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Abstract: Neutro-algebra structures play a significant role in the neutrosophic theory. Especially, with the help of neutro-
algebraic structures; neutrosophic theory makes a valuable addition to the classical theory. In this article, neutro-sigma
algebras and anti-sigma algebras are obtained. Furthermore, basic properties and examples for neutro-sigma algebras and
anti-sigma algebras are obtained and proved. Also, classical sigma algebra, neutro-sigma algebra and anti-sigma algebra
are compared to each other. Neutro-sigma algebra is shown to have a more general structure with respect to classical sigma
algebra and anti-sigma algebra. Thus, (T, I, F) components that constitute the neutrosophic theory are added into classical
sigma algebra (without using neutrosophic sets) and a new structure is obtained. In addition, we show that a neutro-sigma
algebra can be obtained from every classical sigma algebra and a neutro-sigma algebra can be obtained from every anti-

sigma algebra.
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1 Introduction

We encounter many uncertainties in every moment of our lives. Often, classical mathematical logic is insufficient
to get rid of these uncertainties. The reason is that when explaining a situation or a problem, it is not always
possible to say that it is correct or certain. Neutrosophic logic and the concept of the neutrosophic set are defined
in 1998 by Florentin Smarandache [1]. In the concept of neutrosophic logic and neutrosophic sets, there is a degree
of membership T, a degree of uncertainty I, and a degree of non-membership F. These degrees are defined
independently from each other. A neutrosophic value has the form (T, I, F). In other words, a situation is handled
in neutrosophy according to its trueness, its indeterminacy, and its falsity. Thus, neutrosophic sets are a more
general form of fuzzy sets [2] and intuitionistic fuzzy sets [3]. Several researchers have conducted studies on
neutrosophic set theory [4-7]. Recently, Sahin and Uz studied multi-criteria decision-making applications based
on set-valued generalized neutrosophic quadruple sets for law [8]; Sahin et al. obtained neutrosophic triplet partial
g-metric spaces [9]; Kargin et al. introduced neutrosophic triplet m—Banach spaces [10]; Zhang et al. defined

singular neutrosophic extended triplet groups and generalized groups [11]; Alhasan et al. studied neutrosophic
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reliability [12]; Mostafa et al. obtained hybridization between deep learning algorithms and neutrosophic theory
in medical image processing [13]; Sahin et al. studied Hausdorff measures on generalized set-valued neutrosophic

quadruple numbers and decision-making applications for the adequacy of online education [14].

Sigma algebra theory [15] has an important place in mathematics, especially in real analysis and
probability theory. Sigma algebras have widespread use, especially in measurable functions and measurement

theory. Also, Borel algebras are a widely used structure built on sigma algebras.

Florentin Smarandache defined neutro-structures and anti-structures in 2019 [16] and 2020 [17]. Similar
to neutrosophic logic, an algebraic structure is divided into three regions: the set of elements that satisfy the
conditions of the algebraic structure, the truth region A; the set of elements that do not meet the conditions of the
algebraic structure, the uncertainty region Neutro-A, and the set of elements that do not meet the conditions of the
algebraic structure, the inaccuracy region Anti-A. Thus, the structure of neutrosophic logic has been transferred
into the structure of classical algebras, without using neutrosophic sets and neutrosophic numbers. Therefore,
neutro-algebraic structures, which are more general structures than classical algebras, can be obtained. In addition,
the region of the elements that do not satisfy any of the classical algebras is also taken as anti-algebraic structures.
For this reason, many researchers have conducted studies on neutro-algebraic structures and anti-algebraic
structures [18 - 21]. Recently, Smarandache studied the neutroalgebra [22]; Smarandache worked on neutro-
algebraic structures and anti-algebraic structures [23]; Smarandache and Hamidi, defined neutro-bck-algebra [24];
Ibrahim and Agboola introduced neutro — vector spaces [25]; Sahin et al. studied neutro-G modules and anti-G
modules [26]; Sahin et al. obtained neutro-topological space and anti-topological space [27]; Mirvakili et al.
studied neutro-H v-semigroups [28]; Kargin and Sahin introduced neutro-law [29]; Hamidi and Smarandache
defined single-valued neutro hyper BCK-Subalgebras [30].

In the second section, we define sigma algebra [15] and give basic definitions of neutro-structures [22]. Also, we
give definitions of neutro-topology and anti-topology [27]. In the third section, we define the neutro-sigma algebra
and we obtain its basic properties. Also, we give similarities and differences between the classical sigma algebra
and the neutro-sigma algebra. We show that neutro-sigma algebras have a more general structure with respect to
classical sigma algebra and a neutro-sigma algebra can be obtained from every classic sigma algebra. In the fourth
section, we define anti-sigma algebra and we give its basic features. Furthermore, we obtain similarities and
differences between the classic sigma algebra and the anti-sigma algebra. Also, we show that a neutro-sigma
algebra can be obtained from every anti-sigma algebra and neutro-sigma algebras have a more general structure

with respect to anti-sigma algebras. In the last part, results and suggestions are given.

2 Preliminaries

Definition 1. [22] The Neutro-sophication of the Law (degree of well-defined, degree of indeterminacy, degree

of outer-defined)
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Let X be a non-empty set. * be binary operation. For at least a pair (x, y) € (X, X), x*y € X (degree of well
defined, corresponding in neutrosophy to Truth (T)) and for at least two pairs (a, b), (¢, d) € (X, X), [a*b =
indeterminate (degree of indeterminacy, corresponding in neutrosophy to Indeterminate (1)) or ¢ * d & X (degree

of outer-defined, corresponding in neutrosophy to Falsehood (F)].

Property 2. [22] In neutro-algebra, the classical well-defined for the binary operation * is divided into three
regions: degree of well-defined (T), degree of indeterminacy (I), and degree of outer-defined (F) similar to

neutrosophic set and neutrosophic logic.
Definition 3. [22] The Anti-sophication of the Law (Total OuterFunction)

Let X be a non-empty set and let * be a binary operation. For all pairs (x, y) € (X, X), x*y € X (totally outer-
defined)

Definition 4. [27] Let X be a hon-empty set and 7" be a collection of subsets of X. If at least one of the following
conditions {i, ii, iii} is satisfied, then T is called a neutro-topology on X and (X, T') is called a neutro-topological

space.
N[PET,X¢TorXeT,0¢&T]or[0,X € T]

ii) For at least n elements p,,p,, ... p, €T,

n
ﬂpi ET
i=1

and for at least n elements q4, q,, ... g, € T, and for at least n elements r,,1,,... , € T;
[(Nfe1qi € T or (Nizy7; € T)]
where n is finite.

iii) For at least n elements p;,p,, ... b €T,

i€l
and for at least n elements q;,q5, ... g, €T, 1,73, ... 1, €ET;

[(Uierq; € T or (Ujerm; € 7).
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Definition 5. [27] Let X be a non-empty set and T be a collection of subsets of X. If the following conditions

{AlI, Aii, Aiii} are satisfied, then T is called an anti-topology on X and (X, ) is called an anti-topological space.
Ao, XeT,

Aii) Forall ¢4, q,, ... g, € T, (N2 q; € T) where n is finite,

Aiii) Forall g1, 95, ... g € T, (Uie; q; € T).

Definition 6. [15] Let S be a non-empty set and ¢ be a collection of subsets of S. If ¢ satisfies the following

conditions, then ¢ is called a sigma algebra:

i) @ and S belongs to o,

ii) For A € g, A€ € 0,

iii) Any union of elements of ¢ belongs to o,

iv) Any finite intersection of elements of ¢ belongs to o.

3 Neutro-Sigma Algebras

Definition 7. Let S be a non-empty set and o be a collection of subsets of S. If at least one of the following

conditions {i, ii, iii, iv} is satisfied, then ¢ is called a neutro-sigma algebra.
)[p€Eo,S¢corSeo,®&a]or[®,S € a].
ii) For at least one element
5, €0,5°€0
and for at least two elements
t1 €0, my € o; [(t,€ € o or (M€ € 0)].
iii) For at least n elements
S1,S2, - Sp €0, N p; €EC

and for at least n elements t;, t,, ... t, € 0, my, My, ... M, € 7,

M. Sahin, Neutro-Sigma Algebras and Anti-Sigma Algebras



Neutrosophic Sets and Systems, Vol. 51, 2022 912

[(NL1t; € o or (N m; € 0)],
where n is finite.
iv) For at least n elements
$1,S2, - Sp €0, Uigp; €ECT
and for at least n elements ¢y, t,, ... t, € 0, my,m,, ... m, € o;
[(Uies t; & o or (Ui m; € 0)].
We obtain Definition 7 using Definition 1 and Property 2.

Note 8: In this chapter, the symbol “=/" will be used for situations where equality is uncertain. For example, if it

is not certain whether “a” and “b” are equal, then it is denoted by a = b.

Note 9: In this chapter, the symbol “€,” will be used for situations where the inclusion is not obvious. For example,

if it is not certain whether “a” is a member of the set B, then it is denoted by a €, B.
The notation in Note 8 and Note 9 is the same as in [27].
Corollary 10:

i) By condition {ii} of Definition 7, neutro-sigma algebras differ from neutro-topology (in Definition 4). In

addition, every neutro-sigma algebra is a neutro-topology. However, the reverse is not always true.

ii) From Definition 7, the neutro-sigma algebras differ from the classical sigma algebras in Definition 6. Also, the
neutro-sigma algebras are given as an alternative to the classical sigma algebras. However, for a neutro-sigma

algebra, instead of the ones that are not met in Definition 7, classical sigma algebra conditions are valid.

Example 11. Let S = {k,[,m,n} be a set and o = {@, {k}, {k, 13, {m,n}, {l, m}} be a collection of subsets of S.
Then,

i) ItisclearthatS ¢ o and @ € 0.
ii) Let S; = {k, [} and S, = {k}. Itis clear that
S, €coand S, ¢o.

iii) Let S; = {k}, S, = {k, 1}, T; = {m,n} and T, = {[, m}. We obtain that
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SSNS,€ecand T, NT, ¢ o.
iv) LetS, = {k,1},S, = {m,n}, T, = {k}and T, = {l,m}. We obtain that
SiUS,€cand T, UT, ¢ o.
Hence, o satisfies the conditions {i, ii, iii, iv} of Definition 7. Thus, ¢ is a neutro-sigma algebra.

Example 12. Let S = {k,[,m,n} beasetand o = {(Z), S, {k}, {1}, {m}, {n}, {m,n}, {k, l}} be a collection of subsets
of S. Then,

ii) Let S; = {m,n}and S, = {l}. Itis clear that
S, €cand S, ¢o.
iv) Let S; = {k}, S, = {1}, T; = {n}and T, = {k, [}. We obtain that
SiUS,e€cgand T, UT, ¢ 0.
Thus, o satisfies the conditions {ii, iv} of Definition 7. Hence o is a neutro-sigma algebra.
We note that o satisfies the classical sigma algebra conditions {i, iii}.

Corollary 13. In Example 11, o is a neutro-sigma algebra, but ¢ is not a classical sigma algebra. In Example 12;
o is a neutro-sigma algebra but o is not a classical sigma algebra. Thus, neutro-sigma algebras have a more general

structure than classical sigma algebras.
Theorem 14. Let ¢ be a classical sigma algebra. Then, o — @ is a neutro-sigma algebra.
Proof: Since o is a classical sigma algebra, it is clear that S € o. Hence,
S¢=0¢0-0. (@))
Also, since o is a classical sigma algebra; we have, forall A€ o — @
A€o —0. (2)

Therefore, from (1) and (2); o — @ satisfies the condition {ii} of Definition 7. Thus, ¢ — @ is a neutro-sigma

algebra.

Also, o — @ satisfies the condition {i} of Definition 7.
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Theorem 15. Let o be a classical sigma algebra. Then, ¢ — S is a neutro-sigma algebra.

Proof: Since o is a classical sigma algebra, it is clear that @ € . Hence,

P°=S¢o—S. 3)

Also, since ¢ is a classical sigma algebra; we obtain that forall A€ ¢ — S

A€q—S§. 4)

Therefore, from (3) and (4); o — S satisfies the condition {ii} of Definition 7. Thus, ¢ — S is a neutro-sigma

algebra.

Also, o — S satisfies the condition {i} in Definition 7.

Theorem 16. Let g be a classical sigma algebra and A be a set such that A€ & o. Then, ¢ U A is a neutro-sigma

algebra.

Proof: It is clear that since A€ & o, we obtain

A°¢ o UA (5)

Also, since o is a classical sigma algebra; we obtain that for all B € o

B¢e€o (6)

Therefore, from (5) and (6); o U A satisfies the condition {ii} of Definition 7. Thus, ¢ U A is a neutro-sigma

algebra.

Theorem 17. Let o be a classical sigma algebra and A be an element of o. Then, ¢ — A is a neutro-sigma algebra.

Proof: It is clear that since A € g, we obtain

(A°=A¢ o-A. @

Also, since ¢ is a classical sigma algebra; we obtain that forallB € o - A,

B‘€E o-A. 8)

Therefore, from (7) and (8); o - A satisfies the condition {ii} of Definition 7. Thus, ¢ - A is a neutro-sigma

algebra.
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Corollary 18.

i) From Theorem 14, Theorem 15, Theorem 16, and Theorem 17, we obtain that a neutro-sigma algebra can be
obtained from every classical sigma algebra.

ii) The classical sigma algebras do not satisfy the Theorem 14, Theorem 15, Theorem 16, and Theorem 17.

However, neutro-sigma algebras satisfy Theorem 19 and Theorem 21.

Theorem 19. Let (g;) be a non-empty family of neutro-sigma algebras ; such that @ € 0;, S ¢ 0; (i = 1,2, ..., n).

Then, UL, (o;) is a neutro-sigma algebra on S.
Proof: Since (g;) is a non-empty family of neutro-sigma algebras o; such that @ € a;, S € o;; it is clear that
0= S¢UiLy(a) - )

Also, since (o;) is a non-empty family of neutro-sigma algebras o; such that @ € g;, S & g;; we obtain that
forallB € U-,(g;)-9,

B € UiLi(0)-0. (10)

Therefore, from (9) and (10); Ui, (a;) satisfies the condition {ii} in Definition 7. Thus, U, (o;) is a neutro-sigma

algebra.
Also, Ui, (g;) satisfies the condition {i} of Definition 7.

Example  20. Let S={klmmn} be a set and o ={0 {k} {k 1}, {mn},{l,m}},
o, = {0, {k}, {1}, {m}, {n}, {m,n}, {k, 13} be a collection of subsets of S. Then, from Example 12, o, is a

neutro-sigma algebra. Also, g, is a neutro-sigma algebras since o, satisfies conditions {i, ii, iv} of Definition 7.
Now, we show that
o1 U gy = {0, {k}, {1}, {m}, {n}, {m,n}, {k, 1}, {l, m}}
is a neutro-sigma algebra.
)p e, Uag,and S & g, U g,.
i) {m,n}¢ € g, U g, and {m}° ¢ o, U 0.

i) {kyu{l} €, Vo, and {k, 1} U {m,n} & o, U o,.
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iv) {k}n{k, 1} €o, Vo, and {m,n} n{l,m} & o, U 0,.
Hence, o, U o, satisfies the conditions {i, ii, iii, iv} of Definition 7 and g, U g, is a neutro-sigma algebra.

Theorem 21. Let (a;) be a non-empty family of neutro-sigma algebras o; such that @ € o3, S€ 0; (i=1,2,...,n).

Then, UX, (o) is a neutro-sigma algebra.
Proof: Since (g;) is a non-empty family of neutro-sigma algebras o; such that @ & a;, S € g, it is clear that
§¢= 0 ¢ UL,(a) (11)

Also, since (g;) is a non-empty family of neutro-sigma algebras o; such that @ € g;, S € g;; we obtain that for all
B e UL(o)-S,

B € UL,(o;)-S. (12)

Therefore, from (11) and (12); UL, (o;) satisfies the condition {ii} of Definition 7. Thus, UL, (o;) is a neutro-

sigma algebra.
Also, UL, (g;) satisfies the condition {i} of Definition 7.

Example 22, Let S={klmmn} be a set and o ={S {k},{k 1} {mn},{{,m}},
0, = {S, {k}, {13}, {m},{n}, {m,n}, {k, l}} be a collection of subsets of S. Then, o; is a neutro-sigma algebra since
o, satisfies conditions {i, ii, iii, iv} of Definition 7. Also, o, is a neutro-sigma algebras since o, satisfies the

conditions {i, ii, iv} of Definition 7.
Now, we show that
o1 U gy = {S, {k}, {1}, {m}, {n}, {m, n}, {k, 1}, {L, m}}
is a neutro-sigma algebra.
i)p & o, Uog,andS € g, U a,.
i) {k,1} € 6, U, and {I}€ & 5, U 0,.
iii)y{m}u{n}eo,Ua,and {k} U {l,m} & o, Uo,.
iv){k}n{l}€o, Vo, and {m}n{l} & o, Uoa,.

Hence, g, U o, satisfies the conditions {i, ii, iii, iv} of Definition 7 and o; U g, is a neutro-sigma algebra.
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Corollary 23. The classical sigma algebras do not satisfy Theorem 19, Theorem 21, Example 20, and

Example 22. However, neutro-sigma algebras satisfy Theorem 19, Theorem 21, Example 20, and Example 22.

4 Anti-Sigma Algebras

Definition 24. Let S be a non-empty set and o be a collection of subsets of S. If the following conditions

{i, ii, iii, iv} are satisfied, then o is called an anti-sigma algebra on S.
i)0,S ¢ o,
i) forall S; € 0, S, ¢ o,
iii) forall §;,S,, ... S, € 0, (N, S; € 0),
iv) for all S, S,, ... S, € g, (Ui S € 0).
Example 25. Let S = {k,[,m,n} be a setand o = {{k}, {1}, {m}} be a collection of subsets of S. Then,
i) Itisclearthat® € o and S € o.
i) Let
Si={k}, S, ={l}, 85 = {m}.
Thus, we have

(S ¢, (S) ¢a, (S3) ¢o.

iii) Let
Sy =1{k},S, ={l},S; ={m}.
So,
Ni,S;¢o.
iv) Let

Sy =1{k},S; ={l}, S5 = {m}.

Then, we have
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Ui3:1 Sl € a.
Thus, o satisfies the {i, ii, iii, iv} conditions of Definition 24. Therefore, ¢ is an anti-sigma algebra on S.

Corollary 26: In Example 25, ¢ is an anti-sigma algebra. But ¢ is not a neutro-sigma algebra or a classical sigma

algebra. Thus, anti-sigma algebras are different from neutro-sigma algebras and classical sigma algebras.
Theorem 27. Let ¢ be an anti-sigma algebra on S, A and A€ be two sets such that

A¢ o and A€ ¢ o.
Then, o U A U A is a neutro-sigma algebra.
Proof: As A ¢ o and A€ ¢ o, itis clear that

AEGCUAUA“and A€ 6 UA UA®. (13)
Also, since ¢ is an anti-sigma algebra; we obtain that for all B € g,

B¢¢o. (14)

So, by (13) and (14); o U A U A€ satisfies the condition {ii} of Definition 7. Thus, c U A U A® is a neutro-sigma

algebra.
Theorem 28. Let ¢ be an anti-sigma algebraon S. Then, ¢ U @ U S is a neutro-sigma algebra.
Proof: Since o is an anti-sigma algebra on S, for all S; € o, we have S;° ¢ o.
Sf=PeocupPuUSand P =SecuUPUS.
Thus, o U @ U S satisfies condition {ii} of Definition 7. Hence, ¢ U @ U S is a neutro-sigma algebra.
Also, o U @ U S satisfies condition {iii, iv} of Definition 7.
In addition, in proof of Theorem 27; if we assume that
A=@and A°=SorA=SandA° =0,
then @ and S satisfy Theorem 28.

Theorem 29. Let ¢ be an anti-sigma algebra on S and A be an element of . Then, ¢ U A is a neutro-sigma

algebra.
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Proof: Since o is an anti-sigma algebraon S, for all S; € o, S; & o. However, it is clear that
A eo U A"
Thus, o U A° satisfies condition {ii} of Definition 7. Hence, o U A® is a neutro-sigma algebra.

Example 30. In Example 25, o = {{k}, {1}, {m}} is an anti-sigma algebra on S. By Theorem 27, c U @ is a

neutro-sigma algebra.

Example 31. In Example 25, o = {{k}, {1}, {m}} is an anti-sigma algebra on S. By Theorem 28, ¢ U S is a neutro-

sigma algebra.

Example 32. In Example 25, o = {{k},{l}, {m}} is an anti-sigma algebra on S. By Theorem 29, cU@ U S isa

neutro-sigma algebra.

Example 33. In Example 25, o = {{k}, {1}, {m}} is an anti-sigma algebra on S. By Theorem 30,

a U {k}* ={{k}, {1}, {m}, {l, m, n}}
is a neutro-sigma algebra.

Corollary 34.

i) From Theorem 27, Theorem 28, and Theorem 29, we obtain that a neutro-sigma algebra can be obtained from
every anti-sigma algebra.

ii) Neutro-topology and anti-topology do not satisfy Theorem 27, Theorem 28, and Theorem 29. Thus, neutro-

sigma algebras and anti-sigma algebras have a more general structure than neutro-topology and anti-topology.

5 Conclusions

In this study, a neutro-sigma algebra is defined and relevant basic properties are given. Similarities and
differences between the classical sigma algebras and neutro-sigma algebras are discussed. We show that a neutro-
sigma algebra can be obtained from every classical sigma algebra. In addition, we define anti-sigma algebras and
we give corresponding basic properties. We discuss similarities and differences between the classical sigma
algebra and anti- sigma algebras. Also, we show that a neutro-sigma algebra can be obtained from every anti-
sigma algebra. In addition, we show that neutro-sigma algebras and anti-sigma algebras have a more general

structure than neutro-topology and anti-topology. Thus, we add new structures to the neutro-algebra theory.

By using the definition of neutro-sigma algebras and anti-sigma algebras, researchers can define neutro-

sigma measurable functions, anti-sigma measurable functions, neutro-Borel algebras, and anti-Borel algebras.
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