts.

Among these procedures. AM technique that uses a liquid bonding agent dropped over powder particles to hold them
together. By repositioning the print head and carefully depositing the bonding agent, a BJ printed component is created
[57]. When printing with expensive materials, the ability to print without anchoring the powder on a build plate is a
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significant time and cost saver. Manufacturing ceramic components is a typical use case for BJ. Recent research [58]
demonstrates that BJ-printed components have enhanced bulk density, making them ideal for metallic foam
frameworks and approaching completely dense stainless-steel parts. One of the benefits of BJ’s is the high resolution
that makes it possible to apply finishes with a lot of detail.

Direct Energy Deposition (DED) “processes use focused energy to melt materials directly as they are added to the
workpiece in a layer-by-layer fashion. A laser, electron beam, or arc lights are often used as the focused energy source,
while the raw materials take the shape of a wire or powder [61],[62] and [65]. DED printing requires a greater quantity
of materials than other methods. DED-printed components can better resist fatigue” [66]. New studies reveal that the
particle capture efficiency of DED varies with the working distance and may improve with an increasing material in
the surface temperature [68].

Melt extrusion (ME) is like the conventional plastic extrusion method; both involve the melting of the material being
shaped. A typical ME method is fused deposition modeling (FDM), where a nozzle deposits the material in a soft and
semi-liquid condition onto a building platform, a little bit at a time, to create an 3D object. However, ME can create
more intricate components than the extrusion method while having a slower manufacturing rate. ME often has the
lowest price tag among AM technologies, which helps explain why it is the most widely used 3D printing option. The
print speed, process parameters, and thermal activities of the FDM method have all been improved, and much work
has been put into developing new materials [70],[71] and [40].

Additive manufacturing (AM) techniques that use a bed of powdered input material that falls under the umbrella term
of powder bed fusion (PBF) [38]. By spreading a small layer of powdery material and then fusing it at particular
points, the 3D object is printed. Possible sources of energy include a laser, electron beam, or infrared light. Post-
processing steps, such as blowing away debris or lifting the printed product off the platform, are commonplace in
print-on-demand fabrication (PBF). Their distinct microstructures cause bulk anisotropy of the PBF components;
however, recent research suggests that it may be reduced by using a broad beam.

A vat is used to perform the VP technique, during which the liquid-photosensitive resin is polymerized. When the
resin is exposed to a laser or an arc light source, a solid three-dimensional component could be produced as a result
of a chemical reaction. There are many different kinds of VP, but some examples are stereolithography, the digital
light process, and the continuous liquid interface product [39] and [36]. Stereolithography is one example. New
research suggests that the “bottom-up” and “top-down” print methods may provide different results [8] and [9] for
components that have certain geometries, including those with parts with a length/diameter ratio that is greater than
2. One of the first steps in developing a useful cost model is determining the extent to which the model will be used.
Several broad AM processes that include supplementary AM process phases have been reported in the literature. At
this point in the process, the raw ingredients are additionally assembled [19]. Powdered materials may require sieving
or mixing, and “material formulation” may be required for liquid materials in order to get depositable materials. Raw
materials may also need to be placed into cartridges or containers and stored in a method that prevents them from
degrading for a sufficient amount of time, but this will depend on the specifics of the process and the machine’s design
[28],[29] and [30].

Setting up the AM machine and its control system is a prerequisite before the construction begins. There are the AM
systems, the energy exposure devices, the climate control system, and the control computers to configure. Once this
process is complete, the appropriate control proper control parameters may be adjusted [31]. The method for matter
deposition or energy delivery varies between AM techniques [32].

A relationship function called FuzzySet(FS) was used to tackle the majority of the uncertainty problems that exist in
the actual world, and it was thoroughly explained.[11] uses to expand upon the intuitionistic fuzzy set (IFS) notion
discussed above. Instead, a number of approaches to tackling the uncertainty problem have been developed, such as
generalised orthopairfuzzy sets [18] N-valued interval Neutrosophic [31] generalised interval-valued triangular IFS,
JY. Neutrosophic multicriteria is a method of decision-making that integrates various criteria or elements, occasionally
with scant or unclear data, to reach a result [82]. With the use of a mathematical model created using a double bounded
rough Neutrosophic set, the expression of the students is evaluated using real-time data gathered by photographing
them in relation to various subjects [83]. The suggested study mentions the principal medical areas that NIP can
provide for image segmentation from DICOM pictures. It has been found to be a superior method due to the way it
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handles ambiguous information [84]. Understanding stress and creating strategies to lessen its effects on voice
recognition and human-computer interaction systems are the goals of this research [85]. In this article, we present a
method for calculating a system's expected costs under various conditions. The uncertainty in the various model
parameters are managed using the trapezoidal bipolar Neutrosophic numbers [86]. In this paper, complex group
decision-making scenarios are addressed using the dynamic programming method, where the preference data is
represented by linguistic variables [87]. The method's advantage is that it can be used without a lower membership
function for falsehood, which results in a sizable reduction in calculation time [88]. In an effort to address the traffic
problem, this study made an effort to provide a general overview of each approach. Numerous academics that are now
studying traffic flow, traffic accident diagnostics, and its hybridization are expected to benefit from the proposed study
[89]. This work reveals that neurosophic multiple regression is the most useful model for uncertainty, as opposed to
conventional regression models [90], [91], and [92]. To achieve the lowest inspection cost possible, we will compose
the issue language appropriately for such a case in this study before building the appropriate mathematical model [93].
This framework takes into account the components of Industry 5.0. The most important related elements and strategies
can be found by first reviewing the relevant experts and body of published research [94]. Reducing HCWT through
appropriate treatment is vital for the region's economic and environmental wellbeing. In order to address single-
valued neutrosophic group decision-making issues with a shortage of weight data, this research develops a novel
multi-criteria decision-making technique [95].

2.Neutrosophic sets

Assume that X = x1, X2,..., Xm (m >2) is the set of decision-makers or experts, y= y1, y2,..., yq (¢ 2) is the collection
of criteria, and A=Al,..., An (n > 2) is the set of logistics centres.

The weights of the decision-makers are completely unknown in the group decision-making problem, but the weights
of the criteria are only partially understood. These weights have never been assigned before.We create a method
based on the hybrid score-accuracy function using linguistic variables to address the MCDM problem with
uncertain weights in a single-valued Neutrosophic environment. The suggested method's steps for resolving
MCGDM are listed below.

Definition 2.1(F. Smarandache 2005)

Let X be the universal set, then Neutrosophic set is defined as S = {(Ts(x),ls(x),FS(x)),x € X} where
Ts(x), Is(x), Fs(x) € [0,1] and 0 < Ts(x) + I5(x) + Fs(x) < 3.

Definition 2.2( H. Wang 2010)

Let X be the universal set, then SVNS is defined as § = {(Ts(x), Is(x), Fs(x)),x € X} where T¢(x),I:(x), Fs(x) €
[0,1]and 0 < T¢(x) + Is(x) + Fs(x) < 3.

Definition 2.3 (H. Wang 2005)
Let X be the universal set, then IVNS is defined as S = {((Ts-u(x), T¢ (x)), (Isf’ (), I (x)) ) (FS-U(x), F_é(x))) X € X}

where Ts(x) = (T¢ (), TE ) € [0,1], (1Y (0, 1 () ) € [0,1], (FY (), FE()) € [0,1] and 0 < TY (x) + I¢ (x) +
FS'-U (x) <3.
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Algorithm

1.Creating the choice matrix.

2.Evaluate the hybrid score accuracy matrix.
3.Calculate the average matrix in step three.
4.Calculating the weights.

5.Calculate the average accuracy matrix.
6.find the weight model for criterion
7.compare the options

8.Finish in end step

3. Score accuracy functions using the Multi criteria decision making(MCDM) technique in a single-valued
Neutrosophic environment

Based on the five factors, including precision (C1), speed (C2), price (C3), surface roughness (C4), and friendly use
(C5). The weights of the decision-makers are completely unknown in the group decision-making problem, but the
weights of the criteria are only partially understood. These weights have never been assigned before. We create a
method based on the hybrid score-accuracy function using linguistic variables to address the MCDM problem with
uncertain weights in a single-valued Neutrosophic environment. The following is a list of the stages for resolving
MCGDM using the suggested method. Assume that the best 3D printing requires an optimization 3D printer. Three
3D printers are available: P1, P2, and P3. To choose the most relevant criterion based on five criteria (C1,C2,C3,C4
and C5), Four decision-makers or specialists (D1, D2, and D3) have been assembled into a committee.

Thus, linguistic factors are used by the three decision-makers. Conversion of linguistic variables and Single value is
shown in Table 1.in table 2,3 and 4 is linguistic phrase presented.

Table 1 linguistic scale and corresponding single value Neutrosophic

Linguistic variable Single value Neutrosophic
Very poor (VP) (.01 .98 .98)

Poor (P) (.15 .75 .85)

Good(G) (.65 .45 . 35)

Very good (VG) (.95 .05 .05)

Table 2 linguistic phrase for D1

C1 Cc2 C3 C4 C5
P1 G G P G VG
P2 VG VP G G P
P3 G P G P G
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Table 3 linguistic phrase for D2

C1 C2 C3 C4 C5
P1 VG G G G P
P2 G VG P G G
P3 G VG VP G P

Table 4 linguistic phrase for D3

C1 C2 C3 C4 C5
P1 G G VG P G
P2 VG G G G P
P3 G VG G P G

Decision matrix for corresponding linguistic phrase

[(.65.45.35) (.65.45.35) (.15.75.85) (.65.45.35) (.95,05.05)]
Dm1 = |(.95.05.05) (.01.98.98) (.65.45.35) (.65.45.35) (.15.75.85)
| (.65.45.35) (.15.85.85) (.65.45.35) (.15.75.85) (.65.45.35)]

[(.95.05.05) (.65.45.35) (.65.45.35) (.65.45.35) (.15,75.85)]
Dm2 = |(.65.45.35) (.95.05.05) (.15.75.85) (.65.45.35) (.65.45.35)
| (.65.45.35) (.95.05.05) (.01.98.98) (.65.45.35) (.15.75.85)]

[(.65.45.35) (.65.45.35) (.95.05.05) (.15.75.85) (.65.35.45)]
Dm3 = |(.95.05.05) (.65.45.35) (.65.45.35) (.65.45.35) (.65.45.35)
| (.65.45.45) (.95.05.05) (.65.45.35) (.15.75.85) (.15.75.85)|

Now, we choose the best 3D printing option using the mentioned method. We choose = 0.5 to illustrate the
computation process.

Equation can be used to extract the hybrid score-accuracy matrix from the decision matrix.

The existing method Surapati Pramanik(2016)
Ay =2a(1+T5—F5) +: (1 —a)(2+T5 — 1§ — F3) (1)
Proposed model
1 1
Ay =za(Ty + 215 1) +5(2+ T3 — I @)

Using the above equation to find the hybrid score matrix for existing and proposed methods
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hybrid score matrix existing methods

[.633 .633 .167 .633 .95]
Hybrid Score matrix1=|.95 .016 .633 .633 .167
.633 .167 .633 .167 .633l

[.95 .633 .633 .633 .167]
Hybrid Score matrix2 =(.633 .95 .167 .633 .633
.633 .95 .016 .633 .167l

[.633 .633 .95 .883 .742]
Hybrid Score matrix3 =| .95 .633 .633 .633 .167
.633 .95 .633 .167 .633l

hybrid score matrix proposed methods

.813 .633 .688 .813 .779]
Hybrid Score matrix 1 =[.971 .609 .279 .424 .938
.813 .779 .504 .488 .821l

[.971 .396 .563 .813 .613]
Hybrid Score matrix 2 =(.813 .513 .871 .971 .563
.813 .513 .871 .971 .609]

.813 .613 .688 .813 .513]
Hybrid Score matrix 3 =(.971 .396 .563 .813 .613
.813 .513 .513 .971 .396l

Average matrix
1
# _
x=1
The average matrix existing methods

[.738 .633 .583 .717 .635]
Hf=|.844 .533 .477 .633 .322
633 .688 .428 .322 .478

The average matrix proposed methods

.865 .540 .646 .813 .635]
Hfi=|.918 .506 .571 .736 .704
.813 .601 .748 .809 .609.

3.1 CORRELATION COEFFICIENT BETWEEN Hfj AND Hj;

n X pr*
_ ym L=t 1

Cx = Lij=1
V) [z’

®)
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correlation coefficient of existing methods

[.468 .401 .097 .454 .588]
Hl*Hﬁ =(.802 .008 .302 .401 .053
.401 .011 .271 .053 .302l
[.702 .401 .369 .454 .103]
H2*Hf =[.534 .506 .079 .401 .204
.401 .654 .006 .204 .079.
[.467 .401 .554 .633 .459]
H3*Hf; =|.802 .337 .302 .401 .053
.401 .654 .271 .053 .302l
correlation coefficient of proposed methods
[.703 .330 .444 .660 .494]
H1*H =|.891 .308 .159 .312 .661
.660 .469 .377 .394 .4991
[.840 .214 .363 .660 .389]
H2*H§ =[.745 .259 .497 .714 .396
.660 .308 .652 .786 .370.
.703 .331 .444 .660 .325
H3*H§ =[.891 .200 .321 .597 .431
.660 .308 .652 .786 .240

Table 5 proposed and existing values

Proposed values

Existing value

7 2632679398 | 2.184668
> hyh,
j=i
2612882 2134
2.46342 1478062
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’ 2331893056
> w3,
j=i 1.730445
2.466105
1733
2441935
1.315464
7 2777134
> hyh
= 1.390534
2777134
1.259
2647297
1179209
2184668 1730445 31.390534

= 3.7385

1~ 12,134 x1.478062 * 1.1.733 X 1.315464 * 1.259 X 1.179209

C2=3.8986,C3=4.260

Table 6 proposed and existing C value

proposed Existing
C1 2.942516 3.7385
C2 2.908786 3.8986
C3 2.980633 4.260

D. Nagarajan, V.Gobinath, S.Broumi, “Multicriteria Decision Making on 3D printers for economic manufacturing using
Neutrosophic environment ”



Neutrosophic Sets and Systems, Vol. 57, 2023 44

Table 6 present the C value of the both methods
3.2 Decision maker’s weights determination

G
x=1Cx

9, = ,0<9, <1 forx=123,....m

9; = 0.314,9, = 0.3276,9; = 0.3581

Table 7 proposed and existing Decision makers weights determination

Proposed Existing
9 0.333168 0.314
9, 0.329349 0.3276
I3 0.337484 0.3581

present the weight determination
4. Calculate hybrid score accuracy matrix

In order to aggregate the hybrid score-accuracy values of the various decision makers' choices, the equation
2. H;; 9, used. and the following can be written as the overall hybrid score-accuracy matrix.

Hybrid score accuracy with ¥ H;; 9, existing

199 .199 .523 .199 .298]
ZH,-]-191= .298 .004 .199 .199 .052
.199 .523 .199 .052 .199.

311 .207 .207 .207 .054]
ZH,-]-192= .207 .311 .054 .207 .207
.207 .311 .005 .207 .054.

226 .226 .340 .316 .265]
ZHU193= .340 .226 .226 .226 .059
226 .340 .059 .059 .227.

D. Nagarajan, V.Gobinath, S.Broumi, “Multicriteria Decision Making on 3D printers for economic manufacturing using
Neutrosophic environment ”



Neutrosophic Sets and Systems, Vol. 57, 2023

Hybrid score accuracy with ). H;; 9, proposed

[.270 .204 .229 .270 .259]
ZHUﬁl =|.323 .203 .093 .141 .312
.270 .259 .167 .162 .273l

[.319 .130 .185 .267 .201]
ZHUﬁZ =1.267 .168 .286 .319 .185
.267 .168 .286 .319 .200l

[.274 .206 .232 .274 .172]
ZH,-]-193 =|.327 .133 .189 .274 .206
.274 172 .293 .327 .133.

Sum of the hybrid score accuracy matrix existing method

.737 .633 .600 .722 .618
Sumof hybrid score matrix =|.846 .543 .480 .633 .319
.633 .703 .430 .319 .480

hybrid score accuracy in proposed methods

.864 .541 .646 .812 .634
Sumof hybrid score matrix =[.918 .505 .569 .735 .704
.813 .601 .748 .809 .607

4.1 Weight model for criteria

Assume that the information about criteria weights is incompletely known given as follows: weight vectors,
Using the linear programming model Weighted criterion model

Assume that the following criteria weights information is incompletely known: weight matrices,

the linear programming paradigm

model Max w = %Z}”:l w;H;;, we obtain the weight vector of the criteria as w =[0.3 0.6 0.25 0.2 0.15].

jl
We calculate the over all hybrid score-accuracy values
@®(m;),i = 1,2,3,in table 34 and 35 weighted criterion methods in exixting and proposed values

.221 .380 .150 .144 .092
weight existing model matrix =|.254 .325 .120 .126 .047
.190 .422 .108 .063 .072

.259 .324 .161 .162 .095
weight proposed model matrix =|.275 .303 .142 .147 .105
.243 .360 .187 .161 .091
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@(m,) = 0.9558,B(m,) = 0.8772,0(ms) = 0.8562

Table: 8 weight model criteria value

Proposed Existing
o(m,) 1.003304 0.9558
@(m,) 0.973961 .8772
@(ms) 1.044839 0.8562

Table: 9 comparisons on Proposed and existing

Proposed model @(m;) > @(m,) > B(m;)

Existing model P(m,) > B(m,) > @(m;)

Fig 1 and fig 2 shows the pictorial representation of the values.

Existing method

Fig 1 Existing method
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Fig 2 Proposed methods

5. Advantages and Limitation on various sets.

The table 10 below illustrates how different types of sets can manage different conditions or significant scenarios in

relation to practical problems, as well as how they can't.

Table 10 limitation and drawback on various sets

Various Set | Advantages Limitations
Types
Crisp sets can make an accurate determination | unable to fully express the ambiguous
without hesitating information
Fuzzy sets can explain the ambiguous information Uncertain Information cannot be described
with a non-membership degree.
Interval valued | able to cope with interval data rather than | Uncertain Information cannot be handled
fuzzy sets exact data at the non-membership level.
Intuitionistic can  simultaneously  represent the | Cannot describe the sum of more than one
fuzzy sets uncertain information using degrees of | MS and NMS degree.
membership (MS) and non-membership
(NMS)
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Interval valued | ability to work with interval data Cannot depict the sum of the MS and NMS

Intuitionistic degrees as greater than 1

fuzzy sets

Vague sets can simultaneously explain ambiguous | Cannot describe a degree sum of more than
information with MS and NMS grades. one in MS and NMS.

Pythagorean It provides sufficient room to discuss the | cannot describe anything greater than the

fuzzy sets total of MS and NMS degrees that is | square of the MS and NMS degrees.
larger than 1.

Interval valued | dealing with interval data undefined square sum of MS and NMS

Pythagorean degrees higher than 1

fuzzy sets

Neutrosophic able to deal with data uncertainty and | incapable of handling interval data

Sets thoroughly acquire the optimum solution.

Interval valued | able to handle the interval data's | unable to handle weight information that is

Neutrosophic indeterminacy and produce the optimal | incomplete

sets solution.

6. Conclusion

In this paper, the score function is used to evaluate the concept of a single valued Neutrosophic set used with the best
3D printers. Using the use of SVNS, a potential application has been addressed. This will not only be helpful on its
own, but will also assist motivated researchers in resolving other uncertainty-related problems through comparative
techniques. Based on actual decision-making challenges, the following paper illustrates a novel method for solving
Neutrosophic fuzzy sets with the contraction value. This process has proven to be quite practical in many real-world
situations where goal-oriented decision-making is required. In this paper, we model the problem of choosing the best
3D printer using the score and accuracy function, hybrid score-accuracy function of SVNNSs, and linguistic variables
in a single-valued Neutrosophic environment, where the weight of the decision makers is completely unknown and
the weights of criteria are only partially known. From the analysis the proposed method is best for decision making.
Future the work is extended to Plithogenic sets.
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Abstract:
This paper investigates the concept of Single-Valued Pentapartitioned Neutrosophic Hyperbolic
Tangent Similarity Measure (SVPNHTSM) and Single-Valued Pentapartitioned Neutrosophic
Weighted Hyperbolic Tangent Similarity Measure (SVPNWHTSM) under the Single-Valued
Pentapartitioned Neutrosophic Set (SVPNS) environment. SVPNHTSM and SVPNHTCSM also
produce some interesting results relating to similarities between the two SVPNSs. In an SVPNS
environment, SVPNHTSM is also used to bring the development of the Multi-Attribute
Decision-Making (MADM) strategy. To determine the most affected factor of the environment
affected by COVID-19, the novel SVPNHTSM is used. Results obtained from this study show that
the incremental rate of water pollution is the major effect of COVID-19 on our environment. Finally,

validation of the obtained results is done using comparative studies and sensitivity analysis.

Keywords: Fuzzy set, neutrosophic set, single-valued neutrosophic set, single-valued
pentapartitioned neutrosophic set, multi-attribute decision-making, hyperbolic tangent similarity
measure, COVID-19

1. Introduction

COVID-19 is a respiratory illness caused by the novel Coronavirus SARS-CoV-2. It was first
identified in December 2019 in Wuhan, China, and has since spread globally, leading to the ongoing
COVID-19 pandemic [24]. The disease has affected millions of people and caused significant
morbidity and mortality worldwide. Here, we present a literature review on COVID-19, focusing on
the epidemiology, clinical features, and management of the disease. COVID-19 has affected people of

all ages and backgrounds, but certain populations have been at higher risk of severe disease and

Priyanka Majumder, Arnab Paul and Surapati Pramanik, Single-valued pentapartitioned neutrosophic
weighted hyperbolic tangent similarity measure to determine the most significant environmental risks during
the COVID-19pandemic


mailto:sura_pati@yahoo.co.in
mailto:sura_pati@yahoo.co.in

Neutrosophic Sets and Systems, Vol. 57, 2023 58

death. Older adults, those with underlying health conditions such as diabetes, cardiovascular
disease, and respiratory disease, and those with weakened immune systems are more likely to
experience severe illness and complications. The virus is primarily transmitted through respiratory
droplets when an infected person coughs, sneezes, or talks. It can also be transmitted by touching
contaminated surfaces and then touching one's mouth, nose, or eyes. The incubation period for the

virus is typically between 2 and 14 days, with an average of 5 days [44, 45].

The clinical features of COVID-19 vary widely, with some people experiencing mild symptoms or no
symptoms at all, while others develop severe respiratory illness and other complications. The most
common symptoms of COVID-19 include fever, cough, and shortness of breath. Other symptoms
can include fatigue, muscle or body aches, headache, loss of taste or smell, sore throat, congestion,
and diarrhea. Severe cases can lead to pneumonia, acute respiratory distress syndrome (ARDS), and
multiple organ failure [44]. Management of COVID-19 depends on the severity of the illness and the
individual patient's risk factors. Mild cases may not require hospitalization and can be managed
with supportive care, such as rest, hydration, and fever-relieving medications. More severe cases
may require hospitalization, oxygen therapy, and other supportive treatments. In some cases,
antiviral medications such as Remdesivir and monoclonal antibodies may be used to reduce the
severity of the illness. Vaccination is also a valuable tool in the management of COVID-19, as it can
prevent infection and reduce the severity of illness in those who do become infected [16]. COVID-19
continues to be a significant public health threat, with ongoing research aimed at improving our
understanding of the disease and developing more effective treatments and preventive measures.
Early detection, isolation, and contact tracing remain significant strategies for controlling the spread
of the virus, along with vaccination and public health measures such as social distancing,

mask-wearing, and hand hygiene [2].

Multi-criteria decision analysis (MCDA) refers to a decision-making technique that involves
evaluating and comparing alternatives based on multiple criteria or factors. This approach has been
widely used in the context of COVID-19 to help decision-makers make informed choices regarding
various aspects of the pandemic. Here are some examples of how MCDA has been applied in
relation to COVID-19:One of the most pressing issues related to COVID-19 is the prioritization of
vaccines, given the limited supply. MCDA can help decision-makers weigh various factors, such as
the risk of severe illness or death, the risk of transmission, and the potential impact on essential
workers or vulnerable populations, to determine which groups should receive priority access to the
vaccine. For example, the World Health Organization (WHO) used an MCDA approach to develop
its framework for vaccine allocation and prioritization, which took into account criteria such as the

epidemiology of the disease, the impact on health systems, and ethical and social considerations [45].

Another significant decision related to COVID-19 is selecting which containment measures to
implement in order to slow the spread of the virus. MCDA can be used to evaluate the effectiveness
of different interventions, such as social distancing, mask mandates, or travel restrictions, based on

various criteria, such as their impact on public health, the economy, and social well-being.
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MCDA can also be used to assess the risk levels associated with different activities or settings, such
as schools, workplaces, or public gatherings. By considering factors such as the number of people
involved, the duration of the activity, the degree of ventilation, and the prevalence of the virus in the
community, decision-makers can determine which activities pose the greatest risk and which
measures should be implemented to mitigate that risk. For example, researchers in the United
Kingdom used MCDA to evaluate the risk of COVID-19 transmission in different sports and
physical activities [6]. Overall, MCDA is an effective tool for decision-makers who must weigh
multiple criteria and factors when making decisions related to COVID-19. By considering a range of
factors and evaluating alternative options, decision-makers can make more informed choices and
prioritize interventions that are most likely to have a positive impact on public health and
well-being.

Alamoodi et al. [1] presented a systematic review of Multi-Criteria Decision Making (MCDM)
strategies employed in medical case studies of COVID-19.  AS research progresses, researchers
are very interested in developing new MCDM/MCGDM techniques that use several types
of sets and operators [14, 18-23]in various uncertain environments.

Mallick and Pramanik [26] developed the Pentapartitioned Neutrosophic Set (PNS) [26] in
2020 using the Neutrosophic Set (SVNS) [43] and multi-valued neutrosophic logic [41] to
cope with uncertainty comprehensively by decomposing the indeterminacy Membership
Function (MF) into three independent ingredients, namely, contradiction MF, ignorance
MF, as well as unknown MF. Pramanik [36] developed interval PNS. Details studies of
SVNSs and their applications and extensions can be found in the studies [3-4, 18-23, 30-35,
37, 42]. In 2021, Das et al. [7] rendered the Q-ideals of Q-algebra in PNS settings. Das and
Tripathy [12] discussed topological space in PNS environments. Das et al. [9] presented
probability distributions in PNS settings. So, PNSs are getting more attention in conducting
research.

Das et al. [11] extended the tangent Similarity Measure (SM)[27, 28, 38] to the SVPNS
environment. Das et al. [10] developed the MADM strategy under the SVPNS environment
using Grey Relational Analysis (GRA). Cosine SM-based MCDM strategy [25] was
presented for identifying the environmental risk factor due to COVID-19 under the SVPNS
environment. Saha et al. [39] introduced the Dice SM-based MADM strategy under the
SVPNS setting. Das et al. [8] developed the single-valued bipolar PNS and presented its
application to the MADM problem.

Research gap:
e Single Valued Pentapartitioned Neutrosophic Hyperbolic Tangent SM (SVPNHTSM) has
not been reported in the literature.
e There is no literature on an MADM strategy based on SVPNHTSM.

Motivation:
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To fill the research chasm, we initiate to examine SVPNHTSM and Single Valued Pentapartitioned
Neutrosophic Weighted Hyperbolic Tangent Similarity Measure (SVPNWHTSM) and present a few
theorems and propositions on SVPNHTSM and SVPNWHTSM in the SVPNS environments. An
innovative MADM strategy that is based on SVPNHTM under the SVPNS environment is developed
in this paper.

Contributions of the paper are as follows:

1. This paper establishes the properties of the SVPNWHTSM and SVPNWHTSM.

2. This paper develops a novel MADM strategy using the proposed SVPNWHTSM to
determine the most significant risk factors in the environment. Based on the proposed
strategy, a range of alternatives are created and the ranking order is determined.

3.  The novel MADM method's findings are compared to those of other existing strategies.
The proposed strategy reveals that under the SVPNS environment, COVID-19 negatively

impacts Water Pollution more than other alternatives.

The structure of the remaining paper is shown in Table 1.

Table 1. Structure of the paper

Name of the section | Content

Section 2 recalls some definitions of relevant terms.

Section 3 presents SVPNHTSM and SVPNWHTSM and some of their basic
properties.

Section 4 develops SVPNHTSM based MADM strategy under SVPNS environment.

Section 5 presents of application of the developed MADM 6Strategy for selecting the
poignant environmental risk factor at the time of the coronavirus.

Section 6 presents a comparative study.

Section 7 describes the sensitivity analysis.

Section 8 Presents the advantage and disadvantage of the study

Section 9 Presents the conclusions of the paper.

2. A list of relevant terms with definition

An overview of some of the results and definitions is presented here.

Let V be the sphere of discourse. An SVPNS [26] is presented as follows:

G'={(x, 2 (1), (1), ¢ (), dg (), € ()) 1 K € O}

Here, ag; (k)b (x),Cq (x),dg (1), andeg (k) are the truth, contradiction, ignorance, unknown and
false MFs such that ag(x), by (x), Cs(x), dg(x), and eG,(K‘)G[O,l] , for each xeQ . So,

0 < ag, () +bg (x) +Co () + g, () + e, () <1, for each ke Q.
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Norms for the null SVPNS (Opnn) and the absolute SVPNS (1enn) [26] for a fixed set O are presented

as follows:
@ low =1{(x,1,1,0,0,0): x € Q},

(b) Opy ={(x,0,0,1,1,1): x € Q}.

Let H'={(x,a, (x),b, (x),c,, (x),d, (k)& (k) : k € O} and
G'={(k,ag (k),by (K),Co (K),dg (k). &5 () : K € D} be any two SVPNSs  [26] over V. Then,

(@ H' <G if and only if a,(x)<as(x) , b, (x)<by(x) , ¢, (x)>cs(x) , dy(x)>dg(x) ,
e, (k) 2ey(x), forall xeQ.

(b) G" ={(x, e (), dg (), 1-Cq. (), by (), 8. (x)) 1k € O} ;
(c)H'LG’
={(K, max {a. (), ag (k) },max {by,. (x), by, ()}, min {c,,.(x), ¢ (x) },min {d,,.(x), dg. () }, min {eH,(K),eG,(K)}):KeQ}
(d)

H' NG’

= {(K min{a_(x),a (x)},min{b_(x),be (x)},max{c, (x),cq (x)},max{d_(x),dg (x)} max{e_ (x)eq (K)}) ke Q}
Consider H' ={(r, 0.21, 0.37, 0.67, 0.14, 0.34), (s, 0.41, 0.25, 0.48, 0.61, 0.11)} and G’ = {(r’, 0.31,
0.48, 0.71, 0.24, 0.44), (s’, 0.49, 0.36, 0.50, 0.72, 0.25)} be two SVPNSs over a set of discourses V =
{r’, s’}.
Then,
(i) H'cG’;
() H ©- {(r’, 0.79, 0.63, 0.33, 0.0.86, 0.66), (s’, 0.59, 0.75, 0.52, 0.39, 0.89)} and G’ = {(+’, 0.69, 0.52,
0.29, 0.76, 0.56), (s’, 0.51, 0.64, 0.50, 0.28, .0.75)};
(iii) H'UG'={(r’, 0.31,0.48, 0.71, 0.24, 0.44), (s, 0.49, 0.36, 0.50, 0.72, 0.25)};
(iv) H'~G'={(r’,0.21,0.37,0.67, 0.14, 0.34), (s, 0.41, 0.25, 0.48, 0.61, 0.11)}.

3. SVPNHTSM and SVPNWHTSM and some of their basic properties

SVPNHTSM and SVPNWHTSM are here presented. Various interesting consequences have been

drawn up under the SVPNS environment.

Definition 3.1 Suppose H "={(x, aH,(K), bH, (%), CH,(K), dH' (%), e, (x)): xk € Q}and

G’ :{(K, Ag (K), bG, (I(), Co (K), dG, (K), €s (K)) ‘Ke Q} are two SVPNSs within the set V. Now, the

SVPNHTSM between H’ and G’ is defined as:
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PSVPNHTSM (H ” G’) =

%ZKEQ tanh( |a,,. (x) — ag ()| + b, (x) = b, (5)| +]cy: () = Cer (6)| +]dyy. () = Ao (6)] +[e ()~ ()] @)

Theorem 3.2 The following properties hold, if Pgypyrem (H ",G') is the SVPNHTSM between the

SVPNSs H'and G':
(@) 0= Pypnrsm(H',G) <L

(b) PSVPNHTSM (H p G') = PSVPNHTSM (Gl, H ');

©H'=G" < Pypnrsm(H',G) =0.
Proof:(a) Since the hyperbolic tangent function is monotonic increasing function in the number

line, therefore, it also belongs to the interval [_1, 1]-I—Ience, 0 < Pyonursm (H',G') <1,

®) Psyenrrsm (H',G")

ey () —ag ()] + [by,. (x) =g, ()] + e (1) = € ()] + |

1
- 2o tanh | |dy () = de ()] + e (1) — 5 ()|

o (5) = ay, ()| + [bg: (1) = by ()| + [ () =€,y ()] + |

=P, G, H'
_|dGr (K)—dH,(K)|+|eG,(;<)_eH,(K)| svenHTsm )

1
=HZK€Q tanh

Therefore, PSVPNHTSM (H ' G’) = PSVPNHTSM (G', H ’)

(c) Assumethat H' and G'are any two SVPNSs over Q such that H =G

Since, H =G’

= a,,(x) = ag (x),b, (k) =by (x),C, (k) =Cs (x),d,, (k) =dg (k). &, (k) = €5 (x), foreach x € Q.
= [y ()~ ()] = 0y (1) = g ()] = 0. 4 (1) . (1) = 0] (1) — Uy (] = O,

ley, () — g (k)| =0, foreach x € Q.

Hence Py pnprsm(H',G') = 1 Z ,, tanh(0) =0.
n Ke
Conversely, suppose that Pgpnnrsm (H G =0.

= [a ()~ (9] = by (1) = ()| =0 [0 () ~ ()] =0, (6) — Ul ()] =0,

|6, () —eg (x)| =0, foreachx e Q..
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B () = 8 (1), by () = 0, 1), Gy (1) = G (1), 0, (1) = A () and 7, () = (1),
Hence H'=G',
Theorem 3.3 If H’, G’ and Z'are any three SVPNSs over a fixed set V such as H' - G’ - Z',

then

Psvenrrsm (H', G) < Psvanirsm (H' Z27) and Pyyonirsm (G’ Z7) < Pyyenrsm (H' Z7) -

Proof. Let H’, G’ and Z'be any three SVPNSs over a fixed set Vsuchas vH' € G' € Z', S0,

ay (k) <ag (), by (k) <bg(k), ¢,y (k)= Co (k). dyy (k) 2 dg (k). & (k) 2 €5 (x),

ag (k) <ay(x) , be(x)<b,(x), Cu(x)2C(x), do(k)2d,(k), ex(x)2e,(x) ,
foreach x e Q..

Therefore [y, (1) — 8 ()] <[a, (1) 8y, ()] |Byy (1) — b ()| < |byy (1) by ()|,

€ (1) = g (K)| < [y (1) = €. ()], |y (1) — A ()| < [l () = 0 ()]
ley () —eq (1) < ey () —e,. (k)| foreach x € Q.
Therefore
Povenwrsu (H',G')
= EZKEQ tanh| [a,,. () — ag ()] +[byy. (1) = b, ()] + [eyy () = e ()| +[dyy (1) — A ()] + fery () — €. ()]
bz Jtanh [ fay () = a, ()| + [y () =1, ()| +[e, (1) €, ()| + 0 @, (i) = A (1) +[eyy () — 5 ()]

= PSVPNHTSM (H'.Z))
Thus Pyyenprsu (H',G') < Pypnpirsw (H', Z7).

Moreover,
|aG () _az’(K)| = |aH’(K) _az’(K)| ) |bG’(K) _bz’(K)| = |bH’ (x) =D, (K)|,
|CG' (x)—c, (K)| < |CH'(K) _Cz'(K)| , |dG’ () — dz'(K)| < |dH'(K) - dz'(K)|'

leg () —e,.(5)| <|e,y. (k) —&,. ()| forall x € Q..

Therefore,

Priyanka Majumder, Arnab Paul and Surapati Pramanik, Single-valued pentapartitioned neutrosophic
weighted hyperbolic tangent similarity measure to determine the most significant environmental risks during
the COVID-19pandemic



Neutrosophic Sets and Systems, Vol. 57, 2023 64

Psvenrrsm (G’ Z")

1 |aG(K) - az'(K)| + |bG'(K) -b,, (K)| + |CG’ (k) -¢, (K)| + |dG’ (x)- dz’(K)|
==Y tanh

n | +]eg (1) -, ()]

_|aH’(K) - az'(K)| +|bH’(K) - bz’(K)| + |CH’(K) - Cz’(K)| + |dH'(K) - dz’(’()|:l
+ew () e, ()

= Povenrsm (H', Z7)

Hence Psyenirsm (G’ Z") < Poypnarsu (H', Z7).

Definition 3.4

1
< szeu tanh

Consider two SVPNSs H'={(x, &, (k), S (k), %, (), Py (K), 11y () : K € O} and

o" ={(x,&,(x), ¢, (x),8,(x), D, (k) x, (k) :k €} within a universe of discourse V, the
SVPNWHTSM between H’ and ®"is defined by:

Pverwrrsm (H ") =

LS [ () = &, (1) + |G (6) = o ()] + |G () = 9, ()] + |0 () D ()| 2
N | g () = 2, ()]

where ZKEQ o =1.
The following sub sequent effects are derived in view of the above theorem:
Proposition 3.5 Assume that Py pynrsm (H's @) is the SVPNWHTSM of similarities between the

SVPNSs H'and ®@".Then,

@ 0< PsvenwHTsM (H,o") <1,

() Povenwirsm (H,o") = PsvenwHTsM (0", H"),

©H'=0" < Pyppwursu (H, @") =0.

Proposition 3.61f H',G’' and Z' over the hippodrome of discourse Vso H 'cG'cao,

I:)SVPNWHTSM (H " G’) < I:)SVPNWHTSM (R” a)") a‘nd I:)SVPNWHTSM (G” a)") < I:)SVPNWHTSM (H ” a)")'

4. MADM Strategy Based on SVPNHTSM in an SVPNS Environment

This section focuses on creating the MADM approach through the employment of the SVPNHTSMs

in SVPNS situations. Consider an MADM problem in which V ={V'’V',...V'} and
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B'={B,B,..... ,B'p} represent the collection of feasible alternatives and attributes. In terms of

Pentapartitioned neutrosophic numbers, the Decision-Maker (DM) provides all estimation details
for all alternatives. Then, construct a decision matrix by applying the decision maker's entire

evaluation details. In the next section, a new MADM strategy ( see figure 1) is developed.
Phase 1: The decision matrix's construction

The estimation details are combined to create the decision matrix.

R, ={(Bj, &V, Bj). ;i (V. Bj), & (Vi Bj), @ (V'i,B), 7 (V',Bj): Bj B} of the DM for
each  alternative ~ Vi(i=1(1)p)  based on the attribute Bj(j=1(1)q), where
(& V5 BDLG(V 5B, % (V 5, B)), @ (V 5, B)), 4 (V. B) ) =(V 4, B) ) (say)
(i=11) pand j=1(1)q)indicates the metrics used to evaluate alternative V;(i =1(1) p) with respect

to attribute Bj(j=1(1)q).

Decision matrix is delineated below:

OMA ' | ,
Bl BZ BCI

Vi (V/,B)) (V/.B3) (v, 85)

vz (V2.B) (V2.8;) (v2.B;)

v; (v3.80) (V5. B3) (Vs:B4)

Phase -2: Determining attribute weights
Verifying the weights for each of the attributes is an important part of the MADM strategy. It is
possible for DM to use compromise functions to compute the weights for each characteristic when

the details of the weights are unknown.

The compromise function of I 'J' for each Vi’ is interpreted as follows:

F’j, :i(3+§ij(\/'i1B})+§ij(V'i1B;)_‘gij(v'UB;)_q)ij(V Iil B;)_Zij(v 'i1 B}))/5 3)

i=1

Priyanka Majumder, Arnab Paul and Surapati Pramanik, Single-valued pentapartitioned neutrosophic
weighted hyperbolic tangent similarity measure to determine the most significant environmental risks during
the COVID-19pandemic



Neutrosophic Sets and Systems, Vol. 57, 2023 66

"

g

4
2.0
=L

(4)

Then the weight of the j-the characteristic is obtained by a)j’ =

q
Here, z a);' =1.

=1

Phase -3: Evaluation of a Positive Ideal Alternative (PIA)

This step involves constructing the PIA for all attributes by using the maximum operator.

In the following, PIA is represented by the letter I and is defined as:

1=(£.8,... &), ©)

where & =(max{&;(V 5, B)) 11 =1(0) p}, max{¢; (v, B;):1 =1(0) p}, mir{ (v ', B):i =10}, 6)
Phase -4: Compute the Accumulated Measure Value (AMV)

Let SVPNHTSM for each of the alternatives be aggregated using the AMV. Here, Py, (V,) denotes

AMV and Py, (Vi) is defined by
q

P V) = Za);"PSVPNHTSM ((\/i’i B;), é,{'): (7)
j=1

Where(vi" BJ,' ) = (5” (Vi,’ B;)’ é/ij (\/i" B;)’ '9ij (\/i" B;)’ (Dij (Vi,’ B;)’ ij (Vi,’ B;))
Phase -5: Analyze the alternatives and rank them

Using a descending order of AMVs, the ranking order is determined. The highest value of AMV

corresponds the best option.

Priyanka Majumder, Arnab Paul and Surapati Pramanik, Single-valued pentapartitioned neutrosophic
weighted hyperbolic tangent similarity measure to determine the most significant environmental risks during
the COVID-19pandemic



Neutrosophic Sets and Systems, Vol. 57, 2023 67

Decision making problem: Goals

Y LEVEL I: Attributes

Selection of parameters

LEVEL Il: Alternatives

A

Methodoloay of decision makina

\ 4

Formulating the decision matrix

v

Determining the attribute weights

v

Evaluatina PIA

\ 4

Finina the rank amona all the options

v

Rankina the alternatives

Figure 1. Flowchart of the proposed MADM strategy

5. MADM Strategy Implementation for Identifying the Most Serious Environmental Risk Factors
During the COVID-19 Pandemic

The whole human race is in danger of extinction in the present scenario of the COVID-19 pandemic.
As more than 6,34,000 people have died till now because of the virus thus it is very much clear that
the virus will have a great effect on our lifestyle as well as the biological condition of mother earth
[5].All the technological and scientific developments are proved meaningless in front of the
SARS-COV2. The virus has affected every country (i.e., 213) present on earth in a drastic manner.
Most of the countries have taken massive screening measures and establishing public policies to
fight the pandemic e.g., China has strictly taken the policy of self-quarantine, Britain has taken the
method of herd immunity, India has taken the method of massive lockdown, etc. But still, the
policies are not enough to meet the challenges presented by the virus. In the present scenario, the
whole world is stuck in such a situation where economic and technical growth is too much affected.
No doubt the virus has affected our environment in a very good manner as the CO: and NO:
emission has been drastically decreased due to the less usage of vehicles and as a result the
temperature of earth has also decreased. Due to the halt of industries the air pollution as well as the
noise pollution also came under control[5].

But still, there are also some bad impacts of the virus are there on the environment especially on the
soil, water, and air sectors. e.g., the number of medical wastes coming from the hospitals has
increased by at least 5 times which is quite difficult to recycle. However, a crucial topic of concern
remains to be the proper waste management & recycling as recycling is considered to be an
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efficacious way to obviate pollution & minimize energy wastage, using natural resources
sustainably. Considering the present situation USA have put a halt in some recycling centers for
minimizing the risk of escalation of the corona virus there.

Moreover, the production of organic and inorganic wastes effects the environment in a very wide
manner e.g., deforestation, soil erosion, air as well as water pollution are frequently spotted.
Additional to that due to the quarantine process the usage of inorganic plastic material has increased
[40] .

Thus, the major goal of the task is to determine the most important option that has the least impact
on the environmental criteria using the MADM technique. The alternatives are wisely selected based
on various disaster management department’s reports & are again established by the experts. So,
generation of inorganic waste (ﬂl ),organic waste (,82) and medical waste (ﬁg) are considered as
attributes in the present study. Since all the attributes have impact on deforestation (v, ), water
pollution (V,), air pollution (v;), and soil erosion (V4), so in the present study these factors are
considered as the feasible alternatives. The Figure 2 shows the decision hierarchy for the present

problem.
Most Neaative Factor Selection
Generation of Organic Waste Generation of Inorganic Waste Medical Waste

Figure 2. Hierarchical structure of the considered problem

Prepare the decision matrix in Table-2 using data pertaining to all possibilities offered by the DM.
The PIA (I) for the decision matrix in Table-3 can be calculated using equation (3).

Table 2. Decision Matrix

A ﬁl A 132 A ﬂ3
y (.0.75,.0.5,.0.3, 0.2, 0.6) 0.9,0.7,0.3,0.1,0.4) (0.75,0.54, 0.23, 0.4, 0.13)
1
y (0.9,0.8,03,0.2,0.3) (0.9,04,0.45,02,0.3) | (0.65,0.45,0.28, 0.3, 0.23)
2
y (0.8,0.7,0.3, 0.3, 0.4) (0.8,0.5,0.3,0.1,0.2) | (0.86,0.54, 0.4, 0.23, 0.12)
3
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y (0.8,0.7,0.5,0.1, 0.2) (0.9, 0.6, 0.3, 0.1, 0.3) (0.76, 0.67, 0.34, 0.32, 0.5)
4

Table 3. Positive Ideal Solution

Aﬂl AIBZ AﬂS

I | (09 .08 .03 .01, .0.2) (0.9,0.7,0.3,0.1,0.2) (0.86, 0.67, 0.23, 0.23, 0.12)

Using equations (4) and (5), the weights of the attributes are determined as:
of =0.335, @/ =0.341, o!=0.323.

Using equation (2), the SVPNHTSM of similarity between the PIS and the decision components

belonging to the decision matrix are obtained as:

Pyoniron (Vo 1) = 0.147938, Py oy (v, 1) = 0.156656 , Py oy (v, 1) = 0.124575

Povenrsu (Va, 1) =0.134095 .

SVPNWDSM ascends between the PIS and the decision elements from the DM in the following

order:

Pavenrsm (Var 1) < Pevenrirsw (Vs 1) < Pavenirsm (Ve 1) < Pavenirsm (Var 1)

Water pollution is more impacted by COVID-19 under the SVPNS environment. Figure 3 illustrates

numerical results with graphical representations.

Developed MADM Strategy

Soil erosion
24%
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Figure 3. Result of MADM Strategy

6. Comparative study

Comparing the existing strategies with the proposed strategy (see Table 4), it can be seen that they
obtain water pollution as the best alternative. Table-4 shows that the weighted values for all
attributes are significantly closer to the two existing techniques. The weighted values of the
similarity measures in the proposed strategy are not closed like the existing strategies, which
enables a better decision for considering attributes. Compared to MADM strategies, this form of

weighting supports a better decision. An illustration of a comparative study is shown in Figure 4.

Table 4-. Comparison among the existing strategies and the developed strategy

Methods Order of Preference
Vi V) V3 Vy

MADM strategy based on | 0.672339 | 0.67277 0.66963 | 0.670349

cosine similarity measure [25]

MADM  strategy Weighted | 0.206911 | 0.208836 | 0.208706 | 0.199668

Vi <Vqp <V, <V
Dice SM [39] SRR I

Developed MADM Strategy 0.147938 | 0.156656 | 0.124575 | 0.134095
V3 <Vy <V <V,

Soil erosion

Air pollution

Water pollution

Impact on deforestation

B MADM strategy based on cosine similarity measure
B MADM strategy Weighted Dice Similarity Measure
1 Developed MADM Strategy

0% 10% 20% 30% 40% 50% 60% 70% 80% 90% 100%

Figure-4: Result of Comparative study

7. Analyzing Sensitivity

To validate the predictions, this step aims to confirm the significance of the alternative as estimated
using the developed MADM strategy. A change in the secondary criteria’s magnitude can determine
the sensitivity of the MADM strategy. Some vital alternatives remain unchanged. Therefore, if the
rank changes, the strategy is understood to be under radar of sensitivity, and conversely. Hamby
[17] proposed this type of sensitivity analysis and it is known as rank relative sensitivity analysis.

In studies, estimation is done by sensitivity analysis where a numerical model is required to validate

the estimated output. Table 5 denotes the output obtained by sensitivity analysis. As per the results
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obtained, ‘water pollution” is found to have a Swing”2 value of 30.80% whereas ‘deforestation” was
found to have a Swing”"2 value of 27.20 %. Thus, the ‘water pollution’ is considered as the most
sensitive parameter. The less sensitive parameter is obtained as ‘Soil erosion” which has Swing"2
value heaving 19.50 %. It suggests water pollution’s being the most sensitive factor which gets
followed by the bad effect of the corona virus in accordance with the weights gained by
SVPNHTSM. Figure 5 illustrates the result of the sensitivity analysis.

Table 5- Result of sensitivity analysis

Corresponding Input Output Value Percent
Value
Input Low | Base | High Low Base High Swing Swing”2

Variable Output | Case | Output

water 0 0.5 1 0.20303 | 0.281358 | 0.359686 | 0.156656 30.8%

pollution

Deforestatio 0 0.5 1 0.207663 | 0.281358 | 0.355053 0.14739 27.2%

Air pollution 0 0.5 1 0.214310 | 0.281358 | 0.348405 | 0.134095 22.5%

Soil erosion 0 0.5 1 0.219070 | 0.281358 | 0.343645 | 0.124575 19.5%
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Senslit 1.40 Academic Version

Deforestation
water pollution
Soil erosion

Air pollution

0.18 0.2 0.22 024 026 0.28 0.3 032 034 036 0.38
Output

Figure-5: Result of sensitivity analysis

8. Advantage and Disadvantage of the study

Advantages: An MADM strategy based on SVPNHTSM has a four-time greater gradient of tanh
than a sigmoid-based strategy. By using the tanh activation function, the gradient during training
will be higher and the weights will be updated more frequently. Uncertainty has been
comprehensively dealt with using SVPNSs as SVPNSs deal with degrees of contradiction, ignorance

and unknown which are more realistic in decision making situation.

Disadvantages: SVPNSs have more components than fuzzy sets and IFSs. Therefore, more times are

required to solve the mathematical model involving SVPNSs.

9. Conclusions

This paper develops a new MADM strategy to determine the most significant risk factor in the
environment. Based on the proposed strategy, we create a range of alternatives, and obtain ranking
order. The novel MADM method's findings are compared to those of other existing
approaches. Under the SVPNS environment, it is evident that COVID-19 negatively impacts Water
Pollution more than other alternatives. A major weakness of the study is that it doesn’t ensure that,
as the number of parameters increase, the most significant parameters remain ranked in the same
order. In this study, there is no scenario analysis, which is another drawback. It is possible to
extend the newly defined SVPNHTSM and SVPNWHTISM operators to other uncertain
environments to address uncertainties in decision-making. In addition to clay-brick selection [29], air
surveillance, and multiple target tracking [13],watershed hydrological system [15], the approach
suggested here could be used to address other MCDM problems as well.
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Abstract:

Structural optimization in construction has attracted significant attention to sustainable
development. In reality, structural model is associated with different imprecise parameters. Several
factors influence the uncertain framework for optimization structural models. To tackle such
structural difficulties, an effective design and optimization configuration is required. In this
proposed work, we have created a solution procedure to solve multi objective problems under
neutrosophic-hesitant fuzzy (NHF) environment in context of structural design. The suggested
procedure is based on the NHF decision-making set that assigns a set of potential values for each
objective function’s membership, non-membership, and indeterminacy degrees in a NHF
environment. The efficiency, applicability, and utility of the proposed technique are presented here
by using a three-bar truss design model.

Keywords- Multi objective structural problem; Hesitant fuzzy optimization; Neotrosophic-hesitant
fuzzy optimization; Pareto optimal solution; Indeterminacy hesitant membership function

1. Introduction

When it comes to tackling optimization challenges, optimization techniques have a big impact
in real life. When dealing with real-life situations with various problems, various sorts of
mathematical models exist. As a result, the mathematical models are formed with single or multi
objective function/functions along with a branch of constraints. In multi-objective optimization
problem (MOOP), objective functions are conflicting in nature. The objective functions of this
mathematical models are maximization type or minimization type or mixed type. In this type of
problems, it is very difficult to identify the suitable feasible solutions. That is why, decision maker
(DM) prefers a compromise programming (CP) approach that currently meets each goal function is
available. As a result, the idea of CP approach has a significant impact on the global optimality
criterion. A large amount of research has been presented in the past era on the topic of MOOP. In
MOOP, the difficult task as a DM is to discover an appropriate compromised solution set from a set
of possible Pareto-optimal solutions.

Due to local and global optimal, multi-objective nonlinear programming problem (MONLPP) is
a complex problem as compare to linear multi-objective programming problem. Professor Zadeh
pioneered [2] the new idea of fuzzy set (FS) to address the uncertainty in 1965 and Professor
Zimmermann [4] proposed a fuzzy programming technique (FPT) for several objective
mathematical problem based on fuzzy set. The FPT was only concerned with the degree of
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acceptance, but it may be required to address the function of rejection in order to obtain more
practical outcomes.

The FS (fuzzy set) theory was used in structural model as well. A new concept was
implemented a sequence of optimal solution (OS) for structure with fuzzy constraints based on
alpha-cut method by Wang et al. [3]. Rao [5] discussed a four-bar generating mechanism with a
fuzzy goal function and fuzzy constraints. Yeh et al. [6] created structural optimization using
imprecise parameters. Xu [7] solved a nonlinear structural model using fuzzy two-phase method.
Shih et al. [8,9] suggested a novel approach to discover a unique solution using alpha-cut
approaches of the 1 and 2 types to the structural model in fuzzy environment farther they had
developed another alternative approach based on alpha-cut method to obtain the OS of a nonlinear
structural problem. Dey et al. [10] addressed multi-objective structural design issues using
generalized fuzzy programming. Also, a computational algorithm was developed by Dey et al. [11]
for a structural model with three bar using basic triangular norm in fuzzy environment. The
extension of ordinary fuzzy set (FS) or hesitant fuzzy set (HFS) was introduced by Torra et al. [12]. It
provided an opportunity to allow more feasible values of an element to a set. The potential values of
an element in HES is a subinterval of [0,1]. Many research scholars have recently investigated HFSs
and used them in different domains of research. In 2016, a computational programming technique
based on HFS was developed by G.L. Xu, et al. [13] for hybrid MCGDM model. In the same domain
another paper was published in 2017 by S.-P. Wan [14] based on hesitant fuzzy programming
method. L. Dymova, [15] created a user-friendly computer application using a fuzzy MCDM
technique. Farther, they [16] had applied this fuzzy MCDM technique in a rolled-steel heat treatment
metallurgical plant in 2021. But in structural design optimization, hesitant fuzzy set is likewise not
extensively utilized.

In 1986 [17], intuitionistic fuzzy set (IFS) was developed by Prof. Atanassov. IFS is an advanced
version of FS. In FS, the membership degree is only consideration whereas in IFS, both the level of
membership and non-membership are considered with the condition that the sum both membership
values is not greater than one. P. P. Angelov [18] used the optimization for the first time in a
widespread intuitionist fuzzy environment in 1997. B. Singh et al. [19] proposed an intuitionistic
fuzzy optimization technique based on structural model. M. Sarkar et al. [20] proposed a new
computational algorithm based on triangular-norm and triangular-conorm in intuitionistic fuzzy
environment to solve a welded beam design issue. Kabiraj ef al. [21] gave the utility of fuzzy logic
has been used in linear programming in 2019. In 2019, S.F.Zhang, et al. [22] proposed GRA based
IFMCGDM method for personnel selection. Kizilaslan et al. [23] proposed intuitionistic fuzzy
function approaches utilizing ordinary least square estimation rather than ridge regression in 2019.
Ahmadini and Ahmad [24] proposed intuitionistic fuzzy goal programming with preference
relations to address a multi-objective problem in 2021. A. Ebrahimnejad, [25] introduced a novel
approach to solve data envelopment analysis (DEA) models characterized by intuitionistic fuzzy
data. Recently, many researchers have worked with intuitionistic hesitant fuzzy (IHF) sets and
implemented them to many domains. S.K Bharati [26] in 2018 introduced hesitant fuzzy algorithm to
solve multi objective linear optimization problem (MOLOP).K.B. Shailendra, [27] introduced IHF
algorithm for MOOP in 2021. But in structural design optimization, IHF set is likewise not
extensively utilized. The concept of neutrosophic theory was revealed to address the importance of
indeterminacy in real life. In generalized FS and IFS were discussed about membership and
non-membership function only but there is no information about the indeterminacy. New concept of
neutrosophic theory was presented in front of researcher by Prof. Smarandache in 1995 [28], which is
a dialectics extension. The neutrosophic set (NS) can manage both uncertain and partial information,
whereas IFSs can only manage partial information. The word neutrosophic is derived from two
words: neutron (neutral in French) and Sophia (skill or wisdom in Greek). The NS is described by
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using three functions namely belonging (truth) function, belonging to a certain point
(indeterminacy) function, and not belonging (falsity) function. The Neutrosophical Programming
Approach (NPA), based on NS, was implemented, and is now widely utilized in real-world
applications. M. Sarkar et al. [35] applied neutrosophic fuzzy numbers in the area of structural
design and application. Abdel-Basset et al. [1] offered a new technique for solving a completely
neutral linear programming problem (LPP) that applies to production planning. In 2018, Ye et al.
[29] suggested an effective technique for addressing the issue of non-linear programming of the
neutrosophic number in neutrosophic numerical environments. An approach for solving MONLPPs
in IFS was introduced by Rani et al. [39]. The develop method has been was compared with other
existing methods that are already includes. Zhou and Xu [30] developed a novel portfolio selection
and investment technique at risk in a widespread and faltering environment. All the sets mentioned
above have their limits with respect to the presence of each component in the set. A new
optimization technique based on a single-valued neutrosophic hesitant fuzzy set (SVNHFES) was
proposed by Ahmad et al. [31]. This set includes the concept of truth hesitancy degrees, falsity
hesitant degrees as well as indeterminacy hesitant degrees for various objective functions. The
neutrosophic set of indeterminacy concepts examines potential future lines of research in the field of
real-life application. Many researchers have contributed to the field of neutrosophic optimization
techniques and real-world applications, including [36, 38]. In 2020, F. Ahmad, et al. [37] were
developed a computational approach based on modified neutrosophic fuzzy set (NFS) to optimize a
supply chain decision making problem. According to Giri et al. [40], TOPSIS for MADM has been
extended through the use of single valued neutrosophic fuzzy sets (SVNFS). B. Tanuwijaya et al [41]
developed fuzzy time series (FTS) model based on SVNESs in 2020. In 2021, F. Ahmad [42] proposed
interactive NPA based on Type-2 fuzzy in domain supplier selection problem. In order to tackle a PP
issue, Khan et al. [43] studied the IVTN value and employed NS and IFS approach. S. Gupta et al [44]
introduced Dash diet model and optimized the calorie consumption and minimized diet cost under
neutrosophic goal programming (NGP). The multi objective NGP was used to solve the diet model,
satisfy daily nutrient needs, and compared various approaches.

A wide range of methods have been used in the literature in order to solve the uncertainty in
structural design problems, such as fuzzy, intuitionistic fuzzy and neutrosophic fuzzy
optimization. But combination with HFS and NFS is very rare in literature survey in context of
structural design.

This research is prompted by NHF emerging as a novel field of study with the capacity to attract the
individuals responsible for making decisions. The subsequent are the impacts of the study:
e It serves as a supplementary addition to the existing literature on MOSOP.
e A case study is presented in which solution processes for MOSOP methodologies are
documented.
e In this work, a novel technique based on NHF under various membership functions has
been used.

e The method is contrasted with HFS and IHFS, and the findings indicate that the proposed study
is effective.

e The proposed neutrosophic hesitant fuzzy programming approaches (NHFPAs) utilizing
the neutrosophic fuzzy decision set is quite simple and easy.

The synopsis of rest of the manuscript is highlighted below: Section 2: we have highlighted the
multi-objective structural optimization model (MOSOM). In section 3, we give some basic concepts
about FS, IFS, SVNS, HFS, and SVNHEFS. Section 4 proposes a computational algorithm to solve a
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MOOP using neutrosophic hesitant fuzzy optimization technique (NHFOT). Section 5 outlines the
approach for resolving the multi-objective structural model using NHFOT. An illustrative example
is studies in section 6 which reflects the applicability and validity of the proposed method
effectively. Finally, section 7 highlights the concluding remarks and finding based on the present
work.

2. Mathematical Form of Multi-Objective Structural Optimization Problem (MOSOP)

In structural model, the basic parameters of a bar truss structure system (such as Young's
modulus, material density, maximum permissible stress, and so on) are established, and the
objective is to find the cross section area of the bar truss so that we can find the lightest weight of the
structure and smallest node displacement under loading condition.

The MOSOP is formulated as follows:

Minimize W (A)
Minimize p(A) )
st o(A)<[o] @
Ae [Anin ' Anax]

where n number design variables A=[A, A,,....., A, ]T are considered. The design parameters are the

n
cross-sectional area of the truss bar, the total structural weight isW (A) = Zi:1§i AL, the deflection of

loaded joint is p(A), length of bar= |, cross section area= A, and the i"" group bars density=5, ,
respectively. Under different conditions, the stress constraint=0(A) and maximum allowable stress

of the group bars=[0], cross section area (minimum)= A _ and cross section area (maximum)

= A, respectively.
3. Preliminaries

Definition 1. [32] (Neutrosophic Set (NS)) Assume, U be the universe discourse such thatxeU . A

NS A in U is characterized by the membership functions as, truth Tf; (X) , indeterminacy
If; (X) and a falsity Ff; (X)and is denoted by the following form:
A={(x.Tf, (X), I (x),Ff, (x)):xeU}
Where the subsets Tf; (x), If;(X) and Ff, () are truth, indeterminacy and falsity membership
function lies in E =]0",1°[ ,also given as, Tf; (X):U > E,If, (x):U > E,and Ff, (x):U > E .There is
no restriction on the sum of Tf; (x), If; (X)and Ff; (X),s0 we have,
0" <supTf, (x)+1f; (x)+sup Ff, (x) <3

Definition 2. [32] Let U be a universe set. A single valued neutrosophic set (SVNS) A over U is
given by A={(x,Tf (x), If, (x),Ff, (x)):xeU}

WhereTf; (x), If ; (X) and Ff; (X) liesin [0,1]and 0<Tf; (x)+1f; (x)+Ff; (X) <3 foreveryxeU .
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Definition 3. [33] (Hesitant Fuzzy Set (HFS) Torra et al. [12], created a new tool called HESs and
which allow the acceptance degree to the set of various possible values. The HES is as follows:

Let U be a universe set, then a HFS on U is expressed asY ={< XJ,hY( )>|x €U}, where

h, (xj )is set of possible degree of acceptance of the element x, €U in [0,1] .Also, we callh, (Xj ), a

hesitant fuzzy element.

Definition 4. [34] (SVNHEFS) Let's say there's a fixed setU ; an SVNHEFS on U is represented
as: S ={(X,TfY (X),IfY~ (X),Fff(x)):XeU} where set of possible values of Tf,(x), If,(x) and
Ff, (x)are lies in [0,1] ,indicating the possible truth, indeterminacy hesitant degree of acceptance
and the falsehood hesitant degree of rejection of the element xeU to the set $ accordingly with
the conditions 0< 4,7 <1 and 0<4",k",7" <3, where ueTf,(x),xelf,(X),reFf, (x)

with " eTfC+(X):U#€Tf max{s}, k" e If," (x)=U o max{x}, 7" e Ff,’ (x )=Uyé,:f max{y} for all
xeU.

For ease, the three-tuple S; ={Tf,(x),If;(x),Ff, (X} is known as a single-valued neutrosophic

Ke If

hesitant fuzzy element (SVNHEFE) or triple hesitant fuzzy element.

According to Definition 6, the SVNHFS has three types of membership functions: truth TfA(X) ,

indeterminacy IfA(X) and a falsity FfA(X)membership function, resulting in a more dependable

structure and providing flexible options to allocate values for every element in the field, and may
handle three types of uncertainty at the same time. As a result, FSs, IFSs, SVNFSs, and HFSs can be
considered as specific instances of SVNHFSs.([33]

( Single valued neutrosophic hesitant fuzzy set )

'_—l‘ lﬁ

( Hesitant fuzzy set > C Single valued neutrosophic set )

Intuitionistic fuzzy set

< Fuzzy set )

I_v

( Classical set

Figure 1: Dialogistic coverage of classical set to SVNHFS.

Definition 5. [34] Let there be two SVNHFSs, Sv} and S in a universal setU . Then the union of

S\G and SY~2 is described as:
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Th, e (Th, OTH, ):Th, = max (min {Tf, UTF, }),
S, LS, =1 Ify e (If, UIf, ):1f, < min(max {1f, LIf, }), @)

Vi Yz

Ff, < (Ff, UFf, ):Ff, <min(max{Ff, OFf,})

Definition 6. [34] Let there be two SVNHFSs, SY~1 and S; in a universal set U . Then the

intersection of SY~1 and SV~2 is described as:

Tt (Tf, AT, ):Th, = min(max(Tf, AT, }),
5, NS, =1 If, & (1, NI, ) 1f, <max(min{1f, AIF, }), @)
Ff, < (Ff, N, ): Ff, <max(min {Ff, ~Ff, })

Definition 7. Assume that there is a set of feasible solution A of MOSOP (1). Then a point X
taken into consideration to be a Pareto optimal solution of (1) iff there is no such point X € A such

that O, (X')>0,(X) ¥k aswellas O (X") >0, (X)for as a minimumKk .

Definition 8. A point X" € A is called a weak Pareto OS of (1) iff there is not a point X € A such
that O, (X')>0,(x) vk.

4. Proposed Algorithm
4.1 To Solve MONLPPs using NHFPA

One may take a MONLPP with k objectives.

Min. O(x)=[0;(x), 0, (X),reO (X) ] (4)
Subject to

xeU :{XEU”|gij(x)$or:or2bj,j:1tomeN}ar1d|_i <x <u, (i=1toneN,natural no.)

Zimmermann [4] demonstrated that the MOOP can be resolved using fuzzy programming techniques.
The MONLPP is solved using the procedures listed below.

Step 1: The MONLPP (4) may be solved as a single objective nonlinear programming problem
(SONLPP) by focusing on one objective at a time and overlooking the other objective goals which are
called ideal solutions.

Step 2: The result achieved in step 1, the pay-off matrix may be created by identifying the
corresponding listed values for every goal in the following manner:
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1 k
x |O(%) Oi(x) - O(x)
X, l*(xz) O;(x2 :<x2)
X, Of(xk) O;(xk) O:(xk)
In this case, the ideal solutions are X, X, ........... , X, of the objective functions Ol(X) ,0, (X),....., Oy (X)

accordingly.

Step-3: In each column the highest possible value U, denotes upper tolerance, or upper bound, for
the k" objective function Oy (X) , where U, =max {ok (Xl),Ok (x2 ) ,,,,,, ,Oy (Xk )} and the
minimum value of each column L, gives lower tolerance or lower limit for the k" goal

function Oy (X), where Lk=min{ok(x1),ok(x2), ...... O (X )} for k=12,...K.

Uy =U,,L =L, for truth membership
L =U; -s,U, =U] for indeterminacy membership
Uy =Uy, L =L +t, for falsity membership
Where 0<s <(U,-L,) and 0<t, <(U,—L,) are specific real numbers in (0,1).
Step-4: Under a NHF environment, we can now define the various hesitant membership functions as

linear, exponential, and hyperbolic. Each of them is specified for the membership functions truth,
uncertainty, and falsehood, which appears to be more accurate.

4.1.1. Linear-type hesitant membership functions approach (LTHMFA)

The linear type truth membership Tkai (0,(x)) , indeterminacy membership |fk|“ (O, (x)) and a

falsehood membership kaL‘ (O, (X)) functions under NHF context can be described as below

For truth hesitant fuzzy membership functions:

1 if O, (x)< L
(V) -(0.0) |
ThE (0, (X)) =4 | 22| ifL] <O, (x)<U]
(UE) (%)
0 if O (x)>U;
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—_
[
~

=~ o [~
|
—
0
~
>
o
~—~—

|

0 if O, (x)>U]
1 if O (x)< L}
T, (Ok( )) {(L(J:JE)TE?‘LEX;) } ifL, <O, ( )<UkT

1 if O, (X) <L

It (0, (x))=1x {%%ﬂ} if L, <O, (x)<Uy
0 if O (x)=U,

1 if O, (X) < Ly

It (0, (x))=1x, {M] if Ly <O, (x)<U,

0 if O, (x)=U,

1 if O, (X) < L,

0 if O (x)=U,

if L, <O, (x)<U,

For Falsehood hesitant fuzzy membership functions

0 if O, (x) <L}
uf) -(o, .
Ff e (Ok (X)) =N {((UZ)—(LE))!] if L: <O ()= U“F
1 if O, (x)>U/
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0 if O, (x) < Lf

1 (0,00)- {%} 15 <0, <]
1 if O, (x)>U/
0 if O, (x) <L}

U ) -(0,(x)
oo S0
1 if 0,(x)>U

} if L <O, (x)<U;

The following is a mathematical explanation of objective functions.

Max m|n Tf5 (O, (x))

Max mln If (O, (x)) (5)

2,.K

(i=12,.....,n), subject to all constraints of (4).

Assume that Tf" (O, (X)) 2 s, If* (O, (x)) =& and Ff* (O (X)) <7, (i=12.....,n), for all k

Where the parametert >0. Utilizing additional variables s, x; and y,, the following problem (5)

can be transformed to the problem (6)

LTNHMFA M ax (ZM +> K, —Z}/ij
Subject to

W00 1, ., [ (0] }[
[ U5 }“l [ TTRTTAD R
(Uk')‘—(oux))'},( p [(Ué)‘—(oux))‘},( 5 [(Uk')‘—(oux))‘},(
( 11 /72 ( =2 Mn ( ="ns

U) (L) U) (1) U) (L)
(Uf)t_m] ”2( oy ) ” :

;)t _(Ok(x))t }Z,U )
(ui) -(5)

B
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1 =0, 1 =y, 0< g+ 16 + ¥, <3, MK Y, e(O,l) anda;, 5,4 €(0,1), for all (i =ltone N)
All the constraints of (4).

Theorem 1: There is only one OS (X', 4",x",»") of problem (6) (LTNHMFA) which is likewise an

efficient solution of (4) where " = ( YT u ) K= (K; VK ey K, ) and y = ( 2 7h ) )

Proof: Suppose that (x*, WK, 7*) be the only OS of problem (6) which is an inefficient to solving
the problem (4). Then there exist different feasible alternative X'(X' * X*) of the problem (4), so

that O, (X*)SOk (x') vk, O, (X*)<Ok (X') for at least onek .

o kand (U) ~(0.0)) _(Ud) =(0c(x))

Uiy -(L) -5 Uiy (L) =)

for at

Similarly, Mkax[w} < |\/|kax [M] and

Min[(uw—(ok(x*))‘}Minl(u:)‘—(om»‘} | Mm((ur)t—@k(xv)}Mm[(u:)‘—(ok<x'>>t]
L)L) L) ) L))

for at least one k

Now, assume that 4 = Mkax[

K*zMax[(U:)t—fok(x*g)‘] | K,zMaX[(u:)t—@k(x'))t] | Mm[(u:)‘—(ok(xv)t} .
S (s k
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A =Min U7 @60y )F _[(Ok (FX? )
(Ue) -()

( UK — ]/*) < ( u+r'— ;/') that implies the solution is not optimal which contradicts that

Then u <(<)u' , x <(<)x' and y >=(>)y’ which gives

(x*, 0K, 7*) is a unique OS of (6). As a result, it is a successful problem-solving strategy (6). Thus,

the proof is finished.

4.1.2. Exponential-type hesitant membership functions approach (ETHMFA)

The truth membership function of exponential type TkEi (O, (x)), indeterminacy membership of

exponential type |kE i (Ok (X)) and a falsehood membership of exponential type FkEi (Ok (X)) functions

under NHF context can be can be described as follows

For truth hesitant fuzzy membership functions:

T (O (X)) =4 14| 1—exp —y/{

T2 (0, (X)) =4 1, | 1—expi -

6 (0, (X)) =4 &, | 1—exp v/

It (O (X)) =1 | 1-exps -
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i if O, ()<L,
0 if O, (x)=Uy
1 ifO, (x)< L

I, (Ok (X)) =4k, |1—exp —W[MJ if Ll <O, (X) <u!

0 if O,(x)=U,

0 ifO, (x) < -
Ff (O (X)) =147, |1-exp —1//[ if Lf <O, (x)<U/
1 if O, (x)>UF

0 if O, (x) < LF

U
i (O (X)) =17, | 1-exp —V/{<< if Lf <O, (x) <Uf

1 if O, (x)>UF

0 if O, (x) <L

: [(u ) ~( om] . i
Ff& (O (X)) =17, |1—expy—w - if L, <O (x) <V,

1 if O(x)2U/
Where ¥ is the measure of ambiguity degree or shape parameter which designated by the DM.
Assume that T (O (X)) 2 #, 1 (O (X)) 2% and F& (O, (x))<x((i=1toneN)), for all k

Where the parametert >0. Utilizing additional variables 4, x; and 5, the given problem (5) can

be converted to (7).
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ETNHMFA  Max (Z,ui+zi:i(i—zi:}/i]

Subject to

{5

(W) -0 || |, CHRCIORIR
""“{”Xp{w W}} J””'ﬂl[lexp{'” WM

(Ur) -(.00) || | (U7) ~) || |

1= K024 = 7,0 g4+ +y, <3, 406,70 €(01) and e, 5,4 €(01), forall (i=1toneN)
All the constraints of (4).

Theorem 2: There is only one OS (X*, 0K, 7*) of problem (7) (ETNHMFA) which is likewise an
efficient solution for (4) where " :( YT yn) K —(Kl K yeeeens )and v (71* Vaseeneens 7/;)

Proof: Suppose that (X*, woK, 7*) be the only OS of (7) which is an inefficient to solving the
problem (4). Then there exist different feasible alternative X'’ ( X' # X*) of the problem (4), so that
O, (X*) <O, (x') ¥k and O, (X*) <O, (x') for atleast onek.

Therefore, 16Xp{l//[(u - " t}<1 exp{ y/[(u )t O (X) } V kand
(ue) -(1) (Ui)
1exp{w[%] <lexp{w[ -(O, (X) } for at least oneK .

=~ o
~—
“
|
—_—
O
~~
x
*
~
~——,
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Hence, Max[l exp{—y/[( T)I ( (X*))t ]} < Max[l—exp{—w(w]ﬂ,
J-(1) k (i) -(5)
Mﬁx(lexp{y/{ (X) ]}] 1exp{w{w(fj)£)t(—czkg)?)t}}} for at least one k
Similarly, Mkax(lexp{w{W]}J<ng{lexp{yx{w(i)):)t(—o(ﬁx)?)t}} and
(Ui ~(0.6)) (V1) ~(0.0))
Mﬁx(lexp{w[W]}]< fo[leXp{W[WJH for at least one k
- (U5) (@) [ |, (uF) -(Oux))
Again, I\/Lln{l—exp{—y/{ (Uf)t—(l_:)t J;]Mkm[l—exp{—y/[WJH,

Min[lexp {V/[(U: )t _t(ok (X*t))t ]H > Min[lexp { [MJ}] for at least onek
k (u8) (L) k (ur) =)

Now, assume that

. (Ui) -(00)) . (U1) - (0.00))
u o= Mﬁx(leXp{l// WJH and u' = Mﬂx{lexp{w[mjﬂr
K Max[lexp{y/ M } , K’Max{lexp{l//[(u"l)tt(—ok(x?)t}},
k (Ue) -(L) k (ue) -(L)

y*Min£1exp{l//{(U t *t ) } nd ﬁrMin[leXp{‘/’[MJH'
k CORCY k (U) (1)

~m
\_/—‘
|
—_—~
O
~~
>
N—r
~—

Then i < (<)u', k¥ <(<)x'and y =(>)y’ which gives (,u* +K — ]/*) < (,u' +K' - }/') that implies

the solution is not optimal which contradicts that (X*, 0K, 7*) is a unique OS of (7). As a result, it is

a successful problem-solving strategy (7). Thus, the proof is finished.

4.1.3. Hyperbolic-type hesitant membership functions approach (HTHMFA)

The truth membership function of hyperbolic type TkHi (O,(X), indeterminacy membership of

hyperbolic |kH "(0,(x)) and a falsity membership of hyperbolic FkHi (O, (X)) functions under NHF

context can be can be described as follows

For truth hesitant fuzzy membership functions:
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if O (x)< L

Th (0, (X)) =144 %%tanh{M(ok(x))‘]rk} if L <O, (x)<U]

if O, (x)=Uy

if O, (x)< L

Tf, " (Ok(X)): My %+%tanh{[%(ok(x))t}k} if L <O (x)<Uy

if O, (x)=Uy

if O, (x) <L

Th (O, (%)) =1 4, %Jr%tanh{w(ok(x))t}fk} if L <O, (x)<Ug

For indeterminacy hesitant fuzzy membership functions:

1

if O (x)=Uy

if O (X) <L

It (O (X)) =% %Jr%tanh{w(ok(x))‘}rk} if L, <O, (x)<U,

if O, (x)=Uy

if O (x) <L,

It (0, (x)) =1 x, %+%tanh{[w—(l_lk)t(0k(x))t}k} if Ll <0, (x)<U]

if O, (x)=>U,

if O, (x) < L

If (Ok (X)) =K, %+%tanh HM(Q (X))t]fk} if L, <O, (x)<U,

For Falsity hesitant fuzzy membership functions

if O,(x)=U,

Sanjoy Biswas, Samir Dey; ; Neutrosophic Hesitant Fuzzy Technique and Its Application Structural Design



Neutrosophic Sets and Systems, Vol. 57, 2023 91

0 if O, (x) < Lf

Ff (0,(X)) =17 %Jr%tanh {(ok ) —w}k if L <O, (x)<U¢
1 if O, (x)=U/
0 if O, (x) < L

Ff (0,(X) =17, %+ %tanh {(Ok (x) —M}k if Ly <O (x) <US
1 if O, (x)>U/
0 if O, (x) < L

Ff (0,(0)) =17, %Jr%tanh {(Ok X)) —w] | L <O <Uf
1 if O, (x)=U/

where 7, = _5 is the measure of ambiguity degree or shape parameter which designated by

U -L
the DM. Assume that T, (O, (X)) u, 1" (O, (x)) =& and F/ (O, (x))<x((i=1toneN)), forall k

Where the parametert > 0. Utilizing additional variables 44, s, and y,, the given problem (5) can
be converted to the problem (8)

HTNHMFA  Max (Z,ui+zi:i(i—zi:}/i]

Subject to

o, %+%tanh [(Uk);(L -(0, (%) J } 2 th; A, —+;tanh [M‘(de))t]fk > My
e ; ;tanh [(Uk); -(0,(%)) 2 fhys By +;tanh{[—(Uk) ;(Lk)‘—(ok(X))‘}rk > K,
B %+%tanh [(Uk) ;(Lk —(0,(x)) } } 2Ky, B ;tanh [(Uk) ;F( ) (Ok(x))t}fk 2K,
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A %+%tanh [(Ok(x))t—MJrk <1 %+%tanh {(Ok(x))‘—w}k <7,

2 2
t t
1 1 ur) +(L
""ﬂ’n §+§tanh [(C)k(x))t —MJZ}( S}/n 2 ZKil/'li Zyi'ogﬂi + K+ <3 P
k.7 €(01) and @,f,4 (0), forall (i=1toneN) (8)

. All the constraints of (4).

Theorem 3: There is only one OS (X*, 0K, 7*) of problem (8) (HTNHMFA) which is likewise an

efficient solution for the issue (4) where :( Ly sy yeeeneeny 1 ) LK Z(KI,K; ey K ) and

¥ =(r P ?n) -

Proof: Suppose that (X*,,u*,/c*,y*) be the only OS of (8) which is an inefficient to solving the
problem (4). Then there exist different feasible alternative X'(X' #* X*) of (4), so that

Ok(x*)sOk(X’) vV k and Ok(x*)<0k(x’) for at least onek .

22 2 ) >

T\t T\! T\ T\
k and %+%tanh [w—(ok(x*))‘}k <%+%tanh {M—(ok(x'))‘}k for at

least onek .

Hence,

Max 1 +1tanh

T t T t
k|2 2 2 _(Ok(x*))t T« SMBX %+%tanh M_(Ok(x,))t (2"

T\t T\t T\ T\
Max %Jr%tanh w—(ok(x*))‘ 5 { | < Max %Jr%tanh w—(ok(x'))‘ .t | for

at least one k

Similarly,

Max %+%tanh [M—(Ok(x’k))ljrk < Max %+%tanh [M—(Ok(x'))t}k and

Sanjoy Biswas, Samir Dey; ; Neutrosophic Hesitant Fuzzy Technique and Its Application Structural Design



Neutrosophic Sets and Systems, Vol. 57, 2023 93

u') (L) ) u') +(L
Max %+%tanh M—(Ok(x ))I T | < Max %+%tanh M—(OK(X')Y . t| for

at least one k.
Again

F F\! F F
Min %+%tanh (Ok(x*))t—w 7 (|2 Min %+%tanh (Ok(x'))t—w 7,

o (uR) + () UF) +(LF
Min %Jr%tanh (O, (x ))‘—w 5 { |>Min %Jr%tanh (Ok(x’))t—w 7.t | for

at least one k

Now, assume that

and

Thenu” <(<)u', « <(<)x'and y 2(>)y" which gives (,u* +K — }/*) < (,u' +K' - }/') that implies
the solution is not optimal which contradicts that (X*, UK, 7*) is a unique OS of (8). As a result, it is

a successful problem-solving strategy (8). Thus, the proof is finished.

A numerical example is given in Appendix A.
5.1. Solution procedure for MOSOP using NHFPA.

Step 1. The MOSOP (1) may be solved as a single objective by focusing on one objective at a time
subject to the constraints given. Determine the values of the decision variables (DVs) and goal
functions.
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Step 2. Calculate the values of the remaining objectives based on the values of these DVs.
Step 3. For the remaining objective functions, repeat Steps 1 and 2.

Step 4: Then, according to step 3, the pay-off matrix may be shown as follows:

W(A) (A
{ (K) » (Al)}
w(A) p(A)
Step 5: The upper and lower bounds are U, =ma {W (A)w (Az)} ;L= min{W (AY),w (A2 )} for
weight function W (A),where W (A)e[L,U,] and the upper and lower limits of objective are
u, = max{p(Al),p(Az)} L= min{p(Al),p(A2 )} for deflection function p(A),wherep(A)e[L,,U,]
are identified.
Step 6: Now the NHFPA for MOSOP with linear (or exponential or hyperbolic) accuracy,
uncertainty, and falsehood neutrosophic membership functions yield equivalent MONLPP as.
Max min T (W (A));Max min T (p(A));
Max min I% (W (A)), Max min 1% (p(A)); ©)
Min max F% (W (A)); Min max F* (p(A))

Subjectto  o(A)<[o,] Ae[Aun Am] =L H,E;i=12..n andxie[Li,Ui](izltoneN),

Now, by utilizing the arithmetic aggregation operator, the equation (9) can be expressed in the

subsequent manner:

n

to KA Ky S Yyt

Subject to

(
T (p(A) 2w, T (p(A)2 sy TZ (p(A)) 2 1, (10)

Fkgl(p(A))S;/l,FkQZ(p(A))S;/Z, ..... ,FQ"(p(A) <7,
Subjectto o (A)<[o,] Ae[Ayn A ] =L, H,, Eii=12,...,n andx <[1,,u,](i=1toneN).

A0, p,%,,7, €(0.1); , + K, +7, <3, 1, 2 i, 44, 2 7, VN
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Step 8: An appropriate mathematical programming algorithm can easily solve the above non-linear
programming problem (10).

5.2. Numerical solution of a three-bar truss MOSOP

A well-known planar truss framework of three bars is depicted in Figure 2 in order to decrease
the mass of the structure W (A, A,) and decrease the vertical bending at loading point o (A, A,)

of a statically loaded three-bar planar truss under stress o, (A, A,) limitations on each of the truss

elementsi=123.

Figure 2. Design of the three-bar planar truss

In the following way, the MOSOP may be expressed:

MinimizeW(A&,AZ)=§L(2\/§A1+ Az)’

Minimize p(ﬂ,%):ﬁ
P(N2A +A,
SUbjeCt to Gl(A,AZ)EWS[O{], (11)

Gz(ﬂ:%)iﬁg[ag]
M%%)Eﬁﬁ[aﬂ,
A e|:Amin,Aimax:|7i -12.

where, applied load= P ; material density=¢& , L= Length of each bar, [aiTJ =maximum tensile
stress limit for i =1,2. [036 ]=maximum compressive stress limit, Y = Young’s modulus, A1=

cross sections of bar 1 and bar 3 and A, = cross section of bar 2.

The input information for MOSOP (11) are as follows:
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P (applied force) = 20 KN, & ( material density )= 100 KN/m?*,L (bar length) = 1M, [o7](
maximum tensile stress limit for bars 1 and 3 )= 20 KN/m? ,[GC](maximum limit of compressive

stress for bar 2)=15 KN/m?, Y (Young's modulus)= 2 x 108 KN /m?, range of bar cross section
0.1x107*m? < A, A, <5x107*m?.

Solution: The tabulated values obtained in payoff matrix according to step 2 is as follows:

W(AA) P(AA)
A[2.638958 14.64102
A?(19.14214 1.656854

Here, W] =W, =19.12412, W' =W, =2.638958, g, = o, =14.64102, p| = p_=1.656854,

W, =19.12412—s, , W, =W =19.12412, p| =14.64102—s,, 9, = o, =14.64102,
WS =W =19.12412,W," =2.638958+1,, o = o =14.64102, p’ =1.656854 +t,

where, s;,t; €(19.12412-2.638958)and s,,t, € (14.64102 —1.656854) .

Using the Linear type hesitant membership functions approach (LTHMFA) (6) the problem (11)
equivalent to the following (12)

3 3 3
Maximize 5:%[2/4 +D K —Zyij (12)
i=1 i=1 i=1
Subject to

(2v2A +A) + ((19.14214)' —(2.63896) ) 11 /0.98 < (19.14214)
(2v2A + A, ) + ((19.14214) ~(2.63896)' ) 1, 10.99 < (19.14214)

(2v2A + A, )t + ((19.14214)‘ ~(2.63896) ) 4 <(19.14214)'

(2v2A +A) +(s,) ,/0.98 < (19.14214)
(2v2A +A,) +(s,) x,/0.99 < (19.14214)

(2v2A +A) +(s,) &, <(19.14214)

(2v2A + A,) ~(2.63896) ~(t,)' <((19.14214)' - (2.63896) ~ (t,)'),/0.98
(2v2A + A, ) —(2.63896) —(t,)' <((19.14214)' —(2.63896) (t,)'),/0.99

(2J§A + Az)t ~(2.63896) —(t,) < ((19.14214)‘ ~(2.63896) —(t,) )}/3
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(20/(A +\/5A2))l +((14.64102) ~(1.65685)' ) 1, /0.98 < (14.64102)
(20/(A1 +\/§A2))t +((14.64102)t —(1.65685) ) 44, 10.99 < (14.64102)

(20/(A+2A, ))t +((14.64102)' - (1.65685) ) 1, < (14.64102)'

(20/(A1 +\/§A2))t +(s,) x,/0.98 < (14.64102)'
(20/(A+ \/EAZ))t +(s,) x,/0.99 < (14.64102)'
(20/(A +«/§A2))t +(s,) K, <(14.64102)'

(207(A +2A, ))l ~(1.65685) (1, ) <((14.64102)' —(1.65685)'-(t, ) ) 7,/0.98

I/\

(20/(A1+\/§A2))1—(1.65685)‘-(t2) ((14 64102) (1.65685)‘-(t2)t)y2/0.99

(201(A +2A, ))‘ - (1.65685) -(t,)' <((14.64102)' - (1.65685) -(1,)') 4

2K 2=y Ky <3, 00K 6(0,1) for i =1, 2,3 and all the constraints of (11).

Using the Exponential type hesitant membership functions approach (ETHMFA) (7) the problem

(11) equivalent to the following (13)

Maximize 5:%[23:/4 +23:1<i —iyij

i=1 i=1 i=1

Subject to
(2v2A +A,) -((19.14214) - (2.63896) ) In( —Oij <(19.14214)
(2\/§A1+A2)‘—((19.14214)‘—(2.63896t In| 1-2 o j <(19.14214)'

(22 + A,) —((19.14214)' — (2.63896) )In(1- 1z,)/ y < (19.14214)

(ZJ_A+AZ) + In[
(ZJ_A+AZ) +( In[
(ZJ—A1+AZ) +(s,) IN(1-1, )1y < (19.14214)'

j/ <(19. 14214

j <(19. 14214

(13)
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(2v2A + AZ)t —(2.63896) —(t,) < ((19.14214)t —(2.63896) —(t,)' )(— |n(1 9 8)/1//)

)

9
(2\/§Al + Az)t ~(2.63896) —(t,) < ((19.14214)l ~(2.63896) —(g)‘)(—ln(l—yg)/ v)

(2v2A + AZ)t ~(2.63896)' -(t,)' <((19.14214)' - (2.63896) (1, )(— |n(1

(20/(A +2A, ))t ~((14.64102)' —(1.65685) ) In [1—%}/91/ <(14.64102)'
(20/(A +2A, ))t ~((14.64102)' ~ (1.65685) | n (1-%)/51/ <(14.64102)

(20/(A +V2A, ))t ~((14.64102)' - (1.65685)' ) In(1- 1)/ < (14.64102)

(201(A +2A,)) +(5) n{1-7
(20/(A1+\/§A2)) + In( 5 o5
(20 (AL“/_AQ)) +(s,) In(L- )/ v <(14.64102)

j/l// (14. 64102

j 14 64102

(201(A +V2A,)) ~(Le5685) (1, ) < (14.64102)' (1.65685) (1 >‘)[—'“[1— %M
(20/(A ++2A, ))‘ ~(1.65685)'-(t, )' <((14.64102)' —(1.65685) -(t, ) )(_m (1—&]/1//}
(20/(A +V2A,)) - (1.65685) -(t,)' <((14.64102)' - (1.65685) (t,) ) (~In(1-7)/w)

B2 Z Y 0+, <3, 06,7, €(01) for (i

=1toneN ) and all the constraints of (11).

Using the Hyperbolic type hesitant membership functions approach (HTHMFA) (8) the problem (11)
equivalent to the following (14)

Maximize 5:%[23:;4 +i/<i —iyij (14)

Subject to

(2V2A +A,) 7, + tanh” [2_—“1—1j < ((29.14214) +(2.63896)')

2 2 z-W A t t
(2v2A +A,) 5, +tanh” (r’ég—ljs ?f’((19.14214) +(2:63896) |

(2v2A +A,) 7, +tanh ™ (241, -1) < TWZ(A) ((29.14214)' +(2.63896) |
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(2\/'A1+A2) T +tanhl(%—l )(2x(19.14214)‘—(sl)‘)

(2*/_Aa+Az) Ty +tanh ™ (%—1 % (2x(19.14214) ~(s,)')

(2V2A +A,) 7, +tanh™ (25, -1) < 212 (2x(19.14214)' ~(s,)')

t Tw(n) t t
(2V2A +A,) 7,y ~tanh™ (0 % j 2‘ ((19.14214) +(2.63896) +(t,) )
(2v2A +A,) 7, ~tanh ( j TWZ(A 19.14214)' +(2.63896) +(t,)')

(2V2A +A,) 7, ~tanh ™ (27, ~1) < WZA ((19.14214)' +(2.63896) +(,)')

(201(A +V28,)) 7,1, +tanh ( ) 4 (14.64102)' +(1.65685) )
2

(20/(Al+x/§A2))trp(A)+tanh ( )+ (1.65685) )

(20/(A++2 Az))‘r +tanh ™ (24, -1) < 2“ ((1464102) +(1.65685) )

(20/(A +\/§A2))I 7 +tanh ( js T”“‘) x(14.64102) (s, ) )

|_\

(201(A +2A, ))l 7 +tanh™ ( j < T"(A x(14.64102) (s, ))

(20/(A +VZA,)) 7, + tanh™ (26, -1) < "2‘\ (2x(14.64102) ~(s, ) )

T

(20/(A ++2A, ))t 7 —tanh™ (% —1) <22 ((24.64102)' +(1.65685)' + (t,)')
(20/(A +2A, ))t 7, —tanh™ (% —1] < T";) ((14.64102)' + (1.65685)' + (t,)')
T

p;) ((14.64102)' + (1.65685)' + (t,)')

(ZOI(A1 +2A, ))t 7, ~tanh™ (27, 1) <

6 6

Where ¢, = and ¢ =
19.14214 —2.638958 2 14.64102 —1.656854

M= =Y, K+ <3, 10K 6(0,1) for (i =1ltone N)and all the constraints of (11).

On solving the neutrosophic hesitant optimization model (12), (13) and (14) the solution outcomes are

outlined in Table 2 and Table 3.
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Table 1. Input data for MOSOP (11)
P (KN)  §(KN/m?) L [ J(KN/M) [0 ] (KN/m?) Y (KN/m?) AT (107m’)
i L h .
(Applied (Material (Length) (maximum (maximum (Young’s and
load) . limit of . max (174 2
density) i limit of modulus) A (10 m )
tensile )
stress) compressive (Cross
stress) section of
bars)
A™ =0.1
20 100 1 20 15 2x10° A™ =5
Azmin =01
Azmax — 5

A Comparative result of MOSOP (11) on basis of different membership function is given in table 2.

Table 2: A comparative optimal results on structural weight and deflection for t=2

Membership Methods

A x10™*m? A, x107*m? W(A ANO’KN  p(A,A)0"m
functions
Linear Type ~ FO [10] 0.5995887 3.789761 5.485654 3.356200
IFO [45] 0.5766526 3.694181 5.325201 3.447673
NFO 0.581611 3.462786 5.140011 3.628012
Proposed
0.5932745 3.391146 5.069180 3.711209
NHFT
Exponential ~ FO 0.5985788 3.779858 5.472895 3.364678
Type IFO 0.5765578 3.678758 5.309510 3.460728
NFO 0.5965065 3.437476 5.124651 3.664459
Proposed
0.5934251 3.399846 5.078306 3.702652
NHFT
Hyperbolic ~ FO 0.8535467 5.000000 7.414195 2.523782
Type IFO 0.8354725 5.000000 7.363073 2.529551
NFO 0.7994567 5.000000 7.261205 2.541127
Proposed
0.7934604 5.000000 7.244245 2.543064
NHFT

FO: Fuzzy Optimization; IFO: Intuitionistic Fuzzy Optimization; NFO: Neutrosophic fuzzy optimization

A comparative analysis for MOSOP based on several techniques using different membership

functions as linear, exponential, hyperbolic types are shown in the Table 2. For all membership

functions, it is obvious that the objective values are much superior to other current methods.

Furthermore, the proposed NHFT performance measurements for different membership functions
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may be represented as Hyperbolic>Exponential>Linear. (9.787309 > 8.947535 > 8.780389(sum of
weight and deflection)). However, the maximum acceptance degree of our suggested NHFT

approach is better attained, demonstrating its superiority over other existing methods.

Table 3: Result comparison with minimizing the indeterminacy membership and maximizing the

indeterminacy membership under proposed method at t=2

Membership A x10™*m? A x10*m’ W(A,ANOPKN  p(A,A)OTm

functions
Maximize Linear 0.5932745 3.391146 5.069180 3.711209
indeterminacy ~ Exponential ~ 0.5934251 3.399846 5.078306 3.702652
membership Hyperbolic 0.7934604 5.000000 7.244245 2.543064
Minimize Linear 0.5925640 3.350599 5.026623 3.751623
indeterminacy ~ Exponential  0.5927716 3.362361 5.038972 3.739808
membership Hyperbolic 0.7942572 5.000000 7.246499 2.542807

The comparison of proposed method under maximize and minimize indeterminacy
membership function are displayed in the Table 3. From the above table, it is evident that the
objective values under maximizing the indeterminacy membership are quite better than minimizing
the indeterminacy membership under proposed method. However, our suggested approach's
highest attainment of acceptance level is more effectively reached and demonstrates its superiority

over reducing uncertainty membership level.

Table 4: Optimal results of different acceptance tolerance on Structural Weight and Deflection for t=2

Acceptance Membership A x 107 m? A, x 10*m?>  W(A,A)0°KN p(A,A)10"m
tolerance functions

51=0.96, Linear 05932745  3.391145  5.069179 3.711208
:'2:8-;3' Exponential 05928106  3.364578 5.041298 3.737591
086 Hyperbolic 07943072 5.000000  7.246640 2.542790
51=0.95, Linear 05929295  3.371356  5.048413 3.730824
if:g:;gl’ Exponential 05929295  3.371356  5.048414 3.730824
£:=0.86 Hyperbolic 0.7934604  5.000000 7.244245 2.543064

5.3 Sensitivity Analysis

A comparative study for MOSOP based on various acceptance tolerances was conducted using
the suggested NHFP approach using linear, exponential, and hyperbolic membership functions. The
compromise solution based on various membership functions is presented in Table 2. This result is
showing sensitivity in Table 4 with different tolerances. It also shows that the neutrosophic
optimization technique with exponential membership functions gives the lightest structural weight
and the hyperbolic membership functions gives the least deflection at loading point.
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6. Conclusion and Future Research Scope

We developed a MOSOM in a NHF fuzzy environment in this article. A computational
algorithm for solving multi-objective structural models using neutrosophic hesitant fuzzy
optimization has been developed. We have discussed a comparative study to identify the best
optimal result using different membership functions. A three-bar truss numerical example, it shows
that exponential membership function gives lightest structural weight whereas hyperbolic
membership function gives least deflection in loading point. This method is simple and easy to use.

Our proposed approach might be used in the following fields of research:

o Our proposed method may be used in linear optimization problems with hesitantly and
uncertainty.

o It may use in real life decision making of multi objective transportations and assignment
problems with interval values.

o It can be expanded to handle issues involving multi objective fractional programming.

o  For better decision making, it might be applied in game theory as well as goal
programming problem with uncertainty and hesitation.

o It may be implemented in multi objective stochastic linear programming problem.
Our suggested computational technique can be further enhanced for the agricultural, industrial and
health management as well, and it may be successfully applied in the variety of field like aircraft
control system development, chemical engineering where in multiple objectives with multiple

objectives, supply chain management, and industrial neural network architecture.
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Appendix A

Experimental Study

To demonstrate the effectiveness and validity of the suggested approach, we illustrate the numerical
instance of formulating a MONLPP as presented below:
M;:  Minimize f,(x)=x"X,’

Minimize f,(x) = 2x7x,°

st X +X% <1Lx,X, =>0.
By solving each objective function separately as stated in (M, ), we obtain the subsequent optimal
solution, lower and upper limit for each objective. X' =(0.333,0.667), X* =(0.4,0.6) along with
L, =6.75U, =6.94,L, =57.87and U, =60.75.
Linear type membership functions

For f,: The membership functions of first objective as.
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T <X1_1X2_2 ) =

T (xl‘lxz‘2 ) =

TR (%)=

I (X%, ) = 0.98{

It (%% =

It (x7%?) =

1 iff,(x)<6.75
6.94) —(xx;2)
008 ¢ )‘ (%% )
(6.94) —(6.75)
0 if ,(x)>6.94
1 iff,(x)<6.75

0.9{(6-94)t (")
(6.94) —(6.75)

] if 6.75< f,(x) < 6.94

] if 6.75< f,(x) <6.94

if f,(x)>6.94
if f, (x) <6.75

] if 6.75< f,(x) < 6.94

0
1
(6.94) —(x%?)
(6.94) —(6.75)
0

if f,(x)>6.94

Ff (%1% ) =409

Ff2 (x'x,°)=40.99

1 iff,(x)<6.94—5
6.94) —(x%,%)
(654) (i(l +) if 6.94—s, < f,(x)<6.94
(s1)
0 if f,(x)>6.94
1 iff,(x)<6.94—5
6.94) —(x%.%)
099 &%) (i(l ) if 6.94—s, < f,(x)<6.94
(s1)
0 if f,(x)>6.94
1 iff,(x)<6.94-s
6.94) —(x%?)
(654) (:(1 ) if 6.94—s, < f,(x)<6.94
(s:)
if f,(x)>6.94
0 iff,(X) <6.75+t,

(6.94) —(6.75) —(t,)
1 if f,(x)>6.94

| s{(w)‘—(e-w)‘—(n)‘

} if 6.75+1, < f,(x) <6.94

0 iff,(x)<6.75+t,
(%) =(6.75) —(t,)
(6.94) —(6.75) —(t,)

1 if f,(x)>6.94

} if 6.75+1, < f,(x) < 6.94

Sanjoy Biswas, Samir Dey; ; Neutrosophic Hesitant Fuzzy Technique and Its Application Structural Design



Neutrosophic Sets and Systems, Vol. 57, 2023

104

0 if f, (X)<6.75+1,
sy (%) ~(675) ~(1)
i (60%) = [ (6.94) —(6.75) —(t,)’
1 if ,(x)>6.94

] if 6.75+1, < f,(x) < 6.94

For f,: The membership functions of second objective as. (Linear type)

1 if f,(x) <57.87

60.75) —(2x2x;°)’
T (27%7) = 0-98{((60 7s)>>‘ ((; 8;)?

} if 57.87 < f, (x) < 60.75

0 if f,(x)>60.75
1 if f,, () <57.87

{(60.75)t ~(267%?)

(60.75)' —(57.87)

TR, (27%°) = {0.99 ] if 57.87 < f,(x) <60.75

if ,(x)>60.75
iff, (x)<57.87

t Z | if57.87< f,(x)<60.75
(60.75) —(57.87)

0
1
60.75) —(2x2x;°)
Tka3 (2X1—2X2—3): |:( ) ( X%, )
0 if f,(x)>60.75
1

iff, (x)<60.75-s,
60.75) —(2x2x:°)’
Ikal (2X1—2X2—3): 098|:( )( ()tX1 2 ) ] if 60.75—52 < fZ(X)£6075
SZ
0 if f,(x)>60.75
1 iff,(x)<60.75-s,
60.75) —(2x2x°)
If (2x1‘2x2‘3)= 0_99{( )( ()txl 2 ) } if 60.75—s, < f, (x) <60.75
SZ
0 if f,(x)> 60.75
1 if f,(x)<60.75-s,
60.75) —(2x2x;)'
It (27%°) = (60.75) (txi | 60.75—s, < f,(x) <60.75
(s,)
if f,(x)> 60.75
0 iff, (x) <57.87+t,

(2x7%%) ~(57.87) ~(t,)
(60.75) —(57.87) —(t,)

Ffe (2x°%;°) = 0.98{

1 if ,(x)>60.75

] if 57.87 +t, < f,(x) <60.75
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0 if f, (x)<57.87 +t,

2x2%%) - (57.87) —(t,)
Ff.2 (26°%°) =10.99 (2<% ? ( ? (2?
(60.75)' —(57.87) —(t,)
1 if f,(x)60.75

] if 57.87 +t, < f,(x) < 60.75

0 iff, (x) <57.87+t,

[(2&2x;)t_(5737)‘_(g)‘

(60.75) —(57.87) —(t, )

P (22 ) = } if 57.87+t, < f,(x) <60.75

1 if f,(x)>60.75
Which is transformed into an equivalent MONLPP with linear type as:

Maxé/l:/'tl+/’;)2+ﬂ3+’(l+’;2+’(3_7/1+7/32+7/3

TR () 2 i, 0 () 2 a5, R (F) <,

X +X <1LX,X 20,0< u,K,7, <10<t,t,<10<s,s,<1
2K 2y, 4k +y <3 for 1=1,2,3k=12
Exponential type membership functions

For f,: The membership functions of first objective as.

1 iff,(x)<6.75

(6:94) (") |||
T (x'%,?)=10.98| 1—exp{ — if6.75< f,(x)<6.94

0 if f,(x)>6.94
1 iff,(x)<6.75

6.94) —(x'x,?)
Th (%'%,%) =10.99 1exp{w(( ) (% 2)} if 6.75< f,(x) <6.94

(6.94) —(6.75)

0 if f,(x)>6.94

1 iff,(x) <6.75

6.94) —(xx2)
Tka3(x1’1X2’2)= 1eXp{l//[( ) (X1 2 ) J} if 6.75< fl(X)S6.94

(6.94) —(6.75)

if ,(x)>6.94
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Ikal (X{lxziz ) =

IkaZ (X{lxziz ) =

If= (xl’lx 2)

Ffe (%) =

i (%) =

e (x%7) =

1 iffl(x)36.94—51

6.94) —(xx2)
0.98 1exp{y/[( )(Sl(;l ) } if 6.94—s, < f,(x)<6.94
0 if ,(x)>6.94
1 iff,(x)<6.94—s,

6.94) —(xx2)
0.99 1exp{t//[( )(S(;l ) ﬂ if 6.94—s, < f,(x) <6.94

1
0 if f,(x)>6.94
1 iff,(x)<6.94-5
(6.94) —(x %%
{1 exp{ W )( ()i(i ) } if 6.94—s, < f,(x)<6.94
Sl
if f,(x)>6.94

0

0 if f,(x)<6.75+,

0.98|1-exp{ -y () (6'75? _(tﬂ) if 6.75+1, < f,(x) < 6.94
(6.94) - (6.75) ~(t)

1 if f,(x)>6.94

0 iff,(x)<6.75+t,

0.99 1exp{w{(xilxzz) (6'75)t(t1t)l}} if 6.75+1t, < f,(x)<6.94

(6.94) —(6.75) —(t,)
1 if f,(x)>6.94
0 if f,(x) <6.75+,

{1 ex p{ v X1 ) (6'75?t(t1?t]} if 6.75+1, < f,(x)<6.94
1

694) -(6.75) —(t,)

if ,(x)>6.94

For f,: The membership functions of second objective as. (Exponential type)

TR (26°%,7) =

1 if f,(x) <57.87

60.75) —(2x2x;)
0.98 1exp{y/[( f-(26"%) }} if 57.87 < f, (x) <60.75

(60.75) —(57.87)

0 if f,(x)>60.75
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i (24,7 =

TH (2x1’2 xj)

If= (2x1’2x2’3) =

1,2 (2x7%,° ) =

If5 (2x°%,°) =

Ffe (%) =

Ffe (X{lxziz ) =

1 if f,(x) <57.87

60.75) —(2x.2%,%)
0.99 1exp{¢//[( ) (2x7%) }} if 57.87 < f, (x) < 60.75

(60.75) —(57.87)

o

if f,(x)>60.75
if f,(x) <57.87

60 75) —(2%7%°) _
1—exp w / if 57.87 < f, (x) <60.75
(60.75) —(57.87)

—

if f,(x)>60.75

1 if f,(x)<60.75 s,
60.75) —(2x.2%°)
0.98|1—exp{ -y (60.75) -(247%.") if 60.75—s, < f, (x) <60.75
(s) U
2
0 if f,(x)>60.75
1 iff, (x) < 60.75-s,
60.75) —(2x.%x;°)
0.99|1-exp{ -y (60.75) -(247%.") if 60.75—s, < f, (x) < 60.75
(s) a
2
0 if f,(x)>60.75
1 iff,(x)<60.75-s,
60.75‘— 2%2%,°)
{1 exp{ v )( ()txl : ) J} if 60.75—s, < f,(x) <60.75
S2
if f,(x)>60.75
0 if f, (x) <57.87+t,

7)) - (57.87) —(t,)
0.98 1exp{¢/{(xi ) (5787 -(t) J} if 57.87 +t, < f,(x) <60.75

(6.94) —(57.87) —(t,)
1 if f,(x)>60.75
0 if f,(x) <57.87 +1,

2 ) —(57.87) —(t, )
0.99 1exp{w[(x1 ) ~(5787) (&) }} if 57.87 +t, < f,(x) <60.75

(6.94) —(57.87) —(t,)

1 if f,(x)>60.75
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0 if f,(X) <57.87 +t,

(x2%7) ~(57.87) ~(t,)
(6.94) —(57.87) —(t,)

Fie (X% ) =1 |1-exp v if 57.87 +t, < f,(x)<60.75

1 if f,(x)>60.75
Which is transformed into an equivalent MONLPP with exponential type as:

_ Mt +K1+K2+K3 Nttty
3 3 3

Max &,

TR (F) 2 4, 165 (F) 2 i, FRE () <

X +X <1X,X 20,0< u,K,y, <10<t,t,<10<s,s,<1
WK >y i +y, <3, =4 for 1=1,2,3k=12
Hyperbolic type membership functions

For f,: The membership functions of first objective as.

0 iff, (x) <6.75
94) +(6.75)
Th (x52) = 0.98{%+%tanh {w_(xi—lxj)‘}rﬁ(x)} if6.75< f, (x) < 6.94
1 iff,(x) > 6.94
0 iff, (x) <6.75
94) +(8.75)
Th (x7%2) = 0.99[%+%tanh {w_(&—lxj)t}rn(x)} if 6.75< f,(x) <6.94
1 iff, (x) > 6.94
0 iff,(x) <675
t t
Th (x%7%2) = %Jr%tanh {w_(xij )‘}TW)] if6.75< f, (x)<6.94
iff, (x) > 6.94
0 iff, (x) <6.94—s,

t t
If, (Xi—lxgz)z 0.98{%+%tamh {w_(xij )t}rw)} if 6.94—s < f (x)<6.94
1 if f,(x)>6.94
0 if f,(x)<6.94—5

t t
It (x%? ) = 0.99[%+%tanh{w—(xl‘le)t}rw)] if 6.94—s, < f,(x) <6.94

1 if f,(x) > 6.94
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0 iff,(x)<6.94s,
t t
|ka3 <X1_1X2_2 ) — [%+%tanh {w_()ﬁ_lx? )‘ }Tfl(x):l if 6.94— S, < 1:1 (X) <6.94
1 if f,(x)>6.94
0 if f,(X)<6.75+t,
t t t
Fi (%) = 0_98[%+%tanh {(X{ o) - (6.94) +(f;75) +(t) }rw)} if 6.75+1, < f, (x) < 6.94
1 if f, (x) > 6.94
0 if f,(x)<6.75+t,
t t t
P (%) = 0.99{%+%tanh {(xi‘lxz‘z ) - (694) +(z75) +() }rw)] if 6,751, < f, (x) <6.94
1 if ,(x)>6.94
0 if f,(X)<6.75+t,
t t t
Fr (x %) = [% . % tanh{(x;le - (6.94) +(275) +(4) }%)] if6.75+1, < f, (x)<6.94
if f, (x)>6.94

For f,: The membership functions of second objective as. (Hyperbolic type)

0 if f,(x)<57.87

t t
Tf (2x1‘2x2‘3) = 0.98[%+%tanh {(60'75) ;(57-87) _(le-zxj )I }sz(x)] if 57.87 < f,(x)<60.75
1 if f,(x)>60.75

0 iff, (x) <57.87

75) +(57.87)
Th (2%7%,%) = 0.99[%+%tanh{(60 5) 2(5 87) _(2x1—2x;3)‘}rfz(x)] if 57.87 < f, (x) <60.75
1 if f, (x)>60.75
0 if f, (x) <57.87

t t
T (2%%) = % . % tanh{(60'75) -12-(57.87) )

(2x2%° )‘}rw} if 57.87 < f, (x) <60.75

if f, (x)>60.75
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I (2%°%,°) =

I (2%7%,°) =

I (27%,°) =

i (27%°) =

Ff= (2x°%,°) =

Ff (2x°%,°) =

0 iff,(x)<60.75-s,

t t
O.98[%+%tanh {w—(zxﬁf )‘}zfz(x)] if 60.75—s, < f, (x) <60.75

1 if f, (x)>60.75
0 if f,(x)<60.75-s,
2(60.75) —(s, )
0.99[%+%tanh {M—(zgzxﬁ)‘}qz(x)] if 60.75—s, < f,(x) <60.75
1 if f, (x)>60.75
0 iff,(x)<60.75-s,
t t
%+%tanh {W—(zxﬁf )t}rw)} if 60.75—s, < f,(x) <60.75
if f, (x) > 60.75
0 if f,(x) <57.87 +t,

11 L, vt (60.75) +(57.87) +(t,) _
0.98[5+§tanh{(2x12x23)l _(6075) (2 ) +(t) }rw)} if 57.87 +t, < f,(x)<6.94
1 if f,(x)>6.94
0 if f,(x) <57.87+t,

11 L, vt (60.75) +(57.87) +(t,) _
0.99{§+§tanh{(2x12x23)[ _(60.75) (2 ) +(t) }zfz(x)} if 57.87 +t, < f,(x)<6.94
1 iff,(x)>6.94
0 iff,(x)<57.87+t,

¢ (60.75) +(57.87) +(t,)

[%+%tanh {(2)(12)(23) -

t
> }rw)} if 57.87+t, < f, (x) < 6.94

iff, (x)>6.94

Which is reduced to equivalent MONLPP with hyperbolic type as:

Max ¢ =

ot +K1+K2+K3 Nttty

3

3 3

TR () = 4, 10 (F) = i, FEO (F) <9

X +X <LX,X, 20,0< u,K,y, <10<t,t,<10<s,s,<1

M 20 1 2 750 ph + G 7, <3, Thio =

for i=12,3 k=12
Uk_Lk
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At t =2, the OS of the MONLPP using the suggested NHFPA under various membership functions
are as given below:

Method Membership function

X X, f, (%) A

type
Proposed Linear 0.3659222 | 0.6340778 | 6.797139 | 58.59018

NHFT :
Exponential 0.3656531 | 0.6343469 | 6.796371 | 58.60181
Hyperbolic 0.3595183 | 0.6373039 | 6.848346 | 59.77892
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Abstract -We develop the concept of range symmetric Neutrosophic Fuzzy Matrix and Kernel
symmetric Neutrosophic Fuzzy Matrix analogous to that of an EP —-matrix in the complex field. First
we present equivalent characterizations of a range symmetric matrix and then derive equivalent
conditions for a Neutrosophic Fuzzy Matrix to be kernel symmetric matrix and study the relation
between range symmetric and kernel symmetric Neutrosophic Fuzzy Matrices. The idea of Kernel
and k-Kernel Symmetric (k-KS) Neutrosophic Fuzzy Matrices (NFM) are introduced with an
example. We present some basic results of kernel symmetric matrices. We show that k-symmetric
implies k-Kernel symmetric but the converse need not be true. The equivalent relations between
kernel symmetric, k-kernel symmetric and Moore-Penrose inverse of NFM are explained with
numerical results.

Keywords: Range symmetric, Kernel symmetric, k-Kernel Symmetric, Moore-penrose inverse

1. Introduction

The concept of fuzzy set was introduced by Zadeh [1] in 1965. The traditional fuzzy sets are
characterized by the membership value or the grade of membership value. Some- times it may be
very difficult to assign the membership value for fuzzy sets. An intuitionistic fuzzy set introduced
by Atanassov [2] is appropriate for such a situation. The intuitionistic fuzzy sets can only handle the
incomplete information considering both the truth membership (or simply membership) and
falsity-membership(or nonmembership)values. It does not handle the indeterminate and
inconsistent information which exists in belief system. Smarandache [3] introduced the concept of
neutrosophic set which is a mathematical tool for handling problems involving imprecise,
indeterminacy and inconsistent data.

For a fuzzy matrix P, if P+ exists, then it coincide with PT, Kim and Roush [4] have studied
Generalized fuzzy matrices. A Fuzzy matrix P is range symmetric if R[P] = R[P"] implies and
kernel symmetric N(P)=N(PT). It is well known that for complex matrices, the concept of range
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symmetric and kernel symmetric is identical. For Neutrosophic Fuzzy matrix P € (IF),is range

symmetric R[P] = R[PT] implies N(P) = N(PT) but the converse need not be true. Meenakshi [5]
introduced the notion of fuzzy matrix. Let k-be a fixed product of disjoint transpositions in Sn =1,
2,...n and K be the associated permutation matrix. Hill and Waters [6] have introduced on k-real and
k-hermitian matrices. Baskett and Katz [7] have studied theorems on products of EPr matrices.
Schwerdtfeger [8] has studied the notion of introduction to Linear Algebra and the Theory of
matrices. Meenakshi and Jayashri [9] have studied k-Kernel Symmetric Matrices. Riyaz Ahmad
Padder and Murugadas [10-12] introduced on idempotent intuitionistic fuzzy Matrices of T-type,
reduction of a nilpotent intuitionistic fuzzy matrix using implication operator and determinant
theory for intuitionistic fuzzy matrices. Atanassov has studied [13] generalized index matrices.
Meenakshi and Krishnamoorthy introduced on k-EP matrices. Ben and Greville [14] developed the
concept of range symmetric fuzzy matrix and kernel symmetric fuzzy matrix analogues to that of an
EP matrix in the complex field. Sumathi, Arockiarani [15] have discussed new operations on fuzzy
neutrosophic soft matrices. Sumathi, Arockiarani, Jency,[16] have studied Fuzzy neutrosophic soft
opological spaces. Abdel-Monem, Nabeeh and Abouhawwash [17] have studied An Integrated
Neutrosophic Regional Management Ranking Method for Agricultural Water Management. Ahmed
Abdelhafeez , Hoda Mohamed, Nariman Khalil [18] have discussed Rank and Analysis Several
Solutions of Healthcare Waste to Achieve Cost Effectiveness and Sustainability Using Neutrosophic
MCDM Model. Manas Karak, Animesh Mahata, Mahendra Rong, Supriya Mukherjee, Sankar Prasad
Mondal, Said Broumi, Banamali Roy [19] have introduced A Solution Technique of Transportation
Problem in Neutrosophic Environment. Meenakshi and Krishnamoorthy [20] have discussed on
k-EP matrices.

As mentioned in the above introduction section, Meenakshi introduced the concept of Range
symmetric and Meenakshi and Jayashri developed the notion of kernel symmetric in fuzzy matrix.
Here, we have applied the concept of range symmetric and kernel symmetric in Neutrosophic fuzzy
matrix (NFM). Both this concept plays a significant role in hybrid fuzzy structure and we have
applied the same in NFM and studied some of the results in detail. First we present equivalent
characterizations of a range and kernel symmetric matrix and then, derive equivalent conditions for
an Neutrosophic fuzzy matrix to be kernel symmetric Neutrosophic fuzzy matrix and study the
relation between range symmetric and kernel symmetric Neutrosophic fuzzy matrices. Equivalent
condition for varies g-inverses of a kernel symmetric matrix to be kernel symmetric are determined.

2. PRELIMINARIES AND NOTATIONS

PRELIMINARIES

Let the function be defined as w(X)=(xx1, Xx[2}, Xx[3]..., Xxin]) € Fna for x = x1, X2,...,xn € Fyixn, where K is
involuntary, the following conditions are satisfied. The associated permutation matrix, where K is a
permutation matrix, KKT = KTK= In then KT=K.

(P1) K=KT,K2=1 and «k(x) = Kx for all P € (IF),

(P2) N(P) = N(PK) = N(KP)
P5)(PK)" =KP" and (KP)' =P Kexists, if P" exists.

(Ps) P is a g-inverse of P iff P* exist
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Notations: For NFM of P € (NF)x,

PT : Transpose of P, R(P) : Row space of P, C(P) : Column space of P,N(P) : Null Space of P, P":
Moore-Penrose inverse of P, (NF)n: Square Neutrosophic Fuzzy Matrix. F [1xn]): The matrix one row

n columns. F p1:

3. DEFINITIONS AND THEOREMS

Definition: 1 Let P be a NFM, if R [P] = R [PT] then P is called as range symmetric.

(0.2,0.5,0.7) (0,0,0) (0.6,0.4,0.2)
Example: 1 Let us consider NFM P = (0,0,0) (0,0,0) (0,0,0) ,
<0.6,0.4,0.2> (0,0,0) <0.3,0.5,0.7 >

The following matrices are not range symmetric

113,0) (@130 (0,0,0) (4,3,0) (0,0,0) (0,0,0)
P=[(0,0,00 (1L1,0) (110)|,P"=| (1L40) (11,0) (0,0,0)
(0,0,0) (0,0,0) (11,0 0,0,00 (1LL0) (@110

[(L1,0) 1,1,0) (0,0,0)]eR(P) , [(LLO) (1L.1,0) (0,0,0)]eR(")
[(0,0,0) (LL0) (1L.L0O)]eR(P) , [(0,0,0) (LLO) (LLO)] e R(P")

[(0,0,0) (0,0,0) (1,1,0)]e R(P) ,[(0,0,0) (0,0,0) (1L,1,0)] £ R(P")

R(P)e R(P")

Definition : 2 Let P € Fnbe a Neutrosophic fuzzy matrix , if N(P) = N(PT) then P is called kernel
symmetric NFM where N(P)= {x/xP = (0,0,0) and x € Fixn},

(0.4,0.5,0.6) (0,0,0) (0.6,0.4,0.8)
Example: 2 Let us consider NFM P = (0,0,0) (0,0,0) (0,0,0) ,
(0.4,0.5,0.7) (0,0,0) (0.4,0.3,0.6)

N(P)=N(P")=(0,0,0)
Definition 3. Unit Neutrosophic fuzzy matrix (UNFM)
If (NF)n is said to be UNFM if aii = (1,1,0) and a;j= (0,1,1) i# j, for alli=j. It is denoted by I.

@340) (0,11 (0,12
Example: 3 Let us consider NFM, | =| (0,1,1) (1,1,0) (0,12
0,41) (0,11 (@110

Definition 4. Symmetric Neutrosophic fuzzy matrix

M.Anandhkumar, G.Punithavalli, T.Soupramanien, Said Broumi, Generalized Symmetric Neutrosophic Fuzzy Matrices



Neutrosophic Sets and Systems, Vol. 57, 2023 117

If (NF)n is said to be symmetric Neutrosophic fuzzy matrix if a; = a;i

(0.3,05,0.8) (0,0,0) (0.50.3,0.1)
Example: 4 Let us consider NFM P = (0,0,0) (0,0,0) (0,0,0) ,
<0.5,030.1> (0,0,00 <0.3,0.50.7>

Definition 5. Permutation neutrosophic fuzzy matrix (PNFM)

Every row single (1,1,0) with (0,0,1) ‘s everywhere else is called PNFM.

(0,0, (0,0,1) (L,1,0)
Example: 5 Let us consider NFPM, K =|(0,0,1) (1,1,0) (0,0,1)
@1,0) (0,0, (0,0,1)

Definition 6 (Null neutrosophic fuzzy matrix) Neutrosophic fuzzy matrix is said to be Null if all its

entries are zero, i.e., all elements are (0,0,0).

(0,0,0) (0,0,0) (0,0,0)
Example: 6 Let us consider NFM P =| (0,0,0) (0,0,0) (0,0,0) |,
(0,0,0) (0,0,0) (0,0,0)

Note:1 For Neutrosophic fuzzy matrix P € Fn with det P > <0,0,0>, has non- zero rows and
non-columns, hereafter N(P) = <0,0,0> = N(PT). Furthermore, a symmetric matrix P = P7, that is N(P)=
N(PT).
Theorem:1 For P,Q€(NF): and K be a Neutrosophic fuzzy permutation matrix , N(P) = N(Q) &
N(KPKT) = N(KQKT)
Proof: Let We N(KPK')
= W(KPKT) =(0,0,0)
= zK" =(0,0,0) where z = wKP
=zeN(K")

; _ T
Since,detK =detK"™ > (0,0,0) (By Note:1)

Therefore, N(K™) =(0,0,0)

Hence,z = (0,0,0)
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— WKP =(0,0,0)

= wK e N(P) = N(Q)
= WKQK™ =(0,0,0)
= we N(KQK")
N(KPK") = N(KQKT)

Similarly, N (KQKT) c N(KPKT)

Therefore, N (KPKT) = N (KQKT)
Conversely, if N (KPKT) = N (KQKT), then by the above proof,
N (P) =N (KT (KPKT) K)
=N (KT (KQKT) K)
N (P)=N(Q).

Example: 5 Let us consider NFM

(0,0,0.5) (0,0,0) (0.3,0,0) (0.3,0.4,0.2) (0,0,0) (0.4,0.2,0.6)
P=| (0,0,0) (0,0,0) (0,000 [,Q=| (0,000 (0,000 (0,0,0) |,
(0.7,0,0) (0,0,0) (0.3,0.2,0) (0.5,0.3,0.4) (0,0,0) (0.5,0.3,0.6)

0,0, (0,0,) (L10)
K=/(0,01) (@1L1$0) (0,0,1
13,0) (0,0,1) (0,02

Theorem: 2 For Neutrosophic P € (NF)x, the following statements are equivalent
(@ NP)=N(P7)

(i) N (KPKT)=N (KPT KT) for some permutation NFM K.

D (0,0,0)}

(iii) Neutrosophic fuzzy permutation matrices K such that KPK' =
(0,0,0) (0,0,0)

with det D> (0,0,0)

Proof: (i) iff (ii). This equivalence follows from the theorem (1)

(i) iff (iii): Let N(P) = N(PT)
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If det P> (0,0,0) then P hasno zero row and columns,

Hence (iii) holds by taking K=1and D =P itself.

Suppose det P = (0, 0, 0) then N (P) = N (PT) then N (P) =N (P7) # (0,0,0)
For x # (0,0,0) , xe N(P) equivalent to each non-zero co efficient xi of x, the fuzzy sums

> %a, =(0,0,0) and > xa,; =(0,0,0) forallk

As aresult, P's it column and it row are both filled with zeros.
Now, by appropriately permuting the rows and columns,

All of the zero rows and zero columns can be shifted to the bottom and right, respectively.

D (0,0,0)}

Therefore, P is of the form KPK' =
(0,0,0) (0,0,0)

Where D - square matrix, D has non- zero rows and non-zero columns.

Therefore, det D > (0,0,0)

Thus (iii) holds

(iii) implies (ii) : If det P> (0,0,0) by remark,D is kernel symmetric,
D <0,0,0>

L 0,0,0> <0,0,0>

} is also kernel symmetric (ii) holds.

Example : 6 Let us Consider NFM ,

(0,0,0.5) (0,0,0) (0.3,0,0) 1,1,0) (0,0) (0,0,2)]
P=| (0,0,00 (0,000 (0,0,0) |, K=|(0,01) (0,071 (L10)
(0.7,0,0) (0,0,0) (0.3,0.2,0) 0,0) (1L0) (0,0,1)]

(0,0,0.5) (0,0,0) (0.3,0,0) T(LL0) (0,0,1) (0,0)7 [(0,L05) (0.3L0) (0,10)]
PK™ =| (0,0,00 (0,0,0) (0,0,0) |/(0,0) (0,01 (L10)|=| (01,0) (0,,0) (0,10)
(0.7,0,0) (0,0,0) (0.3,02,0)]|(0,01) (110) (0,0)] |(0.7.10) (0.310) (0,L0)]

(0L1,0) (0,0,1) (0,0,)7[(0,1,05) (0.310) (0,1,0)] [(0,0,0.5 (0.3,0,0) (0,0,0)]
KPK™ =/ (0,0,) (0,0,)) (LL0)|| (0,L0) (0,40) (0,1,0)|=|(0.7,0,0) (0.3,0,0) (0,0,0)
(0,0) (110) (0,0][(0.7,L0) (0310) (0,L0)] | (0,00) (0,0,00 (0,0,0)]

det(P) = (0,0,0), N(P)=N(P")=(0,0,0)
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T D (0,0,0) <0,0,05> <0.3,0,0>
KPK" = , Where D =
1 1) 1 1 < R | 1) > < "~ 1 >
(0,0,0) (0,0,0) 0.7,0,0 0.3,0,0

} , determined of D >

(0,0,0)

Theorem:3 For PE(NF)x is kernel symmetric Neutrosophic fuzzy matrix and K being a permutation
matrix if and only if N(KPKT) = N(K PTKT)
Proof: Let X N(KPK')

= x(KAK™) =(0,0,0)

= yK' =(0,0,0) where y = xKP
=yeN(K")

Since,det K =detK™ > (0,0,0)
Therefore, N(K") = (0,0,0)

Hence, y = (0,0,0)

= xKP = (0,0,0)

= xK e N(P) = N(P")

— xKATKT = (0,0,0)

= xeN(K(PT)K")

N(KPKT) c N(KPTK™)

Similarly, N(KPTK™) < N(KPKT)

Therefore, N(KPKT) = N(KPT KT)
Conversely, if N(KPKT) = N(K P* K7), then by the above proof,
N(P) = N(KT(KPKT)K)

= N(KT(K PT KN)K)
N(P) = N(P7).
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Example:7 Let us consider NFM

(0,0.2,0.5) (0,0,0) (0.3,0.4,0) (0,0,1) (0,0,1) (L10)
P=| (0,000 (0,000 (0,0,0) |,K=|(0,0,) (11,0) (0,0,
(0.7,0.2,0) (0,0,0) (0.3,0.2,0) 1,1,0) (0,0,) (0,0,

Theorem: 4 For PE(NF),, is kernel symmetric Neutrosophic fuzzy matrix, then N(PPT) = N(P) =
N(PTP)

Proof: Let, X € N(P)

< xP=(0,0,0)

& xPPT= (0,0,0)

< xeN(PP")
< N(P)c N(PP")

Similarly,N(PP") = N(P)
Therefore, N (P) = N (PPT)
Similarly, N(P) = N(P"P)

Therefore, N (PPT) =N (P) = N (PTP)
Example:8 Let us consider NFM

(0.4,0.5,0) (0,0,0) (0.6,0.4,0.2)
P=| (0,00 (0,000 (0,00) |,
(0.4,0.5,0.3) (0,0,0) (0.4,0.3,0.5)

Theorem: 5 Let P, Q be the NFM and K NFPM, R (P) =R (Q) & R (KPKT) = R (KQKT)
Proof: Let R (P)=R (Q)
Then, R (PK?) =R (P) KT

=R (P) KT

=R (PKT)

Let z{R(KPKT)}

z =w(KPK™) for some weV"
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z=rPK", r=wK

zeR(PKT)= R(Q(KT ))
z=uQK' for someueV"
z=(uK" )KQK'

7 =vKQK for some veV"

7 e R(KQKT)

Therefore, R(KPK") = R(KQK™)

Similarly, R(KQK") < R(KPK™)

Therefore, R(KPKT) = R(KQKT)

Conversely, Let R(KPKT) = R(KQKT) . Then by above proof

R(P) = R[K" (KPK)K]

= R[K" (KQKT)K]
=R(Q)
R(P)=R(Q)
Example:9 Let us consider NFM
(0.2,0.5,0.4) (0,0,0) (0.7,0.2,0.6) (0.7,0.2,0.6) (0,0,0) (0.3,0.2,0.4)
P= (0,0,0) (0,0,0) (0,0,0) ,Q= (0,0,0) (0,0,0) (0,0,0)
(0.7,0.2,0.6) (0,0,0) (0.3,0.2,0.4) (0.2,0.5,0.4) (0,0,0) (0.7,0.2,0.6)

(4,4,0) (0,0, (0,0,
K=|(0,02 (110) (0,0,

(0,0,) (0,0,1) (11,0
R(P) =R(Q) & R(KPKT) = R(KQKT)

Theorem:6 For PE(NF). be the NFM and K NFPM, R(P) = R(PT) & R(KPKT) = R(K PT KT)
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(0.4,0.5,0.6) (0,0,0) (0.3,0.5,0.6) 1,1,0) (0,0) (0,0,
Example:10 P=| (0,0,0)  (0,0,0)  (0,0,0) |,K=[(0,0) (L1,0) (0,0,1)
(0.3,0.5,0.6) (0,0,0) (0.3,0.2,0.4) (0,0,) (0,0,1) (1,1,0)

Theorem:7 Let P,Q be the Neutrosophic fuzzy matrix and K being a permutation matrix, C(P) = C(Q)
< C(KPKT) = C(KQKT)

Example:11 Let us consider NFM

(0.2,0.5,0.6) (0,0,0) (0.7,0.2,0.8) (0.7,0.2,0.8) (0,0,0) (0.2,0.5,0.6)
P=| (0,000 (0,00 (0,00 |,Q=| (0,000 (0,0,0) (0,0,0)
(0.7,0.2,0.4) (0,0,0) (0.3,0.2,0.5) (0.3,0.2,0.5) (0,0,0) (0.7,0.2,0.4)

C(P)= C(Q) & C(KPKT) = C(KQKT)
k-KERNEL SYMMETRIC NFM
Definition: 3 Let P be a NFM .If P belongs to (NF)nis called k-Kernel symmetric Neutrosophic fuzzy

if N(P) = N(KP'K)

Note:2 Let P is k-Symmetric NFM implies it is k-kernel symmetric NFM, for P = K(PT)K
spontaneously implies N(P) = N(KPT K) .Example 12. shows that the if and only if need not be true.

Example: 12 Let us Consider NFM

(0,0,05)  (0,0,0.4) (0.3,0.4,0.5) (0,0,1) (0,0,1) (L10)
P=|(0.50.4,0.6) (0.1,0.4,06) (0,0,04) |K=|(001 (110) (0,0,
(0.4,0.5,0.3) (0.3,0.4,05) (0,0,0.3) (0L1,0) (0,0,1) (0,0,

(0,0,03)  (0,0,0.4) (0.3,0.4,0.5)
KP'K =|(0.3,0,0.5) (0.1,0,0.6) (0,0.4,0.4)
(0.4,0,0.3) (0.5,0,0.6) (0,0.4,0.5)

Therefore, P # KPTK

But, N (P) = N(KPTK) = (0,0,0)

Theorem: 8 For Neutrosophic fuzzy matrix PE (NF)x, the given statements are equivalent:
(i) N(P)=N(KP'K)
(i) N(KP)=N((KP)7)
(iii) N(PK)=N((PK)T)

(iv) N(PT) =N(KP),
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(v) N(P)=N(PK)")
(vi) P+ is k-KSNFM
(vii) N(P)=N(PK)
(viii) K PP =PPK

(ix) P-PK = KPP+

Proof: (i) implies (ii)

< N(P)=N(KP'K)
< N(KP)=N(P'K)
< N(KP) = N((KP)7)
<> KP is Kernel symmetric,

Therefore, (ii) holds
(i) Implies (iii)

< N(P) = N(KP™K)

< N(PK) = N(KPT)

< N(PK) = N((PK)T)

PK is Kernel symmetric,

Therefore, (iii) holds

(ii) Implies (iv)

< N(KP) = N(KP)T=N(P'K)
< N(KP) =N(PT)

Therefore, (iv) holds

(iii) Implies (v)

< N(PK) = N((PK)7)

< N(P) = N((PK)")

(ii) Implies (vi)

< N(KP) = N(KP)?

< N(KP) = N(P'K)

(By P2) (K2=1)

(Because , (KP)T =PTK™= PTK)

(By P2) (K2=T)

(Because , (PK)T =KTPT=KPT)

(By I2)

(By P2)

(By P2)
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< N(KP) = N(P*K) Since N(KP+K) = N(P*K)
< N(KP) = N(P¥)
P+ is k-Kernel symmetric IFM
(i) implies (vii)
< N(P) = N(KP'K)
< N(P) = N(KP'K) = N(P'K)
< N(P) =N(KP)r
< N(P) = N(P*K) (By P2)
(i) Implies (viii)
PK is Kernel symmetric NFM

< (PK)(PK)* = (PK)*(PK)

< (PK)(KP*) = (KP+)(PK)

< PP+=KPPK

< PP*K=KP+P

Thus equivalence of (iii) and (viii) is proved.

(vill) < (ix): Since, by the property (P1),K2=, this uniformity follows by pre- and post multiplying
by K.

< KPP =PP+K

< K2 P+ AK = KPP+ K2

< P+ PK=KPP+.

4. CONCLUSION

Here some Theorem is described regarding the properties of kernel and range symmetric
Neutrosophic Fuzzy Matrices. We introduced the concept of Kernel and k-Kernel Symmetric
Neutrosophic Fuzzy Matrices with suitable examples. In addition, we have investigated some
results of k — kernel symmetric Neutrosophic Fuzzy Matrices with examples. In future, we shall

prove some related properties of g-inverse of k-Kernel Symmetric NFM.
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Abstract: This paper addresses a novel approach for analyzing augmented Latin square design with
uncertain observations, the so-called neutrosophic augmented Latin square design (NALSD). The
contribution of our work lies in estimating the effects of rows, columns, control and new treatments, as
well as formulating their sums of squares. Moreover, by determining the neutrosophic hypotheses and
decision rule, the Fy-statistic in NANOVA table is given. The performance of the proposed design is
evaluated using a numerical example and simulation study. In light of the results observed, it can find that
the NALSD performs better than the classic augmented Latin square design (ALSD) in the presence of
uncertainty.

Keywords: Augmented Latin square design, neutrosophic statistics, imprecise data, neutrosophic
ANOVA.

1. Introduction

In the field of experimental design, the Latin square is one of the most common designs to control
systematic error by two-way blocking. In this design, each treatment occurs once, and only once, in each
row and column. Thus, the number of treatments, rows, and columns are all equal. In this context, Fisher
[1] was the first to apply Latin Square designs. Many studies have been published on this design; however,
several problems arose when using large samples, such as many genotypes in the early stages of plant
breeding. Researchers have devised an appropriate solution to this problem using augmented designs. The
augmented design is appropriate since it incorporates many additional entries for various treatments. This
design aims to compare new genotypes against standard treatments, known as checks. The first research
on augmented design as a blocking design was conducted by Federer [2]. There have been several classes
of augmented designs, including the augmented randomized complete block and augmented Latin squares
[3, 4], augmented Lattice squares [5], and augmented row-column designs with a small number of checks
[6]. A review of augmented designs has been given by Federer and Crossa [7]. In a newer study, an
augmented design without replicating all treatments was discussed by Burguerio, et al. [8]. More about the
augmented designs can be viewed in [9-15]. None of the above-mentioned researches is applicable if there
is uncertainty in data set regarding to collected unreliable observation.
Recently, neutrosophic logic has been extensively studied by Smarandache [16]. Smarandache [17]
developed the idea of basic neutrosophic statistics (NS) as an extension of classical basic statistics and
suggested that these statistics can be used effectively in uncertain situations. The difference between fuzzy
statistics, neutrosophic statistics, and classical statistics were explained by Aslam [18]. The concept of
neutrosophic ANOVA was introduced by Aslam [19]. Neutrosophic analysis of covariance has been
applied to completely randomized designs as well as randomized complete block designs and split-plot
designs by AlAita and Aslam [20]. AlAita, et al. [21] provided a discussion on the application of
neutrosophic statistical analysis in split-plot designs. AlAita and Talebi [22] furnished exact neutrosophic
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analysis of missing value in augmented randomized complete block design. Aslam and Albassam [23]
proposed post hoc multiple comparison tests under NS. Salama, et al. [24] suggested neutrosophic
correlation and simple linear regression. Nagarajan, et al. [25] discussed the analysis of neutrosophic
multiple regression. Numerous neutrosophic statistical studies have been discussed in [26-33].

Based on our knowledge no research on augmented Latin square designs is in indeterminate environments.
This study aims to solve problems associated with studies and experiments that use imprecise and
uncertain data in augmented Latin square designs. Also, we developed our proposed design under NS to
provide additional information on the indeterminacy measure that classic statistics cannot provide.

2. Neutrosophic Basic Definitions

This section provides some basic concepts about neutrosophic statistics that will be useful throughout of
this paper. Throughout this paper, suppose that Xy € [X;,Xy] is a neutrosophic random variable (NRV)
that follows the neutrosophic normal distribution (NND).

Definition 1: Consider the neutrosophic random variable (NRV) Xy = X, + XyIy, the neutrosophic
population mean and variance can be found as follows:

ZIiV=1XLi Z{\lz Zliv=1(XLi_ﬂL)2 Z?]:1(XU1'_MU)2

Xui
Uy € B 11V L]FHNE[#L:#U]andUI%E[ N , N JUI\ZIE[ULZ»USL

where X; and X; Iy are determinate and indeterminate parts, respectively, and Iy € [I;,I;] is the measure
of uncertainty.

Definition 2: Suppose n be a neutrosophic random sample selected from a population of size N having
indeterminate observations. The estimated neutrosophic sample mean Xy and the variance s}, are
expressed by

n = n =
T (epi—x1)? X, (ryi—xy)?

)

_ Z?:lei Z?:lei
xN € -,
n n

; Xy € [X,%y; ]and s? € [Z ]; sZ € [s?,s2].

n-1 n-1

3. Neutrosophic Augmented Latin Square Design (NALSD)

3.1. Neutrosophic Model and Notations
Consider a b x b Latin square, the neutrosophic statistical model for a NALSD can be formulated as follows:

i=12,..,b
j=12..,b
Ynnijkg = Uy + Qi + Byj + Tnge + Taiijg T Ennijkgs k=12 ..b 1)
g = 1,2, ""n(lij)

The neutrosophic form of yyp; ;x4 can be expressed as

Ynhijkg = Yihijkg T YunijgIn: Iy € UL, Iyl,

where h = [ or q stands for the neutrosophic effects associated with new treatments or checks, respectively,
Uy is aneutrosophic overall mean, ay; is the neutrosophic effect of the ith row, Sy ; is the neutrosophic effect
of the jth column, Ty is the neutrosophic effect of the kth check, 7,4 is the neutrosophic effect of the gth
new treatment in ith row and jth column, and &yp;jx,4 is the neutrosophic random error assumed to have
mean zero and variance gZ. We denote v = Y2, Z?ﬂ ng;jy for the number of new treatments, ¢ for the
number of check treatments, a for the number of rows, and b for the number of columns; therefore, e = v +
b is the total number of new and check treatments and the total number of all plots in the blocks (rows and
columns) isn; i.e, n = v + b%. Throughout the paper in the context of neutrosophic ANOVA, the SSyr, SSyr,
SSner SSyrr, and SSyg stand for the neutrosophic sum of squares (NSS) total, row, column, treatment, and
error, respectively and the subscript N denotes the neutrosophic context.
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3.2. Estimation of Neutrosophic Parameters

To estimate the neutrosophic model parameters in a NALSD, first, the least squares normal equations (NE)

are obtained and given below.

iy: (V+Db)iy + (b — D) X0 Ty + 2hy Z?=1 Nijy Ayi + Z?=1 Y BNj = YN..s

ay;: (b + Z?=1 naijy) Ay + Q) + Tho Tygr T+ Zl?— Zg(“lj) Thiijg + Z?=1 n(lij)BNj =Ynio

Buj: (b + X0, naijy) Ay + BN}') + X0 tvge T 20 Zz(ul]) Tiijg + Lb=1 Naij)@ni = Yn.js

Tngi: by + Tngr) = Yng.ks

Tniijgt by + Ayi + B\Nj + Thiijg = Ynuijg-

By solving the above NE using the constraints YP_,ay; =0, X%, ,[?Nj =0, and XP_;Tyge +
b, Z?=1 ZZ(“{) Thiijg = 0, the estimates of the neutrosophic parameters of the model (1) are

Ay = (vib)( -b-1 Z£=1qu..k) (v+b) — (yy..— (b= Dmy); Ay € [A,, Ay],

Ay =+ (qui.. - Zk=1 qu..k) = %(qui.. —my); @y; € [&Li' ayil,

BNj = % (qu.j. - Zz=1 qu..k) = % (qu.j. - mzv)) BNj S [BLj'BUj]/
~ YNgq.k Ao a a
Tngk = Y Un; Tugr € [Tqu:Tqu]l

Tniijg = Yniijg — Oni — BN}' — An; Thiijg € [fuijg:fuzijg],

where i, jk =1,2,...,b, g = 1,2,...,nyy and my = X, ngi. = Xj=1 Ingj. = Zk=1Inq.k-

In the same manner, the estimation of the parameters in corresponding neutrosophic treatment-reduced,
row-reduced, and column-reduced models can be obtained.

3.3. Neutrosophic Testing of Parameters

Under the normality assumption of the data, it can use the ANAVO method to test neutrosophic
parameters in NALSD. Therefore, we need to formulate the SSy; and neutrosophic adjusted (adj) and
unadjusted (unadj) sums of squares for rows, columns, treatments (new and check), and the NSS for error.
Following, the calculated sums of squares are given.

na
SSnr = ?:12?:12 1qul]k +X7 12 1Zg( L1J)lel]g ""'SSNT € [SSir, SSyrl,
SSNR(unadj) = ?:1 b+:(1”1) n SSNR(unad]) € [SSLR(unad])JSSUR(unad])]
SSncunadyy = Lieg mot — M S naay € [SSLC aiy SSucunadp |-
(unadj) j=1 b+ngj) n (unadj) (una i) (unadj) s
na
SSNTr(unad]) - Zk 1qu k +Zf) 125J 12 (11]) leug SSNTr(unad]) € [SSLTr(unad])’SSUTr(unad])]

n i

SSNR(adj.) =3 [Zizl(qui.. - mzv) Ini. — Z?=1 Zj ¢ ])(qul mN)lel]g] SSNR(adJ)[SSLR(ad]),SSUR(ad])]
1 n i

SSNC(adj.) =7 [Z?=1(qu.j. - mN) IN.j. — ?:1 Zi ¢ J)(YNq] mN)lel]g] SSNC(ad]) [SSLC(ad])ISSUC(ad])]

( YRLAZI- R ) naij)
SSNTr(adj) (Zl 1quz +Z} 1qu] +ZZ=1y1%Iq..k)_ = (Lb_'_v; L +Z 12 Zg 11] leU.g 2m12\1+

SSNTr(ad]) S [SSLTr(ad]):SSUTr(ad])]
yz

SSNCheck = ;Zk=1 Yig.k — b_z...; SSNCheck € [SSichecirSSucheci],

SSNnew = Z?:l Z?:l szlj) YNlug vl...’, SSNnew € [SSLnew'SSUnew]/

SSNnew and new X ch — SSNTr(adj) SSNCheck; SSNnew and new x ch € [SSLnew and new X ch» SSUnew and new X ch]/
SSNnew x check = SSNTr(unadj) - SSNCheck - SSNnew; SSNnew x check € [SSLnew X check’ SSUnew X check]/ and
SSnvg = SSnr — SSNTr(adj) - SSNR(unadj) - SSNC(unadj)'
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Neutrosophic mean squares for all source of variations are obtained in the ranges of the form [M Siey MS U(_)].
Based on the calculated MSEs, the neutrosophic test statistics Fyy are:

MSNTr(adj), F

FNTr(ad]') = Msyg NTr(adj) € [FLTr(adj)'FUTr(adj)]/
MSNR(adj),
Fnradj) = sz]’ Fnr(adj) € [FLR(adj)'FUR(adj)]/
_ MSNcG@dp,
FNC(ad]’) - MSNE ’ FNC(adj) € [FLC(adj)' FUC(adj)]/

_ MSncheck,
FNCheck - MSNE ’ FNCheck € [FLCheck' FUCheck]/

_ MSNnew
FNnew -
MSNE

7 FNnew € [FLnew'FUnew]/

MSNnew and new x ch,
FNnew and new x ch — MSNE s FNnew and new X ch S [FLnew and new X ch» FUnew and new X ch]r and

_ MSNnew x check,

FNnew X check — MSNE ’ FNnew X check € [FLnew X check’ FUnew X check]'

The neutrosophic form of Fy is Fy = F, + Fylp; Iry € [Ig,, Ir,], where F, and Fylp, are determinate and
indeterminate parts of each proposed test. This test reduces to a test under classic statistics if I, = 0.

3.4. Neutrosophic Hypotheses and Decision Rules
In order to test the rows, columns, checks, and new treatments, the null and alternative hypotheses are as
follows, respectively:

Hyo:ay; =0 vs Hyq:at least oneay; #0,i=1.2.,,,.b,
Hyo:Byj =0 vs Hyq:at least one By; #0,j = 1.2.,,,.b,
Hyo:Tyge = 0 vs Hyq:at least one Tyg # 0,k =1.2.,,,.b,
Hyo:Tyniijg = 0 vs Hyq:at least one Ty # 0, g = 1.2.,,,. 0.

The null hypothesis does not reject if min{py — value} > a, where «a is a level of significance. Meanwhile,
we reject the null hypothesis if max{py — value} < a.
All the above testing process are summarized in the NANOVA Tables 1 and 2 for the NALSD under NS.

Table 1 NANOVA Table (A) for NALSD

Sources of variation Ndf NSS NMS Fy-value
SS, -
Rows (unadj) bh—1 SSnp unadj) IZR(_quJ)
SS, -
Columns (unadj) b-1 SSnpunad)) Il\I)C(_unlad])
SSNTr(ad') MSNTr(adj)
Treat ts (adj b+v—-1 SS . j
reatments (adj) NTr(ad)) e o
SSNCheck MSNCheck
Checks b—-1 SS
NCheck —b 1 —MIS‘{[SNE
SS,
New and New X Check v SShnew and new x ch Nnew azd new x ch Nnev]\(;;l;;ew x ch
SSnE
Error b-1B-2) SSyk m
Total n—1 SSyr

Table 2 NANOVA Table (B) for NALSD

Sources of variation Ndf NSS NMS Fy-value
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SS, ; MS :
Rows (adj) b-1 SSNB(adj) bNR(aldl) A/;V;?(ad])
- NE
SS, ; MS :
Columns (adj) b—-1 SSnB(ad)) bNC (aldl) A/;V;(adl)
- NE
SS, :
Treatments (unadj) c+v—1 SSNTr(unadj) Ch:‘r(unai])
v —
SS, MS
Checks c—1 SSncheck CNChelck A/;v;heck
- NE
SS, MS
New treatments v—1 SSynew VNnelw Mgnew
- NE
SS, MS
New X Check 1 SSnnew x check Nnev;x check N;\l;vsv x check
NE
SSnE
Error b-1Db-2) SSyEe m
Total n—1 SSur

4. Numerical Examples and Simulation

In this section, the performance of the proposed design is numerically assessed by an example and a
simulation study. For assessing the efficiency of the proposed methods, the proposed tests Fy € [F,, Fy] of
the proposed design under NS are calculated and compared with the existing tests under classic statistics.

4.1. Numerical Example

In this example, we have generated neutrosophic data for NALSD. Five neutrosophic check treatments
named A, B, C, D and E, and 50 neutrosophic new treatments, denoted by 1,2,...,50, are arranged in an
augmented Latin square with 5 rows and 5 columns. The neutrosophic data are given in Table 5.

Using the computational software R, we can obtain neutrosophic data randomly for this example by
running the following code

y_L<-rnorm(75,40,10)
z<-length(y_L)
I<-rnorm(75,3,0.5)
y_U<-c()

for(i in 1:z){
y_UliJ<-y_L[i]+I[i]}

We applied the proposed method to calculate Fy-tests, where Fy € [F,, Fy]. The corresponding NANOVA
results for the NALSD are presented in Tables 3 and 4.

4.2. Simulation Study

This section evaluates the quality of the proposed F test for NALSD using simulated data from the Monte
Carlo (MC) procedure for the proposed model (1). In this study, MC simulations have been performed
10,000 times. The data have been generated using neutrosophic normal standard distribution. Furthermore,
the neutrosophic variances have been assumed to be homogeneous, and the NALSDs are balanced. Also,
to simulate type I error, the significance levels of 0.05 and 0.01 have been chosen as the initial values.
Moreover, it has been assumed that the treatments all have zero mean under the null hypothesis. It has

Table 3 ANOVA Table (A) for the NALSD
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Sources of variation Ndf  NSS NMS Fy Neutrosophic form Fy py-value

Rows (unadj) 4 [373.906, 409.200] [93.476, 102.300]

Columns (unadj) 4 [355.476, 347.226] [88.869, 86.806]

Treatments (adj) 54 [6312.786,6486.414]  [116.903,120.119] [1.054,1.062]  1.054 + 1.062Is; Ir, € [0,0.007]  [0.493, 0.486]
Checks 4 [163.869, 181.964] [40.967,45.491]  [0.369,0.402]  0.369 + 0.402I5; I, € [0,0.082]  [0.826, 0.804]

New and New X Check 50 [6148.917, 6304.450] [122.978,126.089] [1.109,1.115] 1109 + 1.115I,; Ir, €[0,0.005]

[0.449, 0.444]

Error 12 [1331.077, 1357.583] [110.923,113.132]
Total 74 [8373.244, 8600.422]
Table 4 ANOVA Table (B) for the NALSD

Sources of variation Ndf NSS NMS Fy Neutrosophic form Fy py-value
Rows (adj) 4 [591.937, 613.179] [147.984,153.295]  [1.334,1.355] 1.334 + 1.3551; I, € [0,0.015]  [0.313,0.306]
Columns (adj) 4 [193.643, 198.487] [48.411,49.622]  [0.436,0.439]  0.436 + 04391, ; I, € [0,0.007]  [0.780, 0.778]
Treatments (unadj) 54 [6256.587,6431.174]  [115.863,119.096]

Checks 4 [163.869, 181.964] [40.967,45491]  [0.369,0402] 0.369 + 0.402I5; Ir, €[0,0.082]  [0.826, 0.804]

New treatments 49 [6085.317,6239.574] [124.190,127.338] [1.120,1.126] ~1.120 + 1.126ly,; I, € [0,0.005]  [0.440, 0.436]

New X Check 1 [7.401, 9.637] [7.401,9.637] [0.067,0.085]  0.067 + 0.085I5,; I, € [0,0.212]  [0.801, 0.775]
Error 12 [1331.077, 1357.583]  [110.923,113.132]
Total 74 [8373.244, 8600.422]

been compared the significance levels and power of the test for the proposed test with the existing test

under classic statistics.

To calculate the neutrosophic empirical Type I error rate and the test power for an MC experiment; the

following steps need to be completed:

MC simulation for computing @gmpirical

@ @
distribution under Hy,, i = 1,2, ...,10000.
Step 2: We compute the Fy;-test under Hy,.

Step 3: We record the results by recording Iy; = 1 when the Hy, is rejected, and Iy; = 0 otherwise.

1 10000
10000 <=1

Step 4: We compute the ratio Iy; and take it as @gmpirical-

Step 1: We generate the random sample le,xNZ,...,x,f,i,)1 from the neutrosophic normal standard

MC simulation for computing Power g p;rical

® O
distribution under Hy,, i = 1,2,...,10000. For instance, (ty1, Un2, Uns, Una) = (1,2,3,4).
Step 2: We compute the Fy;-test under Hy;.

Step 3: We record the results by recording Iy; = 1 when the Hy, is rejected, and Iy; = 0 otherwise.

1 10000
10000 <=1

Step 4: We compute the ratio Iy; and take it as Powergppiricar-

Step 1: We generate the random sample le,xNz,...,x,f,ir)l from the neutrosophic normal standard
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Table 5 Data for NALSD
Column
Row
1 2 3 4 5

C 19 37 44 8 A 25 B 35 E 2 26 10 24
1 [41.82, [39.79, [36.57, [25.12, [28.33, [46.65, [37.95, [35.98, [44.6, [35.84, [42.52, [33.44, [32.99, [31.88, [26.79,
44.92] 43.76] 39.68] 28.5] 31.23] 50.38] 41.12] 38.8] 47.91] 38.27] 45.4] 36.42] 36.1] 34.88] 29.21]

46 12 E 39 © 4 A 16 11 27 D 28 5 45 B
2 [36.41, [47.62, [32.62, [28.09, [55.38, [44.2, [38.73, [60.19, [41.38, [38.9, [36.38, [45.34, [33.31, [31.93,
39.49] 50.68] 36.32] 31.2] 58.39] 47.73] 42.47] 63.64] 44.3] 41.03] [38, 41.06] 39.33] 48.56] 36.51] 34.42]

34 D 21 15 1 E © 42 36 7 B 32 20 38 A
3 [39.22, [32.41, [39.74, [20.84, [36.74, [29.98, [39.55, [39.95, [20.34, [38.65, [36.98, [49.72, [46.27,
41.81] [36, 38.08] 36.03] 42.45] 23.21] [30, 32.73] 39.25] 33.29] 42.18] 42.29] 22.76) 40.58] 40.51] 52.26] 50.09]

17 B 6 D 13 31 E 30 9 22 A 41 C 49 33
4 [47.01, [49.68, [11.91, [34.69, [53.81, [52.44, [22.18, [40.75, [36.94, [38.69, [29.62, [51.11, [17.42, [33.59, [27.33,
49.78] 52.08] 14.94] 37.77] 57.21] 56.24] 24.44] 43,62] 39.56] 41.36) 33.42] 54.6] 20.22] 36.65] 30.05]

A 23 43 18 48 B 47 D 29 3 50 c 40 E 14
5 [33.52, [19.12, [11.39, [63.66, [44.54, [43.05, [48.56, [43.98, [49.46, [56.28, [52.67, [17.73, [45.29, [43.91,
36.34] 22.91] [36.9,39.8] 14.4] 66.76] 47.56] 45.73] 51.31] 47.66] 52.71] 60.34] 55.82] 19.86] 48.38] 47.75]

Table 6 Simulation results for NALSD with parameters (b = 4,v = 32,n = 48) for Check treatment means (Uy, Un2, ns, Una) and different values of new
treatments (uy; = 0,uy; = 0,4y = Ly, = 2),i=1,...,10,j = 11,...,20,k = 21,...,30,1 = 31, ..., 40.

Mean Mean Powergmpirical
XEmpirical 6, =(0112) 8, =(1,2,23) 83 =(1,133) 6, =(01273) 85 =(0,13,4) 8¢ = (0,3,4,4) 6, =(0,3,4,5) 6 =(0,2,4,6)

Test a

0.01 [0.0088, 0.0093] [0.0412,0.0420] [0.0688, 0.0734] [0.0840, 0.0905] [0.1072, 0.1188] [0.1314, 0.1502] [0.2130, 0.2366] [0.2821, 0.3144] [0.3514, 0.3940]

NALSD 0.05 [0.0476, 0.0477] [0.1647, 0.1800] [0.2463, 0.2732] [0.2977,0.3203] [0.3495, 0.3857] [0.4202, 0.4550] [0.5702, 0.6135] [0.6696, 0.7036] [0.7493, 0.7884]

Table 7 Simulation results for NALSD with parameters (b = 5,v = 50,n = 75) for Check treatment means (Uy1, Unz, 3, Knar Bys) and different values of
new treatments (,uNi =0,uy; =0,uy =Ly =1ty = 2),i =1,...,10,j =11,...,20,k = 21,...,30,l = 31, ...,40,u = 41, ...,50.

Mean Mean PowerEmpirical
XEmpirical 6; =(0,0,111) 6, =1(01,122) 63 =1(0,1,2,2,2) 6, = (1,1,2,2,3) 65 = (2,2,3,3,3) 8¢ = (2,3,3,34) 8, =(0,1,344) & =(02,4,5,6)

Test a

001  [0.0094,0.0099]  [0.0581,0.0683]  [0.0820,0.0980]  [0.0980,0.1207]  [0.1159,0.1442]  [0.2317,0.2865]  [0.3651,0.4467]  [0.4485,0.5319]  [0.8435, 0.9010]

NALSD ) o5 [0.0485,0.0494]  [0.2006,0.2314]  [0.2668,0.3080]  [0.2975,0.3495]  [0.3616,0.4112]  [0.5460,0.6190]  [0.7164,0.7826]  [0.7885,0.8474]  [0.9845, 0.9945]
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Figure 1 Power curves of the new and existing tests for NALSD with parameters (b = 4,v = 32,n = 48)
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Figure 2 Power curves of the new and existing tests for NALSD with parameters (b = 5,v = 50,n = 75)

The power of the test for the treatment effects through the NAN was calculated for neutrosophic data. The
results are given in Tables 6 and 7 for NALSD with (b = 4,v = 32,n = 48) and (b = 5,v = 50,n = 75), for
different sets of neutrosophic check means, (iy1, 2, y3, Una) and (Uy1, Uy, Bz, Byas Bys)- The power of
the test for the proposed and existing approaches” performance in Tables 6 and 7 is displayed in Figures 1

and 2.

Without loss of generality, the powers were plotted in ascending order. Evidently, the power of the test for
the indeterminate part is higher than the power for the determinate part; so, the proposed approach
performs better than the existing one in testing the treatment effects.
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5. Comparative Study
As mentioned earlier, the proposed design is a generalization of the augmented Latin square design under
classical statistics. The proposed Fy-test for NALSD reduces to the existing F-test for ALSD when all
observations in the data are exact, determined and certain. Throughout this section, the proposed Fy-test
is compared to the existing F-test in terms of the measure of indeterminacy, accuracy, flexibility, and
information. For the purpose of comparison, the neutrosophic form of the Fy-test for the proposed design
of the effects of treatments can be expressed as follows:

1.054 + 1.062I5,; Ir, € [0,0.007]
Note that the neutrosophic form can be reduced to a statistic under classical statistics when I, = 0; So, the
first part of the neutrosophic form 1.054 describes the value of the test statistic under classical statistics.
The second part 1.0621,, illustrates the indeterminate portion of the neutrosophic form. Additionally, this
test has a measure of indeterminacy of 0.007. According to the proposed test, the values of the Fy-test, Fy €
[F,, Fy] are flexible and lie in the indeterminate interval that is Fy € [1.054,1.062]. Based on the proposed
test, it is expected that Fy € [F,, F;] may range from 1.054 to 1.062 under an uncertain environment. This
range distinguishes the proposed test from the existing test under classical statistics, which is based on the
determined value, which does not appropriate under uncertain conditions. Additionally, this test provides
additional information about the testing approach when indeterminacy is present; namely, it provides
additional information about the testing procedure which is the measure of indeterminacy. To illustrate
the numerical example, for testing Hy, (means of treatment are equal), the probability that it will be
accepted is 0.95, the probability that it will be rejected when true is 0.05, and the probability of uncertainty
about it is 0.007.
Moreover, Tables 6 and 7 provide a comparative evaluation of the relative effectiveness of the proposed
test in terms of the agmpirical and POWeTgmpirica;- The results indicate that the agmpirical Of the proposed test
is close to 0.05 under NS. In addition, Figures 1 and 2 indicate that the curves of the power of the test for
the indeterminate part are higher than those for the determinate part. This emphasizes that the
indeterminate part plays an important role in uncertain environments. According to the results of the
study, the proposed test for NALSD under NS is more informative, accuracy, and flexible than the test for
ALSD under classical statistics.

6. Conclusion

This article introduces neutrosophic augmented Latin square design as a generalization to the existing
augmented Latin square design. In this context, the statistical model and a NANOVA approach have been
presented for the proposed design to deal with neutrosophic hypotheses and the decision rule about the
treatment effects in the design. Besides, the performance of the proposed design has been evaluated using
a numerical example and a simulation study. According to the results, the proposed design led to more
accuracy in analyzing practical problems in uncertainty. It is conjectured that, based on the proposed
design, many new investigations will be carried out in the future. Moreover, in practical experiments using
the proposed design with uncertain data will be analyzed more precisely.
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Abstract

In this study, a Neutrosophic technique and arithmetic ranking operations are employed to group decision-
making problems with many qualities. The outcome is contrasted with the current approach. When compared to the
current method, the proposed method is much more manageable and useful for solving group decision making
problems involving several qualities. All of the information provided by the decision makers (DMs) in the
Neutrosophic Multi-Attribute Group Decision Making (NMAGDM) problems.

Keywords: Neutrosophic possibility mean, Neutrosophic operator.

1.Introduction

Employed the TOPSIS method's expansion [1]. [2] and [3] created a method for choosing configuration items
by using the software development. The aforesaid problem (FMAGDM), the aggregating function known as fuzzy
weighted minkowski distance is utilised, as it was first developed by [4]. [6] employed a maximising deviation
approach to tackle the aforesaid problem (FMAGDM) in a linguistic context. [7] approach of analysis is ad hoc. [8]
have presented a computational coordination approach to resolve the above method (FMAGDM). [9] demonstrate
how the multi-granularity linguistic method (FMAGDM) is employed to tackle the aforementioned issue. [10]
Different distance values have been measured using non-homogeneous information, and a new method (FMAGDM)
has been created to overcome the aforesaid problem. The above methods, however, all rely on type-1 fuzzy sets.
[11] was the first to suggest that type-1 fuzzy sets may be extended to type-2 fuzzy sets. In [12] introduction, it is
said that type-2 fuzzy sets were able to resolve more uncertainty than type-1 fuzzy sets by using type-1 fuzzy sets'
clear membership values. [13] and utilised in many practical applications is presented in [14],[15] and [16]. This is
due to the complexity of employing type-2 fuzzy sets. [17] work, a brand-new approach known as the FMAGDM—
a linguistic weighted average method—is applied to interval type-2 fuzzy sets in order to tackle the aforementioned
issue. According to [18] the FMAGDM is resolved utilising the ranking approach and arithmetic operations in

interval type-2 fuzzy sets. [19] the TOPSIS approach is also employed to solve the FMAGDM using interval type-2
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fuzzy sets. Even if the attribute weights are only partially known, [20] explanation of how the interval type-2 fuzzy
set is utilised to characterise the attribute values is comprehensive. [21] presented a ranking approach that is used in
an interval type-2 fuzzy set to resolve the FMAGDM method. [22],[23] and [24] developed a novel approach to
solve the FMAGDM utilising a trapezoidal interval type-2 fuzzy set. [25] explanation of the possibility degree
approach utilised to solve the FMAGDM problem. In our daily life the multiple criteria decision making problem
achieved a vital role and it was elaborately researched by many scholars [26],[27] and [28] were used gained and
lost dominance score method [29] and [30]. But the information they were given was incomplete while using the
fuzzy set and it is necessary to investigate further to solve the group decision making problem well. The highlights
of the paper is by improving the possibility degree, a better solution has been given compare to the existing method
and the accuracy of the rank is increased in the proposed method compare to the existing method. Neutrosophic
multicriteria is a decision-making technique that combines a number of criteria or elements, sometimes with sparse
or ambiguous information, in order to arrive at a conclusion [31]. The expression of the students is assessed using
real-time data obtained by taking pictures of the students in relation to various themes using a mathematical model
built using a double bounded rough neutrosophic set [32]. The primary medical domains that NIP can produce for
image segmentation from DICOM photos are mentioned in the suggested study. It has been discovered to be a better
approach because of how it manages unclear information [33]. With the exception of placing more emphasis on
Neutrosophic voice recognition, existing methods are utilised. the development of formulas that compute, classify,
or distinguish between various stress conditions. The objectives of this research are to comprehend stress and
develop methods to mitigate its impacts on voice recognition and human-computer interaction systems [34]. In this
article, we offer an approach for estimating a system's anticipated expenses under various circumstances. The
trapezoidal bipolar neutrosophic numbers are used to manage the uncertainties that are present in the various model
parameters [35]. The dynamic programming method is used in this article to address complex group decision-
making scenarios where the preference data is represented by linguistic variables. The complexity and ambiguity of
reality make it challenging for decision-makers to draw judgements using precise data [36]. The advantage of the
method is that it may be handled without a lower membership function for falsehood, which allows for significant
calculation time savings [37]. In order to address the traffic issue, this paper attempted to give a general summary of
each method. The suggested study is anticipated to be beneficial to numerous researchers studying traffic flow,
traffic accident diagnostics, and its hybridization in the future [38]. This study demonstrates that, in contrast to
standard regression models, neurosophic multiple regression is the most effective model for uncertainty [39]. The
triangular interval type-2 fuzzy soft weighted arithmetic operator (TIT2FSWA) with the requisite mathematical
features has been proposed in this research. Additionally, the proposed methodology has been applied to a decision-
making problem for profit analysis [40]. For the purpose of demonstrating the originality of the suggested graphical
representation, the proposed distance measure and several trapezoidal fuzzy neutrosophic number forms have been
given out [41]. In this study, we will write the issue text suitably for such a situation before building the suitable

mathematical model to achieve the lowest inspection cost possible [42]. The elements of Industry 5.0 are considered
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in this framework. By first examining the pertinent experts and body of published research, it is possible to discover
the most crucial associated aspects and tactics [43]. For the region's economic and environmental wellbeing, it is
crucial to reduce HCWT through suitable treatment. This research develops a novel multi-criteria decision-making

strategy to address single-valued neutrosophic group decision-making problems with lacking weight data. [44].

2. Preliminary:
Definition 2.1:

The upper and lower trapezoidal Neutrosophic set is defined as

(TN, IN,, FNy) = ((TNY,INY, FNY), (TNE, INE, FNE))

= (((Td¥,, 1aY,, FaY,), (TaY,, 1aY,, Fal,), (Taly, 1aYs, Faly), (TaY,, [aY,, Fal,), (ThY, kY, FhY)),

((Taill' Ia%l! Fa%l): (Ta%ZJ Ia%ZJ Fa%z): (Ta%3' Ia{‘3' Fa{‘3)v (Ta%4-' Iah, Fa%ll—)) (Th%, Ih%, Fh%)))

M)

Definition 2.2;

The upper and lower triangular Neutrosophic set is defined as

(TNy, IN,,FN,) = ((TNY,INY,FNY), (TN}, INE, FND))
= (((Tafplai]pFa%); (Tai’z,lailz,Fafz), (Tai]z:lailz»Fai]z)» (Tai’3,1ai'3,Fai’3),(Thi’,lhi’,Fh{’)),
((Tah'[ah:Fah); (Tafz,lafz,Fafz), (Tafz:lafz»Fafz): (Taf3,laf3,Faf3), (ThL,[hL,Fhf)))

@

Definition 2.3:
The additive operation of two upper and lower trapezoidal Neutrosophic set is defined as
(TNy,IN,,FN,)®(TN,,IN,,FN,)

= ((TN?,INY, FNY), (TNE INE, FNE)®((TNY, INY, FNY), (TN, IN%, FN$))

= (((Tai’l,lafl,Fafl), (Tai'z,laﬂ,Faﬂ), (Tai’3,1ai’3,Faf3), (Taﬂ,laﬂ,Faﬂ),(ThU,IhU,Fhi’)),

((Talfl:lalfl:Falh): (Talfzylalfz'Fafz)' (Taf3,1af3,Faf3), (Tah,lah, Fah), (ThL;IhL:Fh%)))
@ (((Tagl:lagl:Fagﬂ: (Tagz'lagz'Fagz)' (Tag3,1ag3,Fag3), (Tag4,1ag4,Fa§}4), (Thy,1hY, th))'
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((Ta3y,1a5,, Fab,), (Tag,, las,, Fag,), (Tags, lass, Fags), (Tag,, Iaz,, Fas,), (Ths, 1k, Fh})))

= ((((Tafl —Taj, + Ta{; * Taf,), (Iaf; * Ia3)), (Fat;

* Fag1))' ((Tafz —Tay, + Taf, * Tay,), (Iay, * 1a3,), (Faf,

* Fagz))' ((Ta% —Tajs; + Tafs * Tays), (Iafs * Iags), (Fafs

* Fag3))' ((Taﬂ —Taj, + Ta{, * Tay,), (Iaj, * Ia3,), (Fai,
*Fal,)), (Th{ — Thy + Th{ = ThY), (IhY * [hY), (FhY

« FhY))),(((Taby — T, +Taky +Taky), (laky  Iaky), (Faky
* Fa§1))' ((Tafz —Taj, + Tai, * Tag,), (Iag, * Ias,), (Fag,

* Fa%z))' ((Ta%3 —Tajs + Tais * Tagy), (Iags * Iass), (Fags

* Fa%s))' ((Tah —Taj, + Tai, * Tag,), (Iag, * Ia5,), (Fai,

«Faky)), (Thf ~ Thy + Thf « Th), (Ihk « IhE), (Fhk = FhE)) ) )

®)

Definition 2.4:

The multiplicative operation of two upper and lower trapezoidal Neutrosophic set is defined as

(TNy,IN;,FN;) ® (TN,,IN,, FN,)
= ((TNY,INY,FNY), (TN, INE FNE)) @ ((TNY, INY, FNY), (TNE, INE, FNS))

= (((Tai]p[ai]pFaﬂ); (Tai’z,lafz,Fafz), (Tai’3,1ai’3,Fai’3), (Taﬂ,laﬂ,Faﬂ),(ThU,IhU,Fh{’)),

((Taly, Iaty, Faty), (Tat,, Iak,, Fat,), (Tags, lags, Fats), (Taf,, lafy, Fag,), (Thy, Ih, Fh{)))
® (((Tagl:lagl:Fagﬂ: (Tagz»langagz); (Tag3,1ag3,Fag3), (Tag4,1ag4,Fa§]4), (Thy,1hY, th))'

((Talil:lalil:Falh): (Talz“z:laéwFaéz); (Ta§3,1a§3,Fa%3), (Ta§4,1a§4, Fa%4), (ThL:IhLthli)))
= (((rafy = Ta), Gty = 1ath), (Fay = Fah)), (Tafl » Ta), Gl + 1ah), (Fay = Fah)), (Tafh »

Ta%s), (Iafs *1afs), (Fals * Faly)), ((Taty * Ta,), (Iafy = 1agy), (Faly  Fagy)), ((Th = ThY), (Ih{ *

10Y), (FhY « FRY))), (((Taby  Taky), (aky * Iak,), (Faby « Faky)), ((Tak, * Taky), (ak, * 1ak,), (Fak, »
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Faliz))’ ((Ta]fs * Tags), (Iats * Iagz), (Fagz * Fa§3)), ((Tah *Taz,), (Iat, * Iag,), (Faj, * Fa§4)), ((Thf *

ThY), (Ihk » h5), (FhE  Fhs))) ) @

Definition 2.5:
The arithmetic operation of upper and lower trapezoidal Neutrosophic set is defined as

k(TN,,IN;,FN,) = k((TNY,INY,FNY), (TN}, INE, FNE))

/(((Taiﬁ)k,(Iaﬂ)k,(Faiﬁm ((Taifz)k,(Ia{fz)k,(Faﬂ)k),((Tai’s)k,(zai’s)k,(Fai’g)k),) \
_| ((Tad*, dalk, (Faly®), (ThY)k, (IRY), (FRY)*) |
B (((Tah)k, (Iah)k; (Fah)k), ((Tafz)k; (Iafz)k; (Fafz)k); ((Ta%3)k; (Iafs)k; (Fa%3)k);)

\ ((Taky)¥, (aky)*, (Fab,)®), (ThY*, IR, (FRE)K) /

®)
Definition 2.6:
The score function for Neutrosophic triangular set is given by
$*(TaC0), 14, Fa () = 5 (14 Tu () — 2  [,(x) + Fa(x)) ®)
Definition 2.7:
The proposed score function for Neutrosophic trapezoidal set is given by
$(Ta (), (), Fy () = 2 (1 mx Ty () = Ly (2) + Fy () %

Where n represents number of terms in the matrices.

If a single value Neutrosophic number is (TN,IN,FN) = ((TNY,INY,FNY),(TN%,IN*, FN")),
where(TNY,INY, FNY) is the upper Neutrosophic ~member function and (TNL,INEY, FNL) is the lower
Neutrosophic member function having the level set as (TNY,INY,FNJ) =
[(TNY (@), INY (@), FNY (@), (TNY (), INY (@), FNY ()], € [(0,0,0), (Thy, [hy, Fhy)] and
(TN}, INg, FN§) = [(TNEB), INE(R), FNE(B)), (TN (B), NS (B), FNS(B))], @ € [(0,0,0), (Thy, Thy, Fhy)]
where (Thy, Ihy, Fhy) is the highest membership Neutrosophic function of NV and (Th,,Ih,, Fh;) is the lower

membership Neutrosophic function of N* .
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Definition 2.8:

The lower Neutrosophic possibility mean for N = (NY, NL) is given by

(782N, 172, (N), FRL(N)) = (f; " (TNY (@) “d + [, (TN ®) d, ["(INY (@) da +

B a B

LManE@) dp, ;" (FNY @) da + [ "(FNEB)) dp) (®)

Where (TM*(N), IM*(N),FIVI*(N)) is the arithmetic mean of members of the Neutrosophic membership
function.

Definition 2.9:

The upper Neutrosophic possibility mean for (TN,IN,FN) = ((TNV,INY,FNY), (TN, IN%, FN")) is given
by

(782 V), 18 (N, FRE*(N) ) = (f " (TNY (@) “da + [ " (TNE(B)) dB, [ (INY (@) da +
LManNg@) ap, [ (FNY @)  da + §; " (FNER)) dB) ©)

Where (TI\7I*(N), IM*(N), FIVI*(N)) is the arithmetic mean of members of the Neutrosophic membership
function.

Definition 2.100:

The closed bounded interval of Neutrosophic lower and upper mean value is given by the notation
(ri @, 1N, FIEN)) = |(TH.(N), 1., FILL(V) ), (T° (), 1887 (N, FR-(V)) |

Definition 2.11:

Similarly, the Neutrosophic  mean value of (TN, IN;,FN,) and (TN, IN, FN,) is given by
(TN, IFE(N, FRE(N) ) = [(THEL Ny, 1R Ny, FREL (N ), (TR (N, 178 (N, FRE* (V) )| and
(TN, IFE(N,), FRE(N,)) = |(TH. (N, IR, (N,), FRL(N,) ), (THE* (N), 178 (N), FRE* (N) )|

Definition 2.12:

The possibility Neutrosophic degree is given as
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(p(TNy = TN,),p(N; > IN,), p(FN, > FN,))

/min {max( TM*(Nl) _ TM*(NZ) O> 1} min {max( IM*(Nl) _ IM* (NZ) 0) 1} \
TA*(Ny) — THL(N,) + TH*(N,) - TRL(N) )" ) M (Ny) — IR,(N,) + TM(Np) — IIL.(Np) ")

= , FH*(N,) — FIL.(N,) |
\ min {max (FM*(NJ “FL(Ny) + FIT(N,) — FIL(N,) °> : 1} /

(10)
Definition 2.13:

The possibility Neutrosophic degree(p(TN1>TN2),p(1N1>1N2),p(FN1>FN2)) has to satisfy the
following property

(0,0,0) < (p(TN, > TN,), p(IN, > IN,),p(FN; > FN,)) < (1,1,1) and (0,0,0) < (p(TN, > TN,),p(IN, >
INy),p(FN, > FNy)) < (1,1,1)

(T (N, TR (N, FAL (VD) = (THEL (N, TR (N,), FILL(N)) - and (TR (N, T (N, FRE (V) =

(TIVI*(NZ), 11\71*(N2),F1\71*(N2)), then (p(TN, > TN,),p(IN, > IN,),p(FN, > FN,)) = (0.5,0.5,0.5)

For a Neutrosophic member (TNy,IN;, FN,), (TN,,IN,, FN,), (TN5, IN3, FN3), If (p(TN, = TN,),p(IN; >
IN,),p(FN; > FN,)) = (0.5,0.5,0.5) and (p(TN, » TN;),p(IN, > IN;),p(FN, > FN3)) = (0.5,0.5,0.5) then
(p(TN; = TN3),p(IN, > IN3),p(FN, > FN;)) = (0.5,0.5,0.5).

For a Neutrosophic member (TNy,IN;, FN,), (TN,,IN,, FN,), (TN5, IN3, FN3), If (p(TN, = TN,),p(IN, >
IN,),p(FN; > FN,)) = (0.5,0.5,0.5) and (p(TN, » TN;),p(IN, > IN;),p(FN, > FN3)) = (0.5,0.5,0.5) then
(p(TN; = TN,),p(IN; = IN,),p(FN; > FN,)) + (p(TN, > TN3),p(IN, > IN3),p(FN, > FN;)) =
2(p(TN, > TN;),p(IN; > IN;),p(FN; > FN5)).

Definition 2.14:

For the Neutrosophic  trapezoidal number (TN,IN,FN)= ((TNY,INVY,FNY),(TN IN! FN")) =
(((Tai’,lai’,Fai’),(Taé’,laé’,Faé’),(Taé’,laé’,Faé’),(Taf,,’,laf,,’,Fai’),(ThU,IhU,FhU)),

((Tak,Iak, Fab),(Tak, 1as, Fab), (Tas, Ias, Fab), (Tak, Iak, Fak), (Tht, Ih%, FhY))), the lower Neutrosophic
possibility mean is calculated by,
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Thy Tak —Ta
<Ta{ 2 1) dp ,\
|
|
|
|

Thy Tal — TaV\”
f (Ta{’ + ;) da +
0 ThU

0

|
Thy U _ 7,U\% Ihy, — B
(7., 171, (), FF. () = | [ (1a§’+u) <1af u) ag,
| 0

da +
hy ) f
Fhy Fa¥ — Fa?\" Fhy, Fat —Fa
f (Fai’+%) da+f <Fa{ 2 1) dg,
0 U 0

(11)
= ((% (Tay +2Ta)Th} + 2 (Tak + 2Ta§)Th), (2 (a + 21a)InG +2 (Ut + 21a§)1n?), (2 (Fal +
2Fa)Fh; +1(Faf + 2R a§)Fh?) )(12)
Definition 2.15:

For the Neutrosophic  trapezoidal number (TN,IN,FN)= ((TNY,INY,FNY),(TN! IN! FNY)) =
((ra¥,1a¥,Fay),(Ta¥,1a,Fay), (Ta¥,1ay,Fay), (Tay,1a¥, Fa), (ThY,IhV, FhY)),

((Tat,Iak, Fal),(Tak, Ias, Fab), (Tas, a5, Fab), (Tak, Iak, Fak), (Tht, IhE, FRL))), the upper Neutrosophic
possibility mean is calculated by,

Thy Tay — Ta¥\” Thy Ta —Ta
J (Taf{ +%> da +j <Tai 4)
0 U 0

I
~ ~ ~ Ihy I u —1 U\ % Ihy, I -1 B
(i (), 18- (v, FIE* () = | j (laf{+—a3 “‘*) da + j <1ag+—“3 “4) dg,
I 0 IhU 0

Fhy Fa¥y — Fa¥\" Fhy Fat — Fak
pqu o F98 —Fad\" j por o Fas—Fai)’ , /
-[o ( a; + Fhy > a+ . a; + Fh, B
(13)
= ((% (Tay +2Ta{)Th} + (T} + 2Ta4)Th?), (2 (a + 21a)IkG +3 (1as + 21a§)1n?), (2 (Fay +
2FaY)Fh} + 2 (Fak + 2Fa§)Fhf)) (14)
Definition 2.16:

The neutrosopic preference matrix (TP, IP, FP) is given as
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(TP,IP,FP)
(p(TN, = TN, pUN, > IN,),p(FN; > FNy))  (p(TN; > TN, p(IN; > INy), p(FNy > FN)) .. (p(TN; > TN,),p(IN; > IN,),p(FN,; > FN,))
= | (TN, = TN,), pUN; = IN), p(FN; > FND) - (p(TNy > TN,), pUN; = INy), p(FN; > FNp)) ... (p(TNy > TN,), p(INy = IN,), p(FNy > FNy)) |
\(p(TNn ¥ TNy),p(UN, > IN,),p(FN, > FN,)) (p(TN,, > TN,),p(IN, > IN,),p(FN, > FN,)) ... (p(TN, > TN,),p(IN,, > IN,), p(FN,, > FN,)) /
(15)

Definition 2.17:
The Neutrosophic ranking valueR(TN, IN, FN) is given by

1
nn-1)

_r
n(n-1)

(@1 pN, = TN +2-1),

R(TN, IN,FN) = ( (@1, pUN, > IN) +2 -

1 n
1)'n(n—1)( ;€1=1 p(FN1 z FNk)+E_ 1))
(16)
Step 1: Consider the problem in (27), and convert it into Neutrosophic trapezoidal number as

N _( ((0.7,0.2,0.1)(1.4,0.4,0.2)(2.8,0.8,0.4)(4.9,1.4,0.7)(0.7,0.2,0.1)), )an ’
1= \((1.05,0.3,0.15)(2.1,0.6,0.3)(2.1,0.6,0.3)(4.9,1.4,0.7)(0.56,0.16,0.08))

_ ((1.05,0.3,0.15)(2.1,0.6,0.3)(4.2,1.2,0.6) (4.2,1.2,0.6)(0.7,0.2,0.1))
27\, ((1.05,0.3,0.15)(2.31,0.66,0.33)(3.15,0.9,0.45)(3.5,1,0.5) (0.56,0.16,0.08))

Step 2:

Figure 1 represents the graphical representation of Neutrosophic trapezoidal number.
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Neutrosophic Trapezoidal and triangular numbers
Figure 1: Neutrosophic Trapezoidal and triangular numbers

Step 3: For the above Neutrosophic member, the upper and lower possibility Neutrosophic mean value is

given as
Case 1.
For N; &N,,
The closed bounded interval of Neutrosophic lower and upper mean value is given by
(i), 19 W), RN = | (TR N, 1. (N, F L N), (T V), 181 (N, FIEE (V) |
= [(-2.74,0.01,0.01), (0.78,0.01,0)]
(TF ), 1 (W,), FREN,) ) = [(THL(N,), LN, RN, ), (T (o), 180 (), FIE () )|
= [(-5.39,0.02,0.01), (0.94,0.01,0)]
Case 2:

For N; &N,

The closed bounded interval of Neutrosophic lower and upper mean value is given by
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(PR, 10 (N, FRIND)) = | (T, Ny, LB, Ny, FRL (N, ), (T8 (N, 181 (N, FAE* ) )
= [(—2.74,0.01,0.01), (0.78,0.01,0)]
(PR, IR, FRQN,)) = [(THL (N, RN, PN ), (TR (N, 181 (N, FREE ()|
= [(—2.74,0.01,0.01), (0.78,0.01,0)]
Case 3:
For N, &N,
The closed bounded interval of Neutrosophic lower and upper mean value is given by
(TRN,), IFE(N,), FRFE(N,) ) = [(THL(N,), 171, (N,), FRL(N,)) , (THE* (N,), 1" (N,), F T () )|
= [(—5.39,0.02,0.01), (0.94,0.01,0)]
(THN,), IFE(N,), FRI(N,)) = [(TFL (N, LN, F L (N,) ), (THE* (N, IR (N,), F I (W) )|

= [(~5.39,0.02,0.01), (0.94,0.01,0)]

Case 4
For N,&N;
The closed bounded interval of Neutrosophic lower and upper mean value is given by
(TF ), 1 W,), FREN,) ) = |(THL(N,), LN, RN, ), (T (o), 180 (N, FIE () )|
= [(=5.39,0.02,0.01), (0.94,0.01,0)]
(TN, 17 (Ny), FRECN, ) ) = [(TRECN), TR (N, FILLNY ), (TR (N, LB (N ), FRE* (V) )|
= [(—2.74,0.01,0.01), (0.78,0.01,0)]
Step 4.

For the above cases, the Neutrosophic possibility degree is given by
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For case 1, (p(TN, » TN,),p(IN; > IN,),p(FN, > FN,)) = (0.38,0.35,0.36)
For case 2, (p(TN, » TN,),p(IN; > IN,),p(FN; > FN,)) = (0.5,0.5,0.5)

For case 3, (p(TN, = TN,),p(IN, = IN,),p(FN, > FN,)) = (0.5,0.5,0.5)
For case 4, (p(TN, » TN,),p(IN, > IN,),p(FN, > FN,)) = (0.63,0.66,0.65)
Step 5:

The Neutrosophic preference matrix is given by

(TP, IP, FP) = (0.5,0.5,0.5) (0.38,0.35,0.36)]

(0.63,0.66,0.65)  (0.5,0.5,0.5)
Step 6:
The Neutrosophic ranking value is given as
R(TN,,IN,;,FN,) = (0.25,0.42,0.42) and R(TN,, IN,,FN,) = (0.91,0.58,0.57)
Step 7:
The rank of the alternatives R(N,;) = 0.9938 and R(N,) = 2.3027
Step 8:
The rank is given in descending order
R(N;) > R(N,)
Step 9:

The above result is compared with thirteen sets of trapezoidal and triangular Neutrosophic number in (20) is

discussed in the next section.
4. Comparison result of trapezoidal and triangular Neutrosophic number:

A trapezoidal Neutrosophic member becomes the triangular Neutrosophic number, when the middle value is
equal. Here we are taking the example of thirteen different sets in (20) to compare the result with the proposed

method. Algorithm for this is same as the previous section but only in step 6, the scorefunction for deneutrosophic
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the triangular Neutrosophic is different. We use (6) for triangular Neutrosophic member.Also we give the graphical
representation of each set also.

Table 1 represents the Neutrosophic member of thirteen set

S.No | Set Neutrosophic values

L N, = ((0.245,0.07,0.035)(0.28,0.08,0.04)(0.28,0.08,0.04)(0.7,0.2,0.1)(0.7,0.2,0.1))

N, = ((0.105,0.03,0.015)(0.49,0.14,0.07) (0.49,0.14,0.07) (0.56,0.16,0.08)(0.7,0.2,0.1))

2 | N; = ((0,0,0)(0.07,0.02,0.01)(0.35,0.1,0.05)(0.7,0.2,0.1)(0.7,0.2,0.1))

N, = ((0.05,0.42,0.12)(0.06,0.42,0.12)(0.06,0.49,0.14)(0.07,0.7,0.2)(0.1,0.7,0.2))

3| N, = ((0,0,0)(0.07,0.02,0.01)(0.35,0.1,0.05)(0.7,0.2,0.1)(0.7,0.2,0.1))

N, = ((0.42,0.12,0.06)(0.49,0.14,0.07)(0.49,0.14,0.07) (0.56,0.16,0.08)(0.7,0.2,0.1))

Y N; = ((0.28,0.08,0.04)(0.63,0.18,0.09)(0.63,0.18,0.09)(0.7,0.2,0.1)(0.7,0.2,0.1))
N, = ((0.28,0.08,0.04)(0.49,0.14,0.07)(0.49,0.14,0.07)(0.7,0.2,0.1)(0.7,0.2,0.1))

N5 = ((0.28,0.08,0.04)(0.35,0.1,0.05)(0.35,0.1,0.05)(0.7,0.2,0.1)(0.7,0.2,0.1))

5 |V N; = ((0.35,0.1,0.05)(0.49,0.14,0.07)(0.49,0.14,0.07)(0.63,0.18,0.09)(0.7,0.2,0.1))
N, = ((0.21,0.06,0.03)(0.49,0.14,0.07) (0.49,0.14,0.07) (0.63,0.18,0.09)(0.7,0.2,0.1))

N5 = ((0.21,0.06,0.03)(0.28,0.08,0.04)(0.49,0.14,0.07) (0.63,0.18,0.09)(0.7,0.2,0.1))

6 [V N, = ((0.21,0.06,0.03)(0.35,0.1,0.05)(0.56,0.16,0.08)(0.63,0.18,0.09)(0.7,0.2,0.1))
N, = ((0.21,0.06,0.03)(0.35,0.1,0.05)(0.35,0.1,0.05) (0.63,0.18,0.09)(0.7,0.2,0.1))

N5 = ((0.21,0.06,0.03)(0.35,0.1,0.05)(0.35,0.1,0.05) (0.49,0.14,0.07)(0.7,0.2,0.1))

7 | Vi N, = ((0.14,0.04,0.02)(0.35,0.1,0.05)(0.35,0.1,0.05)(0.56,0.16,0.08)(0.7,0.2,0.1))

N, = ((0.28,0.08,0.04)(0.35,0.1,0.05)(0.35,0.1,0.05)(0.42,0.12,0.06)(0.7,0.2,0.1))
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8 | VII N, = ((0,0,0)(0.28,0.08,0.04)(0.42,0.12,0.06)(0.56,0.16,0.08)(0.7,0.2,0.1) )
N, = ((0.14,0.04,0.02)(0.35,0.1,0.05)(0.35,0.1,0.05)(0.63,0.18,0.09)(0.7,0.2,0.1) )
N; = ((0.14,0.04,0.02)(0.42,0.12,0.06)(0.49,0.14,0.07)(0.56,0.16,0.08)(0.7,0.2,0.1))
9 |IX N, = ((0,0,0)(0.14,0.04,0.02)(0.14,0.04,0.02)(0.28,0.08,0.04)(0.7,0.2,0.1))
N, = ((0.42,0.12,0.06)(0.56,0.16,0.08)(0.56,0.16,0.08)(0.7,0.2,0.1)(0.7,0.2,0.1))
10 X N, = ((0.28,0.08,0.04)(0.42,0.12,0.06)(0.42,0.12,0.06)(0.56,0.16,0.08)(0.7,0.2,0.1))
N, = ((1.26,0.36,0.18)(1.33,0.38,0.19)(1.33,0.38,0.19) (1.4,0.4,0.2) (0.7,0.2,0.1))
11 | X N, = ((0,0,0)(0.14,0.04,0.02)(0.14,0.04,0.02)(0.28,0.08,0.04)(0.7,0.2,0.1))
N, = ((0.42,0.12,0.06)(0.56,0.16,0.08)(0.56,0.16,0.08)(0.7,0.2,0.1)(0.7,0.2,0.1))
12 | Xl N; = ((0.14,0.04,0.02)(0.42,0.12,0.06)(0.42,0.12,0.06)(0.7,0.2,0.1)(0.7,0.2,0.1))
N, = ((0.14,0.04,0.02)(0.42,0.12,0.06)(0.42,0.12,0.06)(0.7,0.2,0.1)(0.14,0.04,0.02))
13 | X1l N; = ((0.42,0.12,0.06)(0.7,0.2,0.1)(0.7,0.2,0.1)(0.7,0.2,0.1)(0.7,0.2,0.1))
N, = ((0.56,0.16,0.08)(0.7,0.2,0.1)(0.7,0.2,0.1)(0.7,0.2,0.1) (0.14,0.04,0.02))
Table 1: Neutrosophic member of thirteen set
The Neutrosophic possibility degree of thirteen set is given in below table 2
S.No | Set Neutrosophic possibility degree

(p(TN; > TN,),p(IN; > IN,),p(FN; > FN,)) = (0,0,0.94)
(p(TN; > TN,),p(IN; > IN,),p(FN; > FN,)) = (1,1,1)
(p(TN, = TN,), p(IN, > IN,), p(FN, > FN,)) = (1,1,1)

(p(TN, > TN,), p(IN, > IN,), p(FN, > FN,)) = (0.77,0,0.98)
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Il (p(TN, = TN,),p(IN, > IN,),p(FN, > FN,)) = (0,0.72,0.95)
(p(TN, = TNy, p(IN; = IN,),p(FN, > FN,)) = (1,1,1)
(p(TN, > TN,),p(IN, = IN,),p(FN, * FN,)) = (1,1,1)

(p(TN, > TN,),p(IN, > IN,),p(FN, > FN,)) = (0.67,0,0.98)

1l (p(TN, = TN,),p(IN; > IN,),p(FN, > FN,)) = (0,1.29,0.95)
(p(TN, = TNy, p(N, = IN,),p(FN, > FN,)) = (1,1,1)
(p(TN, = TN,),p(IN, > IN,),p(FN, > FN,)) = (1,1,1)

(p(TN, > TN,),p(IN, > IN,),p(FN, > FN,)) = (0.78,0,0.99)

v (p(TN, = TN,),p(IN, > IN,),p(FN, > FN,)) = (1,0,1)
(p(TN, = TN,),p(IN; > IN,),p(FN, > FNy)) = (1,1,1)
(p(TN, = TN3),p(IN, > IN3),p(FN, > FN3)) = (1,0,1)
(p(TN, = TN,),p(IN, > IN,),p(FN, > FN,)) = (1,1,1)

(p(TN, > TN,),p(IN, > IN,),p(FN, > FN,)) = (0.2,0,0.95)
(p(TN, > TN3),p(IN, > IN3),p(FN, > FN3)) = (1,0,1)

(p(TN; = TN,),p(IN; > IN,),p(FN; > FN,)) = (0,0,0.92)
(p(TN; > TN,),p(IN; = IN,),p(FN; > FN,)) = (0,0,0.91)

(p(TN; = TN5),p(IN5 = IN;),p(FN5 = FN3)) = (1,1,1)

Y, (p(TN, = TN,),p(IN; = IN,),p(FN; > FN,)) = (1,1,1)
(p(TN; = TN,),p(IN, > IN,),p(FN, > FN,)) = (1,0,1)

(p(TNy = TN3),p(IN; = INs),p(FN; = FN;)) = (1,0,1)

A.Kanchana ,D. Nagarajan, S.Broumi, Multi-attribute group decision-making based on the Neutrosophic Bonferroni mean
operator




Neutrosophic Sets and Systems, Vol. 57, 2023 154

(p(TN, > TN,),p(IN, = IN,),p(FN, > FN,)) = (1,0,1)
(p(TN, = TN,),p(IN, > IN,),p(FN, * FN,)) = (1,1,1)
(p(TN, > TN3),p(IN, = IN;),p(FN, » FN3)) = (1,0,1)
(p(TN; = TN,),p(IN; > IN,), p(FN; > FN;)) = (0,0,0.96)
(p(TN; = TN,),p(IN; > IN,),p(FN5 > FN,)) = (0.25,0,0.96)
(p(TN; = TN3),p(IN5 = IN;),p(FN5 > FN3)) = (1,1,1)
Vi (p(TN, = TN,),p(IN; = IN,),p(FN; > FN,)) = (1,1,1)
(p(TN; = TN,),p(IN; > IN,),p(FN, > FN,)) = (1,0,1)
(p(TN, = TN3),p(IN, > IN3),p(FN, > FN3)) = (1,0,1)
(p(TN, = TN,),p(IN, > IN,),p(FN, > FN,)) = (0,0,0.9)
(p(TN, = TN,),p(IN, > IN,),p(FN, > FN,)) = (1,1,1)
(p(TN, > TN3),p(IN, > IN3),p(FN, > FN3)) = (1,0,1)
(p(TN; > TN,),p(IN; > IN,),p(FN; > FN,)) = (0,0,0.84)
(p(TN5 > TN,),p(IN; > IN,),p(FN; > FN,)) = (0.5,0,0.94)
(p(TN; > TN3),p(IN; > IN3),p(FN; > FN3)) = (1,1,1)
Vil (p(TN, = TN,),p(IN, > IN,),p(FN, > FNy)) = (1,1,1)
(p(TN, = TN,),p(IN, > IN,),p(FN, > FN,)) = (1,0,1)
(p(TN, = TN,),p(IN, > IN,),p(FN, > FN,)) = (0.34,0,0.96)
(p(TN; > TN,), p(IN, > IN;), p(FN, > FN,)) = (1,1,1)
Vil (p(TN, = TN,),p(IN; > IN,),p(FN; > FN,)) = (1,1,1)
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(p(TN, = TN,),p(IN; > IN,),p(FN, > FN,)) = (0.5,0,0.98)
(p(TN, = TN3),p(IN, > IN;),p(FN, > FN;)) = (0.25,0,0.97)
(p(TN, > TN,),p(IN, > IN,),p(FN, > FN,)) = (0.75,0,0.99)
(p(TN, = TN,),p(IN, = IN,),p(FN, * FN,)) = (1,1,1)
(p(TN, > TN3),p(IN, > IN;),p(FN, * FN5)) = (0.25,0,0.95)
(p(TN; = TN,),p(IN5 = IN,),p(FN; > FN,)) = (1,0,1)
(p(TN5 = TN,),p(IN; = IN,),p(FN; > FN,)) = (0.84,0,0.99)

(p(TN; = TN3),p(IN; = IN;),p(FN; > FN3)) = (1,1,1)

9 IX (p(TN, = TN,),p(IN; > IN,),p(FN, > FNy)) = (1,1,1)
(p(TN, = TN,),p(IN; > IN,),p(FN, > FN,)) = (0,0.39,0.89)
(p(TN, > TN,),p(IN, = IN,),p(FN, > FN,)) = (1,0,1)
(p(TN, = TN,),p(IN, > IN,),p(FN, > FN,)) = (1,1,1)
10X (p(TN, > TNy, p(IN; > INy), p(FN; > FN,)) = (1,1,1)
(p(TNy = TN,),p(IN, > IN,),p(FN; = FN,)) = (0,1.63,0.88)
(p(TN, > TN,),p(IN, = IN,),p(FN, > FN,)) = (1,0,1)
(p(TN, = TN,),p(IN, > IN,),p(FN, > FN,)) = (1,1,1)
11 XI

(p(TN, = TN,),p(IN; = IN,),p(FN; > FN,)) = (1,1,1)
(p(TN, = TN,),p(IN, > IN,),p(FN, > FN,)) = (0,0.39,0.89)
(p(TN, > TN,),p(IN, > IN,),p(FN, > FN,)) = (1,0,1)

(p(TN, = TN,),p(IN, = IN,),p(FN, > FN,)) = (1,1,1)
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12

XIl (p(TN, > TNy, p(IN; = IN,),p(FN, > FN,)) = (1,1,1)
(p(TN, > TN,),p(IN; > IN,),p(FN; > FN,)) = (1,0,1))
(p(TN, > TN,),p(IN, > IN,),p(FN, > FN,)) = (0,0.15,0.72)

(p(TN, = TN,),p(IN, = IN,),p(FN, > FN,)) = (1,1,1)

13

Xin (p(TN, > TNy),p(IN, > IN)),p(FN, > FN,)) = (1,1,1)
(p(TN, = TN,),p(IN, > IN,),p(FN, > FN,)) = (1,0,1))
(p(TN, > TN,),p(IN, > IN,),p(FN, > FN,)) = (0,0.15,0.75)

(p(TN, = TN,),p(IN, = IN,),p(FN, » FN,)) = (1,1,1)

Table 2: Neutrosophic possibility degree of thirteen set

Table 3 represents the Neutrosophic preference matrix of 13 sets

S.No

Set Neutrosophic preference matrix

(TP, IP,FP) = ( (1,1,1) (0,0,0.94)>

(0.77,0098)  (1,1,1)

(TP,IP,FP)=< (1L11) (0,0.72,0.95)>

(0.67,0098)  (1,1,1)

Il 1,10 (0,1.29,0.95))

(TP,IP,FP) = ((0.78,0,0.99) (1,1,1)

IV (1,1,1) (1,01  (1,01)
(TP,IP,FP) = ( (0.2,0,095) (1,1,1) (10,1
(0,0,091) (0,0,092) (1,1,1)

Y] (1,1,1) (1,01  (1,0,1)
(TPJ IPJ FP) = (1!0!1) (1'1'1) (1’0’1)
(0,0,0.96) (0.25,0,0.96) (1,1,1)

Vi (1,1,1) (1,01  (1,01)
(TP,IP,FP) =| (0,009)  (1,1,1)  (1,0,1)
(0,0,0.84) (0.5,0,094) (1,1,1)
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7 VII B (1,1,1) (1,0,1))
(TP,IP,FP) = ((0.34,0,0.96) (1,1,1)
8 VIl (1,1,1) (0.5,0,0.98)  (0.25,0,0.97)
(TP,IP,FP) = (0.75,0,0.99) (1,1,1) (0.25,0,0.95)
(1,0,1) (0.84,0,0.99) (1,1,1)
9 IX _((1,11) (0,0.39,0.89))
arar. P = ({15 (1)
10 X _((1,1,1) (0,1.63,0.88))
arar. P = ({15 (1)
11 XI _((1,1,1) (0,0.39,0.89))
arar. P = ({15 (1)
12 Xl _ (1,1,1) 1,0,1) )
(TP,IP,FP) = ((0,0.15,0.72) (1,1,
13 X1l _ (1,1,1) 1,0,1) )
(TP,IP,FP) = ((0,0.15,0.75) (1,1,
Table 4: Neutrosophic preference matrix of thirteen set
Table 4: represents the Neutrosophic ranking value of thirteen sets
S.No | Set Neutrosophic ranking value
1 I R(TN,,IN,,FN,) = (1,0,0.97), R(TN,,IN,,FN,) = (1,0,0.99)
2 I R(TN,,IN,,FN;) = (1,0.85,0.98), R(TN,, IN,, FN,) = (1,0,0.99)
3 i R(TN,,IN,,FN,) = (1,1.14,0.97),R(TN,,IN,,FN,) = (1,0,1)
4 v R(TN,,IN,, FN;) = (1,0,1), R(TN,,IN,,FN,) = (1,0,0.99), R(T N5, IN5, FN5) = (1,0,0.96)
5 Vv R(TN,,INy, FN;) = (1,0,1), R(TN,,IN,, FN,) = (1,0,1), R(TN3,IN5, FN5) = (1,0,0.98)
6 Vi R(TNy,INy, FN;) = (1,0,1), R(TN,,IN,, FN,) = (1,0,1), R(TN3,IN5, FN5) = (1,0,0.98)
7 Vil R(TN,,IN,, FN,) = (1,0,1), R(TN,,IN,,FN,) = (1,0,0.98)
8 VIl R(TN,,IN,, FN;) = (1,0,0.98),R(TN,,IN,, FN,) = (1,0,0.98), R(TN3,IN5, FN5) = (1,0,1)
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9 IX R(TN,,IN,,FN,) = (1,0.63,0.94), R(TN,, IN,,FN,) = (1,0,1)
10 X R(TN,,IN,,FN,) = (1,1.28,0.94), R(TN,, IN,,FN,) = (1,0,1)
11 XI R(TN,,IN,,FN,) = (1,0.63,0.94), R(TN,, IN,,FN,) = (1,0,1)
12 XII R(TN,,IN,,FN;) = (1,0,1), R(TN,, IN,, FN,) = (1,0.38,0.85)
13 Il R(TN,,IN,,FN,) = (1,0,1), R(TN,, IN,, FN,) = (1,0.38,0.87)
Table 5: Neutrosophic ranking value of thirteen sets
Table 6 represents the rank of the alternatives of thirteen sets
The rank of the alternatives R(N;) = 0.9938 and R(N,) = 2.3027
S.No | Set rank of the alternatives
1 | R(N,) = 1.484 , R(N,) = 1.495
2 T R(N,) = 0.642 , R(N,) = 1.494
3 Il R(N;) = 0.351, R(N,) = 1.497
4 vV R(N,) = 1.5, R(N,) = 1.494, R(N,) = 1.478
5 Vv R(N,) = 1.5, R(N,) = 1.5,R(N;) = 1.489
6 Vi R(N,) = 1.5, R(N,) = 1.486,R(N;) = 1.470
7 Vil R(N,) =15,R(N,) = 1.5
8 Vil R(N,) = 149, R(N,) = 1.49,R(N;) = 1.5
9 IX R(N,) = 0.8, R(N,) = 1.5
10 X R(N,) = 0.2, R(N,) = 1.5
11 Xl R(N,) = 0.8, R(N,) = 1.5
12 Xl R(N,)) =15, R(N,) =1
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13

XM

R(N) =15,R(N,) = 1.1

Table 6: Rank of the alternatives of thirteen sets

Table 7 represents the comparison results with the previous methods

S.No | Set | Alternatives | Kerre | Lee | Lee | Bass | Chang | Chang | Chan The
(30) | (31) | 31) | B32) | (33) | (33) | (20) | Proposed
Uni | Propo a=01|a=05, Method
form rtional B=09 | =05
1 | R(N,), | 096 | 058 | 0.54 | 0.84 | 0.417 | 0.519 | 0.52 | 1.484,
R(N,) 0.89 | 0.55 | 0.59 | 1 | 0.462 | 0.544 | 0.48 | 1.495
2 I R(N;), | 051 [ 041|038 [ 0820158 | 045 | 0.4 | 0.642,
R(N,) 0.8 | 0.60 | 0.60 | 1 | 0554 | 055 | 0.6 | 1494
3 10 R(N;), | 0.42 [ 041 ] 0.38 | 066 | 0158 | 045 | 0.36 | 0351,
R(N,) 095|070 | 0.70 | 1 | 0.644 | 0.6 | 0.64 | 1497
4 vV R(N,) , 1 |077]080 | 1 |0878| 065 | 039 | 15,
R(N,), | 0.86 | 0.70 | 0.70 | 0.74 | 0.788 | 0.6 | 0.33 | 1.494,
R(N3) 0.76 | 0.63 | 0.60 | 0.6 | 0.698 | 0.55 | 0.28 | 1478
5 v R(N,) , 1 070070 | 1 [0752 | 06 | 0.4 15,
R(N,), | 091 | 063|065 | 1 |0.743 | 0575 | 0.32 15,
R(N3) 075 | 058 | 057 | 1 | 0.73 | 0538 | 0.28 | 1489
6 VI R(N,) , 1 |062]063| 1 |[0775|0563| 039 | 15,
R(N,), | 0.85 | 057 | 055 | 1 | 0.653 | 0525 | 0.34 | 1.486,
R(N;) | 075 | 050|050 | 1 |0572| 05 | 027 | 1470
7 v R(N,), |091[050[05 | 1 [0608| 05 | 05 15,
R(N,) 091 | 050 | 050 | 1 [0536| 05 | 05 15
8 VIIl| R(N,), | 076 [ 044|046 | 1 [0635]|0475| 028 | 149,
R(N,), | 0.92 | 0.53 | 0.53 | 0.88 | 0.649 | 0.513 | 0.35 | 1.49,
R(N;) 0.96 | 056 | 0.58 | 1 | 0.694 | 0.538 | 0.37 L5

A.Kanchana ,D. Nagarajan, S.Broumi, Multi-attribute group decision-making based on the Neutrosophic Bonferroni mean

operator




Neutrosophic Sets and Systems, Vol. 57, 2023 160

9 [IX | R(N,), | 064020[020] 0 [0158] 035 | 028 | 08,
R(N) 1 (080|080 | 08 0688 | 06 |072]| 15
10 | X R(N,), | 0.78 | 060 | 060 | O | 0518 | 055 | 0.49 | 02,
R(N) 1 |[090|09 | 02 |0784 | 05 | 051| 15
11 | XI R(N,), | 0.89 [ 020 | 020 | 0 |0118 | 0.15 | 0.25 | 038,
R(N,) | 0.88 | 080 | 0.80 | 0.2 | 0.698 | 0.65 | 0.75 | 15
12 [XIl | R(N,), | 072|060 060 | 02 | 0.446 | 055 | 0.63 | 15,
R(N,) | 0.97 | 060 | 0.60 | 0.2 | 0.406 | 0.35 | 0.37 1
13 [ XII| R®R(N,), | 082 087|090 | 02 |0932| 07 | 063 | 15,
R(N,) 1 095|095 | 02 | 0901|0525 |037]| 11

Table 7: comparison results with the previous methods

From the above table7, the proposed method is comparatively better than the previous methods because it is

giving the accurate result then the previous methods.

5. Conclusion:

Neutrosophic environments are more suited to portray the decision-makers uncertainty, indeterminacy, and
ambiguity than trapezoidal and triangular ones. In comparison to the current way, the proposed method will provide
the decision maker with the optimal attribute with greater accuracy. To demonstrate the NMAGDM process of the
proposed technique, we additionally provide numerical examples. The result shows that the offered strategy
provides us with a workable way to address NMAGDM problems based on trapezoidal and triangular Neutrosophic
settings. Future research will involve using the suggested methods to address various other plithogenic environment-

related decision-making problems.
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Abstract: It may be difficult for researchers to memorize or remember the trigonometric ratios of any
neutrosophic angle, and this is what prompted us to activate the role of the neutrosophic complex
numbers for that. In this paper we presented neutrosophic Euler’s formulas and neutrosophic De
Moivre's formula. Also, we benefited from that by finding the trigonometric ratios of the multiples
of neutrosophic angle in terms of the trigonometric ratios of the neutrosophic angle (8 + ¢I) and
convert trigonometric ratios from formula sin™(6 + ¢I), or formula cos™(6 + $I), into a linear
expression for the multiples of the neutrosophic angle (6 + @I), which made it easier for us to find

integrals of the neutrosophic trigonometric functions by other methods.

Keywords: neutrosophic Euler’s formulas, neutrosophic complex numbers, neutrosophic De
Moivre's formula.

1. Introduction

As Smarandache proposed the Neutrosophic Logic as an alternative to the existing logics
to represent a mathematical model of uncertainty, vagueness, ambiguity, imprecision, undefined,
unknown, incompleteness, inconsistency, redundancy, and contradiction. Smarandache introduced
the concept of neutrosophy as a new school of philosophy [4][8]. He presented the definition of the
standard form of neutrosophic real number and conditions for the division of two neutrosophic real
numbers to exist [3][5], studying the concept of the Neutrosophic probability [11][6], the
Neutrosophic statistics [5], and professor Smarandache entered the concept of preliminary calculus
of the differential and integral calculus, where he introduced for the first time the notions of
neutrosophic mereo-limit, mereo-continuity, mereoderivative, and mereo-integral [1][8]. Y.Alhasan
presented the definition of the concept of neutrosophic complex numbers and its properties including
the conjugate of neutrosophic complex number, division of neutrosophic complex numbers, the
inverted neutrosophic complex number and the absolute value of a neutrosophic complex number
and Theories related to the conjugate of neutrosophic complex numbers, the product of a
neutrosophic complex number by its conjugate equals the absolute value of number and he studied

the general exponential form of a neutrosophic complex number [2-4]. Madeleine Al- Taha presented
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results on single valued neutrosophic (weak) polygroups [10]. An algebraic approach to neutrosophic
euclidean geometry is presented [7].

Complex numbers play a significant role in daily life because they make it much easier
to perform mathematical operations and give us a way to solve equations for which there are no real-
number-group solutions. The electrical engineering field makes extensive use of complex numbers
to calculate electric voltage and measure alternating current.

Paper is divided into four pieces. provides an introduction in the first portion, which
includes a review of neutrosophic science. A few definitions of a neutrosophic complex number are
covered in the second section. The third section defined neutrosophic Euler’s formulas, neutrosophic
De Moivre's formula and discuses applications of neutrosophic complex numbers in triangles. The

paper's conclusion is provided in the fourth section.
2. Preliminaries

2.1 The general Trigonometric form of a neutrosophic complex number [4]

Definition 1
The following formula:
z=r (cos(@ +9I)+sin (6 +9II) i)
is called the general trigonometric form of a neutrosophic complex number

Definition 2 [7]

Let f: RI) - R{U); f=fX) and X =x+yl € R(I) the f is called a neutrosophic real
function with one neutrosophic variable. a neutrosophic real function f(X) written as follows:

fX)=fx+yD)=f)+I[f(x+y) = f()]

3. Neutrosophic Euler’s formulas

Let:
el®+®D) = cos(8 + @) +i sin(d + $I)
e~i0+0D) = cos( + @I) —i sin(f + ¢I)
by additional:
) ei(+01) 4 o=i(B+a1)
cos(6 + ¢I) = 2
by subtraction:
) pi(B+p1) _ o—i(b+p1)
sin(0 + ¢I) =

2i
They are neutrosophic Euler’s formulas.

3.1 Neutrosophic De Moivre's formula

7 = 7el(0+1)
7" = (r'.ei(éﬂ'bl))n

el +ndl) = g cos(nd +ngl) +i 7 sin(nd +ngl) inEL
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=" [cos(né) +1 (Cos(né +n@) — cos(né))] +i " [sin(né) +1 (sin(né +np) — sin(né))]

Examplel

24
24

(1 + (?— 1) I+ (\/g 1) i) = (ei(%l)) = cos24 (%1) +i sin24 (%1)

= cos(6ml) +i sin(6ml)
= cos(0) + I[cos(O + (61t)) - cos(O)] + i (sin(0) + I[sin(0 + 6m) — sin(0)])

=14+0/4+0i=1
Theorem1

Let (6 + @I) neutrosophic real number, then the solution of the equation:
ei(8+91) = pi(d+a1)

by unknown (J + &), is:
{6 +¢1+2nk keZ}

Proof:
multiply:

ei(6+91) = pi(d+a1)
by:

e—l(‘ﬁ‘i'wl) +* 1
we find:
ei(B+p1) g=i(d+a1) = 1
ei(B-9+(@-9)1) = 1
cos(—F+@—P))+i sin(6—I+(@—p))=1
then:
cos(—9+(@—¢))=1 and sin(6 -39+ (&—@)) =0

hence:

I+l =0+ ¢I+2nk ;keZ
3.2. Applications of neutrosophic complex numbers in triangles

3.2.1 Finding the trigonometric ratios of the multiples of neutrosophic angle in terms of the
trigonometric ratios of the angle neutrosophic (8 + @I)

The trigonometric ratios of angle neutrosophic 2(6 + §I) in terms of the trigonometric ratios of
angle (6 + @I):

by using De Moivre's formula:
(cos(6 +@I) +i sin(@ + ¢I))* = cos2(6 + 1) + i sin 2(6 + 1)

cos?(8 + @I) — sin?(6 + @I) + 2i cos(8 + @I) sin(6 + @I) = cos2(8 + $I) +isin2(8 + $I)
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by equating the two real parts of both sides of the equality:
cos 2(6 + @I) = cos?(6 + @I) — sin?(6 + @I)
by equating the two imaginary parts on both sides of the equality:

sin2(6 + @) =2 cos(8 + ¢I) sin(6 + @I)
where:
cos(8 + @) =cos(f) +1 (cos(é +@)— cos(é))

sin(é + <,bl) = sin(é) +1 (sin(é + (p) - sin(é))

to find tan2(6 + ¢I):

s Sin 2(5 + (Z)I)
tan2(8 + 1) = cos 2(6 + @I)
2 cos(6 +¢I) sin(6 + ¢
 cos?(6 + ¢I) — sin2(6 + @)

2 cos(6 + @I) sin(d + @I)
cos?(6 + ¢I)

cos2(6 + ¢I) — sin2(6 + 1)
cos2(6 + ¢I)

A 2tan(6 + @)
= tan2(8+01) = T @+ 91

where:
tan(é + ¢1) = tan(§) +1 (tan(§ + ¢) - tan(6))

Example2

Write the trigonometric ratios of angle neutrosophic 4(6 + ¢I) in terms of the trigonometric ratios of
angle (8 + ¢I).

by using De Moivre's formula:
5 . . o4 5 . .. 5 ..
(COS(9 + (pl) +i sin(0 + <p1)) = cos 4(9 + (pI) +isin4(0 + ¢I)

cos*(6+ ¢I) + 4i cos®(6 + @I) sin(8 + @I) + 6i* cos?(6 + ¢I) sin?(6 + ¢I)
+4i3 cos(6+ @I) sin®(6 + $I) + i*sin*(G + 1) = cos 4(6 + $I) + i sin4(8 + $I)

cos*(8 + ¢I) +4i cos®(6+ @I) sin(6+@I)—6 cos?(6+ @) sin?(8 + ¢I)
—4i cos(6+ @I) sin*(6 + @I) + sin*(8 + @I) = cos 4(8 + $I) + isin4(8 + $I)

[cos*(6 + 1) — 6 cos?(6+ @I) sin?(6 + ¢I) + sin*(G + @I)]
+i[4 cos®(8+ ¢I) sin(8 + ¢I) —4 cos(6+ 1) sin(6+ ¢I)]
=cos4(8 + $I) + isin4(6 + @I)
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by equating the two real parts of both sides of the equality:
cos4(8 + ¢I) = cos*(6 + @I) — 6 cos?(6 + @I) sin?(8 + ¢I) + sin*(6 + @I)
by equating the two imaginary parts on both sides of the equality:

sin4(6+ @l) =4 cos*(8 + @I) sin(6 + 1) —4 cos(6 + ¢I) sin®*(6 + @I)
where:
cos(8 + @) =cos(f) +1 (cos(é +@)— cos(é))

sin(é + <,bl) = sin(é) +1 (sin(é + (p) - sin(é))

to find tan4(6 + ¢I):

.y sind(6+ @D
tan (0 + 1) = cos 4(6 + ¢I)

4 cos®(6+ ¢I) sin(6+¢I)—4 cos(6+pI) sin*(6 +¢I)
~cos*(6+ @I) — 6 cos2(6+¢l) sin?(8+ @I) + sin*(6 + @I)

4 cos?(6+ ¢I) sin(6+ @) —4 cos(6+@I) sin®(6 + ¢I)
cos*(6 + ¢I)

cos*(6+ ¢I) — 6 cos2(8 + @I) sin2(8 + @I) + sin*(6 + ¢I)
cos*(6 + ¢I)

4tan(f + ¢I) — 4tan®(8 + 1)
1 —6tan2(6 + @I) + tan*(6 + $I)

= tan4(6 + ¢I) =
where:

tan(é + ¢1) = tan(§) + 1 (tan(§ + ¢) — tan(6))

3.2.2 Convert trigonometric ratios from Formula sin"(é + ¢1), or Formula cosm(é + ¢I) ,into a
linear expression for the multiples of the neutrosophic angle (8 + ¢I)

Example3

Write cos®(6 + ¢I) in the form of the sum of the trigonometric ratios of the multiples of the
neutrosophic angle (6 + ¢I)

by using neutrosophic Euler’s formulas:

) i(B+p1) o ,—i(B+1)\°
0053(9+¢31)=<e -I-Ze )

— %(e3i(é+zp1) + 3e2i(0+01) g=i(6+91) 4 30i(0+p1) g—2i(B+p1) 4 e—3i(é+¢z))

= % [(e31B+81) 4 ¢=31(0+01)) 4 3((0+01) 4 =i(B+9D))]
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by using neutrosophic Euler’s formulas to return to the trigonometric ratios:

. 1 o A
cos3(6 + ¢I) = 3 [2c0s3(6 + @I) + 6cos(8 + 1))
1 .. 3 ..
= 16053(9 +@I) + Zcos(B +¢lI)

= % [cos(3é) +1 (005(35 +3¢) — cos(3§))] +%[cos(é) +] (cos(é +¢) - cos(é))]
Example4

Write sin®(é + ¢I) in the form of the sum of the trigonometric ratios of the multiples of the
neutrosophic angle (6 + @I), then find based on what you find:

f sin®(6+ ¢1) d(6 + ¢I)

Solution:

by using neutrosophic Euler’s formulas:

) i(@+p1) _ ,—i(B+p1)\°©
sin®(6 + ¢I) = (e 2ie )

_ ;_i(ei(éﬂ'pl) _ -iloran))®

- g_i (eei(é+(p1) + 65i(8+01) g=i(6+91) 4 154i(B+91) p-2i(6+1) _ 9()o31(0+p1) o -3i(8+p1)

+ 15¢2i(6+91) g-4i(8+0p1) _ 6ei(é+¢1)e—5i(é+¢1)e—si(é+<‘p1))
— < [(661(6+(p1) + e—61(9+(p1)) _ 6(641(9+<p1) + e4l(6+<p1)) + 15(621(9+<p1) + e—21(9+<p1)) _ 20]
by using neutrosophic Euler’s formulas to return to the trigonometric ratios:

cos?(6 + ¢I) = g—i [2cos6(8 + ¢I) — 12 cos 4(6 + ¢I) + 30 cos 2(6 + @I) — 20]

" -1 " " y
= cos®(6 + ¢I) = o [cos6(6 + @I) — 6 cos 4(6 + ¢I) + 15 cos 2(6 + @I) — 10]

= ;—21 ([cos(6§) +1 (005(65 + 6¢) - Cos(6§))] +6 [605(465) +1 (cos(4é +4¢) — cos(4§))]
+15 [005(25) +1 (Cos(Zé +2¢) — cos(Zé))] - 10)

to find:
f sin(8 + 1) d(é + 1)

-1 " " " iy
= f§ [cos6(6 + ¢I) — 6 cos 4(6 + ¢I) + 15 cos 2(6 + 1) — 10| d (6 + @)
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-111 ) 3 . 15 . .
=37 [gsin 6(8 +¢I) — Esin4(¢9 +¢I) + 5 sin 2(6+ @1) —10(6 + (pl)] +a+bl

= ;—21 (% [sin(6é) +1 (sin(sé +60) — sin(6é))] - ; [sin(4é) +1 (sin(4é +4¢) — sin(4é))]

+ 175 [sin(Zé) +1 (sin(Zé +2¢) — sin(Zé))] —-10(6 + (p1)> +a+bl

4. Conclusions

The importance of this paper comes from the fact that we were able to find the formula of
neutrosophic Euler’s formulas and neutrosophic De Moivre's formula according to an accurate
scientific method, which facilitated finding applications of neutrosophic complex numbers in
triangles, and access to easy ways to calculate trigonometric integrals. One of the research most
important on neutrosophic complex numbers is this paper.
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Abstract: Aggregation operators are crucial in the process of multicriteria decision-making (MCDM)
problems, as their main goal is to aggregate a collection of input to a single number. Analytic
Hierarchy Process (AHP) has been used to solve a variety of MCDM situations in which crisp
numbers are used to define linguistic assessment. The Interval-Valued Neutrosophic (IVN) number
can consider the indeterminacy, fuzziness, and uncertainty in the real-world problem. A new
combination of Interval Neutrosophic Weighted Averaging (INWA) aggregation operators into the
AHP method is proposed in this study. The proposed combination method is applied to a case of
factors affecting floods. In recent years, flood is one of the frequent natural disasters impacting
Penang, one of the states that is famous for its tourism industry. Hence, an improved decision model
is used to rank the factors of flash floods in Penang Malaysia. based on the INWA aggregated matrix
implemented into the AHP approach is presented. The ranking order is determined after assessing
the obtained data, with the highest score being the most important factor (rephrase ayat ni).
Government and authorities can use the findings to establish early preparations and prevention
strategies to deal with the flash floods problem.

Keywords: decision-making; fuzzy set theory; neutrosophic set theory; interval neutrosophic set
theory; averaging operator

1. Introduction

Multi-criteria decision-making involves multiple decision makers and multiple deciding criteria.
The issue is the use of a crisp number scale to describe the decision makers’ opinions does not cater
the fuzziness and indeterminacy during the evaluation process in real-world problems. To address
flaws in real-number applications, fuzzy set theory was introduced by Lotfi Zadeh in 1965. A fuzzy
set is a crisp set with a membership function that can take any value between 0 and 1. Several

extensions of fuzzy set theories such as interval-valued fuzzy set, intuitionistic fuzzy set,
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neutrosophic set, and many more have been applied in various case studies. The neutrosophic set
(NS) appears to be more reasonable and acceptable compared to these FSs [1]. Besides, the concept of
neutrosophic sets introduced by Smarandache [2] is interesting and useful in modeling several real-
life problems. The truth membership function, the indeterminacy membership function, and the
falsity membership function, all of which are entirely independent, are related to the neutrosophic
set theory (NS), which is a generalization of the intuitionistic fuzzy set (IFS) theory. This form clearly
and successfully deals with not only missing information but also indeterminate and inconsistent
information [3]. Hence, neutrosophic sets (NS) can help in dealing with the uncertainty that exists in

real-world circumstances.

Wang et al. [4] established the concept of Interval-Valued Neutrosophic Sets theory (IVNS),
which is a subset of neutrosophic sets [5]. This concept is characterized by a membership function, a
non-membership function, and an indeterminacy function, whose values are intervals rather than
real numbers. IVNS is considered a valuable and practical tool for dealing with indeterminate and
inconsistent information in the real world since it is more powerful than NS in dealing with
vagueness and uncertainty. In multi-criteria decision-making problems, multiple decision-makers
must be aggregated using the appropriate aggregation operators.

Aggregation operators are an interesting area of research that plays an important role in group
decision-making analysis. The traditional aggregation operators are usually based on the arithmetic
and geometric mean approaches, often known as algebraic sum and algebraic product. The issue is
the averaging method assumes a similar weight for all decision makers. In the real world, different
weights may be assigned to different evaluations by multiple decision-makers [6]. Hence, Aczel and
Saaty [7] proposed a weighted geometric (WG) mean aggregation operator for the synthesis of ratio
judgments in the AHP method while Dong and Dong [8] later proposed a weighted arithmetic (WA)
aggregation operator with a fuzzy set as its quantifier. In the neutrosophic environment, several
neutrosophic aggregation operators were suggested, such as Interval Neutrosophic Weighted
Averaging (INWA) and Interval Neutrosophic Weighted Geometric (INWG) [9]. In this study, the
implementation of the INWA aggregation operator into the Multi-Criteria Decision-Making (MCDM)
method is introduced.

Decision-making is a process of selecting the best alternatives based on certain criteria. MCDM
also known as Multi-Criteria Decision Analysis (MCDA) is a method or process of decision-making
involving multiple criteria that need to be considered to choose the best option between them. This
method has been used in many fields such as engineering [10], management science [11], education
[12], investment problem [13], and medical science [14]. There are many methods available to solve
MCDM problems such as the Analytic Hierarchy Process (AHP), Technique for Order of Preference
by Similarities to Ideal Solution (TOPSIS) [15,16], Preference Ranking Organization Method for
Enrichment of Evaluations (PROMETHEE) [17], and Decision-Making Trial and Evaluation
Laboratory (DEMATEL) [18]. Amongst these MCDM methods, AHP is a more flexible and realistic
method to use because it produces a simple way to find the relationships between criteria and

alternatives [19]. The AHP method was proposed by Saaty [20] as an easily justified, discriminating,
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and intentional MCDM technique. AHP has the ability to detangle a difficult problem by breaking it
down into smaller parts with the hierarchical structure approach. Recently, most of the AHP methods
have been extended based on fuzzy set and neutrosophic set theories. The application of the AHP
method also has been diversified. In this study, the proposed AHP method with INWA operator is
used to solve the flash floods problem in Penang.

Flash floods are the most terrifying natural disasters that can occur with little or no warning. A
flash flood is a rapid-developing, short-duration flood that occurs within a few hours of the triggering
event. Perhaps, flash floods are the most frequent disasters that happened and caused the greatest
damage to the world. Flash floods occurred because of natural factors and human factors. Based on
the literature review, eight factors are taken into consideration, which are rain intensity, rain
duration, poor drainage system, dam and levee failure, urbanization, slow-moving thunderstorm,
soil erosion, and land use pattern [21-29]. Five decision makers are invited to answer the
questionnaire by pairwise comparison between factors. The findings of this study will be beneficial
to the Drainage Irrigation Department (DID) or even the society as a source of reference that can be
used to identify the most important factor in flash floods occurs. Hence, this research is important to
help the Drainage Irrigation Department (DID), the in-charge agency of natural disasters in Penang,
and the society recognized the most important factors that caused flash floods happened more
accurately so that they are better prepared to deal with flash floods in the future. Section 2 goes over
some preliminary concepts. Section 3 describes details the AHP's research methodology with the
INWA operator. Section 4 discusses the proposed method's application to the problem of flash floods,

and Section 5 concludes with remarks.

2. Preliminaries

In this section, we review some basic concepts related to INVS which will be used in the rest of the

paper.

Definition 1: [4] Interval-Valued Neutrosophic (IVN) Sets

Let X be a universe of discourse and Int [0,1] be the set of all closed subsets of [0,1]. Then an interval
neutrosophic set is defined as:

A={{xU,(X), P (x). v, (X)) x € X} <1>

where Uy X = Int[0,1], p,: X — Int[0,1] and Va i X —Int[0,1] with
0<sup Ux (X) +sup px +supvﬁ <3 for all. The interval UA(X), pA(X) and VA(X) denote the truth-

membership degree, the indeterminacy-membership degree and the falsity-membership of x to A
respectively.

For  convenience, if let UA(X) = [u,ﬁ(x), UX (X)J, pA(x) = [ pk(x), px (X)] , and

V() = Vi (0, V4 (0 ] then A={x[u5(0,u2 (9 ].[ P (), pY () ].[VE(O.W () ]:x e X
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with the condition, 0 <supuy (X)+sup px +SupVy <3 forall X e X .Here, we only consider the
sub-unitary interval of [0,1]. Therefore, an interval neutrosophic set is clearly a neutrosophic set [3].
Table 1 shows the IVN scales.

Table 1: Linguistic IVN Scales [3]

Linguistic Variables IVN

Equal Importance (EI) <[0.5,0.5],{0.5,0.5],{0.5,0.5]>
Equal Importance Complement (EI€) <[0.5,0.5],{0.5,0.5],{0.5,0.5]>
Weakly More Importance (WMI) <[0.5,0.6],[0.35,0.45],[0.4,0.5]>
Weakly More Importance Complement (WMIC) <[0.4,0.5],[0.35,0.45],[0.5,0.6]>
Moderate Importance (MI) <[0.55,0.65],{0.3,0.4],[0.35,0.45]>
Moderate Importance Complement (MI€) <[0.35,0.45],[0.3,0.4],[0.55,0.65]>
Moderately More Importance (MMI) <[0.6,0.7],[0.25,0.35],[0.3,0.4]>
Moderately More Importance Complement (MMIC) <[0.3,0.4],[0.25,0.35],[0.6,0.7]>
Strong Importance (SI) <[0.65,0.75],{0.2,0.3],[0.25,0.35]>
Strong Importance Complement (SIC) <[0.25,0.35],[0.2,0.3],[0.65,0.75]>
Strongly More Importance (SMI) <[0.7,0.8],{0.15,0.25],[0.2,0.3]>
Strongly More Importance Complement (SMIC) <[0.2,0.3],[0.15,0.25],[0.7,0.8]>
Very Strong Importance (VSI) <[0.75,0.85],{0.1,0.2],[0.15,0.25]>
Very Strong Importance Complement (VSIC) <[0.15,0.25],[0.1,0.2],[0.75,0.85]>
Very Strongly More Importance (VSMI) <[0.8,0.9],{0.05,0.1],[0.1,0.2]>

Very Strongly More Importance Complement
<[0.1,0.2],[0.05,0.1],[0.8,0.9]>

(VSMIC)

Extreme Importance (EI) <[0.9,0.95],[0,0.05],[0.05,0.15]>
Extreme Importance Complement (EI€) <[0.05,0.1],[0,0.05],[0.85,0.95]>
Extremely High Importance (EHI) <[0.95,1],[0,0],[0,0.1]>
Extremely High Importance Complement (EHIC) <[0,0.05],[0,0],[0.9,1]>
Absolutely More Importance (AMI) <[1,1],[0,0],[0,0]>
Absolutely More Importance Complement (AMIC) <[0,01,[0,0],[1,1]>

Definition 2: [30] Interval Neutrosophic Weighted Average (INWA) Operator

Let A={A1,A2,...,An} be a collection of Interval Neutrosophic Set (INS), where

Aj =<|:TJ-L,TJ-U],|:|}', |;J],|:FJ-L, FjU ]> (J=12,...,n) in interval neutrosophic number and if
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INWAN{A1,Az,...,An}=(W1A1@W2AzC—B...(—DWnAn) , then INWA is called an interval

T
neutrosophic weighted averaging (INWA) operator of dimension n, where W = (W11 W,y W, ) is

n

n
the weight vector of Aj(j=12,...,n), weight w; €[0,1] and ij =1.
i1

3. Methodology

3.1 Research Framework

The research framework of this study presents the workflow to determine the most important
factor of flash floods as shown in Figure 1.
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Figure 1: Research Framework

3.2 Phase 1: Data Collection

Data collection is the systematic process of acquiring and measuring information on variables of
interest in order to answer research questions, test hypotheses, and evaluate outcomes. A survey was
conducted to analyse the factor of flash floods that occurred in Penang. The questionnaires were given
to five decision-makers at the Department of Irrigation and Drainage Seberang Perai Utara Pulau
Pinang, who are experts in determining which factor is the most important. The decision-makers are
required to give opinions on the evaluation of pair-wise comparison for factors. The data obtained is
called primary data. The questionnaires contained two sections which are Section A and Section B.
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Section A is about demographic profiles such as gender, position, and years of working experience
while in Section B, decision-makers have to evaluate the pair-wise comparison between all the factors
by using the linguistic scale. The decision makers’ pair-wise comparisons are converted into the
Interval-Valued Neutrosophic scale as in Step 3.2.

3.3 Phase 2: Data Evaluation — IVN-AHP Method

The AHP method is based on the logic of structuring a problem in hierarchies and then
evaluating the components in the hierarchy through pairwise comparisons. Although AHP is a
popular solution for MCDM problems, it does not always reflect human thought. Unlike traditional
AHP, IVN-AHP can effectively integrate human cognition into decision-making by expressing
uncertainty using three variables (T, I, and F). The weights of the factors affecting flash floods are
calculated in this study using the IVN-AHP methodology. The steps of IVN-AHP are given below
[3]:
Step 1: Identify the factors of the decision-making problem based on the literature.
Step 2: Decompose the complex problem into a hierarchical structure.

Step 3: Employs pair-wise comparison of the factors using a linguistic scale.

Step 3.1: Transform to crisp scale and calculate the Consistency Ratio.

i) Develop a pair-wise comparison matrix based on the decision-maker preference using a crisp
number for each factor.

c 1 ... 5
S,=:
C., 1
/s,
)
if) The resulting weights were estimated using Row Geometric Mean Method (RGMM) as

proposed by Saaty (1980).

Cj=|:HCij:|
= ©

iii) Calculate the weight of each criterion
1

W;= 1
i ‘
_ {H S ij:|
j=1 j:1
)
iv) Find the eigenvector and using the equation as follows:
SW=Sxw
®)
Sw
imax - nxw
(6)
where,
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S : comparison matrix,

w : eigenvector of the matrix S,

n : number of criteria,

Aom - largest eigenvalue.
v) Calculate the consistency index (CI)

Cl = —ﬂ“ o "

n-1
@)
iv) To calculate the consistency ratio (CR < 0.1), divide the consistency index (CI) with random

index (RI). We assume that the data obtained is consistent if CR for crisp number consistent.
The random index (RI) value is selected based on the sample size of n matrix as shown in
Table 2.
CR= ¢l
RI

®)

Table 2: Random Inconsistency Index (RI) for n = 1,2,...,12 [20]

n 1 2 3 4 5 6 7 8 9 10 11 12

RI 0 0 058 090 112 124 132 141 145 149 151 1.58

Step 3.2: Transform the pair-wise comparison based on linguistic scale to Interval Valued
Neutrosophic Set scale introduced by Wang et al. [4] and evaluate the pair-wise comparison of the
factors.

Step 4: Aggregation Process

In this phase, to aggregate all decision-makers’ opinions, the INWA operator is employed to
get the weight of decision-maker.

Step 4.1: Weight of Decision Maker

i Develop a pair-wise comparison matrix based on the decision-maker position using

an Interval-Valued Neutrosophic (IVN) Set.

DM,
DM

IS R O L [1,,, "l ['fn"“] (R A
[T T2 ] ['zi,'“] [FiFa] -

DM |: nl'Tnl:I |:Ir|1_:l.’|rl\Jl:| |: nl’ nl] |: nn’Tnn:I [Ir:—n’lrl;jn:l I:Fnla":nler:I

ii. Converting the neutrosophic reference relations into their corresponding crisp preference

C)

relations by deneutrosophicated method.
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D(X) z[w_,_ |z (X)[l_wJ_(l_ FY (X))(Mﬁ (10)

2

iii. Calculate the weight of matrix P by aggregating using the Row Geometric Mean Method
(RGMM).

1
DM, {HDMH}
J:

(11)
iv. Calculate the weight of each decision maker.
j=1
w; = ’—;
EIRE
(12)
Step 4.2: Aggregate with the pair-wise comparison obtained in Step 3.2 using INWA operator.
1_H(1_TJL (D™ ’1_H(1_T1U (X))wj }
L = =
INWA, {Ar, Az, ..., Ao = H(q(x))wi,]‘[uju(x))wi},
e j=1
[T NI (X))WJ}
it j=1
(13)

Step 5: Ranking Process
In this phase, the weight obtained will be used to rank the factor of flash floods. Then, the highest

the weight will be the most critical factor.

Step 5.1: The constructed pair-wise comparison obtained from the aggregated using INWA is

used.

Step 5.2: The importance weights, Nij of the factors are normalized to make them comparable data

and thus to rate and rank factors.

L U L u L u
Ny = nTkj , nTkj , nlkj , nlkj ’ anj , anj i=12,..n (14)
u u U u u U
ZTkj szj Z ij Z ij Z ij Z ij
k=1 k=1 k=1 k=1 k=1 k=1
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Step 5.3: The arithmetic mean of each row is calculated to obtain the neutrosophic importance weight,

W; vector of the factors by Equation (15).

n L n u n L n U n L n u
T, T by by F; F;
n n n n n n
k=1 U k=1 Z u k=1 Z U k=l Z u k=1 U k=1 u
Ty Ty L L Fy F (15)
W = k=1 k=1 k=1 k=1 k=1 k=1
j - 1 ) 1 L]
n n n n

Step 5.4: All the above steps are repeated for each factor.
Step 5.5: In order to obtain the crisp weights of the factors, the deneutrosophication
formula in Equation (10) is used. Step 5.6: Rank the weight accordingly.

3.4 Phase 3: Comparison Analysis

The aggregation operator changes to INWG operator as Equation (16) follows then Step 5.1 until
Step 5.6 repeated:

n (16)
INWGW{Al,Az,...,An}: 1-] (1—|;(x))wi,1—]_‘[(1—|j“(x))wi},

Then compare the weight of each factor and the ranking based on different aggregation operator.

4. Application

4.1 Weight of decision-maker

The weight of the decision-maker is important in aggregating the pairwise comparison based on
decision makers” opinions. In this study, the weight of decision-makers is calculated by using AHP
method in interval neutrosophic environment. During the comparison phase, the decision-makers’
weight is compared based on their positions. The decision-maker with higher position has more
experience in handling the flash floods. Table 3 shows the comparison between the position of each

decision maker in linguistic term.

Table 3: Pair-wise Judgement for Decision Makers” Weight in Linguistic Term
Decision DM1 DM2 DM3 DM4 DM5
Maker
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DM1 EI MI SI VSI EHI
DM2 MIc EI MI SI VSI
DM3 SIc MIc EIl MI SI
DM4 VSIc© SIc MIc EIl MI
DM5 EHIC VSIc SIc MIc EIl

Then, the pair-wise comparison in linguistic term is converted into interval neutrosophic
numbers by the conversion scale of IVNs (refer Table 1). Then, the pair-wise judgement of decision-
makers’ weight is calculated by using deneutrosophication formula to obtain crisp pair-wise
comparison. Table 4 shows the result after deneutrosophication formula applied. The example of
calculation for DM1 as follows:

Table 4 Result of Deneutrosophication Calculation

Decision Maker DM 1 DM2 DM3 DM 4 DM 5
DM 1 0.5 0.64 0.73 0.82 0.93
DM 2 0.45 0.5 0.64 0.73 0.82
DM 3 0.35 0.45 0.5 0.64 0.73
DM 4 0.25 0.35 0.45 0.5 0.64
DM 5 0.03 0.25 0.35 0.45 0.50

Then, Row Geometric Mean (RGM) formula is used to calculate weight vector as shown in Table 5. The

example of calculation for row 1 as follows:

1
DM1= (0.5>< 0.64><O.73><0.82><0.93)g =0.71

Table 5: Result of Weight Vector

Decision Maker Weight Vector
DM1 0.71
DM 2 0.61
DM 3 0.52
DM 4 0.42
DM 5 0.22
Total 2.47

Finally, the weight of each decision makers obtained as shown in Table 6. The example calculation as

shown below:
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0.71 -
WDMl = m = 029

Table 6: Weight of each DM

Position Decision Maker Weight, W
District engineer DM 1 0.29
Senior assistant engineer DM 2 0.25
Assistant engineer DM 3 0.21
Administrative engineer DM 4 0.17
Officer DM 5 0.09
Total 1.00

4.2. Implementation of IVN-AHP based on INWA Operator

The decision makers’ opinion gathered in pair-wise comparison. Then, the consistency ratio was
check for each decision-makers’ opinion and all decision-makers’ opinions are consistent since the
consistency ratio for each decision-maker’s opinion is less than 0.10. For example, Table 7 shows the
pair-wise comparison based on DM’s 1 opinion in linguistic term.

Table 7: Pair-wise Comparison based on DM’s 1 Opinion in Linguistic Term.

C1 2 C3 C4 C5 Cé c7 C8
C1 EI SI EI WI sIc EI MP MI
2 SIc EI WIC EI MIC MIC WI WI
C3 EI WI EI MI EI EI SI WI
C4 WIC EI MIC EI MIC MIC WI WIC
c5 SI MI EI MI EI EI MI WI
Cé EI MI EI MI EI EI VSI SI
C7 MPC  WIC sIc WIC MIC VSIc  EI sIc
C8 MIC WIC WIC WI WIC sIc SI EI

Table 7 shows example of pair-wise comparison based on opinion from decision maker 1 in term
of interval neutrosophic scale. Then, all the five decision makers” opinion is aggregated using INWA
operator and the results are shown in Table 8. The following calculation is demonstrated for cell C11

by using INWA aggregation operator:
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17((1 -05)"” x(1-05) " x(1-05) " x(1-05) " x(1-05)"” )
INWA, (DM, DM, DM, DM, DM, } = 1{(1-05) 7 x(1-03x(1-03)"x(1-03 "+ *0-5)0'09)
0.50,29 X0.5025 XO.SOﬂ X 0‘50.17 XO.SG.O?/O‘SO.Zg X 0.50.25 X 0.50.2] X 0.50417 X 0.50.[)9
0'50,29 XO.SUIS ><0'5021 X 0.50.17 XO.SU,O‘J/O'SUZE’ X 0'50.25 X 0'50.21 X 0'50417 X 0'50.09
INWA, {DM,, DM, DM,, DM,, DM, } =[05,05,05,05,05,05
Table 8: INWA Aggregated Matrix
C1 C2
Tt TV It v FL FY T TV It v FL FU
Cl 05000 0.5000 0.5000 0.5000 0.5000 0.5000 0.6633 0.7552 0.1932 0.2921 0.2448 0.3367
C2 0289 03571 0.1932 0.2921 0.6429 0.7111 0.5000 0.5000 0.5000 0.5000 0.5000 0.5000
C3 05129 05423 0.4406 04731 04577 0.4871 0.6311 0.7292 0.2117 0.3006 0.2708 0.3689
C4 0286 03894 02209 0.3251 0.6106 0.7114 0.4664 0.4881 0.4406 0.4731 0.5119 0.5336
C5 05702 0.6528 0.3031 0.3893 0.3472 0.4298 0.6013 0.7111 0.2267 0.3222 0.2889 0.3987
C6 05239 05765 0.3941 04506 0.4235 04761 0.6114 0.7139 02336 0.3376 0.2861 0.3886
C7 02691 03692 02174 03178 0.6308 0.7309 0.4365 0.4876 0.3959 0.4581 0.5124 0.5635
C8  0.3817 04818 0.3304 0.4306 05182 0.6183 0.4489 0.5494 0.3500 0.4500 0.4506 0.5111
C3 C4
Tt Tv It v FL Fu T Tv It v FL FU
Cl 04664 04881 0.4406 04731 05119 0.5336 0.6237 0.7266 0.2209 0.3251 0.2734 0.3763
C2 03260 04014 02117 03006 05986 0.6740 0.5129 0.5423 0.4406 0.4731 0.4577 0.4871
C3  0.5000 0.5000 0.5000 0.5000 0.5000 0.5000 0.5599 0.6602 0.2895 0.3900 0.3398 0.4401
C4 03417 04418 02895 0.3900 0.5582 0.6583 0.5000 0.5000 0.5000 0.5000 0.5000 0.5000
C5 05239 05765 0.3941 04506 0.4235 0.4761 0.6328 0.7376 0.2079 0.3152 0.2624 0.3672
C6 05494 0.6271 03314 04126 03729 0.4506 0.6382 0.7404 0.2076 0.3109 0.2596 0.3618
C7 01972 02974 0.1388 0.2417 0.7026 0.8028 0.3875 0.4876 0.3364 0.4366 0.5124 0.6125
C8 03647 04648 03135 04137 05352 0.6353 0.5129 0.6130 0.3369 0.4371 0.3870 0.4871
C5 C6
Tt Tv It v FL FU T TV It v FL FU
Cl 03654 04365 0.3031 0.3893 0.5635 0.6346 0.4350 04773 0.3941 0.4506 0.5227 0.5650
C2 03224 04234 02267 03222 05766 0.6776 0.2975 03979 0.2336 0.3376 0.6021 0.7025
C3 04350 04773 0.3941 04506 0.5227 0.5650 0.3881 0.4557 0.3314 0.4126 05443 0.6119
C4 02825 03832 02079 03152 0.6168 07175 0.2707 03712 0.2076 0.3109 0.6288 0.7293
C5  0.5000 0.5000 0.5000 0.5000 0.5000 0.5000 0.5000 0.5000 0.5000 0.5000 0.5000 0.5000
C6  0.5000 0.5000 0.5000 0.5000 0.5000 0.5000 0.5000 0.5000 0.5000 0.5000 0.5000 0.5000
C7 02487 03492 0.1814 0.2862 0.6508 0.7513 0.1732 02733 0.1203 0.2215 0.7267 0.8268
C8  0.3606 0.4607 0.3085 0.4089 0.5393 0.6394 0.2821 0.3825 0.2250 0.3264 0.6175 0.7179
C7 C8
Tt TV It v FL Fu T TV It v FL FU
Cl 06320 07323 02174 03178 02677 0.3680 0.5194 0.6195 0.3304 0.4306 0.3805 0.4806
C2 05133 05720 0.3959 0.4581 0.4280 0.4867 0.4557 05562 0.3500 0.4500 0.4438 0.5443
C3 07076 0.8093 0.1388 0.2417 0.1907 0.2924 0.5362 0.6364 0.3135 0.4137 0.3636 0.4638
C4 05133 06135 03364 04366 03865 0.4867 0.3880 0.4881 0.3369 0.4371 05119 0.6120
C5  0.6626 07657 0.1814 0.2862 0.2343 0.3374 0.5410 0.6413 0.3085 0.4089 0.3587 0.4590
C6 07283 0.8289 0.1203 0.2215 0.1711 0.2717 0.6232 0.7242 0.2250 0.3264 0.2758 0.3768
C7 05000 05000 0.5000 0.5000 0.5000 0.5000 0.3589 0.4344 0.2972 0.3859 0.5656 0.6411
C8 05719 0.6576 0.2972 0.3859 0.3424 0.4281 0.5000 0.5000 0.5000 0.5000 0.5000 0.5000

Table 9 shows the sum of each column. The example of calculation for sum of column 1 as shown

below.
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Total_, .. =0.5000+0.2889+0.5129+0.2886+0.5702+0.5239+0.2691+0.3817 = 3.3354

Table 9: Sum of each column

C1 C2
TL TU It v FL FU TL TU It v FL FU
C1 0.5000 0.5000 0.5000 0.5000 0.5000 0.5000 0.6633 0.7552 0.1932 0.2921 0.2448 0.3367
2 02889 03571  0.1932  0.2921 0.6429 0.7111  0.5000 0.5000 0.5000 0.5000 0.5000  0.5000
C3 0.5129  0.5423 0.4406 04731 04577 04871 0.6311 0.7292 0.2117 0.3006 0.2708  0.3689
C4 02886 0.3894 0.2209 0.3251 0.6106 0.7114 0.4664 04881 0.4406 04731 05119 0.5336
C5 0.5702  0.6528 0.3031 03893 0.3472 04298 0.6013 0.7111 0.2267 0.3222 0.2889  0.3987
C6 0.5239 0.5765 0.3941 0.4506 0.4235 04761 0.6114 0.7139 0.2336 0.3376 0.2861  0.3886
C7 02691 03692 02174 03178 0.6308 0.7309 0.4365 04876 0.3959 04581 0.5124 0.5635
C8 0.3817 04818 0.3304 04306 05182 0.6183 04489 0.5494 03500 0.4500 0.4506 0.5511
Total 33354 3.8691 25997 31787 4.1309 4.6646 43588 49345 25517 3.1336 3.0655  3.6412
C3 C4
TL TU It v FL FU TL TU It v FL FU
C1 0.4664 04881 04406 04731 05119 05336 0.6237 0.7266 0.2209 0.3251 0.2734 0.3763
2 0.3260 04014 0.2117 03006 0.5986 0.6740 0.5129 0.5423 0.4406 04731 04577 0.4871
C3 0.5000 0.5000 0.5000 0.5000 0.5000 0.5000 0.5599  0.6602 0.2895 0.3900 0.3398  0.4401
C4 0.3417 04418 0.2895 03900 0.5582 0.6583  0.5000 0.5000 0.5000 0.5000 0.5000  0.5000
C5 0.5239 0.5765 0.3941 0.4506 0.4235 04761 0.6328 0.7376 0.2079 0.3152 0.2624 0.3672
C6 05494 0.6271 03314 04126 03729 0.4506 0.6382 0.7404 0.2076 03109 0.2596 0.3618
C7 0.1972 02974 0.1388 0.2417 0.7026  0.8028 0.3875 0.4876 03364 04366 05124 0.6125
C8 03647 0.4648 03135 04137 05352 0.6353 0.5129 0.6130 03369 0.4371 0.3870 0.4871
Total 32694 37971 2.6196 3.1823 4.2029 47306 4.3679 5.0077 25397 3.1880 29923  3.6321
C5 C6
TL TU It v FL FU TL TU It v FL FU
C1 03654 0.4365 03031 03893 05635 0.6346 04350 04773 03941 04506 0.5227 0.5650
2 0.3224 04234 02267 03222 05766 0.6776 0.2975 0.3979 02336 03376 0.6021 0.7025
C3 04350 04773 03941 04506 05227 05650 0.3881 0.4557 03314 04126 0.5443 0.6119
C4 0.2825 03832 0.2079 03152 0.6168 0.7175 0.2707 0.3712 0.2076 03109 0.6288 0.7293
C5 0.5000 0.5000 0.5000 0.5000 0.5000 0.5000 0.5000 0.5000 0.5000 0.5000 0.5000 0.5000
C6 0.5000  0.5000 0.5000 0.5000 0.5000 0.5000 0.5000 0.5000 0.5000 0.5000 0.5000 0.5000
C7 0.2487 03492 0.1814 0.2862 0.6508 0.7513 0.1732 0.2733 0.1203 0.2215 0.7267 0.8268
C8 0.3606  0.4607 03085 0.4089 05393 0.6394 0.2821 0.3825 0.2250 0.3264 0.6175 0.7179
Total 3.0145 35304 26218 3.1724 44696 49855 2.8467 3.3579 25122 3.0595 4.6421 5.1533
C7 C8
TL TU It v FL FU TL TU It v FL FU
C1 0.6320 0.7323 0.2174 0.3178 0.2677 03680 0.5194 0.6195 03304 0.4306 0.3805 0.4806
2 05133 05720 03959 04581 0.4280 0.4867 0.4557 0.5562 03500 0.4500 0.4438 0.5443
C3 0.7076  0.8093 0.1388 0.2417 0.1907 0.2924 0.5362 0.6364 03135 0.4137 0.3636 0.4638
C4 05133 0.6135 03364 04366 03865 0.4867 0.3880 0.4881 03369 04371 05119 0.6120
C5 0.6626  0.7657 0.1814 0.2862 0.2343 03374 0.5410 0.6413 03085 0.4089 0.3587  0.4590
C6 0.7283 0.8289 0.1203 0.2215 0.1711 0.2717 0.6232  0.7242 0.2250 0.3264 0.2758 0.3768
C7 0.5000 0.5000 0.5000 0.5000 0.5000 0.5000 0.3589 0.4344 02972 03859 0.5656 0.6411
C8 05719 0.6576 02972 0.3859 0.3424 0.4281 0.5000 0.5000 0.5000 0.5000 0.5000 0.5000

Total 48291 54793 21876 28478 25207 3.1709 3.9223 4.6000 2.6615 3.3526 3.4000 4.0777

Table 10 shows the normalized weight of each factor. As an example, the calculation for Factor 1 (C1)
shown as followed:

0.5000 0.50007 [0.5000 0.50007 [ 0.5000 0.5000
3.8691'3.8691 |'| 3.1787 '3.1787 |'| 4.6646 ' 4.6646

[0.1292,0.1292],[0.1573,0.1573],[0.1072,0.1072]

N11

N11
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Table 10: Normalized Weight
C1 C2
T TU It I FL FU TC TU I v FL Fu
C1 0.1292 0.1292 0.1573 0.1573 0.1072 0.1072 0.1344 0.1531 0.0616 0.0932 0.0672 0.0925
C2 0.0747 0.0923 0.0608 0.0919 0.1378 0.1525 0.1013 0.1013 0.1596 0.1596 0.1373 0.1373
C3 0.1326 0.1402 0.1386 0.1488 0.0981 0.1044 0.1279 0.1478 0.0676 0.0959 0.0744 0.1013
C4 0.0746 0.1006 0.0695 0.1023 0.1309 0.1525 0.0945 0.0989 0.1406 0.1510 0.1406 0.1465
C5 0.1474 0.1687 0.0954 0.1225 0.0744 0.0921 0.1219 0.1441 0.0724 0.1028 0.0793 0.1095
Cé6 0.1354 0.1490 0.1240 0.1418 0.0908 0.1021 0.1239 0.1447 0.0746 0.1077 0.0786 0.1067
Cc7 0.0696 0.0954 0.0684 0.1000 0.1352 0.1567 0.0885 0.0988 0.1263 0.1462 0.1407 0.1548
C8 0.0987 0.1245 0.1039 0.1355 0.1111 0.1325 0.0910 0.1113 0.1117 0.1436 0.1238 0.1514
C3 C4
L TU It v FL FU TC TU It v FL FU
C1 0.1228 0.1285 0.1384 0.1487 0.1082 0.1128 0.1245 0.1451 0.0693 0.1020 0.0753 0.1036
C2 0.0859 0.1057 0.0665 0.0944 0.1265 0.1425 0.1024 0.1083 0.1382 0.1484 0.1260 0.1341
C3 0.1317 0.1317 0.1571 0.1571 0.1057 0.1057 0.1118 0.1318 0.0908 0.1223 0.0935 0.1212
C4 0.0900 0.1164 0.0910 0.1225 0.1180 0.1391 0.0998 0.0998 0.1568 0.1568 0.1377 0.1377
C5 0.1380 0.1518 0.1238 0.1416 0.0895 0.1006 0.1264 0.1473 0.0652 0.0989 0.0723 0.1011
Cé6 0.1447 0.1651 0.1041 0.1296 0.0788 0.0953 0.1274 0.1479 0.0651 0.0975 0.0715 0.0996
Cc7 0.0519 0.0783 0.0436 0.0760 0.1485 0.1697 0.0774 0.0974 0.1055 0.1369 0.1411 0.1686
C8 0.0961 0.1224 0.0985 0.1300 0.1131 0.1343 0.1024 0.1224 0.1057 0.1371 0.1065 0.1341
C5 Cé6
L TU It v FL FU Tr Tv It v FL FU
C1 0.1035 0.1236 0.0956 0.1227 0.1130 0.1273 0.1295 0.1421 0.1288 0.1473 0.1014 0.1096
C2 0.0913 0.1199 0.0715 0.1016 0.1157 0.1359 0.0886 0.1185 0.0764 0.1103 0.1168 0.1363
C3 0.1232  0.1352 0.1242 0.1421 0.1048 0.1133 0.1156 0.1357 0.1083 0.1348 0.1056 0.1187
C4 0.0800 0.1086 0.0655 0.0994 0.1237 0.1439 0.0806 0.1105 0.0679 0.1016 0.1220 0.1415
C5 0.1416 0.1416 0.1576 0.1576 0.1003 0.1003 0.1489 0.1489 0.1634 0.1634 0.0970 0.0970
C6 0.1416 0.1416 0.1576 0.1576 0.1003 0.1003 0.1489 0.1489 0.1634 0.1634 0.0970 0.0970
Cc7 0.0704 0.0989 0.0572 0.0902 0.1305 0.1507 0.0516 0.0814 0.0393 0.0724 0.1410 0.1604
C8 0.1021 0.1305 0.0973 0.1289 0.1082 0.1283 0.0840 0.1139 0.0735 0.1067 0.1198 0.1393
Cc7 C8
T TU It v FL FU T Tv It v FL FU
C1 0.1154 0.1337 0.0764 0.1116 0.0844 0.1160 0.1129 0.1347 0.0985 0.1284 0.0933 0.1179
C2 0.0937 0.1044 0.1390 0.1609 0.1350 0.1535 0.0991 0.1209 0.1044 0.1342 0.1088 0.1335
C3 0.1291 0.1477 0.0487 0.0849 0.0601 0.0922 0.1166 0.1383 0.0935 0.1234 0.0892 0.1137
C4 0.0937 0.1120 0.1181 0.1533 0.1219 0.1535 0.0843 0.1061 0.1005 0.1304 0.1255 0.1501
C5 0.1209 0.1397 0.0637 0.1005 0.0739 0.1064 0.1176 0.1394 0.0920 0.1220 0.0880 0.1126
C6 0.1329 0.1513 0.0423 0.0778 0.0539 0.0857 0.1355 0.1574 0.0671 0.0974 0.0676 0.0924
Cc7 0.0913 0.0913 0.1756 0.1756 0.1577 0.1577 0.0780 0.0944 0.0886 0.1151 0.1387 0.1572
C8 0.1044 0.1200 0.1044 0.1355 0.1080 0.1350 0.1087 0.1087 0.1491 0.1491 0.1226 0.1226

Table 11 shows the neutrosophic weight of each factor

weight for Factor 1 (C1) shown as followed:

. As an example, the calculation neutrosophic
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[0.1292+0.1344+0.1228+0.1245+0.1035+0.1295+0.1154 +0.1129 |
0.1292+0.1531+0.1285+ 0.1451+80.1236+ 0.1421+0.1337+0.1347
0.1573+0.0616+0.1384 + 0.06933 0.0956+0.1288+0.0764 + 0.0985

1 0.1573+0.0932+0.1487 + 0.1020?0.1227 +0.1473+0.1116+0.1284

0.1072+0.0672+0.1082 + 0.0753?— 0.1130+0.1014+0.0844 +0.0933

0.1072+0.0925+0.1128 + 0.10363 0.1273+0.1096+0.1160+0.1179
8

W, =[0.1215,0.1363,0.1032,0.1264,0.0938,0.1109]

Table 11: Neutrosophic Weight

Weight
T TU It IV FL Fu
C1 0.1215 0.1363 0.1032 0.1264 0.0938 0.1109
C2 0.0921 0.1089 0.1020 0.1252 0.1255 0.1407
C3 0.1236 0.1386 0.1036 0.1262 0.0914 0.1088
C4 0.0872 0.1066 0.1012 0.1272 0.1275 0.1456
C5 0.1328 0.1477 0.1042 0.1262 0.0843 0.1025
Cé6 0.1363 0.1507 0.0998 0.1216 0.0798 0.0974
Cc7 0.0723 0.0920 0.0881 0.1140 0.1417 0.1595
C8 0.0984 0.1192 0.1055 0.1333 0.1141 0.1347

The deneutrosophication formula was used to obtain crisp weight for each factor shown in Table 12.

The example of calculation for Factor 1 (C1) shown below:

D(C1) = ([0'1215*0'1363} (0.1264)(W)— (1—0.1109)[0'0938“)'1109)) =0.1498
Table 12: Ranking of Flash Floods’ Factors
Factor Weight Rank
C1 Poor Drainage System 0.1498 4
C2 Dam and Levee Failure 0.0971 6
C3 Urbanization 0.1535 3
C4 Land Use Pattern 0.0929 7
C5 Rain Intensity 0.1681 2
C6 Rain Duration 0.1717 1
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C7 Slow Moving Thunderstorm 0.0581 8
C8 Soil Erosion 0.1185 5

4.3 Comparative Analysis

In this study, the comparative analysis of different aggregation operators which are interval
neutrosophic weighted average (INWA), interval neutrosophic geometric average (INWG), interval
neutrosophic average (INA), and interval neutrosophic geometric (ING) operators are presented for
solving the flash floods problem. Linguistic terms are used to facilitate comparisons between subject
factors because decision-makers are more familiar with using linguistic terms than providing exact

crisp evaluations. Figures 2 and 3 show the ranking results using INWA and INWG respectively.

WEIGHT OF CRITERIABASED ON INWA

1498 1535 .1681 |N.1717
.0971 g
Cc1 c2 Cc3 c4 C5 Coé c7 C8

CRITERIA

WEIGHT

Figure 2: Weight of factors based on INWA

WEIGHT OF CRITERIABASED ON INWG

,1489 .1530 .1676 §.1716
.1186
.0581
c1 c2 Cc3 c4 cs c6 c7 cs

CRITERIA

WEIGHT

Figure 3: Weight of factors based on INWG

According to Figure 2, the results obtained by using the INWA operator show that the rain

duration has the greatest weight (0.1717). This means that the duration of rain was the most important
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factor in causing flash floods in Penang. While slow-moving thunderstorms have the lowest weight
(0.0581), they are the least important cause of flash floods in Penang. Surprisingly, when the ranking
results of flash flood factors using the INWG operator are compared, the highest priority remains the
same, which is the rain duration with a weightage of 0.1716. This proves that the rain duration is the
most important factor in causing flash floods. Furthermore, we compare with the INA and ING,
where the weights of decision makers are assumed to be the same. Besides that, we also compare the

ranking of factors with the INA and ING where the weights of decision makers are assumed to be
the same, which is W, =(0.2,0.2,0.2,0.2, 0.2)". For both INA and ING operators, the obtained

results show that the rain duration factor is the most important factor in causing the flash flood.

Figures 4 and 5 show a bar chart of the obtained factor ranking order using INA and ING.
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The result of the comparative analysis of INWA, INWG, INA, and ING based on different
weights and equal weights of each decision-maker are summarized in Table 12. Using INWA and
INWG with different weights of decision-makers, the ranking of factors of flash floods in Penang has
been determined. It can be noted that the weight of each decision-maker should be measured
according to some characteristics such as their positions, working experience, and knowledge about
that particular case study. This is an important point to emphasize that the weight of each decision-
maker should be measured based on the characteristics mentioned so that the results obtained are
more accurate and reliable.

The aggregation operator is also important, particularly in decision-making problems, because
it provides a high-level view of data prior to analysis. One of the most effective and simple methods
for decision-making problems is to use aggregation functions. The obtained ranking of factors is
completely consistent when employing the IVN-AHP method with INWA operator and any other
aggregation operators such as INWG, INA and ING operators. This validates the proposed method’s
applicability in solving decision making problems. In addition, the INWA operator is suitable to
apply in this case study since it is easy to explore and understand. Therefore, the INWA aggregation

operator is recommended to use in this study.

Table 12: Summary Table for Comparative Analysis

Different Weight Same Weight
Criteria Rank
INWA INWG INA ING
C1 Poor Drainage System 0.1498 0.1489 0.1519 0.1511 4
Cc2 Dam and Levee Failure 0.0971 0.0954 0.0910 0.0893 6
C3 Urbanization 0.1535 0.1530 0.1534 0.1529 3
C4 Land Use Pattern 0.0929 0.0925 0.0884 0.0878 7
C5 Rain Intensity 0.1681 0.1676 0.1716 0.1712 2
Cé6 Rain Duration 0.1717 0.1716 0.1749 0.1748 1
Cc7 Slow Moving Thunderstorm 0.0581 0.0581 0.0577 0.0577 8
C8 Soil Erosion 0.1185 0.1186 0.1212 0.1211 5

5. Conclusion

As a conclusion, the interval neutrosophic AHP method based on the INWA operator has been
proposed in this study to determine the most important factor of flash floods in Penang. Eight factors
of the flash flood are considered in this study which are the rain intensity, rain duration, poor
drainage system, dam and levee failure, urbanization, slow-moving thunderstorm, soil erosion, and
land use pattern. By using the AHP method with the INWA operator, the following ranking order of
factors is established: rain duration, rain intensity, urbanization, poor drainage system, soil erosion,
dam and levee failure, land use pattern and slow-moving thunderstorms. The obtained results are

consistent when evaluated with various aggregation operators such as INA, ING, and INWG.
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The recommendation for future research is to consider the other factors of flash floods, as there
are numerous factors that can be used, whether from a literature review or an expert's perspective.
The other factors can provide additional information regarding the flash flood factor in Penang. In
addition, future researchers can use this study as a reference to determine the factors contributing to
flash floods in other states. Besides, as a further extension of this research, the implemented IVN-
AHP method based on the INWA aggregation operator can be used for different types of case studies
that involve the decision-making problem such as determining the ranking’s factor of road accidents,
analyzing the IT project prioritization for oil and gas company, and measuring patients’ priorities.
Plus, this research also can be extended by implementing another aggregation operator in the IVN-
AHP method such as Interval Neutrosophic Ordered Weighted Averaging (INOWA), Interval
Neutrosophic Ordered Weighted Geometric INOWG), and Interval Neutrosophic

Prioritized Ordered Weighted Averaging (INPOWA) in the future.
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