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—————————————————————————————————————————-

1. Introduction

Many of the philosophers make an attempt to model unsure information using classical

mathematics might not achieve success manner. This is because the uncertainty that is just

too convoluted and in addition not understandably outlined. Several scientists place an effort

to search out applicable solutions to some mathematical issues that can’t be resolved by ancient

strategies. These issues have an effect truth that traditional strategies cannot work out the

issues of uncertainty in engineering, economy, decision-making, medicine etc. Therefore, many

alternative theories was developed to clear up uncertainty and vagueness together with the

fuzzy set theory[28], vague set theory[6] and rough set theory [9]. But, these theories cannot

deal with uncertainty and consistent info.

In the theory of classical set, the membership of the elements in a non-empty set is of two

conditions. As per that conditions, an element either belongs to the set or doesn’t belong to

the set. In fuzzy set theory, an element is assigned by the grade of membership value within

the closed unit interval [0,1]. Therefore, a fuzzy set A in the universal set of discourse X is a

function f: A → [0,1] and often this function is mentioned as the membership function.

Later, because of the generalisation of fuzzy set Atanassov in 1986 introduced the

intuitionistic fuzzy set[1] where an element is assigned by values of truth membership and false

membership ranges from [0,1] individually. Vague set theory[6] in 1993 was initially found by
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Gau et.al. which is an extension of theory of fuzzy set. Vague sets are taken into account

as an efficient tool to influence uncertainty since it provides additional info as compared to

fuzzy sets[28]. Many studies have unconcealed that, several researchers have combined vague

set with other theories.

Neutrosophic set was developed by Smarandache[21] in 1998 considered as the

generalization of probability set, fuzzy set[28] and intuitionistic fuzzy set[1]. The neutrosophic

set has 3 independent membership functions. Not like fuzzy set and intuitionistic fuzzy set,

the membership functions in neutrosophic sets are truth, indeterminate and falsity.

As a generalisation of set theory, Yager[25] first of all introduced new theory named as

theory of bags which in turn gives the concept of multiset (i.e) the element may take place

more than once. Subsequently, the idea of multiset was originally initiated by Blizard[2] and

Calude et al.[3]. Many authors now and then created variety of generalization of theory of

set. As the generalisation of multiset, many researchers [4, 8, 16, 17, 18, 22, 24] discussed

additional properties on fuzzy multiset which takes place more than once with possibly same

or different membership values. Shinoj et.al.[20] created associate extension of combining the

concept of fuzzy multiset by an intuitionstic fuzzy set, which is known as intuitionstic fuzzy

multiset. By the study on intuitionstic fuzzy multiset, loads of excellent results are achieved

by researchers [5, 10, 11, 12, 13, 14, 15]. The ideas of fuzzy multiset and intuitionistic fuzzy

multiset fails to influence uncertainty. Chatterjee et. al.[3] initiated single valued neutrosophic

multiset very well.

In 2013, by extending classical neutrosophic logic Smarandache[21] gave n-valued refined

neutrosophic logic and its applications in which the neutrosophic components T,I,F are

refined to n number of components. Neutrosophic Refined set are defined by the generalisation

of fuzzy multi set, intuitionistic fuzzy multi set. Irfan Deli[7] in 2016 extended refined neutro-

sophic set to refined neutrosophic soft set. Ye and Ye[26] developed single valued neutrosophic

set and operations with laws. Ye et. al.[27] originated generalized distance

measure and its similarity measure between single valued neutrosophic multi sets. Addition-

ally, they applied the measures to a diagnosing medical side with incomplete, indeterminate

and inconsistent info.

This paper is organized as follows: The essential definitions of Fuzzy set, Intuitionistic

fuzzy set, Vague set, Neutrosophic set, Neutrosophic vague set and few of its properties that

are helpful for the discussion have been presented. We have established a new concept by

extending neutrosophic vague set namely neutrosophic vague refined(multi) set and few of its

properties and operations on neutrosophic vague refined(multi) set are discussed. Additionally,

algebraic operations of neutrosophic vague refined(multi) set along with some examples are

given.
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2. Preliminaries

In this section, we recall the useful basic definitions and related results for developing the

desired set.

Definition 2.1. [28](Fuzzy Set)

Let X be a non-empty set in the universe of discourse. A fuzzy set AF on X is defined as

follows:

AF= {⟨x, αA(x)⟩ : x ∈ X}

where αA(x): X → [0, 1] is represented as a grade of membership function of the fuzzy set

AF . It is denoted as AF .

Definition 2.2. [1](Intuitionistic Fuzzy Set)

Let X be a non-empty set in the universe of discourse. A intuitionistic fuzzy set AIF on X is

an object defined as follows:

AIF= {⟨x, αA(x), βA(x)⟩ : x ∈ X}

where αA(x) : X → [0, 1], βA(x) : X → [0, 1] represents the degree of membership function

and degree of non-membership function respectively of the element x∈X to the set AIF , which

is a subset of X. And also for every element x∈X, membership functions αA(x), βA(x) ranges

0≤ αA(x) + βA(x) ≤ 1. It is denoted as AIF .

Definition 2.3. [6](Vague Set)

Let X be a non-empty set in the universe of discourse. A Vague set AV in X is defined as

follows:

AV = {⟨x, αA(x), 1− βA(x)⟩ : x ∈ X}

where αA: X→[0,1], βA: X→[0,1] denotes truth membership function and false membership

function respectively and αA(x) + βA(x) ≤ 1. Here αA(x) is a lower bound on the grade of

membership of x derived from the evidence for x and βA(x) is a lower bound on the grade of

membership of the negation of x derived from the evidence against x.

Definition 2.4. [21](Neutrosophic set)

Let X be a non-empty set in the universe of discourse. A neutrosophic set AN in X is defined

as follows:

AN= {⟨x, µA(x), ηA(x), νA(x)⟩ : x ∈ X}

where µA(x), ηA(x), νA(x) represents truth membership function, indeterminate membership

function and a falsity membership function of the element x∈ X to the set AN respectively

and the condition −0 ≤ µA(x) + ηA(x) + νA(x) ≤ 3+ holds.
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Definition 2.5. [19](Neutrosophic Vague set)

Let X be the non-empty set in universe of discourse. A Neutrosophic vague set (MNV in short)

is of the form,

MNV ={⟨x, (T̂MNV
(x), ÎMNV

(x), F̂MNV
(x)⟩ : x ∈ X}

whose truth membership, indeterminacy membership and false membership functions is

defined as

T̂MNV
(x) = [T−, T+], ÎMNV

(x) = [I−, I+], F̂MNV
(x) = [F−, F+]

where,

T+ = 1− F−, F+ = 1− T−

and the condition −0 ≤ T− + I− + F− ≤ 2+, −0 ≤ T+ + I+ + F+ ≤ 2+ holds.

Definition 2.6. [19]

Let MNV and NNV be two neutrosophic vague set of the universe U. For x∈X, MNV is included

by NNV if T̂MNV
(x) ≤ T̂NNV

(x); ÎMNV
(x) ≥ ÎNNV

(x); F̂MNV
(x) ≥ F̂NNV

(x). It is denoted as

MNV ⊆ NNV .

Definition 2.7. [19]

The complement of neutrosophic vague set MNV is defined by

T̂ c
MNV

(x)= [1 − T+, 1 − T−], ÎcMNV
(x)= [1 − I+, 1 − I−], F̂ c

MNV
(x)= [1 − F+, 1 − F−].It is

denoted as Mc
NV ,

Definition 2.8. [19]

The union of two neutrosophic vague sets MNV and NNV is given by PNV where PNV =

MNV ∪NNV , whose truth-membership, indeterminacy-membership and false-membership func-

tions are

T̂PNV
(x)=

[
max(T−

MNVx
, T−

NNVx
),max(T+

MNVx
, T+

NNVx
)
]

ÎPNV
(x)=

[
min(I−MNVx

, I−NNVx
),min(I+MNVx

, I+NNVx
)
]

F̂PNV
(x)=

[
min(F−

MNVx
, F−

NNVx
),min(F+

MNVx
, F+

NNVx
)
]

Definition 2.9. [19]

The intersection of two neutrosophic vague sets MNV and NNV is given by PNV where PNV =

MNV ∩NNV , whose truth-membership, indeterminacy-membership and false-membership func-

tions are

T̂PNV
(x)=

[
min(T−

MNVx
, T−

NNVx
),min(T+

MNVx
, T+

NNVx
)
]

ÎPNV
(x)=

[
max(I−MNVx

, I−NNVx
),max(I+MNVx

, I+NNVx
)
]

F̂PNV
(x)=

[
max(F−

MNVx
, F−

NNVx
),max(F+

MNVx
, F+

NNVx
)
]
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Definition 2.10. [22](Neutrosophic Refined set)

Let X be a non empty set of universe of discourse. A neutrosophic refined set (briefly NRS)

on X can be defined as follows:

ANR={⟨x, (T 1
ANR

(x), T 2
ANR

(x), ...T p
ANR

(x)), (I1ANR
(x), I2ANR

(x), ...IpANR
(x)), (F 1

ANR
(x), F 2

ANR
(x),

...F p
ANR

(x))⟩ : x ∈ X}
where

T 1
ANR

(x), T 2
ANR

(x), ...T p
ANR

(x) : X → [0,1],

I1ANR
(x), I2ANR

(x), ...IpANR
(x) : X → [0,1],

F 1
ANR

(x), F 2
ANR

(x), ...F p
ANR

(x) : X → [0,1]

such that 0≤ T j
ANR

(x)+IjANR
(x)+F j

ANR
(x) ≤ 3 for j=1,2,...,p for any x∈X, T 1

ANR
(x), T 2

ANR
(x),

...T p
ANR

(x), I1ANR
(x), I2ANR

(x), ...IpANR
(x) and F 1

ANR
(x), F 2

ANR
(x), ...F p

ANR
(x) is the truth-

membership sequence, indeterminate-membership sequence and falsity-membership sequence

of the element x, respectively. Also, p is called the dimension of neutrosophic refined set ANR.

3. Neutrosophic Vague Refined sets

In this section, we introduce the new set namely neutrosophic vague refined set with suitable

example.

Definition 3.1. (Neutrosophic vague refined set)

Let X be a non empty set in the universe of discourse. A neutrosophic vague refined set (in

short NVRS)DNV R on X can be defined by the form

DNV R={⟨x, (T̂ 1
DNV R

(x), T̂ 2
DNV R

(x), ....T̂ u
DNV R

(x)), (Î1DNV R
(x), Î2DNV R

(x), ....ÎuDNV R
(x)),

(F̂ 1
DNV R

(x), F̂ 2
DNV R

(x), ....F̂ u
DNV R

(x))⟩ : x ∈ X}
The truth-membership, indeterminacy-membership and falsity-membership functions of

neutrosophic vague refined set is defined as,

T̂ j
DNV R

= [T−
j , T+

j ], ÎjDNV R
= [I−j , I+j ], F̂ j

DNV R
= [F−

j , F+
j ]

and

T+
j = 1− F−

j , F+
j = 1− T−

j

where

T̂ 1
DNV R

(x), T̂ 2
DNV R

(x), ..., T̂ u
DNV R

(x) : X −→ P [0, 1], Î1DNV R
(x), Î2DNV R

(x), ..., ÎuDNV R
(x) : X −→

P [0, 1], F̂ 1
DNV R

(x), F̂ 2
DNV R

(x), ..., F̂ u
DNV R

(x) : X −→ P [0, 1] such that −0 ≤ T̂ j
DNV R

(x) +

ÎjDNV R
(x) + F̂ j

DNV R
(x) ≤ 2+ for j=1,2,...,u for any element x ∈ X and P[0,1] is the power

set of [0,1].

Here, T̂ 1
DNV R

(x), T̂ 2
DNV R

(x), ..., T̂ u
DNV R

(x), Î1DNV R
(x), Î2DNV R

(x), ..., ÎuDNV R
(x),

F̂ 1
DNV R

(x), F̂ 2
DNV R

(x), ..., F̂ u
DNV R

(x) is represented as truth membership sequence,
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indeterminate membership sequence and falsity membership sequence of the element x respec-

tively. And also, u is called the dimension of neutrosophic vague refined set DNV R.

Remark 3.2.

We arrange the membership sequence in decreasing order but the corresponding indeterminate

sequence and non-membership sequence may not be in increasing or decreasing order.

Example 3.3.

Let X={a,b} be any non empty set. Then

DNV R={⟨a, ([0.1, 0.6], [0.5, 0.8], [0.1, 0.8]), ([0.3, 0.5], [0.8, 0.9], [0.6, 0.8]), ([0.4, 0.9], [0.2, 0.5],
[0.2, 0.9]), b, ([0.5, 0.8], [0.3, 0.9], [0.2, 0.5]), ([0.7, 0.8], [0.3, 0.4], [0.2, 0.3]), ([0.2, 0.5],

[0.1, 0.7], [0.5, 0.8])⟩}
is said to be a neutrosophic vague refined subset of X.

Definition 3.4. (Null set)

A neutrosophic vague refined sets on the universe X is said to be a null neutrosophic vague

refined set denoted by 0NV R if

T̂ j
PNV R

(x) = [0, 0], ÎjPNV R
(x) = [1, 1], F̂ j

PNV R
(x) = [1, 1]

for j=1,2,3,...u and x∈ X.

Definition 3.5. (Absolute set)

A neutrosophic vague refined sets on the universe X is said to be a absolute neutrosophic vague

refined set denoted by 1NV R if

T̂ j
PNV R

(x) = [1, 1], ÎjPNV R
(x) = [0, 0], F̂ j

PNV R
(x) = [0, 0]

for j=1,2,3,...u and x∈ X.

4. Set Theoretic Operations on Neutrosophic Vague Refined Set

In this section, we study some of the set theoretic operations on neutrosophic vague refined

set with suitable examples.

Definition 4.1. (Union)

Let PNV R and QNV R be two neutrosophic vague refined sets in the universal set X, where

PNV R = {⟨(T̂ 1
PNV R

(x), T̂ 2
PNV R

(x), ....T̂ u
PNV R

(x)), (Î1PNV R
(x), Î2PNV R

(x), ....ÎuPNV R
(x)),

(F̂ 1
PNV R

(x), F̂ 2
PNV R

(x), ....F̂ u
PNV R

(x))⟩ : x ∈ X }
QNV R = {⟨(T̂ 1

QNV R
(x), T̂ 2

QNV R
(x), ....T̂ v

QNV R
(x)), (Î1QNV R

(x), Î2QNV R
(x), ....ÎvQNV R

(x)),

(F̂ 1
QNV R

(x), F̂ 2
QNV R

(x), ....F̂ v
QNV R

(x))⟩ : x ∈ X }

Then, the neutrosophic vague refined union of two sets PNV R and QNV R denoted by SNV R
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where SNV R = PNV R ∪QNV R, whose truth membership function, indeterminate membership

function and false membership function is

T̂ j
SNV R

(x) = max{T̂ j
PNV R

(x), T̂ j
QNV R

(x)},
ÎjSNV R

(x) = min{ÎjPNV R
(x), ÎQNV R

(x)},
F̂ j
SNV R

(x) = min{F̂ j
PNV R

(x), F̂ j
QNV R

(x)}

∀ x∈X, j=1,2,...,r.

Example 4.2.

Let X= {a,b} be the non empty set. Let the sets PNV R and QNV R be defined as:

PNV R = {⟨a, ([0.3, 0.4], [0.4, 0.5], [0.4, 0.6]), ([0.5, 0.6], [0.4, 0.5], [0.1, 0.2]), ([0.6, 0.7], [0.5, 0.6],
[0.4, 0.6]), b, ([0.4, 0.6], [0.4, 0.5], [0.4, 0.7]), ([0.5, 0.6], [0.4, 0.5], [0.1, 0.3]), ([0.4, 0.6],

[0.5, 0.6], [0.3, 0.6])⟩},
QNV R = {⟨a, ([0.1, 0.2], [0.3, 0.5], [0.1, 0.3]), ([0.7, 0.8], [0.6, 0.8], [0.2, 0.3]), ([0.8, 0.9], [0.5, 0.7],

[0.7, 0.9]), b, ([0.3, 0.6], [0.7, 0.8], [0.2, 0.4]), ([0.6, 0.8], [0.8, 0.9], [0.2, 0.3]), ([0.4, 0.7],

[0.2, 0.3], [0.6, 0.8])⟩}
Then, the union of two neutrosophic vague refined sets PNV R and QNV R is

SNV R = {⟨a, ([0.3, 0.4], [0.4, 0.5], [0.4, 0.6]), ([0.5, 0.6], [0.4, 0.5], [0.1, 0.2]), ([0.6, 0.7], [0.5, 0.6],
[0.4, 0.6]), b, ([0.4, 0.6], [0.7, 0.8], [0.4, 0.7]), ([0.5, 0.6], [0.4, 0.5], [0.1, 0.3]), ([0.4, 0.6],

[0.2, 0.3], [0.3, 0.6])⟩}

Definition 4.3. (Intersection)

Let PNV R and QNV R be two neutrosophic vague refined sets in the universal set X, where

PNV R = {⟨(T̂ 1
PNV R

(x), T̂ 2
PNV R

(x), ....T̂ u
PNV R

(x)), (Î1PNV R
(x), Î2PNV R

(x), ....ÎuPNV R
(x)),

(F̂ 1
PNV R

(x), F̂ 2
PNV R

(x), ....F̂ u
PNV R

(x))⟩ : x ∈ X }.
QNV R = {⟨(T̂ 1

QNV R
(x), T̂ 2

QNV R
(x), ....T̂ v

QNV R
(x)), (Î1QNV R

(x), Î2QNV R
(x), ....ÎvQNV R

(x)),

(F̂ 1
QNV R

(x), F̂ 2
QNV R

(x), ....F̂ v
QNV R

(x))⟩ : x ∈ X }.

Then, the neutrosophic vague refined intersection of two sets PNV R and QNV R denoted by

SNV R where SNV R = PNV R ∩QNV R, whose truth membership function, indeterminate mem-

bership function and false membership function is

T̂ j
SNV R

(x) = min{T̂ j
PNV R

(x), T̂ j
QNV R

(x)},
ÎjSNV R

(x) = max{ÎjPNV R
(x), ÎjQNV R

(x)},
F̂ j
SNV R

(x) = max{F̂ j
PNV R

(x), F̂ j
QNV R

(x)}

∀ x∈X, j=1,2,...,r.
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Example 4.4.

Let X= {a,b} be the non empty set. Let the sets PNV R and QNV R be defined as:

PNV R = {⟨a, ([0.1, 0.5], [0.4, 0.7], [0.1, 0.8]), ([0.7, 0.8], [0.4, 0.8], [0.2, 0.7]), ([0.5, 0.9], [0.3, 0.6],
[0.2, 0.9]), b, ([0.1, 0.6], [0.3, 0.9], [0.4, 0.7]), ([0.8, 0.9], [0.8, 0.9], [0.5, 0.8]), ([0.4, 0.9],

[0.1, 0.7], [0.3, 0.6])⟩},
QNV R = {⟨a, ([0.3, 0.8], [0.4, 0.7], [0.2, 0.6]), ([0.5, 0.6], [0.6, 0.8], [0.1, 0.2]), ([0.5, 0.7], [0.4, 0.8],

[0.2, 0.7]), b, ([0.2, 0.7], [0.3, 0.6], [0.4, 0.8]), ([0.5, 0.6], [0.4, 0.5], [0.2, 0.3]), ([0.3, 0.5],

[0.2, 0.6], [0.3, 0.8])⟩}

Then intersection of two neutrosophic vague refined sets PNV R and QNV R is

SNV R = {⟨a, ([0.1, 0.5], [0.4, 0.7], [0.1, 0.6]), ([0.7, 0.8], [0.6, 0.8], [0.2, 0.7]), ([0.5, 0.9], [0.4, 0.8],
[0.2, 0.9]), b, ([0.1, 0.6], [0.3, 0.6], [0.4, 0.7]), ([0.8, 0.9], [0.8, 0.9], [0.5, 0.8]), ([0.4, 0.9],

[0.2, 0.7], [0.3, 0.8])⟩}

Definition 4.5. (Inclusion)

A neutrosophic vague refined set PNV R is a subset of another neutrosophic vague refined set

QNV R denoted by PNV R ⊆ QNV R,

PNV R = {⟨(T̂ 1
PNV R

(x), T̂ 2
PNV R

(x), ....T̂ u
PNV R

(x)), (Î1PNV R
(x), Î2PNV R

(x), ....ÎuPNV R
(x)),

(F̂ 1
PNV R

(x), F̂ 2
PNV R

(x), ....F̂ u
PNV R

(x))⟩ : x ∈ X }.
QNV R = {⟨(T̂ 1

QNV R
(x), T̂ 2

QNV R
(x), ....T̂ v

QNV R
(x)), (Î1QNV R

(x), Î2QNV R
(x), ....ÎvQNV R

(x)),

(F̂ 1
QNV R

(x), F̂ 2
QNV R

(x), ....F̂ v
QNV R

(x))⟩ : x ∈ X }.

PNV R ⊆ QNV R ⇒ T̂ j
PNV R

(x) ≤ T̂ j
QNV R

(x), ÎjPNV R
(x) ≥ ÎjQNV R

(x), F̂ j
PNV R

(x) ≥ F̂ j
QNV R

(x) ∀
x∈X, j=1,2,...,r.

Definition 4.6. (Equality)

Let PNV R and QNV R be two neutrosophic vague refined sets. These sets are said to be

neutrosophic vague refined equal if PNV R is neutrosophic vague refined subset of QNV R and

QNV R is neutrosophic vague refined subset of PNV R. It is denoted by PNV R = QNV R.

Definition 4.7. (Complement)

Let PNV R be the neutrosophic vague refined set in the universal set X.

PNV R = {⟨(T̂ 1
PNV R

(x), T̂ 2
PNV R

(x), ....T̂ u
PNV R

(x)), (Î1PNV R
(x), Î2PNV R

(x), ....ÎuPNV R
(x)),

(F̂ 1
PNV R

(x), F̂ 2
PNV R

(x), ....F̂ u
PNV R

(x))⟩ : x ∈ X }.

Then the complement of the neutrosophic vague refined set denoted by P c
NV R is defined as
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T̂ j
PNV R

(x)c = 1− T̂ j
PNV R

(x)

ÎjPNV R
(x)c = 1− ÎjPNV R

(x)

F̂ j
PNV R

(x)c = 1− F̂ j
PNV R

(x)

∀ x∈X, j=1,2,...,r.

Example 4.8.

Let PNV R be the neutrosophic vague refined set in the universal set X,

PNV R = {⟨a, ([0.2, 0.4], [0.6, 0.7], [0.4, 0.9]), ([0.2, 0.5], [0.5, 0.7], [0.8, 0.9]), ([0.6, 0.8], [0.3, 0.4],
[0.1, 0.6])⟩}

Then the complement of Neutrosophic vague refined set A is as follows:

P c
NV R = {⟨a, ([0.8, 0.6], [0.4, 0.3], [0.6, 0.1]), ([0.8, 0.5], [0.5, 0.3], [0.2, 0.1]), ([0.4, 0.2], [0.7, 0.6],

[0.9, 0.4])⟩}

Definition 4.9. (Addition)

Let PNV R and QNV R be two neutrosophic vague refined sets in the universal set X, where

PNV R = {⟨(T̂ 1
PNV R

(x), T̂ 2
PNV R

(x), ....T̂ u
PNV R

(x)), (Î1PNV R
(x), Î2PNV R

(x), ....ÎuPNV R
(x)),

(F̂ 1
PNV R

(x), F̂ 2
PNV R

(x), ....F̂ u
PNV R

(x))⟩ : x ∈ X }.
QNV R = {⟨(T̂ 1

QNV R
(x), T̂ 2

QNV R
(x), ....T̂ v

QNV R
(x)), (Î1QNV R

(x), Î2QNV R
(x), ....ÎvQNV R

(x)),

(F̂ 1
QNV R

(x), F̂ 2
QNV R

(x), ....F̂ v
QNV R

(x))⟩ : x ∈ X }.

Then the neutrosophic vague refined addition of two sets PNV R and QNV R denoted by

PNV R ⊕ QNV R, whose truth membership function, indeterminate membership function and

false membership function is

T̂ j
PNV R

⊕
QNV R

(x) = T̂ j
PNV R

(x) + T̂ j
QNV R

(x)− T̂ j
PNV R

(x).T̂ j
QNV R

(x)

ÎjPNV R
⊕

QNV R
(x) = ÎjPNV R

(x) + ÎjQNV R
(x)− ÎjPNV R

(x).ÎjQNV R
(x)

F̂ j
PNV R

⊕
QNV R

(x) = F̂ j
PNV R

(x).F̂ j
QNV R

(x)

∀ x∈X, j=1,2,...,r.

Example 4.10.

Let X= {a,b} be the set in universal set X. Let the sets PNV R and QNV R be defined as:

PNV R = {⟨a, ([0.2, 0.5], [0.8, 0.9], [0.4, 0.7]), ([0.2, 0.3], [0.5, 0.8], [0.4, 0.6]), ([0.5, 0.8], [0.1, 0.2],
[0.3, 0.6]), b, ([0.3, 0.8], [0.5, 0.9], [0.2, 0.6]), ([0.3, 0.5], [0.7, 0.9], [0.1, 0.5]), ([0.2, 0.7],

[0.1, 0.5], [0.4, 0.8])⟩},
QNV R = {⟨a, ([0.3, 0.7], [0.2, 0.4], [0.5, 0.7]), ([0.3, 0.6], [0.2, 0.7], [0.5, 0.8]), ([0.3, 0.7], [0.6, 0.8],

[0.3, 0.5]), b, ([0.4, 0.8], [0.6, 0.7], [0.1, 0.6]), ([0.5, 0.5], [0.7, 0.9], [0.8, 0.9]), ([0.2, 0.6],

[0.3, 0.4], [0.4, 0.9])⟩}
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Then the addition of two neutrosophic vague refined sets PNV R and QNV R is

PNV R ⊕QNV R=

{⟨a, ([0.44, 0.85], [0.84, 0.94], [0.70, 0.91]), ([0.44, 0.72], [0.6, 0.94], [0.70, 0.92]), ([0.15, 0.56],
[0.06, 0.16], ([0.09, 0.30]), b, ([0.58, 0.96], [0.80, 0.97], [0.28, 0.84]), ([0.51, 0.75], [0.91, 0.99],

[0.82, 0.95]), ([0.04, 0.42], [0.03, 0.20], [0.16, 0.72])⟩}

Definition 4.11. (Multiplication)

Let PNV R and QNV R be two neutrosophic vague refined sets in the universal set X, where

PNV R = {⟨(T̂ 1
PNV R

(x), T̂ 2
PNV R

(x), ....T̂ u
PNV R

(x)), (Î1PNV R
(x), Î2PNV R

(x), ....ÎuPNV R
(x)),

(F̂ 1
PNV R

(x), F̂ 2
PNV R

(x), ....F̂ u
PNV R

(x))⟩ : x ∈ X }.
QNV R = {⟨(T̂ 1

QNV R
(x), T̂ 2

QNV R
(x), ....T̂ v

QNV R
(x)), (Î1QNV R

(x), Î2QNV R
(x), ....ÎvQNV R

(x)),

(F̂ 1
QNV R

(x), F̂ 2
QNV R

(x), ....F̂ v
QNV R

(x))⟩ : x ∈ X }.

Then the neutrosophic vague refined multiplication of two sets PNV R and QNV R denoted

by PNV R⊗QNV R, whose truth membership function, indeterminate membership function and

false membership function is

T̂ j
PNV R

⊗
QNV R

(x) = T̂ j
PNV R

(x).T̂ j
QNV R

(x)

ÎjPNV R
⊗

QNV R
(x) = ÎjPNV R

(x).ÎjQNV R
(x)

F̂ j
PNV R

⊗
QNV R

(x) = F̂ j
PNV R

(x) + F̂ j
QNV R

(x)− F̂ j
PNV R

(x).F̂ j
QNV R

(x)

∀ x∈X, j=1,2,...,r.

Example 4.12.

Let X= {a,b} be the set in universal set X. Let the sets PNV R and QNV R be defined as:

PNV R = {⟨a, ([0.2, 0.4], [0.8, 0.9], [0.4, 0.5]), ([0.2, 0.4], [0.5, 0.8], [0.3, 0.6]), ([0.6, 0.8], [0.1, 0.2],
[0.5, 0.6]), b, ([0.3, 0.5], [0.5, 0.7], [0.1, 0.6]), ([0.3, 0.5], [0.4, 0.9], [0.1, 0.7]), ([0.5, 0.7],

[0.3, 0.5], [0.4, 0.9])⟩},
QNV R = {⟨a, ([0.3, 0.9], [0.2, 0.7], [0.5, 0.8]), ([0.1, 0.6], [0.5, 0.7], [0.3, 0.8]), ([0.1, 0.7], [0.3, 0.8],

[0.2, 0.5]), b, ([0.2, 0.8], [0.6, 0.8], [0.3, 0.6]), ([0.4, 0.5], [0.5, 0.9], [0.8, 0.8]), ([0.2, 0.8],

[0.2, 0.4], [0.4, 0.7])⟩}

Then the multiplication of two neutrosophic vague refined sets PNV R and QNV R is

PNV R ⊗QNV R=

{⟨a, ([0.06, 0.36], [0.16, 0.63], [0.20, 0.40]), ([0.02, 0.24], [0.25, 0.56], [0.09, 0.40]), ([0.64, 0.94],
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[0.37, 0.84], ([0.60, 0.80]), b, ([0.06, 0.40], [0.30, 0.56], [0.03, 0.36]), ([0.12, 0.25], [0.20, 0.81],

[0.08, 0.56]), ([0.60, 0.94], [0.44, 0.70], [0.64, 0.97])⟩}

Definition 4.13. (AND operation)

Let PNV R and QNV R be two neutrosophic vague refined sets in the universal set X, where

PNV R = {⟨(T̂ 1
PNV R

(x), T̂ 2
PNV R

(x), ....T̂ u
PNV R

(x)), (Î1PNV R
(x), Î2PNV R

(x), ....ÎuPNV R
(x)),

(F̂ 1
PNV R

(x), F̂ 2
PNV R

(x), ....F̂ u
PNV R

(x))⟩ : x ∈ X }.
QNV R = {⟨(T̂ 1

QNV R
(x), T̂ 2

QNV R
(x), ....T̂ v

QNV R
(x)), (Î1QNV R

(x), Î2QNV R
(x), ....ÎvQNV R

(x)),

(F̂ 1
QNV R

(x), F̂ 2
QNV R

(x), ....F̂ v
QNV R

(x))⟩ : x ∈ X }.

AND operation between these two neutrosophic vague refined sets is denoted by PNV R∧QNV R

is the intersection of two neutrosophic vague refined sets PNV R and QNV R.

∀ x∈X, j=1,2,...,r.

Definition 4.14. (OR operation)

Let PNV R and QNV R be two neutrosophic vague refined sets in the universal set X, where

PNV R = {⟨(T̂ 1
PNV R

(x), T̂ 2
PNV R

(x), ....T̂ u
PNV R

(x)), (Î1PNV R
(x), Î2PNV R

(x), ....ÎuPNV R
(x)),

(F̂ 1
PNV R

(x), F̂ 2
PNV R

(x), ....F̂ u
PNV R

(x))⟩ : x ∈ X }.
QNV R = {⟨(T̂ 1

QNV R
(x), T̂ 2

QNV R
(x), ....T̂ v

QNV R
(x)), (Î1QNV R

(x), Î2QNV R
(x), ....ÎvQNV R

(x)),

(F̂ 1
QNV R

(x), F̂ 2
QNV R

(x), ....F̂ v
QNV R

(x))⟩ : x ∈ X }.

OR operation between these two neutrosophic vague refined sets is denoted by PNV R ∨QNV R

is the intersection of two neutrosophic vague refined sets PNV R and QNV R.

∀ x∈X, j=1,2,...,r.

Definition 4.15. (Cartesian Product)

Let PNV R and QNV R be the two neutrosophic vague refined sets.

PNV R = {⟨(T̂ 1
PNV R

(x), T̂ 2
PNV R

(x), ....T̂ u
PNV R

(x)), (Î1PNV R
(x), Î2PNV R

(x), ....ÎuPNV R
(x)),

(F̂ 1
PNV R

(x), F̂ 2
PNV R

(x), ....F̂ u
PNV R

(x))⟩ : x ∈ X }.
QNV R = {⟨(T̂ 1

QNV R
(y), T̂ 2

QNV R
(y), ....T̂ v

QNV R
(y)), (Î1QNV R

(y), Î2QNV R
(y), ....ÎvQNV R

(y)),

(F̂ 1
QNV R

(x), F̂ 2
QNV R

(y), ....F̂ v
QNV R

(y))⟩ : y ∈ X }.

Then the cartesian product of two sets PNV R ×QNV R is defined as

PNV R ×QNV R={⟨(T̂ 1
PNV R×QNV R

(x, y), T̂ 2
PNV R×QNV R

(x, y), ....T̂P
PNV R×QNV R

(x, y)),
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(Î1PNV R×QNV R
(x, y), Î2PNV R×QNV R

(x, y), ....ÎPPNV R×QNV R
(x, y))

(F̂ 1
PNV R×QNV R

(x, y), F̂ 2
PNV R×QNV R

(x, y), ....F̂P
PNV R×QNV R

(x, y))}
where

T̂ j
PNV R×QNV R

, ÎjPNV R×QNV R
, F̂ j

PNV R×QNV R
: X −→ [0, 1]

and also,

T̂ j
PNV R×QNV R

(x, y) = min{T̂ j
PNV R×QNV R

(x), T̂ j
PNV R×QNV R

(y)}
ÎjPNV R×QNV R

(x, y) = max{ÎjPNV R×QNV R
(x), ÎjPNV R×QNV R

(y)}
F̂ j
PNV R×QNV R

(x, y) = max{F̂ j
PNV R×QNV R

(x), F̂ j
PNV R×QNV R

(y)}

for all x,y ∈ X and j= {1, 2, ..., r}.

Example 4.16.

Let X= {a,b} be the set in universal set X. Let the sets PNV R and QNV R be defined as:

PNV R = {⟨a, ([0.3, 0.7], [0.4, 0.5], [0.4, 0.7]), ([0.2, 0.5], [0.4, 0.9], [0.3, 0.8]), ([0.3, 0.7], [0.5, 0.9],
[0.3, 0.6]), b, ([0.4, 0.6], [0.3, 0.8], [0.1, 0.5]), ([0.3, 0.7], [0.5, 0.9], [0.2, 0.6]), ([0.4, 0.6],

[0.2, 0.7], [0.5, 0.9])⟩},
QNV R = {⟨a, ([0.1, 0.5], [0.5, 0.7], [0.5, 0.8]), ([0.2, 0.7], [0.5, 0.8], [0.4, 0.8]), ([0.5, 0.9], [0.3, 0.5],

[0.2, 0.5]), b, ([0.4, 0.9], [0.1, 0.5], [0.5, 0.6]), ([0.3, 0.6], [0.4, 0.9], [0.5, 0.8]), ([0.1, 0.6],

[0.5, 0.9], [0.4, 0.5])⟩}

Then the cartesian product of two neutrosophic vague refined sets PNV R and QNV R is as

follows

PNV R ×QNV R =

{⟨(a, a)([0.1, 0.5], [0.1, 0.5], [0.4, 0.7]), ([0.2, 0.7], [0.5, 0.9], [0.4, 0.8]), ([0.5, 0.9], [0.5, 0.9], [0.3, 0.6])⟩,
⟨(a, b)([0.3, 0.7], [0.1, 0.5], [0.4, 0.6]), ([0.3, 0.6], [0.4, 0.9], [0.5, 0.8]), ([0.1, 0.6], [0.5, 0.9], [0.4, 0.6])⟩,
⟨(b, a)([0.1, 0.5], [0.3, 0.7], [0.1, 0.5]), ([0.3, 0.7], [0.5, 0.9], [0.4, 0.8]), ([0.5, 0.9], [0.3, 0.7], [0.5, 0.9])⟩,
⟨(b, b)([0.4, 0.6], [0.1, 0.5], [0.1, 0.5]), ([0.3, 0.7], [0.5, 0.9], [0.5, 0.8]), ([0.4, 0.6], [0.5, 0.9], [0.5, 0.9])⟩}

5. Algebraic properties of neutrosophic vague refined set operations

In this section, we study algebraic properties of above operations in neutrosophic vague

refined set with examples.

Proposition 5.1. (Identity Law)

For any neutrosophic vague refined set PNV R defined on the absolute neutrosophic vague

refined set X.

(1)PNV R ∪ ∅NV R= PNV R

(2)PNV R ∩XNV R= PNV R
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Proof.

(1)Let PNV R be the two neutrosophic vague refined set.

PNV R = {⟨(T̂ 1
PNV R

(x), T̂ 2
PNV R

(x), ....T̂ u
PNV R

(x)), (Î1PNV R
(x), Î2PNV R

(x), ....ÎuPNV R
(x)),

(F̂ 1
PNV R

(x), F̂ 2
PNV R

(x), ....F̂ u
PNV R

(x))⟩ : x ∈ X }.
∅NV R is defined as follows

∅NV R={⟨a, ([0, 0], [0, 0], ....[0, 0]), ([1, 1], [1, 1], ....[1, 1]), ([1, 1], [1, 1], ..., [1, 1])
b, ([0, 0], [0, 0], ....[0, 0]), ([1, 1], [1, 1], ....[1, 1]), ([1, 1], [1, 1], ..., [1, 1])⟩}.

So, PNV R ∪ ∅NV R=

{< (max{T̂ 1
PNV R

(x), [0, 0]},min{T̂ 2
PNV R

(x), [0, 0]}, ......,min{T̂ u
PNV R

(x), [0, 0]}),
(max{Î1PNV R

(x), [1, 1]},min{Î2PNV R
(x), [1, 1]}, ......,min{T̂ u

PNV R
(x), [1, 1]}),

(max{F̂ 1
PNV R

(x), [1, 1]},min{F̂ 2
PNV R

(x), [1, 1]}, ......,min{û2PNV R
(x), [1, 1]}) >}

Therefore,

PNV R ∪ ∅NV R = {⟨(T̂ 1
PNV R

(x), T̂ 2
PNV R

(x), ....T̂ u
PNV R

(x)), (Î1PNV R
(x), Î2PNV R

(x), ....ÎuPNV R
(x)),

(F̂ 1
PNV R

(x), F̂ 2
PNV R

(x), ....F̂ u
PNV R

(x))⟩ : x ∈ X}.
(2)Proof is simitar to (1).

Example 5.2.

(1)Let PNV R be neutrosophic vague refined set in the universal set X.

PNV R = {⟨a, ([0.2, 0.4], [0.8, 0.9], [0.4, 0.5]), ([0.2, 0.4], [0.5, 0.8], [0.3, 0.6]), ([0.6, 0.8], [0.1, 0.2],
[0.5, 0.6]), b, ([0.3, 0.5], [0.5, 0.7], [0.1, 0.6]), ([0.3, 0.5], [0.4, 0.9], [0.1, 0.7]), ([0.5, 0.7],

[0.3, 0.5], [0.4, 0.9])⟩},
∅NV R = {⟨a, ([0, 0], [1, 1], [1, 1]), ([0, 0], [1, 1], [1, 1]), ([0, 0], [1, 1], [1, 1])⟩}.
Then,

PNV R ∪ ∅NV R ={⟨a, ([0.2, 0.4], [0.8, 0.9], [0.4, 0.5]), ([0.2, 0.4], [0.5, 0.8], [0.3, 0.6]), ([0.6, 0.8],
[0.1, 0.2], [0.5, 0.6]), b, ([0.3, 0.5], [0.5, 0.7], [0.1, 0.6]), ([0.3, 0.5], [0.4, 0.9], [0.1, 0.7]),

([0.5, 0.7], [0.3, 0.5], [0.4, 0.9])⟩},
(2) Obvious.

Proposition 5.3. (Domination Law)

For any neutrosophic vague refined set PNV R defined on absolute neutrosophic vague refined

set X

(1) PNV R ∩ ∅NV R= ∅NV R

(2) PNV R ∪XNV R= XNV R

Proof.

(1)Let PNV R be the two neutrosophic vague refined set.

PNV R = {⟨(T̂ 1
PNV R

(x), T̂ 2
PNV R

(x), ....T̂ u
PNV R

(x)), (Î1PNV R
(x), Î2PNV R

(x), ....ÎuPNV R
(x)),
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(F̂ 1
PNV R

(x), F̂ 2
PNV R

(x), ....F̂ u
PNV R

(x))⟩ : x ∈ X }.
∅NV R is defined as follows

∅NV R={⟨a, ([0, 0], [0, 0], ....[0, 0]), ([1, 1], [1, 1], ....[1, 1]), ([1, 1], [1, 1], ..., [1, 1])
b, ([0, 0], [0, 0], ....[0, 0]), ([1, 1], [1, 1], ....[1, 1]), ([1, 1], [1, 1], ..., [1, 1])⟩}.

So, PNV R ∩ ∅NV R=

{< (min{T̂ 1
PNV R

(x), [0, 0]},max{T̂ 2
PNV R

(x), [0, 0]}, ......,max{T̂ u
PNV R

(x), [0, 0]}),
(min{Î1PNV R

(x), [1, 1]},max{Î2PNV R
(x), [1, 1]}, ......,max{T̂ u

PNV R
(x), [1, 1]}),

(min{F̂ 1
PNV R

(x), [1, 1]},max{F̂ 2
PNV R

(x), [1, 1]}, ......,max{F̂ u
PNV R

(x), [1, 1]}) >}
Therefore,

PNV R ∩ ∅NV R = {⟨a, ([0, 0], [0, 0], ....[0, 0]), ([1, 1], [1, 1], ....[1, 1]), ([1, 1], [1, 1], ..., [1, 1])⟩}.
(2)Proof is similar to (1).

Example 5.4.

(1) Let PNV R be neutrosophic vague refined set in the universal set X.

PNV R = {⟨a, ([0.1, 0.2], [0.3, 0.5], [0.1, 0.3]), ([0.7, 0.8], [0.6, 0.8], [0.2, 0.3]), ([0.8, 0.9], [0.5, 0.7],
[0.7, 0.9]), b, ([0.3, 0.6], [0.7, 0.8], [0.2, 0.4]), ([0.6, 0.8], [0.8, 0.9], [0.2, 0.3]), ([0.4, 0.7],

[0.2, 0.3], [0.6, 0.8])⟩}

∅NV R={⟨a, ([0, 0], [0, 0], ....[0, 0]), ([1, 1], [1, 1], ....[1, 1]), ([1, 1], [1, 1], ..., [1, 1])
b, ([0, 0], [0, 0], ....[0, 0]), ([1, 1], [1, 1], ....[1, 1]), ([1, 1], [1, 1], ..., [1, 1])⟩}.

Then,

PNV R ∩ ∅NV R=

{⟨a, ([0, 0], [0, 0], ....[0, 0]), ([1, 1], [1, 1], ....[1, 1]), ([1, 1], [1, 1], ..., [1, 1])
b, ([0, 0], [0, 0], ....[0, 0]), ([1, 1], [1, 1], ....[1, 1]), ([1, 1], [1, 1], ..., [1, 1])⟩}.

(2) Obvious.

Proposition 5.5. (Idempotent Law)

For any neutrosophic vague refined set PNV R defined on absolute neutrosophic vague refined

set X.

(1) PNV R ∩ PNV R= PNV R

(2) PNV R ∪ PNV R= PNV R

Proof.

The proof is obvious.

Example 5.6.

(1)Let PNV R be neutrosophic vague refined set in the universal set X.
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PNV R = {⟨a, ([0.1, 0.5], [0.5, 0.7], [0.5, 0.8]), ([0.2, 0.7], [0.5, 0.8], [0.4, 0.8]), ([0.5, 0.9], [0.3, 0.5],
[0.2, 0.5]), b, ([0.4, 0.9], [0.1, 0.5], [0.5, 0.6]), ([0.3, 0.6], [0.4, 0.9], [0.5, 0.8]), ([0.1, 0.6],

[0.5, 0.9], [0.4, 0.5])⟩}
Then,

PNV R ∩ PNV R= {⟨a, ([0.1, 0.5], [0.5, 0.7], [0.5, 0.8]), ([0.2, 0.7], [0.5, 0.8], [0.4, 0.8]), ([0.5, 0.9],
[0.3, 0.5], [0.2, 0.5]), b, ([0.4, 0.9], [0.1, 0.5], [0.5, 0.6]), ([0.3, 0.6], [0.4, 0.9], [0.5, 0.8]),

([0.1, 0.6], [0.5, 0.9], [0.4, 0.5])⟩}
Hence, PNV R ∩ PNV R= PNV R.

(2) Obvious.

Proposition 5.7. (Commutative Law)

For any neutrosophic vague refined set PNV R defined on absolute neutrosophic vague refined

set X

(1) PNV R ∪QNV R= QNV R ∪ PNV R

(2) PNV R ∩QNV R= QNV R ∩ PNV R

Proof. Proof is obvious.

Proposition 5.8. (Associative Law)

For any neutrosophic vague refined sets PNV R, QNV R and RNV R defined on absolute neutro-

sophic vague refined set X.

(1) (PNV R ∪QNV R) ∪RNV R = PNV R ∪ (QNV R ∪RNV R)

(2) (PNV R ∩QNV R) ∩RNV R = PNV R ∩ (QNV R ∩RNV R)

Proof.

(1) Let PNV R, QNV R and RNV R be three neutrosophic vague refined sets defined as follows:

PNV R = {⟨(T̂ 1
PNV R

(x), T̂ 2
PNV R

(x), ....T̂ u
PNV R

(x)), (Î1PNV R
(x), Î2PNV R

(x), ....ÎuPNV R
(x)),

(F̂ 1
PNV R

(x), F̂ 2
PNV R

(x), ....F̂ u
PNV R

(x))⟩ : x ∈ X }.
QNV R = {⟨(T̂ 1

QNV R
(x), T̂ 2

QNV R
(x), ....T̂ v

QNV R
(x)), (Î1QNV R

(x), Î2QNV R
(x), ....ÎvQNV R

(x)),

(F̂ 1
QNV R

(x), F̂ 2
QNV R

(x), ....F̂ v
QNV R

(x))⟩ : x ∈ X }.

RNV R = {⟨(T̂ 1
RNV R

(x), T̂ 2
RNV R

(x), ....T̂w
RNV R

(x)), (Î1RNV R
(x), Î2RNV R

(x), ....ÎwRNV R
(x)),

(F̂ 1
RNV R

(x), F̂ 2
RNV R

(x), ....F̂w
RNV R

(x))⟩ : x ∈ X}.
Then, (PNV R ∪QNV R) ∪RNV R

={⟨(T̂ 1
PNV R

(x),∨T̂ 1
QNV R

(x)), ..., (T̂ u
PNV R

(x) ∨ T̂ v
QNV R

(x)), (Î1PNV R
(x) ∨ Î1QNV R

(x)), ...,

(ÎuPNV R
(x) ∨ ÎvQNV R

(x)), (F̂ 1
PNV R

(x) ∨ F̂ 1
QNV R

(x)), ..., (F̂ u
PNV R

(x) ∨ F̂ v
QNV R

(x))⟩ : x ∈ X} ∩
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{⟨(T̂ 1
RNV R

(x), ..., T̂w
RNV R

(x)), (Î1RNV R
(x), ..., ÎwRNV R

(x)), (F̂ 1
RNV R

(x), .., F̂w
RNV R

(x))⟩ : x ∈
X}

={⟨((T̂ 1
PNV R

(x)∨T̂ 1
QNV R

(x))∨T̂ 1
RNV R

(x))...., ((T̂P
PNV R

(x)∨T̂P
QNV R

(x))∨T̂P
RNV R

(x)), ((Î1PNV R
(x)

∨ (Î1QNV R
(x)) ∨ Î1RNV R

(x))...., ((ÎPPNV R
(x) ∨ ÎPQNV R

(x)) ∨ ÎPRNV R
(x)), ((F̂ 1

PNV R
(x) ∨

(F̂ 1
QNV R

(x)) ∨ F̂ 1
RNV R

(x))...., ((F̂ u
PNV R

(x) ∨ F̂ v
QNV R

(x)) ∨ F̂w
RNV R

(x))⟩ : x ∈ X}

={⟨(T̂ 1
PNV R

(x) ∨ (T̂ 1
QNV R

(x) ∨ T̂ 1
RNV R

(x)))...., (T̂ u
PNV R

(x) ∨ (T̂ v
QNV R

(x) ∨ T̂w
RNV R

(x))),

(Î1PNV R
(x)∨(Î1QNV R

(x)∨ Î1RNV R
(x)))...., (ÎuPNV R

(x)∨(ÎvQNV R
(x)∨ ÎwRNV R

(x))), (F̂ 1
PNV R

(x)∨
(F̂ 1

QNV R
(x) ∨ F̂ 1

RNV R
(x)))...., (F̂ u

PNV R
(x) ∨ (F̂ v

QNV R
(x) ∨ F̂w

RNV R
(x)))⟩ : x ∈ X}

=PNV R ∪ (QNV R ∪RNV R)

(2) The proof is similar to (1)

Proposition 5.9. (Distributive Law)

For any neutrosophic vague refined sets PNV R, QNV R and RNV R defined on absolute neutro-

sophic vague refined set X.

(1) PNV R ∪ (QNV R ∩RNV R) = (PNV R ∪QNV R) ∩ (PNV R ∪RNV R)

(2) PNV R ∩ (QNV R ∪RNV R) = (PNV R ∩QNV R) ∪ (PNV R ∩RNV R)

Proof.

(1) Let PNV R, QNV R and RNV R be three neutrosophic vague refined sets defined as follows:

PNV R = {⟨(T̂ 1
PNV R

(x), T̂ 2
PNV R

(x), ....T̂ u
PNV R

(x)), (Î1PNV R
(x), Î2PNV R

(x), ....ÎuPNV R
(x)),

(F̂ 1
PNV R

(x), F̂ 2
PNV R

(x), ....F̂ u
PNV R

(x))⟩ : x ∈ X }.
QNV R = {⟨(T̂ 1

QNV R
(x), T̂ 2

QNV R
(x), ....T̂ v

QNV R
(x)), (Î1QNV R

(x), Î2QNV R
(x), ....ÎvQNV R

(x)),

(F̂ 1
QNV R

(x), F̂ 2
QNV R

(x), ....F̂ v
QNV R

(x))⟩ : x ∈ X }.
RNV R = {⟨(T̂ 1

RNV R
(x), T̂ 2

RNV R
(x), ....T̂w

RNV R
(x)), (Î1RNV R

(x), Î2RNV R
(x), ....ÎwRNV R

(x)),

(F̂ 1
RNV R

(x), F̂ 2
RNV R

(x), ....F̂w
RNV R

(x))⟩ : x ∈ X}.
Then, PNV R ∪ (QNV R ∩RNV R)

= {⟨(T̂ 1
PNV R

(x), ....T̂ u
PNV R

(x)), (Î1PNV R
(x), ....ÎuPNV R

(x)), (F̂ 1
PNV R

(x), ....F̂ u
PNV R

(x)) ∪
((T̂ 1

QNV R
(x) ∧ T̂ 1

RNV R
(x)), ...., (T̂ v

QNV R
(x) ∧ T̂w

RNV R
(x)))⟩ : x ∈ X}

={⟨(T̂ 1
PNV R

(x) ∨ (T̂ 1
QNV R

(x) ∧ T̂ 1
RNV R

(x)), ...., (T̂ u
PNV R

(x) ∨ (T̂ v
QNV R

(x) ∧ (T̂w
RNV R

(x))),

(Î1PNV R
(x) ∧ (Î1QNV R

(x) ∨ Î1RNV R
(x)), ..., (ÎuPNV R

(x) ∧ (ÎvQNV R
(x) ∨ (ÎwRNV R

(x))),

(F̂ 1
PNV R

(x) ∧ (F̂ 1
QNV R

(x) ∨ F̂ 1
RNV R

(x)), ..., (F̂ u
PNV R

(x) ∧ (F̂ v
QNV R

(x) ∨ (F̂w
RNV R

(x)))⟩ : x ∈ X}
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={⟨(((T̂ 1
PNV R

(x) ∨ (T̂ 1
QNV R

(x)) ∧ (T̂ 1
PNV R

(x) ∨ T̂ 1
RNV R

(x)), ..., ((T̂ u
PNV R

(x) ∨ (T̂ v
QNV R

(x)) ∧
(T̂ u

PNV R
(x)∨T̂w

RNV R
(x)))), (((Î1PNV R

(x)∧ Î1QNV R
(x))∨(Î1PNV R

(x)∧ Î1RNV R
(x)), ..., ((ÎuPNV R

(x)∧
ÎvQNV R

(x)) ∨ (ÎuPNV R
(x) ∧ ÎwRNV R

(x)))), (((F̂ 1
PNV R

(x) ∧ F̂ 1
QNV R

(x)) ∨ (F̂ 1
PNV R

(x) ∧
F̂ 1
RNV R

(x)), ..., ((F̂ u
PNV R

(x) ∧ F̂ v
QNV R

(x)) ∨ (F̂ u
PNV R

(x) ∧ F̂w
RNV R

(x))))⟩ : x ∈ X}

= (PNV R ∪QNV R) ∩ (PNV R ∪RNV R)

(2) The proof is similar to (1)

Proposition 5.10. (Double Complement Law)

For any neutrosophic vague refined set PNV R defined on absolute neutrosophic vague refined

set X

(P c
NV R)

c = PNV R

Proof.

Let PNV R be neutrosophic vague refined set defined as follows:

PNV R = {⟨(T̂ 1
PNV R

(x), T̂ 2
PNV R

(x), ....T̂ u
PNV R

(x)), (Î1PNV R
(x), Î2PNV R

(x), ....ÎuPNV R
(x)),

(F̂ 1
PNV R

(x), F̂ 2
PNV R

(x), ....F̂ u
PNV R

(x))⟩ : x ∈ X }.
Then,

P c
NV R={⟨(1− T̂ 1

PNV R
(x), 1− T̂ 2

PNV R
(x), ....1− T̂ u

PNV R
(x)), (1− Î1PNV R

(x), 1− Î2PNV R
(x), ....,

1− ÎuPNV R
(x)), (1− F̂ 1

PNV R
(x), 1− F̂ 2

PNV R
(x), ....1− F̂ u

PNV R
(x))⟩ : x ∈ X}.

So,

(P c
NV R)

c = {⟨(T̂ 1
PNV R

(x), T̂ 2
PNV R

(x), ....T̂ u
PNV R

(x)), (Î1PNV R
(x), Î2PNV R

(x), ....ÎuPNV R
(x)),

(F̂ 1
PNV R

(x), F̂ 2
PNV R

(x), ...., F̂ u
PNV R

(x))⟩ : x ∈ X}.
Therefore, (P c

NV R)
c = PNV R

Proposition 5.11. (Absorption Law)

For any neutrosophic vague refined set PNV R and QNV R defined on absolute neutrosophic

vague refined set X

(1) PNV R ∪ (PNV R ∩QNV R) = PNV R

(2) PNV R ∩ (PNV R ∪QNV R) = PNV R

Proof. Proof is obvious.
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6. Conclusions

This paper ensures the work of introducing the new set namely neutrosophic vague refined

set by the combination of neutrosophic vague set and neutrosophic refined(multi) set. Several

operations and laws have been discussed along with some examples. In future, neutrosophic

vague refined topological spaces can be introduced. And also, decision making problems on

neutrosophic vague refined sets can be introduced.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Atanassov.K.T, Intuitionistic fuzzy sets, Fuzzy Sets Systems, 1986, 20, 87-96.

2. Blizard.W.D, Multiset theory, Notre Dame Journal of Formal Logic, 1989, 30(1), 36-66.

3. Calude.C.S, Paun.G, Rozenberg.G, Salomaa.A, Lecture notes in computer science: Multiset Processing

Mathematical, Computer Science, and Molecular Computing Points of View, Springer-New York, 2001,

2235.

4. Das.S, Kar.M.B and Kar.S, Group multi-criteria decision making using intuitionistic multi-fuzzy sets, Jour-

nal of Uncertainty Analysis and Applications, 2013, 10(1), 1-16.

5. Ejegwa.P.A, Awolola.J.A, Intuitionistic Fuzzy Multiset (IFMS) In Binomial Distributions, International

Journal Of Scientific and Technology Research, 2014, 3(4), 335-337.

6. Gau.W.L and Buehrer.D.J, Vague sets, IEEE Transactions on Systems, Man and Cybernetics, 1993, 23(2),

610-614.

7. Irfan Deli, Refined neutrosophic sets and refined neutrosophic soft sets: Theory and applications, 2016.

8. Muthuraj.R and Balamurugan.S, Multi-Fuzzy Group and its Level Subgroups, General Mathematics Notes,

2013, 17(1), 74-81.

9. Pawlak.Z, Rough Sets, International Journal of Information and Computer Sciences, 1982, 11, 341-356.

10. Rajarajeswari.P and Uma.N, On Distance and Similarity Measures of Intuitionistic Fuzzy Multi Set, IOSR

Journal of Mathematics, 2013, 5(4), 19-23.

11. Rajarajeswari.P and Uma.N, A Study of Normalized Geometric and Normalized Hamming Distance Mea-

sures in Intuitionistic Fuzzy Multi Sets, International Journal of Science and Research, Engineering and

Technology, 2013, 2(11), 76-80.

12. Rajarajeswari.P and Uma.N, Normalized Hamming Similarity Measure for Intuitionistic Fuzzy Multi Sets

and Its Application in Medical diagnosis, International Journal of Mathematics Trends and Technology,

2014, 5(3), 219-225.

13. Rajarajeswari.P and Uma.N, Intuitionistic Fuzzy Multi Relations, International Journal of Mathematical

Archives, 2013, 4(10), 244-249.

14. Rajarajeswari.P and Uma.N, Zhang and Fu’s Similarity Measure on Intuitionistic Fuzzy Multi Sets, Inter-

national Journal of Innovative Research in Science, Engineering and Technology, 2014, 3(5), 12309-12317.

15. Rajarajeswari.P and Uma.N, Correlation Measure For Intuitionistic Fuzzy Multi Sets, International Journal

of Research in Engineering and Technology, 3(1), 2014, 611-617.

16. Sebastian.S and Ramakrishnan.T.V, Multi-fuzzy Subgroups, International Journal Contemporary Mathe-

matics Sciences, 2011, 6(8), 365-372.

17. Sebastian.S and Ramakrishnan.T.V, Multi-fuzzy extension of crisp functions using bridge functions, Annals

of Fuzzy Mathematics and Informatics, 2011, 2(1), 1-8.

A.Angel Marina and A.Francina Shalini, An Introduction to Neutrosophic Vague Refined set

Neutrosophic Sets and Systems, Vol. 47, 2021                                                                               618



18. Sebastian.S and Ramakrishnan.T.V, Multi-Fuzzy Sets, International Mathematical Forum, 2010, 5(50),

2471-2476.

19. Shawkat Alkhazaleh, Neutrosophic Vague Set Theory, Critical Review, 2015, 10, 29-39.

20. Shinoj.T.K and John.S.J, Intuitionistic fuzzy multisets and its application in medical diagnosis, World

Academy of Science, Engineering and Technology, 2012, 6, 1-28.

21. Smarandache.F, A Unifying Field in Logics. Neutrosophy: Neutrosophic Probability, Set and Logic, Re-

hoboth: American Research Press, 1998.

22. Smarandache.F, n-Valued Refined Neutrosophic Logic and Its Applications in Physics, Progress in Physics,

2013, 4, 143-146.

23. Syropoulos.A, On generalized fuzzy multisets and their use in computation, Iranian Journal Of Fuzzy

Systems, 2012, 9(2), 113-125.

24. Thomas.A.S and John.S.J, Multi-fuzzy rough sets and relations, Annals of Fuzzy Mathematics and Infor-

matics, 2013.

25. Yager.R.R, On the theory of bags (Multi sets), International Journal Of General System, 1986, 13, 23-37.

26. Ye.S, Ye.J, Dice similarity measure between single valued neutrosophic multisets and its application in

medical diagnosis, Neutrosophic Sets and Systems, 2014, 6, 48-52.

27. Ye.S, Fu.J, Ye.J, Medical Diagnosis Using Distance- Based Similarity Measures of Single Valued Neutro-

sophic Multisets, Neutrosophic Sets and Systems, 2015, 7, 47-52.

28. Zadeh.L.A, Fuzzy sets,Information and Control, 1965, 8, 338-353.

A.Angel Marina and A.Francina Shalini, An Introduction to Neutrosophic Vague Refined set

Neutrosophic Sets and Systems, Vol. 47, 2021                                                                               619

Received: Aug 30, 2021. Accepted: Dec 5, 2021


	1. Introduction
	2. Preliminaries
	3. Neutrosophic Vague Refined sets 
	4. Set Theoretic Operations on Neutrosophic Vague Refined Set
	5. Algebraic properties of neutrosophic vague refined set operations
	6. Conclusions
	References

