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Abstract: In this paper, we analyze the basic algebraic operations of neutrosophic crisp sets and
their properties, show that some operations of neutrosophic crisp sets with type 2 and type 3 are
not closed by counter examples, and give some new operations. Then, discuss some morphological
operators in neutrosophic crisp mathematical morphology, and study the application to edge
extraction of color images, and give some Python programs and related experimental results.

Keywords: Fuzzy Set; Neutrosophic Set; Neutrosophic Crisp Set; Mathematical Morphology;
Neutrosophic Crisp Mathematical Morphology

1. Introduction and Preliminaries

The theory of neutrosophic set is established by F. Smarandache, and it is applied to many areas
such as non-classical logics, decision science, image processing, algebraic systems and so on [1-8]. In
2014, A.A.Salama and F.Smarandache introduced the new concept of neutrosophic crisp set, and
studied the basic operations of neutrosophic crisp sets [9, 10]. On the other hand, mathematical
morphology is a branch of image processing, which arose in 1964 [11, 12], and it is generalized to
fuzzy mathematical morphology [13]. In 2017, the two research areas are associated, and the new
notion of neutrosophic crisp mathematical morphology is firstly proposed [14]. Then, some new
articles on this research direction are published [15, 16, 17]. This paper will carry out exploratory
research along this direction, mainly discussing the operation and properties of neutrosophic crisp
sets, and studying the application of neutrosophic crisp mathematical morphology in color image
processing (previously only applied research on binary images and gray images).

At first, let's review some basic concepts in neutrosophic crisp set and neutrosophic crisp
mathematical morphology.

Definition 1.1 ([9, 10]) Let X be a non-empty fixed sample space. A neutrosophic crisp set (NCS
for short) A is an object having the form (A1, A2, As) where A1, A2 and Asare subsets of X.

Remark 1.1. In this paper, the set of all neutrosophic crisp sets of X will be denoted NCS(X).

Definition 1.2 ([9, 10]) The object having the form A=(A1, Az, As) is called:

(a) A neutrosophic crisp set of Type 1 (NCS-Type 1) if satisfying
A1NA=T, AiNAs=J and AxNA=J.

(b) A neutrosophic crisp set of Type 2 (NCS-Type 2) if satisfying

X.Zhang et al., On Neutrosophic Crisp Sets and Neutrosophic Crisp Mathematical Morphology
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@ o0 AiNA>=J, AiNA=D, AonA=, and A1UA2UA=X.
(c) A neutrosophic crisp set of Type 3 (NCS-Type 3) if satisfying
A1nAnAs=J and AivAUA=X.

Remark 1.2. In this paper, the set of all neutrosophic crisp sets of Type 1, Type 2 and Type 3 of
X will be denoted NCS1(X), NCS2(X) and NCS3(X), respectively.

Definition 1.3 ([9, 10]) Let A=(A1, A2, As) be a NCS in X, then the complement of the set A may
be defined as three kinds of complements:

(C1) A9=(A1€, A2€, AsC), where A1€, A2€ and As € are the complement of the set A1€, A2C€ and As;

(C2) AC=(As, Az, Ar);

(C3) AB=(As, A2€, A1), where A2C€ is the complement of the set Az.

Definition 1.4 ([9, 10]) Let X be a non-empty set, and the NCSs A and B be in the form A=(Ai,
Asz, As), B=(By, Bz, Bs). The inclusion relation may be defined as two types:

Type 1. AciB if and only if Aic Bi, A>c B2 and Aso Bs;

Type 2. Ac2B if and only if Aic B1, A2> B2 and As> Bs.

Definition 1.5 ([9, 10, 14]) Let X be a non-empty set, and the NCSs A and B be of the form
A=(A1, A2, As), B=(B1, B2, Bs). Then
(1) the intersection of A and B may be defined as two types:
Type 1. AriB = (A1nB1, A2N\B2, A3UBs);
Type 2. AreB = (Ai1nB1, A2UB2, A3\UBs).
(2) the union of A and B may be defined as two types:
Type 1. AuiB = (A1UB1, A2UB2, AsMBs);
Type 2. AU2B = (A1UB1, A2N\B2, AsMBs).

Remark 1.3. In the papers [9, 10], the union with type 1 of A and B is written by AuiB = (A1UBs,
A2xnB2, A3UBs). We think that this is a typographical error. In [14], the operation has been changed to
the above definition.

Definition 1.6 ([9, 10]) Let X be a non-empty set. Then
(1) o~ may be defined as the following four types:
(a) Type 1: pm=(J, I, X),
(b) Type 2: n=(J, X, X),
(c) Type 3: ons=(J, X, D),
(d) Type 4: pna=(D, D, D).
(2) X~v may be defined as the following four types:
(a) Type 1: Xm=(X, &, &),
(b) Type 2: Xn2=(X, X, ©O),
(c) Type 3: Xns=(X, O, X),
(d) Type 4: Xne=(X, X, X).

Now, we introduce some basic concepts in mathematical morphology. Consider the space E =
R or Zr, with origin O = (0, ..., 0). Given AcE, the complement of AcCE is A°=E\A, and the
transpose or symmetrical of A is A" = {-x|xeA}. For every peE, the translation by p is the map E—>E:
x—x+p; it transforms any subset A of E into its translate by p, Ay= {x+plxeA}. Most morphological
operations on sets can be obtained by combining set-theoretical operations with two basic operators,
dilation and erosion. The latter arise from two set-theoretical operations, the Minkowski addition &
(Minkowski, 1903) and subtraction ® (Hadwiger,1950), defined as follows for any A, BeP(E):

A®B=A =B, ={a+blacAbeB}

beB acA

AOB=| A,={peE|B, c A}

beB
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Neutrosophic Sets and Systems, Vol. 43, 2021 3

Formally speaking, A and B play similar roles as binary operands. However, in real situations,
A will stand for the image (which is big, and given by the problem), and B for the structuring
element (a small shape chosen by the user), so that A®B and A®B will be transformed images.

Definition 1.7 ([11]) We define the dilation by B, 0s: P(E)—>P(E); A>A®B, and the erosion by B,
es: P(E)>P(E); A>AG®B.

It should be noted that dilation and erosion are dual by complementation, in other words
dilating a set is equivalent to eroding its complement with the symmetrical structuring element:

(A®B)C= ACOB"; (A®B)C= AC®B".

Definition 1.8 ([14]) Let X = R* or Z7, A, BeNCS(X). Then we define two types of the
neutrosophic crisp dilation as follows:

Type 1: A®1B=(A1®B1, A2®B2, AsOBs);

Type 2: A®:B=(A1®B1, A20B>, A30Bs).

Definition 1.9 ([14]) Let X = R or Z7, A, BeNCS(X). Then we define two types of the
neutrosophic crisp erosion as follows:

Type 1: A®1B=(A10B1, A20B2, As®Bs3);

Type 2: A®2B=(A10B1, A2®B>, As®Bs).

2. On Some Operations of Neutrosophic Crisp Sets

For NCS-Type 3, the complement of A=(A1, A2, A3)eNCS3(X) of type 3 in [9] (Definition 3.5) or
[10] (Definition 1.1.10) is defined as following:
AB=(As, A2€, A1), where A2C is the complement of the set Az.
The following example shows that the definition above is not well, since A may be not an NCS-
Type 3.

Example 2.1 Let X=1{a,b,c, d, ¢, f, g}, A=({a, b, c}, {b, ¢, d, e}, {a, ¢, f, g}). Then A is an NCS- Type 3
in X, that is, AeNCS3(X). But
AS=({a, ¢, f, g}, {a, f, g}, {a, b, c}) eNCS3(X), since {a, ¢, f, g}la, f, glla, b, c} = {a} 2 &.

Moreover, the intersection and union operations of neutrosophic crisp sets are not applied to
NCS-Type 2 and NCS-Type 3, since they are not closed, and some counterexamples are shown as
follows.

Example 2.2 Let X = {a, b, ¢, d, e}, A=({a, b}, {c, d}, {e}), B=({a}, {b, c}, {d, e}). Then A, BeNCS2(X).
But

Type 1. AruB = (A1nB1, A2nB2, A3UBs) = ({a}, {c}, {d, e})2NCS2(X);

Type 2. AreB = (A1nB1, A2UB2, A3UBs) = ({a}, {b, ¢, d}, {d, e})eNCS2(X).

Example 23 Let X ={a, b, ¢, d, ¢, f}, A=({a, b, f}, {c, d}, {d, e, fi), B=({la, A1, {b, f}, {c, d, e}). Then A,
BeNCS3(X). But

Type 1. AruB = (A1nB1, A2nB2, A3UBs) ={{a, f}, &, {c, d, e, f}) e NCS3(X);

Type 2. AruB =(A1nB1, A2UB2, AsUBs)y={{a, f}, {b, ¢, 4, fl, {c, d, e, f1)2NCS3(X).

Example 2.4 Let X = {a, b, ¢, d, e}, A=({a, b}, {c, d}, {e}), B=({a}, {b, c}, {d, e}). Then A, BeNCS2(X).
But

Type 1. AuiB = (A1UBs1, A2UB2, AsnBs) = ({a, b}, {b, c, d}, {e})eNCS2(X);

Type 2. Au2B = (A1UB1, A2nB2, AsnBs) = ({a, b}, {c}, {e})eNCS2(X).

Example 25 Let X ={a, b, ¢, d, ¢, f}, A=({a, b, f}, {c, d}, (b, e, f}), B=({a, f}, (b, f}, {b, ¢, d, e}). Then A,
BeNCS3(X). But

Type 1. AuiB = (A1UB1, A2UB2, AsnBsy={{a, b, f}, {b, ¢, d, f}, {b, e}) eNCS3(X);

Type 2. AuzB = (A1UB1, A2nB2, AsnBs)y ={{a, b, f}, &, {b, e})eNCS3(X).
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In [10] (Proposition 1.1.1), the authors show that ¢v cA and AcXv where AcNCS(X). But the
following examples show that this result is not true.

Example 2.6 Let X = {1, 2, 3, 4, 5}, A=({1, 2, 3}, {4}, {5}). Then

on=(D, B, X) 22 A, A1 Xn=(X, B, D );

on=(D, X, Xy z1A, A1 Xe=(X, X, D );

on=(D, X, DY z1A, ons=(D, X, By 22 A, A a1 Xus=(X, D, X), A @2 Xus=(X, D, X);
on=(D, B, DY 214, pni=(D, B, By 22 A, A 1 Xu=(X, X, X), A z2 Xni=(X, X, X).

Proposition 1.1.1 in [10] should be revised to the following result (the proof is omitted).

Proposition 2.1 Let A=(A1, A2, As) be an NCS in X, then
1) pm=(F, D, X) 1A, and A <1 Xvo=(X, X, D );
(2) pn=(F, X, X) <2 A, and A <2 Xvi=(X, T, D).

In [10] (Proposition 1.1.2), the authors show that De Morgan law hold for neutrosophic crisp
sets. But the following examples show that this result is not true.

Example 2.7 Let X = {1, 2, 3, 4, 5}, A=({1, 2, 3}, {4}, {5}), B=({1, 2}, {3, 4}, {5}). Then
(AmiB)2=({1, 2}, {4}, {5}) 2= ({5}, {4}, {1, 2}),
AuiBe=({5), {4}, {1, 2, 3}y ui({5), 3, 4}, {1, 21y= ({5}, {3, 4}, {1, 2}) = (AruB)c2

Example 2.8 Let X ={1, 2, 3, 4, 5}, A=({1, 2, 3}, {4, 5}, {5}), B={1}, &, {2}). Then

(AmeB)“i= ({1}, {4, 5}, {2, 5}) '=({2, 3,4, 5}, {1, 2, 3}, {1, 3, 4}),

At 2BCl=({4,5},{1,2,3},{1, 2, 3, 4}) u1({2, 3,4, 5}, {1,2,3,4,5}, {1, 3,4, 5= ({2, 3,4, 5}, {1, 2, 3,
4,5}, {1, 3, 4}) = (AneB)cL.

Proposition 1.1.2 in [10] should be revised to the following assertion.

Proposition 2.2 Let X be a non-empty set, and the NCSs A and B be of the form A=(A1, Az, As),
B=(Bi, B2, B3). Then

(1) (ArB)Cl= A1 1 BC1, and (AuiB)Cl= ACi~ BSY;

(2) (ArB)3= A®\ 1 BS3, and (AuiB)® = AS1 BS3;

(3) (Am2B)c2= A2 U1 B2, and (AW2B)2= A1 B,

(4) (Ar2B)®= A®\ 2 B3, and (AU2B)3= AS:2 BS,

Proof. (1) By the definitions of the complement ¢!, intersection and union (see Definition 1.3
and Definition 1.5) we have

(ArB)&

=(A1nB1, A2nB2, A3UBs)c!

= {((A1nB1)C, (A2nB2)S, (A3UBs3)C)

= (A1€UB1€, A2CUB2C, AsC NBs©)

= (A€, A2C, AsC) Ui (Bi€, B2C, BsC)

= (A1, Az, A3)C1\ i1 (B, Bz, B3)C!

= ACl U B4,

Similarly, we can get that (Au1B)' = A1~ BCL

(2) By the definitions of the complement &, intersection and union (see Definition 1.3 and
Definition 1.5) we have

(AruB)c3

=(A1nB1, A2nB2, A3UB3)®

= (A3UBs, (A2nB2)<, AinBa)

= (A3UBs, A2°UB2¢, AinB1)

=(As, A2C, A1) Ui (Bs, B2S, B1)

= (A1, Az, A3)®3 Ui (B1, B2, B3)©3

= AC3\; BG3,
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Similarly, we can get that (Au1B)®@= A1 BS.

(3) By the definitions of the complement <, intersection and union (see Definition 1.3 and
Definition 1.5) we have

(Ame2B)<2

=(A1nB1, A2UB2, A3UB3)?

=(A3UBs, A2UB2, A1nB1)

=(As, A2, A1) U1 (Bs, B2, B1)

= (A1, Az, A3)?2 U1 (Bi, Bz, B3)©2

= A2y B

(AunB)<2

=(A1UB1, A2nB2, As"\B3)2

=(AsnBs, A2n\Ba, A1UB1)

=(As, A2, A1) m1{Bs, B2, B1)

= (A1, A2, A3)2 m1(B1, B2, B3)<2

= AC2~ B2,

(4) By the definitions of the complement &, intersection and union (see Definition 1.3 and
Definition 1.5) we have

(Am2B)<

=(A1NB1, A2UB2, A3UB3)®3

= (A3UBs, (A2UB2)C, AinBa1)

=(A3UBs, A2¢NB2S, A1nB1)

=(As, A2C, A1) U2 (Bs, B2C, B1)

= (A1, A2, A3)3 U2 (B1, B2, B3)©3

= AG U, B3,

(AuzB)c?

=(A1UB1, A2nB2, Asn\B3)c3

=(AsMBs, (A2nB2)<, A1UB1)

= (AsN\Bs, A2CUB2C, A1UB1)

=(As, A2C, A1) ™2 (Bs, B2S, Bi1)

= (A1, A2, A3)® m2(Bi, Bz, B3)®3

= AC3 ~y BE3,

Next, we give some new operations on neutrosophic crisp sets.

Definition 2.1 [18] Let X be a non-empty set, and the NCSs A and B be of the form A=(Aj,
Az, As), B=(B1, Bz, B3). Then we can define the intersection and union with type 3 as follows:

Type 3. ArsB = (A1nB1, A2n\Ba, AsMBs);

Type 3. AUsB = (A1UB1, A2UB2, A3UBs).

Definition 2.2 Let X be a non-empty set, and A=(A1, A2, As), B=(B1, B2, Bs)e NCS2(X) or NCS3(X).
Then we can define the intersection and union with star * as follows:

AN'B =(A1nB1, X— (A1nB1)U(A3UBs), A3UBs);

AU'B = (A1UB1, X— (A1UB1)U(A3NBs), AsMBs).

We can easily verify that the following asserts are true (the proofs are omitted).

Proposition 2.3 Let A=(A1, A2, As), B=(B1, B2, Bs) be two NCSs in X, then
(1) (AmsB)cl= A1 3 BC1, and (AwsB)Cl= A~ B,
(2) (AmsB)c2= A2~ B2, and (AwsB)2= A2\ s B2,

Proposition 2.4 Let X be a non-empty set, and A=(A1, Az, As), B=(Bi, Bz, Bs)eNCS2(X) or
NCS3(X). Then AnB, Alu-BeNCS2(X) or NCS3(X), and

(1) (An'B)C1= At U B€1, and (AU'B)¢1= ACl ' BCL;

(2) (AN'B)@2= A2 B?, and (AU'B)®2= A2 B,
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3. On Neutrosophic Crisp Mathematical Morphology and Applications

In this section, we firstly give the new definitions of neutrosophic crisp dilation and erosion,
and then applies them to the edge segmentation of color images. It should be noted that the
neutrosophic crisp morphology operations can only be applied to binary image processing before,
and our innovative method is as follows: (1) the color image is divided into three grayscale images
according to three color channels (R, G, B); (2) three grayscale images are converted to binary value
images, respectively; (3) the neutrosophic crisp dilation and erosion operations are applied to them
respectively (we use three kinds of operations for comparison); combine the results of the three
color channels to obtain the binary value edges of the original color image.

Definition 3.1 Let X = R or Z*, A, BeNCS5(X). Then we define new neutrosophic crisp dilation
and erosion as follows:

A®3B=(A1®B1, A2®B>, As®Bs);

A®3B=(A10B1, A20B2, As®Bs).

Remark 3.1. In this paper, for binary value image (as a multidimensional vector), the
operations “x+y” and “x—y” will be replaced by “max{x, y}” and “min{x, 1-y}”, respectively.

Now, we apply three different neutrosophic crisp morphological operators (see Definition 1.8,
Definition 1.9 and Definition 3.1) to extract the edges of the color image (as shown in the figure 1).

Figure 1. The original color image.

First, the RGB three channels of the original image are separated into three grayscale images.
We use Python program as follows, and the separation results are shown in Figure 2 (a), (b) and (c).

Python Program 3.1

from PIL import Image # import Image class , from PIL package

from matplotlib import pyplot as plt # import pyplot class , rename it ply

import cv2 # import the cv2 package

import numpy as np # import the numpy package and rename it np
imgl = pltimread('yellow_duck.jpg") # read the picture to be used

red =imgl[:,:,0] # get the red channel of the picture

green =imgl[:,: 1] # get the green channel of the picture

blue = imgl[:,:,2] # get the blue channel of the picture

(a)

Figure 2. Separated three grayscale images: (a) R-channel; (b) G-channel; (b) B-channel.

X.Zhang et al., On Neutrosophic Crisp Sets and Neutrosophic Crisp Mathematical Morphology



Neutrosophic Sets and Systems, Vol. 43, 2021 7

Second, binarize the above three gray images to obtain three black and white images, see
following Python program and Figure 3 (a), (b) and (c).

Python Program 3.2
# Define a function to convert grayscale image to binary image
def threshold(img, Maxvalue,choice):
array=(cv2. THRESH_BINARY,cv2. THRESH_BINARY_INV,cv2. THRESH_TRUNC,cv2.TH
RESH_TOZERO,cv2. THRESH_TOZERO_INV,cv2. THRESH_BINARY)
ret, binary = cv2.threshold(img, Maxvalue, 255, array[choice])
return binary
# call threshold function to convert the grayscale images of the three channel into binary
images respectively.
A1 = threshold(red,90,0)
A2 = threshold(green,130,0)
A3 = threshold(blue,90,0)

@ A | (b) Az (¢) As

Figure 3. The binarization results of the three gray images: (a) A1; (b) Az (b) As.

Third, by Definition 3.1, we obtain the binary value edges of the three channels, that is, putting
A=(Ai, As, As), B=(By, By, Bs), where B1=B.=Bs=(1,1,1,1,1;1,1,1,1,1;1,1,1,1,1;1,1,1,1,1, 1, 1, 1,
1, 1), A®3B=(A10B1, A20B2, A30Bs). C1= A1—A10B1, C2= A2—A20B2, Cs= As—A30Bs, see following Figure
4 (a), (b) and (c). And, putting D= C1 +C2 +Cs, obtain the binary value edges of the original color
image, see following Python program and Figure 5.,

Python Program 3.3
# Define a function to achieve the operation “x+y” replaced by “max{x, y}”
def Plus(C1,C2,C3):
edge= C1+C2+C3
for i in range(edge.shape[0]):
for j in range(edge.shape[1]):
if (edgeli, j]) >= 255:
edgeli, j|=255
return edge
# Define a function to achieve the dilation operation.
def dilate(binary, kernel):
Kernel_Dilate = np.ones((kernel.shape[0], kernel.shape[1]), np.uint8)
for i in range(kernel.shape[0]):
for j in range(kernel.shape[1]):
Kernel_Dilate[i,j] = kernel[i,j]
return cv2.dilate(binary, Kernel_Dilate)
# Define a function to achieve the erosion operation
def erode(binary, kernel):
Kernel_Erode = np.ones((kernel.shape[0], kernel.shape[1]), np.uint8)
for i in range(kernel.shape[0]):
for j in range(kernel.shape[1]):
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Kernel_Erodelj, j] = kernellj, j]
return cv2.erode(binary, Kernel_Erode)

B1 =np.ones((5,5), np.uint8)
C1 =erode(Al,np.array(B1))
Cl=A1-C1

C2 = erode(A2,np.array(B1))
C2=A2-C2

C3 = erode(A3,np.array(B1))
C3=A3-C3
D=Plus(C1,C2,C3)

(a) Ci

# define an one matrix with five rows and five columns
# Ci=A10B1

# Ci= A1—A1®B:

# C=A20B2

# Co= Ax—A20B2

# C=A30Bs

# Cs= As—A30Bs

# D= C1+C2+Cs

(b) C2 (c) Cs

Figure 4. (a) the edge of image A1; (b) the edge of image Az; (c) the edge of image As.

Figure 5. Merged edges of the original image (D).

Next, we can apply Definition 1.8 (Type 2) to give another edge extraction method similar to
the above method. Putting A=(A1, A2, As), B=(Bs, Bz, Bs), where B1=(0,0,0,1,0,0,0;0,0,1,1,1,0,0;
o1111,101111111011,1,11,0,0,0,1,1,1,0,0;0,0,0,1,0,0,0), B=(0,0,0,1, 0,0, 0;
001110001101,1011000,1,1,0,1,1,0,1,1,0;0,0,1,1,1,0,0;0,0,0, 1, 0, 0, 0),Bs
=(0,0,0,0,0,0,0;0,0,0,0,0,0,0;0,0,0,1,0,0,0;,0,0,1,1,1,0,0;0,0,0,1,0,0,0;0,0,0, 0,0, 0, 0; 0,
0,0, 0, 0, 0,0), A®2B=(A1®B1, A20B2, A3s®B3). Ci=(A1®B1)-A1, Co= A>—(A20B2), C=A3—(A30Bs), see
following Figure 6 (a), (b) and (c). And, putting Di= C1+C2+Cs, obtain the binary value edges of the
original color image, see following Python program and Figure 7.

Python Program 3.4

B1=1[0,0,0,1,0,0,0],
[0,0,1,1,1,0,0],
[0,1,1,1,1,1,0],
(1,1,1,1,1,1,1],
[0,1,1,1,1,1,0],
[0,0,1,1,1,0,0],
[0,0,0,1,0,0,0]]

B2 =1[0,0,0,1,0,0,0],
[0,0,1,1,1,0,0],
[0,1,1,0,1,1,0],
[1,1,0,0,0,1,1],
[0,1,1,0,1,1,0],
[0,0,1,1,1,0,0],
[0,0,0,1,0,0,0]]

# define the matrix named B1

# define the matrix named B>
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B3 =1[[0,0,0,0,0,0,0], # define the matrix named Bs

[0,0,0,0,0,0,0],

[0,0,0,1,0,0,0],

[0,0,1,1,1,0,0],

[0,0,0,1,0,0,0],

[0,0,0,0,0,0,0],

[0,0,0,0,0,0,0]]
C1 = dilate(Al, np.array(B1)) # C=A1®B1
Cl=C1-Al # C1=(A1®B1)-A1
C2 =erode(A2, np.array(B2)) # Co= A20B:
C2=A2-C2 # C= A>—(A20B2)
C3 = erode(A3, np.array(B3)) # Cs= A30Bs
C3=A3-C3 # Cs= As—(A30Bs)
D=Plus(C1, C2, C3) # Di= Ci+ Cot+ Cs

(a) Ca (b) C2 (c) Cs
Figure 6. (a) the edge of image A1; (b) the edge of image A2; (c) the edge of image As.

Figure 7. Merged edges of the original image (D).

Finally, we can apply Definition 1.9 (Type 2) to give another edge extraction method similar to
the above method. Putting A=(A1, A2, As), B=(B1, Bz, Bs), where Bi, B2, Bs not change (see above),
A®2B=(A10B1, A2®B2, As®Bs). Ci= A1—(A10B1), C2= (A2®B2)-Az, C3= (As®Bs)-As, see following Figure
8 (a), (b) and (c). And, putting D2= Ci1+ Cz+ Cs, see following Python program and Figure 9.

Python Program 3.5

C1 =erode (Al,np.array(B1)) # Ci= A1OB1
Cl=Al1-C1 # Ci= Ai—(A10B1)
C2 =dilate (A2,np.array(B2)) # Co= A2®B2
C2=C2- A2 # Co= (A2®B2)-A>
C3 = dilate (A3,np.array(B3)) # Cs= A3®Bs
C3=C3-A3 # Cs= (As®B3)—-As
D=Plus(C1, C2, C3) # D= Ci+ Co+ C3

@ G (b) C2 (c) G5
Figure 8. (a) the edge of image A1; (b) the edge of image Az; (c) the edge of image As.
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Figure 9. Merged edges of the original image (Dz).

4. Conclusions

In this paper, some properties of the existing algebraic operations of neutrosophic crisp sets are
discussed, and some new operations are given. The results shown that many different algebraic
operation systems can be set up for neutrosophic crisp sets, they can be selected according to
different applications. Meanwhile, this paper studied the application of neutrosophic crisp
mathematical morphology in color image edge extraction, and the experimental results by Python
shown that different morphological operators can be selected in this kind of application.

Because the color image binarization processing first in this paper, and then extract the edge by
using morphological operator. So, the theory of neutrosophic crisp mathematical morphology need
to do further research, so that we can deal directly with gray image or color image by using new
morphological operators.
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Abstract. In this paper, we introduce and study the notion of Pythagorean neutrosophic *b-open set on
Pythagorean neutrosophic topology. Besides, we define the concepts of Pythagorean neutosophic *b-open
function, Pythagorean neutrosophic *b-continuous function and Pythagorean neutrosophic *b-homeomorphism.

Moreover, we establish some of their properties and characterizations.

Keywords: Pythagorean neutrosophic *b-open sets, Pythagorean neutosophic *b-open function, Pythagorean

neutrosophic *b-continuous function, Pythagorean neutrosophic *b-homeomorphism

1. Introduction

L.A. Zadeh [18] introduced the idea of fuzzy set theory in 1965. Then, Chang [4] defined
the concept of fuzzy topological space and generalized some basic notions of topology. Be-
sides, Atanassov |2,3] in 1983 introduced the concept of intuitionistic fuzzy set. Furthermore,
the notion of neutrosophic set was introduced by Smarandache [14] and Wang et.al. studied
te notion of interval neutrosophic set. Moreover, A.A. Salama and S.A. Albowi [13] defined
the concept of crisp set and neutrosophic crisp set topological spaces. In 2013, Yager [17]
introduced the concept of Pythagorean membership grades in multicriteria decision making.
Later, Yager, Zahand and Xu [16] gave some basic operations for Pythagorean fuzzy number.
Taking into account mentioned previously, Iswarya et.al. [11] studied the concept of neutro-

sophic semi-open sets and neutrosophic semi-closed sets. Further, In 2017, Imran et.al. [10]

Carlos Granados and Alok Dhital, New Results On Pythagorean Neutrosophic Open Sets in Pythagorean
Neutrosophic Topological Space



Neutrosophic Sets and Systems, Vol. 43, 2021 13 D

introduced neutrosophic semi-a-open sets and studied their fundamental properties. Addi-
tionally, Arockiarani et.al. [1] defined the notion of neutrosophic semi-open (resp. pre-open
and a-open) functions and investigated their relations. Later, Rao et.al. [15] introduced neu-
trosophic pre-open sets. Then, P.Evanzalin Ebenanjar et al. [6] defined neutrosophic b-open
sets in neutrosophic topological space and investigated their properties. Recently Bromi and
Smarandache defined the Haudroff distance between neutrosophic sets and

On the other hand, mathematicians have extended the notion of neutrosophic sets. In
2020, Sneha and Nirmala [12] defined the concept of pythagorean neutrosophic b-open sets
and pythagorean enutrosophice semi-open sets and established some properties and notions
associated to these sets, additionally they defined some variants of continuity. Simultaneously,
Granados [7,[8] defined the concept of pythagorean neutrosophice pre-open sets and showed
other related notions about pythagorean neutrosophic sets, furthermore he studied and estab-
lished new variants of continuity on these sets. In this paper, we use these notions to extend
the concept of pythagorean neutrosophic open sets and define a new notion of sets which are
called Pythagorean neutrosophic *b-open set. Besides, we show some of their properties. We
also define the concept of Pythagorean neutosophic *b-open function, Pythagorean neutro-
sophic *b-continuous function and Pythagorean neutrosophic *b-homeomorphism. Moreover,
we establish some some of their properties and characterizations. Now, we procure some well-
known notions which are useful for the developing of this paper. Let A be a subset of X. Then,
we will denote the Pythagorean neutrosophic interior and Pythagorean neutrosophic closure
of A as follows: PNInt(A) and PNCI(A), respectively. Additionally, if A is a Pythagorean
neutrosophic open set in X, then PNInt(A) = A. On the other hand, the complement of a
Pythagorean neutrosophic open set is called Pythagorean neutrosophic closed set, moreover if
B is a Pythagorean neutrosophic closed set in X, then PNCI(A) = A. [12] defined the follow-
ing concepts: Let f : (X,7) — (Y,0) be a function where (X, 7) and (Y, o) are Pythagorean
neutrosophic topological spaces. Then, f is said to be Pythagorean neutrosophic if f~1(V) is a
Pythagorean neutrosophic in X for every Pythagorean neutrosophic open set V in Y. Besides,
let f:(X,7) — (Y,0) be a function where (X,7) and (Y, o) are Pythagorean neutrosophic
topological spaces. Then, f is said to be Pythagorean neutrosophic pre-continuous if f~1(V)
is a Pythagorean neutrosophic pre-open in X for every Pythagorean neutrosophic open set V'
inY.

Definition 1.1. For any Pythagorean neutrosophic set A in a Pythagorean neutrosophic
topological space (X,7), A is said to be Pythagorean neutrosophic pre-open set [7] if A C
PNInt((PNCI(A)).

Theorem 1.2. |7/ Every Pythagorean neutrosophic open set is a Pythagorean neutrosophic

pre-open set.
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Definition 1.3. [7] Let f : (X,7) — (Y,0) be a function where (X,7) and (Y,0) are
Pythagorean neutrosophic topological spaces. Then, f is said to be Pythagorean neutrosophic
pre-open if f(A) is Pythagorean neutrosophic pre-open set in Y for every Pythagorean neu-

trosophic open set A in X.

2. Pythagorean neutrosophic *b-open sets

In this section we introduce and study the notion of Pythagorean neutrosophic *b-open sets

and we establish some notions associated to them.

Definition 2.1. Let X be a non-empty set. If a, b, ¢ are real standard or non standard subsets
of 07,17, then the Pythagorean neutrosophic set z .. is said to be Pythagorean neutrosophic
point (or simply, PNP) in X and it is given by:
a,b,c) ifzx==x
Tabe(Tp) = { E0,07 1)) if o # xz
For each z;, € X is said to be the support of z,4 ., where a denotes the degree of membership

value, b denotes the degree of indeterminacy and c is the degree of non-membership value of

Tab,c-

Definition 2.2. For any Pythagorean neutrosophic set A in a Pythagorean neutrosophic
topological space (X,7), A is said to be Pythagorean neutrosophic *b-open set (or simply,
PN*bOS)if AC PNInt((PNCI(A))NPNCI(PNInt(A)). The complement of a Pythagorean

neutrosophic *b-open set is called Pythagorean neutrosophic *b-closed set.

Remark 2.3. The collection of all Pythagorean neutrosophic *b-open sets and Pythagorean
neutrosophic *b-closed sets are denoted by PN*bOS (X, 7) and PN*bCS(X, 7), respectively.

Proposition 2.4. Let (X,7) be a Pythagorean neutrosophic topological space and A C X.
Then, If A is a Pythagorean meutrosophic *b-open set, then A is Pythagorean neutrosophic

pre-open set.

The converse of the above proposition need not be true as can be seen in the following

example:

Example 2.5. Let X = {qw,e} and 7 = {0n,A4, B, 1x}. Then, A =
((0.4,0.5,0.2), (0.3,0.2,0.1), (0.9,0.6,0.8)), B = {((0.2,0.4,0.5),(0.1,0.1,0.2), (0.6,0.5,0.8))
and C' = {(0.5,0.6,0.1),(0.4,0.3,0.1), (0.9,0.8,0.5)). Then, we can see that C'is a Pythagorean

neutrosophic pre-open set, but it is not a Pythagorean neutrosophic *b-open set.

Definition 2.6. A Pythagorean neutrosophic set V' in a Pythagorean neutrosophic topological
space (X, 7) is said to be Pythagorean neutrosophic *b-closed (or simply, PN*bCS)) if V' D
PNInt(PNCI(V))NPNCI(PNInt(V)).
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Definition 2.7. Let (X,7) be a Pythagorean neutrosophic topological space and V be a
Pythagorean neutrosophic set on X. Then we define the Pythagorean neutrosophic *b-interior

and Pythagorean neutrosophic *b-closure of V as:

(1) Pythagorean neutrosophic *b-interior of V' (or simply, PN*BINT(V)) as the union
of all Pythagorean neutrosophic *b-open sets of X contained in V. It means that
PN*BINT(V)=J{A: Aisa PN*bOS in X and A C V}.

(2) Pythagorean neutrosophic *b-closure of V' (or simply, PN*BCL(V')) as the intersec-
tion of all Pythagorean neutrosophic *b-closed set of X containing V. It means that
PN*BCL(V)=(\{B:Bisa PN*bCS in X and V C B}.

Remark 2.8. By the Definition[2.7] we can see that PN*BCL(V) is the smallest Pythagorean
neutrosophic *b-closed set of X which contains V. Besides, PN*BINT (V) is the largest

Pythagorean neutrosophic *b-open set of X which is contained in V.

Proposition 2.9. Let V' be a Pythagorean neutrosophic set in a Pythagorean neutrosophic

topological space (X, 7). Then, the following statements hold:

(1) If V is Pythagorean neutrosophic *b-open set, then CI1(V') is is a Pythagorean neutro-
sophic *b-closed set.
(2) IfV is Pythagorean neutrosophic *b-closed set, then C1(V) is is a Pythagorean neutro-

sophic *b-open set.
Proof: The proof is followed by the Definitions and

Theorem 2.10. Let V be a Pythagorean neutrosophic set in a Pythagorean neutrosophic
topological space (X, 7). Then, the following statements hold:

(1) CI(PN*BINT(V)) = PN*BCL(CI(V)).

(2) CI(PN*BCL(V)) = PN*BINT(CI(V)).

Proof: We begin proving (1): Let V be a Pythagorean neutrosophic set. Now, by the
Definition part (1), PN*BINT(V) = [J{A : Ais a PN*bOS in X and A C V},
this implies that CI(PN*BINT(V)) = Cl(U{A : A is a PN*bOS in X and A C V})=
N{CI(A) : Ci(A) is a PN*bCS in X and CI(V) C CI(A)}. Now, we will replace CI(A) by B,
then we have that CI(PN*BINT(V) = (\{B: Bis a PN*bCS in X and CI(V) C B}, and
so CI(PN*BINT(V)) = PN*BCL(CL(V)).

The proof of (2) is made similarly to (1).

Theorem 2.11. For a Pythagorean neutrosophic topological space (X, 1) and A, B C X. The

following statements hold:
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(1) Ewvery Pythagorean neutrosophic set is Pythagorean neutrosophic *b-open set.

(2) PN*BINT(PN*BINT(A)) = PN*BINT(A).

(3) PN*BCL(PN*BCL((A)) = PN*BCL(A).

(4) Let A,B be two Pythagorean neutrosophic *b-open sets, then PN*bOS(A) U
PN*bOS(B) = PN*bOS(A U B).

(5) Let A,B be two Pythagorean mneutrosophic *b-closed sets, then PN*bCS(A) N

PN*bCS(B) = PN*bCS(AN B).

(6) For any two sets A,B, PN*BINT(A)NPN*BINT(B) = PN*BInt(AN B).
(7) For any two sets A,B, PN*BCL(A)U PN*BCL(B) = PN*BCL(AU B).
(8) If A is PN*bOS(X,7), then A = PN*BINT(A).
(9) If A C B, then PN*BINT(A) C PN*BINT(B).
(10) For any two sets A, B, PN*BINT(A)UPN*BINT(B) C PN*BINT(AU B).
(11) If A is PN*bCS(X,T), then A= PN*BCL(A).
(12) If A C B, then PN*BCL(A) C PN*BCL(B).
(13) For any two sets A,B, PN*BCL(ANB) C PN*BCL(A)N PN*BCL(B).

Proof: The proofs of (1), (2), (3), (4), (5), (9), (11) and (12) are followed by the Definitions
and The proofs of (6), (7) and (8) are followed by the Definition [2.7| and the proofs of
(10) and (13) are followed by the Definition and parts (9) and (12) of this Theorem.

The following example shows that the equality (10) need not be hold in Theorem [2.11] .

Example 2.12. Let X = {q,w,e{ and 7 = {On, A, B, C, D, 15} where A = (( 0.4, 0.7, 0.1
), (0.5, 0.6, 0.2 ), (0.9, 0.7, 0.3 )), B = {( 0.4, 0.6, 0.1 ), (0.7, 0.7, 0.2 ), ( 0.9, 0.5, 0.1
)), C = (0.4, 0.7, 0.1), (07,07, 0.2), (0.9, 0.7, 0.1 )), D = (( 0.4, 0.6, 0.1 ), ( 0.5,
0.6, 0.2 ), (0.9, 0.5, 0.3 ) ). Then, 7 is Pythagorean neutrosophic topological space. Now,
Consider E = (( 0.7, 0.6, 0.1 ), ( 0.7, 0.6, 0.1 ), ( 0.9, 0.5, 0 )) and F = {( 0.4, 0.6, 0.1 ),
(0.5, 0.7, 0.2 ), (1, 0.7, 0.1)). Then, PN*BINT(E) = D and PN*BINT(F) = D. This
implies that PN*BINT(E)U PN*BINT(F) = D. Now, EUF = {( 0.7, 0.6, 0.1 ), ( 0.7, 0.7,
0.1), (1,0.7,0)), it follows that PN*BINT(E U F) = B. Then, PN*BINT(E U F) ¢
PN*BINT(E)U PN*BINT(F).

The following example shows that the equality (13) need not be hold in Theorem [2.11].

Example 2.13. Let X = {¢q,w,e} ,7={0n,A,B,C,D, 1y} and C; = {1y, E, F, G, H, On}
where A = (( 0.5, 0.6, 0.1), (0.6, 0.7, 0.1 ), (0.9, 0.5, 0.2 )), B = (( 0.4, 0.5,0.2 ), ( 0.8, 0.6,
0.3), (0.9,0.7,0.3)), C = {(0.4,0.5,02), (0.6,0.6,0.3), (09,05 0.3)), D= (( 0.5, 0.6,
0.1), (0.8,0.7,0.1), (0.9,0.7,0.2)), E = (( 0.1, 0.4, 0.5 ), (0.1, 0.3, 0.6 ), ( 0.2, 0.5, 0.9 )),
F={(020504),(03 04 08), (03 03,09)),G = {0205, 04), (0.3, 04, 0.6), (
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0.3,0.5,0.9)), H = ((0.1,0.4,0.5), (0.1,0.3, 0.8 ), (0.2, 0.3, 0.9 )). Then 7 is Pythagorean
neutrosophic topological space. Now, Consider I = (( 0.1, 0.2, 0.5 ), ( 0.2, 0.3, 0.7 ), ( 0.3,
0.3,1)) and J = {( 0.2, 0.4, 0.8 ), (0.1, 0.2, 0.8 ), (0.2, 0.5, 0.9 )). Then PN*BCL(I) = G
and PN*BCL(J) = G. This implies that PN*BCL(I) N PN*BCL(J) = G. Now, INJ = (
(0.1,0.2,0.8 ), (0.1,0.2,0.8 ), (0.2,0.3, 1)), it follows that PN*BCL(I N G) = H. Then
PN*BCL(I) N PN*BCL(J) ¢ PN*BCL(ING).

The following example shows that the intersection of two Pythagorean neutrosophic *b-open

sets need not be a Pythagorean neutrosophic *b-open set.

Example

2.14. Let X = {q,w}, A = ((0.1,0.3,0.5), (0.3,0.5,0.7)), B = ((0.1,0.1,0.4), (0.7,0.5,0.3)),
C = ((0.4,0.6,0.9),(0.6,03,0.3)) and D = ((0.3,0.5,0.3),(0.9,0.5,0.9)). Then, 7 is a
Pythagorean neutrosophic topological space. Now, choose A; = ((0.3,0.5,0.3),(1.0,0.1,0.1))
and Az = ((1.0,1.0,0.4), (0.9,0.4,0.6)). We can see that A; N Ay is not a Pythagorean neutro-
sophic *b-open set of (X, 7).

The following examples show that the union of two Pythagorean neutrosophic *b-closed sets

need not be a Pythagorean neutrosophic *b-closed set.

Example 2.15. By the example we can imply that A{ U AS is not a Pythagorean

neutrosophic *b-closed set of (X, 7).

Example 2.16. Let X = {¢q} and A = ((1,0.5,0.7)), B = ((0,0.9,0.2)), C' = ((1,0.9,0.2))
and D = ((0,0.5,0.7)). Then, 7 is a Pythagorean neutrosophic topological space. Now, choose
A§ = ((0.4,0.5,1)) and A§ = ((0.2,0,0.8)). We can see that A; U Ay is not a Pythagorean

neutrosophic *b-closed set of (X, 7).

Proposition 2.17. Let A be a Pythagorean neutrosophic set in Pythagorean meutrosophic
topological space (X, 7). If B is a Pythagorean meutrosophic *b-open set and B C A C
PNInt(PNCI(A))NPNCI(PNInt(A)), then A is a Pythagorean neutrosophic *b-open set.

Theorem 2.18. Arbitrary union of Pythagorean neutrosophic *b-open sets is a Pythagorean

neutrosophic *b-open set.

Proof: Let Aj, As,...A, be a collection of Pythagorean neutrosophic *b-open
sets, then by the Definition A1 C PNInt(PNCI(A1)) N PNCI(PNInt(Ay)),
As C PNInt(PNCI(A2)) N PNCI(PNInt(As)), .., A, C PNInt(PNCI(A,)) N
PNCI(PNInt(Ay)). Now, AyUAsU...UA, C (PNInt(PNCI(A;))NPNCI(PNInt(A;)))U
(PNInt(PNCI(A2))NPNCI(PNInt(Az)))U...u(PNInt(PNCI(A,))NPNCI(PNInt(An))),
by the Theorem parts (7) and (10), A1 U A2 U...UA, C PNInt(PNCI(A; U A2 U ...U
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Ap))NPNCI(PNInt(A1UAsU...UA,)). This proofs that A; UAsU...UA,, is a Pythagorean

neutrosophic *b-open set.

Th following example shows that the intersection of two Pythagorean neutrosophic *b-open

sets need not be a Pythagorean neutrosophic *b-open set.

Example 2.19.
Let X = {z,2} and A = ((0.3,0.5,0.4), (0.6,0.2,0.5)), B = ((0.2,0.6,0.7), (0.5,0.3,0.1)),
C = ((0.3,0.6,0.4),(0.6,0.3,0.1)) and D = ((0.2,0.5,0.7),(0.5,0.2,0.5)). Then, 7 is a
Pythagorean neutrosophic topological space. Now, take A; = ((0.4,0.6,0.4),(0.8,0.3,0.4))
and Ay = ((1.0,0.9,0.2),(0.5,0.7,0)). We can see that A; U Ay is not a Pythagorean neutro-
sophic *b-open set of (X, 7).

Remark 2.20. By the Example we support that the arbitrary intersection of

Pythagorean neotrosophic *b-open sets need not be a Pythagorean neotrosophic *b-open set.

Proposition 2.21. Arbitrary intersection of Pythagorean neutrosophic *b-closed sets is a

Pythagorean neutrosophic *b-closed set.

Remark 2.22. By the Example the arbitrary union of Pythagorean neotrosophic *b-

closed sets need not be a Pythagorean neotrosophic *b-closed set.

Theorem 2.23. A Pythagorean neutrosophic set A in a Pythagorean neutrosophic topolog-
ical space (X, T) is Pythagorean neutrosophic b-open if and only for every Pythagorean neu-
trosophic point xap. € A there exils a Pythagorean neutrosophic *b-open By, , . such thal

Tab,c c Bxa’b’C C A.

Proof: Necessary: Let A be a Pythagorean neutrosophic b-open set. Then, we have that
B

Sufficiency: Suppose that for every Pythagorean neutrosophic point =, . € A, there exits a

Cabe = A for each x4 .

neutrosophic *b-open set By, ,  such that z,p. € By,,. € A. Thus, A = (H{Zape : Tape €
A}y C{Bsoy. * Tape € A} € A and then, A = ([{ By, ,, : Tape € A}. Therefore, by the
Theorem it is a Pythagorean neutrosophic *b-open set

Definition 2.24. Let f : (X,7) — (Y,0) be a function where (X,7) and (Y,0) are
Pythagorean neutrosophic topological spaces. Then, f is said to be Pythagorean neutro-
sophic *b-open if f(A) is Pythagorean neutrosophic *b-open set in Y for every Pythagorean

neutrosophic open set A in X.
Proposition 2.25. Let f : (X,7) — (Y,0) be a function where (X,7) and (Y,o) are
Pythagorean neutrosophic topological spaces. If f is Pythagorean neutrosophic *b-open, then,

f is Pythagorean neutrosophic pre-open
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Proof: Let f be a Pythagorean neutrosophic *b-open and A be a Pythagorean neutrosophic
open set in X. Then, by hypothesis f(A) is a Pythagorean neutrosophic *b-open set in Y, by
the Proposition f(A) is a Pythagorean neutrosophic pre-open set in X. Therefore, f is a

Pythagorean neutrosophic pre-open function.

3. Pythagorean neutrosophic *b-continuous functions

In this section, we use the notion of Pythagorean neutrosophic *b-open sets to introduce
and study the concepts of Pythagorean neutrosophic *b-continuous function and Pythagorean

neutrosophic *b-homeomorphism. Moreover, we establish some of their properties.

Definition 3.1. Let f: (X, 7) — (Y, 0) be a function where (X, 7) and (Y, o) are Pythagorean
neutrosophic topological spaces. Then, f is said to be Pythagorean neutrosophic *b-continuous
if f=1(V) is a Pythagorean neutrosophic *b-open set in X for every Pythagorean neutrosophic

open set V in Y.

Proposition 3.2. Every Pythagorean neutrosophic continuous function is Pythagorean neu-

trosophic *b-continuous function.

Definition 3.3. Let 4 . be a Pythagorean neutrosophic point of a Pythagorean neutrosophic
topological space (X, 7). A Pythagorean neutrosophic set D of X is said to be Pythagorean
neutrosophic neighbourhood of z . if there exits a Pythagorean neutrosophic open set V' in

X such that z,,. €V C D

Proposition 3.4. Let f : (X,7) — (Y,0) be a function where (X,7) and (Y,o0) are
Pythagorean neutrosophic topological spaces. Then, the following statements are equivalent:
(1) f is a Pythagorean neutrosophic *b-continuous function.
(2) For each Pythagorean neutrosophic point x,p . and every Pythagorean neutrosophic
A of f(xape), there exits a Pythagorean neutrosophic *b-open set B of X such that
Zape € B C fTH(A).
(3) For each Pythagorean neutrosophic point x.p. € X and every Pythagorean neutro-

sophic neighbourhood A of f(xap.c), there exits a Pythagorean neutrosophic *b-open set
B of X such that x4 € B and f(B) C A.

Proof: (1) = (2): Let x4, be a Pythagorean neutrosophic point of X and let A be a
Pythagorean neutrosophic neighbourhood of f(x4p.). Then, there exits a Pythagorean neu-
trosophic open set B of Y such that f(z.p5.) € B C A. Now, since f is a Pythagorean
neutrosophic *b-continuous function, we have that f~!(B) is a Pythagorean neutrosophic *b-
open set of X and xapc € f7Hf(@ape)) € f7HB) C f71(A) and this ends the proof.
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(2) = (3): Let x4, be a Pythagorean neutrosophic point of X and let A be a Pythagorean
neutrosophic neighbourhood of f(x,p.). By hypothesis, there exits a Pythagorean neutro-
sophic *b-open set B of X such that z,;,. € B C f~1(A) and then Zap,e € B of X such that
f(B) C f(f~'(A4)) C A and this ends the proof.

(3) = (1): Let B be a Pythagorean neutrosophic open set of Y and let 2, € f~1(B) and
s0 f(zqpc) € B and then B is a Pythagorean neutrosophic neighbourhood of f(zgp,). Now,
since B is a Pythagorean neutrosophic open set and by hypothesis, there exits a Pythagorean
neutrosophic *b-open set A of X such that z,5. € A and f(A) C B. Indeed, z,5. € A C
f7Y(f(A)) C f~1(B) and this implies that f~!(B) is a Pythagorean neutrosophic b-open set

of X. Therefore, f is a Pythagorean neutrosophic *b-open continuous function.

Proposition 3.5. Let f : (X,7) — (Y,0) be a function where (X,7) and (Y,o0) are
Pythagorean neutrosophic topological spaces. If f is a Pythagorean neutrosophic *b-open func-

tion, then f is a Pythagorean neutrosophic pre-continuous function.

Definition 3.6. Let f : (X,7) — (Y,0) be a bijection function where (X, 7) and (Y, 0) are
Pythagorean neutrosophic topological spaces. Then, f is said to be Pythagorean nuetrosophic

*b-homeomorphism if f and f~! are Pythagorean neutrosophic *b-continuous functions.

Example 3.7. Let X = {q,w} and Y = {e,r}. Then, 7 = {On,U;,Us2, 15} and
o = {0n,V,15} are Pythagorean neutrosophic topological spaces on X and Y respec-
tively, where U; = (z,(0.2,0.4,0.7), (0.4,0.4,0.4)), Uy = (z,(0.3,0.5,0.6), (0.5,0.4,0.6)) and
V = (y,(0.3,0.5,0.6), (0.5,0.2,0.7)). Then, we define the function f : (X,7) — (Y,0) as
f(g) = e and f(w) = w. We can see that f and f~! are Pythagorean neutrosophic *b-

continuous and then f is Pythagorean neutrosophic *b-homeomorphism.

Definition 3.8. Let f : (X,7) — (Y,0) be a bijection function where (X, 7) and (Y, o) are
Pythagorean neutrosophic topological spaces. Then, f is said to be Pythagorean nuetrosophic

homeomorphism if f and f~! are Pythagorean neutrosophic continuous functions.

Theorem 3.9. Fach Pythagorean neutrosophic homeomorphism is Pythagorean neustrosophic

*b-homeomorphism.

Proof: Let f : (X,7) — (Y,0) be a bijection and Pythagorean neutrosophic homeo-
morphism function in which f and f~! are Pythagorean neutrosophic continuous functions.
Since that every Pythagorean neutrosophic continuous function is Pythagorean neutrosophic
*b-continuous, this implies that f and f~! are Pythagorean neutrosophic *b-continuous func-
tions. Therefore, f is a Pythagorean neutrosophic *b-homeomorphism. Proof: The following

example shows that the converse of the above Theorem need not be true.
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Example 3.10. Let X = {q,w} and Y = {e,r}. Then, 7 = {On,U1,Us, 15} and
o = {0n,V,15} are Pythagorean neutrosophic topological spaces on X and Y respec-
tively, where Uy = (x, (0.3,0.5,0.8), (0.4,0.4,0.4)), Uy = (z,(0.1,0.3,0.8), (0.1,0.5,0.8)) and
V = (y,(0.4,0.5,0.6),(0.1,0.3,0.6)). Then, we define the function f : (X,7) — (Y,0) as
f(q) = eand f(w) =w. We can see that f is a Pythagorean neutrosophic b-homeomorphism,

but it is not a Pythagorean neutrosophic homeomorphism.

Theorem 3.11. Let f : (X,7) — (Y,0) be a bijection function where (X,7) and (Y, o) are
Pythagorean neutrosophic topological spaces. Then, the following statements hold:

(1) f is Pythagorean neutrosophic *b-closed.

(2) f is Pythagorean neutrosophic *b-open.

(3) f is Pythagorean neutrosophic *b-homeomorphism.

Proof: (1) = (2) : Let f be a bijection Pythagorean neutrosophic *b-closed function. Then,
f~! is Pythagorean neutrosophic *b-continuous function. Now, since every Pythagorean neu-
trosophic open set of (X, 7) is a Pythagorean neutrosophic b-open set of (X, 7), this implies

that f is a Pythagorean neutrosophic *b-open function.

(2) = (3) : Let f be a bijective Pythagorean neutrosophic *b-open function. Then, f~!
is a Pythagorean neutrosophic *b-continuous function. Indeed, f and f~! are Pythagorean
neutrosophic *b-continuous functions. Therefore, f is a Pythagorean neutrosophic *b-

homeomorphism.

(3) = (1) : Let f be a Pythagorean neutrosophic *b-homeomorphism. Then, f and f~!
are Pythagorean neutrosophic *b-continuous functions. Since every Pythagorean neutrosophic
closed set of (X, 7) is a Pythagorean neutrosophic *b-closed set of (X, 7), this implies that f

is a Pythagorean neutrosophic *b-closed function.

The following example shows that the composition of two Pythagorean neutrosophic *b-

homeomorphisms need not be a Pythagorean neutrosophic *b-homeomorphism.

Example 3.12. Let X = {qw}, Y = {er} and Z = {t,y}. Then, 7 =
{On,U,1n}, 0 = {On,V,1n} and w = {On,W,1x} are Pythagorean neutrosophic topo-
logical spaces on X,Y and Z respectively, where U = (z,(0.1,0.3,0.5),(0.3,0.5,0.7)), V =
(y,(0.2,0.7,0.9),(0.3,0.6,0.7)) and W = (z,(0.7,0.5,0.2),(0.7,0.7,0.2)). We define the func-
tion f : (X,7) — (Y,0) as f(q) = e and f(w) = r. Besides, we define the function
g:(Y,0) = (Z,w) as g(e) = t and g(r) = y. We can see that f and g are Pythagorean neutro-

sophic *b-homeomorphism, but g o f is not a Pythagorean neutrosophic *b-homeomorphism.
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Definition 3.13. Let f : (X,7) — (Y,0) be a function where (X,7) and (Y,o) are
Pythagorean neutrosophic topological spaces. Then, f is said to be Pythagorean neutrosophic
*b-irresolute if f~1(V) is a Pythagorean neutrosophic *b-open set in X for every Pythagorean

neutrosophic *b-open set V in Y.

Definition 3.14. Let f: (X,7) — (Y,0) be a bijection function where (X, 7) and (Y, o) are
Pythagorean neutrosophic topological spaces. Then, f is said to be Pythagorean neutrosophic

*bi-homeomorphism if f and f~! are Pythagorean neutrosophic *b-irresolute functions.

Theorem 3.15. Every Pythagorean neutrosophic *bi-homeomorphism is a Pythagorean neu-

trosophic *b-homeomorphism.

Proof: Let f : (X,7) — (Y,0) be a bijection and Pythagorean neutrosophic *bi-
homeomorphism function. Suppose that B is a Pythagorean neutrosophic closed set of (Y, o),
this implies that B is a Pythagorean neutrosophic *b-closed set of (Y, o). Now, since f is
Pythagorean neutrosophic irresolute, f~!(B) is a Pythagorean neutrosophic *b-closed set of
(X, 7). Indeed, f is a Pythagorean neutrosophic *b-continuous function. therefore, f and f=!
are Pythagorean neutrosophi *b-continuous functions and then f is Pythagorean neutrosophic

*b-homeomorphism.

The following example shows that the converse of the above Theorem need not be true.

Example 3.16. Let X = {q,w} and Y = {e,r}. Then, 7 = {On,U1,Us,1x} and
o = {0n,V,1n} are Pythagorean neutrosophic topological spaces on X and Y respec-
tively, where Uy = (z,(0.2,0.4,0.6),(0.3,0.3,0.3)), Us = (x,(0.4,0.7,0.9),(0.1,0.1,0.3)) and
V = (y,(0.4,0.7,0.9), (0.1,0.2,0.3)). Then, we define the function f : (X,7) — (Y,0) as
f(g) = eand f(w) = w. We can see that f is a Pythagorean neutrosophic *b-homeomorphism,

but it is not a Pythagorean neutrosophic *bi-homeomorphism.

Theorem 3.17. If f : (X,7) — (Y,0) and g : (Y,0) — (Z,w are Pythagorean neutro-
sophic *bi-homeomorphisms, then go f : (X,7) = (Z,w) is a Pythagorean neutrosophic *bi-

homeomorphism.

Proof: Let f and g be two Pythagorean neutrosophic b-homeomorphisms. Now, suppose
that B is a Pythagorean neutrosophic *b-closed set of (Z,w), then ¢g~!(B) is a Pythagorean
neutrosophic *b-closed set of (Y,o). Then by hypothesis, f~'(¢~1(B)) is a Pythagorean
neutrosophic *b-closed set of (X, 7). Therefore, g o f is a Pythagorean neutrosophic *b-
irresolute function Now, let S be a Pythagorean neutrosophic *b-closed set of (X, 7). By
assumption, f(f) is a Pythagorean neutrosophic *b-closed set of (Y, o). Then, by hypothesis,
g9(f(B)) is a Pythagorean neutrosophic *b-closed set of (Z,w). This implies that go f is a
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Pythagorean neutrosophic *b-irresolute function and then go f is a Pythagorean neutrosophic

*bi-homeomorphism.

References

[1] Arockiarani, I., Dhavaseelan, R., Jafari, S. and Parimala, M.: On some new notations and functions in
neutrosophic topological spaces, Neutrosophic sets and systems 16(2017): 16-19.
[2] Atannasov, K.: Intuitionistic fuzzy sets, Fuzzy sets and Systems. Vol. 20(1) (1965): 87-96.
[3] Atannasov, K.: Intuitionistic fuzzy sets, Springer Physica-Verlag, Heidelberg. (1999).
[4] Chang, C.: Fuzzy topological spaces,J. Math. Anal Appl. Vol. 24(1) (1968): 182-190.
[5] Das, S., Das, R., Granados, C., Mukherjee, A.:  Pentapartitioned Neutrosophic Q-Ideals of Q-Algebra,
Neutrosophic Sets and Systems. Vol. 41 (2021): 53-63.
[6] Evangelin, P., Jude, I. and Bazil, C., On Neutrosophic b-open sets in Neutrosophic topological space, Journal
of Physics, (2018).
[7] Granados, C.: Pythagorean neutrosophic semi-open sets in Pythagorean neutrosophic Pythagorean spaces,
Bulletin of the International Mathematical Virtual Institute. Vol. 11(2) (2021): 295-306.
[8] Granados, C.: Pythagorean Neutrosophic Pre-Open Sets, MathLAB Journal. Vol. 6 (2020): 65-74.
[9] Granados, C., Dhital, A.: Statistical Convergence of Double Sequences in Neutrosophic Normed Spaces,
Neutrosophic Sets and Systems. Vol. 42 (2021): 334-344.
[10] Imran, QH., Smarandache, F., Riad, K., Al-Hamido and Dhavaseelan.: On neutrosophic semica-open sets,
Neureosophic sets and Systems, 18(2017): 37-42.
[11] Iswarya, P. and Bageerthi, K.: On Neuitrosophic semi-open sets in Neutrosophic topological spaces, Inter-
national Journal of Mathematical Trends and Technology 37(3)(2016): 214-223.
[12] Sneha, T. and Nirmala, F.: Pythagorean neutrosophic b-open and semi-open sets in Pythagorean neutro-
sophic topological spaces, Infokara Research. Vol. 9(1) (2020): 860-872.
[13] Salama, A. and Albowi, S.:  Neutrosophic set and Neutrosophic topological spaces, IOSR Jouranl of
Mathematics. Vol. 3(4) (2012): 31-35.
[14] Smarandache, F.: A unifying field in logics-neotrusophic: Neutrosophic probability, set and logic, Rehoboth:
American Research Press. (1999).
[15] Venkateswara, V. and Srinivasa, R.: Neutrosophic pre-open and neutrosophic pre-closed sets in Neutro-
sophic topology,International Jouranal of Chem Tech Research, 10(10)(2017): 449-458.
[16] Xu, Z. and Yagar, R.: Some geometric aggregation operations based on intuitionistic fuzzy sets , Int. J.
Gen. Syst. Vol. 35 (2006): 417-433.
[17] Yager, R. and Abbasov, A.: Pythagorean membership grades, complex numbers and decision making, Int.
J. Intell. Syst. Vol. 28 (2013): 436-452.
[18] Zadeh, L.: Fuzzy sets, Inform and control. Vol. 8 (1965).

Received: October 20, 2020. / Accepted: May 31, 2021.

Carlos Granados and Alok Dhital, New Results On Pythagorean Neutrosophic Open Sets in
Pythagorean Neutrosophic Topological Space



a NSS Neutrosophic Sets and Systems, Vol. 43, 2021

University of New Mexico

gV
N1 =

Comparative Mathematical Model for Predicting of Financial
Loans Default using Altman Z-Score and Neutrosophic AHP
Methods

Noha AlQorany Ibrahem?, Haitham Elghareeb? Farahat Farag Farahat® and Ahmed
AboElfotouh*

1,3 Information System Department, Sadat Academy for Administration Science, Egypt
noha.hassan2020@sadatacademy.edu.egl, FarahatFarag@sadatacademy.edu.eg3

2,4 faculty of computers and information sciences, Mansoura University, Egypt
helghareeb@mans.edu.eg2, elfetouh@mans.edu.eg4

Abstract: The current system in the bank depends only on the client's failure to pay monthly
installments for three consecutive months to start moving and take the necessary actions towards the
client. This routine system is the basic reason of happening the problem of loans default. In this
paper the researcher presents a comparative mathematical model to predict the default of clients, as
well as to devise a modern parallel model to measure the degree of credit risk criteria that guides the
bank in the following-up of the client. Altman model is one of the famous methods for default
prediction, formula is used to predict the probability of loan default by using Z-scores. The Z-score is
a linear combination of five coefficient-weighted common financial criteria. The researcher applies
the Neutrosophic Analytical Hierarchy Process (NAHP) model on the same five common financial
criteria which the bank can using them to provide constant following-up of the uses of the granted
loan to guarantee that all terms set by the bank are met. The information was gathered in the form
of neutrosophic data sets and evaluated using a novel Neutrosophic Analytic Hierarchy Process
(NAHP) model. The researcher applies the proposed model in the credit department of one of the
private Egyptian Banks (QNB) choosing random samples of real clients.

Keywords: Credit Risk, Loans Default, Altman Model, AHP Model, Neutrosophic AHP, Decision
Making.

1. Introduction
Credit managers in Egyptian banks are grappling with the issue of bad loans. Banks' exposure to

real credit problems would erode trust in the banking sector, because the consequences of such
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problems do not affect only the distressed banks, but also the rest of the banking sector in the
country and the economy as a whole.

The subject of forecasting loan defaults is one of the issues that researchers and bank executives
are most interested in since it is critical in minimizing default and its negative consequences for
banks, borrowers, and the overall economy. According to credit rating agencies such as Moods
Institution and others, the issue of defaulting loans has a major impact on the state's credit indicators
globally.[1]

The issue varies from one country to another, and even within a single country, from one bank to
another. The issue changes from time to time, both within the bank and through the banking sector
as a whole. Bank credit is typically governed by policies and guidelines aimed at minimizing
potential credit risk, but no bank can achieve zero credit risk in practice because bank credit is often
followed by loans risks. The first of these risks comes from the fact that the credit is based on the
borrower's or project's financial statements, which are not completely covered since they will be
collected in the future.

Even though banks perform studies before issuing loans in compliance with the correct rules
and basics, the risk of the borrower defaulting and his failure to pay remains uncertain, even because
of the probability of incidents or consequences that prevent the borrower from committing to his
obligations to the bank; if this possibility is met, the bank's financial rights become in a dangerous
situation. The model compares the results of the two approaches (Altman Model and NAHP Model)
and calculates the weight of each sub-criteria.

The Altman Model and the Neutrosophic Analytical Hierarchy Process Model are compared in
this study, these models are compatible with bank's system because they are working on the factors
which the bank used to evaluate the clients. This research contributes to highlighting the
Neutrosophic set's accuracy in decision-making. It also underlines the need of using multi-criteria
(criteria and factors) in decision-making models, particularly in information systems with numerous
factors for a single aspect.[2]. The details of Altman Model is introduced in section 2, section 3 and 4
is explaining all rules of NAHP model, the result of the model case study is discussed in section 5
and 6.

Literature Review
Kulal1 applied the Altman Z-Score model on financial data to 19 companies which suffered from
bankrupt when trading in the BIST in the years between 2000-2013. When applying the Altman

Z-Score model to predict the financial failure of these companies, the result of financial failure was
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estimated by 95% one year 90% two years earlier. This presented the success of the Altman Z-Score
model in predicting the financial failure. [3]

Bagc1 presented a study of Altman Model to measure the financial situation of the firms in textile
industry to understand the situation of these firms to can face a possible economic crisis. He used the
financial data of 24 companies in the textile industry area traded on BIST between 2008-2013, the
financial situation of firms was examined by employing Altman Z-Score model. Z-scores were
calculated by using the financial ratios of the textile industry. According to the observed results,
suggestive Z-Scores between 2008-2013 were 0.63, 0.57, 0.60, 0.62, 0.63, 0.67 respectively which
showed that the industry was exposed to high risk in terms of financial failure. [4]

Misu and et al measured the integration of Analytic Hierarchy Process (AHP) into Delphi
framework in neutrosophic environment. They presented a new technique of NAHP for checking
consistency and calculating consensus degree of expert’s opinions. They used neutrosophic
technique to overcome the confusion of experts in evaluating the available alternatives due to the
multiplicity of criteria associated with those alternatives. they found that the effectiveness of the
AHP can be increased by adding Delphi technology with neutrosophic theory to reduce noise
resulting from individual concerns instead of focusing on solving the problem, and increasing the
degree of agreements around the standards presented.[5]

Fernando and et al proposed a methodological framework design to modify trade-offs between
evaluation criteria to provide decision makers with more clear mortgage risk evaluation system. The
result of this study showed that the AHP approach has the potential to increase the existing credit
scoring systems of Portuguese banking firms. Also AHP can be used to assist banking institutions in
managing new evaluation criteria feature and holding type.[6]

Kaygisiz Ertug and Girginer presented a research to develop an evaluation integrated model to
consider the quantitative and qualitative criteria for the selected firms that demanded commercial
loans for both public and private banks. The researchers combined the AHP model and Grey
Relational Analysis (GRA) into a one evaluation model. The results appeared that, whereas firm
honesty and reports criteria are the main criteria with the highest priority, sale and marketing
constructions are the main criteria with the lowest priorities for both public and private banks.[7]

After reviewing a number of previous researches in the same field that were chosen in the
research, the researcher deducts that the NAHP model have been used in a specific problems of
credit risks introduced by the banks. This paper provides all types of loans which the bank is
offering to the clients especially medium and long-term loans, which are always the cause of a

client’s financial failure due to the length of the period of repayment for the loan by following up the
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client using the weight of credit financial indicators which are presented in the client's financial

statements in the beginning of applying the loan.
2. Altman Model
Altman was one of the first researches where developed financial forecasting models. He used
33 financial ratios and examined each ratio separately. He then used the method of statistical
analysis and limited his model to the five most important financial ratios: [8]
X1=Working Capital / Total Assets
X2 = Retained Earnings / Total Assets
X3 = Profit before interest and tax / Total Assets
X4=Market value of Equity / Total Liabilities
X5 = Total Sales / Total Assets
He then assigned a relative weight to each element of the model, different from each other, and
each ratio has its own value according to its relative importance in the model. [8]
He Used (1.2) Factor For the ratio of X1, (1.4) Factor For the ratio of X2, (3.3)
Factor For the ratio of X3, (0.6) Factor For the ratio of X4 and (1.0) Factor For the ratio of Xs.
The final form of the model equation became as follows:
Z=12+X, +1.4 %X, +33%xXs+0.6*X, +1.0 * Xg
Altman classified customers according to Z score as follows:
1- Green zone if Z < 1.8, which means the client is excellent and pays all his installments in their
due dates.
2- Yellow Zone 2.9 > Z > 1.8, which means the client is good although he can't pay few
installments in some months but do his best to do that.
3- Red Zone Z > 2.9, which means the client is in a danger because he stopped to pay the
installments and the bank must take an action with him. [8]
In this paper the researcher develops a new Neutrosophic AHP model to discover the client
fraud by using credit risk criteria, and derive a new sub-criteria in studying the cases of clients to

facilitate the function of the credit officer in detecting the manipulation of the client in the financial
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statements before starting to take the scheduling procedures. This procedures are vary from bank to
bank and from one client to another according to credit officer evaluation.

This model aims to study and follow the position of the client from the day he got the loan till
the final installment is paid. The researcher applies the Neutrosophic AHP model on the clients to
can predict if they will complete the all installments to pay off the entire loans in there due dates or
not. The result will compare with Altman classifying model to can judge if the model is working well

or not.

3. Basic definitions of Single Value Neutrosophic Number

Neutrosophic theory is a better choice to emulate the human thinking which has the capability
to handle the indeterminacy. The decision-making process still keeps to rely not only on true values,
but also on false ones as well as on indeterminacy membership. Thus neutrosophic logic makes the
chance to emulate the human thinking and deal with the problems which have the probability of
true, false and indeterminacy at the same time, to can be applied in the real world problems. [9]

A neutrosophic set <T, I, F> is composed of three parameters which are a degree of truth (T), a
degree of indeterminacy (I), and a degree of falsity (F), where T, I, and F € [ 0,1].

Assume that X be the space of the objects, and x € X. A neutrosophic set A in X is defined by
three functions: truthfulness-membership function TA(x), an indeterminacy-membership function
IA(x) and falsehood-membership function FA(x).

Definition 1: Assume that N; = (Ty,13,F;) AND N, = (T,,[,,F;) are two single value neutrosophic

numbers, Then, their operations are defined as follows [10]

N; + N, = (T, + T, — Ty Ty, 1 I, F1 Fy) 1)
Nl X Nz = (Tsz, Il + IZ - 1112, F1 + Fz - Fle) (2)
N, /Ny = (Tp/Ty, I, = 11 /1 =13, F, = F /1 =Fy) 3)

Definition 2: Assume that N; = (Ty,[;, F;) is a single value neutrosophic number and A is an
arbitrary positive real number, Then, their operations are defined as follows [10]

AxN;=(1-(1-TDALAFA),A>0 4)

1 1 1
N, /A= (1 — (1 -T)A L4, F1K) ,A>0 ©®)
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Definition 3: Assume that N; = (T, [;, F;)is a single value neutrosophic number, then its score

function is defined as S(N,) as follows: [10]

S(Ny) = (B+T, —2I; —F)/4 (6)

4. Neutrosophic Analytical Hierarchy Process

AHP which developed in the 1970s by Thomas Saaty is a decision-making method which has

been designed in a structured form to analyze complex decisions. It works by dividing a problem

into a hierarchy of criteria and sub-criteria which can be analyzed independently. This hierarchy

chart is containing the decision goal, the alternatives for reaching it, and the criteria for evaluating

the alternatives. [12]

AHP is a mathematical tool of problem solving that has been created after understanding the

structure of a problem and the real limitation that managers face while solving it. .

The following phases are the procedure of the neutrosophic analytic hierarchy process:

1-

The proposed NAHP method begins by defining the neutrosophic values, which correspond
to the 1-9 Saaty scale and are used to compare various criteria.

The decision-making problem's criteria, sub-criteria, and alternatives are identified in the
second phase, then starts the process of building the problem's hierarchy.

The neutrosophic preference is determined in the third phase by comparing each criterion
and sub criterion pair-wise. Following that, the alternatives are compared under each

criterion or sub-criterion.

The fourth phase tests the accuracy of each pair-wise comparison then the neutrosophic
preference relation is constructed.

The neutrosophic relative weight of each preference relation is calculated, the relative
weight is measured by adding each column in the matrix, then dividing each number in the
matrix by the sum of its columns, and finally averaging across the rows.

The overall weights are evaluated in the final phase, and the best alternative is chosen by

multiplying the structure of the number of alternatives by the number of criteria. [12]

Step 1: Determine the objective of your study; decompose problem hierarchy to represent the goal,

criteria, and the possibility of alternatives.
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Step 2: A set of linguistic variables used by decision makers and importance weight based on

neutrosophic values are as shown in Table 1..

Table 1.The neutrosophic scale for comparison matrix [12]

Neutrosophic Reciprocal
Linguistic term set P Linguistic term neutrosophic
set
Extremely Highly Preferred (0.90, 0.10, 0.10) Mildly Lowly Preferred (0.10, 0.90, 0.90)
Extremely Preferred (0.85,0.20, 0.15) Mildly Preferred (0.15,0.80, 0.85)
Very Strongly to Extremel Mildly preferred to Very Lowl
Y &y Y (0.80, 0.25, 0.20) YP Y Y (0.20, 0.75, 0.80)
Preferred Preferred
Very Strongly Preferred  (0.75,0.25, 0.25) Very Lowly Preferred (0.25,0.75, 0.75)
Strongly Preferred (0.70, 0.30, 0.30) Lowly Preferred (0.30, 0.70, 0.70)
Moderately Highly to Strongly Moderately Lowly Preferred to
(0.65, 0.30, 0.35) (0.35, 0.70, 0.65)
Preferred Lowly Preferred
Moderately Highly Preferred (0.60, 0.35,0.40)  Moderately Lowly Preferred  (0.40, 0.65, 0.60)
Equally to Moderately
(0.55, 0.40, 0.45) Moderately to Equally Preferred (0.45, 0.60, 0.55)
Preferred
Equally Preferred (0.50, 0.50, 0.50) Equally Preferred (0.50, 0.50, 0.50)

At a given level of the hierarchy, these pair-wise comparisons are stored into the following matrix.

Step3: De-neutrosophication of the neutrosophic numbers to crisp values using the score function as

in Eq. (6).
Matrix M for (n=5) criteria :
0.5 an ais an ais
M= a-len 0.5 a az azs (7)
a-1e1) alay 0.5 ass ass
alany a'lery alw 0.5 as
L. alesy a-12) ales) aley 0.5
Sum(column) Sa Se Sa Su S

Step4: Matrix M is then normalized according to:

a; = it
ji ~ n
i=1 i

()
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For all i and j. Weights which identifying the priorities of compared elements for the specific
level of the hierarchy are then calculated as:

noa
= L
w=="211 - L i=12..n ©)

Step5: The weights are related to the pair-wise comparisons matrix M according to:

A«W = Kygx*W (10)

Where Amax is a standard used as a reference index that helps indirectly to assess consistency of the

values. So, a consistency index Cl is defined as:

¢l = fMaxn (11)

n-1
Step6: The consistency ratio CR is calculated as:

CR = CI/RI (12)
Where RI is the random index, which is a function of the number of compared elements n, as
shown in Table 2. The consistency ratio is an important measure of the values’ consistency. Usually,

a CR is a range of less than 0.1 is showing the values of consistent . [11]

Table 2. Average of random inconsistency indices (RI) for n

n 1 2 3 4 5 6 7 8 9 10
RI 0.00 | 0.00 | 0.58 0.90 1.12 1.24 1.32 | 1.41 | 1.46 1.49

Once the weights value of w is calculated for each level, the values are calculated to produce a
set of overall priorities for the hierarchy. This is done by multiplying the elements” weights of the
given level by the weight corresponding to the parent element in the upper or main level. Then,
worthiness of the potential alternatives is accepted based on the produced weights corresponding to
the considered criteria. Finally, a decision is made to achieve the goal set by selecting the alternative

that gets the highest weight.

5. Result
5.1- The Implementation of NAHP Model

Multiple and conflicting criteria of decision-making are assessed in MCDM, a sub-field of

process science. MCDM is a constant technique that can be used to choose the best choice from a set
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of choices in order to solve any problem that a decision-maker can face involving multiple
criteria.[11]
The NAHP is a selection process that consists of following steps as shown in Figure 1:

1. Define the problem and objectives.
2. Structure the factors in criteria, sub-criteria and alternatives.
3. Construct a set of all problems in a square comparison matrix in which the set of elements is
compared with itself by using the fundamental scale of pair-wise comparison shown in table.
4. Calculate weighting and consistency ratio.
5. Evaluate alternatives according weighting and get ranking.

Decision making operation is a procedure of choosing the most suitable alternative between the
all-suitable alternatives, the alternatives should be studying in depth for the final implementation. In

such cases decision maker should answer multi criteria decision making problem.[14]

- ™~
/ [ Comparisons J

Create the hierarchy
structure
l Criterla with regards to
Goal
Define the Goal Criteria Definition
l, Sub- Criteria with regards to
Criteria

Sub-criteria Definition

Alternatives with regards to
Sub-Criteria

Verily Results ] /

Figure 1: Steps for building an NAHP model

In this paper the researcher wants to present Neutrosophic Analytic Hierarchy Process (NAHP)
as a support methodology for improving decision making processes. Also the researcher will focus
on making strategy decisions in a bank with applying both basic and adjusted NAHP application

models.
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The researcher presents five major groups of banking rules criteria which are using to judge on
clients. The NAHP provides an objective way for reaching to an optimal decision for both individual
and group decision makers with a limited level of inconsistency.

It makes it possible to select the best alternative (under several criteria) shown in Figure 2 from a
number of alternatives through carrying out pair-wise comparison values.[13]

Overall priorities for ranking the alternatives are being calculated on the basis of pair-wise

comparisons.

[ Chart of Criteria and Sub-Criteria ]

, | |

[ C1:Capital ] [ c1:L iquh‘lin] [(.‘.‘!.:Pl'nﬁmhiliry] [ (.‘4:(.‘nﬂm] [ c(fnf”‘;:‘r’:::’ ]
[_q ] v ] v ]
Sub-Criteria Cn Ciz [_H Cz2 [?tﬂ [ (.‘5:] [ (.‘-n] [ (.‘-s:] [ (.‘51] [ (.‘5:]
{
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[ C.‘m] [ Cll] [ C“] [ ] Cn [ C.‘-m] [ C‘s&] [ Csa ]

Alternatives [ Al ] [ A2 ] [ A3 ]

L4

Figure 2 :The Hierarchy Chart of NAHP Model

5.2 - The Alternatives for NAHP Bank Decision Model

In the process of following up the client who obtained the loan, the decision maker in the
credit sector has some alternatives which he should taking if any shortage happened from the client
During the loan repayment period. They can be as following:
Al- Avoiding bad loans by following effective procedures and reliance on adequate guarantee and
cash flow to repay the loan. (Green Area)
A2- Providing suggestions and alternatives to help the client in the project operations, and reducing
payment terms, delay interest and scheduling loans. (Yellow Area)
A3- The bank declares the client bankruptcy immediately, and selling the pledged assets to the bank

to liquidate the client's property. (Red Area)
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5.3- Criteria and Sub-criteria of NAHP Model

The division of each criteria into sub-criteria are showed in the following Table 3:

Table 3. Criteria and Sub-criteria of NAHP Model.

Criteria

Sub Criteria

Working Capital(C1)

—

Cu1
C
Ci3

C

—
N

—

iy

4

: Decreasing business amount and selling part of current assets.

Using borrowing for covering the financial deficit.
Decreasing profits annually.

Stabilizing growth rates.

Liquidity(C2)

C21

Cx:
C23:
Cos:

: Appearance of unplanned payment obligations in the project.
Slow rate of assets turnover for the project.
Constant increasing in the cost with lower sales.

Inefficient using of production methods.

Profitability(Cs)

Ca1:
Ca2:
Css:

Sales decline.
Increasing sales with lower profits.

A gap between total profits and income net.

Costs(Ca)

Ca1:
Ca2:
Ca3:

Continues operating losses.
High percentage of expenses to sales.

Increasing the percentage of damaged production.

Customer

Obligation(Cs)

Csi:
Cs2:
Cs3:
Css:

Issuing checks that exceed the loan account.
Failure to pay the due payments more than once.
Decreasing the borrowing client accounts in the bank.

Sudden changes to the timing of withdrawals and deposits.

To examine the related criteria of nonperforming loans problem, the researcher uses MCDM in

AHP to evaluate the controlling factors of NPL in Egyptian banks and then make a comprehensive

evaluation of them.

An aggregated pair-wise comparison matrix represents the average preferences and judgments

of decision makers and, modeled in the form of neutrosophic scales as mentioned in Table 4.For

simplicity, the aggregated pair-wise comparison matrix has been converted into crisp values using

Eq. (6) and results represented in Table 5.
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Table 4. Neutrosophic pair-wise comparison matrix of criteria.

Criteria Working Capital(C1) Liquidity (C,) Profitability (Cs) Costs  (Ca) Customer Obligation(Cs)
Working Capital(C1) (0.50,0.50,0.50) (0.55,0.40,0.45) (0.45,0.60,0.55) (0.80,0.25,0.20) (0.70,0.30,0.30)
Liquidity(C2) (0.45,0.60,0.55) (0.50,0.50,0.50) (0.45,0.60,0.55) (0.90,0.90,0.90) (0.70,0.30,0.30)
Profitability(Cs) (0.55,0.40,0.45) (0.55,0.40,0.45) (0.50,0.50,0.50) (0.75,0.25,0.25) (0.60,0.35,0.40)
Costs(Ca) (0.50,0.50,0.50) (0.50,0.50,0.50) (0.50,0.50,0.50) (0.50,0.50,0.50) (0.30,0.70,0.70)
Customer Obligation(Cs) (0.30,0.70,0.70) (0.30,0.70,0.70) (0.50,0.50,0.50) (0.70,0.30,0.30) (0.50,0.50,0.50)

Table 5. Crisp values of judgments of neutrosophic pair-wise matrix.

Criteria Working Capital(C1) Liquidity (Cy) Profitability (Cs) Costs  (Ca) Customer Obligation(Cs)
Working Capital(Cy) 05 0.757 0.425 0.775 0.7
Liquidity(Cz) 0.425 0.5 0.425 0.9 0.7
Profitability(Ca) 0.757 0.757 0.5 0.75 0.625
Costs(Ca) 0.225 0.1 0.25 0.5 0.3
Customer Obligation(Cs) 0.3 0.3 0.375 0.7 0.5

After that, the normalization illustrated to normalize the crisp value, the criteria’s corresponding

normalized weights mentioned using Eq. (9):W; = 0.243, W, = 0.222,W; = 0.268,W, = 0.103,W; =

0.164. According to the previous step, the total of criteria weights will be as the following: »W; = 1.

and the arrangement of criteria with respect to priorities is Cs, C1, Cz, Cs and Ca4 respectively.

After calculating the weight of each sub-criteria for each main criteria, the researcher concluded

that the most important criteria for the bank and which reflected the situation of the client in paying

the monthly installments of the loan in their due time is profitability of the project, then working

capital and the liquidity as shown in Table 6. So, the decision maker will depend on these criteria to

predict the clients' condition through the following up of loan repayment.

Table 6. Rank of Main Criteria.

Criteria | Sum of Weight of Sub-criteria | Rank
C, 0.243 2
C, 0.222 3
Cs 0.268 1
C, 0.103 5
Cs 0.164 4
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5.4- Sub - Criteria of each Criteria

By applying the same steps on all sub criteria of main criteria, we concluded the following

results as shown in Tables ( 7 — 11).

Table 7. Sub-Criteria of C1

Capital C11 C12 C13 Cis W
Cu 0.50 0.70 0.68 0.78 0.31
Ci2 0.30 0.50 0.43 0.63 0.21
Ci3 0.33 0.76 0.50 0.63 0.25
Cusa 0.50 0.50 0.50 0.50 0.24

Table 8. Sub-Criteria of C2

Liquidity | Caz C22 C23 Co w
C2 0.50 0.70 0.63 0.68 0.31
C22 0.30 0.50 0.30 0.76 0.22
C2 0.50 0.70 0.50 0.70 0.29
C2 0.33 0.43 0.30 0.5 0.19
Table 9. Sub-Criteria of Cs Table 10. Sub-Criteria of Cs
Profit Cs1 C32 Cs3 W Cost Cu Ca2 Ca3 W
Cs1 0.50 070 | 068 | 041 Cu 0.50 0.63 0.70 0.38
Cs2 0.30 050 | 076 | 0.32 Ca 0.50 0.50 0.63 0.34
Cs3 0.33 0.43 0.50 0.27 Cus 0.30 0.50 0.50 0.27
Table 6. Sub-Criteria of Cs
Customer Cs1 Cs2 Cs3 Cs1 W
Cs1 0.50 0.30 0.63 0.76 0.25
Cs2 0.70 0.50 0.70 0.68 0.31
Cs3 0.50 0.30 0.50 0.76 0.24
Csa 0.43 0.33 0.43 0.50 0.20
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After calculating all equations of all NAHP process, the final weights of alternatives will be as

shown in the Table 12:
Table 7. Alternatives of Bank Solutions
Alternatives Al A2 A3 Weight(X)
Al 0.50 0.63 0.70 0.410
A2 0.38 0.50 0.68 0.341
A3 0.30 0.33 0.50 0.249

When the researcher applies the same method which using by Altman Model, the weight of
alternatives can be compared as the following :
IF X>=0.410 Then the alternative will be the first one A = A1 ( Green Area).
IF 0.410>X>=0.341 Then the alternative will be the second one A = A2 ( Yellow Area).

IF 0.341>X>=0.249 Then the alternative will be the third one A = A3 (Red Area).

5.5- Applying Altman Model and NAHP Model
5.5.1- User Interface

The researcher uses the GUI tools to create, edit, and monitor the model. In the proposed
model, the interface consists of a set of forms built in Visual Studio.NET 2016 because it is
considered a flexible and a common software. The user can input the raw of data needed for a
consultation. Figure 3 and Figure 4. Show samples of the used criteria model in application. The user
may have information regarding a specific result and the interface can provide additional

explanations about how the model reached to the conclusion.
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| LoenProtit 13 | Total Profit  |55000 frezom
[_PWIIIﬂTyp. ]CledIlAccounu —;]
[ Penod |2 =] [ Primum Value [151200
| The Guarantes ICompanyAmB | Guarantee Type | Building Mortgage |
Guarantee Value 500000 [Aditional Condition xxx
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Figure 3: Snapshot of Client's Data

| DUPONT FORMULA
| RET ON SALES
TASSET UTILITY
I ‘TOTAL ASSETS/EQUITY
| RETURN ON EQUITY
' RETURN ON ASSETS
| PROFITABILITY
|CGSISALES
| GROSS PROFIT/SALES
|| SGRA/SALES
| PROVISALES
|| REDISALES
| OPERATING PROFIT MARGIN
NPAUI/SALES
L NIVINENNS/NPALL

1.39

=—=

I 200€ I

Figure 4 : Snapshot of Model criteria
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5.5.2- Result of Applying Model

It was difficult to deal with any of public banks to use the proposed model practically in the
credit loan department due to many considerations like laws forbidden, security issues ... etc. The
bank's administration allows the researcher to obtain and study the historical data of previous year,
and only offers a set of available historical clients' cases (200 bank's clients). By applying the
proposed model on these clients for testing the model, the researcher deducts the following results.
Table 13 shows the numbers of classified clients sample and Figure 5 shows the difference between

bank clients, Altman model clients and NAHP model clients.

Table 8. Numbers of Clients Samples

Previous Actual
. Altman Model | NAHP Model
Clients
Green Area 100 120 140
Yellow Area 50 45 40
Red Area 50 35 20
Total of Success
135 165 180
Payment
Total of Defaulted
65 35 20
Payment
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T 160
T 140
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B Previous Actual Clients ' 100
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T 40
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‘I 1 1 1 1 = 0
Total of Total of RedArea  Yellow Area GreenArea

Defaulted Success
Payment Payment

Figure 5 : Difference between bank clients, Altman model clients and NAHP model clients.

6. Discussion
Based on the analysis of the previous results that have been reached, the researcher concludes
that:
The actual number of the clients which the bank approved are 200 clients, divided as follows :
1- 100 clients who reached to full success payment ( Green Area).
2- 60 clients who showed payment fluctuation between the payment of monthly installments
and the delay in paying some installments. ( Yellow Area )
3- 40 clients who stopped to pay the monthly installments for 3 months or more (Red Area ).
The total number of success payment clients are 135 clients (who repaid the total loan to the
bank) ,and the total number of the clients who were unable to pay the fixed installments on their
due dates are 65 clients.
When applying Altman model to the same number of actual clients specified by the bank, the
previous numbers change to the following results and are divided as follows:
1- The number of clients in the (Green Area) increased to 120 clients after 20 clients increased
from the (Yellow Area) as a result of close and accurate examination of the client’s

commitment to pay on due dates without any delay.
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2- The number of clients in the (Red Area) decreased to 35 clients who moved to the yellow
area, as a result of being controlled and helped to overcome the emergency crises to ensure
that they repay the loan installments.

The total number of success payment clients increase to 165 clients (who repaid the total loan
to the bank) ,and the total number of the clients who were unable to pay the fixed installments on
their due dates decrease to 35 clients as shown in Table 13.

After applying the NAHP model to the same criteria used before, the number of clients who
repaid the entire loan increased to 180 clients, being divided as shown in Table 13, and the number
of defaulting clients decreased to 20 clients only, which is the highest percentage reached by the

model compared to the existing system in the bank.

7.Conclusion

The study shows that all criteria which the bank is using to judge on the clients through the
process of following up their obligation in paying the installments, are not used in such an
effective way that can be a helpful factor to the credit officer to make the right decision at the right
time.

In this paper, the researcher applies two models on these criteria, Altman Model and
Neutrosophic-AHP Model. The paper provides a comparative analysis for them to show that we can
use the same criteria used by the bank in very clear calculations to handle the criteria of evaluating
the clients.

The paper proposes criteria for judging the clients and studies consistency of these criteria. This
study also analyzes criteria and factors by calculating their weights based on the properties of the
alternatives. The paper also measures the accuracy of decision by comparing the consistency of
using multi-criteria and criteria for decision model.

The paper proves that Neutrosophic-AHP is more accurate rather than Altman Model and bank
traditional Model. It also shows the effect of using criteria and its factors on the accuracy of the

decision made.
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Abstract: The idea of Neutrosophic statistics is utilized for the analysis of the uncertainty
observation data. Neutrosophic multiple regression is one of a vital roles in the analysis of the
impact between the dependent and independent variables. The Neutrosophic regression equation
is useful to predict the future value of the dependent variable. This paper to predict the students'
performance in campus interviews is based on aptitude and personality tests, which measures
conscientiousness, and predict the future trend. Neutrosophic multiple regression is to authenticate
the claim and examine the null hypothesis using the F-test. This study exhibits that Neutrosophic
multiple regression is the most efficient model for uncertainty rather than the classical regression
models

Keywords: Neutrosophic multiple regression; Neutrosophic regression; Neutrosophic correlation

1. Introduction

The concept of fuzzy logic was introduced by Zadeh [1], the elements in the collections are
represented by the membership value in the closed interval [0,1]. Atanassov [2,3,4] introduce the
intuitionistic fuzzy set that is an extension of the fuzzy set. It is useful to examine the real-life
circumstances by considering membership and non-membership grades but without indeterminate
membership grades. Smarandache [5, 6] extend the idea of intuitionistic fuzzy sets with the account
of indeterminate membership grades, which we called Neutrosophic sets. Aftermath, Salama et al.,
[7] introduced the operations on Neutrosophic sets and progressed Neutrosophic sets theory in [8, 9,
10, 11, 12].

The important role of analyzing the correlation of dependent and independent variables is
to estimate the strength and relation between two variables. Hanafy et al.,, [13] introduced the
concepts of Neutrosophic correlation and its coefficients for the case of finite spaces. The
Neutrosophic regression analysis is a powerful method to identify the relationships between the
dependent and independent variables and also forecasting the uncertainty observation data. Some of
the applications of Neutrosophic regression can be seen in literature such as Karacoska [14],
Cervigon, et al., [15], Kumar & Chong [16], and Abdul et al., [17]. Smarandach [18] introduced the
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theory of Neutrosophic statistics that is the extension of classical statistics and also investigated
Neutrosophic regression analysis. The real-time applications of Neutrosophic regression can be seen
in Aslam [20], Salama et al., [21]. Prabhu et al., [22] analyzed the real-time multiple analysis. Some
other contributions are in this domain have already been done by various researchers such as Tanaka
& Ishibuchi [23] and Aslam [24].

Broumi & Smarandache [25] studied the weighted correlation and correlation coefficient
between two interval Neutrosophic sets that were defined by Wang et al., [26]. Zhang et al., [27]
explained the correlation coefficient measures and their entropy for interval Neutrosophic sets. Ye
[28] proposed the two correlation coefficients between normal Neutrosophic numbers (NNSs) based
on the score functions of normal Neutrosophic numbers (NNNs) and investigated their properties.
He also developed a MADM method with NNSs under normal Neutrosophic numbers. Ye [29]
presented a new correlation coefficient measure between dynamic single-valued Neutrosophic
multisets. Karaaslan [30] studied the measures between two Neutrosophic sets; two interval-
Neutrosophic sets; two Neutrosophic-refined sets and their applications of these methods are utilized
in multi-criteria decision-making problems. Broumi and Smarandache [31] also proposed the
correlation coefficient between interval Neutrosophic sets. Rajarajeswari and Uma [32] put forward
the correlation measure for IFMS. Recently, Broumi and Smarandache [reference] defined the
Hausdorff distance between Neutrosophic sets and some similarity measures based on the distance
such as the set-theoretic approach and matching function to calculate the similarity degree between
Neutrosophic sets. Broumi [32] explained the concept of correlation measure of Neutrosophic-refined
sets that is the extension of the correlation measure of Neutrosophic sets and intuitionistic fuzzy
multi-sets. Le [33] established the fuzzy decision-making method based on the weighted correlation
coefficient under the intuitionistic fuzzy environment. Le [34] explained the cosine similarity
measures for intuitionistic fuzzy sets and their applications. Gerstenkorn [35] studied the concept of
correlation under the environment of intuitionistic fuzzy sets. Further, Hung [36] defined the
correlation for intuitionistic fuzzy sets based on the centroid method. Ye [37] introduced the
multicriteria decision-making method by the use of the correlation coefficient under a single-valued
Neutrosophic environment. Deli [38] studied the concept of Neutrosophic-refined sets and their
applications in medical diagnosis. Sahin [39] explained the correlation coefficient of single-valued
Neutrosophic hesitant fuzzy sets and applied them in decision-making problems. Pramanik et al.,
[40] studied the multicriteria decision-making problems by applying a rough Neutrosophic
correlation coefficient. Nagarajan et al., [41] explained Neutrosophic interval valued graphs. Lathamaheswari
et al., [42] explained type 2 fuzzy in bio medicine. Ye [43] explained the improved correlation coefficients
of single-valued Neutrosophic sets and interval Neutrosophic sets for multiple attribute decision-
making problems. Liu et al, [44] established a correlation coefficient for the interval-valued
Neutrosophic hesitant fuzzy sets and applied them in multiple attribute decision-making. Ye [45]
studied the multi-criteria decision-making method using the correlation coefficient under a single-
valued Neutrosophic environment. Gonzélez-Rodriguez et al.,[46] explained ANOVA test for
Fuzzy data. Jiryaei A et al.,[47] studied fuzzy random variables.
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2.Preliminaries:

Regression line with dependent and one independent equation is
Y =a+bX + € (1)

When Y is the output value on dependent, variable X is the input value of the independent variable,
b is the slope, a is the intercept and e is the residual.

More than one independent variable equation as:
Y = a+b1X1 +b2X2+...+ann +e (2)

Here n number of independent variables and by, b,...b, are number of slopes for each.e is the

standard error . The estimation of a and b for to minimize the error of prediction equation
Y =a+b X, +bX,+...+b, X, 3)

The equation for a with two independent variables is:

a=Y-bX, -b,X, @)

For the two-variable case:

b, — szzzx1y_lexzzxzy
LI - ()’ 5

b :lezzxzy_lexzley
i ZXlZZXZZ _(ZXIXZ)Z (6)

From the above equations 5 & 6 only for two variables x1 and x.

Smarandache [18] is given the Neutrosophic extended for classical statistics operation. The

operations are as follows.

Let’s S1 and S2 be two sets of numbers.
S$1452 = {x1+x2 | x1€S1and x2€52}

S$1=S2 = {x1—x2 | x1€S1and x2E€S2}

S51:52 = {x1-x2 | x1€S1 and x2€52}
a-S1=Srra={ax1 | x1€51}

a+S1=S1+a={at+x1 | x1€51}
a-S1={a—x1 | x1€51}
Si—a={x1—a | x1€S51}

5152 = {x1x2 | x1€81, x2€8>2, x2#0 }
Sin={xin | x1€51}
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S1a = {x1a | x1€S51, a#0}
aSi1={ax1 | x1€51, x1#0}
\Sin = {Nxin | x1€81)

3.Numerical example

In table 1 shows the student performance campus interview based on aptitude and personality

test, that measure the conscientiousness

Y is the dependent variable conscientiousness xi is the aptitude test and personality test as shown

in the following table 1.

table:1 Database

Y X1 X2
[1,3] 3 2
2 2 [2,1]
[2,4] [1,2] [3,2]
4 [2,3] 4
[1,4] [2,1] [4,4]
6 [2,3] [4,5]
[2,4] 2 1
[10,13] [5,6] [6,7]
[14,15] 7 8
5 [7,1] 3

)

(8)

X X
lexz zlexz _%

Using the equation 7, 8, and 9

> %y =[38919] > x,y=[23136.1] > x,X, =[3519.9]

Matrix form of the values is corresponding to the correlation, sum of square, and cross product of the

variables as shown in the following table 2.

D. Nagarajan,, S. Broumi, F. Smarandache, J. Kavikumar, ANALYSIS OF NEUTROSOPHIC MULTIPLE REGRESSION



Neutrosophic Sets and Systems, Vol. 43, 2021

48

table 2: Matrix form of the values

Y Xi Xz

! 2 =[387,532] 2%y =[218,247] 2%y =[245,310]

X "y [0.89954, 1.31925] 2% =[156,1236] PR =[146,142]

* "2 [1.56309, 1.17855] fxx211.172603, 0.406182] 2%
156309, 1. . , 0. =[175,189]

Using equation 5 and 6 the value of the regression coefficient
bi=[-2.34988, 1.650734], bz= [0.965172, 1.093934]

from equation 4 the value of the intercept is

a=[-4.29976, 10.18347]

Therefore the Neutrosophic regression equation is

Y=[-4.29976, 10.18347] + [-2.34988, 1.650734] x1 +[0.965172, 1.093934] x-

The proportion of variance is in the set of independent variables is R square value. The Neutrosophic

R square value is

A Neutrosophic residual sum of squares is NRSS = Y,(y — 9)?
NRSS =D (y-¥)* =[183267.7]
A Neutrosophic total sum of squares NTSS = Y,(y — )?

NTSS =D (y-V)? =[226821875]

A Neutrosophic coefficient of determinationis NCD =1 — %

NCD =1-3RSS _10.097,0.129]
NTSS

©)

(10)

(11)

The Neutrosophic mean of Y is [46,50]. The Neutrosophic r square is [0.09,0.12] from the above results

shows that the variation between independent and dependent variablesis 9 % and 12 %. That means

the student performance campus interview variation based on aptitude and personality test is

between 9 % and 12 %. Hence, it is revealed that these variables are also affected by the student

performance on-campus interview.
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4.Significance test of R square
Using the F test for significance of R square is

B R?/K
T (1-R?)(N-K -1

(12)

Which is distributed as F with K and N-K-1 degrees of freedom when the null hypothesis is true.

Now R? represents the multiple correlations rather than the single correlation.
The null hypothesis: R square value is not zero population with degrees of freedom is N-K-1

Using (12), the Neutrosophic F value is [0.007904,0093]

Comparing the tabulated value using degrees of freedom and the calculated value. It shows that the

null hypothesis is accepted.
5.Regression with beta weights

Comparison of correlation and regression equation is

Xy X (13)

But f means ab weight when X and Y are in standard scores, so for the simple regression case,

r= f ,and we have:

!
Z, =
Y ﬂz X (1 4)
The bottom line on this is we can estimate § weights using a correlation matrix.

ﬂ _ ryX1 B r)’xz rxlxz
1

2
1- M, (15)
Tyxy ~Tyx1Txq1x

B = yl_y— (16)

where ry« is the correlation of y with Xi, ryx is the correlation of y with Xz, and r12 is the correlation of

x1 with x2. Note that the two formulas are nearly identical and the correlation matrix shows in table:3
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table :3 Correlation matrix

Y X1 X2
Y 1
X1 [-0.89954, -1.31925 1
X2 [-1.56309, -1.17855] [1.172603, 0.406182] 1

Using the equation 15 and 16 calculate the Neutrosophic beta coefficients. That is

S, =[-0.50399-1.3679], 5, =[-1.23030.329977

Note that there is a surprisingly large difference in beta weights given the magnitude of correlations.

6.The limitations on statistics

In table 4 shows that limitation on different category statistics

table:4 Limitation on Statistics

Statistics

Limitations

Classical statistics

It is applied for the analysis to
determining the sample and the
parameter in the population or

sample space is determined.

The analysis only for the determined
parameter. Testing the analysis of
variance and significance under

classical statistics ~ only  for

determined observation.

Fuzzy statistics

The
statistics applies to the data

analysis using fuzzy
having uncertainty. The statistics
depend on Fuzzy statistics and

do not consider indeterminacy.

It will be applied for observations in
Fuzzy.

Under fuzzy statistics testing the
analysis of variance and significance
only for the observations are fuzzy

and uncertain.

Intuitionistic ~ fuzzy

statistics

It is the extension of fuzzy
statistics and considering
membership and non-

membership grades.

It will apply only intervals belongs to
membership and non-membership.

Under Intuitionistic statistics testing
the

significance only for the observation

analysis of variance and

are  membership and  non-

membership that belongs to the real

unit interval.

Neutrosophic statistics

It is based on Neutrosophic logic
and is considered the measure of

indeterminacy. It is the

It is applied to an uncertain
environment. Under Neutrosophic

statistics testing the analysis of

D. Nagarajan,, S. Broumi, F. Smarandache, J. Kavikumar, ANALYSIS OF NEUTROSOPHIC MULTIPLE REGRESSION




Neutrosophic Sets and Systems, Vol. 43, 2021 51

extension of intuitionistic fuzzy | variance and significance when the
sets. observations are not fuzzy in the
interval and it is an extension of

classical and fuzzy statistics.

7. Conclusion

In this paper, we introduce the multiple regression method under the environment of
Neutrosophic sets. Moreover, we proposed a method to compute the correlation coefficient of
Neutrosophic sets which is given us information about the degree of the relationships between the
variables based on Neutrosophic sets. Further, the method is applied to predict the students'
performance in campus interviews based on aptitude and personality tests. Based on the above
method the result shows that the variation between independent and dependent variables is 9% and
12%, which means that the students' performance variations based on aptitude and personality tests
are between 9% and 12%. Thus, it is revealed that aptitude and personality tests are affected students'
performance in campus interviews. Future work will be focused on the concept of interval
Neutrosophic multiple regression analysis.
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Abstract: The Altman Z-Score model, introduced by Edward Altman in 1968, is one of the most
common models used in financial risk analysis. However, although it is a widely used model,
many theories against the growing uncertainty of our daily lives have been replaced by theories
modeled by more complex sets of numbers that are nonlinear. Therefore, the necessity of
evaluating the financial uncertainty situation with different and innovative methods has emerged
for the models obtained. When looking at the studies in the literature with the use of the Altman
Z-score model, it shows that the predictive power of the Z-score model is quite high. This model is
a model that can be applied by using the data in the balance sheet and income statement, which are
among the basic financial statements in accounting. In this study, the Altman Z-score model was
arranged according to the neutrosophic numbers of some data from the balance sheet and income
statement of the two companies, and a nonlinear study was compared with the classical Altman
Z-score model. As a result of the study, it was predicted that the results obtained with the Altman
Z-score and neutrosophic numbers have more positive results in company mergers than the
formula found by the discriminant method, and the instability situations will decrease as a result of
the merger of the company.

Keywords: Altman Z-score; Risk Analysis; Neutrosophic Numbers

1. Introduction

Neutrosophy is a branch of philosopy, introduced by Smarandache in 1980, which studies the
origin, nature and scope of neutralities, as well as their interactions with different ideational spectra.
Neutrosophy is the basis of neutrosophic logic, neutrosophic probability, neutrosophic set and
neutrosophic statistics in [1]. Neutrosophic logic is a general framework for unification of many
existing logics such as fuzzy logic which is introduced by Zadeh in [2] and intuitionistic fuzzy logic
which is introduced by Atanassov in [3]. Fuzzy set has only degree of membership, intuitionistic
fuzzy set has only degree of membership and degree of nonmembership. Thus; they do not explain
the indeterminancy states. But neutrosophic set has degree of membership (t), degree of
indeterminacy (i) and degree of nonmembership (f) and define the neutrosophic set on three
components (t, i, f). A lot of researchers have been dealing with neutrosophic set theory in [4].

The main purpose of the establishment of businesses is to make a profit. However, over time,
businesses may face the reality of failure and bankruptcy, which they consider as the last point,
along with deterioration in their financial structures. Today, although there are companies that have
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existed for years, there are companies that have to terminate their activities in a short time and go
bankrupt. Edward I. Altman (1968) conducted a study on bankruptcy firms and created a model
using financial ratios and discriminant analyzes to predict the insolvency of firms. In the literature,
this model has been named as Altman Z-score model. Altman (1968) analyzed the financial ratios of
66 manufacturing enterprises with the method of multiple discriminant analysis and developed the
Z-Score model consisting of five ratios that can be used in predicting financial failure. Altman
classified the enterprises with a Z Score greater than 2,99 in the "safe zone" (Non-Bankupt). There is
no failure for companies located in the safe zone. Businesses with a Z Score between 1,81 and 2,99
are classified in the gray area. Caution should be exercised when investing in businesses located in
the gray zone. Businesses with a Z Score below 1,81 are determined as businesses with a high risk of
financial failure. This study of Altman showed a successful classification performance of 95% for one
year ago and 72% for two years ago in predicting financial failure. The Z-score has been developed
over time for industry and service sectors and new models have been adapted to these sectors.
Altman's Z-score model is one of the best known statistically derived models for predicting the
upcoming bankruptcies of companies [5].

It is known that reasonable assurance mathematical and statistical methods are used in the
establishment of audit systems and in auditing. Analysis with neutrosophic numbers can also be
considered in this context. Especially when the continuity of businesses and bankruptcy risk are
evaluated together, the auditor prepares the financial statements with the assumption that the
enterprises have an indefinite life and can continue their activities in the foreseeable future. Financial
statements are prepared to cover a period of at least 12 months. The concept of business continuity
also refers to this. Within the scope of the auditor's responsibilities, it is necessary to obtain sufficient
and appropriate audit evidence about the appropriateness of management's use of the going concern
principle in preparing the financial statements. It is thought that whether there is a bankruptcy risk
in business combinations can be measured with the concept of continuity [6].

In this study, the results obtained by adapting Altman's Z-score model, which is one of the
accounting-based bankruptcy prediction models, to neutrosophic clusters in company mergers were
compared with the classical Altman's Z-score model and a new perspective was tried to be gained to
the literature.

2. Altman Z-skor

In this model, Altman dividing 22 different ratios into 5 groups has created a discriminant
model. This model;

Z =0012.X%, +0,014.X, +0,033.X, +0,006.X, +0,999. X,

e X, =Working Capital / Total Assets

e X, = Non-Distributed Profits / Total Assets

e X5 =Profit Before Interest and Tax / Total Assets

e X, =Equity/ Total Debts

e X = Sales/ Total Assets

According to some of the model included: Firms with a Z-score below 1,81 are classified as
uncertain and companies within 2,99 are classified as safe in a distressed situation between 1,81 and
2,99. This model has been criticized in terms of predicting financial failure of private firms and
non-production operating service sector for its construction for public companies. Altman (2000),

with a number of regulations, introduced 2 new models for the private sector manufacturing and
service sector.
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Altman Z model for private sector manufacturing companies;

o Z=0717.X, +0,847.X, +3,107.X5 + 0,42.X, +0,998. X,

Altman Z model for private sector service companies;

o Z=656.X, +3,26.X, +672.X,

+1,05.%,

The X variable was removed from the new model, and the impact of the manufacturing
sector was reduced. As a result of this situation, the coefficients of the new models have changed and
as a result, the Z-score intervals have changed. The ranges of all created Z-score models are given in

the table below. [7,8].

Z Score Ranges for Public
Manufacturing Sector Firms
(Altman, 1968)

Altman Z Score Ranges for
Private Sector Manufacturing
Companies (Altman, 2000)

Altman Z Score Ranges for
Private Sector Service
Companies (Altman, 2000)

Safe if Z score > 2,99

Safe if Z score > 2,90

Safe if Z score > 2,60

Uncertain if 1,81 <Z score < 2,99

Uncertain if 1,23 < Z score < 2,90

Uncertain if 1,1 <Z score < 2,60

Troubled if the Z score < 1,8

Troubled if the Z score < 1,23

Troubled if Z score < 1,1

3. Method and Modeling

Data on working capital, total assets, undistributed profits, profit before interest and tax,
equity and debt belonging to companies A and B, whose names are kept confidential for modeling
purposes, are given below.

For Company A;

e Working Capital = 21.552.520,00

e Total Assets =29.147.026,00

e Non-Distributed Profits = 84.157,00

e Profit Before Interest and Tax =11.517.421,00
e Equity = 24.581.236,00

e Debts =4.565.790,00

e Sales=18.413.971,00

In accordance with the information provided, for company A;

e X} =Working Capital / Total Assets = 0,7394414785
o X,
e X3 = Profit Before Interest and Tax / Total Assets = 0,3951490969
e X, = Equity / Total Debt = 5,3837859385

e X: =Net Sales/ Total Assets =0,6317615732

= Non-Distributed Profits / Total Assets = 0,0028873272

As a result, the Altman-Z Score obtained for company A;
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Z=0,717.%, +0,847.X, +3,107.X; +0,42.X, +0,998. X = 4,652041494

For Company B;

Working Capital = 23.519.164,00

Total Assets =47.405.811,00
Non-Distributed Profits = 954.663,00

Profit Before Interest and Tax = 12.244.001,00
Equity = 36.727.311,00

Debts = 10.678.500,00

Sales = 41.524.596,00

In accordance with the information provided, for company B;

Xy
Xz

= Working Capital / Total Assets = 0,35572096

= Non-Distributed Profits / Total Assets = 0,017056971

= Profit Before Interest and Tax / Total Assets = 0,802477804
= Equity / Total Debt = 1,444535339
= Net Sales / Total Assets =0,874187066

As aresult, the Altman-Z Score obtained for company B;

Z=0717.X, +0,847.X, +3,107.X5 +0,42.X, +0,998.X; = 3,49397814

For company C obtained as a result of the merger of A and B companies;

Working Capital = 45.071.684,00

Total Assets = 76.552.837,00

Non-Distributed Profits = 1.038.820,00

Profit Before Interest and Tax = 23.761.422,00
Equity = 61.308.547,00

Debts = 15.244.290,00

Sales = 59.938.567,00

In accordance with the information provided, for company C;

Xy
X3

= Working Capital / Total Assets = 0,588765691

= Non-Distributed Profits / Total Assets = 0,013569974

= Profit Before Interest and Tax / Total Assets = 0,310392442
= Equity / Total Debt = 4,021738435
= Net Sales / Total Assets = 0,782969898

Altman-Z Score obtained as a result of the merger of A and B companies;

Z=0717.X, +0,847.X, +3,107.X5 + 0,42.X, +0,998.X. = 3,868562186
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Normalization and adaptation to neutrosophic numbers for company A [9,10,11];
T,:E—]70,17]
I:E—=]170,17]

F,:E—]70,17]

and
T,(x) x € E, Accuracy Degree = 0,3766177702
L(x) x € E, Instability Degree =0,3589821806
F, (x) x € E, Inaccuracy Degree = 0,2644000492

« T (x)= Safe Zone Z-Skore / Z-Skore, I(x)=Uncertain Zone Z-Skore / Z-Skore, F(x)= Troubled Zone Z-Skore / Z-Skore

Normalization and adaptation to neutrosophic numbers for company B [9,10,11];
Tg:E —]70,17[
I.:E—]70,17[

Fp:E—]70,17[

for;
Tg(x) x € E, Accuracy Degree = 0,170000531
Ig(x) x € E, Instability Degree = 0,477965211
Fp (x) x € E, Inaccuracy Degree = 0,352034257

Altman-Z Score for company C obtained as a result of the merger of A and B companies;
results obtained as a result of normalization [4,5,6]

T-:E —]70,17[
I.:E—]70,17[

F.:E—]70,1%[

and
T-(x) x € E, Accuracy Degree = 0,2503674853
I-(x) x € E, Instability Degree = 0,4316849309
F.(x) x € E, Inaccuracy Degree = 0,3179475838

« T (x)= Safe Zone Z-Skore / Z-Skore, 1(x)=Uncertain Zone Z-Skore / Z-Skore, F(x)= Troubled Zone Z-Skore / Z-Skore

Adapting the results obtained as a result of normalizing the Altman-Z Score without
merging of A and B companies to neutrosophic numbers and combining them with neutrosophic
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numbers. Let's use the AB index to distinguish this combination from the classic Altman-Z Score
[9,10,11];

Tye:E—]170,1%]
Lz:E—]170,17]

FAE:E_}]_E'!:L-F[

and
Tyg(x) x € E, Accuracy Degree = 0,6458237826
Iz(x) x € E, Instability Degree = 0,2296159870
F,g(x) x € E, Inaccuracy Degree = 0,1245602304

4. Conclusion

When the data obtained for A and B companies considered in our study were compared with
the results obtained with the classical Altman-Z score and neutrosophic numbers;

e  While the accuracy level is lower in the classical method, it is predicted that the company
will become more secure as a result of the merger as the accuracy level increases in the data
obtained by using non-linear neutrosophic numbers.

e Compared to the classical method, it is seen that the degree of instability decreases by
almost half as the accuracy level increases.

e It has been observed that the same situation for the degree of indecision is also valid for the
degree of inaccuracy, and the degree of inaccuracy is significantly reduced.

Along with all these results, the formula obtained from the discriminant method in the classical
Altman-Z model is insufficient to calculate the positive benefit of company mergers, and when we
look at the results obtained with neutrosophic numbers, it is predicted that mergers will make a
more positive contribution in favor of the company and the situations of negativity and indecision
within the company will decrease. Therefore, linear methods increase the accuracy rate of company
financial data in company mergers, resulting in more positive results for the company. When the
financial data of the company are evaluated, the possibility of making correct analysis according to
the linear method also increases. It was concluded that this situation increases the possibility of
making a more accurate decision in terms of decision data. In addition, it is considered that these
studies can contribute to the field of audit, such as the continuity of the enterprises to be carried out
in the field of audit, by evaluating the analytical procedures. Finally, it was predicted that in the
future, more advanced number systems such as neutrosophic numbers will be used in risk analysis
instead of classical number systems.
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Abstract: Neutrosophic set (NS) is a framework used when the imprecision and uncertainty of an
event are described based on three possible aspects, i.e., the membership degree, neutral
membership degree and non-membership degree. On the other hand, neutrosophic graphs (NG)
are applicable to deal with bulk information events. Furthermore, the incidence graph concept in
neutrosophic sets contains a handful of problems like decision-making as well as, social and
communication networks. This paper aims to propose the interval-valued neutrosophic sets to
incidence graph and represent a new concept, namely interval-valued neutrosophic incidence
graph (IVNIG). An IVNIG is a generalization of the concept of single-valued neutrosophic
incidence graph (SVNIG). Moreover, some properties related to IVNIG, such as strong edge, strong
pair, strong cut pair and neutrosophic incidence cut pair, are also discussed using suitable
examples. The defined new concept of IVNIG is applied and investigated on a practical problem of
safe root travelling.

Keywords: bridge; cut pair; interval-valued neutrosophic incidence graphs; strong edge; strong
pair

1. Introduction

The concept of fuzzy sets was pioneered by Zadeh [1]. Later, Zadeh introduced the notion of
interval-valued fuzzy sets as an extension of fuzzy sets [2], where the membership degrees’” values
are intervals of numbers instead of numbers itself. Interval-valued fuzzy sets provide a more
comprehensive overview of uncertainty than traditional fuzzy sets. However, these may not be
enough in modelling indeterminate and inconsistent information to deal with in the real world.
Therefore, to encounter this problem, Smarandache [3] proposed the notion of neutrosophic sets by
combining non-standard analysis. In a neutrosophic set, the membership value is associated with
three components which are truth membership (t), indeterminacy membership (i) and falsity
membership (f), where each membership value is a real standard or non-standard subset of the
non-standard unit interval ]0-,1*[ with no restriction on their sum.
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Later, Smarandache and Wang et al. [4] introduced the single-valued neutrosophic sets (SVNS)
to apply neutrosophic sets in real-life problems. Also, Wang et al. [5] presented the concept of an
interval-valued neutrosophic set (IVNS). Representation of graphs using IVNS is more precise and
more flexible than the SVNS. An IVNS is a generalization of the concept of SVNS. Three membership
functions (t, i, f) are independent and their values belong to the unit interval [0, 1].

Graph theory has become a significant area of applied mathematics, commonly considered a
combinatorics area. The graph is a widely used tool for solving combinatorial problems in different
areas such as computer science, optimization, topology, number theory, algebra and geometry. It
should be pointed out that, when there is uncertainty regarding either the set of vertices or edges, or
both, the model becomes a fuzzy graph [6]. In recent years, there has been an increasing amount of
literature performed on the fuzzy graph [7-11], intuitionistic fuzzy graphs [12-18] and
interval-valued intuitionistic fuzzy graphs [19-22]. All of them have considered the vertex and edge
sets as fuzzy and/or intuitionistic fuzzy sets. However, when the relations between nodes (or
vertices) are inconsistent, the fuzzy graphs and intuitionistic fuzzy graphs fail to work.

Therefore, Smarandache [23-25] defined four main categories of neutrosophic graphs. These
are based on literal indeterminacy (I), which are I-edge neutrosophic graph and I-vertex
neutrosophic graph. These concepts were studied extensively and gained much attention among the
researchers due to their applications in real-world problems [26-27]. The two other graph categories
are based on (t i, f) components, called (t, i, f)-edge neutrosophic graph and (t, i, f)-vertex
neutrosophic graph. However, these two categories were not developed at all. Later on, Broumi et al.
[28] introduced and investigated a new neutrosophic graph model called single-valued
neutrosophic graph (SVNG). This model allows attaching the membership (t), indeterminacy (i) and
non-membership (f) degrees to both vertices and edges. The SVNG is a generalization of fuzzy graph
(FG) and intuitionistic fuzzy graph (IFG).

The same authors, Broumi et al. [29-30] introduced the concept of an interval-valued
neutrosophic graph (IVNG) as a generalization of the SVNG. The properties were discussed using
proof and examples. Later on, Akram and Nasir [31] showed some flaws in Broumi’s definition,
which cannot be applied in network models. The authors then modified the definition of an IVNG,
discussing some operations involved. Using this approach, Akram and Sitara [32] introduced IVNG
structure and several concepts on interval-valued neutrosophic competition graphs were presented
in [33].

Dinesh [34] first introduced the concept of unordered pairs of vertices, which are not incident
with end vertices. The fuzzy incidence shows the relations between vertices and provides
information about the influence of a vertex on the edge. Later, the idea of the fuzzy incidence graph
was extended by Dinesh [35], and the author introduces new concepts in this regard. Moreover,
Mathew and Mordeson [36] discussed the connectivity concepts in fuzzy incidence graphs. These
are important in interconnection networks with influenced flows. Therefore, it is crucial to analyze
their connectivity properties. Next, the fuzzy incidence graph was studied by Malik et al. [37]. The
authors applied the notion of the fuzzy incidence graph in problems involving human trafficking.
They discussed the role played by the vulnerability of countries and their government’s response to
human trafficking. Other than that, Mathew et al. [38] studied some properties of incidence cuts and
connectivity in fuzzy incidence graphs. The incidence is used to model flows in human trafficking
networks. Fuzzy incidence block was defined by Mathew and Moderson [39], discussing their
applications in illegal migration problems. They used fuzzy incidence graphs as a non-deterministic
network model with supporting links by applying fuzzy incidence blocks to avoid the network’s
vulnerable links.

In view of all that has been mentioned so far, Akram et al. [40] investigated the extension of the
fuzzy incidence graph in the form of the neutrosophic environment. The authors introduced the
notion of a single-valued neutrosophic incidence graph (SVNIG) and discussed the connectivity in
this regard. Later, Akram et al. [41] studied the idea of bipolar neutrosophic sets to incidence graphs,
and some related properties were defined. Recently, Hussain et al. [42] have presented the
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neutrosophic vague incidence graph and defined the edge connectivity, the vertex connectivity, and
pair connectivity in neutrosophic vague incidence graph. A summary of the author’s contribution
toward the incidence graph is presented in Table 1.

Based on the idea of SNVIG, in this paper we propose the interval-valued neutrosophic sets
with incidence graph, representing a new concept, namely interval-valued neutrosophic incidence
graphs (IVNIG). The properties related to IVNIG, such as strong edge, strong pair, strong cut pair
and neutrosophic incidence cut pair are also discussed with suitable examples. The rest of this paper
is instructed as follows: Part 2 contains a brief background about graphs and neutrosophic set
applied later. We then introduce the concept of IVNIG graph and investigate its properties in Part 3.
In Part 4, we apply the proposed method in application of finding the best route. In Part 5, illustrate
the comparative study and advantages of the proposed method. Finally, Part 6 outlines the
conclusion together with limitations of the study and suggest an open problem for future research.

Table 1. Contribution of authors to incidence graphs

Authors Year Contributions
Dinesh [34] 2012  fuzzy incidence graph
Dinesh [35] 2016  extended of fuzzy incidence graph
Mathew and Mordeson [36] 2017  connectivity concepts in fuzzy incidence graph
Mathew and Mordeson [39] 2017  fuzzy incidence block
Malik et al. [37] 2018  fuzzy incidence graph in human trafficking
Akram et al. [40] 2018  single-valued neutrosophic incidence graph
Mathew et al. [38] 2019  incidence cuts and connectivity in fuzzy incidence graph
Akram et al. [41] 2019  bipolar neutrosophic incidence graph
Hussain et al. [42] 2020  neutrosophic vague incidence graph

2. Preliminaries

In this part, some basic concepts related to neutrosophic sets, single-valued neutrosophic sets,
interval-valued neutrosophic sets, fuzzy graph, single-valued neutrosophic graphs and
interval-valued neutrosophic graphs are presented and used in the next parts.

Definition 2.1 [43]

A fuzzy graph is a pair of functions G = (a, y) , Where o is a fuzzy subset of a non-empty set
V and pis a symmetric fuzzy relation on o, ..e, o:V —>[0,1] and,u:VxV—)[O,l] such that
,u(uv) < o-(u)/\a(v) for all u,veV. Here, uv denotes the edge between u and v while

o-(u)/\a(v)denotes the minimum of O'(u) and O'(V). o is called the fuzzy vertex set of V,

while x is called the fuzzy edge set of E.

Definition 2.2 [36]
Let G :(V,E)be a graph, o be a fuzzy subset of V, u be a fuzzy subset of E and y be a

fuzzy subset of VxE. If !//=(V,e)£min(0'(v),,u(e))for all veVandeeE, then y is called a

fuzzy incidence of G.

Definition 2.3 [36]
Let G= (V,E) be a graph and (o-, ,u) be a fuzzy subgraph of G. If y is a fuzzy incidence of G,

then G= (o-, ,u,t//) is called a fuzzy incidence graph of G. Any x eV is said to be in support of o if
U(X) >0,xy € VxVis said to be in support of u if ,u(xy) >0, and(x,yz) € VxE is said to be in
support of w if (x,yz) >0. The supports of o,u, and yw are denoted as
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o ,u ,andy respectively. Let xy e Supp( ,u). Then, xy is an edge of the fuzzy incidence graph
C:(o,,u,z//) and if (x,xy),(y,xy)eSupp(t//), then (x,xy) and (y,xy) are called pairs. Two
verticesv, and v, joined by a path in a fuzzy incidence graph are said to be connected. The

incidence strength of a fuzzy incidence graph é:(a, y,l//) is  defined to

be min{l//(v,e)l (V,e ) eSupp (l//)} .

Definition 2.4 [44]
A neutrosophic graph is defined as a pair G(V,E) where

i. V={v,v,,...,v, | such that T,:V—[0,1],1,:V—[0,1]andF,:V —[0,1] denote

the degree of truth-membership function, indeterminacy function and falsity-membership
function respectively, where 0<T, (V) +1, (V) +F (V) <3

ii. EcVxV > [0,1] where E is relation on V such that
T, (uv) < min{T] (u),T] (V },

Definition 2.5 [40]
Let G'= (V,E,I)be an incidence graph, where V is a vertex set of G, E is edge set of G and I is

incidence of G, then a single-valued neutrosophic incidence graph is an ordered-triplet,
G= (A, B,C) such that

1.  Ais asingle-valued neutrosophic set on V
2. Bis asingle-valued neutrosophic relation on V
3.  Cis asingle-valued neutrosophic subset of VxEsuch that

T (x, xy) <min {TA (x),TB (xy)},
I (x, xy) <min {IA (x),IB (xy)},
E. (x,xy) < max {FA (x),FB (xy)},‘v’x eV,xyeE

Definition 2.6 [45][46]
The interval-valued neutrosophic set A in X is defined by

A={lo[t (08 (L ()2 (LR (1) 82 (9] ],
where tlA (x),tz (x),ilA (x) Z( ) f! ( ) and f) (x)a e neutrosophic subsets of X such that
(x)<ti(x),
(x) i(x), and
A( ) f. (x),Vxe X
For any two interval-valued neutrosophic sets:
A= {(x,[tk (x),tz (X):|,|:iIA (x),i: (x)],[f:\ (X),f: (X)]) X € X}, and
B = {(s 6 ()85 (0 1 ()33 (O 8 (). ()],

1 u
t, <t,
-1 .
1, <1
fl (x)<

define that,
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UB - xmax(t x)t (x)) max( ( ,t‘g(x)) max(lk(x),ig(x)),J'Xe }
AP {max( (x ,1‘;(x)),ml( () (x)),min(f/;1 x),fg‘(x)) . X

< )
) (
| il ()4 () min (£ (). 5 () min(s, <x>,i;<x>>']-xe }
ANB {[mln( (X),IB(X)),max( (x).f (x)),max(f:(x)lf; x)) xeX

Definition 2.7 [31]
An interval-valued neutrosophic graph on a nonempty set X is a pair G = (A, B) , Where A is

an interval-valued neutrosophic set on X and B is an interval-valued neutrosophic relation on X such

that
t; (xy) < mm( x y ) t; xy (t; (x),t‘; (y))
g(xy) < mm( y ), 1; xy (1 (x),i: (y)),
£ (xy) < mm( L (xy) < (f (x). £ (y)) vx,y e X

Note that B is called symmetric rela‘aon on A.

3. Interval-Valued Neutrosophic Incidence Graphs

Definition 1
An interval-valued neutrosophic incidence graph (IVNIG) of an incidence graph G= (V, E,I)

is an ordered-triplet, G= ()A(, Y, 2) , such that
is an interval-valued neutrosophic set on V

X
2. Y is an interval-valued neutrosophic relation on V

Z is an interval-valued neutrosophic subset of VxE such that
T, (V,VW) < min{T)% (V),T;; (VW)},
T (V,Vw) < min{T; (V),Tg (VW)},
I; (V,Vw) < min{I; (V),IE (VW)},
I (V,Vw) < min{I;J (V),I:}I (VW)},
E (V,Vw) < max{Fff (V),F\I; (VW)},
FZU (V,VW) < max{F)éJ (V),F; (VW)},VV eV,vw e E.

We now discuss an example of an IVNIG.

Example 1
Consider an incidence graph, G:(V, E,I) such that V:{a,b, C,d},
I= {(a,ab),(b,ab),(a,ac),(c,ac),(b,bc),(c,bc),(c,cd), (d,cd),(a,ad),(d,ad)} , as shown in Figure 1.

Let G= ()A(, \A{,Z) be an IVNIG associated with G, as shown in Tables 2 — 4 and Figure 2. Also,

E= {ab, ac,bc, cd, ad} and

let X be an interval-valued neutrosophic incidence set on V given as:
“ (a[0.1,04],[0.2,05],[03,0.7]),(b,[0.3,05],[0.2,0.6],[0.1,0.7]),
~|(c.[0.3,0.8],[0.4,09],[05,09]),(d,[0.4,0.7],[0.3,0.8],[0.4,097) |

Y be an interval-valued neutrosophic incidence relation on V given as:
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o (ab,[0.1,0.4],[0.2,0.5],[0.3,0.7]),(ac,[0.1,0.4],[0.2,0.51,[0.4,0.8])(bc,[0.3,0.5],[0.2,0.6],[0.5,0.8]),
(¢d,[0.3,0.71,[0.3,0.8],[0.5,0.8]),(ad,[0.1,0.4],[0.2,0.5],[0.4,0.8]) ’

Z be an interval-valued neutrosophic incidence set on V xE given as:
((a,ab),[0.1,0.3],[0.1,0.4],[0.3,0.7]),((b.ab),[0.1,0.3],[0.1,0.5],[ 0.2,0.6 ]),
((a,ac),[0.1,03],[0.1,05],[03,0.8]),((c.ac),[0.1,0.4],[0.1,0.4],[0.4,0.8]),
((b,bc),[0.2,05],[0.1,0.5],0.4,0.7]),((c,bc),[03,0.5],[0.2,06 |,[0.4,0.8]), |-
((ced),[03,0.7],[0.3,0.8],[04,09]),((d,ed),[0.3,0.6],[0.2,0.7],[0.3,08]),
( a

a,ad),[0.1,0.4],[0.2,04],[03,0.7]),((d,ad),[0.1,0.4],[ 0.2,0.5],[ 0.4,0.8])

N>
Il

B > - 2
a = ‘b

‘ . Sy

Figure 1. Incidence graph

Table 2. IVNIG set on V
a b c d
[0.,04] [03,05] [03,08] [04,07]

[02,05] [0.2,06] [04,09] [03,08]
£, [03,07] [0107] [0509] [04,09]

X

—

X

[

Table 3. IVNIG relation on V
ab ac bc cd ad

t, [01,04] [o01,04] [03,05] [03,07] [0.1,04]
i, [02,05] [0205] [0206] [0308] [0.205]
f, [03,07] [04,08] [0508] [0508] [04,08]

Table 4. IVNIG set on VxE

(a,ab)  (bab)  (aac) (cac)  (bbc)  (c¢bc)  (ced)  (ded)  (aad)  (d,ad)

t, [01,03] [01,03] [0103] [0104] [0205] [03,05] [03,07] [03,06] [01,04] [0.1,04]

z

i, [01,04] [01,05] [01,05] [0104] [0105] [0206] [03,08] [0207] [0204] [0205]

z

f, [03,07] [0206] [03,08] [04,08] [04,07] [04,08] [0409] [03,08] [03,07] [04,08]

z
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(210.1,0.41,[0.2,0.5L.10.3.0.7D (b,[0.3,0.5),(0.20.61[0.1,0.7))
— — ((0.1,0.4).{0.2,0.51.[0.3.0.7)) .
£ [ -— =
s . ([0.1,03][0.1,04][030.7]) ((0.1,0.3).[0.1,0.5),[0.2.0. "I’ g
s -
= \’\. n
3 7 N s
3 R4, ~ z
Al 3 . = =
= —~ P - 7 ||
= |2 1o %1, = s
g |3 Yo “to, < s
R Y 5 s |v 5§
| = o, # =
" “Q <
- -] L/ > =
1 | o ) - T ]
< = [ -
- = » | =
S S = &
) - Yo, W~ = =
= 2 Cap, B
2 - /0, 2 3 =
=) gy, N >
- 2] N =
- %8y =
. Sl ((0.3.0.7.[0.3.0.8),[0.5,0.8)) 7 B
= | — = ’ 2
S (103.0.6]102.0.71.00.3,0.8) 03071003 08L0.809)
[03 al[0509
(41040.71103,0.81 0.4.09)) i B

Figure 2 Interval-valued neutrosophic incidence graph

Definition 2

The support of an IVNIG G ( \A{,Z) is denoted by G" = (X* Y ,Z*) where

X =supp()A()={V€V:[ f(v)]> [ (V):I>0,|:F;: (V),FX (V):|>O}
Y =supp(¥)={vweE:[ T} (vw ) TV (vw ]>o,[1{; (vw) 15 (vw) > 0,[ By (vw), B (vw) ] >0
7 supp(Z) _ [\IZCL\E:I,;VI [ )],IC[;(V,VW)] > 0,[12 (V,VW),IC (V,VW):| >0,

Definition 3
If vweY', then vwis an edge of the IVNIG (AS:()A(,\A{,Z), while if (v,vw),(w,vw)eZ*,

then (V Vw)and(w,vw) are called pairs of G= ()A( \A{,Z)

Definition 4
A sequence

Q: zo,(zo,zoz ) zozl,(zl,zozl),zl,(zl,zlz ) zlzz,(zz,zlzz),zz,...,
Zn—l’(zn—l’ Zn—lzn )’Zn—lzn’(zn’ Zn—lzn )’Zn
of vertices, edges and pairs in G is known as a walk. It is a closed walk if z) = z_. In contrast, if all

edges are distinct, it is a trail, while if the pairs are distinct, then it is an incidence trail. Q is called a
path if the vertices are distinct. A path is called a cycle if the initial and end vertices of the path are

the same. Any two vertices of G are said to be connected if a path joins them.

Example 2
In Example 1 presented earlier

Q :a,(a,ac),ac,(c,ac),c,(c, cd),cd, (d, Cd),d, (d,da),da,(a,da),a

is known as a walk. In fact, it is a closed walk since the initial and final vertices are the same. It is not
a path, but it is a trail and an incidence trail.

Q, :a,(a,ac),ac,(c,ac),c,(c, cd),cd,(d,cd),d

On the other hand, Q, -is a walk, path, trail and an incidence trail.
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Definition 5
Let éz()A(,\A{,Z) be an IVNIG. Then, I:I=(A,1\A/[,N) is an interval-valued neutrosophic
c

A

incidence subgraph of G if X,McYand NcZ . H is an interval-valued neutrosophic
f

Le
incidence spanning subgraph of G i

Definition 6
In an IVNIG, the strength of a path, P is an ordered triplet denoted by 5(1_3) =(§1,§2,§3),

where

3

5, =min{[ T} (xy), ) (xy) ]: xy €P|
5, =min{[T; (xy), 1y (xy)]: xy € P}
5, = max{[ F} (xy), B} (xy)]: xy € P}
Similarly, the incidence strength of a path, P in an IVNIG is denoted by I5(P)=(is,,is,,is, ),

where
is, = min{[TZL (x, xy),T%J (x, Xy)] : (X,xy) IS 13}
is, = min{[I; (x, xy),Ig (x,xy)] : (x, xy) e 13}
is, = max{[FZL (x,xy),F; (x, Xy)] : (X,xy) € 1_’}
Example 3

Let G=(V,EI)be an incidence graph and G=(X,Y,Z) is an IVNIG associated with G,
which is shown in Tables 2 - 4. Clearly, D, :a,(a,ac),ac,(cac),c(c cd),cd,(d,cd),disa pathinG .

The strength of the path P, is S(P,)=([0.1,04],[02,05],[05,08]) while the incidence
strength of P, is 1S(P,)=([0.1,0.3],[0.1,04],[0.4,09]).

1
Definition 7
In an IVNIG, the greatest strength of the path from m to n, wherem,n € A" UB' is the maximum
strength of all paths from m to n. Moreover, S* (m, n) is sometimes called the connectedness

between m to n.
5 (m,n) = max{g(l’1 ),g(P2 ),g(l’3 ),}
S
=(max(s,,,5,,8,,...), max(s,,5,,5yy....), min (5,5, 545,
Similarly, the greatest incidence strength of the path from mton, where m,ne A" UB'is the
maximum incidence strength of all paths from m to n, given by
I1S” (m,n) = max{Ig(P] ),Ig(P2 ),Ig(l’3 ),}
=(is7,is;,i57)

:(max(1sn,1 S, /1 513,...),max(1521,1 Sy, /1 523,...),m1n(1s31,1 S,,/1 533,...))

where P,i=1,2,3,... are different paths from m to n. 1S” (m,n) is sometimes referred to as the

incidence connectedness between m to n.
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Example 4
In the IVNIG given in Tables 2 - 4, the total paths from vertex b to d are given as follows:

(')
/\

c,cd),cd,(d,cd),d
(a ad) ad, (d ad) d
,C (c ac) (a ac) (a,ad),ad,(d,ad),d
E:b,(b,ab),ab,(a,ab), ,(a,ac),ac,(c,ac),c,(c,ed), cd,(d,cd),d

The corresponding incidence strengths of each path are

1S(P,)=(5,,5,,8, ) =([03,0.5],[0.2,06],[05,0.8])
1S(P,)=(5,,5,,5,)=([0.1,04],[0.2,05],[0.4,08])
1S(P,)=(5,,5,/5,) =([0.1,04],[02,05],[0.5,0.8])

1S(P,)=(5,,5,,5,)=([0.1,04],[0.2,05],[05,0.8])
Hence, the greatest incidence strength of the path form is calculated as follows:

15 (b,d) = max{1S(P, ),15(P, ), 1S (P, ), 1S (P, )
=<max{1s 1512,1813,18 }max{ls 1522,15 IS }min{lsal,ls IS IS })
max{[03,0.5],[0.1,0.4],[0.1,04],[0.1,041}, max{[02,0.6],[0.2,05],[02,0.5],[0.2,05]},
) min{[0.5,0.87,[0.4,0.8],[05,0.8],[0.5,0.8]}

=([03,0.5],[0.2,0.6],[0.4,0.8]).

Definition 8
An IVNIG G = ()A(, \A{,Z) is a cycle if and only if the underlying graph G = (X*,Y‘,Z*) is a
cycle.

Definition 9
The IVNIG G = ()A(, Y,Z) is a neutrosophic cycle if and only if, G’ = (X*,Y*,Z*) is a cycle, and

there exists no unique edge vw €Y', such that
T; (VW) =min T; (xy) IXy € Y*},TE (VW) =min Tf (xy) IXy € Y },
Ib (VW) =min I\L( (xy) IXy € Y*}, IS (VW) = minﬁlg (xy) IXy € Y },
FYL(VW)zmax F;(xy):xer*},FU( FYU(xy):xer*}.
Definition 10
The IVNIG G = ()A(, \A{,Z) is a neutrosophic incidence cycle if, and only if it is a neutrosophic

cycle and there exists no unique pair (V, VW) €Z', such that

T (V,VW) min T;‘ (x,xy):(x,xy) eZ*ﬁ,
TZU (V Vw) min|T, (x,xy) : (x,xy) ez,
I (v,vw) =min{I} (x,xy): (x,xy) € Z'{,
I; (V Vw) min IU (x xy):(x,xy)eZ* ,
E (v Vw) =max |F} (x, xy) : (x, xy) c Z*%,
F; (V Vw) max FU (X,xy):(x,xy)eZ* .
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Example 5

A

Let G= ()A( Y, Z) be an IVNIG. G is a cycle since G = (X*,Y*,Z* ) (supportof G )is a cycle.
[0.1,04],[0.2,05],[03,0.7]),(b,[03,0.5],[0.2,0.6],[0.1,0.7]),
c,[0.3,0.8],[04,09],[0.5,08]),(d,[04,0.7],[0.3,0.8],[04,08]),
,[0.7,09],[05,08],[0.3,05])

X =

[0.2,0.8],[0.2,0.7],[03,0.8]),(bc,[0.3,0.8],[0.4,0.7],[ 0.5,0.8]),
cd[04 0.8],[0.4,09],[03,0.8]),(de,[0.1,0.9],[0.5,0.8],[0.2,0.6]),

(]
(el
(e
(ab
(
(ea,[03,0.6],[0.2,05],[0.2,0.5])
(
(
(
(
(

= >
Il

a,ab),[0.1,0.4],[0.2,0.5],[0.4,0.8]),((b,ab
b,bc),[0.3,0.4],[0.1,0.5],[0.5,0.7]),((c,be
cd),[0.3,0.7],[03,087,[0.5,0.7]),((d,cd),[ 04,0.6],[0.2,0.7],[ 0.4,0.8]),
,de),[0.1,0.6],[0.3,0.8],[04,0.7]),((e,de),[0.1,0.8],[04,0.7],[0.3,0.6]),
)

a,ea),[0.1,0.3],[0.1,04],[03,0.7]),((eea),[03,05],[02,04],[03,05])

[0.2,0.5],[0.2,0.6],[0.2,0.8]),
[0.2,05],[02,06],[0.5,0.7]),

)
i

N>
I

(
(
(c
(d
(

Ty (ab) =0.1=min{Ty (ab), Ty (bc), Ty (cd), Ty (de), Ty (ea)

Ty (ab) 0.6 = min TU (ab) TU (bc),TS (cd) Ty (de),T;J (ea)}

I} (ab)=0.2 = min IL v (ab), It (bc 4 (ed), 1 (de), I} (ea)

Iy (ab) 0.5 =min IU (ab) IU (bc) Iy (cd) Iy (de),Ig (ea)},

E} (ab) = 0.5 = max FL (ab), FL (bc),Fy (cd), Fy (de), Fy (ea)},

E/ (ab) 0.8 = max FU (ab) FU (bc JE/ (cd) F/ de),F\l(J (ea)
and

Ty (bc)=0.1=min TYL (ab) TYL (b(:),TYL (cd Ty (de) Ty (ea }

T, (bc) = Y e

u
y\cd),
bc) =0.5 = max FL(ab),FL(bc),F;(col),FY (d

Thus, G is an interval-valued neutrosophic cycle.

Furthermore, G is a neutrosophic incidence cycle since there is more than one pair, namely
(b,ab)and (d,de)such that

T, (b,ab) 0.1=min{T, (V VW)Z(V,VW)EZ*},
TZU (b ab) 0.3 =min T (V,VW)Z(V,VW)EZ*},
I, (b,ab) 0.1=min IL (V Vw) : (V,vw) € Z*ﬁ,
I; (b ab) 0.4 = min{IY (V,VW) : (V,Vw) eZ'\,
F. (b,ab) 0.5 = max FL (V,VW):(V,VW)GZ* ,
F; (b,ab) 0.8 = max F; (V, VW) : (V, VW) eZ

and
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T, (d,de) 0.1=min{T, (V,VW):(V,VW)GZ*},
TZU (d de) 0.3 =min T (V,VW):(V,VW) eZ*},
L (d,de) 0.1 =min IL (V,vw) : (V, Vw) eZ !,
IlZJ (d de) 0.4 = min{IY (V,VW) : (V,VW) ez,

F} (d,de)=

0.5 = max FL(V,VW):(V,VW)GZ* ,
F; (d de) 0.8 = max F (V,VW):(V,VW)EZ=e

The concepts of bridges, cut vertices and cut pairs in IVNIG are defined as follows:

Definition 11
Let (AS:()A(,\A{,Z)be an IVNIG. An edge, vwin G is called a bridge if and only if vwis a
bridge inG = (X*,Y*,Z* ) which is the removal of vw disconnects G’ .

An edge vw is called a neutrosophic bridge if

a,b)<S” (a,b)for some a,be X’
—='0 —0 =0 —n

5 <(sl,§2,s3) |

—'0 o ='o —0 =<' —®©

57 <5",5°<5,,5">%;

where S~ (a,b) and §” (a,b) denote the connectedness between a and b in a:é—{vw} and

A

G, respectively.
An edge vw is called a neutrosophic incidence bridge if

( )<IS( )forsomeabeX*

(is sy )( i)

' <is”,is,” <is),is,” > 5]

where 1S5* (a,b) and 1S~ (a,b) denote the incidence connectedness between a and b in

G=G- {Vw} and G, respectively.

Definition 12
Let G= ()A(, \A{,Z) be an IVNIG. A vertex, v, in G is called a cut vertex if and only if it is a cut
vertexin G = (X*,Y*,Z*) where G —{V} is the disconnect of G'.

A vertex, vin an IVNIG is called a neutrosophic cut vertex if the connectedness between any

two vertices inG =G — {V} is less than the connectedness between the same vertices in G — that is,
S* (a,b) <§” (a,b) for some a,beX .

A vertex, vin an IVNIG is a neutrosophic incidence cut vertex if for any pair of vertices
aandb other than v, the following condition holds:

5" (a,b)<5" (a,b),

where 1S~ (a,b) and 15~ (a,b) denote the incidence connectedness between a and b in

G=G- {VW} and G, respectively.
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Definition 13

Let G= ()A(, ?,Z) be an IVNIG. A pair, (V, vw) in G is called a cut pair if and only if
(v,vw)is a cut pair in G = (X*,Yw,Z*) that is, after removing the pair (v,vw), there is no path
between vand vw .

Let G= ()A(, \A{,Z) be an IVNIG. A pair, (v, VW) is called a neutrosophic cut pair if deleting the
pair (V, vw) reduces the connectedness between v, viw e X" UY’, that is,

g~ (V,Vw) <§* (V,VW),

where S~ (v, vw) and S” (v,vw) denote the connectedness between v and w in
G=G- {V, Vw} and G, respectively.

A pair (V,VW) is called neutrosophic incidence cut pair if

1S* (v,vw) <I5” (v,vw) forv,vwe X LY,

where IS~ (V,Vw) and 1S (V,VW) denote the incidence connectedness between v and vw in

G=G- {Vw} and G, respectively.

Definition 14
Let G= ()A( Y, Z) be an IVNIG. An edge, vw of G iscalleda strong edge if
57(v,

w) < ([T (vw), T (o) L[ (o) 5 (vw) L[ (vw) B (vw) ])
where S~ (V, w) represents the connectedness between v and w in C_§ G- {VW} .

In particular, an edge vw is said to be an o —strong edge if

S (v,w)< ([TYL (vw), Ty (vw)],[lb (vw), I} (VW)],[FYL (vw),E/ (vw)]),
and it is called S —strongedge if
S* (v, w) = ([TYL (Vw) T, VW J [I IU VW ] [FL VW F (VW)])
Definition 15
A pair (V,V w) inan IVNIG, G is called a strong pair if

15 (v, ) < (T2 (v, w), T2 (v, w00 15 (v, v 1S v, v (B v, vw), B v, 0w)]),
where 1S” (v,v w) represents the incidence connectedness between v and vw in G=G- {(V,VW)} .
In particular, an edge (v, vw)is called o —strong pair if
15 (v, w) < ([T (), T2 (v vw) [ (), 19 v, woe) ) B (v w), B (v, v)),
and it is called f— strong pair if
IS” (v,vw) ([T v,vw), T/ (V,VW):|,|:I]2 (v,vw), I} (v,vw)],[FZL (v,vw),F} (V,VW):|).
All edges and pairs do not need to be strong. There exist edges and pairs that are not strong in

an IVNIG. Such edges and pairs are given in the following definition.

Definition 16
Let G= ( X,Y,Z ) be an IVNIG. An edge, vw is said to be ¢ —edge if
S~

(v) > (T () 9 e 1 (e (o] 5 () B ().

Similarly, a pair (v, vw) inG is called & — pair if

Siti Nurul Fitriah Mohamad, Roslan Hasni, Binyamin Yusoff, Naeem Jan,Muhammad Kamran Jamil, Novel Concept of
Interval-Valued Neutrosophic Incidence Graphs with Application



Neutrosophic Sets and Systems, Vol. 43, 2021 73

IS™ (V,VW) > ([Té (V,VW),T; (V,VW)],[I; (V,VW),IE (V,VW):',I:FZL (V,VW),FZU (v, vw)}).

Theorem 1. Let G = ()A(, \A{,Z)be an IVNIG. If vw is a neutrosophic bridge, then vw is a strong edge

in any cycle.

Proof. Let vw be a neutrosophic bridge. By contradiction, suppose that vw is not a strong edge of a
cycle. Then, in this cycle, we can find an alternative path, P, from v to w that contains the

edge vw and S(Pl)is less than or equal to S(PZ), where P, is the path that does not contain the

edge vw . Thus, removing the edge of vw from G does not affect the connectedness between
vand w, which is a contradiction to our assumption. Hence, vw is a strong edge in any cycle. [J

Theorem 2. If (v, vw) is a neutrosophic incidence cut pair, then (v,vw) is a strong pair in any cycle.

Proof. Let (v, vw) be a neutrosophic incidence cut pair in G and by contradiction, suppose that
(V,VW) is not a strong pair of a cycle. Then, we can find an alternative path from v to vw having
incidence strength greater than or equal to that of the path involving the pair (V,VW) . Thus, removal
of the pair (v, vw) does not affect the incidence connectedness between v and vw. This is a

contradiction to our assumption that (v,vw) is a neutrosophic incidence cut pair. Hence, (v,vw) is

a strong pair in any cycle. U

Theorem 3. Let G = ()A(, \A{,Z)be an IVNIG. If vw is a neutrosophic bridge in é, then

5 (v )= (575555 ) = ([ (), T2 () (15 (wn0), 19 (e [ (), B (v ) )

Proof. Let G be anIVNIG and vwisa neutrosophic bridge in G. By contradiction, suppose that

S*(v,w)> ([T& (vw), Ty (VW):H:I]; (vw), 1y (vw)],[FYL (vw),F/ (VW):')

Then, there existsa v—wpath, P, with

S(P)>([Ty (vw), T (vw) ] [Ty (vw), 15 (vw) |, [ By (vw), B} (vw)])

([TYL (xy),T;J (xy)},[lb (xy),Ig (xy)},[Fb (xy),FYU (xy)]) >
([TYL (VW),TS (VW):H:I]; (VW),IS (VW):H:F;‘ (VW),FE (VW):|),

and

for all edges on path P. Now, P together with the edge vw forms a cycle in which vw is the weakest
edge, but it is a contradiction to the fact that vw is a neutrosophic bridge. Hence,

5 (vyw) = (575557 ) = ([ (), T2 () (15 (wn0), 19 (e [ (), B () )
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Theorem 4. Let G :()A(, \A{,Z) be an IVNIG. If (v, vw) is a neutrosophic incidence cut pair in é,
then
157 (v, vw) = (is,is; ,i5;

)
([TZL (V, VW),T; (V,VW)],[I; (V, VW),IE (V, VW)J,[FZL (V,VW),FZU (V, VW):|).

A

Proof. Let G be an IVNIG and (v,vw) is a neutrosophic incidence cut pair in G. By
contradiction, suppose that
15" (v, ) (T2 (v, ), T2 (v )], 15 (4,90), 12 v, v LB (v, ), B (3, v ).
Then, there existsa v—wpath, P, with
I§(P) > ([TZL (V,VW),T; (V,VW)],[I; (V,VW),IE (V,VW)],[FZL (V,VW),FZU (V,VW):|)
and
([TZL (x, xy),T;J (x, xy)],[lé (x, xy),I;I (x, xy)},[FZL (x, xy),F;J (x, xy)]) >
([T; (v, Vw),TéJ (V,VW)],[I; (V,VW),I; (V, VW)],[F; (V, VW),F; (V, VW):|),
for all pairs on path P. Now, P together with the pair (V,Vw) forms a cycle in which (V,VW) is the
weakest pair. However, it is a contradiction to the fact that (V,VW) is a neutrosophic incidence cut

pair. Hence,

)
= ([TZL (V, VW),T; (V,VW)],[I; (V, VW),IE (V, VW):|,|:F; (V,VW),FZU (V, VW):|).
0

Theorem 5. Every neutrosophic incidence cut pair in IVNIG is a strong cut pair.

Proof. Let G= ()A(, Y, 2) be an IVNIG. Let (v,vw) € Z be a neutrosophic incidence cut pair. Then, by
Definition 12, we have
IS~ (V,Vw) <IS” (v,vw) .
By contradiction, suppose that (v, Vw) is not a strong incidence pair. Then it follows that
IS”(v,vw)> ([TZL (v,vw), T/ (V,VW):|,|:I]£ (v,vw), I (v, VW)],[FZL (v,vw),E (v, VW):|).

Let P be the path from v to vw in G=G- {(V,VW)} with the greatest incidence strength. Then
P together with (V,VW) forms a cycle in G . Now, in this cycle, (V,VW) is the weakest pair.
However, based on Theorem 2, this is not possible since (V,VW) is a neutrosophic incidence cut

pair. This is a contradiction to our assumption, hence (v,vw) is a strong incidence pair. 0

Theorem 6. Let G= ()A(, \A{,Z) be an IVNIG. The pair (V,vw) is a neutrosophic incidence cut pair if

and only if it is & —strong .

Proof. Let (V,VW) be a neutrosophic incidence cut pair in G. Based on Definition 12,
IS” (v,vw) >[5 (V,Vw)
Then, based on Theorem 4, it follows that
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([ (o), T2 (o) I () 15 v, v B (v ), B )] 17 (v, v w),
which is the definition of «—strong. Hence, (v, vw) isan o —strong pair in G.
Conversely, suppose that (v,vw) isan o —strong pair in G. Then, by definition
([ (o). T (v 1 (), 12 (0w LB (), (v, w) ) > 15 (v, ),
It follows that P: v,(v,vw),vw is the unique strongest incidence path from vtovw. The
removal of (v,vw)reduces the incidence strength between v and vw, giving
I (v,vw) >[S* (V,Vw) .

Hence, (V,VW) is a neutrosophic incidence cut pair. U

4. Application in Finding the Best Route

In this section, the developed approach of IVNIGs is utilized in the safe root problem dealing with
the selection of the best route among some routes. Suppose Mr Manapat wants to travel from
Thailand to Indonesia following all border lines between Thailand and Indonesia. There are
basically three ways of doing so. The first one is a direct way, i.e., Thailand to Indonesia, the second
one is Thailand to Malaysia and Malaysia to Indonesia and the last one is Thailand to Singapura,

Singapura to Malaysia and Malaysia to Indonesia, as shown in Figure 3.

Let V = {Thailand (THAI), Singapura (SGPR), Malaysia (MAL), Indonesia (IDN)} be the set of
countries.

Let E = {(THALSGPR),(SGPR,MAL),(THALMAL),(MAL,IDN),(THALIDN)} a subset of Vx V.

Let X be the interval-valued neutrosophic set on V, given as:
(THAL[0.1,0.4],[0.2,0.5],[0.3,0.7]),(SGPR,[ 0.3,0.5],[ 0.2,0.6],[ 0.1,0.7]),
(MAL,[0.3,0.8],[0.4,09],[0.5,09]),(IDN,[ 0.4,0.7],[0.3,0.8],[ 0.4,0.9])

Let Y be the interval-valued neutrosophic relation on V, given as:
((THAI,SGPR),[0.1,0.4],[0.2,0.5],[0.3,0.7]),((THAI,MAL),[0.1,0.4],[0.2,0.5],[0.4,0.8]),
Y = ((SGPR,MAL),[0.3,0.5],[0.2,0.6],[0.5,0.8]),((MAL,IDN),[0.3,0.7],[0.3,0.8],[0.5,0.8]),
((THAI,IDN),[O.L0.4],[0.2,0.5],[0.4,0.8])
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Let Z be the interval-valued neutrosophic set on VxE, given as:
((THAL(THALSGPR)),[0.1,03],[0.1,0.4],[03,0.7]),
((SGPR,(THALSGPR)),[0.1,0.3],[0.1,05],[02,0.6]),
((THAL(THAILMALY)),[0.1,0.3],[0.1,0.5],[03,0.8]),
((MAL, (THALMAL)),[0.1,04],[0.1,0.4],[04,0.8]),
((SGPR,(SGPR,MAL)),[0.2,0.5],[0.1,05],[04,0.7]),
((MAL,(SGPR,MAL)),[03,0.5],[0.2,06],[04,0.8]),
((MAL, (MAL,1DN)),[0.3,0.7],[0.3,0.8],[0.4,0.9]),
((1DN,(MAL,IDN)),[03,0.6],[02,0.7],[03,0.8]),
((THAL(THALIDN)),[0.1,04],[0.2,0.4],[0.3,0.7]),
((1DN,(THALIDN)),[0.1,04],[02,05],[04,0.8])

Let (TT,L (uv),TfEJ (uv)) represent the degree of protection for travelling from country u to the

country v. There are three paths from THAI to IDN, such that

P, : THAL (THAL (THAL IDN))(THAL IDN), (IDN, (THALIDN)), IDN

P, : THAL(THAL (THAI MAL))(THAL MAL),(MAL, (THAI, MAL)), MAL,(MAL, (MAL,IDN)),
(MAL,IDN),(IDN, (MAL,IDN)),IDN

P, : THAI,(THAL(THAI,SGPR))(THAI, SGPR),(SGPR,(THAI,SGPR)),SGPR,(SGPR,(SGPR,MAL)),

(SGPR,MAL),(MAL, (SGPR,MAL)), MAL,(MAL,(MAL,IDN)),(MAL,IDN),(IDN,(MAL,IDN)), IDN

(Mhas [0 104l[0205]{0307]) (Sgpr]0.3,05110.2,0.61,10.107])
== > ([0.1,0.4][02,051[0.3.0.5)
= ) « &
s . ([byo3lfo0.1.04)[0307D £10.1,0.31,[0.1,0.5].[0.2.0.6) i
& &
s Yy =
=Y v - - -
R PN s || B
= a “Z, ~ 7 =
= || 8 %14, Ris 5 || &
3 v 3 %oy, Uas, 2|l E
= N 7 A
v 2
s a8 28 2
z of > A =
B a Uy, ™~ 2 =
n = -.]'0‘ =
o = 4o M =
- Ut o
= /0:,% S
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Figure 3 Model of travelling paths from Thailand to Indonesia
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I1S* (THAI,IDN) is the greatest incidence strength of the path between THAI and IDN. In other
words, this is the safest path between THAI and IDN. To calculate the value of IS* (THAI,IDN),
we need to first calculate the incidence strength of paths P,,P, and P, denoted by
IS; (THALIDN), IS; (THALIDN) andIS; (THALIDN), respectively. By calculation, we obtain
IS, (THALIDN)=([0.1,0.4],[02,0.5],[04,0.8])
IS, (THALIDN)=([0.3,0.7],[0.3,0.8],[0.5,0.9])
IS, (THALIDN) =([0.2,0.4],[0.2,05],[0.5,0.9]).

3

Hence,

IS” (THALIDN) =([0.3,0.7],[0.2,0.6 ], 0.4,0.8]).

We see that (TL, (THALIDN),T¢, (THAILIDN)) = (Tl’gﬁz (THALIDN), T (THAL, IDN)).

Therefore, P

, is the safest path for travelling. We present the proposed method in the following

algorithm.

Algorithm:
1. Input the vertex set V.
Input the edge set EcVxV.
Set up the interval-valued neutrosophic set X on \
Set up the interval-valued neutrosophic relation Y on \
Set up the interval-valued neutrosophic set Z on V xE.

S

Calculate the incidence strength IS(x,, y, ) of all possible paths from x to y such that
i, =min{[ T} (x,, %%, ), T (% %%, ) |5 (% %%, ) €1

)15 (xi i) ] (xoxix,., ) €1

i, = min{[ B} (x, %, ) B} (x,%%,) |: (%%, ) €1

7. Calculate the greatest incidence strength IS” of the path from x to y.
The safest pathis S(v, )= min(TI;L (xy), Ty (xy))where i=1.k

= . L
is, = mm{[lz (xi,x.x.

i7Mi+l

9. Ifv, has more than one value then any path can be chosen.

5. Comparative Study and Advantages of the proposed algorithm

In this section, a comparative study based on the results of numerical computation is performed
to validate the proposed method. For this purpose, we present a comparative analysis between
fuzzy incidence graphs (FIG), single-valued neutrosophic incidence graph (SVNIG) and the
proposed method IVNIG as presented in Table 5.

From the safest path column in Table 5, it can be seen that the safest path of our proposed
method IVNIG is consistent with the FIG and SVNIG which is P2. However, as we may notice, FIG
just takes into consideration crisp membership values to represent the uncertain data. In this case,
the non-membership values are directly complementing to their respective membership values. We
can observe that these two elements of membership and non-membership are said to be dependent
here. This approach, even though effective in dealing with uncertainty, but still cannot capture some
types of uncertainties such as indeterminate and inconsistent information. Therefore, some new
theories are required to overcome this problem.
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Should be noted that, the proposal of IVNIG is to provide a generalization of the notion of
SVNIG. The justification of this generalization lies in the following observation: sometimes it is not
appropriate to assume that the degrees of (t, i, f) are exactly defined, therefore we can admit a kind of
further uncertainty where the values of these components are not numbers, but interval of numbers.
Clearly, SVNIG may be viewed as special cases of IVNIG here if the degrees of (t, i, f) are the only
numbers. Furthermore, an IVNIG also can avoid the loss of information. Sometimes, the degree of
memberships is not certainly known. Then interval-valued may better represent this kind of
information. Similarly, if the three components are dependent, then IVNIG can be reduced to the
FIG.

For SVNIG, the sum of the components is; 0 <t+i+f <3 when all three components are
independent; 0<t+i+f<2 when two components are dependent, while the third one is
independent; 0<t+i+f<1 when all three components are dependent. When three or two of the
components T, I, F are independent, one leaves room for incomplete information (sum < 1),
paraconsistent and contradictory information (sum > 1), or complete information (sum = 1). If all
three components T, I, F are dependent, then similarly one leaves room for incomplete information
(sum < 1), or complete information (sum = 1).

Table 5. A comparative study between FIG, SVNIG and IVNIG

Incidence strength of path Greatest incidence strength Safest
path
FIG 1S; =(0.1) 15 =(0.3) P,
1S, =(03)
1S, =(02)
SVNIG IS, =(0.1,0.3,0.4) 15” =(0.3,02,0.5) P,
IS, =(0.3,04,0.5)
IS; =(0.2,0.3,0.5)
IVNIG IS, = ([0.1,0.4],[0.2,0.5],[0.4,0.8]) 15" =([03,0.7],[02,0.6],[0.4,0.8]) P,
(Iizglzsg)d 15, =([03,0.7],[03,0.8],[05,0.9])

1S, =([02,0.4],[02,05],[05,0.9])

6. Conclusions

A new IVNIG has been successfully proposed. We constructed a new set for neutrosophic
incidence graphs based on the definition from the previous study. An interval-valued neutrosophic
set is an extension of an interval-valued fuzzy set combined with a single-valued neutrosophic set, a
more powerful model to solve real-life problems. This paper has presented certain properties related
to IVNIG such as strong edge, strong pair, strong cut pair and neutrosophic incidence cut pair. Also,
in this work, we just limit our attention to the class of standard unit interval [0,1]. The assumption is
that this unit interval may be sufficient to be applied in the real-life problems. However, further
analysis can be potentially conducted on the non-standard unit interval to generalize the developed
concept. Moreover, for future research, another higher order of uncertainty can be proposed to the
neutrosophic set or neutrosophic incidence graph, i.e., incorporate the membership function to each
element of (t, i, f) instead of interval-valued.

Funding: This research received no external funding

Conflicts of Interest: The authors declare no conflict of interest.

Siti Nurul Fitriah Mohamad, Roslan Hasni, Binyamin Yusoff, Naeem Jan,Muhammad Kamran Jamil, Novel Concept of
Interval-Valued Neutrosophic Incidence Graphs with Application



Neutrosophic Sets and Systems, Vol. 43, 2021 79

References

(1]
(2]

(3]

(4]
(3]

(6]

[7]

(8]

9]

(10]

(11]

(12]

(13]

(14]

(15]

(16]

(17]

(18]

(19]

[20]

(21]

[22]

(23]

Zadeh, L.A. Fuzzy sets. Inf Control 1965, 8(8), 338-353.

Zadeh, L.A. The Concept of a Linguistic Variable and its Application to Approximate Reasoning-I.
Information Sciences 1975, 8(3),199-249.

Smarandache, F. Neutrosophic Set-A Generalization of The Intuitionistic Fuzzy Set. International Journal
of Pure and Applied Mathematics 2004,24.

Wang, H., Smarandache, F., Zhang, Y. & Sunderraman, R. Single valued neutrosophic sets. 2010.
Wang, H., Zhang, Y. & Sunderraman, R. Truth-value based interval neutrosophic sets. 2005 IEEE
International Conference on Granular Computing 2005,1,274-277.

Rosenfeld, A. Fuzzy graphs,Fuzzy Sets and their Applications to Cognitive and Decision Processes.
Elsevier 1975, 77-95.

Kalampakas, A., Spartalis, S., Iliadis, L., & Pimenidis, E. Fuzzy graphs: Algebraic structure and
syntactic recognition. Artif. Intell. Rev. 2014, 42(3),479-490.

Bhattacharya, P. Some remarks on fuzzy graphs. Pattern Recognit. Lett. 1987, 6(5), 297-302.

Gani, A. N., & Latha, S. R. On irregular fuzzy graphs. Applied Mathematical Sciences 2012, 6(11), 517-523.
Gani, A. N., & Ahamed, M. B. Order and size in fuzzy graphs. Bulletin of Pure and Applied Sciences
2003, 22(1), 145-148.

Gani, A. N., & Radha, K. On Regular Fuzzy Graphs. Journal of Physical Sciences 2008, 12, 33-40.

Akram, M., & Davvaz, B. Strong intuitionistic fuzzy graphs. Filomat 2012, 26(1), 177-196.

Atanassov, K., & Shannon, K. On index matrix interpretations of intuitionistic fuzzy graphs. Notes on
Intuitionistic Fuzzy sets 2002, 8(4), 73-78.

Atanassov, K., & Shannon, K. On a generalization of intuitionistic fuzzy graphs. Notes on Intuitionistic
Fuzzy sets 2006, 12(1), 24-29.

Akram, M., & Parvathi, R. Properties of intuitionistic fuzzy line graphs. Notes on Intuitionistic Fuzzy Sets
2012, 18(3), 52-60.

Parvathi, R., Thilagavathi, S., Thamizhendhi, G., & Karunambigai, M. G. Index matrix representation of
intuitionistic fuzzy graphs. Notes on Intuitionistic Fuzzy Sets 2014, 20(2), 100-108.

Karunambigai, M. G., Parvathi, R.,, & Buvaneswari, R. Arcs in intuitionistic fuzzy graphs. Notes on
Intuitionistic Fuzzy Sets 2011, 17, 37-47.

Gani, A. N., & Begum, S. S. Degree, order and size in intuitionistic fuzzy graphs. International journal of
algorithms, Computing and Mathematics 2010, 3(3), 11-16.

Mishra, S. N., & Pal, A. Product of interval valued intuitionistic fuzzy graph. Annals of pure and applied
mathematics 2013, 5(1), 37—46.

Ismayil, A. M., & Ali, A. M. On strong interval-valued intuitionistic fuzzy graph. International Journal of
Fuzzy Mathematics and Systems 2014, 4(2), 161-168.

Ismayil, A. M., & Ali, A. M. On Complete interval-valued intuitionistic fuzzy graph. Advances in fuzzy
sets and systems 2014, 18(1), 71-86.

Wei, G. W., Wang, H. J., & Lin, R. Application of correlation coefficient to interval-valued intuitionistic
fuzzy multiple attribute decision-making with incomplete weight information. Knowledge and
Information Systems 2011, 26(2), 337-349.

Smarandache, F. Symbolic Neutrosophic Theory. Europanova asbl, Brussels, 2015.

Siti Nurul Fitriah Mohamad, Roslan Hasni, Binyamin Yusoff, Naeem Jan,Muhammad Kamran Jamil, Novel Concept of
Interval-Valued Neutrosophic Incidence Graphs with Application



Neutrosophic Sets and Systems, Vol. 43, 2021 80

[24]

(23]

[26]

(27]

(28]

[29]

(30]

(31]
(32]

(33]

(34]

[35]
(36]

[37]

(38]

(39]

(40]

[41]

[42]

[43]
[44]

(45]

Smarandache, F. Refined Literal Indeterminacy and the Multiplication Law of Sub-Indeterminacies.
Neutrosophic Sets and System 2015, 9, 58-63.

Smarandache, F. Types of Neutrosophic Graphs and neutrosophic Algebraic Structures together with
their Applications in Technology, seminar, Universitatea Transilvania din Brasov, Facultatea de Design
de Produs si Mediu, Brasov, Romania 06 June 2015.

Kandasamy, W. V., Ilanthenral, K., & Smarandache, F. Neutrosophic Graphs: A new dimension to graph
theory. Brussels: EuropaNova, 2015.

Kumar, M., Bhutani, K., & Aggarwal, S. Hybrid model for medical diagnosis using Neutrosophic
Cognitive Maps with Genetic Algorithms. 2015 IEEE International Conference on Fuzzy Systems
(FUZZ-IEEE), 1-7.

Broumi, S., Talea, M., Bakali, A., & Smarandache, F. Single valued neutrosophic graphs. Journal of New
theory 2016, (10), 86-101.

Broumi, S., Smarandache, F., Talea, M., & Bakali, A. Operations on interval valued neutrosophic graphs.
New Trends Neutrosophic Theory Appl., 2016, 231-254

Broumi, S., Talea, M., Bakali, A., & Smarandache, F. Interval valued neutrosophic graphs. Critical
Review, X1I, 2016, 5-33.

Akram, M. & Nasir, M. Concepts of Interval-Valued Neutrosophic Graphs. Infin. Study 2017, 6, 2241
Akram, M., & Sitara, M. Novel applications of single-valued neutrosophic graph structures in
decision-making. Journal of Applied Mathematics and Computing 2018, 56(1), 501-532.

Akram, M., & Nasir, M. Interval-valued neutrosophic competition graphs. Ann. Fuzzy Math. Informatics
2017, vol. 14, no. 1, pp. 99-120.

Dinesh, T., A study on graph structures, incidence algebras and their fuzzy analogues. Ph.D. thesis,
Kannur University, Kannur, India, 2011.

Dinesh, T., Fuzzy incidence graph-an introduction. Advances in Fuzzy Sets and Systems 2016, 21(1), 33.
Mathew, S., & Mordeson, J. N. Connectivity concepts in fuzzy incidence graphs. Information Sciences.
2017, 382, 326-333.

Malik, D. S.,, Mathew, S., & Mordeson, J. N. Fuzzy incidence graphs: Applications to human
trafficking. Information Sciences 2018, 447, 244-255.

Mathew, S., Mordeson, J.,, & Yang, H. L. Incidence cuts and connectivity in fuzzy incidence
graphs. Iranian Journal of Fuzzy Systems 2019, 16(2), 31-43.

Mathew, S., & Mordeson, J. N. Fuzzy incidence blocks and their applications in illegal migration
problems. New Mathematics and Natural Computation 2017, 13(03), 245-260.

Akram, M., Sayed, S., & Smarandache, F. Neutrosophic incidence graphs with application. Axioms
2018, 7(3), 47.

Akram, M., Ishfaq, N., Smarandache, F., & Broumi, S. Application of Bipolar Neutrosophic sets to
Incidence Graphs. Neutrosophic Sets and Systems 2019, 27,180-199.

Hussain, S. S., Hussain, R. J., & Babu, M. V. Neutrosophic Vague Incidence Graph. International Journal
of Neutrosophic Science 2020, 12(1), 29-38.

Sunitha, M. S., & Mathew, S. Fuzzy Graph Theory: A Survey. Ann. Pure Appl. Math.2013, 4(1), 92-110.
Akram, M., & Shahzadi, G. Operations on single-valued neutrosophic graphs. J. Uncertain Syst. 2017,
11(3), 176-196.

Wang, H., Zhang, Y. Q. & Sunderraman, R. Truth-value based interval neutrosophic sets. 2005 IEEE Int.

Siti Nurul Fitriah Mohamad, Roslan Hasni, Binyamin Yusoff, Naeem Jan,Muhammad Kamran Jamil, Novel Concept of
Interval-Valued Neutrosophic Incidence Graphs with Application



Neutrosophic Sets and Systems, Vol. 43, 2021 81

Conf. Granul. Comput. 2005, 1, 274-277.
[46] Wang, H., Smarandache, F., Zhang, Y. Q., & Sunderraman, R. Interval neutrosophic sets and logic: Theory
and applications in computing, Hexis, Phoenix, AZ 2005.

Received: March 7, 2021. Accepted: Jun 3, 2021

Siti Nurul Fitriah Mohamad, Roslan Hasni, Binyamin Yusoff, Naeem Jan,Muhammad Kamran Jamil, Novel Concept of
Interval-Valued Neutrosophic Incidence Graphs with Application



a NSS Neutrosophic Sets and Systems, Vol. 43, 2021

m University of New Mexico
U ‘ ‘l"
Pairwise Neutrosophic b-Continuous Function in Neutrosophic

Bitopological Spaces

Binod Chandra Tripathy! and Suman Das?"

12Department of Mathematics, Tripura University, Agartala, 799022, Tripura, India.

E-mail:'tripathybc@gmail.com, tripathybc@yahoo.com and 2sumandas18842@gmail.com,
suman.mathematics@ttipurauniv.in

*Correspondence: sumandas18842@gmail.com
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continuous and pairwise neutrosophic b-continuous mappings in neutrosophic bitopological

spaces. Then, we formulate some results on them via neutrosophic bitopological spaces.
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1. Introduction

Zadeh [31] presented the notions of fuzzy set (in short FS) in the year 1965. Afterwards, Chang
[4] applied the idea of topology on fuzzy sets and introduced the fuzzy topological space. In the
year 2017, Dutta and Tripathy [15] studied on fuzzy b-0 open sets via fuzzy topological space. Later
on, Smarandache [23] grounded the idea of neutrosophic set (in short N-set) in the year 1998, as
anextension of the concept of intuitionistic fuzzy set (in short IF-set) [3], where every element has
threeindependent memberships values namely truth, indeterminacy, and false membership values
respectively. Afterwards, Salama and Alblowi [21] applied the notions of topology on N-sets and
introduced neutrosophic topological space (in short NT-space) by extending the notions of fuzzy
topological spaces. Salama and Alblowi [22] also defined generalized N-set and introduced the
concept of generalized NT-space. Later on, Arokiarani et al. [2] introduced the ideas of
neutrosophic point and studied some functions in neutrosophic topological spaces. The notions of
neutrosophic pre-open (in short NP-O) and neutrosophic pre-closed (in short NP-C) sets via
NT-spaces are studied by Rao and Srinivasa [20]. The idea of b-open sets via topological spaces was
established by Andrijevic [1]. Afterwards, Ebenanjar et al. [16] presents the concept of neutrosophic
b-open set (in short N-b-O-set) via NT-spaces. In the year 2020, Das and Pramanik [8] presents the
generalized neutrosophic b-open sets in NT-spaces. The notions of neutrosophic ®-open set and
neutrosophic ®-continuous functions via NT-spaces was also presented by Das and Pramanik [9].
The concept of neutrosophic simply soft open set in neutrosophic soft topological space was studied
by Das and Pramanik [10]. In the year 2021, Das and Tripathy [14] presented the notions of
neutrosophic simply b-open set via NT-spaces. In the year 2020, Das and Tripathy [12] grounded
the notions of neutrosophic multiset and applied topology on it. In the year 2021, Das et al. [5]
studied the concept of quadripartitioned neutrosophic topological spaces. The notion of
bitopological space was introduced by Kelly [17] in the year 1963. In the year 2011, Tripathy and
Sarma [26] studied on b-locally open sets via bitopological spaces. The idea of pairwise b-locally
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open and b-locally closed functions in bitopological spaces was studied by Tripathy and Sarma [27].
Tripathy and Sarma [28] also studied on weakly b-continuous mapping via bitopological spaces in
the year 2013. Later on, the concept of generalized b-closed sets in ideal bitopological spaces was
studied by Tripathy and Sarma [29]. Afterwards, Tripathy and Debnath [25] presented the notions
of fuzzy b-locally open sets in fuzzy bitopological space. Thereafter, Ozturk and Ozkan [19]
introduced the idea of neutrosophic bitopological space (in short NBi-T-space) in the year 2019.
Recently, Das and Tripathy [13] presented the idea of pairwise N-b-O-sets and studied their
different properties.

The main focus of this article is to procure the notions of pairwise tij-neutrosophic-b-interior
(in short P-ti+Np-int), pairwise tij-neutrosophic-b-closure (in short P-1i-Ni-a), pairwise neutrosophic
continuous mapping (in short P-N-C-mapping), pairwise neutrosophic b-continuous mapping (in
short pairwise N-bC-mapping) via NBi-T-spaces.

2. Preliminaries and Definitions:

The notion of N-set is defined as follows:

Let X be a fixed set. Then, an N-set [23] L over X is denoted as follows:
L={(t, Tu(t),Iu(t),FL(t)):teX]), where Ti, I, Fr :X—[0,1] are called the truth-membership,
indeterminacy-membership and false-membership functions and 0 <Tr(t) + Ii(t) + Fu(t)< 3, for all
teX.
The neutrosophic null set (On) and neutrosophic whole set (1n) over a fixed set X are definedas
follows:
(1) On={(£,0,0,1): teX};
(i1) In={(£,1,0,0): te X}.
The N-sets On and 1w also has three other representations. They are given below:
0n={(t,0,0,0): te X} & In={(t,1,1,1): te X};
On ={(£,0,1,0): te X} & 1n={(#,1,0,1): teX};
On ={(+,0,1,1): te X} & 1In={(¢,1,1,0): te X}.

Let p, g, r€[0,1]. An neutrosophic point (in short N-point) [2] xp.qr is an N-set over X given by
_(®.an)ifx=y,
O G017 x % 3

where p, g, v denotes the truth, indeterminacy and false membership value of xp.4.r.

The notion of NT-space is defined as follows:
A family t of N-sets over X is called an [21] neutrosophic topology (in short N-topology) on X
if the following axioms hold:
() On, IneT;
(i1) L1, Laet=LinleT;
(iif) ULiet, for every {Li: ieA} ct, where A is the support set.
Then, (X,t) is called an NT-space. Each element of t is an neutrosophic open set (in short

NO-set). If L is an NO-set in (X, t), then L¢ is called an neutrosophic closed set (in short NC-set).
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The notion of NBi-T-space is defined as follows:

Let 11 and 12 be two different N-topologies on X. Then, (X,11,12) is [19] called an NBi-T-space.
An N-set L is called a pairwise NO-set in (X,t1,12), if there exist an NO-set L1 in 11 and an NO-set Lz
in 12 such that L=L1UL2. The complement of L i.e., L¢is called a pairwise neutrosophic closed set (in
short pairwise NC-set) in (X, 11,12).
Remark 2.1.[13] In an NBi-T-space(X,1,12), every 1-NO-set is a pairwise 1;-NO-set.
Remark 2.2. Let G be an N-set over X and (X,t1,72) be an NBi-T-space. Then, we shall use the
following notations throughout the article:
(i) N%(G)=Neutrosophic closure of G in (X,t) (i=1, 2);
(ii) Ni.(G)=Neutrosophic interior of G in (X,t:)(i=1, 2).
Definition 2.1.[13] Let (X,11,72) be an NBi-T-space. Then, P is called a
(i) t-neutrosophic semi-open set (in short t-NSO-set) if and only if P N} N}, (P);
(ii) t-neutrosophic pre-open set (in short t-NPO-set) if and only if PS N/, N, (P);
(iii) t-neutrosophic b-open set (in short 1-N-bO-set) if and only if P N5 N}, (P) U N, N/ (P).
Remark 2.3.[13] Let (X,11,72) be an NBi-T-space. Then, an N-set P over X is called a t-neutrosophic
b-closed set (in short 1-N-bC-set) if and only if P¢is a ©-N-bO-set.
Proposition 2.1.[13] In an NBi-T-space (X,t1,12), if P is t-NSO-set (1-NPO-set), then P is a
1-N-bO-set.
Proposition 2.2.[13] Let (X,t1,12) be an NBi-T-space. Then, the union of any two t-N-bO-sets is a
1-N-bO-set.
Definition 2.2.[13] Let (X,11,72) be an NBi-T-space. Then, P is called a
(i) ti-neutrosophic semi-open set (in short t;-NSO-set) if and only if PE NC‘IINL.],‘M(P);
(if) ti-neutrosophic pre-open set (in short t-NPO-set) if and only if PS Ni{“NC"l (P);
(iii) t-neutrosophic b-open set (in short 1-N-b-O-set) if and only if PS N4N/ (P) U N] N} (P).
Remark 2.4.[13] An N-set L over X is called a tneutrosophic b-closed set (in short t;-N-bC-set) if
and only if L¢is a 1i-N-bO-set in (X, 11,72).
Theorem 2.1.[13] Let (X,t1,72) be an NBi-T-space. Then, every ti-NSO-set (ti-NPO-set) is a
1i-N-bO-set.
Definition 2.3.[13] An N-set L is called a pairwise ti-NPO-set (pairwise 1ij-NSO-set) in an
NBi-T-space(X,t1,12) if L=KUM, where K is a 1;-NPO-set (1i-NSO-set) and M is a ti-NPO-set
(ti-NSO-set) in (X, 11,12).
Definition 2.4.[13] An N-set L is called a pairwise 1;-N-bO-set in a NBi-T-space(X,11,12) if L=KUM,
where K is a 1j-N-bO-set and M is a 1j-N-bO-set in (X,11,12). If L is a pairwise 1+-N-bO-set in (X,11,12),
then L¢is called a pairwise tj-neutrosophic-b-closed set (in short pairwise tj-N-bC-set) in (X, 11,12).
Lemma 2.1.[13] In an NBi-T-space(X,t1,12), every pairwise t-NPO-set (pairwise 1;-NSO-set) is a
pairwise 1j-N-bO-set.
Proposition 2.3.[13] Let(X,t1,12) be an NBi-T-space. Then, the union of two pairwise t;-N-bO-set in
(X,11,12) is also a pairwise 1-N-bO-set.
Theorem 2.2. Let (X,t1,72) be an NBi-T-space. Then, the union of two pairwise tj-NSO-set in (X, 11,72)

is also a pairwise Ti-NSO-set.
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Proof. Let L and M be two pairwise 1-NSO-sets in an NBi-T-space(X,t1,12). So, one can write
L=L1ULl2 and M=Mi1UM?>, where Li, M1 are 1;-NSO-sets and Lz, M2 are ti-NSO-sets in (X,11,12). Since,
L1 and M are ti-NSO-sets, so Llc;NcilNi;t(Ll) and M1gN§lNi£1t(M1). Further, Since L and M are
1-NSO-sets, s0 L:cNJ N, (L2), MoacN/ NE, (M),
Now, LuM=(L1UL2)U(M1uM2)=(LiuM1)U(L2UM2).
Therefore, LiuMi gN}lNi’,'lt(Ll)uNC"lNi;t(Ml)

=Ny (N7 (Ly)ONG, (M)

gNLl:lNi{'),t(LIUMl)'

This implies, LiuMi is a 1-NSO-set in (X, 11,12).
Similarly, it can be established that L2UM: is a 1-NSO-set in (X,11,12). Therefore, LUM is a pairwise
1-NSO-set in (X,11,12). Hence, the union of two pairwise 1;-NSO-set in (X,11,12) is again a pairwise
1i-NSO-set in (X, 11,72).
Theorem 2.4. Let (X,11,12) be an NBi-T-space. Then, the union of two pairwise t;-NPO-set in (X, 11,72)
is a pairwise 1;-NPO-set.
Proof. Let L and M be two pairwise t;-NPO-sets in an NBi-T-space(X,t1,12). So, one can write
L=L1ULl2 and M=M1UM?z, where L1, M1 are ti-NPO-sets and L2, M2 are 1-NPO-sets in (X,11,12). Since,
Li and Mi are 1-NPO-sets, so LicN/ NY(L1) and M1gNiJT'ltNCil(M1). Further, since L> and M: are

int
1i-NPO-sets, 50 LacN}, N/ (L2) and Mac N}, N/, (Mo).
Now, LuM=(L1UL2)u(M1uM2)=(L1uM1)U(L2UM>).
Therefore, LiuMi N/, N& (L) UN/ N (M)

=NJo (NG (L) ONG (My))

N/ N (LyuMy).

This implies, LiuM is a 1-NPO-set in (X,11,12). Similarly, it can be established that L2UM: is a
1i-NPO-set in (X,11,12). Therefore, LUM is a pairwise 1;-NPO-set in (X,11,12). Hence, the union of two

pairwise 1ij-NPO-sets in (X,11,12) is again a pairwise 1;-NPO-set.

3. Pairwise b-Continuous Function:

In this section, we procure the notions of pairwise b-continuous functions via neutrosophic
bitopological space and formulate some results on it.
Definition 3.1. Let (X,t1,12) be an NBi-T-space. Then, the pairwise ti-neutrosophic-b-interior (in
short P-ti-Np-int) of an N-set L is the union of all pairwise t;-N-bO-sets contained in L, i.e.
P-tij-No-in(L)=U{K:K is a pairwise 1;-N-bO-set in X and KcL}.
Clearly, P-1i-Np-int(L) is the largest pairwise 1i-N-bO-set which contained in L.
Definition 3.2. Let (X,t1,72) be an NBi-T-space. Then, the pairwise tj-neutrosophic-b-closure (in
short P-1i-Nva) of an N-set L is the intersection of all pairwise tj-N-bC-sets containing L, i.e.
P-1ij-Nb-a(L)=n{K:K is a pairwise 1;j-N-bC-set in X and LcK]}.
Clearly, P-ti-Nu-a(L) is the smallest pairwise 1i-N-bC-set which containing L.
Theorem 3.1. Let L and K be two neutrosophic subsets of an NBi-T-space (X,t1,12). Then,
(1) P-7ij-Np-int(ON)=0N, P-Tij-Np-in:(IN)=1n;
(11) P-tij-Np-int(L)L;
(1i1) LeM= P-tij-Np-int(L)P-ij-Np-int(M);

Binod Chandra Tripathy, Suman Das, Pairwise Neutrosophic b-Continuous Mapping in Neutrosophic Bitopological

Spaces.



Neutrosophic Sets and Systems, Vol. 43, 2021 86

(iv) P-1i}-Nv-in(L)=L if L is a pairwise tj-N-bO-set.
Proof. (i) Straight forward.
(if) By Definition 3.1, we have P-tj-Np-int(L)=U{K:K is a pairwise ti-N-bO-set in X and KcL}. Since,
each KcL, so U{K:K is a pairwise tiN-bO-set in X and KcL}cL, i.e. P-tj-Np-nt(L)cL. Therefore,
P-ti-Nv-int(L)L.
(iii) Let L and M be two neutrosophic subset of an NBi-T-space (X,t1,12) such that LcM.
Now, P-i-Ne-int(L)=U{K:K is a pairwise 1j-N-bO-set in X and KcL}
cU{K:K is a pairwise 1ij-N-bO-set in X and KcM}  [since LcM]
=P-Tij- Np-int(M)
= P-1ij-Np-int(L)=P-tij-Nbv-int(M).
Therefore, LcM =P-1ij-Nu-int(L)ZP-1ij-Np-int(M).
(iv) Let L be a pairwise 1;-N-bO-set in an NBi-T-space (X, 11,12).
Now, P-1ij-Ne-in(L)=U{K: K is a pairwise 1i-N-bO-set in X and KcL}. Since, L is a pairwise 1;-N-bO-set
in (X,11,12), so L is the largest pairwise 1j-N-bO-set in (X,t1,12), which is contained in L. Therefore,
U{K:K is a pairwise 1i-N-bO-set in X and KcL}=L. This implies, P-tij-Ne-int(L)=L.
Theorem 3.2. Let L and K be two neutrosophic subsets of an NBi-T-space (X,11,12). Then,
(1) P-ij-Np-a(ON)=0n & P-7ij-Ne-a(1n)=1n;
(i1) LcP-1i-No-a(L);
(717 LeM= P-7ij-Np-a(L)=P-1i-Nv-a(M);
(iv) P-tii-Nv-a(L)=L if L is a pairwise 1i-N-bC-set.
Proof. (i) Straightforward.
(ii) It is clear that P-1i-Np-a(L)=n{K:K is a pairwise 1i-N-bC-set in X and LcK}.
Since, each LcK, so Len{K:K is a pairwise 1-N-bC-set in X and LcK]}, i.e. LeP-1i-Ne-a(L).
(iif) Let L and M be two neutrosophic subset of an NBi-T-space (X,t1,12) such that LcM.
Now, P-ti-Ne-a(L)=n{K:K is a pairwise 1j-N-bC-set in X and LcK}.
cN{K:K is a pairwise t-N-bC-set in X and McK} [since LcM]
=P-1ij-Nv-a(M)
= P-1ij-Np-a(L)P-tij-Np-a(M).
Therefore, LcM =P-1ij-Ne-a(L)<=P-1i-Ne-a(M).
(iv) Let L be a pairwise 1j-N-bC-set in an NBi-T-space (X,11,12). Now, P-1i-Nb-a(L)=N{K:K is a pairwise
1-N-bC-set in X and LcK}. Since, L is a pairwise ti-N-bC-set in a (X,11,12), so L is the smallest
pairwise 1j-N-bC-set, which contains L. This implies, N{K:K is a pairwise t;-N-bC-set in X and
LcK}=L. Therefore, P-tij-Ne-a(L)=L.
Proposition 3.3. Let L be a neutrosophic subset of an NBi-T-space (X,11,12). Then,
(7) [P-tij-Nbp-int(L)]c =P-1i}-No-a(L°);
(17) [P-ti-No-ci(L)]¢ =P-Tij-Ne-int(L¢).
Proof. (i) Let (X,t1,12) be an NBi-T-space. Let L={(w, Ti(w), I.(w), Fi(w)): weX} be an neutrosophic
subset of (X,11,12).
Now, P-i-Ne-int(L) =U{K: K is a pairwise 1i-N-bO-set in X and KcL}
=@ Ty, (W), Al (w),AF (w)):weX},

where Ly is a pairwise ti-N-bO-set in X such that LycL, for each peA.
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This implies, [P-Tij-Np-int(L)]*={ (w,/\TLp (w),vI Ly (w),VvF, Ly (w)):weX]}.
Here AT, (w)STL(w),ILIZ7 (w)=I;, (w), Fy, (w)=F; (w), for each weX.
Therefore, P-tij-Np-int(L)={(w, /\TLp (w), vI Ly (w),vFLp (w)): weX}
=N{Lp: peA and Ly is a pairwise 1;-N-bC-set in X such that LccLy}
Hence, [P-tij-Np-int(L)]¢ = P-tij-Np-a(L¢).
(if) Let (X,11,12) be an NBi-T-space and L={(w, Te(w), I.(w), F.(w)): we X} be a N-set over X. Then,
P-ti-Ne-a(L) = N{K:K is a pairwise 1ij-N-bC-set in X and LcK}
={(@AT (@) VI, (@), VFy, () 0eX),
where L, is a pairwise 1i-N-bC-set in X such that LcLy, for each peA.
This implies, [P-tij-No-a(L)]*= {(w, VT, (w),AlL, (w),AFy (w)):weX]}.
Here, VT, (w)2T,(w),AlL, (W)SIL(w),/\FLp(w)ﬁFL(w), for each weX.
Therefore, P-’Eij—Nh-int(LC)={(w,VTLp(’LU),/\[ Lp(w),/\FLp(w)):weX}
=U{Ly: peA and Ly is a pairwise 1i-N-bO-set in X such that LycLc}.
Hence, [P-tij-Np-a(L)]= P-Tij-No-int(L°).
Theorem 3.1. Let (X,11,72) be an NBi-T-space. Then, the neutrosophic null set (Ov) and the
neutrosophic whole set (1n) are both 1-N-bO-set and 1ji-N-bO-set.
Proof. Let (X,11,2) be an NBi-T-space. Now, N}N/,.(ONJUN],N&(On)=NE (On)UN/(ON)= OnUON=ON.
Therefore, ONQOFNélNiLt(ON)UN{;tNCil(ON). Hence, the neutrosophic null set (On) is a 1-N-bO-set.
Similarly, it can be established that the neutrosophic null set (On) is a 7;-N-bO-set.
Further, one can show that the neutrosophic whole set (1n) are both ti-N-bO-set and 1ji-N-bO-set.
Theorem 3.2. In an NBi-T-space(X,11,12), every 1-NO-set is a 1j-N-bO-set.
Proof. Let L be a 1-NO-set in an NBi-T-space(X,t1,12). Therefore, N/, (L)=L. Now,Lc Nc]l (L)=
N’ Ni.(L). This implies, LEN? Ni, (L)YUNE, N (L). Hence, L is a 1-N-bO-set in (X,11,12).
Theorem 3.3. In an NBi-T-space (X,11,12),
(i) every 1i-N-bO-set is a pairwise ti-N-bO-set;
(ii) every Ti-N-bO-set is a pairwise 1i-N-bO-set;
(iif) every 1;-N-bC-set is a pairwise ti-N-bC-set;
(iv) every 1j-N-bC-set is a pairwise T1;-N-bC-set.
Proof. (i) Let L be a 1ij-N-bO-set in an NBi-T-space (X,t1,72). Then, L can be expressed as L=L0y,
where L is a 1i-N-bO-set and O is a 1j-N-bO-set in (X,t1,72). This implies, L is a pairwise ti-N-bO-set
in (X,11,12).
(if) Straightforward.
(iif) Let L be a 1i-NC-set in an NBi-T-space (X,t1,12). Then, L can be expressed as L=LN1n, where L is
a 1j-NC-set and 1~ is a 1-NC-set in (X, 11,72). This implies, L is a pairwise 1;-N-bC-set in (X,11,12).
(iv) Straightforward.
Theorem 3.4. In an NBi-T-Space (X,11,12), every 1-NO-set is a pairwise 1i-N-bO-set.
Proof. Let L be a t-NO-set in an NBi-T-space(X,t1,12). By Theorem 3.2, it is clear that L is a
1j-N-bO-set. Further, by Theorem 3.3., it is clear that L is a pairwise ti-N-bO-set.
Theorem 3.5. Let (X,11,12) be an NBi-T-space. Then, On and 1n are both pairwise ti-N-bO-set and

pairwise Tji-N-bO-set.
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Proof. Let (X,11,72) be an NBi-T-space. One can write ON=AUB, where A=0x is a 1j-N-bO-set and B=0n
is a 1-N-bO-set in (X, 11,72). This implies, Ov is a pairwise tj-N-bO-set in (X,11,12).

Similarly, it can be established that Ow is a pairwise 1-N-bO-set in (X,11,12).
Again, one can write 1n~=LUM, where L=1~ is a 1-N-bO-set and M=1n is a 1-N-bO-set in (X,11,12).
This implies, 1n is a pairwise 1;-N-bO-set in (X, 11,12).

Similarly, it can be also established that 1n is a pairwise 1j-N-bO-set in (X, 11,12).
Theorem 3.6. Let (X,t1,72) be an NBi-T-space. Then, both On and 1n are pairwise tj-N-bC-set and
pairwise Tji-N-bC-set.
Proof. By Theorem 3.5, it is clear that On is both pairwise 1;-N-bO-set and pairwise 1;-N-bO-set.
Hence, its complement 1w is both pairwise 1i-N-bC-set and pairwise 1;i-N-bC-set.

Similarly, from Theorem 3.5, it is clear that 1n is both pairwise 1i-N-bO-set and pairwise
7i-N-bO-set. Hence, its complement Ov is both pairwise 1;-N-bC-set and pairwise 71;-N-bC-set.

Remark 3.1. Throughout the article, we denote Tf’j as a collection of all pairwise 1;-N-bO-sets and
iC].
supra topology on X.

7;; as a collection of all pairwise tj-N-bC-sets in (X, 11,72). The collection Tf’j forms an neutrosophic
Definition 3.3. Let (X,t,12) and (Y,81,82) be two NBi-T-spaces. Then, an one to one and onto
mapping & :(X,t1,72)—>(Y,31,82) is called a

(i) pairwise neutrosophic semi continuous mapping (in short P-NS-C-mapping) if and only if
&1(L) is a T-NSO-set in X, whenever L is a pairwise 8;-NO-set in Y.

(if) pairwise neutrosophic pre continuous mapping (in short P-NP-C-mapping) if and only if&(L) is
a t-NPO-set in X, whenever L is a pairwise 8;-NO-set in Y.

(iif) pairwise neutrosophic continuous mapping (in short P-N-C-mapping) if and only if&(L) is a
1-NO-set in X, whenever L is a pairwise 3;-NO-set in Y.

(iv) pairwise neutrosophic b-continuous mapping (in short P-N-b-C-mapping) if and only if&'(L) is a
1-N-bO-set in X, whenever L is a pairwise 3;-NO-set in Y.

Theorem 3.7. Let (X,11,72) and (Y,81,82) be two NBi-T-spaces. Then, every P-N-C-mapping from
(X,11,12) to (Y,81,82) is a P-NP-C-mapping (P-NS-C-mapping).

Proof. Let L be a pairwise 3;-NO-set in (Y,81,82). Since, &:(X,11,12)—>(Y,01,82) is a P-N-C-mapping from
(X,t1,12) to (Y,81,82), so EN(L) is a t-NO-set in (X,t1,12). It is known that every t-NO-set is a t1-NPO-set
(t-NSO-set). Therefore, &1(L) is a ti-NPO-set (1-NSO-set) in (X,11,72). Hence, &:(X,t1,12)—>(Y,61,82) is a
P-NP-C-mapping (P-NS-C-mapping).

Theorem 3.8. Let (X,t,72) and (Y,81,82) be two NBi-T-spaces. Then, every P-NS-C-mapping
(P-NP-C-mapping) from (X,t1,12) to (Y,61,82) is a P-N-b-C-mapping.

Proof. Let L be a pairwise 6;j-NO-set in (Y,51,62). Since, &:(X,t1,12)—>(Y,01,02) is a P-NS-C-mapping
(P-NP-C-mapping) from (X,11,12) to (Y,01,82), so &'(L) is a 1-NSO-set (1-NPO-set) in (X,11,12). It is
known that, every t-NSO-set (1-NPO-set) is a t-N-bO-set. Therefore, &1(L) is a 1-N-bO-set in
(X,11,12). Hence, &:(X,11,12)—(Y,01,82) is a P-N-b-C-mapping.

Theorem 3.9. Let (X,11,72) and (Y,81,82) be two NBi-T-spaces. Then, every P-N-C-mapping from
(X,11,12) to (Y,81,82) is a P-N-b-C-mapping.

Proof. Let L be a pairwise 3i~NO-set in (Y,81,82). Since, &:(X,11,12)—>(Y,01,82) is a P-N-C-mapping from
(X,t,12) to (Y,01,82), so &(L) is a t-NO-set in (X,t1,72). It is known that, every t-NO-set is a
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1-N-b-O-set. Therefore, &(L) is a t-N-b-O-set in (X,t1,12). Hence, &:(X,t1,12)—(Y,51,82) is a

p-N-b-C-mapping.

Theorem 3.10. If &:(X,t1,72)—(Y,51,82) and y:(Y,01,62)—>(Z,01,02) be two P-N-C-mapping, then the

composition mapping y°&:(X,t1,12)—>(Z,01,02) is also a P-N-C-mapping.

Proof. Let &:(X,11,72)—>(Y,81,62) and y:(Y,01,82)—(Z,01,62) be two P-N-C-mappings. Let L be a pairwise

0;-NO-set in (Z,01,02). Since, 3:(Y,81,62)—(Z,01,02) is a P-N-C-mapping, so (L) is a 8-NO-set in Y.

Since, &:(X,11,12)—>(Y,01,82) is a P-N-C-mapping, so &' (x(L))= (x°&)"(L) is a t-NO-set in X.

Theorem 3.11. If &:(X,t1,72)—>(Y,81,02) be an one to one and onto mapping between two

NBi-T-spaces, then the following two are equivalent:

(i) € is a P-N-b-C-mapping.

(ii) EY(P-84-Nint(A)) cti-Ne-in(E1(A)), for every neutrosophic subset A of Y.

Proof. (i)=(ii)

Let &:(X,t1,12)—>(Y,61,02) be a P-N-b-C-mapping. Let A be an neutrosophic subset of Y. Here,

P-3i-Nint(A) is a pairwise 8NO-set in Y and P-8i-Nin(A)cA. This implies, &1(P-34-Nint(A))<E1(A). By

the hypothesis, &'(P-6i-Nin(A)) is a 1-N-b-O-set in X. Therefore, &'(P-6i-Nint(A)) is a t-N-b-O-set in X

such that &1(P-34-Nin(A))cE'(A). It is known that ti-Np-in(&1(A)) is the largest t-N-b-O-set in X,

which is contained in &1(A). Hence, &(P-8ij-Nint(A))ti-No-int(E1(A)).

(i)=()

Let A be a pairwise &6j-NO-set in (Y,561,082). Therefore, P-8;-Niu(A)=A. By hypothesis,

E1(P-8i-Nint(A))cti-Ne-in(E1(A)). This implies, &(A)cti-Np-in(E1(A)). It is known that Ti-Ne-int(&1(A))

c&1(A). Therefore, ti-Np-in(&1(A))=E1(A). Hence,&1(A) is a 1-N-b-O-set in (X,11,72). Therefore, € is a

P-N-b-C-mapping from an NBi-T-space (X,11,12) to another NBi-T-space (Y,51,52).

Theorem 3.12. An one to one and onto mapping &:(X,t1,12)—(Y,01,82) is a P-N-b-C-mapping if and

only if P-8i-Nint(§(A))=E(Ti-Ne-int(A)), for every N-set A over X and i, j=1,2, and i=j.

Proof. Let &:(X,11,72)—(Y,01,82) be a P-N-b-C-mapping. Let A be an N-set over X. Then, (A) is also an

N-set over Y. By Theorem 3.11, we have &'(P-8i-Nin(§(A)))=ti-Ne-in(E1(E(A))). This implies,

E1(P-8i-Nint(§(A)))ti-No-int(A).  Hence, P-6i-Nint(§(A))<E(ti-No-nt(A)).  Therefore, P-6i-Ni(E(A))

E(ti-Nu-int(A)), for every N-set A over X and i, j=1,2; and i#j.

Conversely, let &:(X,11,72)—>(Y,01,82) be a mapping between two NBi-T-spaces such that
P-8ii-Nint(E(A))E(ti-No-int(A)) 1

for every N-set A overX and i, j =1,2; and i#j.

Let A be an N-set over Y. Then, £'(A) is an N-set over X. By putting A=£(A) in eq. (1), we have,

P-3i-Nim(&(&1(A))) <&(ti-No-int(E7(A)))

=P-8i-Nint(A)E(1i-No-int(E1(A)))

=EY(P-6i-Nint(A)Ti-Np-int(E1(A)).

Therefore, &'(P-6ii-Nin(A)cti-No-ine(E1(A)), for every N-set A of Y. Hence, by Theorem 3.11., the

mapping &:(X,t1,12)—>(Y,061,82) is a P-N-b-C-mapping.

Corollary 3.1. If &:(X,t1,172)—>(Y,81,82) is an one to one and onto mapping from an NBi-T-space

(X,71,72) to another NBi-T-space (Y,51,82), then the following two are equivalent:

(i) & is a P-N-C-mapping.

(i1) &1(P-8s-Nint(Q)) cti-Nimt(£1(Q)), for every N-set Q overY.
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Definition 3.4. Let (X,11,12) be an NBi-T-space. Let x4 be an N-point in X. Then, an N-set Q over X
is called a pairwise tij-neutrosophic b-neighbourhood (in short P-ti-N-b-nbd) of xsb,, if there exist a
pairwise 1i-N-bO-set U such that xspc€ UcQ.

Theorem 3.13. Let (X,11,72) be an NBi-T-space. An N-set Q over X is a pairwise 1i-N-bO-set if and
only if Q is a P-ti-N-b-nbd of all of its N-points.

Proof. Let Q be a pairwise 1i-N-bO-set in an NBi-T-space (X,11,12). Let xat.c be an N-point in X such
that xepce Q. Therefore, xopceQcQ. This implies, Q is a P-ti-N-b-nbd of xane. Hence, Q is the
P-1i-N-b-nbd of all of its N-points.

Conversely, let Q be a P-1i-N-b-nbd of all of its N-points. Assume that xasc be an N-point in X,
such that xapce Q. Therefore, there exist a pairwise 1i-N-bO-set G such that xasc.€ GCQ.

Now, Q=Ux,, €0 *Xab,cSVUx, ;.0 GSUx, , co@=Q. This implies, Q=Uy,, eo G, which is a pairwise
1i-N-bO-set. Therefore, Q is a pairwise 1i-N-bO-set in (X, 11,12).

Theorem 3.14. An one to one and onto mapping &:(X,11,12)—(Y,01,82) is a P-N-b-C-mapping if and
only if for every N-point x.»ceY and for any P-3iN-b-nbd V of xane in Y, there exist a
ti-neutrosophic-b-neighbourhood (in short t-N-b-nbd) U of &'(xsbe) in X such that U c&1(V).

Proof. Let &:(X,t1,12)—>(Y,01,62) be a P-N-b-C-mapping. Let xapc be an N-point in Y and V be a
P-8i-N-b-nbd of xsbc. Then, there exist a pairwise 6;-NO-set G in Y such that xa5ce GEV. This implies,
E(xape) eENG)E(V). Since, &:(X,11,12)—>(Y,81,82) is a P-N-b-C-mapping, so £(G) is a 1-N-bO-set in
X. By taking U=£'(G), we see that U is a t-N-bO-set in X such that &'(xssc)eUcE (V). Hence,
U=£1(G) is a t-N-b-nbd of &1(xabc) and UcE(V).

Conversely, let for every N-point xasrc€Y and for any P-6;i-N-nbd V of xsuc in Y, there exist a
1i-N-b-nbd U of &' (xapc) in X such that Uc&(V). Let G be a pairwise 6i-NO-set in Y and xabc€G. By
Theorem 3.13., G is a P-3;-N-nbd of xauc. By hypothesis, there exists a ©-N-b-nbd H of &'(xanc)eX
such that &'(xssec) e HSEY(G). This implies, &1(G) is the 1-N-b-nbd of each of its N-points. Therefore,
&1(G) is a 1-N-bO-set in X. Hence, &:(X,11,12)—>(Y,61,82) is a P-N-b-C-mapping.

Theorem 3.15. If &:(X,11,12)—>(Y,01,62) be a P-N-b-C-mapping and y:(Y,51,62)—>(Z,01,02) be a
P-N-C-mapping, then the composition mapping % °&:(X,11,12)—(Z,01,62) is a P-N-b-C-mapping.

Proof. Let &:(X,11,72)—>(Y,81,62) be a P-N-b-C-mapping and y:(Y,61,82)—(Z,01,02) be a P-N-C-mapping.
Let L be a pairwise 8;-NO-set in (Z,01,02). Since, y:(Y,81,62)—(Z,01,02) is a P-N-C-mapping, so y (L) is
a 8-NO-set in Y. Now, by Lemma 2.1,, it is clear that y(L) is a pairwise 3;-NO-set in (Y,31,82). Since,
£:(X,11,12)>(Y,01,02) is a P-N-b-C-mapping, so & (x(L))=(x ) (L) is a ©1-NO-set in X. Since, every
7-NO-set is a 1-N-bO-set, so (x°¢)*(L) is a 1-N-bO-set in X. Hence, y°&:(X,t1,12)—>(Z,01,02) is a
P-N-b-C-mapping.

4. Conclusion

In this article, we introduce the notion of pairwise neutrosophic-b-interior, pairwise neutrosophic-b-closure, pairw
neutrosophic b-continuous mapping, we prove some propositions and theorems on NBi-T-spaces. In

the future, we hope that based on these notions in NBi-T-spaces, many new investigations can be

carried out.
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Abstract: The main focus of this article is to procure a new similarity measure namely tangent
similarity measure for single valued pentapartitioned neutrosophic sets (SVPNS). We formulate
some results on tangent similarity measure of similarities between two SVPNSs. Then, we develop a
SVPNS-MADM (SVPNS-Multi-Attribute-Decision-Making) model under the SVPNS environment
based on the tangent similarity measure. Further, we validate our proposed SVPNS-MADM model

by giving a numerical example.

Keywords: MADM; Pentapartitioned Neutrosophic Set; Tangent Similarity.

1. Introduction:

In the year 1965, Zadeh [37] introduced the concept of fuzzy set (FS) theory to deal with the
uncertainty events. Afterwards, Atanassov [1] exended the concept of FS by introducing the notions
of intuitionistic fuzzy set (IFS). In the year 2011, Pramanik and Mukhopadhyaya [28] proposed a
MADM approach based on grey relational analysis under intuitionistic fuzzy set-environment. In
the year 2014, Mondal et al. [20] developed a MADM-strategy to select the quality brick under
intuitionistic fuzzy environment. In the year 1998, Smarandache [30] grounded the idea of
neutrosophic set (NS) by extending the notion of fuzzy set (FS) and intuitionistic fuzzy set (IFS) to
deal with the uncertainty events having indeterminacy. In an NS, every element has three
independent components namely truth, indeterminacy, and false membership values. Thereafter,
Salama and Alblowi [29] applied the notions of topology on NSs and introduced the concept of
neutrosophic topological space (NTS). Later on, many researchers around the globe gives their
contributions ([6], [7], [12], etc.] in the area of NTS. Indeterminacy membership plays an important

role in multi-attribute-decision-making problems of real world. In the year 2010, Wang et al. [31]
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introduced the idea of SVNS (single valued neutrosophic set), which is a subclass of NS. One can
represent indeterminate and incomplete information which makes trouble to take decision/selection
in the real world by using a SVNS. The SVNS is more capable to deal with this situation. Later on,
Mondal et al. [21] studied the role of neutrosophic logic in data mining process in the year 2016.
Afterwards, many researchers of different countries studied SVNS for the formation of MADM
model/algorithm in different branches of real-world such as medical diagnosis, educational
problem, social problems, decision-making problems, conflict resolution, image processing, etc.
Thereafter, many researchers (Biswas et al. [2], Das et al. [5], Mondal & Pramanik [16], Pramanik et
al. [23], Pramanik et al. [24], etc.) used SVNS in their MCDM (multi-criteria-decision-making)
models. Later on, Ye [32-35], Ye & zhang [36], Mondal & Pramanik [17], Mondal et al. [18], Mondal et
al. [19] etc. established several MADM models based on similarity measures under the
SVNS-environment / interval valued neutrosophic set-environment / rough neutrosophic
set-environment. Pramanik et al. [25] proposed a MADM-approach under the single valued
neutrosophic soft expert set environment in the year 2015. In the year 2020, Mukherjee and Das [22]
presented the notions of neutrosophic bipolar vague soft set and proposed a MADM-strategy.

In the year 2020, Mallick and Pramanik [15] grounded the notions of single valued
pentapartitioned neutrosophic set (SVPNS) by splitting indeterminacy into three independent
components namely contradiction, ignorance, and unknown-membership. Later on, Das et al. [4]
introduced the notions of pentapartitioned neutrosophic Q-ideals of Q-algebra in the year 2021.
Recently, Das and Tripathy [13] applied the idea of topology on SVPNSs and defined
pentapartitioned neutrosophic topological space.

In this article, we proposed a SVPNS-MADM model based on tangent similarity measure under

the SVPNS environment. Also, we validate our model by a numerical example.

The rest of the paper has been split into following sections:

Section 2 recalls some relevant definitions, properties, and operations on SVPNSs. Section 3 presents
the tangent similarity measure of similarities between two SVPNSs. We formulate some results on
tangent similarity measure under SVPNS environment. In section 4, we present a SVPNS-MADM
strategy based on tangent similarity measure under the SVPNS environment. In section 5, we have
validated our proposed MADM model by a real world numerical example. Section 6 represents the

concluding remarks of our work done in this study.

2. Some Relevant Definitions:
In this section, we give some basic definitions and results those are relevant to the main results of
this article.
Definition 2.1. [15] Let L be a fixed set. Then P, a SVPNS over L is denoted as follows:
P={(x,Ar(x),T'p(x),I1r(k),Qr(k),Pr(k)): uel}, where Ap, I'r, IIr, Qr, ®r: L—]0,1[ denotes the truth,
contradiction, ignorance, unknown and falsity membership functions respectively. So

0 < Ar(x)+Ip(k)+1r(1)+Qp(K)+Pr(K) < 5.
Definition 2.2. [15] The absolute SVPNS (1rn) and the null PNS (Oen) over L are defined by
(i) 1ev={(x,1,1,0,0,0): keL};
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(i) Orn={(x,0,0,1,1,1): xeL}.

Definition 2.3.[15] Let X={(1,Ax(x),I'x(x),IIx(k),Qx(x),Px(x)): geL} and Y = {(i,Av(k),I'v(x),ITv(k),
Qy(x),Py(x)): keL} be two SVPNSs over L. Then, XcY < Ax(k)<Av(x), I'x(k)<Ty(k), TIx(x)=ITv(k),
Qx(1)2Qv(x), Dx(K)>Dy(x), for all keL.

Definition 2.4.[15] Let X={(x,Ax(x),I'x(x),I1x(x),Qx(k),Px(k)): keL} and Y={(k,Av(x),'v(x),ITx(x),Qr(k),
Ov(x)): keL} be two SVPNSs over L. Then, XUY={(x, max{Ax(k),Av(x)}, max{I'x(x),['v(k)}, min{ITx(k),
[Mx(x)}, min{Qx(x), Ax(x)}, min{Dx(k),Px(k)}): keL}.

Definition 2.5.[15] Let X={(x,Ax(x),I'x(k),IIx(x),Qx(x),Px(x)): keL} and Y={(k,Av(k),Tv(x),ITr(k),Qx(x),
®v(k)): keL} be two SVPNSs over L. Then, XN Y={(x, min{Ax(k),Av(x)}, min{I'x(k),I"v(x)}, max{ITx(x),
IMx(k)}, max{Qx(k),Qx(k)}, max{Dx(k),Px(k)}): keL}.

Definition 2.6.[15] Let X={(k,Ax(x),I'x(x),I1x(k),Qx(k),Px(x)): ke W} be a SVPNS over L. Then, the
complement of X is defined by X °={(k, Dx(k),Qx(k),1-I1x(k),I'x(x),Ax(k)): k€L}.

3. Tangent Similarity Measure under SVPNS Environment:
Definition 3.1. Suppose that Y={(k,Av(x),I'v(i),ITr(x),Qv(k),Dv(x)): keL} and R={(x,Ar(k),I'r(x),ITr(k),
Qr(x), Dr(k)): keL} be two SVPNSs over a fixed set L. Then, the tangent similarity measure of

similarities between Y and R is defined by:

Tsvensm(Y, R) = l—%zxd tan[%[l Ay (K)-Ag (1) |+ Ty (k) - Tr(x) [+1 TTy (k) -TT (1) 1+1 Qy () - Qg (k) |

+1 @y (10)-DPg (1) 1] o
Theorem 3.1. Suppose that Tsvensm(Y, R) be the tangent similarity measure of similarities between
the SVPNSs Y and R. Then, the following properties hold:

(1) 0 < Tsvensm(Y, R) < 1;

(#1) Tsvensm(Y, R) = Tsvensm(R, Y);

(iii) Tsvensm(Y, R)=1 if and only if Y=R.

Proof. (i) It is known that, the tangent function is monotonic increasing in the interval [0, n/4]. It is
also lies in the interval [0, 1]. Therefore, 0 < Tsvensm(Y, R) < 1.

(ii) From Definition 3.1., we have,

Tsvensm(Y, R)

=l—%ZK€L tan[%[l Ay (K)-Ag () | +1Ty (€)- T () [ +1 Ty () -TTR (i) | +1Qy () -Qg () | +] @y (k)- DR (k) 1]

=1 Feer tan[ [ | Ag()-Ay () 1+ T ()- Ty () 141 T ()Tl (i) 1+1 Q4 (1)-Qy (i) 1 +1 D (1) Dy (1) 1]

= Tsvensm(R, Y).

Therefore, Tsvensm(Y, R) = Tsvensm(R, Y).

(iii) Let Y and R be two SVPNSs over L such that Y=R. Therefore, Av(k)=Ar(k), Tv(k)=Ir(x), [Tx(k)=
TTr(K), Qv(k)=Qk(k), and ®v(i)=Mr(k), for all keL. This implies, [Av(i)-Ar(i) 0, [Tv(k)-Tr(x) =0, [ TIx(x)-

Tr(x) |20, IQv(1c)-Qr(x) O and ®y(k)-Dr(k) =0, for all keL. Hence, Tsvensm(Y, R)=1- %erLtan(O)=1.

Suman Das, Bimal Shil, Binod Chandra Tripathy, Tangent Similarity Measure Based MADM-Strategy under
SVPNS-Environment.



Neutrosophic Sets and Systems, Vol. 43, 2021 96

Conversely, let Tsvensu(Y, R)=1. Therefore, | Av(k)-Ar(x)1=0, | Tx(1)-Tr(ic) |=0, | TTv(x)-TIr(x) =0, [Qv(x)-
Qr(x) 0, and  |@v(x)-®r(k) O, for all keL. This implies, Av(k)=Ar(x), [v(i)=Tr(x), TIx(x)=ITr(k),
Qy(x)=Qr(k), and Pv(k)=Dr(x), for all keL. Hence, Y=R.

Theorem 3.2. Let Y, R and C be three SVPNSs over L. If Y < R ¢ C, then Tsvensm(Y, R) > Tsvensm(Y, C)
and Tsvensm(R, C) > Tsvensm(Y, C).

Proof. Suppose that Y, R and C be three SVPNSs over L such that YCRcC. Therefore, Av(k)<Ar(k),
I'v(x)<I'r(x), IIv(x)2Ir(x), Qr(k)2Qr(x), Ov(k)2Dr(x), Ar(K)<Ac(x), Tr()<Cc(x), Ir()2I1c(k),
Qr(1)2Qc(k), Dr(K)2Dc(x), Av(K)<Ac(x), Tyv(k)<Te(k), My()=Ic(k), Qr(k)2Qc(k), Dy(i)=>Dc(x), for all
keL.

We have,

[ Av()-Ar(K) | <T Av(k)-Ac(x) |, 1T¥(x)- Tr(k)I<IT¥(k)- Tc(k)l, 1TIv(k)- Tr(k) I<ITIv(k)-Tc(k) |, 1Qv(k)-
Qr(K) 121 Qy(k)-Qc(k) |, | Dy(k)- Dr(x) | < Dy(k)-Dc(k) |, for all keL.

Therefore,

Tsvensm(Y, R)

=1- %ZKEL tan[%[l Ay (€)-Ag (1<) [+1Ty ()~ T (1) [+ Ty (1)-TTg () | +1Qy (k)-Qg () | +1Dy ()-P (1) 1]

>1- %ZKeL tan[%[lAy(K)—AC(K) [+1Ty (K)- T () 1+ TTy (1) -TT- (1) | +1Qy (K)-Qc () | +1 Dy (K)-Dy () 1]

= Tsvensm(Y, C)

This implies, Tsvensm(Y, R) = Tsvensm(Y, C).

Further, we have,

| Ar(K)-Ac(k) ST Av(k)-Ac(k) |, 1Tr(k)- Te(k)I<ITY(k)- Te(x)l, 1TIr(k)- TIc(k) I<ITIv(k)-TTc(x) |, 1Qr(k)-
Qc(x) 121Qy(k)-Qc(k) |, [ Dr(K)- De(x) | <1 Dy(k)-DPc(k) |, for all keL.

Therefore,

Tsvensm(R, C)

=1- %ZKeL tan[%[l Ar(K)-Ac (1) |+ TR ()- T (k) [ +1 T ()-T1¢ () | +1 Qg (K)-Qc (k) | +1Dg(K)-P(x) 1]

>1- %ZKEL tan[%[lAy(K)'Ac(K) [+1Ty (1)- T () [+1 Ty (1) -TT e () [+1Qy (1)-Qc (1) | +1 Dy () - () ]

= Tsvensm(Y, C)

Hence, Tsvensm(R, C) > Tsvensm(Y, C).

Definition 3.2. Suppose that, Y={(i,Av(k),I'v(x) ITr(k),Qv(x),®r(x)): kel} and R={(k,Ar(x),Ir(k),
Ir(k),Qr(x),Pr(x)): K€L} be two SVPNSs over L. Then, the weighted tangent similarity measure of
the similarities between two SVPNSs Y and R is defined by

Twsvensm(Y, R) = 1- %ZkeL Wy tan[%[ Ay (K)-Ag (k) 1 +1Ty (K)- T (k) | +1TT, (1) -TTg (k) | +1Qy (1)-Qp () |

+ Dy (K)-Or () 1], @)

where, Y., w.=1.

In view of Theorem 3.1. and Theorem 3.2., we formulate the following two Propositions.
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Proposition 3.1. Suppose that Twsvensm(Y, R) be the weighted tangent similarity measure of
similarities between the SVPNSs Y and R. Then,

(1) 0 < Twsvensm(Y, R) < 1;

(1) Twsvensm(Y, R) = Twsvensm(R, Y);

(iif) Twsvensm(Y, R) = 1 if and only if Y =R.

Proposition 3.2. Assume that Y, R and C be three SVPNSs over L. If Y ¢ R c C, then Twsvensm(Y, R) >
Twsvensm(Y, C) and Twsvensm(R, C) = Twsvensm(Y, C).

4. SVPNS-MADM Strategy Based on Tangent Similarity Measure:
In this section, we develop a SVPNS-MADM model / algorithm under the SVPNS environment
using the tangent similarity measure of similarities between two SVPNSs.
In our day to day life we face difficulty when we need to choose a suitable alternative from a set
of possible alternatives. For that we should have to plan a strategy to take the appropriate decision.
Let L = {L1, L»,..., Ly} be the family of possible alternatives. Let A = {A1, Az, ..., Aq} be the family of
attributes. Then, a group of DM (decision maker) together can give their evaluation information for
each alternative Li (i=1, 2,..., p) against the attribute 4j (=1, 2, ..., q) by a SVPNS. Therefore, by using
the whole evaluation information of all alternatives given by the decision makers, we can form a

decision matrix.

The following are the steps of the proposed SVPNS-MADM:

Step-1: Decision Matrix Formation using SVPNS.

According to the decision makers evaluation information E, = {(4;,A;;(Li, 4;),I'y;(Li, Aj),I1;(Li, 4),
Q;;(Li, Aj),®;i(Li, Aj)): AjeA} for each alternatives L: against the attributes 4; (=1, 2, ..., q), we can
build a decision matrix, where (A;;(Li, 4;),1;;(Li, Aj),I1;;(Li, A;),Q;(Li, A;),®;;(Li, A;)) = (L, 4;) indicates
the evaluation information of the alternative Li (i = 1, 2,..., p) against the attribute 4; (j=1,2, ..., q).

The decision matrix (DM) can be expressed as follows:

DM Ay A, Aq
Ly (A11(L1, A1), T1q(L1, A1), (A12(Ly, A2), Typ(Ly, A2), | e (Alq (L1, Ag), 1H1q(L1/ Ag),
I114(L1, A1), Qq1(L1, A1), IT15(L1, A2), Qq5(L1, A2), qu(h, Ag), qu(h, Ag),
®(L1, A1) ®y5(L1, A2)) Dy q(L, Ag))
L, (Az1(L2, A1), T'y1(L2, A1), (Ayp(La, A2), Typ(L2, A2), | ...... (Azq(Lz, Ag), qu(Lz, Ag),

(L2, A1), Qz1(L2, A1),
®;1(L2, A1)

[1,5(L2, A2), Qy5(L2, A2),
Dy,(L2, A2))

[T54(L2, Ag), Qaq(L2, Ag),
D,q(L2, Ag))
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Lp (Apl(Lp, Al), Fpl(Lp, Al), (Apz(Lp, AZ), sz(Lp, AZ), ............ (qu (Lp, Aq), qu (Lp, Aq),
le(Lp, Al), Qpl(Lp, Al), sz(Lp, AZ), sz(Lp, AZ), . een Hpq(Lp, Aq), qu(Lp, Aq),
(Dpl(L!’/ Ar)) Dp2 (Ly, A2)) Dypq (Lp, Aq))

Step-2. Determination of the Weights for each Attribute.

Determination of the value of weights for each attributes is an important task for any multi attribute
decision making model. If the weights of the attributes are completely unknown in a MADM
problem, then the decision makers can use the compromise function.

The compromise function of L is defined as follows:

§j=zzi)=1 B+ Al-]-(Li, Aj) +I; (Li, Aj) -Hij(Li, Aj) -Qij(Li, Aj) -CDU(LI', Aj))/5. 3)

Then, the weights of the j-th attribute is defined by w;= Zqéj y 4)
j=15]

q _
Here, Z]-:l w;=1.

Step-3. Selection of the Benefit-type Attributes and Cost-type Attributes.

In any MADM problems, the attributes can be divided into two types namely benefit-type attribute
and cost-type attribute. In our proposed SVPNS-MADM strategy, an ideal alternative can be defined
by using a minimum operator for the cost-type attributes and maximum operator for the
benefit-type attributes to determine the best value of each attribute among all alternatives.

The ideal alternative is defined as follows:

I=(Cf,CS,CF, ... ,CF) )
When C; (=1, 2, ...., q) is a benefit type of attribute, then

Cj+= (max {A;;(Li, Aj):i=1, 2,3, ....., p}, max {[';;(Li, Aj): =1, 2,3, ....., p}, min {I;;(L;, Aj):i=1,2,3, ..., p},
min {Q;;(Li, Aj): =1, 2, 3, ...., p}, min {®;;(L;, Aj): =1, 2, 3, ....., p}). (6)
When C; (=1, 2, ...., q) is a cost type of attribute, then

C]-+= (min {A;;(Li, Aj): =1, 2,3, ....., p}, min {T';;(L;, Aj): i=1, 2, 3, ....., p}, max {I1;;(L;, Aj):i=1,2,3, ..., p},
max {Q;;(Li, Aj):i=1,2,3, ..... , pl, max {®;;(L;, Aj):i=1,2,3, ..., p}). (7)

Step-4. Determination of the Tangent Similarity Measure between the Ideal Alternative and Other
Alternatives.
In this step, we calculate the tangent similarity measure of similarities between the ideal alternatives

and the decision elements from the decision matrix by using eq. (1).

Step-5: Determination of the accumulated measure values.
To aggregate the similarity measures corresponding to each alternative we use the following

accumulated measure function (AMF):
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D};MF = Z?=1 w; Tsvensm ((Li, Aj), C]+) (8)
where, (Li/ AJ) = (Aij(Li/ Aj)lrij (Li/ Af)/Hij(Li/ Af)/Qij(Li/ Af)/q)ij(Li/ AJ))

Step-6: Ranking of the alternatives.

Ranking of alternatives is prepared based on the ascending order of accumulated measure values.
The alternative associated with the highest accumulated measure value is the best suitable
alternatives.

Step-7: End.

The flow chart of the proposed SVPNS-MADM strategy is given below:

Figure-1
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5. Validation of the Proposed SVPNS-MADM Strategy.
In this section, we validate our proposed SVPNS-MADM strategy by a numerical example.
Example 5.1. Selection of Plot to Build a New House in Urban Area.

There are few other things come into account, when we are searching for a good plot to build our
house. To choose a plot, lots of things we have to took in our consideration. Initially it is obscure,
whether the place had good communication with the city, availability of well roads, gas-pipeline,
water facility, electricity etc.

Most of the common problems to select a plot are:

i) Price of the plot.

(

(i1) Well connectivity with necessary facilities.

(iif) Does the plot have significant slope or have to fill or cut the slope.

(iv) The buildings in neighbor plot, size, shape which also affect your disclosure to sunlight in
your living area.

(v) Types of soil is also another important factor to build a house, to keep the house stable types
of soil composition and reactive nature of soil are relevant. Normally, worth will high to build in

more reactive area.

So, the selection of plot by a person can be considered as a MAMD problem. After initializing,
the decision maker selects three major alternatives namely L,, L, and Lz. For the selection of
suitable place, the decision maker select four attributes such as A;: Price of the place, A,: Well

connectivity with the other part of the city, As: Shape of the plot, A,: Type of the soil of plot.

Then, the SVPNS-MADM strategy is presented as follows:
By using the evaluation information for all alternatives given by the decision makers, we prepare the

decision matrix as follows:

Table-1:
Ay A, As A,
L, | (0.8,0.3,0.2,0.4,0.3) | (0.7,0.3,0.5,0.2,0.4) | (0.8,0.2,0.3,0.4,0.2) | (0.9,0.2,0.3,0.4,0.3)
L, | (0.9,0.1,04,0.2,0.3) | (0.8,0.3,0.5,0.4,0.3) | (0.7,0.2,0.2,0.2,0.3) | (0.8,0.1,0.2,0.4,0.3)
Ls; | (0.8,0.4,0.3,0.2,0.2) | (0.9,0.1,0.5,0.2,0.2) | (0.6,0.1,0.2,0.3,0.1) | (0.8,0.2,0.2,0.4,0.5)

Now, we determine the weight of each attribute by using the eq. (3) and eq. (4). The weight
vector for all attributes is given below.

(w1, we, ws, wa) = (0.268097, 0.238606, 0.252011, 0.241287).
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According to the expert opinion, we choose the attribute A,, A;, A, as benefit-types of
attribute and the attributes A; as cost-type of attributes. Now, we choose the ideal alternative
solution by using eq. (5), eq. (6), and eq. (7). The ideal solution I is given in the following table.
Table-2:

Ay 4z 43 Ay

L, | (0.9,0.3,0.1,0.5,0.2)

(0.8,0.2,0.2,0.1,0.4)

(0.9,0.1,0.3,0.1,0.3)

(0.9,0.4,0.2,0.3,0.4)

L, | (0.8,0.1,0.3,0.3,0.2)

(0.9,0.2,0.3,0.4,0.2)

(0.6,0.1,0.2,0.3,0.3)

(0.9,0.2,0.1,0.2,0.2)

Ls | (0.9,04,0.2,0.3,0.1)

(0.7,0.3,0.4,0.1,0.2)

(0.8,0.2,0.1,0.2,0.3)

(0.8,0.3,0.1,0.3,0.1)

I (0.8,0.1,0.3,0.5,0.2)

(0.9,0.3,0.2,0.1,0.2)

(0.9,0.2,0.1,0.1,0.3)

(0.9,0.4,0.1,0.2,0.1)

After the formation of ideal alternative solution in Table-2, we determine the tangent similarity
measure of similarities between the ideal alternative solution and the decision elements from table -1

by using eq. (1).

The aggregate tangent similarity measures corresponding to each alternative are given below:

D}yr = 0.70862, D2y =0.889084, D3, = 0.885916.

Therefore, Diyp < D3y < DZyr. This implies, the alternative Lz is the most suitable alternative

(plot) for choosing to build a house.

6. Conclusions:
In the article, we have established a SVPNS-MADM strategy based on tangent similarity measure of
similarities between two SVPNSs. We have also validated our proposed SVPNS-MADM strategy by
solving an illustrative numerical example to demonstrate the effectiveness of the proposed
SVPNS-MADM strategy.

The proposed SVPNS-MADM strategy can also be used to deal with the other decision-making
problems such as tender selection [5], teacher selection [28], medical diagnosis [26, 27], weaver

selection [14], brick selection [16, 20], logistic center location selection [23, 24], etc.
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1. Introduction

Smarandache [30] grounded the notion of neutrosophic set (in short NS) in the year 1998 by
extending the concept of intuitionistic fuzzy set [1]. In the year 2010, Wang et al. presented the idea
of single valued neutrosophic set. Till now, many researchers around the globe applied the notions
of NS and its extensions in the formation of MADM-algorithms [3, 6, 10, 18, 21, 22, 24, 25, etc.]. In the
year 2012, Salama and Alblowi [28] established the idea of neutrosophic topological space (in short
NTS). Further, Salama and Alblowi [29] presented generalized NS and generalized NTS. The
concept of neutrosophic semi-closed set and neutrosophic semi-open set in NTSs was introduced by
Iswaraya and Bageerathi [16]. Afterwards, Arokiarani et al. [2] grounded the idea of neutrosophic
semi-open functions and established relation between them. The concept of generalized
neutrosophic closed sets in NTSs was studied by Dhavaseelan, and Jafari [14]. The neutrosophic
generalized closed sets in NTSs was established by Pushpalatha and Nandhini [26]. Thereafter,
Ebenanjar et al. [15] presented the neutrosophic b-open sets in NTSs. In the year 2018, Maheswari et
al. [19] grounded the idea of neutrosophic generalized b-closed sets in NTSs. In the year 2020, Das
and Pramanik [7] introduced the notion of generalized neutrosophic b-open sets in NTSs. Das and
Pramanik [8] also established the concept of neutrosophic ®-open sets and neutrosophic
®-continuous functions. Mallick and Pramanik [20] introduced the notions of pentapartitioned
neutrosophic set and studied their several properties. Later on, Das et al. [5] presented the idea of
pentapartitioned neutrosophic Q-ideals of Q-algebra. In the year 2021, Das et al. [4] grounded the
notions of quadripartitioned neutrosophic topological space. Noori and Yousif [23] introduced the
idea of soft simply compact space via soft topological spaces in the year 2020. Afterwards, Das and

Pramanik [9] presented the concept of neutrosophic simply soft open set in neutrosophic soft
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topological spaces, and studied the neutrosophic simply soft compactness. Das and Tripathy [12]
introduced the neutrosophic simply-b-open set in NTSs. Dhavaseelan et al. [13] grounded the notion
of neutrosophic supra topology and studied the neutrosophic a-supra open sets in neutrosophic
supra topological spaces (in short NSTS). Later on, Jayaparthasarathy et al. [17] presented an
application of neutrosophic supra topology in data mining process.

The main focus of this article is to procure the concept of neutrosophic supra simply open set,
neutrosophic supra simply compactness via NSTSs. We formulate some results on neutrosophic

supra simply open set, neutrosophic supra simply compactness.

2. Preliminaries and Definitions:

Definition 2.1. [17] A family t of NSs over a fixed set W is called an neutrosophic supra topology (in
short NST) on W if the following holds:

(i) OnvIne T

(ii) Uie 1, forevery {Ji: I € A} c 1.

The pair (W,7) is called an neutrosophic supra topological space (in short NSTS). If Yert, then Y
is called an neutrosophic supra open set (in short NSO-set) and Y¢ is called an neutrosophic supra
closed set (in short NSC-set).

Remark 2.1. [17] The family of all NSO-sets and NSC-sets in an NSTS (W,1) may be denoted by
NSO(W) and NSC(W) respectively.
Definition 2.2. [17] Suppose that (W,1) be an NSTS. Then, the neutrosophic supra interior (in short
N3,+) and neutrosophic supra closure (in short N3) of an NS Y over W are defined by
N5 (Y)=U{R : Ris an NSO-set in Wand R c Y};

5(Y)=n{P:Pisan NSC-setin Wand Y c P}.
Definition 2.3. [13] Assume that (W,7) be an NSTS. Then Y, an NS over W is called an neutrosophic
supra a-open set (in short NS-a-O-set) iff Y < N (N5 (Ni(Y))).
Definition 2.4. [13] Suppose that (W,t) be an NSTS. Then Y, an NS over W is called an neutrosophic
supra semi-open set if and only if Y < N5 (N3, (Y)).
Definition 2.5. [13] Let (W,7) be an NSTS. Let Y be an NS over W. Then, Y is called an neutrosophic
supra pre-open set if and only if Y < N3, (N5 (Y)).
Remark 2.2. Throughout the paper, NS-a-O(W), NSSO(W), NSPO(W) denotes the family of all
NS-a-O-sets, NSS-O-sets, NSP-O-sets in NSTS (W, 1).
Definition 2.6. [13] Suppose that £ be a one to one and onto mapping from an NSTS (W, 1) to another
NSTS (M, 12). Then, § is called an
(i) neutrosophic supra continuous (in short NS-Continuous) function if &'(K) is a NSO-set in W,
whenever K is a NSO-set in M.
(ii) neutrosophic supra-o-continuous (in short NS-a-Continuous) function if &(K) is a NS-0-O-set in
W, whenever K is a NSO-set in M.

3. Neutrosophic Supra Simply Open Set:

In this section, we procure the notions of neutrosophic supra b-open set, neutrosophic supra
b-continuous mapping, neutrosophic supra simply open set, neutrosophic supra simply continuous
mapping, neutrosophic supra simply b-continuous mapping, neutrosophic supra simply

compactness, and neutrosophic supra simply b-compactness in NSTSs.
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Definition 3.1. Suppose that (W,t) be an NSTS. Then Y, an NS over W is called an neutrosophic
supra b-open set (NS-b-O-set) iff Y < N (N5(Y))u N5 (N3 (Y)).

Remark 3.1. Throughout the paper, NS-b-O(W) and NS-b-C(W) denotes the family of all NS-b-O-sets
and NS-b-C-sets in NSTS (W, 1). Clearly, NSOS(W) < NS-bO(W) and NSCS(W) = NS-bC(W).
Definition 3.2. Suppose that  be an one to one and onto mapping from an NSTS (W,11) to another
NSTS (M,t2). Then, & is called an neutrosophic supra-b-continuous (in short NS-b-Continuous)
function if &1(K) is an NS-b-O-set in W, whenever K is an NSO-set in M.

Definition 3.3. A collection {Sa: aeA} of NSO-sets in (W,1), where A is an index set, is called an
neutrosophic supra open cover (in short NSO-cover) of an neutrosophic set S if S € UgepSa.
Definition 3.4. A family {S«: =1, 2, 3, ..., n} of NSO-sets in (W,1) is called an neutrosophic supra
open finite sub cover (in short NSO-finite sub cover) of an neutrosophic set S if S € Uj_; Sa.
Definition 3.5. An NSTS (W,1) is called an neutrosophic supra compact space (in short
NS-compact-space) if every NSO-cover of W has an NSO-finite sub cover.

Definition 3.6. An neutrosophic subset B of an NSTS (W,t) is said to be an neutrosophic supra
compact set relative to W if every NSO-cover of B has a finite sub-cover.

Definition 3.7. A family {S«: a€A} of NS-b-O-sets in (W,t), where A is an index set, is called an
neutrosophic supra b-open cover (in short NS-b-O-cover) of an neutrosophic set S if S € UgyepSe.
Definition 3.8. Suppose that (W,t) be an NSTS. Then, (W,t) is called an neutrosophic supra
b-compact space (in short NS-b-compact-space) if every NS-b-O-cover of W has a finite sub-cover.
Definition 3.9. An neutrosophic subset B of an NSTS (W,1) is said to be an neutrosophic supra
b-compact relative to W if every NS-b-O-cover of B has a finite sub-cover.

Theorem 3.1. Every NS-b-compact-space is an NS-compact-space.

Proof. Suppose that (W,1) be an NS-b-compact-space. Therefore, every NS-b-O-cover of (W,1) has a
finite sub-cover. Let (W,t) may not be an NS-compact-space. Then, there exists an NSO-cover H
(say) of W, which has no finite sub-cover. Since, every NSO-set is an NS-b-O-set, so there exists an
NS-b-O-cover H of W, which has no finite sub-cover. This contradicts the fact that (W,t) is an
NS-b-compact-space. Therefore, (W,t) must be an NS-compact-space.

Definition 3.10. Let (W,t) be an neutrosophic supra topological space. Then, an NS Z over W is
called an neutrosophic supra simply open set (in short NSSO-set) in (W,1) if and only if it is an
NSO-set in (W, 1) with the condition NiuNa(Z)=NaNint(Z).

Clearly, every NSSO-set is an NSO-set in (W,1).

Remark 3.2. In an NSTS (W, 1), both Ox and 1~ are NSSO-set.

Definition 3.11. Suppose that Z be an neutrosophic set over a fixed set W. Then, Z is called an
neutrosophic supra simply b-open set (in short NS5-b-O-set) in the NSTS (W,1) if and only if it is an
NS-b-O-set in (W, 1) with the condition NinNa(Z)SNaNin(Z).

If Y is an NSS-b-O-set, then Y¢ is called an neutrosophic supra simply b-closed set (in short
NSS-b-C-set). The family of all NSS-b-O-sets and NSS-b-C-sets may be denoted as NSS-b-O(W) and
NSS-b-C(W) respectively.

Clearly, every NSS-b-O-set in an NSTS (W, 1), is also an NS-b-O-set.

Remark 3.3. In an NSTS (W, 1), both On and 1~ are NSSO-set.

Theorem 3.2. In an NSTS (W, 1), every NSO-set is an NSS-O-set in an NSTS (W, 1).

Proof: Suppose that | be an NSO-set in an NSTS (W,1). Therefore, Nint(J) = J. It is known that, every
NSO-set is an NS-b-O-set. Therefore, | is an NS-b-O-set in (W,1). Further, it is known that J&Nu(]).
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Now, J&Na(])

= J<NaNiu(])

= Na(J)cNaNaNin(])

=NaNin(])  [Since NaNin(]) is a NSC-set in (W,1)] (1)
Further, we have, NiuNa(J)cNa(]) ()

From eq. (1) and eq. (2), we have, NiutNa(J)cNaNin(]).

Therefore, | is an NS-b-O set in (W,t) and NiuNda(])cNaNi(]). Hence, | is an NS-b-O set in (W, 7).
Proposition 3.1. Every NSO-set is an NSS5-b-O-set in an NSTS (W, ).

Theorem 3.3. Every neutrosophic supra semi-open set is an NSS-b-O-set in an NSTS (W, 7).

Proof. Suppose that Q be an neutrosophic supra semi-open set in an NTS (W,t). Therefore,
QENaNm(Q). It is known that, every neutrosophic supra semi-open set is an NS-b-O set. This
implies, Q is an NS-b-O set in (W, 7).

Now, QESNaNin(Q)

= Na(Q)ENaNaNin(Q)

=NaNint(Q) [Since NaNint(Q) is an NSC-set in (W,1)]

= Na(Q)ENaNint(Q) 3)
It is known that, NiuNa(Q)SNa(Q) 4)

From eq. (3) and eq. (4), we have, NiutNa(Q) S NaNiunt(Q). Therefore, Q is an NS-b-O set in (W,1) and
NintNa(Q)ENaNin(Q). Hence Q is an NSS-b-O set in (W, 1).

Theorem 3.4. If an neutrosophic set A is both neutrosophic supra pre open set and NSS-b-O-set in an
NSTS (W, 1), then it is also an neutrosophic supra semi open set in (W,1).

Proof. Let Q1 be both neutrosophic supra pre-open set and NSS-b-O-set in an NTS (W,1). Since, Q1 is
an neutrosophic supra pre open set, so Q1€NiuNa(Q1). Further, since Q1 is an NSS-b-O-set, so Q1is an
NS-b-O-set and NiutNa(Q1)=NaNint(Q1). This implies, Qi€ENaNint(Q1). Therefore, Q1 is an neutrosophic
supra semi open set.

Remark 3.4. Suppose that Zi and Z2 be two NSS-b-O-sets. Then, ZinZ> may not be an NSS-b-O-set.
Proof. Let Z1 and Z> be two NSS-b-O-sets. Therefore, Zi, Z> are NS-b-O-sets in (W,1) such that
NintNea(Z1)cNaNint(Z1), NintNa(Z2)cNaNint(Z2). But it is known that the intersection of two NS-b-O-sets
may not be an NS-b-O-set in a NSTS (W,t). Hence, ZinZ> may not be an NS-b-O-set in (W,7).
Therefore, ZinZ> may not be an NS-b-O-set in (W, ).

Definition 3.12. An one to one and onto mapping &: (W,t1)->(M,t2) is said to be an neutrosophic
supra simply continuous (in short NSS-Continuous) mapping if £'(Z) is an NSSO-set in W whenever
Z is an NSO-set in M.

Remark 3.5. Every NSS-Continuous mapping is an NS-Continuous mapping.

Definition 3.13. An one to one and onto mapping &: (W,t1)->(M,12) is said to be an neutrosophic
supra simply b-continuous (in short NSS-b-Continuous) mapping if &1(Z) is an NSS-b-O-set in W
whenever Z is an NSO-set in M.

Remark 3.6. Every NSS-b-Continuous mapping is an NS-b-Continuous mapping.

Definition 3.14. An one to one and onto mapping &: (W,t1)->(M,12) is called an neutrosophic supra
simply open mapping (in short NSS-Open-mapping) if §(K) is an NSSO-set in M, whenever K is an
NSO-set in W.
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Definition 3.15. An one to one and onto mapping &: (W,t1)->(M,12) is called an neutrosophic supra
simply b-open mapping (in short NSS-b-Open-mapping) if §(K) is an NSS-b-O-set in M, whenever K
is an NSO-set in W.

Definition 3.16. An one to one and onto family {Za: €A}, where A is an index set and for each a€4,
Za is an NS-b-O-set in a NTS (W,1) is said to be an neutrosophic supra b-open cover of an
neutrosophic set Z if ZCUgyep Za.

Definition 3.17. An NSTS (W,1) is called an neutrosophic supra simply compact space if every
neutrosophic simply open cover of W has a finite sub-cover.

Definition 3.18. An neutrosophic subset K of an NSTS (W,t) is called an neutrosophic supra simply
compact set relative to W if every neutrosophic supra simply open cover of K has a finite sub-cover.
Theorem 3.5. Every neutrosophic supra simply closed subset of an neutrosophic supra simply
compact space (W,1) is an neutrosophic supra simply compact set relative to W.

Proof: Suppose that (W,) be an neutrosophic supra simply compact space and K be an neutrosophic
supra simply closed set in (W, 7). Therefore, K¢ is an NSS-O-set in (W, 1). Suppose that U= {Ui: ieA and
UieNSS-O(W)} be an neutrosophic supra simply open cover of K. Therefore, H={K}ulU is an
neutrosophic supra simply open cover of X. Since, X is an neutrosophic supra simply compact space,
so it has a finite sub-cover say {Hi, Hz, Hs,......Hs, K¢}. This implies, {H1, H2, Hs,....., Ha} is a finite
neutrosophic supra simply open cover of K. Hence, K is an neutrosophic supra simply compact set
relative to W.

Definition 3.19. An NSTS (W,1) is called an neutrosophic supra simply b-compact space if each
neutrosophic simply b-open cover of W has a finite sub-cover.

Definition 3.20. An neutrosophic subset K of (W,1) is called an neutrosophic supra simply b-compact
set relative to W if every neutrosophic supra simply b-open cover of K has a finite sub-cover.
Theorem 3.6. Every neutrosophic supra simply b-closed subset of an neutrosophic supra simply
b-compact space (W,1) is an neutrosophic supra simply b-compact set relative to W.

Proof: Suppose that (W,t) be an neutrosophic supra simply b-compact space and K be an
neutrosophic supra simply b-closed set in (W,t). Therefore, K¢ is an NSS-b-O-set in (W,1). Suppose
that U= {U:: ieA and UieNSS-b-O(W)} be an neutrosophic supra simply b-open cover of K. Therefore,
H={K}ul is an neutrosophic supra simply b-open cover of X. Since, X is an neutrosophic supra
simply b-compact space, so it has a finite sub-cover say {Hi, Hz, Hs,.....,Hs, K°}. This implies, {H1, Hz,
Hs,.....,, Hu} is a finite neutrosophic supra simply b-open cover of K. Hence, K is an neutrosophic

supra simply b-compact set relative to W.

Theorem 3.7.

(i) Every neutrosophic supra b-compact space is an neutrosophic supra simply b-compact space.

(ii) Every neutrosophic supra simply b-compact space is an neutrosophic supra compact space.
Proof. (i) Let (W,1) be an neutrosophic supra b-compact space. Suppose that (W,t) is not an
neutrosophic supra simply b-compact space. Then there exists an neutrosophic supra simply b-open
cover H(say) of W, which has no finite sub-cover. Since, every neutrosophic supra simply b-open set
is an neutrosophic supra b-open set, so we have an neutrosophic supra b-open cover H of W, which
has no finite sub-cover. This contradicts our assumption. Hence, (W,t) is an neutrosophic supra

simply b-compact space.
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(ii) Let (W,t) be an neutrosophic supra simply b-compact space. Suppose that (W,t) is not an
neutrosophic supra compact space. Therefore, there exists an neutrosophic supra open cover R(say)
of W, which has no finite sub-cover. Since, every neutrosophic supra open set is an neutrosophic
supra simply b-open set, so we have an neutrosophic supra simply b-open cover R of W, which has
no finite sub-cover. This contradicts our assumption. Hence, (W, ) is an neutrosophic supra compact
space.

Theorem 3.8. If &(W,u)—(M,t2) is an neutrosophic supra open function and (M,t2) is an
neutrosophic supra compact space, then (W, 11) is an neutrosophic supra compact space.

Proof. Assume that &:(W,t1)—(M,t2) be an neutrosophic supra open function and (M,t2) be an
neutrosophic supra compact space. Suppose H = {Hi: ieA and HieNSO(W)} be an neutrosophic
supra open cover of W. Therefore, &(H)={&(Hi): icA and {(Hi)eNSO(M)} is an neutrosophic supra
open cover of M. Since, (M,t2) is an neutrosophic supra compact space, so there exists a finite
sub-cover say {£(H1), §(H2), ....... , &(Hn)} such that M SU{E(Hi): =1, 2, ..., n}. This implies, {H1, Hy, ...,
H.} is a finite sub-cover for W. Hence, (W, 1) is an neutrosophic supra compact space.

Theorem 3.9. Suppose that (W,t1) and (M, 12) be two NSTSs.

(i) If &(W,11)—>(M,12) is an neutrosophic supra b-open function and (M,12) is an neutrosophic supra
b-compact space, then (W, 11) is an neutrosophic supra compact space.

(if) If &:(W,t1)—(M,12) is an neutrosophic supra simply b-open function and (M, 2) is an neutrosophic
supra simply b-compact space, then (W, 11) is also an neutrosophic supra b-compact space.

Proof. (i) Let &(W,t11)—(M,12) be an neutrosophic supra b-open function and (M,t2) be an
neutrosophic supra b-compact space. Let H={H:: ieA and HieN-bO(W)} be an neutrosophic supra
open cover of W. Therefore, &(H)={E(H:): icA and §(Hi)eN-bO(M)} is an neutrosophic supra b-open
cover of M. Since, (M, 12) is an neutrosophic supra b-compact space, so there exists a finite sub-cover
say {&(Hy), E(H2), ....... , E(Hn)} such that M CU{E(H.): =1, 2, ..., n}. This implies, {Hi, Hz, ..., Hu} is a
finite sub-cover for W. Hence, (W,1) is an neutrosophic supra compact space.

(ii) Suppose that &:(W,t1)—(M,12) be an neutrosophic supra simply b-open function and (M,2) be an
neutrosophic supra simply b-compact space. Let H={Ki: icA and KieN-bO(W)} be an neutrosophic
supra b-open cover of W. Therefore, &(H)={&(Ki): ieA and &(Ki)eNSS-b-O(M)} is an neutrosophic
supra simply b-open cover of M. Since, (M,12) is an neutrosophic supra simply b-compact space, so
there exists a finite sub-cover say {&(K1), &(K2), ....... , E(Kn)} such that MCU{§(Ky): i=1, 2, ..., n}.
Therefore, {K1, Ko, ..., Ku} is a finite sub-cover for W. Hence, (W,11)is an neutrosophic supra b-compact
space.

Theorem 3.10. Let (W, 1) and (M, 12) be two NSTSs.

(i) If &(W,11)—(M,12) is an neutrosophic supra b-continuous function, then &(Q) is an neutrosophic
supra simply b-compact set in M whenever Q is an neutrosophic supra b-compact set relative to W.
(if) If &:(W,11)—(M,12) is an neutrosophic supra b-continuous function, then £(Z) is an neutrosophic
supra compact set in M whenever Z is an neutrosophic supra b-compact set relative to W.

Proof. (i) Suppose that &:(W,t1)—(M,12) be an neutrosophic supra b-continuous function and Q be an
neutrosophic supra b-compact set relative to W. Let H ={Hi: icA and HieNs-bO(M)} be an
neutrosophic supra simply b-open cover of &(Q). Since, every NSS-b-O-set is an NS-b-O-set, so
H={Hi: ieA and HieNSS-b-O(M)} is an neutrosophic supra b-open cover of §(Q). By hypothesis
EWH )= {&'(Hi): ieA and &1(Hi)eNSS-b-O(M)} is an neutrosophic supra b-open cover of &1(&(Q))=Q.
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Since, Q is an neutrosophic supra b-compact set relative to W, so there exists a finite sub-cover of Q
say {Hi, Hz, Hs, ..... , Hx} such that Q€ U;{H::i=1,2,...., n}.

Now, QcuU;{H::i=1,2,...., n}

=§(Q)cV{E(Hi):=1,2,...., n}

Therefore, there exist a finite sub-cover {{(H1), &(Hz2), &(H3),....,.E(Hx)} of &(Q) such that §(Q)<
U;{&(Hi):=1,2,...., n}. Hence, §(Q) is an neutrosophic supra simply b-compact set relative to M.

(ii) Let &:(W,11)—(M,12) be an neutrosophic supra b-continuous function and Z be an neutrosophic
supra b-compact set relative to W. Let H={H:: ieA and HieN-bO(M)} be an neutrosophic supra open
cover of §(Z). By hypothesis &1(H)={&1(Hi): ieA and &'(Hi)eN-bO(M)} is an neutrosophic supra
b-open cover of £1(§(Z))=Z. Since, Z is an neutrosophic supra b-compact set relative to W, so there
exists a finite sub-cover of Z say {Hi, Hz, Hs, ....., Hu} such that Z€U;{H:i:i=1,2,...., n}.

Now, Z<U;{H:i=1,2,...., n}

=§(Z)CV{E(Hi):=1,2,...., n}

Therefore, there exist a finite sub-cover {{(H1), &(H2), &(Hs),.....E(Hn)} of &(Z) such that §(Z)<
U;{§(Hi):7=1,2,...., n}. Hence, §(Z) is an neutrosophic supra compact set relative to M.

Theorem 3.11. Every neutrosophic supra simply continuous function from an NSTS (W,t1) to
another NSTS (M, 12) is an neutrosophic supra continuous function.

Proof. Suppose that &:(W,11)—(M,12) be an neutrosophic supra simply continuous function. Let Q be
an NSO-set in (M, 12). By hypothesis £1(Q) is an NSSO-set in (W, 11). It is known that, every NSSO-set
is an NSO-set, so £1(Q) is an NSSO-set in (W,12). Therefore, &1(Q) is an NSSO-set in (W, 12), whenever
Q is an NSO-set in (M,12). Hence, &:(W,11)—(M,12) is an neutrosophic supra simply continuous
function.

Theorem 3.12. Every neutrosophic supra continuous function from an NSTS (W,11) to another NSTS
(M, 12) is an neutrosophic supra simply b-continuous function.

Proof. Let &:(W,t1)—(M,12) be an neutrosophic supra continuous function. Let Q be an NSO-set in
(M,12). By hypothesis &(Q) is an NSO-set in (W, 11). Since, every NSO-set is an NS5-b-O set, so £1(Q)
is an NSS-b-O set in (W, 12). Therefore, £1(Q) is an NSS-b-O set in (W, 12), whenever Q is an NSO-set in
(M,72). Hence, &:(W,t1)—(M,12) is an neutrosophic supra simply b-continuous function.

Theorem 3.13. Every neutrosophic supra simply b-continuous function from an NSTS (W,t1) to
another NSTS (M, 12) is an neutrosophic supra b-continuous function.

Proof. Suppose that &:(W,11)—(M,12) be an neutrosophic supra simply b-continuous function. Let Q
be an NSO-set in (M, 12). By hypothesis £1(Q) is an NSS-b-O-set in (W, 11). Since, every NSS-b-O-set is
an NS-b-O-set, so £1(Q) is an NS-b-O-set in (W,12). Therefore, £1(Q) is an NS-b-O-set in (W,12)
whenever Q is an NSO-set in (M,12). Hence, &:(W,11)—(M,12) is an neutrosophic supra b-continuous
function.

Theorem 3.14. If &:(W,11)—(M,12) be an NSS-b-Continuous mapping and y:(M,12)—(L,13) be an
NS-Continuous mapping, then the composition mapping yo&: (W,11)—(L,t3) is an NSS-b-Continuous
mapping.

Proof. Suppose that Q be an NSO-set in (L,t3). Since, y:(M,t2)—(L,t3) is an NS-Continuous mapping,
5o y1(Q) is an NSO-set in (M, 12). Further, since &:(W,t1)—(M,12) is an NSS-b-Continuous mapping, so
EYHQ))= (yo&)(Q) is an NSS-b-O-set in (W,t1). Hence, (y°&)(Q) is an NSS-b-O-set in (W,t1),
whenever Q is an NSO-set in (L,13). Therefore, yo&: (W,t1)—(L,13) is an NSS-b-Continuous mapping.
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4. Conclusion: In this article, we have established the notions of neutrosophic supra compactness,
neutrosophic supra simply compactness via neutrosophic supra topological spaces. Further, we
have proved some theorems on neutrosophic supra compactness, neutrosophic supra simply
compactness. We hope that, in future based on these notions of neutrosophic supra simply open set

and neutrosophic supra simply compactness many new investigations can be done.

Conflict of Interest: The author declares no conflict of interest.

References:

1. Atanassov, K. (1986). Intuitionistic fuzzy sets. Fuzzy Sets and Systems, 20, 87-96.

2. Arokiarani, I, Dhavaseelan, R., Jafari, S., & Parimala, M. (2017). On some new notations and
functions in neutrosophic topological spaces. Neutrosophic Sets and Systems, 16, 16-19.

3. Biswas, P., Pramanik, S., & Giri, B.C. (2014). Entropy based grey relational analysis method for
multi-attribute decision making under single valued neutrosophic assessments. Neutrosophic Sets
and Systems, 2, 102-110.

4. Das, S., Das, R, & Granados, C. (2021). Topology on Quadripartitioned Neutrosophic Sets.

Neutrosophic Sets and Systems, (Accepted).

5. Das, S., Das, R., Granados, C., & Mukherjee, A. (2021). Pentapartitioned Neutrosophic Q-Ideals of
Q-Algebra. Neutrosophic Sets and Systems, 41, 52-63.

6. Das, S., Das, R., & Tripathy, B.C. (2020). Multi-criteria group decision making model using
single-valued neutrosophic set. LogForum, 16(3), 421-429.

7. Das, S., & Pramanik, S. (2020). Generalized neutrosophic b-open sets in neutrosophic topological
space. Neutrosophic Sets and Systems, 35, 522-530.

8. Das, S., & Pramanik, S. (2020). Neutrosophic ®-open sets and neutrosophic &-continuous
functions. Neutrosophic Sets and Systems. 38, 355-367.

9. Das, S., & Pramanik, S. (2020). Neutrosophic simply soft open set in neutrosophic soft topological
space. Neutrosophic Sets and Systems, 38, 235-243.

10.Das, S., Shil, B., & Tripathy, B.C. (2021). Tangent Similarity Measure Based MADM-Strategy
under SVPNS-Environment. Neutrosophic Sets and Systems. (Accepted).

11.Das, S., & Tripathy, B.C. (2020). Pairwise neutrosophic-b-open set in neutrosophic bitopological
spaces. Neutrosophic Sets and Systems, 38, 135-144.

12.Das, S., & Tripathy, B.C. (2021). Neutrosophic simply b-open set in neutrosophic topological
space. Iraqi Journal of Science. (In Press)

13. Dhavaseelan, R., Ganster, M., Jafari, S., & Parimala, M. (2017). On neutrosophic a-supra open sets
and neutrosophic o-supra continuous functions. New Trends in Neutrosophic Theory and
Application, vol-1I, pp. 289-297.

14. Dhavaseelan, R., & Jafari, S. (2018). Generalized neutrosophic closed sets. New trends in
neutrosophic theory and applications, vol-1I, pp. 261-273.

15. Ebenanjar, E., Immaculate, J., & Wilfred, C.B. (2018).On neutrosophic b-open sets in neutrosophic
topological space. Journal of Physics Conference Series, 1139(1), 012062.

Suman Das, Neutrosophic Supra Simply Open Set and Neutrosophic Supra Simply Compact Space.



Neutrosophic Sets and Systems, Vol. 43, 2021 113

16.Iswarya, P., & Bageerathi, K. (2016). On neutrosophic semi-open sets in neutrosophic topological
spaces. International Journal of Mathematical Trends and Technology, 37(3), 214-223.

17.Jayaparthasarathy, G., Little Flower, V.F., & Arockia Dasan, M. (2019). Neutrosophic supra
topological applications in data mining process. Neutrosophic Sets and Systems, 27, 80-97.

18.Lu, Z., & Ye, ]. (2017). Single-valued neutrosophic hybrid arithmetic and geometric aggregation
operators and their decision-making method. Information, 8(3), 84, 1-12.

19.Maheswari, C., Sathyabama, M., & Chandrasekar, S. (2018). Neutrosophic generalized b-closed
sets in neutrosophic topological spaces. Journal of Physics Conference Series, 1139(1), 012065.

20.Mallick, R., & Pramanik, S. (2020). Pentapartitioned neutrosophic set and its properties.
Neutrosophic Sets and Systems, 36, 184-192.

21.Mondal, K., & Pramanik, S. (2015). Neutrosophic decision making model for clay-brick selection
in construction field based on grey relational analysis. Neutrosophic Sets and Systems, 9, 72-79.

22.Mondal, K., & Pramanik, S. (2015). Neutrosophic tangent similarity measure and its application
to multiple attribute decision making. Neutrosophic sets and systems, 9, 80-87.

23.Noori, S., & Yousif, Y.Y. (2020). Soft Simply Compact Space. Iraqi Journal of Science, Special Issue,
pp: 108-113. DOI: 10.24996/ijs.2020.51.1.14

24. Pramanik, S., Dalapati, S., & Roy, T.K. (2016). Logistics center location selection approach based
on neutrosophic multi criteria decision making, In F. Smarandache, & S. Pramanik (Eds.), New
Trends in Neutrosophic Theory and Application. Pons Editions, Brussels, 161-174.

25.Pramanik, S., Dalapati, S., & Roy, T.K. (2018). Neutrosophic multi-attribute group decision
making strategy for logistic center location selection. In F. Smarandache, M. A. Basset & V. Chang
(Eds.), Neutrosophic Operational Research, Vol. II. Pons Asbl, Brussels, 13-32.

26.Pushpalatha, A., & Nandhini, T. (2019). Generalized closed sets via neutrosophic topological
spaces. Malaya Journal of Matematik, 7(1), 50-54.

27.Rao, V.V., & Srinivasa, R. (2017). Neutrosophic pre-open sets and pre-closed sets in neutrosophic
topology. International Journal of Chem Tech Research, 10(10), 449-458.

28.Salama, A.A., & Alblowi, S.A. (2012). Neutrosophic set and neutrosophic topological space. ISOR
Journal of Mathematics, 3(4), 31-35.

29.Salama, A.A., & Alblowi, S.A. (2012). Generalized neutrosophic set and generalized neutrosophic
topological space. Computer Science and Engineering, 2(7), 129-132.

30. Smarandache, F. (1998). A unifying field in logics, neutrosophy: neutrosophic probability, set and
logic. Rehoboth: American Research Press.

31. Wang, H., Smarandache, F., Zhang, Y.Q., & Sunderraman, R. (2010). Single valued neutrosophic
sets. Multispace and Multistructure, 4, 410-413.

32. Tripathy, B.C., & Das, S. (2021). Pairwise Neutrosophic b-Continuous Function in Neutrosophic
Bitopological Spaces. Neutrosophic Sets and Systems. (Accepted)

Received: March 1, 2021. Accepted: Jun 1, 2021

Suman Das, Neutrosophic Supra Simply Open Set and Neutrosophic Supra Simply Compact Space.



NSS Neutrosophic Sets and Systems, Vol. 43, 2021

University of New Mexico

gV
N1 a

An Algebraic Approach to Neutrosophic Euclidean Geometry
Mohammad Abobala® and Ahmad Hatip?

Faculty of science, Department of Mathematics Tishreen University, Lattakia Syria

le-mail: mohammadabobala777@gmail.com

2Department of Mathematics, Gaziantep University, Gaziantep, Turkey

2e-mail: Kollnaar5@gmail.com

Abstract: The objective of this paper is to present a general definition of Neutrosophic Euclidean
geometry. The mechanism of comparison between neutrosophic numbers is introduced, as well as
the absolute value is extended to the neutrosophical case. In addition, the concept of neutrosophic
plane with n neutrosophic dimensions is obtained. Also, Euclidean geometric concepts are
extended neutrosophically such as neutrosophic distance, neutrosophic midpoint, neutrosophic
vectors, neutrosophic circles, and lines. A connection between neutrosophic geometrical concepts

and classical Euclidean geometry is described and established.

Keywords: Neutrosophic Plane, Neutrosophic Absolute Value, Neutrosophic Distance,
Neutrosophic Midpoint, Neutrosophic Vectors, Neutrosophic Circles, Neutrosophic Lines.

1. Introduction

Neutrosophic logic is a generalization of intuitionistic fuzzy logic by adding an indeterminacy I
with property I=I* . Neutrosophic set concept has wide applications in different areas of science,
such as decision making [7,20], health care [8,21], machine learning [9], artificial intelligence [10], soft
computing [22], industry [23], and statistics [11].

On the other hand, neutrosophic sets played an interesting role in pure mathematics such as
topology and analysis [12,13], spaces [1,2], and algebraic structures [3,4,5,6].

Neutrosophic spaces theory began with Agboola et.al [14], where they studied neutrosophic vector
spaces and their properties. Recently, many studies have been carried out on these spaces, where
AH-subspaces and homomorphisms were presented [15]. In [16,17,18,19], Hatip et. al studied
neutrosophic modules (a generalized form of neutrosophic spaces) with its substructures such as
homomorphisms and AH-submodules.

Euclidean geometry with two dimensions was built over points (a,b) taken from the space R X R,
Where constants are taken from the field of real numbers R. To extend the classical geometric
system neutrosophicaly, we shall build an algebraic map which we call (AH-isometry) between the

Cartesian product R(I) x R(I), and the classical space R* X R?.
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In the classical geometry, multiplying by scalars is depending on taking these scalars from the field
R , in neutrosophic geometry, multiplying is depending on neutrosophic real numbers from the
neutrosophic field R(I).

We show that the AH-isometry map will preserve addition and distances, in other words, it allows
us to study neutrosophic vectors, points, shapes by going back to its corresponding classical
concepts. This work is considered as a first step in the study of neutrosophic geometry, it has many
benefits in the progression of neutrosophic studies and establishing neutrosophic functional analysis
in the future, since we can define neutrosophic geometrical shapes and study their relation with
classical geometrical shapes.

To reach our goals, we shall define an order relation between neutrosophic numbers as well as
neutrosophic absolute values, thus we can build the concept of neutrosophic distances and norms in
easy way.

This work clarifies a charming connection between neutrosophic algebra and geometry.

Motivation
We regard that there is not a geometrical system based on neutrosophic spaces, thus our motivation
is to close this important research gap by defining the basic theoretical concepts of a new geometrical

system based on neutrosophic numbers and spaces.

Preliminaries

Definition 2.1:[32] Let X be a non-empty fixed set. A neutrosophic set A is an object having the
form {x, (uA(x),5A(x),YA(x)):x € X} , where pA(x), SA(x)andyA(x) represent the degree of
membership, the degree of indeterminacy, and the degree of non-membership respectively of each
element x € X totheset 4 .

Definition 2.1: [31] Classical neutrosophic number has the form a + bl where a,b are real or
complex numbers and [ is the indeterminacy such that 0-1 = 0 and I? = I which results that [" =
I for all positive integers n.

Definition 2.2 : [30] Let(G,*)be any group, the neutrosophic group is generated by I and G under *

denoted byN(G) = {{(G U I),*} .

Definition 2.3: [30] Let R be any ring. The neutrosophic ring (R U I) is also a ring generated by R
and I under the operations of R.

Definition 2.4: [33] Let K be a field, the neutrosophic file generated by (K U I) which is denoted by

KD =(KUul).

Definition 2.4: [29] Let (M,+,.) be any R-module over a neutrosophic ring R(I) The triple

(M(I),+,.) is called a strong neutrosophic R-module over a neutrosophic ring R(I) generated by
M and I.

3. Main concepts and discussion
In the beginning, we will define the basic concepts in neutrosophic Euclidean geometry and then
we will study their relations with classical geometry.
Definition 3.1
Let R(I) = {a + bl; a,b € R} be the real neutrosophic field, we say that a + bl < c + dI if and only

ifa<canda+b<c+d.

Mohammad Abobala and Ahmad Hatip , “An Algebraic Approach To Neutrosophic Euclidean Geometry"



Neutrosophic Sets and Systems, Vol. 43, 2021 116

Theorem 3.2
The relation defined in Definition 3.1 is a partial order relation.
Proof:
Let x=a+bl,y=c+dl,z=m+nl € R(I), we have
x < x thatisbecause a <aanda+b <a+b.
Now, suppose that x <yandy < x,then a<c,a+b <c+d,c <a,c+d<a+b, hence
a=c,a+b=c+d, whichmeansthat d =b and x = y.
Assume that x <yandy <z hence a<c,a+b <c+d,c £m,c+d < m+n, this implies that
a<m,a+b<m+n hence x < z. Thus < is a partial order relation on R(I).
Remark 3.3
According to Theorem 3.2, we are able to define positive neutrosophic real numbers as follows:
a+bl >0=0+0.] implies that a >0,a+b = 0.
Absolute value on R(I) can be defined as follows:
la + bI| = |a| + I[|la + b| — |al|], we can see that |a + bI| = 0.
We can compute the square root of a neutrosophic positive real number as follows:
Va+ bl =+a+ I[Va+ b —+al,it is clear that (Va + I[Va+ b —al])* = a + bl and Va + bl > 0.
Example 3.4
x = 2 — I is a neutrosophic positive real number, since 2> 0and (2—-1)=1 = 0.
2+1>2,thatisbecause 2 >2and (2+1)=3=(2+0) =2.
[1+31 =1 +I[|1+3]—|1]] =1+ 3L
VO+4I =\9+1[V13 —V9] =3+ (VI3 -3)I.
Definition 3.5
We define the neutrosophic plane with n neutrosophic dimensions (N-dimensions) as follows:
R(I) x R(I) x R(I) X ...x R(D)(n — times).
Example 3.6
R(I) = {a + bl;a,b € R} is a neutrosophic plane with one N-dimension.
R(D?={(a+ bl,c+dl);a,b,c,d ER} isa neutrosophic plane with two S-dimensions.
- In the following, we will concentrate on the two N-dimensional neutrosophic plane.
Definition 3.7:
Let A(a + bl,c +dI),B(x + yl,z + tI) be two neutrosophic points from R(I)?, we define:
AB = ([x +yIl —[a+bI],[z+ tI]] —[c+dI]), is called a neutrosophic vector with two
N-dimensions.
Definition 3.8
Let @ = (a+bl,c+dl)
Be a neutrosophic vector, we define its norm as follows:
@l = /(a+ b2+ (c+dD?= /a2 +c2+1[(a+b)*+ (c +d)? —a® —c2].
It is easy to see that [|i]| = 0, according to Remark 3.3.
Definition 3.9
Let A(a + bl,c +dI),B(x + yl,z + tI) be two neutrosophic points from R(I)?, we define:

a+bl+x+yl c+d1+z+t1)

(a) The midpoint of [AB] is ¢ (“2222 <4
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(b) The neutrosophic distance between A and B is equal to ||E||
Example 3.10
Consider the following neutrosophic points A(1 + 1,2 — 3I),B(—=I,—1 + 2I),

The neutrosophic vector AB = (—1 — 2I,—3 + 5I), the square of neutrosophic distance between A
and Bis |[AB|| = 1+9+1[9+4—1-9] =10+ 3L

Hence the neutrosophic distance is equal to V10 + 3] = V10 + I[V13 —V10]. = We can find easily
that (V10 + 31)? = (V10 + I[V13 — V10])? = 10 + 3I.

Let C be the neutrosophic midpoint of [AB], then C G,% - %I )

Now, we list some geometrical and algebraic properties of the classical space R* X R? . We will
need them in forthcoming sections.

Remark 3.11

Let V = R? X R? be the Cartesian product of the classical Euclidean plane with itself, we have

(a) V has a module structure over the ring R X R , with respect to the following operations:
Addition: ((a,b),(c,d)) + ((x,y), (z 1)) = ((@+x,b+y),(c+2zd+1)),

Multiplication by a duplet scalar from R X R : (m, n). ((a, b), (c, d)) = ((m. a,n.b),(m.c,n. d)).

(b) The norm of any vector in V can be defined as a duplet number from R X R , as follows:

1(Ca, b), (e, dDll = (Vaz + c2,{b? + a2),

Example 3.12

Consider the following two points from the space V , A((1,2), (2,5)), B((—1,4), (3, —2)), we have:(a)
4B = ((-2,2), (1,-7)).

) ||[4B|| = (/(=2)2 + (0)?,/(2)2 + (=7)?) = (V/5,V53)..

(c) Let r = (5,8) € R X R be a duplet scalar, we have:

r.AB = ((—10,16), (5, —56)),it is clear that ||rﬁ|| =r. ||Ef||

4. The connection between neutrosophic and classical geometry

This section is devoted to clarify the relationships between neutrosophic coordinates defined above,
and between classical geometrical coordinates.
Many important questions arise according to section 3. The first one is about famous relations in
classical geometry for example is the midpoint of [AB] has the same neutrosophic distance from A
and B?. If the answer is no, then our geometrical system is weak and has no importance because it
contradicts with logical statements.
The second, do the neutrosophic points have relationships with classical points? This question is the
most important one, that is because if it has a positive answer, then we are able to study geometrical
shapes in neutrosophic plane.
The third is about how can we define neutrosophic lines, circles, elliptic curves,... etc.

We try to answer these important questions by using algebra, since the neutrosophic plane with

two N-dimensions is a module over the ring R(I).
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Definition 4.1: (a) (Two-dimensional AH-isometry) Let M = R(I)> = R(I) X R(I),V = R? x R?
Be the neutrosophic plane with two N-dimensions and the Cartesian product of the classical
Euclidean space R? with itself, we define the AH-isometry map as follows:
fiM > V;f(a+bl,c+dl)=((a,a+b)(c,c+d).
(b) (One dimensional AH-isometry) We can define the one-dimensional isometry between R(I) and
the space RxR as follows:
g:R(I) > RXR;g(a+bl) = (a,a+b).
Remark: The one-dimensional isometry is an isometry, i.e., an algebraic isomorphism
between R(I) and R X R. Also, it preserves distances on R(I).
Proof: Let a + bl, c + dI be two neutrosophic real numbers, then
gla+bl+c+dl)=g(a+cl+[b+dl)=(a+ca+c+b+d)=(a,a+b)+
(c,c+d) =gla+bD)+ g(c+dl.
g(a+ bIl.[c +dI]) = glac + I[ad + bc + bd]) = (ac,ac + ad + bc + bd) = (a,a + b).(c,c +
d)=g(a+bl).g(c+dl).
g is a correspondence one-to-one, that is because Ker(g) = {0}, and for every pair (a,b) €
R X R, there exists a + (b — a)I € R(I)such that g(a + [b — a]l) = (a,b). Thus g is an
isomorphism.
The distance on R(I) can be defined as follows:
Let A= a+ bl,B = c+ dl be two neutrosophic real numbers, then L = ||T§|| =d[(a+bl,c+
dD]l=la+bl—(c+dD|=|(a—c)+Ib—-d)|=la—c|+I[la+b—c—d|—|a—c]]

(According to the definition of the absolute value in Remark 3.3).

On the other hand, we have:
g(”ﬁf”) =(la—c|,|(a+b)—(c+d)]) = (d(a, ¢),d(a+b,c+ d)) =d[(a,a+b),(c,c +
d)]=d(T(a + bI),T(c + dI))
=llg@B)|.
This implies that the distance is preserved up to isometry. i.e. ||g(AB)|| = g(l|AB]|)
Example 4.2
Consider the following neutrosophic pointA(1 + I, 3 — 61), its isometric image is ((1,2), @3, —3)).
Consider the following neutrosophic vector U = (2—1,4+1),its isometric vector is v =
((2,1),(45)).
The idea behind the AH-isometry is to deal with neutrosophic points as classical points, and to
explore their properties using classical Euclidean geometry.
The following theorem is considered as the fundamental theorem in neutrosophic Euclidean
geometry, since it describes the relation between neutrosophic space with two N-dimensions and the
classical module generated by the Cartesian product of the classical Euclidean space by itself.
Theorem 4.3: (Fundamental Theorem In neutrosophic Euclidean Geometry)
Let f:M > V;f(a+bl,c+dl) = ((a,a+Db),(c,c+d)) bethe AH-isometry defined above, we have:
(a) f preserves addition operation between vectors.
(b) f preserves distances between points.

(c) f is a bijection one-to-one between M and V.
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(d) Multiplying a neutrosophic vector by a neutrosophic real number is preserved up to isometry,
i.e. The direct image of a neutrosophic vector multiplied by a neutrosophic real number is exactly
equal to its AH-isometric image multiplied by the one-dimensional isometric image of the
corresponding neutrosophic real number.
Proof:

(a) Let 4 = (a+bl,c+dI), v = (x +yl,z+tl) be two neutrosophic vectors, we have

f@+?)=fla+x+Ib+yl,c+z+Id+t]) =(a+x,a+x+b+y),(c+z,c+z+d+1))

=((@a+b),(c,c+d)+ ((x,x+),(zz+)=f@) + f@)
(b) We must prove that the norm of the classical vector Tu):
is exactly equal to the one-dimensional isometric image of the norm of neutrosophic vector u.
If@II? = (a® + c?,(a + b)? + (c + d)?), on the other hand, we have

gUlEl?) = g(a® + c* +I[(a + b)* + (c + d)* —a® = c?] = (a* + ¢* (a + b)* + (c + D)) = IfF @II*.
(c) Suppose that fla+bl,c+dl)=f(x+yl,z+ tl),hence((a, a+b)(c,c+ d)) = ((x,x +
v),(z,z + t)), thusx = a,b = y,z = c,d = t,so that f is injective.
It is clear that f is surjective, thus it is a bijection.
(d) Consider the following neutrosophic vector U = (a + bl,c + dI)
With the following neutrosophic real number m + nl, we have
(m+nD).u = ((m+nl(a+ bl),(m+nl)(c+dl) = ((ma+ I[mb + na + nb)), (mc + I[md + nc +

nd]), on the other hand, we have
f((m + nI).ﬁ) = ((ma, (ma + mb + na + nb)), (mc,mc +md + nc + nd))

=(mm+n).((aa+b),(c.c+d)=gm+nl).f(a+bl,c+dl).
Example 4.4
Consider the following two neutrosophic points A(1 + 21,1), B(31,—2 +I), we have:
(a) The isometric points of A, B are A’ = ((1,3), (0,1)),B’ = ((0,3), (-2, —1)).
(b) 4B = (—1 + I, —2), the corresponding isometric vector is A'B’ = ((-=1,0),(-2,-2)) = f(4B).
(c) The neutrosophic distance [AB] = \/1 +4+1[0+4—-1-4]
=+5—1 =5+ I[4 — V5]. The classical distance between isometric images is

(4B = (VD2 + (—2)2,J(0)? + (-2)%) = (V5,4) = g(4B]).

Theorem 4.3 introduces an algorithm to transform any neutrosophic point to a classical Cartesian
product of two classical points. The following theorem describes the inverse relation between
classical coordinates and neutrosophic coordinates, i.e. It clarifies how to go back from classical
coordinates to neutrosophic coordinates.

Theorem 4.5

Let A((a, b), (c,d)) be a Cartesian product of two classical points, then the inverse isometric image
(the corresponding neutrosophic point) is

B(a+ (b—a)l,c+ (d—c)l).

Proof:

It holds directly by taking the image of B with respect to AH-isometry, the point A is obtained.
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Example 4.6:
Consider the following classical point A((1,2), (—1,4)), its corresponding neutrosophic point is
B(1+1,—1+5I).
As a result of Section 4, we can find that all geometrical famous properties is still true in
neutrosophic Euclidean geometry, that is because we can transform any neutrosophic point to a
corresponding classical point with preserving addition, distances, and multiplication by scalars.
5. Some neutrosophic geometrical shapes with two N-dimensions
Definition 5.1: (Neutrosophic circle)
Let M(a + bl,c + dI) be a fixed neutrosophic point, we define the neutrosophic circle with centre M
and radius R =1 +1,] >0 to be the set of all two N-dimensional points N(X,Y) = N(x, +
x11,¥o + y,1); dist(M,N) = R = const.
Theorem 5.2:
Let M(a + bl,c +dI) be a fixed neutrosophic point, R =r; + 1,/ be a neutrosophic real positive
number, we have:
(a) The equation of the circle with center M and radius R is ([(xo + x,1] — [a + bI])?* + ([yo + Iy,] —
[c +dI])?=R?.
(b) The previous neutrosophic circle is equivalent to the following direct product of two classical
circles
Ci: (g — @)% + (0 — ©)? =112, ot ([x0 + x1] — [@ + BD? + ([yo + y1] — [c +d])? = (. + 1)
Proof:
(a) By using the neutrosophic distance form defined in Definition 3.8 and Definition 3.9, we get
is ([(xo +x11] = [a + bID* + ([yo + Iy1] — [c + dI])* = R* .
(b) To obtain the classical equivalent geometrical system of the neutrosophic circle, it is sufficient to
take its isometric image as follows:
f(([Gxo +x:1] = [a+ BID?) + f(([yo + Iy1] — [c + dI])?) = f(R?),hence
((xo — @)% (xo + x1 — [a + b])*) + (o — €)%, o + y1 — [c +dD)?) = (1%, (r; +15)?)thus
(o = @) + o = ), (%o + 21 — [a + BD* + (o + 31 — [c +dDD) = (7%, (11 +13)7),
Thus, we get (xo—a)’+(,—c)>=n?% and ([xo+x]—[a+b])*+ ([yo +y]l—[c+d])?* =
(ry +1)2
Example 5.3:
Consider the following neutrosophic circle: C: (X — %+ (Y — (2 —3D))* = (2+1)?
It is equivalent to the direct product of the following two classical circles:
Ci: (X — 0)% + (¥ — 2)* = 2%,C: ([xo + 1] = [1D* + ([yo + 311 — [-1D? = 2 + D*.
Definition 5.4: (Neutrosophic line)
We define the neutrosophic line by the set of all two N-dimensional points (X,Y) with the property
AX+BY+C=0;X=xy+x;I,Y =yy+y:[,A=ay+a;l,B=>by+bI,C=cy+cql.
Theorem 5.5:
Let AX+ BY +C =0 be an equation of a neutrosophic line d, this line is equivalent to the direct
product of the following two classical lines:

d1: ApXo + boyo + Co = O, dz: (ao + al)(xO + xl) + (bo + bl)(yo + yl) + Co + L = 0.
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Proof:
By taking the isometric image to the equation AX + BY + C = 0 , we get the proof.
Example 5.6:
Consider the following neutrosophic line (1 + )X + (2 —4[)Y +1 -3 = 0, it is equivalent to the
following two classical lines
diixg+2y,+1=0,d:2(xg+x) =2y +y1) —2=0.

Remark 5.7:
(a) If we have two classical circles Cy: (xg — @)% + (¥ — €)% = (11)?, Co: (x1 — b)? + (¥, — d)? = ()%,
then we can transform the set of their direct product C; X C,, into one neutrosophic circle by using
the inverse image of the AH-isometry as follows:
C:X—MP2+ Y —-N’=rX=x+ (x; —x)LY =y + (1 —yo) LM =a+(b—-a),N=c+
d-ol,r=nrn+@—-n)l
The proof holds easily by taking the inverse image with respect to AH-isometry.
(b) By the same argument, if we have two classical lines:
oXg + boyo + ¢y = 0,a,x; + byy; + ¢; = 0.We can transform the set of their direct product into one
neutrosophic line as follows:
AX+BY+C=0;A=ay+ (a; —ag)l,B =by+ (by —bo)I,X = x5+ (xy — %)Y = yo + (y1 —yo)I,C

=cg+ (¢; — co)l.

4. Conclusions

In this article, we presented a general definition of neutrosophic Euclidean geometry. We studied
the mechanism of comparison between neutrosophic numbers. In the luminosity of our findings, we
make a connection between neutrosophic geometrical concepts and classical Euclidean geometry.
Further the concept of neutrosophic plane with n neutrosophic dimensions is obtained. Also,
Euclidean geometric concepts are extended neutrosophically such as neutrosophic distance,

neutrosophic midpoint, neutrosophic vectors, neutrosophic circles, and lines.
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Abstract: Plithogenic Cognitive Maps (PCM) introduced by Nivetha and Smarandache are
extensively applied in decision making. This research work extends PCM to Induced PCM by
introducing the concept of combined connection matrix (CCM). The proposed induced PCM
decision making model with CCM is applied to examine the glitches of online learning system. It
was observed that expert’s opinion on the associational impact between the factors considered for
study in the form combined connection matrix is more advantageous on comparison with
conventional connection matrix representation, as CCM is a mixture of
crisp/fuzzy/intuitionistic/neutrosophic representations. The proposed model will certainly facilitate
the decision makers in designing optimal solutions to the real time problems and it shall be extended
based on the needs of the decision makers and employed in various other decision making
environment. The shortcomings of the model are also discussed in brief.

Keywords: Plithogenic Cognitive Maps, Induced Plithogenic Cognitive maps, combined connection

matrix, glitches, online learning system.

1. Introduction

The prime objective of the decision making scenario is to devise optimal solution to the problem
by determining the contributing factors and its associational impacts. Cognitive maps introduced by
Robert Axelrod [1] are the excellent key graphical structures that comprises of vertices representing
the factors of the decision making problem and edges representing the associations. The edge
weights belongs to the set {-1,0,1}. If the edge that connects two vertices assume the weight 1 then the
factors have positive influence over one another, if the edge weight is -1 then the factors have
negative influence and if the edge weight is 0 then the factors have no influence over one another.
The association between the factors are represented in the form of a connection matrix with crisp

values. Cognitive maps are applied by researchers extensively. Kwon et al [2] has described the role
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of Cognitive maps in influencing the decision maker’s semantic and syntactic comprehension in
problem solving. The approach of cognitive maps lacks the ability in handling incomplete and
imprecise information. To handle uncertainty scenario in decision making, Kosko [3] extended
cognitive maps to fuzzy cognitive maps (FCM). In FCM models the edge weight assume values in
the range [-1,1] and the connection matrix consists of fuzzy values. FCM models are applied in
pattern recognition. Gonzalo Pajares [4] applied FCM in stereovision matching . Papakostas et al [5]
made the first attempt in developing the FCM model for pattern recognition. Papakostas and
Koulouriotis [6] presented the classifying of patterns using FCM. Claudio Lucchiari [7] used FCM in
diagnostic decisions. FCM models are extensively applied by the researchers to make optimal
decisions.

Fuzzy Cognitive models are extended to intuitionistic FCM models in which the connection
matrix has intuitionistic values that comprises of membership and non-membership values.
Papageorgiou and Dimitris [8] extended CM models to Intuitionistic Fuzzy Cognitive Maps (IFCM)
and applied in process control and decision support applications. Luo et al [9] discussed time series
predictions based on IFCM and this model is also applied in making decisions on target business
strategies. Intuitionistic Fuzzy Cognitive models are extended to neutrosophic cognitive map (NCM)
models in which the connection matrix is neutrosophic in nature. The neutrosophic sets consists of
truth, indeterminacy and falsity membership values which is comprehensive than intuitionistic sets.
Neutrosophic sets are used in resolve the complications in IOT entrprises [10], appraise green SCM
[11], choosing optimal the supplier [12], smart medical devise [13] , project [14], designing feasible
solutions to the problem of resource levelling [15]. The extended NCM’s are first introduced by
Vasantha Kandasamy and Smarandache [16]. Aasim Zafar and Mohd Anas [17] applied NCM in
situation analysis. Al-Subhi et al [18] extended NCM models to new Neutrosophic Cognitive Maps
model. Ferreira [19] has applied NCM to make decision on supply chain management. The
researchers of FCM have extended these decision making models based on the circumstances of
decision making and also made need based customization. The another comprehensive extension
of FCM, IFCM and NCM models is Plithogenic Cognitive Maps (PCM) and it was developed by
Nivetha Martin and Smarandache [20]. The concept of plithogeny introduced by Smarandace [21-22]
was discussed in various fields and different concepts such as concentric plithogenic hypergraph,
plithogenic hyper soft sets, combined plithogenic hypersoft sets, plithogenic fuzzy whole hypersoft
set have been evolved. The efficiency of the proposed concepts Plithogenic sets are widely applied
in several decision making scenarios of supply chain sustainability [23], multi attribute decision
making, medical diagnosis [24]. In the developed PCM model the connection matrix is plithogenic
in nature and the contradiction degree of the factors was considered. Sujatha et al [25] applied PCM
models in making feasible decisions in analysis on Novel Corona virus by considering contradiction
degree of the experts. Nivetha et al [26] developed a COVID-19 diagnostic model to investigate the
mediating effects of the factors with new plithogenic sub cognitive maps approach. The PCM
models are gaining momentum amidst the researchers at recent times.

Another comprehensive extension of FCM model is Induced Fuzzy Cognitive Maps model
which has the similar approach of FCM. The induced FCM models differ from FCM models in
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determining the fixed point of the dynamical system. Induced FCM models are applied by different
researchers as follows: Ritha et al [27] to determine the predictor’s interest in cosmetic surgery,
Narayanamoorthy et al [28] to make decisions on the problems faced by hand loom workers,
Devadoss et al [29-31] to study the miracles in Holy Bible, work-life imbalance and Periyar
philosophy of self-respect. Pathinathan et al [32-33] to explore the hazards of plastic pollution, road
accidents by adolescences and problems faced by the farmers. Charles et al [34] to investigate the
health of women in Chennai slums. Thirusangu et al [35] developed new induced bidirectional
associative FCM model. Saraswathi et al [36] used the approach of fuzzy matrix analysis to study
induced FCM models. Dhrubajyoti Ghosh et al [37-39] proposed induced Fuzzy Bi-Model to
analyse the industrial relationship between employee and employer, real world problems and the
impact of social networking in students. Sujatha et al [40] to model the traffic flow, Lily et al [41] to
examine the symptoms of migraine. Induced FCM models with intuitionistic and neutrosophic
representations are also developed by researchers. To mention a few, Induced FCM is applied in the
field of agriculture to identify the effects of Endosulfan [42], to examine the causes of road accidents
[43], to investigate the disappearance of house sparrow [44], to study the symptoms of tuberculosis,
cancer [45-46], to explore the concepts of semantics extraction [47].

The feasibility of Plithogenic Cognitive Maps has motivated the authors to develop Induced
Plithogenic Cognitive maps model. The developed model is the first attempt of formulating induced
PCM and it is applied to examine the glitches in online learning system. In general the connection
matrix representing the relation between the factors contains only same kind of values which may be
crisp/fuzzy/intuitionistic/ neutrosophic in nature and on other hand it many contain linguistic
values and it may be quantified using various kind of fuzzy numbers. But in this paper the concept
of combined connection matrix is introduced in which the connection matrix comprises of a
combination of crisp, fuzzy, intuitionistic and neutrosophic values. The combined connection matrix
is more comprehensive in nature and it is highly reflective in sense, the association between the
factors say F1 and F2 may be crisp in nature, F3 and F4 may be fuzzy in nature but in conventional
connection matrix the association between all the factors are of same kind. The opinion of the experts
are unconstrained in combined connection matrix and it is restricted to one kind of value in
conventional matrix. In this proposed model four expert’s opinion are considered and the aggregate
combined connection matrix is obtained using plithogenic aggregate operators by taking
contradiction degree of the experts into account.

The paper is structured as follows: section 2 presents the basic preliminaries; section 3 consists
of the methodology; section 4 comprises of the application of the developed model; section 4
discusses the results and the last section concludes the work.

2. Preliminaries
This section comprises of the basic definitions related to the research work.
2.1. Definition [20]
Plithogenic Cognitive Maps (PCM) is a directed graph with nodes, edges and contradiction
degree. The nodes are represented as D1,D2,Ds,..Dn and the edge weights as ej respectively. The
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connection matrix or the adjacency matrix comprises of the plithogenic edge weight between the
directed edge DiD;.
2.2. Definition [20]

The instantaneous vector V = (ai,az,...an) , ai €{0,1}. If ai = 1 or 0 then it indicates the ON/OFF

position of the node at a particular instant of time respectively.

2.3. Definition [20]

PCM with directed cycles is called as cyclic and it is also called as dynamical system if the
causal relations flow through the cycle in revolutionary manner and the attainment of equilibrium
state is called as the fixed point.

2.4. Definition [20]
The settling of the vector in a PCM of the form Vi= V=2 V= V=V

indicates the dynamical system has limit cycle.
2.5. Definition [20]

The plithogenic aggregate operators are defined as a Ap b = (1-c) [a Aeb] +c[a Veb], where c
represents the contradiction degree, a Arb is the trorm defined as ab and a Ve b is the tconorm defined as
atb-ab.

2.6. Definition [22]
The neutrosophic set Na of the form (T, I, F) is transformed to intuitionistic fuzzy set

(T, f) by the method of impression membership method, where f is computed as follows
[1-F4—14][1-F4]

E, + (Fati] if F,=0
B [1-Fa—T4l[F4] .
fa=3Fat (Fatia] if 0<F;,=05
Fy+[1—Fy —1I,] [0.5+F‘“_”'5] if05<F,<1
Fatlg
By using median membership fuzzy values are computed as <A(A)> = <ﬁ>.
A

3. Methodology of Plithogenic Induced Cognitive Maps with Combined Connection matrix

Plithogenic Induced Cognitive Maps are similar to the approach of Plithogenic Cognitive
Maps and this section presents the steps involved in the proposed method.

Step 1: The factors of the problem and its causal relationship are determined with the help of
the expert’s opinion.

Step 2: The combined connection matrix M represents the associations and inter impact
between the factors. The values in the matrix may be crisp, fuzzy, intuitionistic and neutrosophic.
The combined connection matrix reflects the expert’s perception on the association between the
factors. The different combined connection matrices of the experts considering contradiction degree
is aggregated using plithogenic aggregate operators as defined in and defuzzified using

Step 3: Let C be the instantaneous state vector and it is passed on to the combined connection

matrix M, the new resultant vector C1 is obtained as discussed briefly in [20]. The same procedure is
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applied to the resultant vector until the fixed point is determined in Plithogenic Cognitive Maps, but
in induced Plithogenic Cognitive Maps, the newly obtained resultant vector C1 is subjected to
component wise computations. The vector C1 is threshold by assigning 1 to the values greater than
or equal to 0.5 and 0 to the values lesser than 0.5. If the vector C1 is of the form (1 00 1001001) then
the components of vector C1 are taken as (1000000000), (0001000000}, (0000001000), (0000000001) and
each of the component is passed on the M with the same PCM approach and the resultant threshold
vector with maximum 1’s is taken as the next new vector and the procedure is repeated to find the
fixed point.

Thus the procedure of plithogenic induced cognitive maps differ from plithogenic cognitive

maps in determining the fixed point.

4. Factors contributing to the glitches of online learning system

This section presents the factors that hinders the online learning system based on four
expert’s opinion and determines its associational impacts. The combined connection matrix
represent the association and the interrelational impacts between the factors. It is combined in
nature, the elements in the matrix are of varied kinds such as crisp, fuzzy, intuitionistic and
neutrosophic and it reflects the association existing between factors in the perception of the experts.

The factors are as follows

O1 High rate of difficulties in adapting to the new learning system
02 Largely Confined to Elite Class of society

O3 Lack of proper network channels

O4 Deficit of computer literacy

O5 Monotonous content delivery

06 No space for enhancing social skills

O7 The affective domain of the students is kept refrained

O9 Unable to cater the diverse needs of the learners

010 Longer exposure to digital gadgets detains health

011 Weaker interaction with faculty and peer

012 Holistic development of learners has less scope

The combined connection matrix of the first expert

O1 O 03 04 0|06 07 O 0O0|010 O 012
2 5 8 |9 11
010 0810 1 110 0 1 01 1 0
021 0 0207) |1 0|0 1 1 110 0 1
03 |0 0 |0 0 0 |(0801)0 0 (0|0 0 (07
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04 | (0.702) |1 0 0 1 0 0 1 0.4
051 0 0 1 0 0 0 06 |1
06 |0 0 0 0 0 0 0 0 0
0710 1 0.8 0 0 1 0 081
O |09 1 0 0 (0.503) | 0 1 1 1
8
O |0 0.7 0 0 0 0 0 1 1
9
O |1 0 0 0 0 1 0 1 (0.8,0.1,0.1)
10
O |09 0 (0.6,0.1,0.3) 0 1 1 (0.7,0.1,0.2) | O 1
11
O |08 0.8 0.9 0 1 0.6 1 0710
12

Fig.4.1 represents the graphical representation of first expert in various forms

Crisp

Fuzzy
Intuitionistic

Neutrosophic

Fig.4.1 Graphical representation of first expert in various forms
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The combined connection matrix of the second expert
o1 02 03 04 05 |06 o7 08 |09 ([0O10 [O11 |[O12
o1 0 08,2) |0 1 5 0 0 1 0 1 1 0
02 1 0 0.207, |1 0 0 1 4 1 0 0 1
3)
03 0 0 0 0 0 (0501) |0 0 0 0 0 0.7
04 (5.2) |1 0 0 0 0 1 0 0 0 1 05
05 1 0 0 0 0 1 0 0 0 0 (6,2, | 1
3)
06 0 0 0 0 0
o7 1 0 1 0 1 0.8 1
o8 0.9 1 0 0 0 0 0.3 0 0 1 1 1
09 0 0.7 0 8 1
O10 5 1 (8,13
)

011 |05 0 0 (3.4) |1 0 4 1 1 (7,.2) | 0 3
012 |0 (8.3 |1 (5.3) |1 0 3 1 1 2 0.4 0

Fig.4.2 represents the graphical representation of second expert in various forms

Fig.4.2 Graphical representation of second expert
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The combined connection matrix of the third expert
01 02 03 04 |O5 |06 |O7 [O8 |09 |O10 |[O11 |O12
o1 0 (08,2,5]0 1 3 0 0 1 0 1 1 0
)
02 1 0 (0201 |1 0 0 3 4 1 0 0 4
)
03 0 0 0 0 0 1 0 0 0 0 0 (0.3,4)
04 (.5.2.1) |1 0 0 0 0 1 0 0 0 5 (0.3,2)
05 6 0 0 0 0 1 0 0 0 0 (4,3) | 4
06 0 0 8 0 1 0 0 0 0 0 0 0
o7 0 1 1 0 0 0.8 1
(OF:] 05.3) |1 0 03,10 7 1
2)
09 0 (0.5,.3) 0 (8.2) |1
o10 0 5 1 (.8,.1,.3)
Oo11 |05 0 0 3 1 0 6 1 6 2 0 3
012 | (07,02, |(4.3) 1 5 1 0 (3,21 5 (.3,2) | 05 0
0.5) )

Fig.4.3 represents the graphical representation of third expert in various form

Fig.4.3 Graphical Representation of Third Expert
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The combined connection matrix of the fourth expert

01 02 03 04 05 |06 o7 08 09 010 |011 |0O12

o1 0 3 0 1 5 0 0 8 0 1 2 0

02 1 0 (0.7,.4) 1 0 0 3 3 1 0 0 5
03 0 0 0 0 0 6 0 0 0 0 0 0.3,

4

04 (3.2,5) |1 0 0 0 0 6 0 0 0 1 1

05 1 0 0 0 0 1 0 0 0 0 (5.3) |1

06 0 (.5,.6) 0 0 0 0 0

o7 1 0 1 0 0 (.3,.2) 1 1

08 1 1 0 0 0 0 0.2,. |0 0 1 1 1

3)

09 0 (0.5,.6) 0 1 1
010 | .6 0 5 1 (.3,.7

)

011 |05 0 0 (5,4 |1 0 4 5 1 (.3,2) | O 3

)
012 1 (4,3, |1 (2,3 |1 0 4 1 1 3 1 0
1) )

Fig.4.4 represents the graphical representation of fourth expert in various forms

Fig.4.4 Graphical Representation of fourth Expert
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The contradiction degree of the experts is presented as follows

E1l

E2

E3

E4

0

Va

2/4

Y

The aggregate defuzzified connection matrix Mc obtained from four combined connection matrix is

01 02 03 04 |O5 (06|07 |08 |09 |010 [O11 |[O12
01 0 994 0 1 1 0 0 1 0 1 1 0
02 1 0 899 1 0 0 1 1 1 0 0 1
03 0 0 0 0 0 1 0 0 0 0 0 968
04 983 1 0 0 0 0 1 0 0 0 1 1
05 1 0 0 0 0 1 0 0 0 0 968 |1
06 0 0 4 0 1 0 0 0 0 0 0 0
07 0 1 0 1 0 0 0 1 0 0 1 1
08 1 1 0 0 0 0 922 |0 0 1 1 1
09 0 976 0 0 0 0 0 0 0 0 1 1
010 |1 0 0 0 0 0 0 1 0 0 1 983
011 | 0.987 0 0 899 |1 0 1 1 1 968 |0 1
012 |1 986 1 988 |1 0 1 1 1 1 1 0

Let us keep the first factor in ON position
Ci=(100000000000)
CiMc=(0 994 0 110010110)
—(110110010110)=Cx?
Ci'Mc=(100000000000)
=(0 994 0 110010110)
—(010110010110)
Ci'Mc=(010000000000)
=(10.899 1 0 0 111001)
—(1 0110 0 111001)
Ci'Mc=(000100000000)
=(0.9831 0000100011)
—(110000100011)
Ci'Mc=(000010000000)
=(1000010000.9681)
—(100001000011)
Ci'Mc=(000000010000)
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=(110000.92200111)
—(110000100111)
Ci'Mc=(000000000100)
=(10000001001.983)
—(100000010011)
Ci'Mc=(000000000010)
=(.98700.89910111.96801)
—(100110111101)
Therefore C>=(100110111101 )
C2Mc=(498 596 12988 20 2922 4 1 3 7.968 5.983)
—-(111110111111)=C2
C!Mc=(100000000000)
=0 .9940110010110)
—(010110010110)
C!Mc=(0 10000000000)
=(10.899100111001)
—(101100111001)
C!Mc=(001000000000)
=(00000100000.968)
—(000001000001)
C!Mc=(000100000000)
(98310000100011)
—(110000100011)
C!Mc=(000010000000)
=(1000010000.9681)
—(100001000011)
C!Mc=(000000100000)
=010100010011)
—(010100010011)
C!Mc=(000000010000)
=(110000.92200111)
—(110000100111)
C!Mc=(000000001000)
=(0.9760000000011)
—(01000 0000011)
C!Mc=(000000000100)
=(10000001001.983)
—(100000010011)
C2!Mc=(000000000010)
=(.98700.89910111.96801)
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—(100110111101)
C2!Mc=(000000000001)
=(1.9861.98810111110)
—(111110111110)
Therefore Cs=(111110111110)
Cax Mc =(5.97 4.97 .899 3.89 2 2 3.922 52 2.968 6.968 8.95)
Cs!Mc=(100000000000)
(111111111111)= Cs?
CstMc=(100000000000)
=(0.9940110010110)
—(010110010110)
Cs'Mc=(010000000000)
=(10.899100111001)
—(101100 111001)
CitMc=(001000000000)
=(000001000000.968)
—(00000 1000001)
Cs'Mc=(000100000000)
=(.98310000100011)
—(110000100011)
CitMc=(000010000000)
=(1000010000.9681)
—(100001000011)
Cs'Mc=(000001000000)
=00.4010000000)
—(000010000000)
CstMc=(000000100000)
=(010100010011)
—(010100010011)
Cs'Mc=(000000010000)
=(110000.92200111)
—(110000100111)
CitMc=(100000001000)
=(0.9760000000011)
—(010000000011)
Cs'Mc=(100000000100)
=(10000001001.983)
—(100000010011)
CitMc=(100000000010)
=(.98700.89910111.96801)
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—(100110111101)
Cs!Mc=(000000000001)
=(1.9861.98810111110)
—(111110111110)=Cxs
Hence Cs=Cs

By repeating in the same fashion the limit points shall be obtained for other ON position of the
factors.

The same procedure of induced PCM shall be applied to the conventional aggregate fuzzy
connection matrix. The aggregate expert’s matrix is conventional in nature as it comprises of only
fuzzy values. The same decision making problem can be dealt with PCM procedure as discussed by
Nivetha and Florentin. The limit points are determined in both the cases of aggregate combined
connection matrix and conventional fuzzy connection matrix. By considering the below aggregate
conventional fuzzy connection matrix, the limit points obtained for various cases are presented in

Table 4.1

01 02 03 04 |05 [06 |07 |08 |09 |O |O11 |O12
10
01 0 1 0 1 1 0 0 1 0 1 1 0
02 1 0 1 1 0 0 1 1 1 0 0 1
03 0 0 0 0 0 1 0 0 0 0 0 1
04 1 1 0 0 0 0 1 0 0 0 1 1
05 1 0 0 0 0 1 0 0 0 0 1 1
06 0 0 0 0 1 0 0 0 0 0 0 0
07 0 1 0 1 0 0 0 1 0 0 1 1
08 1 1 0 0 0 0 1 0 0 1 1 1
09 0 1 0 0 0 0 0 0 0 0 1 1
010 |1 0 0 0 0 0 0 1 0 0 1 1
omn |1 0 0 1 1 0 1 1 1 1 0 1
012 |1 1 1 1 1 0 1 1 1 1 1 0
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Table 4.1 Limit points of Induced PCM & PCM

Case (a) Case (b) Case (c) Case (d)
Limit point By | Limit point By | Limit point By | Limit point By
On position of | Induced PCM | Induced PCM | PCM with | PCM with
the state vector | with aggregate | with aggregate | aggregate aggregate
combined Conventional combined conventional
connection Fuzzy connection Fuzzy
matrix connection matrix connection
matrix matrix
(100000000000) |(1111101111|(111101111 (1111111111 | (1111111111
10) 10) 11) 11)
(010000000000) |(1111101111|(¢111101111 (1111111111 | (1111111111
10) 10) 11) 11)
(001000000000) | (1111101111 |(¢(111101111 (1111111111 | (1111111111
10) 10) 11) 11)
(000100000000) | (1111101111 |(¢(111101111 (1111111111 | (1111111111
10) 10) 11) 11)
(000010000000) |(1111101111|(111101111 (111111111 (Q1111111111
10) 10) 11) 11)
(000001000000) | (1111101111 |(111101111 (111111111 |(Q111111111
10) 10) 11) 11)
(000000100000) | (1111101111 |(111101111 (1111111111 | (1111111111
10) 10) 11) 11)
(000000010000) | (1111101111 |(111101111 (1111111111 | (1111111111
10) 10) 11) 11)
(000000001000) |(1111101111|(111101111 (1111111111 (1111111111
10) 10) 11) 11)
(000000000100) |(1111101111|(111101111 (1111111111 | (1111111111
10) 10) 11) 11)
(000000000010) |(1111101111|(111101111 (1111111111 | (1111111111
10) 10) 11) 11)
(000000000001) (11111011117 (2111107111 (1111111111 | (1111111111

10)

10)

11)

11)

5. Sensitivity Analysis

In induced PCM ,by positioning the first factor O1 in ON state, the resultant limit point

obtainedis (11111011111 0). The limit point states that the factors influenced by the O1 High

rate of difficulties in adapting to the new learning system. Similarly the influence of all other factors

can be determined. On comparing with Plithogenic Cognitive Maps model, the limit point

obtained by keeping the first factor in ON positionis (11111111111 1).The limit point obtained
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indicates that the factor O1 has influence on all the factors but the factor that plays a key role is not
represented in it. But in induced PCM the flow of limit points is found and the pattern is determined
and it is represented in Table 4.2 and Fig.4.5.

Table 4.2. Induced Triggering Pattern

Factors in ON state Triggering pattern

(100000000000) Ci— Cun— Cn— Cn

(010000000000) C— Ci— Cn2

(001000000000) Cs— Cn— Cn

(000100000000) Ci— Ci— Cn2

(000010000000) Cs— Ci— Ci2

(000001000000) Ce— Cs— Ci— Cn2

(000000100000) Cr— Ci— Cn

(000000010000) Cs— Ci— Ci2

(000000001000) Co— Ci—~ Cn2

(000000000100) Cio— Ci2— Cn2

(000000000010) Cu— C— Co

(000000000001) Ci— Cu— Ci— Cn
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C11 a 6

Fig.4.5 Graphical Representation of Induced PCM

Fig.4.5 clearly envisages the factor C12 is the core and intermediate factor that hurdles the
online learning system. The limit point in the former case (a) is more reflective than the limit point
obtained in case (c). The discussion is also made under PCM with aggregate combined and

conventional matrices and the limit points obtained are same and the Table.4.1 is self-explanatory.

5. Conclusion

This paper introduces a new decision making model based on Plithogenic Induced Cognitive
Maps. The concept of combined connection matrix and its significance in representing the
associational impacts between the factors from expert’s outlook is discussed. The validity of the
proposed model is discussed in analysing the glitches in the online learning system. The sensitivity
analysis vividly explicates the efficiency of the proposed model over the earlier developed models.
Induced PCM models will certainly benefit the decision makers to arrive at optimal decisions. The
developed model can be discussed by considering the contradiction degree of the factors and
linguistic combined connection matrix. This approach can be applied in different decision making
scenarios and in various contexts. The proposed method has certain shortcomings, one such is the
construction of the combined connection matrix as sometimes it is not always certain to have

mixture of values as at many instances the nature of the values decides the nature of the connection

R.Priya, Nivetha Martin, Induced Plithogenic Cognitive Maps with Combined Connection Matrix to investigate the
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matrix; another limitation of the proposed model is the defuzzification methods used to determine

the aggregate connection matrix of a single kind. The first limitation can be handled by the right

choice of the experts and the second by the appropriate method of defuzzification.
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Abstract: The aim of this paper is to introduce the extension of intuitionistic fuzzy threshold graph
to Neutrosophic field of approach. A new structure called Neutrosophic fuzzy threshold graph
(NFTG) have been portrayed and the Neutrosophic fuzzy alternating 4-cycle have been explained
using suitable examples. Two parameters namely, Neutrosophic fuzzy threshold dimension and
Neutrosophic fuzzy threshold partition number have been illustrated with examples. Theorems
based on proposed concepts were proved and one application has been discussed to insist the utility
of Neutrosophic fuzzy threshold graph in resource management technique.

Keywords: threshold graph; Neutrosophic graph; threshold dimension; partition number; fuzzy
alternating 4- cycle; fuzzy threshold graph.

1. Introduction

A graphical structure using fuzzy concept was first introduced in 1975[8]. Professor A Rosenfeld
proposed the concept when he studied about uncertainty of systems. This new approach attracts
several researchers as it is applicable to almost all real world problems where uncertainty plays a
major role. The term Intuitionistic fuzzy set came into existence in 1986 and it was proposed by
professor K. Atanassov [2,3]. The graphical representation of Intuitionistic fuzzy set was framed by
Akram M., Akmal R [1] and they elaborate the work with basic operations of set theory as well as
using matrix representations. Each vertex and edges of such graphs were labeled with two values that
define the membership and non-membership degrees.

Adding one more parameter called indeterminacy value along with the existing two parameters of
Intuitionistic fuzzy , a new concept called Neutrosophic fuzzy set was introduced by professor
Florentin Smarandache [9] and he developed the graphical structures[10,11]. The term Threshold
graph was coined by V. Chvatal and P. L. Hammer in 1973[4] while they do research on packaging
problems and later in 1985 E. T. Ordman utilized the concept in resource allocation techniques[7]. In
2015, Sovan Samanta and Madhumangal Pal, professors from Vidyasagar University framed fuzzy
threshold graphs[12] and it was generalized to intuitionistic threshold graphs by professors Lanzhen
Yang and Hua Mao in 2019[6].

Contribution
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Our country is facing challenges regarding Covid-19 vaccine, since we have limited number of doses.
Optimum allocation should be needed to meet the needs. The challenges of supply, storage, and
delivery of vaccines must take place under strict sanitary conditions is unavoidable too. It is also
difficult to reach some remote areas or minorities due to the unavailability of storage requirements
and safe delivery. To identify the effective allocation of the COVID-19 vaccine for priority groups,
decision-makers must involve experts from multiple fields to get benefit from their experiences in
setting priorities and principle guidelines. The neutrosophic, like other fields, contributed to the
understanding and analyzing COVID-19 pandemic too. In this paper, we extend the concept of
threshold graph by embedding the neutrosophic set properties and we will prove some basic
theorems related to the concept. We also define two parameters called threshold dimension and

threshold partition number of Neutrosophic fuzzy threshold graphs.

Motivation

A neutrosophic set plays an important role in uncertainty modeling. The development of uncertainty
theory plays a fundamental role in formulation of real-life scientific mathematical model, structural
modeling in engineering field, medical diagnoses problem etc. In this current decade, researchers
have exposed their considerations to make progress with the theories related to neutrosophic area
and constantly try to endorse its sufficient scope applications in dissimilar branches of neutrosophic

domain. However, our main objective is to support the theory efficiently with these following points.
1. Introduction of Neutrosophic fuzzy threshold graph.

2. Extension of fuzzy threshold graphs and its concepts using neutrosophic fuzzy graph.

3. Application of neutrosophic fuzzy threshold graph in optimum resource allocation.
2. Preliminaries

This section gives a brief preview about the existing concepts which will be utilized in section 3.

Definition 2.1: A graph G = (P, Q) is called a fuzzy graph if there exist function £, AV [0, l]
and ff, : V'xV' - [0, l] called membership function such that for all (vi, vj) inV*xV*,

Hy (Vi, Vj) Smin{,uQ (Vi), Hq (Vj)},where Vo= {V11 Vy, Vg,ooe, Vr} is the vertex set of G.

Definition 2.2: A graph G = (P,Q) is called a neutrosophic fuzzy graph (NFG) with Vertex set
V' = {Vl, Vy, Vgt Vr}, whose membership, non-member ship and Indeterminacy functions
satisfy the following conditions:
() Mp - \VARSEN [0, 1],UP i VAREY [0, l] and O, : AVARSEN [0, 1] denote the degree of
truth-membership function, falsity-membership function and indeterminacy-membership
function of the vertex vi € V* respectively, and0 < g, (V) + U (V) + Op (V)S 3,
VveV (i=123...r).
(i) 4 V'xV — [0, 1],UQ VxV > [0, 1] and 0, SV xV > [0, 1]denote
the degree of truth-membership function, falsity-membership function and indeterminacy-
membership function of  the edge (vi, Vj) respectively such  that

Hq (Vi, Vj) Smin{ﬂq (Vi)’ Hq (VJ)}’
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0 (Vir v;) <min{oy (v,), oq(v))]

Og (Vi v;) <maxfug (v,), vg ()}

and 0 < ,uQ(Vi, vj)+ uQ(vi, vj) + aQ(vi, vj)g 3 for every (vi, Vi),

7

where the sets P and Q be the Neutrosophic fuzzy subsets defined on V* and E* respectively[5].

Definition 2.3: The vertex cardinality of a Neutrosophic fuzzy graph, G = (P, Q) denoted by |V|N and
1+ 4, (V)+0p(V)—0p (V

it is defined as |V|N =z 'UP( ) P( ) P( )

veV 3

Definition 2.4: The stability number of a Neutrosophic fuzzy graph ¢ = (P, Q) is defined as the order
of largest stable set of G and it is denoted by & (G) :

3. Neutrosophic fuzzy threshold graphs

In this section we introduce the definition of Neutrosophic fuzzy threshold graph (NFTG),
Neutrosophic fuzzy threshold dimension 7(G) and Neutrosophic fuzzy threshold partition number
1,(G) and we prove some theorem based on the concepts stated.

Definition 3.1: A graph G = (P, Q) is called a Neutrosophic fuzzy threshold graph (NFTG) if there
exist7; > 0,7, > 0 and 73 > 0 such that

Z,up w<r, Z(l—up (u)) <7, and ZGP )<z, 1)

ueU ueU ueU
Provided that U C Vv is an independent set in G. NFTG is generally denoted as G = (P, Q; 1,75, T3).

Remark 3.1: The notion U c V is an independent set in G is same as that the notion U C V is an

independent set in G*. If G = (P, Q;14,7,,73) and U QV* is a dependent set in G, then we have at
least one of the condition (3.1) does not hold. For this case,

Z,up(u) >, Of Z(l—up(u)) > 7, Of ZO'P(U) > 7,

ueU ueU ueU
Example 3.1: Let G* = (V*,E*) be a graph whose vertex and edge set is V* = {m,n,0,p,q} and E* =
{(m,n), (n,0), (0,p), (p,n), (n, q)} respectively and the sets P and Q be the Neutrosophic fuzzy subsets

defined on V" and E* respectively (see Table). Based on the data, the NFTG for this graph is given as
G = (P,Q;0.6,0.8,0.5).
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0(0.2.04.03)  (0.1.04.03) _ ,010203)

(0.1.0.6.0.2) (0.1.0.5.0.3)

m(0.6,0.2.0.1) q(0.3,0.4.0.2)

n(0.2.0.3.0.1)

(0.1.0.4.0.4)

Figure 1. Neutrosophic fuzzy threshold graph

Table 1: Membership, Non-membership and Indeterminacy degrees for Vertices and Edges

Vertices m n o p q
Hp 0.6 0.2 0.2 0.1 0.3
Up 0.2 0.3 0.4 0.2 0.4
Op 0.1 0.1 0.2 0.3 0.2
Edges (m,n) (n,0) (o,p) (p,n) (m,q) (n,q)
Hq 0.2 0.1 0.1 0.1 0.1 0.2
Ug 0.5 0.6 0.4 0.5 0.4 0.5
Oq 0.2 0.2 0.3 0.3 0.4 0.2

Proposition 3.1: If G*=(V*, E*)is an underlying graph for a Neutrosophic fuzzy graph ¢ = (P, Q)
and if W c V* is an independent set in NFIG, G = (P,Q;1,,7,,75) then, the cardinality of W
satisfies the following relation:

W] Szm

N weW 3
Proof:
Given that G = (P, Q; 71, 7,,73) is and NFTG. Then by definition (3.1), we have
Z,up(w)ﬁrl : Z:(l—up(w))ﬁr2 and ZO'P(W)STS )
wew weW wew

If » denotes the number of vertices in W, then

Z:(l—up(w))ﬁz'2 :r—ZUP(W)STZ ®3)

weW weW
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Thus,

> W<, -1 =D v (W)=r-7,.

weW weW

Now from definition (2.3), we have

w =Y 1+ ptp (W) + 05 (W) —0p (W)

weW 3

(4)

Substituting (2), (3) in (4) we get

wl, =¥ %W, 5

weW weW 3 weW 3

S%(rl+r2 +7,)

Therefore,

W <y Arhth

N
weW 3

Proposition 3.2: A fuzzy threshold graph is a special case of Neutrosophic fuzzy threshold graph.
Proof:

Let G = (P, Q) be a fuzzy threshold graph, then there exist t; > 0, such that Z Hp (U) <7, ,whereU

ueu

is an independent set contained in vertex set V of G. Since the non-membership and indeterminacy
degree values for a fuzzy threshold graph is zero, we can choose 7, =I and 7; =1. Thus there exist

7, > 0,7, >0 and 73 > 0 such that

ZyP(U)STl , Z:(l—up(u))ﬁr2 and ZGP(U)ST3 ,

uelU uelU uelU
Where r denotes the number of vertices and hence G = (P, Q; 74, 75, 73) forms a Neutrosophic fuzzy
threshold graph.

Definition 3.2: Let G = (P, Q) be a Neutrosophic fuzzy graph with V* = {m, n, 0,p}, we say that the
four vertices constitute a Neutrosophic fuzzy alternating 4-cycle if it satisfies the following four
conditions:

(i) (2 (M,1), 15 (M, ), 59 (m, n)) # (0,0,0)

(ii) (£ (0, P), 0o (0, P), (0, P)) #(0,0,0)

(iii) ( £1(M,0),14(M, 0), 54 (M, 0)) = (0,0,0) and
(V) (4 (n, P), 0o (n, P), o (n, ) =(0,0,0).

Remark 3.2: The following three graphs may form a sub graph for a Neutrosophic fuzzy alternating
4-cycle:
(i) A Neutrosophic fuzzy path Pa:

(4o (M, p),ug (M, P), o (M, p))=(0,0,0) and

(120 (n,0),04(n,0),04(n,0)) = (0,0,0).
Or
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(145 (n,0),15(n,0),04(n,0)) = (0,0,0) and

(11(m, p), 0o (m, p), o6 (m, p)) = (0,0,0).
(ii) A Neutrosophic fuzzy square Ca:
(42 (M, P, (M, P), o (M, P)) % (0,0,0) and

(125 (n,0),04(n,0),04(n,0)) = (0,0,0).
(iii) A Neutrosophic fuzzy matching 2Kz:

(10 (M, p),vg (M, p), o (M, p)) = (0,0,0) and
(15(n,0),04(n,0),04(n,0))=(0,0,0).

Definition 3.3: A Neutrosophic fuzzy threshold graph G = (P, Q; 71, 7,,73) is said to have a threshold
dimension n(G) if there exists 1(G) number of Neutrosophic fuzzy threshold sub graphs whose union
covers the edge set E* of G = (P, Q; 74,75, 73) , provided that such partition is minimal.

Definition 3.4: If G1,G,....Gp is p Neutrosophic fuzzy threshold sub graphs whose union covers the
edge set E* of a Neutrosophic fuzzy threshold graph ¢ = (P, Q; 71, 7,,73) and does not have common
arcs, then p is said to be the Neutrosophic fuzzy threshold partition number of G and it is denoted by
Np(G).

d(0.1,0.6,0.1)

b'(0.4,0.4,0.2)

b(0.4,0.5,0.2)

2'(0.3,0.5,0.2)

(0.4,02,01) e

a(0.3,0.6,0.1) ¢'(0.1,0.5,0.2)

c(0.2,0.4,0.1)

£(0.3,0.3,0.3)

For this graph, 5(G) =2.7,(G) =3

Figure 2. Threshold dimension and partition number of NFTG
Proposition 3.3: Let G = (P, Q; 71, 7,,73) be a Neutrosophic fuzzy threshold graph. Then its threshold
dimension 1(G) satisfies the relation, n(G) <r — ¢ (G), where r denotes the number of vertices in V*

of G. In particular if G = (P, Q; T4, T, T3) is a triangular free graph, then n(G) =1,(G) =1 — é/(G) .

Proof:
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Let U* be the stable set with maximum number of vertices of G. Then each star having center at u €
V* — U" forms a Neutrosophic fuzzy threshold graph of G. The union of all such stars along with
weak arcs of stable set U* forms a covering for the edge set E* of G. Therefore, n(G) < |[V*—U"|.
Given that r denotes the number of vertices in V* of G and by definition (2.4), we have n(G) <r —

4 (G) In particular if G = (P, Q;14,7,,73) is a triangular free graph, then each Neutrosophic fuzzy

threshold graph of G is a star or a star with weak edge and therefore n(G) =r — { (G) Also such

partition does not have common arcs among them. Hence, if G is triangle free then n(G) =r — ¢ (G)

=Mp (@).
€'(0.3,0.4,0.2)
a(0.4,0.2,0.3) a'(0.3,0.6,0.1)
L ]
b'(0.4,0.2,0.1) b{0.4,0.3,0.3)
¢(0.6,0.1,0.1)
For this graph, s{(G) =2,(G) =2
Figure 3. Threshold dimension and partition number of triangle free NFTG
Table 2. Comparison table on properties of NFTG and FTG
S.No. Neutrosophic fuzzy threshold graph Intuitionistic Fuzzy threshold graph
! G*=(V*, E*)is an underlying graph for a LetG = (P.Qitn ) and U 2V
. .. | be an independent set in Intuitionistic
Neutrosophic fuzzy graph G =(P,Q) and if

W c V* is an independent set in NFIG, G =
(P, Q; 14,75, 73) then, the cardinality of W satisfies the
following relation:

|W|, <

T,+7,+7T
1 2 3
N Z

weW 3

Fuzzy threshold graph G, then

T, +7T
|U||FS1T2

A fuzzy threshold graph is a special case of
Neutrosophic fuzzy threshold graph.

A fuzzy threshold graph is a special
case of Intuitionistic Fuzzy threshold
graph.

Let G =(P,Q;7,,75,73) be a Neutrosophic fuzzy
threshold graph. Then its threshold dimension 7(G)

satisfies the relation, n(G) < r— ¢ (G), where r

denotes the number of vertices in V* of G. In
particular if G = (P,Q;71,,7,,73) is a triangular free

graph, then n(G) = 1,(G) =7 — é’(G)

If G = (P, Q; 14, T,) is a triangle free IFG,
then t(G)=tp(G) = n — a(G), where a(G) is
the number of vertices of the maximum
independent set of G, and n is the
number of vertices of G.
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4. Resource Management Technique using Neutrosophic fuzzy threshold graph:

This section discusses the application of Neutrosophic Fuzzy Threshold graph in resource
management technique.

Resource management plays a vital role in production field and it one of the emerging topics
of optimization techniques. Neutrosophic Fuzzy Threshold graph find its unique way of solving the
problems faced during best resource allocation. Let us elaborate one such application here.

Invention of Covid-19 vaccine is the big challenge faced by almost all countries of the world
now. Several researches were effectively undertaken to reach the goal. India, which is in top second
position of affected people count in the world, is at the last stage of testing and will soon release the
vaccine for Covid-19. At the same time, being a developing country it does not have enough resource
to supply the medicine to all people in the country immediately. Definitely, the resource controlling
becomes necessary, so that the vaccine must reach the needed ones at proper time. Clinics must be
situated at optimized places which ensure enough supply of medical resources to the cities. On the
other hand, the medical resource couldn’t get wasted by supplying it to the peoples with good
immune and were in safe zone, who really doesn’t need that. Let us analyze such situation using a
Neutrosophic Fuzzy Threshold graph G= (P, Q), in which the vertices denote the cities and the clinic
providing medical aids as given below:

Suppose that 3 clinics C1,C2 and C2 were supplying medical aids to peoples of six cities a, b,
¢, e, f and g. and The labeling values of Graph G=(P,Q) represents the requirement and supply of
medical resource . For example,

e Forthecity gt (g) denotes the Covid-19 positive people who required immediate medicine,
Up (g) denotes the people who were under safe zone and required medicine only for precaution

and O, (g) denoted the people who were asymptotic and those were the ones who need
medical attention so that they couldn’t spread disease further.

e In case of clinics, ( Mo (Cl),l)p (Cl),O'P (Cl))denoted the supply, storage and the sudden
unexpected demand of medical resources respectively.

e The meaning of triplet ( 7y (g,Cl),UQ (g,Cl),O'Q (g,Cl)) is that, it is the actual amount of
medical aids provided to the three categories of people in city from the clinic C1.
Since the medical resource utilized by the people is dominated by the one in the clinics, the

Neutrosophic threshold dimension can easily be determined from the number of clinics. It is clear
that the Neutrosophic threshold dimension of graph in Figure (4) is 3, that is we can induce three

Neutrosophic fuzzy threshold sub graphs as given in figure (5, 6 & 7), where the triplet (2’1, )T 3)
denotes the limitation of amount of medicine provided to three categories of people corresponding to
the clinic C.

« Figure (5) gives the Neutrosophic fuzzy threshold graph with (7, =0.6,7, =2.92,7,=0.34),
where the clinic C1 supplies 0.6 amount of medicine to the affected people in three cities {a,b,c},
where only i (a)+,up (b)+,up (C) =0.37is required , 0.34 amount of medicine to the one
who were asymptotic and 0.08(3-2.92) amount to the people in safe zone, whose actual
requirement is only 0.055.

e TFigure (6) gives the Neutrosophic fuzzy threshold graph with (2'1 =0.62,7,=4.93,7, = 0.2),
where the clinic C2 supplies 0.62 amount of medicine to the affected people in five cities
{b,c.ef,g}, where only i (b) + Up (C) + Up (e) + Up (g ) + Up ( f ) =0.6is required ,0.2 amount

of medicine to the one who were asymptotic and 0.07(5-4.93) amount to the people in safe zone,
whose actual requirement is only 0.06.
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(0.13,0.01,0.13)

2(0.13,0.005.0.12)
2
AT T T ¢(0.1,0.003,0.02)

(0.1,0.1,02) 01301012)

(0.14.0.11,0.05)
(0.1,0.0031,0.021)

(0.12,0.02,0.06)

(0.1,0.652,0.3)

2(0.1,0.05,0.3)

RS C1(0.6,0.08,0.39) P < C3(0.46.0.2.03)

' 206200702

(0.15,0.01,0.03)
(0.1,0.06,0.02)
o(0.15,0.0025.0.03)

(0.1,0.03,0.02)

f{0.1,0.05,0.01)

Figure 4. Neutrosophic Fuzzy threshold graph

b(0.12,0.002,0.006)

(0.14,0.11,0.05)

(0.1,0.052,0.3)

a(0.1,0.05,0.3)

C1(0.6,0.08,0.34)

(0.2,0.025,0.3)

¢(0.15,0.0025,0.03)

Figure 3. Clinic C1

e Figure (7) gives the Neutrosophic fuzzy threshold graph with (Tl =0.46,7,=28,7, = 0.3),

where the clinic C3 supplies 0.46 amount of medicine to the affected people in three cities {e,f,g},
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where only £ (e) + Uy (g) + Uy ( f ) =0.33is required , 0.3 amount of medicine to the one

who were asymptotic and 0.2(3-2.8) amount to the people in safe zone, whose actual
requirement is only 0.058.

(0.13,0.01,0.13)

o) =(0.12,0.005,0.12)

b(0.12,0.002,0.006) €(0.1,0.003,0.02) .

(0.12,0.02.0.06) (0.1,0.0031,0.021)

C2(0.62,0.07,0.2)

(0.15,0.01,0.03)

c(0.15,0.0025,0.03)

(0.1.0.05,0.02)

£(0.1,0.05,0.01)

Figure 6. Clinic C2

g(0.13,0.005,0.12)

e(0.1,0.003,0.02) .

(0.1.0.1.0.2) (0.13,0.1,0.12)

C3(0.46,0.2,0.3)

(0.1.0.00:6.0.02)

£(0.1,0.05,0.01)

Figure 7. Clinic C3
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Thus Neutrosophic fuzzy threshold graphs will give better comparison and proper details in
resource analysis. Using Neutrosophic fuzzy threshold graph we can get more accurate results than
intuitionistic fuzzy threshold graphs.

5. Conclusions

Neutrosophic graphs will give more accurate results in case of uncertainty. Even though, we
obtain some basic information using intuitionistic fuzzy graphs, the value of indeterminacy will
provide a clear cut results in resource allocation process. As an extension of intuitionistic fuzzy
threshold graphs, Neutrosophic fuzzy threshold graph was introduced and Neutrosophic fuzzy
alternating 4- cycle, threshold dimensions of Neutrosophic fuzzy threshold graphs were defined. We
proved that Neutrosophic fuzzy threshold graph is the generalized case of Fuzzy threshold graph.
Proper examples were given for each proposed concepts and theorems based on concepts were
proved. We also gave one application that illustrates how Neutrosophic fuzzy threshold graph and
threshold dimension were utilized in allocation of medical resource from clinics to people in cities.
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Abstract. In this article we define neutrosophic point, neutrosophic crisp point, neighbourhood of a neutro-
sophic point and investigate some properties of neutrosophic point as well as neighbourhood of a neutrosophic

point. We also study the characterization of neutrosophic topological space in terms of neighbourhoods.
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point.

1. Introduction

In the year 1965, L.A.Zadeh [18] introduced a revolutionary concept, Fuzzy set theory.
But after some decades a new branch of philosophy, known as Neutrosophic set theory,
was developed and studied by Florentin Smarandache [10-H12]. Smarandache [12] proved
that neutrosophic set was a generalisation of intuitionistic fuzzy set which was developed
by K.Atanassov [1] in 1986 as a generalisation of fuzzy set. In an intuitionistic fuzzy set an
element belonging to the universe of discourse has the degree of membership and the degree
of non-membership. But in case of neutrosophic set an element has another grade of mem-
bership known as degree of indeterminacy besides the degree of membership and the degree
of non-membership. After Smarandache had introduced the concept of neutrosophy, it was
studied by many researchers [13,/14,|17]. In the year 2002, Smarandache |11 introduced the
notion of neutrosophic topology on the non-standard interval. F.G.Lupidnez [6,8,9] stud-
ied and investigated many properties of neutrosophic topological space. In [6] F.G.Lupidnez
showed that an intuitionistic fuzzy topology may not be a neutrosophic topology. The au-
thor |7] also developed the concept of interval neutrosophic sets and topology. A.A.Salma

and S.Alblowi [13],|14] studied neutrosophic topological space and generalised neutrosophic
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topological space. A.A.Salma et.al. [15,/16] also investigated neutrosophic filters and neutro-
sophic continuous functions. Later, neutrosophic topology was studied by many mathemati-
cians [2-4]. In the year 2016, Serkan Karatas and Cemil Kuru [5] redefined the set operations
and introduced a new neutrosophic topology and then investigated some important properties
of general topology on the redefined neutrosophic topological space. Since in neutrosphic set
theory, the indeterminacy-membership is given the same importance as the truth-membership
and falsehood-membership and since all the three neutrosophic components are independent
of one another, so this theory is more flexible and effective than all the previous set theories.
For this reason this theory is attracting the researchers throughout the world and is very useful
not only in the developement of science and technology but also in various other fields. For
instance, Abdel-Basset et.al. [19-23] studied the applications of neutrosophic theory in various
scientific fields. Pramanik and Roy [25] in 2014 studied on the conflict between India and Pak-
istan over Jammu-Kashmir through neutrosophic game Theory. Mondal and Pramanik [26)
studied the problems of eunuchs in West Bengal(India) based on neutrosophic cognitive maps.
Very recently some studies on COVID-19 [21}24] had been done under neutrosophic environ-
ment. But the theory still has many concepts to be developed.

In this article we try to introduce neutrosophic point and its neighbourhood structure on
the neutrosophic topological space defined by Serkan Karatas and Cemil Kuru [5]. We in-
vestigate some results on neutrosophic points, neighbourhood of a neutrosophic point and
study the characterization of neutrosophic topological space in terms of the neighbourhoods

of neutrosophic points.

2. Preliminaries

In this section we discuss some concepts related with neutrosophic sets.

2.1. Definition: [5]

Let X be the universe of discourse. A neutrosophic set (NS for short) A over X is defined
as A = {(z,Ta(x),Za(x),Fa(x)) : x € X}, where Ta,Z4, Fa are functions from X to [0, 1]
and 0 < Ty(x) +Za(z) + Fa(zr) < 3.

The set of all neutrosophic sets over X is denoted by N (X).

2.2. Definition: [5]

Let A,B € N(X). Then

(i) (Inclusion): If Ta(z) < Tp(x),Za(x) > Ip(z), Fa(z) > Fp(x) for all z € X then A is
said to be a neutrosophic subset of B and which is denoted by A C B.
(ii) (Equality): If A C B and B C A then A = B.
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(iii) (Intersection): The intersection of A and B, denoted by AN B, is defined as AN B =
{z, Ta(x) NTp(x),Za(z) VIp(x), Falz)V Fp(x)) :z € X}.

(iv) (Union): The union of A and B, denoted by AU B, is defined as AUB = {(z, Ta(z) V
Te(x),Za(x) NIp(x), Fa(x) A Fp(x)):x € X}.

(v) (Complement): The complement of the neutrosophic set A, denoted by A, is defined
as A° = {{x, Fa(x),1 = Za(z), Ta(x)) :z € X}

(vi) (Universal Set): If Ta(z) = 1,Za(x) = 0,Fa(z) =0 for all z € X then A is said to be

neutrosophic universal set and which is denoted by X.
(vii) (Empty Set): If Ta(z) = 0,Za(z) = 1,Fa(z) = 1 for all z € X then A is said to be
neutrosophic empty set and which is denoted by 0.

2.3. Definition: [14]

Let {4; :i €A} CN(X), where A is an index set. Then
(1) UiEAAi = {<x7 \/iEAni(x)v /\iGAIAi(x)v/\iEA‘FAi (1’)> KA X}
ie., UienAi = {(x,sup;ep Ta, (v),infiep Za,(z), infjep Fa,(z)) 12 € X}
(i) NieaAi = {(z, NieaTa,(2), VieaZa,(2), VieaFa,(2)) 1 v € X }.
i.e., Nieadi = {(x,inficp Ta,(x),sup;ep Za, (x),sup;ep Fa,(x)) 1z € X},

2.4. Neutrosophic topological space : [5]

2.4.1. Definition: [5]

Let 7 C M(X). Then 7 is called a neutrosophic topology on X if
(i) f and X belong to 7.
(ii) The union of any number of neutrosophic sets in 7 belongs to 7.

(iii) The intersection of any two neutrosophic sets in 7 belongs to 7.

If 7 is a neutrosophic topology on X then the pair (X, 7) is called a neutrosophic topological
space (NTS for short) over X. The members of 7 are called neutrosophic open sets in X. If

for a neutrosophic set A, A¢ € 7 then A is said to be a neutrosophic closed set in X.

2.4.2. Theorem: [5]

Let (X, 7) be a neutrosophic topological space over X. Then
(i) f and X are neutrosophic closed sets over X.

(ii) The intersection of any number of neutrosophic closed sets is a neutrosophic closed set
over X.

(iii) The union of any two neutrosophic closed sets is a neutrosophic closed set over X.
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3. Main Results

In this section we introduce and study the following concepts. Throughout this discussion
we have considered the neutrosophic topological space defined by Serkan Karatas and Cemil

Kuru [5] in the year 2016.

3.1. Definition:

Let NV(X) be the set of all neutrosophic sets over X. A NS P = {(x, Tp(z),Zp(z), Fp(z)) :
x € X} is called a neutrosophic point (NP for short) iff for any element y € X, Tp(y) =
o, Zp(y) = B, Fp(y) = for y=a and Tp(y) = 0,Zp(y) = 1, Fp(y) =1 for y # x, where
0<a<1,0<8<1,0<y< 1.

A neutrosophic point P = {(z, Tp(z),Zp(z), Fp(z)) : © € X} will be denoted by Py 5 or
P < z,a,B,v > or simply by x,,. For the NP z, g,  will be called its support.

The complement of the NP P75 will be denoted by (Po’j By B

A NS P = {{(z,Tp(x),Zp(x),Fp(x)) : © € X} is called a neutrosophic crisp point (NCP
for short) iff for any element y € X, Tp(y) = 1,Zp(y) = 0,Fp(y) = 0 for y = x and

Tp(y) =0,Zp(y) =1, Fp(y) =1 fory #x .

)¢ or by x

3.2. Definition:

Let A be a neutrosophic set over X. Also let z, g, and Yo/ p/ ~/ be two neutrosophic points
in X. Then

(i) @q,p~ is said to be contained in A, denoted by x4 5~ C A, iff a < Ta(x),8 > Za(x),y >

Fa(z).

(i) a8~ is said to belong to A, denoted by x4~ € A, iff a < Ta(x), > Za(z),y >
Fa(z).

(iif) @a,5, is said to be contained in y,, 5/ ./, denoted by o g~ C Y,/ g/ /, iff =y and
a<al,f=p vz

(iv) Ta,p is said to belong to y,/ g/ ./, denoted by Ta g~ € Yo/ g/ Hf 2 = y and

a<a,B=py=9.
(v) ANCP 2100 C Aiff Ta(z) =1,Z4(x) =
(Vi) A NCP 1,00 € A iff 7:4(1') = 1,1,4(1‘) =

3.3. Remark:

In 3.2, the definitions of inclusion and belongingness are being the same between a NP and

a NS as well as between two neutrosophic points.The clarification behind that is given below :
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Suppose the inclusion and belongingness between a NP and a NS are defined as follows :

Tapy CAiff a < Ta(x),B >Za(x),y > Fa(z).

Topn € Aiff a < Ta(x), B> Za(z),y > Fa(x).

Let X = {z,y} and A = {(x,0.5,0.4,0.3), (y,0.4,0.5,0.6)}. Also we consider the neu-
trosophic points P(x,0.5,0.4,0.3) and Q(x,0.3,0.6,0.7). According to the above definitions,
PCA, QCA Qe A but Pé¢A.

Having observed the neutrosophic points P and ) and the neutrosophic set A, it is really
difficult to accept that P ¢ A whereas () € A. Similar is the case between two neutrosophic

points.

3.4. Proposition:

Every NS A € N(X) can be expressed as the union of all neutrosophic points contained in

A.
Proof: Let B = (J{za 8~ : Tapy € A}, where z € X. If Ta(x) # 0,Z4(x) # 1, Fa(x) # 1
then
TA(fL’) = sup{a By isa NP and o < 7?4(:73)75 > IA(Z')”Y > fA(J:)}
- %xa,ﬁ,'y (x)
= Tp(x).

Za(z) =inf{f : o8~ is a NP and a < Ta(z), 8 > Za(x),y > Fa(z)}
= -,Z:Uwoéﬁw (:U)

:IB(m).

Fa(x) =inf{y:xz4p,is a NP and a < Ta(x),8 > Za(x),y > Fal(x)}
= fugpaﬁw(l‘)
= Fp(x).

Therefore A = B, i.e., A= |J{zas~ : Tap~ € A}. Hence proved.

3.5. Proposition:

Let A,B e N(X). Then A= B iff P€ A<= P € B for every NP P € N(X).
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Proofs: Let A= B and let z, 3, be a NP. Then

Tapy €A
Sa < Ta(z),B > Za(z),y > Fa(z)
©a < Tp(x), > Ip(x),y > Fp(z)[. A = B]
ST~ € B

Therefore the proposition is necessary.

Converse part : From proposition 3.4 we can write A = (J{za g~ : Tapy € A} and B =
U{Yas 6/~  Yar 5/ 4/ € B} Now
Ta By €A
=Zq 3,y € B [by the hypothesis]
=Uxap5~,C B
=ACB
Exactly in the same manner we can show that B C A. Therefore A = B, i.e.,the proposition

is sufficient.

Hence proved.

3.6. Proposition:

If zo 3, € Aand A C B, where A, B € N(X) then 2,4 € B.
Proof: Since A C B, so Ta(x) < Tp(x),Za(x) > Ip(x), Fa(x) > Fp(x).
Tap~y €A
=a < Ta(x), 8> Ta(z),y > Fa(x)
=a < Tp(x), 8 > Ip(x),y > Fp(=)

=Tq,B8,y € B

Hence proved.

3.7. Proposition:

Let {A; : i €a} C N(X), where A is an index set. Let 74,5, and y,/ g/ ./ be any two
neutrosophic points over X. Then the following hold good.
(i) wap~y €(Ai: i €A} <= Tap, € A; Vi EA.
(ii) If 4 8,y € A; for some i €A then x5, € J{Ai 17 €A}
(ili) fzqap,y € U{A; : i €A} then there exists a NS A(z4,3,,) such that x5 € A(2a,g~) C
U{A; i en}.
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(iv) If zo 3~ € A, where A € N(X), then there exist ol ,p/,~4/ such that a < o/, >
B,y >~/ and x5/ ) € A.

Proofs: (i)

Tapy € [ Aisi€n}.
<:>.’17a7577 € {<$, /\iEAni(x)vviEAIAi($)7viEAFA¢(x)> Txr e X}
Sa < /\iGATAi (:L')75 > \/iEAIAi(IE)77 > viGA]:Az' (SL’)
Sa < inf Ty, (x), 8 > supZa,(x),y > sup Fa,(z).
i€n i€a i€
o < nz($)7/8 > IAi(x)a’Y > ‘FAz(x) Viea.

STapy €A ViEN.

Hence Proved.
(ii)
To,8,y € A; for some i €A .
=Ta 8y € {(x, Ta,(x),Za,(x), Fa,(x)) : x € X} for some i €A .
=a < Ty, (x),8>Ta,(x),y > Fa,(x) for somei €A .
=a <supTa,(x), > inf Ty, (x),y > inf Fu,(z).
ien €A icn
=Ta,5~y € {7, VieaTa, (), NieaZa, (%), NieaFa, () : v € X}.

=Tapy € | J{Airien}.

Hence Proved.
(iii)
TaBy € U{Al 11 EA}
=a <supTa,(z),s > inf Ty, (x),v > inf Fu,(z).
1EA 1€EA 1EA
=a < Ta (), >Za,(x),y> Fa,(x) for somer,s,t €A .
=Ta g~y € Ar UA;U Ay

=ZaBy € A(Ta,py), Where A(zq5,) = A UAgU Ay

Obviously A(za5,,) = Ar UA;U A CU{As 1 €A}
Thus za8~ € A(zapy) C U{Ai i €nl.

Hence proved.
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(iv) Since A € N(z), so from the proposition 3.4, A = (J{zpqr : Tpgr € A}. Now

Ta,B,y € A.
=a < 7?4(.1‘), 5 > IA(-TJ), v > -FA(‘T)

=sa< sup p, B> inf g, v> inf 7

Ip,q,reA Zp,q,r€ mp,q,reA

Let sup{p: xp 4, € A} = o/, inf{q: 2p,, € A} = B/, inf{r: z,,, € A} =~/. Then
a<ao/, B>p/, ~>~/. Obviously T/ g/ €A
Thus there exist o, 3/,~/ such that a < o/, > p/,v > ~/ and Lo/ gl € A. Hence

proved.

3.8. Remark:

The converse of the proposition 3.7(ii) is not true.We shall establish it by the following
counter example.

Let X = {z,y} and A = {(z,0.5,0.7,0.6),(y,0.6,0.7,0.7)}, B = {(x,0.4,0.6,0.6),
(y,0.3,0.8,0.7)} and C' = {(«,0.3,0.4,0.5), (y,0.6,0.1,0.7)} be three neutrosophic sets over
X.Then AUBUC = {(z,0.5,0.4,0.5), (y,0.6,0.1,0.7) } Let us consider the neutrosophic point
P(x,0.4,0.6,0.5). It is clear that P(z,0.4,0.6,0.5) € AU BUC but P(z,0.4,0.6,0.5) belongs
to neither of the neutrosophic sets A, B and C.

3.9. Definition:

Let (X,7) be a neutrosophic topological space. A NS A € N(X) is called a neutrosophic
neighbourhood or simply neighbourhood (nhbd for short) of a NP x, g - iff there exists a NS
B € 7 such that z, 3, € B C A.

A neighbourhood A of the NP z, g is said to be a neutrosophic open neighbourhood of
Tq,8, if A is a neutrosophic open set.

The family consisting of all the neighbourhoods of the NP z, g is called the system of
neighbourhoods(or neighbourhood system) of 4 5. This family is denoted by N(z4 3. )-

3.10. Proposition:

A NS in a NTS is neutrosophic open iff it is a nhbd of each of its neutrosophic points.

Proof: Let (X,7) be a NTS and let A € N(X).

Suppose that A is a 7-open set. Then for every NP z, 3., € A, we have z, 3, € A C A and
so A is a nhbd of z, g ,.Thus A is nhbd of each of its neutrosophic points.

Next suppose that A is a nhbd of each of its neutrosophic points. If A = 0 then A is open
as 0 € 7. But if A # { then for each To 8,y € A there exists a 7-open set B(xq,,,) such that
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Tapy € B(rapy,) © A Obviously A = UB(z4,3,,) and so A is 7-open set, being a union of
T-open sets.

Hence proved.

3.11. Proposition:

Two neutrosophic topologies on the same set are identical iff they admit the same neigh-

bourhoods.
Proof: Necessary part is very obvious. Conversely suppose that 71 and 75 are two neu-
trosophic topologies on X having the same neighbourhood system of the neutrosophic points

over X. Let A € N(X). Now

Ais a 11 — open set
< Ais a 1p — neighbourhood of each of its neutrosophic points
< A is a 9 — neighbourhood of each of its neutrosophic points

< Alis a1 — open set

Therefore 7 = 7.

Hence proved.

3.12. Remark:

It is very clear that for every NP x4 3~, Zap~ € N(X) <= z0p € X.

3.13. Properties of neutrosophic neighbourhoods:

Let (X, 7) be a neutrosophic topological space and let x € X .If N(z, 5,) be the collection
of all nhbds of the neutrosophic point z, g, then

N1) N(zqp,) # 0 for every NP z, 5, € N(X).

N2) N € N(za,8,y) = Ta,py € N.

N3) N € N(zap,),N CM = M € N(z4084)-

N4) M,N € N(zas,) = M NN € N(zas).

N5) N € N(2q,5,) = there exists a M € N(z4,5,) such that M C N and M € N(y,/ 5/./)

for all Yol /€ M.

Proofs:

N1) Since X is an open set, so it is a nhbd of every NP Tap~y € N(X). Thus there
exists at least one nhbd for every NP z, 3, € N(X). Therefore N(z, ) # 0 for every NP
Ta gy € N(X).

N2) N € N(z4,8,) = N is a nhbd of 243, = Ta,5, € N.

G.C.Ray and S.Dey, Neutrosophic point and its neighbourhood structure




Neutrosophic Sets and Systems, Vol. 43, 2021 165 D

N3)

N € N(za,8,)
=N is a neighbourhood of z, g,
=3 an open set G such that z, 5, € G C N.
=3 an open set G such that x5, € G C M.[" N C M]
=M is a neighbourhood of z g -

=M € N(zq,3,)

N4) M,N € N(zqp~) = M, N are neighbourhoods of z, 5~ = 3 G1,G2 € 7 such that
Tapgry € G1 € N and 248, € G2 € M. But G1,G2 € 7 = G1 NGy € 7. Therefore
Tapy € G1NG2 C M NN and so M NN is a nhbd of 248, i.e., MO N € N(zq3.)

N5) Since N € N(z4,,4) , s0 there exists a 7-open set M such that z, 3, € M C N. Since
M is an open set and since x4, € M C M , so M € N(zq3,). Thus M € N(z45) and
M CN.

Again since M is an open set, so M is a nhbd of each of its neutrosophic points. Therefore
M e N(ya/’ﬁ/ﬁ/) for all y,/ 5/ ./ € M.

Hence proved.

3.14. Characterization of NTS in terms of neutrosophic neighbourhoods:

Let X be the universe of discourse and z € X. Let N(z43,) be a family of neutrosophic

sets over X satisfying the following five conditions :

N1) N(zq,p,) # 0 for every NP 2,5, € N (X).

N2) N € N(za84) = Za,py €N.

N3) N € N(za,8,),N C M = M € N(zap,).

N4) M,N € N(za5,) = M NN € N(24 )

N5) N € N(zq,5,y) = there exists a M € N(z4,4,,) such that M C N and M € N(y,/ g/ /)
for all Yol g/ 5/ € M.

Then there exists a unique neutrosophic topology 7 on X in such a way that if N*(z4 .) is the
collection of all nhbds of the NP z,, g, defined by the topology 7, then N(z4 5,,) = N*(2q,8)-

Proof: We define 7 as follows :

ANS G e7iff G € N(zq3,) for every NP x4, € G.

We claim that 7 is a neutrosophic topology on X.

T1) § € 7 as 0 contains no NP. By (N1) N(zas,) # 0 for every NP 2,5, € N(X).
Therefore there exists a G(24,5,) € N(24,5) for every NP z,5., € X. Since G(z44,) C X,
so by (N3), X e N(zqa,p,y) for every x4~ € X. Therefore X € 7. Thus 0, X € .
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T2) Suppose G1,G2 € 7. Then

G € N(Iaﬁﬁ) A Ta,By € G1and Gy € N(Iaﬁﬁ) W Ta,By € Gy
=G1 € N(z4,8,) and G2 € N(za8,) V T8y € G1 N G2
=G NGy € N(a;a,gﬁ) A Ta,fy € G1 NGy [ by (N4)]

=G1 N Gy € 7 by the definition of 7]
T3) Suppose {G; : i €A} C 7. We show that U{G; :i €A} € 7. Now

G;eTVien
=3G; € N(wa,gﬁ) A TaBy € G;andVieA
= U{G;:ienr} € N(zapgy) YV Tapy € U{G; i €A}[by (N2)and (N3)]

= U{G; :i €A} € 7 [by the definition of 7]

Therefore 7 is a neutrosophic topology on X.

We now show that N(zq,g~) = N*(2a,8,), i-e., N € N(z48~) < N is a nhbd of x4 3.

Let N € N(zq3,). Then by (N5) there exists M € N(xop,) such that M C N and
M € N(y,/ 5/ ) for all y,/ 5/ ./ € M. Now M € N(za,p,) = Zapy € M [ by (N2)].
Also M € N(ya/ﬁ/ﬁ/) for all y,/ 3/, € M = M € 7. Thus M is a T-open set such
that x4, € M C N. Therefore N is a neighbourhood of x5, i.e., N € N*(zq435), i-€e.,
N(za,8~) € N*(2q,p,). Conversely let N € N*(x,) so that N is a nhbd of x4 5. Then
there exists a 7-open set G such that o3, € G € N. Now G € 7 = G € N(zq43,) for
all zo 8~ € G. But G € N(z4,3,,) and G C N together imply by (N3) that N € N(zq5-)-
Therefore N*(24,3,y) € N(2qa ). Therefore N(z45,) = N*(2a,8,)-

Next we show the uniqueness of the topology.

Le 7 and 7/ be two topologies on X having the same system of neighbourhoods. Let
G € N(X). Then

Ger.
< (G is aT — open set.
& Gis a7 — neighbourhood of z, g, for all NP z, 5, € G.
sGisar/ — neighbourhood of z, g, for all NPz, 5, € G.
sGisar/ — open set.
=G et/

Therefore 7 = 7/. Thus the topology is unique.

Hence proved.
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4. Conclusion

Like fuzzy and intuitionistic fuzzy set theories, neutrosophic set theory also deals with
imprecise situation. But neutrosophic theory also handles the situation of neutrality which
keeps this theory ahead of those theories. In this article we tried to introduce the concept of
neutrosophic point and neighbourhood of a neutrosophic point. We discussed some properties
of neutrosophic points and their neighbourhoods. We also studied about the characterization

of neutrosophic topological space in terms of the neighbourhoods of the neutrosophic points.
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Abstract: The main objective of this study is to introduce the notion of plithogenic neutrosophic
hypersoft almost topological group. We have defined some new concepts and investigated
properties of regularly open set and regularly closed set and then we observed the definitions of
plithogenic neutrosophic hypersoft closed mapping, open mapping and finally we have defined
the definition of plithogenic neutrosophic hypersoft almost continuous mapping. By observing the
definition of plithogenic neutrosophic hypersoft almost continuous mapping we have studied
neutrosophic hypersoft topological group and plithogenic neutrosophic hypersoft almost
topological group and some of their properties.

Keywords: Soft Set; Neutrosophic Hypersoft Set; Plithogenic Neutrosophic Hypersoft Set;
Neutrosophic Hypersoft Topological Group; Plithogenic Neutrosophic Hypersoft Almost
Topological Group.

1. Introduction

In 1965, the fuzzy set (FS) theory concept was first defined by Zadeh [1]. With the help of ES,
defined the concept of membership function and explained the idea of uncertainty. The concept of
FS was generalized by Atanassov [2] and introduced the degree of non-membership as a component
and proposed the intuitionistic fuzzy set (IFS). After that many researchers defined various new
concepts on a generalization of FS. Smarandache [3] introduced neutrosophic set (NS) theory which
are generalizations of IFS and FS and introduced the degree of indeterminacy as an independent
component and discovered the neutrosophic set. Rana et. al. [16] discussed on plithogenic fuzzy
whole hypersoft set of decision-making techniques.

The notion of soft set (SS) theory is one more fundamental set theory that was introduced by
Molodtsov [3] in 1999. Now a day, SS theory is used in many branches of Science and Technology
and SS has become one of the most popular branches in mathematics for its huge areas of
applications in various research fields. Gradually, with the help of SS theory, many researchers have
been introduced the notions of fuzzy SS [5], intuitionistic SS [6], neutrosophic SS [8] theory, etc. The
concept of Hypersoft Set (HS) [14] theory was introduced by Smarandeche which is a generalization
of SS theory. And also extended and introduced the concept of HS in the plithogenic environment

and generalized it. Saqlain et. al [15] discussed the generalization of TOPSIS for Neutrosophic
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Hypersoft set (NHS). Rahman et. al. [18] defined the development of Hybrids of HS with Complex
FS, Complex IFS, and Complex NS, and also Rahman et. al. [19] discussed Convex and Concave HSs
with their some properties. Saeed et. al [20] studied the fundamentals of HS theory and Abbas et. al.
[21] discussed the basic operations on hypersoft sets and hypersoft points. Saqlain et. al. [22, 23]
discussed aggregate operators of the neutrosophic hypersoft set and also single and multi-valued
neutrosophic hypersoft set. Singh [24] worked on a plithogenic set (PS) for multi-variable data
analysis and tried to develop new mathematical theories for precise representation through PS.
Alkhazaleh [25] studied the concept of plithogenic soft set (PSS), also defined some properties of
PSS. Zulgarnain et. al. [26] generalization of aggregated operators on NHS. Sankar et. al. [27]
discussed Covid-19 by using PS. Khan et. al [28] studied the measures of linear and nonlinear
interval-valued hexagonal fuzzy number. Haque et. al [29] discussed the multi-criteria group
decision-making problems by exponential operational law in a generalised spherical fuzzy
environment. Chakraborty et. al [30] studied the classification of trapezoidal bipolar neutrosophic
numbers, de-bipolarization and implementation in cloud service based MCGDM problem.
Zulgarnain et. al. [31] done work in solving decision-making problems using the TOPSIS method
under an intuitionistic fuzzy hypersoft environment based on correlation coefficient and

aggregation operators. Zulqarnain et. al. [32] discussed on operations of interval-valued NHS.

In this paper, we study the concept of the neutrosophic hypersoft topological group. Next, we
introduce some definitions related to the neutrosophic hypersoft topological group and then we
have introduced the definition of the Plithogenic Neutrosophic Hypersoft Almost Topological
Group and discussed some related propositions.

2. Materials and Methods
2.1. Definition [3]

Let U be a universal set. A neutrosophic set (NS) A of U is denoted as A=
{(x, Ty (x), 1 (x), E4(x)): x € U}, where Ty(x),1,(x), F4(x) : U — [0,1] are the corresponding degree
of truth, indeterminacy, and falsity of any x € U. Note that 0 < T,(x) + I;(x) + F,(x) < 3.
2.2. Definition [7, 8]

The component of neutrosophic set 4 is denoted by A® and is defined as

AC(x) = {{x, Tye(x) = Fo(x), Ixe(x) = 1= 14(x), Fpe(x) = Ty(x)): x € U}

2.3. Definition [7, 8]
Let U be a non-empty set and A = {(x, T,(x), [,(x), F4(x)):x € U}, B = {{x, Tz(x), Iz(x), Fg(x)): x €
U}, are neutrosophic sets. Then the neutrosophic set-theoretic operations are defined as follows:

(i) AN B = {{x, min(Ty(x), T (x)), min(Iy (x), Is (x)), max (F4 (x), Fp(x))): x € U}

(i) AUB = {{x, max(T,(x), Tz (x)) , max(l4(x), Iz (x)) , min(F,(x), Fg(x))): x € U}

(iii) A< B ifforeach x €X, Ty(x) <Tz(x), I4(x) < Iz(x), Fy(x) = Fg(x).
2.4. Definition [3]

Let U be a crisp group (CG) and A be an NS of U. Then A is said to be a Neutrosophic
Subgroup (NSG) of U if and only if the following conditions are satisfied:

@) A(xy) = min {A(x), A(y)}

e, Ty(xy) 2 Ta(ON Ta(y), Li(xy) = 1a(x) N L4 (y), FaCey) = F4()N Fa(y)
(ii) A(x™) = A(x)
e, Ta(x™) = Ty(x), L(x™") = I,(x) and F,(x™") < Fy(x).

2.5. Definition [7]

Suppose X be a non-empty set and a neutrosophic topology is a family 1y of neutrosophic
subsets of X satisfying the following axioms:

@) Oy, 1y €Ty
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(i) Gy, NGy, € Ty forany Gy,,Gy, € Ty

(iii) UGy, Ety; V{GyilEJ} S Ty
In this case, the pair (X, ty) is said to be a neutrosophic topological space and any neutrosophic set
in 1y is called a neutrosophic open set. The element of 7 are known as open neutrosophic sets, a
neutrosophic set F is a neutrosophic closed set if and only if it F¢ is a neutrosophic open set.

2.6. Definition [9]

Let X be a group and G be a neutrosophic group on X. Let 9 be a neutrosophic topology on G
and then (G,7Y%) is said to be a neutrosophic topological group if the following conditions are
satisfied:

(1) The mapping ¥:(G,7%) X (G,79) - (G,7%) defined by ¥(x,y) =xy, for all x,y €X, is

relatively neutrosophic continuous.

(2) The mapping p:(G,7%) - (G,7%) defined by u(x) =x"!, for all x € X, is relatively

neutrosophic continuous.
2.7. Definition: [5]

Let U be a universal set (US), let P(U) be the power set of U and E be the set of attributes
values. Then the ordered pair of (F,U) is said to be Soft Set (SS) over U, where F: E — P(U).

2.8. Definition: [4, 5]

Let U be a universal set (US) and P(U) be the power set of U.

Let ay,a;,as, ...,a,, for n = 1, be n distinct attributes, whose corresponding attributes value are
respectively the sets Ay, Ay, Az, ..., Ap, with A;NA; = ¢, for i #j and i,j €{1,2,3,..,n}. Let
Ey = Ay X Ay X ... X Ay. Then the ordered pair (F,E, )is called a Hypersoft Set (HS) of U, where
F:E, » P(W).

2.9. Definition [4, 6]

Let U be a universal set (US) and PE U. A plithogenic set (PS) is denoted by P, = (P, a,E,, p,q)
where a be an attribute, E, is the respective range of attributes values, p: P X E, — [0,1]" is the
degree of appurtenance function (DAF) and q:E, X E, — [0,1]° is the corresponding degree of
contradiction function (DCF), where r,s € {1,2,3}.

2.10. Definition [3, 4]

Let Uy be the US termed as a neutrosophic universal set if for all x € Uy, x has truth
belongingness, indeterminacy belongingness, and falsity belongingness to Uy, i.e., membership of
x belonging to [0,1] x [0,1] x [0,1].

2.11. Definition [3, 4]

Let Up be plithogenic universal set over an attribute value set « is termed as the plithogenic US
if for all x € Up, x belongs to Up with some degree on the basis of each attribute value. This degree
can be crisp, fuzzy, intuitionistic fuzzy or neutrosophic.

2.12. Definition [4, 5]

Let Uy be a neutrosophic universal set and a = {a,,a,,as, .., a,} be a set of attributes with
attribute value sets respectively as A, Ay, Az, ..., Ay, With A;NA; =¢, for i #j and i,j €
{1,2,3,...,n}. Also, let E; = Ay X Ay, X ... X A,. Then (F,E, ), where F:E, - P(U, ) is said to be a
Neutrosophic Hypersoft Set (NHS) over Uy,.

2.13. Definition [4]

Let Up be a plithogenic universal set and a = {a,,a,,as, ...,a,} be a set of attributes with
attribute value sets respectively as Ay, Ay, Az, ..., Ay, With A;NA; = ¢, for i #j and i,j€
{1,2,3,...,n}. Also, let E, = A; X AyX ... X A,. Then (F,E, ), where F:E, - P(Up) is said to be a
plithogenic Hypersoft Set (PHS) over Up.
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2.14. Definition [4]

The ordered pair (F,E, ) is said to be a plithogenic neutrosophic Hypersoft Set (PNHS) if for all
B € range (F) and forall i € {1,2, ...,n}, there exists fax;:BXR; > [0,1] x [0,1] x [0,1] such that for
all (b,7) € BXR;, fy,(b,7)€[0,1] x[0,1] x [0,1].

A set of all the PNHSs over a set U is denoted by PNHS(U).
2.15. Definition [4]

Let the ordered pair (F,E,) be a plithogenic neutrosophic Hypersoft Set (PNHS) of a crisp
group U. where E, = Ay X Ay, X .. XA, and for all i €{1,2,..,n}, R; are crisp groups. Then
(F,E, ) is said to be a plithogenic neutrosophic Hypersoft Subgroup (PNHSG) of U if and only if
for all B € range (F); for all (by, 1), (by,73) € B X R; and for all fj;: B X R; - [0,1] X [0,1] X [0,1];
with fy. (b, 1) = {<®, R),fﬁi(b,r),f]{fi(b,r),f]’ji(b,r) >:(b,7) € BXR;}, the following subsequent
conditions are satisfied:

@) fJ\Tri((bp ). (by 1)) 2 min{f]\Tfi (b1, 1), for, (ba, )}

i) fw, (b)) = iy, (by, 1)
i) fir,((by,11). (b)) 2 min{fy;, (by, 11, fi, (b, 7))}
iv) f]{ri(bpﬁ)_l 2 f]{/‘i(bllrl)
V) fﬁi((bp ). (b, 1)7") < max{fﬁi(bl, 1), fa, (b2, )}

(vi) f]\ii(bpﬁ)_l < f]\ii(blnﬁ)-

A set of all the PNHSG of a crisp group U is denoted by PNHSG(U).

3. Main Results
3.1. Definition

Let NHS(Uy, E) =N be the family of all NHS over U, via attributes in E and 7y, S
NHS(Uy, E). Then tq;,, is said to be neutrosophic hypersoft topology (NHT) on N if the following

conditions hold:

(i) bup Luy, € Ty,
(ii) The intersection of any finite number of members of 7, also belongs to 7y, .
(iii) The union of any collection of members of 7y, belongsto ¢, .

Then (N, 7y,) is said to be neutrosophic hypersoft topological space (NHTS). Every member of 7y,
is called 7y, - open neutrosophic hypersoft set. An NHS is called 7y, - closed if and only if its
complement is called 7, - open.

3.2. Definition
Let the pair (F,E, ) = H be a neutrosophic hypersoft group (NHG) of a crisp group (CG) U.
Let 7y, be the neutrosophic hypersoft topology on H then (H,ty,) is said to be neutrosophic
hypersoft topological group (NHTG) if the following conditions are satisfied:
(1) The mapping ¥: (H,ty,) X (H,7y,) = (H,1y,) such that P(x,y) =xy, for all x,y €H =
(F,E, ), is relatively neutrosophic hypersoft continuous.
(2) The mapping u:(H,7y,) = (H,1y,) such that u(x) =x7', for all x € H=(F,E,), is
relatively neutrosophic hypersoft continuous.
where x = (by,71) and y = (b,,13). Then the pair (H,7y,) is known as NHTG.

3.3. Definition
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Let the pair (F,E,) =H be an NHG of a crisp group (CG) U. Let 1, be the neutrosophic
hypersoft topology group on H. Then for fixed o = (a;,a,) € H, the left translation l,: (H,7y,) —
(H,ty,) is defined by [,(x) = ox, Vx € H,

ox = {(0', Ty, (0x), Iy, (0x), Fy (0x)):x € H = (F,E, )}.
Similarly, the right translation 7,: (H, ty,) = (H,7y,) is defined by 7,(x) =x0 Vx € H,
xo = {(0, Ty, (x0), Iy, (x0), Fy (x0)): x € H = (F,E, )}.

3.1. Lemma

Suppose (F,E,) = H be an NHG of a crisp group (CG) U. Let 7y, be an NHTG in H. Then
for each o = (a;,a;) €G., the translations [, and 7, respectively neutrosophic hypersoft
homomorphism of (H,ty,) into itself.
Proof: From Proposition 3.11 [10], we have [;[H] =G and 7,[H] = H, for all o0 € H, and let
m: (H,ty,) = (H,7y,) X (H,Ty,) defined by m(x) = (0,x) for each x € H. Then 7,:fon. Since o €
He, Ty, (0) = Ty,(e), Iy,(0) = Iy,(e) and Fy, (o) = Fy,(e). Thus Ty (o) 2 Ty, (%), Iy,(0) 2 Iy, (x)
and Fy,(0) € Fy,(x), for each x € H. It follows from Proposition 3.34 [11] that m: (H,ty,) —
(H,ty,) X (H,7y,) is relatively neutrosophic hypersoft continuous. By the hypothesis, f is
relatively neutrosophic hypersoft continuous. So, 7, is relatively neutrosophic hypersoft

1

continuous. Moreover 7,7 = r;-1. Similarly, we are shown the relatively neutrosophic hypersoft

continuous of I, =l -1.

3.4. Definition

Let PNHS(Up,E) = P be the family of all PNHS over U, via attributes in E and 7y, C
PNHS(Up, E). Then Ty, is said to be plithogenic neutrosophic hypersoft topology (PNHT) on P if
the following conditions are satisfied:

(1) ¢'U_'p' 1'1153 € T'U;p
(ii) The intersection of any two neutrosophic hypersoft sets in 7, belongs to 7y,
(iii) The union of neutrosophic hypersoft sets in 7y, belongs to 7y,,.

Then (P,7y,) is said to be plithogenic neutrosophic hypersoft topological space (PNHTS).

3.5. Definition
The complement A€ of a plithogenic neutrosophic hypersoft open set (PNHOS) in an NHTS
(P, 7y,) is said to be plithogenic neutrosophic hypersoft closed set (PNHCoS) in (P, rfu?).

3.6. Definition
Let the pair (F,E,) = M be a PNHS of a crisp group (CG) U. Let 7y, [from definition 2.15] be
the plithogenic neutrosophic hypersoft topology on M then (M,ty,) is said to be plithogenic
neutrosophic hypersoft topological group (PNHTG) if the following conditions are satisfied:
(1) The mapping ¥: (M, ty,) X (M,Ty,) > (M,7y,) such that ¥(x,y) =xy, for all x,y € M =
(F,E, ), is relatively plithogenic neutrosophic hypersoft continuous.
(2) The mapping u:(M,ty,) = (M,7y,) such that u(x) =x"', for all x€ M = (F,E,), is
relatively plithogenic neutrosophic hypersoft continuous.
where x = (by,17) and y = (b,,13). Then the pair (M, 1y,) is called a PNHTG.

3.7. Definition
Let the pair (F,E, ) be a PNHS of a crisp group (CG) U, where E, = Ay X Ay, X ... X A, and
i={1.2,..,n}, A; are crisp groups. Let U,V be two PNHS in (F,E, ). We define the product of UV
PNHS U,V and V=1 of V as follows:
UV(z) = {< 2, Tyy(2), lyy(2), Fyy(2) >:z = (b,7) € (F,E, )}
where
Tyy (2) = sup{min{Ty (x), Ty (y)}}
Iyy (z) = sup{min{l, (x), Iy (¥)}}
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Fyy(2) = sup{min{Fy (x), Fy () }}
where z =x.y and x = (by,11); ¥y = (b, 1) and for V ={< 2z, T, (2),1,(2),F,(2) >:z = (b,7) €
(F,Eq )},
wehave V1 ={< 2, T,(z V), I,(z71),F,(zY) >:z = (b,7) € (F,E,)}.

3.8. Definition
Let the ordered pair (F,E,) be a plithogenic neutrosophic hypersoft set, where E, = A; X
Az X . X Ap. Let (P,Ty,) be a PNHTS and A = {{x, T4(x), [4(x), F,(x)):x € (F,E, )} be a PNHS
in (P,7y,), then the plithogenic neutrosophic hypersoft interior of A is defined as
PNH — int(A) = U{G: G isan PNHOS in X and G < A}.
3.9. Definition
Let the ordered pair (F,E,) be a plithogenic neutrosophic hypersoft set, where E, = A; X
AzX . X Ap. Let (P,1y,) be a PNHTS and A = {{x, T4 (x), L,(x), E4(x)): x € (F,E, )}, be a PNHS
in (P,7y,), then the plithogenic neutrosophic hypersoft closure of A is defined as
PNH — cl(A) = N{K:K is an PNHCoS in X and K 2 A}.

3.10. Definition

A mapping ¢: (P, Ty,,) — (K, 7y,,) is a plithogenic neutrosophic hypersoft continuous if the
pre-image of each open plithogenic neutrosophic hypersoft set in (K, 7y,,) is open plithogenic
neutrosophic hypersoft setin (P, 7y, ).

3.11. Definition
Let A be a PNHS of a PNHTS (P, 7y,), then A is called a plithogenic neutrosophic hypersoft
semi-open set (PNHSOS) of (P, Tu},) if there exists a B € 7y, such that A S PNH — CI(B).

3.12. Definition
Let A be a PNHS of a PNHTS (P,7y,), then A is called a plithogenic neutrosophic hypersoft
semi-closed set (PNHSCoS) of (P, Tu?) if there exists a B® € 1q, such that PNH — Int(B) < A.

3.13. Definition
A PNHS A of a PNHTS (P,1y,) is said to be a plithogenic neutrosophic hypersoft regularly
open set (PNHROS) of (P, ‘ru],) if PNH — int(PNH — cl(A)) = A.

3.14. Definition
A PNHS A of a PNHTS (P,1y,) is said to be a plithogenic neutrosophic hypersoft regularly
closed set (PNHRCoS) of (P, ‘ru],) if PNH — cl(PNH — int(A)) = A.

3.1. Theorem: (i) The intersection of any two PNHROSs is a PNHROS, and
(i) The union of any two PNHRCoSs is a PNHRCoS.
Proof:

(i) Let A; and A, be any two PNHROSs of a PNHTS (P, ty,,). Since A;NA, is PNHOS, we
have A;NA, S PNH — int(PNH — cl(A;NA,). Now, PNH —int(PNH — cl(A;NA,)) € PNH —
int(PNH — cl(A,)) = A, and PNH — int(PNH — cl(A,;NA,)) € PNH — int(PNH — cl(A,)) = A,
implies that PNH — int(PNH — cl(A;NA,)) S A, NA,. Hence the theorem.

(i) Let A; and A, be any two PNHROSs of a PNHTS (P, 1y, ). Since A;UA, is PNHOS, we
have A;UA, 2 PNH — cl(PNH — int(A;UA,)) . Now, PNH —cl(PNH — int(A,;UA,)) 2 PNH —
cl(PNH — int(A,)) = A, and PNH — cl(PNH — int(A,;UA,)) 2 PNH — cl(PNH — int(A,)) = A,
implies that A;UA, S PNH — cl(PNH — int(A, Ucﬂz)). Hence the theorem.

3.15. Definition
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Let ¢:(P,7ty,,) — (K,7y,,) be a mapping from a PNHTS (P,7qy, ) to another PNHTS
(K, Tyy,), then ¢ is called a Plithogenic neutrosophic hypersoft continuous mapping (PNHCM), if
¢~ (A) € Ty, for each A € 1q,,; or equivalently ¢ *(B) is a PNHCo0S of (P,7q,,) for each
PNHCoS B of (K, Tum).

3.16. Definition

Let ¢:(P,7ty,,) — (K,7y,,) be a mapping from a PNHTS (P,7y, ) to another PNHTS
(K,7y,,), then ¢ is called a plithogenic neutrosophic hypersoft open mapping (PNHOM), if
¢ (A) € 1y, foreach A € 1y, .

3.17. Definition

Let ¢: (P, Ty,,) — (K, Ty,,) be a mapping from a PNHTS (P, 7y,,) to another PNHTS (K, Tum),
then ¢ is called a plithogenic neutrosophic hypersoft closed mapping (PNHCoM) if ¢(B) is a
PNHCoS of (K, TUup,) for each PNHCoS B of (P, ‘rum).

3.18. Definition

Let ¢:(H,ty,,) — (K,7y,,) be a mapping from a PNHTS (H,7y,,) to another PNHTS
(K,tu,,), then ¢ is called a plithogenic neutrosophic hypersoft Semi-Continuous Mapping
(PNHSCM), if ¢~'(A) is a plithogenic neutrosophic hypersoft semi-open set of (H,ty,,), for each
A € Ty,

3.19. Definition

Let ¢:(P,ty,,) — (K,7y,,) be a mapping from a PNHTS (P, 7y, ) to another PNHTS
(K, 7u,,), then ¢ is called a Plithogenic neutrosophic hypersoft semi-open mapping (PNHSOM) if
¢ (A) is a PNHSOS for each A € 1y, .

3.20. Definition

Let ¢:(P,ty,,) — (K,7y,,) be a mapping from a PNHTS (P,ty,,) to another PNHTS
(K,tu,,), then ¢ is called a Plithogenic neutrosophic hypersoft semi-closed mapping (PNHSCoM)
if ¢(B) is a PNHSCoS for each PNHCoS B of (P, Ty, ).

3.21. Definition

A mapping ¢: (M, ty,,) — (K, Ty,,) is said to be a plithogenic neutrosophic hypersoft almost
continuous mapping (PNHACM), if ¢~'(A) € (M,1y,,) for each plithogenic neutrosophic
hypersoft regularly open set A of (K, 7y,,)-

3.22. Definition
Let the pair (F,E,) = M be a PNHS of a crisp group (CG) U. Let 1y, [from definition 2.15] be
the plithogenic neutrosophic hypersoft topology on M then (M,ty,) is said to be plithogenic
neutrosophic hypersoft almost topological group (PNHATG) if the following conditions are
satisfied:
(1) The mapping ¥: (M, ty,) X (M,Ty,) = (M, Ty,) such that ¥(x,y) =xy, for all x,y € M =
(F,E, ), is relatively plithogenic neutrosophic hypersoft almost continuous.
(2) The mapping u: (M,1y,) = (M,Ty,) such that u(x) =x"", for all x€M = (F,E,), is
relatively plithogenic neutrosophic hypersoft almost continuous.
where x = (by,11) and y = (b, 13). Then the pair (M, 1y,) is known as PNHATG.
3.2. Theorem:
Let (M, tp,) be a PNHATG and let o = (a;,a;) € M be any element. Then
(i) A mapping g,: (M, Ty,) — (H,Ty,) such that g,(x) = ox, for all x € M, is PNHACM;
(i) A mapping h,: (M,ty,) — (M,Ty,) such that h;(x) = xo, for all x € M, is PNHACM.
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Proof:

(i) Let 6 = (as,a,) € M and let W be a PNHROS containing ¢4 in M. From Definition 3.22, 3
plithogenic neutrosophic hypersoft open nbds U,V of 4,8 in M sothat UV € W. Especially, ¢V S
W thatis g,(V) € W. This shows that g, is PNHACM at § and therefore g, is PNHACM.

(if) Suppose 6 = (as,a,) € M and W € PNHROS(M) containing éo. Then 3 PNHOSs § € U
and 0 €V in M so that UV € W. This shows U, €W, ie, h,(U) € W. This implies h, is
PNHACM at §. As arbitrary element § isin M, therefore h, is PNHACM.

3.3. Theorem:

Let U be PNHROS in a PNHATG (M, 7y,). Then the following conditions hold good, where o =
(a1, az)

(1) oU € PNHROS(M), for all ¢ € M.

(2) Uos € PNHROS(M), for all o € M.

(3) U~! € PNHROS(M).

Proof:

(1) First, we have to prove that oU € 7. Let § = (a3, a,) € oU. Then from Definition 3.22 of
PNHATGs, 3 PNHOSs 07! € W; and § € W,in M so that W, W, < U. Especially, 67 *W, € U. i.e,
equivalently, W, € oU. This shows that 6 € PNH — int(cU) and thus, PNH — int(cU) = oU. ie,
oU € 1y,. Consequently, oU € PNH — int(PNH — cl(aU)).

Now, we have to prove that PNH — int(PNH — cl(cU)) € oU. Since U is PNHOS, PNH — cl(U) €
PNHRCoS(M). From Theorem 3.2, g,-1: (M,ty,;) — (M ,7y,;) is PNHACM and therefore, sPNH —
cl(U) is PNHCoS. Thus, PNH —int(PNH — cl(cU)) € PNH — cl(cU) € 6PNH —cl(U) . ie.,
0 'PNH — int(PNH — cl(6U)) <€ PNH — cl(U) . Since PNH — int(PNH — cl(cU)) is PNHROS, it
follows that 0 "'PNH — int(PNH — cl(cU)) € PNH — int(PNH — cl(U)) = U, i.e,, PNH — int(PNH —
cl(ol)) € oU. Thus oU = PNH — int(PNH — cl(aU)). This shows that ¢U € PNHROS(M).
(2) Following Theorem 3.3 (1), the proof is straightforward.
(3) Let x € U™!, then 3 PNHOS § €W in H so that W™l c U= W c U™!. Therefore U™! has
interior-point 8. Thus, U™ is PNHOS. i.e., U™' € PNH — int(PNH — cl(U™')). Now we have to
prove that PNH — int(PNH — cl(U™Y)) € U™ Since U is PNHOS, PNH — cl(U) is PNHRCoS and
hence PNH — cl(U)™* is PNHCOoS in M. Therefore, PNH — int(PNH — cl(U™)) € PNH — cl(U™) ¢
PNH — cl(U)™* = PNH — int(PNH — cl(U™")) € (PNH = cl(U))™* cU™* . Thus, U~!'=PNH-
int(PNH — cl(U™)). This shows that U™* € PNHROS(H).
3.1. Corollary
Let Q be any PNHRCoS in a PNHATG in M. Then

(1) 0Q € PNHRCoS(M), for each o € M.

(2) 9~ € PNHRCoS(M).
3.4. Theorem:
Let U be any PNHROS in a PNHATG M. Then

(1) PNH —cl(Uo) = PNH — cl(U)g, for each g € M, where ¢ = (a,,a;)

(2) PNH — cl(cU) = 6PNH — cl(U), for each g € M.

(3) PNH —cl(U™) = PNH —cl(U)™1.

Proof:

(1) Taking & = (a3, a,) € PNH — cl(Uo) and consider ¢ = §o~*. Let ¢ € W be PNHOS in M.
Then 3 PNHOSs o7 '€V, and §€V, in M, so that V;V, € PNH — int(PNH — cl(W)) . By
assumption, there is g € Us NV, = go~* € UNV,V, € UNPNH — int(PNH — cl(W)) = UNPNH —
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int(PNH — cl(W)) # ¢y, = UN(PNH — cl(W)) # ¢py,,. Since U is PNHOS, UNW # ¢y,. ie, x €
PNH — cl(U)o.
Conversely, let g € PNH — cl(U)o. Then q = §g for some § € PNH — cl(U).
To prove PNH — cl(U)a € PNH — cl(Ua).
Let §g € W be an PNHOS in M. Then 3 PNHOSs 0 €V; in M and § €V, in M so that V;V, €
PNH — int(PNH — cl(W)). Since § € PNH —cl(U), UNV, # ¢y,,. There is g € UNV,. This gives
go € (Uo)NPNH — int(PNH — cl(W)) = (Us)N(PNH — cl(W)) # ¢y, . From Theorem 3.2, Uo is
PNHOS and thus (Ua)NW # ¢, therefore g € PNH — cl(Uo).
Therefore PNH — cl(Ug) = PNH — cl(U)o.
(2) Following Theorem 3.4 (1), prove is straightforward.
(3) Since PNH — cl(U) is PNHRCoS, PNH — cl(U)~! is PNHCoS in M. So, U™ € PNH — cl(U)™!
this implies PNH — cl(U™) € PNH — cl(U)™*. Next, let ¢ € PNH — cl(U)™*. Then g = 6%, for some
6 € PNH —cl(U). Let q €V be any PNHOS in M. Then 3 PNHOS U in M so that § € U with
U™' € PNH — int(PNH — cl(V)) . Also, there is o € ANU which implies o7 € A"'NPNH —
int(PNH — cl(V)) . That is, A 'NPNH — int(PNH — cl(V)) # ¢y, = U'NPNH — cl(V) # ¢y, =
ANV # ¢y, since U™' is PNHOS. Therefore, q € PNH — cl(U)™*. Hence PNH —cl(U™") €
PNH — cl(U)™1.
3.5. Theorem:
Let Q be PNHRCo subset in a PNHATG M. Then the following statements are satisfied:

(1) PNH — int(0Q) = oPNH — int(Q), for all o € M, where o = (a4, a,)

(2) PNH — int(Qo) = PNH — int(Q)o, for all o € M.

(3) PNH — int(Q™1) = PNH — int(Q)L.
Proof:

(1) Since Q is PNHRCoS, PNH — int(Q) is PNHROS in M. Consequently, PNH — int(Q) S
PNH — int(cQ). Conversely, let q be an arbitrary element of PNH — int(0Q). Assume that q = o6,
for some § = (asz, a,) € Q. By assumption, this shows ¢@Q is PNHCoS and that is PNH — int(cQ) is
PNHROS in M. Suppose o € U and 6 € V be PNHOSs in M, so that UV € PNH — int(cQ). Then
oV € 0Q, which it follows that oV € 6PNH — int(Q). Thus, PNH — int(6Q) € oPNH — int(Q) .
Hence the statement follows.

(2) Following Theorem 3.5 (1), prove is straightforward.
(3) Since PNH — int(Q) is PNHROS, so PNH — int(Q)™! is PNHOS in M. Therefore, Q! € PNH —
int(Q)~! implies that PNH — int(Q™') € PNH — int(Q)~*. Next, let q be an arbitrary element of
PNH — int(Q)~!. Then q = §7%, for some &§ € PNH — int(Q). Let ¢ € V be PNHOS in M. Then 3
PNHOS U is in M so that § € U with U™ € PNH — cl(PNH — int(V)). Also, there is g € QNU
which implies g~ € Q"*NPNH — cl(PNH — int(V)) . That is Q 'NPNH — cl(PNH — int(V)) #
¢y, = Q'NPNH — int(V) # ¢y, = Q"'NV # ¢y, , since Q7' is PNHCoS. Hence PNH —
int(Q™1) = PNH — int(Q)™L.
3.6. Theorem:
Let A be any PNHSOS in a PNHATG M. Then

(1) PNH —cl(6A) € oPNH — cl(A), for all ¢ € M, where ¢ = (a4, a;)

(2) PNH — cl(Ao) € PNH — cl(A)o, for all ¢ € M.

(3) PNH — cl(A™Y) € PNH — cl(A)™".
Proof:
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(1) As A is PNHSOS, PNH — cl(A) is PNHRCoS. From Theorem 3.2, g,-1: (M, ty,) — (M, Ty,) is
PNHACM. So, 6PNH — cl(A) is PNHCoS. Hence PNH — cl(6A) € oPNH — cl(A).

(2) As A is PNHSOS, PNH — cl(A) is PNHRCoS. From Theorem 3.2, h,-1: (M, 1y.) — (M, 7q,) is
PNHACM. So, PNH — cl(A)o is PNHCoS. Thus, PNH — cl(Ac) € PNH — cl(A)o.

(3) Since A is PNHSOS, so, PNH — cl(A) is PNHRCoS and hence PNH — cl(A)™! is PNHCoS.
Consequently, PNH — cl(A) € PNH — cl(A)™*.

4. Limitation: Every Plithogenic Neutrosophic Topological Group is Plithogenic Neutrosophic

Hypersoft Almost Topological Group but the converse is not true.

5. Conclusion

In this paper, we have studied the concept of the Plithogenic Neutrosophic Hypersoft Almost
Topological Group (PNHATG). To study PNHATG we have introduced some definitions related to
PNHATG such as regularly open set and regularly closed set and then we observed the definitions
of plithogenic neutrosophic hypersoft closed mapping, open mapping and finally, we have defined
the definition of plithogenic neutrosophic hypersoft almost continuous mapping and then we have
defined PNHATG and proved some theorems on PNHATG. We hope our work will encourage the
reader for future work. In the future, we try to extend our work to study closed subgroups of
Plithogenic Interval-valued Neutrosophic Hypersoft Almost Topological Group.
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Abstract. In 2018, Smarandache introduced the concept of hypersoft set by replacing the approximate function of the
Molodtsov’s soft sets with the multi-argument approximate function. Moreover, the fuzzy hybrid model of hypersoft set
was developed and thus the theory of fuzzy hypersoft set was initiated. This chapter is devoted to introduce the concept
of n-ary fuzzy hypersoft set extending the fuzzy hypersoft set with multiple set of universes (or n-dimension universal
sets), the concept of fuzzy hypersoft expert set that presents the opinions of all experts in one fuzzy hypersoft set model
without any operations, and the concept of n-ary fuzzy hypersoft expert set that exhibits the opinions of all experts in one
n-ary fuzzy hypersoft set model without any operations. Apparently, the n-ary fuzzy hypersoft expert sets include both
n-ary fuzzy hypersoft sets and fuzzy hypersoft expert set. Some basic operations of each of these extended fuzzy hypersoft
sets are derived and their structural properties are investigated. Finally, an application of ternary fuzzy hypersoft expert

set (i.e., n=3) in real-life problem are given.

Keywords: Hypersoft set; fuzzy hypersoft set; n-ary fuzzy hypersoft set; fuzzy hypersoft expert set; n-ary fuzzy hypersoft

expert set

1. Introduction

Many fields deal with uncertain data that cannot be successfully modeled by ordinary mathematics.
Fuzzy sets [40], intuitionistic fuzzy sets [10] and neutrosophic sets [38] are well-known and often useful
approaches for describing uncertainty. Many generalized types of these uncertain sets were proposed
(see [2,5,17-19,33]), and are currently being studied on new extended types. In 1999, Molodtsov [28]
developed soft sets as a new mathematical model for dealing with uncertainty-based parametric data.
Moreover, many researchers studied basic operations of the soft sets [6,11,16,20,26]. In the last decade,
it was discussed the extended types of soft sets such as fuzzy soft sets [12,25], intuitionistic fuzzy

soft sets [13], neutrosophic soft sets [23,24] and N-soft sets [15]. In [14,21,22,29-32|, the theoretical
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aspects on these hybrid models of soft sets were studied. A soft set can be considered as is a subset
of parameterized family of a universal set. Ackgoz and Tag [3] initiated the theory of binary soft set
based on two universal sets and a parameter set and emphasized that it can be adapted for n-dimension
universal sets. Alkhazaleh and Salleh [7] proposed the idea of soft expert set, an extension of soft set,
containing more than one expert opinion. A few years later, they generalized the soft expert set to
fuzzy soft expert set, and argued that these sets are more effective and useful than soft expert set [8].
The approximate function in the structure of a soft set is defined from a parameter set to the power
set of a universal set. In 2018, Smarandache [37] proposed defining the approximate function of a soft
set from the cartesian product of n different sets of parameters to the power set of a universal set.
Thus, Smarandache [37] conceptualized hypersoft set as a generalization of soft set, and then presented
fuzzy hypersoft set sets as a fuzzy hybrid model of hypersoft sets. Abbas et al. [1] presented some basic
operations like complement, union, intersection, difference of (fuzzy) hypersoft sets. Saeed et al. [34]
studied of the fundamentals of hypersoft set theory. UrRahman et al. [39] developed a conceptual
framework of convexity and concavity on the hypersoft sets. In [27,35,36], the authors proposed the
extensions of hypersoft sets to make them more functional in various directions. In recent years, the
research on the hypersoft sets and extensions have been progressing actively and rapidly.

This chapter aims to propose new extensions of fuzzy hypersoft sets called n-ary fuzzy hypersoft set,
fuzzy hypersoft expert set and n-ary fuzzy hypersoft expert set. Simply, n-ary fuzzy hypersoft set is a
fuzzy hypersoft set over the multiple set of universes, fuzzy hypersoft expert set is a fuzzy hypersoft set
containing the opinions of experts, and n-ary fuzzy hypersoft expert set is a fuzzy hypersoft set over
the multiple set of universes and contains the opinions of experts. Moreover, it intends to present the
operations of complement, intersection and union on the n-ary fuzzy hypersoft sets, fuzzy hypersoft
expert sets and n-ary fuzzy hypersoft expert sets. Also, the solution of a problem under the ternary
fuzzy hypersoft expert set environment from the real world scene is addressed. This chapter organized
as follows: Section 2 presents some fundamental concepts of fuzzy sets, soft sets, hypersoft sets, and
fuzzy hypersoft sets. Sections 3, 4 and 5 are devoted to the theories of n-ary fuzzy hypersoft sets, fuzzy
hypersoft expert sets and n-ary fuzzy hypersoft expert sets, respectively. Section 6 presents an real-life

application of n-ary fuzzy hypersoft expert sets. The last section is the conclusions.

2. Preliminaries

In this section, some basic notions related to the fuzzy sets, soft sets, binary soft sets, soft expert sets,

hypersoft sets, fuzzy hypersoft sets and fuzzy hypersoft set operations are recalled.

2.1. Fuzzy Sets
Definition 2.1. ( [40]) Let A be a nonempty finite set. A fuzzy set F in A is defined as

F={W@g:qc A} (1)
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where pur : A — [0,1] is called a membership function for F and pr(a) represents the membership
degree of a in F. The set of all fuzzy sets in A is dented by §(A).

Example 2.2. Let A = {a1, as,as, a4, a3} be the set of houses. According to the membership ”cheap”,

one can create the fuzzy set
0.2 0.6 0 1 0.3
f - { at, az, "asz, az, al}-

Definition 2.3. ( [40]) Let F' be a fuzzy set in A.
(a): If pr(a) =0 for all a € A then it is called null (empty) fuzzy set and denoted by 0.

o~

(b): If pr(a) =1 for all a € A then it is called absolute (universal) fuzzy set and denoted by A.

Definition 2.4. ( [40]) Let F and G be two fuzzy sets in A. Then, we have the following operational

laws.

(a): F is a fuzzy subset of G if ur(a) < pg(a) for all a € A, and denoted by F C¢ G.

(b): The fuzzy sets F and G are equal if pr(a) = pug(a) for all a € A, and denoted by F = G.
(c): The complement of F is denoted and defined by F", where prr(a) =1 — pur(a) for all a € A.
(d): The intersection F and G is denoted and defined F Ny G, where prn,g)(a)

min{pz(a), fig(a)} = pur(a) A ig(a) for all a € A.
(e): The union F and G is denoted and defined F Uy G, where 1i(r,g)(a) = max{ur(a), pg(a)} =

wr(a)V pg(a) for all a € A.
2.2. Soft Sets

Let A be a universal set, and the power set of A is denoted by P(A).

Definition 2.5. ( [28]) Let X be a set of parameters and Y C X. A soft set (S,Y) over A is defined
as
(S8, Y)={ (z,S(z)) :z €Y and S(z) € P(A)} (2)

where S:' Y — P(A).

Example 2.6. Let A = {aj,a2,a3,a4,a5} be the set of suite rooms. Also, X = {z1 = cheap, xs =
modern, xs = beautiful} is the set of parameters, which describe the attractiveness of the suite rooms,

and Y = X. Then, one can create the soft set
(S,Y) = {(21,{a1, a4, a5}), (v2,{a4, as}), (v3,{a1, as, a3, as})}.

Definition 2.7. ( [3]) Let A; and As be two universal sets such that A; N Ay = 0, and P(A;) P(A3)
are power sets of A1 and As, respectively. Also, let X be a set of parameters and Y C X. A binary
soft set (S2,Y") over A = {43, Az}, is defined as

(S2,Y) ={ (2,82(x)) : z € Y and Sy(z) € P(A;) x P(A2)} (3)
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Example 2.8. Let A1 = {a},al,a},a},at} and Ay = {a?,a3,d2,a3} be the sets of suite rooms and
king rooms. Also, X = {x1 = cheap, x2 = modern, x3 = beautiful} is the set of parameters, which

describe the attractiveness of the rooms, and Y = X. Then, one can create the binary soft set
(827 Y) - {(331, ({{a%, azllv a%}7 {a?% ai}})), <x27 ({azllv a%}7 {a% a%’ ai}))a (333, ({a%’ a%? a%)’ a}L}v {a?b ag}))}

Definition 2.9. ( [7]) Let X be a set of parameters, £ be a set of experts and O be a set of opinion.
Also, let P =X x & x O and Q C P. A soft expert set (S, Q) over A is defined as

(S§,9) ={ ((z,e,0),8((x,e,0))) : (z,e,0) € QC X xE x O and S(x) € P(A)} (4)

where S : Q@ — P(A).

Example 2.10. Let A = {a1,a2,as3,a4,a5} be the set of suite rooms. Also, X = {x; = cheap, x2 =
modern, xs = beautiful} is the set of parameters, which describe the attractiveness of the suite rooms,
and € = {ej, ea} is the set of experts and O = {01 = agree(1) 03 = disagree(1)} is the set of opinions.
For Q = {(z1,e1,1), (z1,€2,1), (x1,e2,1), (z2,e1,1), (21,€1,0), (x2,e2,0)} C X x €& x O, one can create

the soft expert set

((xla €1, 1)7 {ah a2})7 ((331, €2, 1)7 {a47 a’5})7
(S, Q) = ((561, €9, 1), @), ((1’2, e1, 1), {al, as, a4, CL5}),
((xlv €1, 0)7 {a3a a4, CL5}), ((1'27 €2, 0)7 {al})

2.3. Hypersoft Sets

Throughout this chapter, X7, Xs, ..., X;,, are the pairwise disjoint sets of parameters (i.e., X; N X =0
for each i,i’ € I = {1,2,....,m} and i # ), and X = [[ X; = X7 X X2 x ..., X;;,. Generally, the
el
parameters are attributes, characteristics, properties of the objects.
Definition 2.11. ( [37]) Let Y; be the nonempty subset of X; for each i € I = {1,2,...,m} and
Y =]]Y: = Y1 x Yy x...,Y,. Then, the pair (H,Y) is called a hypersoft set over A, where H is
el

mapping given by

H:Y — P(A) (5)

Also, 7' is an element of Y; and (z%);cr = (2!, 22, ...,2™) is an element of Y = Y1 x Y3 X ..., Y;,.

Note 1. In this chapter, we use the notation x! = (2%)ie1.

Example 2.12. Assume that a person wants to buy a car and, for this purpose, visits to a car
showroom where cars of the same segment are exhibited. Let A = {a1, a2, a3} be a universe containing
cars in the same segment. The characteristics or attributes of these cars must be analyzed so that
a decision can be made. The pairwise disjoint sets of attributes (parameters) are X;, Xo and X3
and describe image-prestige, performance and economy, respectively. These sets are X; = {x% =

safe, x3 = comfortable, aczl,, = design — aesthetic} Xo = {2? = engine power, x3 = torque}, and
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X3 = {.%i{’ = fuel consumption, x% = tax, :U% = sale price}. He/she determines the attributes
(parameters) to be used in evaluating the cars as Y1 = X1, Yo = Xo and Y3 = {xi’,x%} C X3 (ie.,

Y =Y] x Y x Y3). As a result of the evaluation, it is created the following hypersoft set.

{ar, az}),
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2.4. Fuzzy Hypersoft Sets

Definition 2.13. ( [37]) Let Y; be the nonempty subset of X; for each i € I = {1,2,...,m} and

Y =[[Yi=Y1 xYaX.., V. Also, let F(A) be the set of all fuzzy sets in A. Then, the pair (H,Y) is
el
called a fuzzy hypersoft set over A, where H is mapping given by

H:Y = F(A) (5)
Note 2. The collection of all fuzzy hypersoft set over the universal set A for X is denoted by €(A, X).

Example 2.14. Consider the problem in Example 2.12. As a result of the evaluation under the fuzzy

environment, it is created the following fuzzy hypersoft set.

(2], 2%, 29), {Va}, @) a}, OO al}),
(2], 2%, 23), {**)a}, %) a}, OO a}}),
(=1, 23, 21), {"Va1, 09 a3, 2 a}),
(a1, 23,23), {®Va}, 0 a},© af}),
(2}, 27, 21), {Va],V a3,V ag}),
(Y = (23, 2%, 23), {Vaf, M a3,V ag}),
’ (23,23, 29), {*?a}, @7 a}, O a}}),
(23,23, 23), {?a}, OV a}, OO al}),
((xd, 2%, 29), {Fa}, ) a}, O al}),
((zh, 27, 28), {01, OV a}, 9 ag}),
(2}, 23, 1), {©9a], 09 a},(V a}}),
(w3, 23, 23), {*Va}, 7 a}, ) a}})
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Definition 2.15. ( [1]) Let (H,Y) € ¢(4,X).
(a): If H(x') = () for each x! € Y then it is said to be a relative null fuzzy hypersoft set (with
respect to Y), denoted by @Y. If Y = X then it is called a null fuzzy hypersoft set and denoted
by @x
(b): If H(x!) = A for each x' € Y then it is said to be a relative whole fuzzy hypersoft set (with
respect to Y), denoted by gy. If Y = X then it is called an absolute fuzzy hypersoft set and
denoted by ﬁx.

Note 3. Y CZ (ie., (Y1 xYax ... xXYy,) C(Z1 X Za X ... X Zp,)) i Y; C Z; for all ¢ € I.

Definition 2.16. ( [1]) Let (H#,Y), (K,Z) € €(A,X).
(a): (H,Y) is called a fuzzy hypersoft subset of (K, Z), denoted by (H,Y) C (K,Z), if Y C Z
and H(x) Cy K (xY) for cach x! € Y.
(b): The fuzzy hypersoft sets (#,Y) and (K, Z) are called equal, denoted by (H,Y) = (K, Z), if
(H,Y) C (K,Z) and (K,Z) C (H,Y).

Definition 2.17. ( [1]) Let (H,Y) € ¢(A,X). Then, the relative complement of fuzzy hypersoft set
(’g,Y), denoted by ("i‘%Y)T7 is defined as

(;LLY)T = (ﬁT7Y)7 (5)
where H"(x!) is the fuzzy complement of H(x) for each x! € Y.

Note 4. Ttis clear that T = YNZ = (Y1 x Yo X ... XY, )N(Z1 X Zo X ... X Zp,) = (Y1NZ1) x (YaNZ3) X ... X
(YoNZpy) and T = YUZ = (Y1 x Yo X ... X Y )JU(Z1 X Zo X .. X Z) = (YTUZ7) x (YoUZ2) X ... X (Y, UZy).
IfY;NZ; = for some i € I then T =Y NZ = (). From now on, we assume that T =Y NZ # 0.
(Similarly, & = Q NAR # ) in Sections 4 and 5).

Definition 2.18. ( [1]) Let (H,Y),(K,Z) € €(A,X). Then, the restricted intersection of fuzzy hy-
persoft sets (H,Y) and (K, Z) is denoted and defined by (£, T) = (H,Y) @ (K, Z) where T =Y N Z

and

L(xh) =H(x Ny K(x (6)
for each x! € T.

Definition 2.19. ( [1]) Let (H,Y),(K,Z) € €(A,X). Then, the extended intersection of fuzzy hy-
persoft sets (H,Y) and (K,Z) is denoted and defined by (£, T) = (#,Y) N (K,Z) where T = Y U Z
and

H(xD), if x'ey,

LxN =4 K&Y, if x'eZ, (7)
H(xN) Ny K(xY), if x'eYNZ,

for each xI € T.
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Definition 2.20. ( [1]) Let (H,Y),(K,Z) € €(A,X). Then, the restricted union of fuzzy hypersoft
sets (#,Y) and (K, Z) is denoted and defined by (£,T) = (H,Y) U (K, Z) where T =Y NZ and

L(x") =H(x") Uy K(x) (8)
for each x! € T.

Definition 2.21. ( [1]) Let (#,Y),(K,Z) € €(A,X). Then, the extended union of fuzzy hypersoft
sets (H,Y) and (K, Z) is denoted and defined by (£,T) = (#,Y) U (K,Z) where T = X UY and

H(xD), if xLeY,
KD, if xIez, (9)
H(x") Ur K(xY), if x'eYNZ,

L(x!) =

for each xI € T.

3. n-ary Fuzzy Hypersoft Sets

In this section, we introduce the notion of n-ary fuzzy hypersoft set and derive its fundamental opera-

tions.

Let {A; : j € J = {1,2,...,n}} be a collection of universal sets such that A; N Ay = () for each

g7 € J={1,2,..,n} and j # j'. Also, let FA) = [] F(4;) = F(A1) x F(A2) X ... x F(Ay), where
jed

§(A;) denotes the set of all fuzzy sets in A;.

Definition 3.1. A pair (ﬁn,Y) is said to be an n-ary fuzzy hypersoft set over A = {41, A, ..., A, },

where H,, is mapping given by
Ho Y — (). (10)
Simply, an n-ary fuzzy hypersoft set is described as the following:

(Hn,Y) = {(x",Ho(xD):x! €Y and H,(x1) € A}
{(Nﬁ"("”(al))al cal € Ay},
{(M’%("”(az))a2 :a? € As},

{(Nﬁn(xl)(an))an cam e An}

\

where ﬁn(j)(xl) = {(“ﬁyl(xl)(aj))aj cal € A} for j = 1,2,...,n and it is termed to be an Aj-part of
Ho(x).
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Especially, if n = 2, 3,4 and 5 then it is called a binary fuzzy hypersoft set, ternary fuzzy hypersoft set,

quaternary fuzzy hypersoft set, quinary fuzzy hypersoft set, respectively.

Note 5. The set of all n-ary fuzzy hypersoft sets over A = {4;, Ag,..., A, } for X is denoted by
Cn, (A, X).

Example 3.2. We consider the problem in Examples 2.12 and 2.14. However, he/she aims to deter-
mine the optimal car in each segment by evaluating cars in different segments simultaneously. Assume
that Ay = {a},al,al}, Ay = {a?,a3} and A3 = {a3,a3, a3} are sets of cars in the B-segment (Super-
mini family), C-segment (Small family) and D-segment(Large family), respectively. Considering the
parameter subsets Y7 = X1, Yo = X5 and Y3 = {x‘?, x%} C X3, he/she evaluates the cars in different

segments, and thus constructs the following ternary fuzzy hypersoft set.

((:U%,:C%,x ) ({(0 4)a%,(0 .3) a%j(o .6) a%}’{(O.S)a%’(OF) CL%L{(0.5)a{%’(0.5) CL%’(OA) a%})),
((@ha?.a). ((©9a].09 a},09 ), {0707 ), (09,09 o, 09 ag))),
(@} a3, D), (109al,09 0,02 o} {09607 a3}, {090, 09 04 af),
((x%’x%,xg),({(0.1)6&,(04) a%,(o) 1} {0.2)a2 (0.4) 2} {(0.6 3(0.4) a%,(0'4) a%}))7
(e}, a3,0]), (Va0 ab @ ad}. (Vat.© a3}, (00a] 00 a3, 09 ay),
oy — 4 (@hat ), (Va0 ab O ad), {09a2,07 a3), (09109 4,0 1))
((xé,x%,xi{’),({(0'5)a%,(0'7)a§,(04) 1} {(01 2(05 a2}, {02)a (04) 3(0.6 3}))
((5657:637@%({(0.2)a%’(01)a%7(06) 1} {(04 2(06 a2}, {os)a (0.4) 3(01 3}))
(o, ), (109 09,0 oy, (0912 09 ) (0309 O i)
(e} 25, (0] 09 09 o1 078 09 ), {0910 5,09 o),
((x%,w%,x?),({(O'Q)G%,(O'g)a%,(l 1} {OZ)a (02) 2} {(04 3(02)a% (0.4) a%}))
((a:%,x%,m%),({(0'4)a%,(07)a%,(05) 1} {(06 2(08 2} {os)a (0.8) 3(05 3})) )

Definition 3.3. Let (H,,Y) € €y, (2, X).

(a): If H,(xh) = (@,@, ,@) (i.e., ﬁn(j)(xl) =0 Vj € J) for each x! € Y then it is said to be a
relative null n-ary fuzzy hypersoft set (with respect to Y), denoted by @gn If Y = X then it
is called a null n-ary fuzzy hypersoft set and denoted by @%"

(b): If Hp(xh) = (A1, Ay, ..., Ay) (e, ﬁj(xl) = ﬁj Vj € J) for each x! € Y then it is called a
relative whole n-ary fuzzy hypersoft set (with respect to Y), denoted by ﬁg" If Y = X then
it is said to be an absolute n-ary fuzzy hypersoft set and denoted by ﬁ%”

Definition 3.4. Let (H,,Y), (K, Z) € €y, (A, X).
(a): (Hn,Y) is termed a fuzzy hypersoft subset of (K, Z), denoted by (Hn,Y) Cn, (Kn,Z), if
Y CZ and

Moy (x") Sf Huy(x) Vi€ J (11)

for each xI € Y.
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(b): The n-ary fuzzy hypersoft sets (H,,Y) and (K,,, Z) are called equal, denoted by (Hy, Y) =x;,
(Kn, Z), if (Hn, Y) Cn, (Kn,Z) and (Ky, Z) Cy,, (Hn, Y).

Example 3.5. Consider the ternary fuzzy hypersoft set (ﬁg,
the disjoint parameter subsets Z; = {z1, 23} C X3, Z»

and

(’Eg,Z) =

x%’xl’x?)’ ({(0 4)a% (©. 1) 1 (04
el a2, 23), ({02l O 0}, 01 o}
.%%,ZE%,ZL‘:{’),({(OQ)(L%,(O?’) 1 (02
l‘%, l’%, 1’%), <{(O l)a%v(o 3) (0 a3
o8, 9), (O 09 g} 00
b, ). (Oa] O o} 00
b ). (090} 09 o} 000
x%,x%,x%), ({(0 2)a1 02) , (0.2

1} {(0 1)a2 (0.6) 2} { 05 (0 3) 3 (0 1) 3}))
}{01 04 2}{01 (01) 3( a3}))
1}{08 07 2}{02 (02 3}))
}{01 03 az}{02 (01 3}))
é}v{ 03 %}7{ a3}))7
1}{ 0.3)a2 (0.4) 2} {(0.3 3 (0.2) 3 (0.2) 3}))
} {01 01 2} {(03)a3 (01) 3}))

é}v{ Oﬁ)al’ 08 %}7{ ala 27(05 3}))

Y) in Example 3.2. Also, we assume that

= Xo, Z3 = {23,723} C X3 (i.e., Z = Zyx Za X Z3)

Then, we have Z C Y (by considering Note 3) but (163, Z) is not a ternary fuzzy hypersoft subset (7—~l3, Y)

since ]%3(3)((113%, ZE%,{L‘%)) g—f H3(3)(($3a IL‘%, ZE3)) If we take K3(3)(($3,3§‘%, 1‘3)) Cf { 08
then we can say that (Ks, Z) is an n-ary fuzzy hypersoft subset (Hs, Y) (i.c.,

Definition 3.6. Let (H,,Y) € €y, (2, X).

308) 4

(H3a

set (Hn,Y), denoted by (H,, Y) ™, is defined as

(Hn, Y)™N0 = (H,Y),

where ﬁ;(j)(xl) is the fuzzy complement of ﬁn(j)(xl) (Vj € J) for each x! € Y.

Example 3.7. The complement of the ternary fuzzy hypersoft set (7—~[3,

(Hs, Y

)TNB =

Proposition 3.8. Let (H,,Y) € €y (A, X).

Y) in Example 3.2 is

((m%,x%,xi}’),({m@a% (0.7) 1(04 1} {07)a (0.3) 2} {(05 3(05) (O.6)a§}))7
2l 22 3 (0.5) 41 (0.4) 1(04 al 03)a (03) 21 (0.7) 3(06) 0.5) 3
((z1, 27, 25), {"ay, 34 { ahd 51)),
((1’%7 %,x?),({(m)a%,(m) 1(08 1} {02)a (0.3) 2} {(04 3(07) (06 3}))
((x%’x%"rg)v({(o%a% (0.6) 1(1) 1} {(08 2(06 2} {04)a (06) 3(06 3}))

(b ), (Va9 o} ) o), {00 a8} {0000 a0 ),
(.2, (000 a0 o]} {0709 63) (09,09 0 07) ),
(oo, (09009 o} 09 ), {0% 09 a3}, {(08 1058 09 ),
((x%,x%,x%),({(Og)a%,(og) (04) 1} {06)a (0.4) 2} {(02 3(06) %7(09)6@}))7
(2., (02}, a4 09 aj}, (063,07 ) (Va0 ) ),
((x%,x%,mg),({(Os)a%,(OG) 1(0.4) 1}{03 06 2} {(06 3(04)a2 (07)(13}))
(D). (V] 07 b0 ad}, (963,09 8}, (092,09 09 ),
(e, 3, ), ({0a], 09 03,09 al), {0003, a3}, {02)a 02 a3, 09 af}))

Then, we have the following.

(0.5) ag}

) ENg (’C37 Z))

Then, the relative complement of n-ary fuzzy hypersoft

(12)
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() (s X)) =, (Ha, V).
(iD): (A" =n, OF".

(iii): (@Y )rvn =y, AN

Proof. The proofs are straightforward.

Definition 3.9. Let (H,,Y),(K,,Z) € €y, (A, X). Then, the restricted intersection of n-ary fuzzy
hypersoft sets (H,,Y) and (K,,Z) is denoted and defined by (£,,T) = (Hn,Y) Ay, (Kn,Z) where
T=YNZ and

ICn(j)(xI) = Hn(]) (XI) Ny En(j)(xl) Vield (13)
for each xI € T.

Definition 3.10. Let (H,,Y),(Ky, Z) € €y, (%, X). Then, the extended intersection of n-ary fuzzy
hypersoft sets (H,,Y) and (K,,Z) is denoted and defined by (£,,T) = (Hn,Y) My, (Kn,Z) where
T=YUZ and

Ho(xh), if xeY,
L,(xh =< Ky(xb), if xIez, (14)
Ho(xD) Ny Ku(xY), if xIeYNZ,

for each x' € T, where Eq. (13) is applied to obtain 7, (xY) Ny Kn(xh).

Example 3.11. Consider the ternary fuzzy hypersoft set (7—~[3, Y) in Example 3.2. Also, we suppose that
the disjoint parameter subsets Z; = {23} C X1, Zo = Xo, Z3 = {23,23} C X3 (le., Z = Zy X Zy x Z3)

and

((zd, 22, 23), ({©Dqa},©06) al (0.5) al} {(02)42 (06) g2} 1(0:4)3 (0.5) 43 (0.4) 3})),
oz — d (bt o), (O9a] 00 ah,00 aly {09650 ), {000 09 109 i),
(23,23, 23), {©Va}, Y a3,02) ag}, {©a,©5) a3}, {©2)af, O ai})),
(23,23, 23), ({*Pag, O %7(02%},{(07’@ 0 %}7{(“%‘1‘,(02) 37“”) a3})),

Then, the restricted intersection and extended intersection of the ternary fuzzy hypersoft sets (ﬁ;;, Y)

and (K3, Z) are respectively

(P, Y) A, (R, 2) = { ((wh a2, (9]0 09 a}), (093 09 a3}, (093,09 a0 ad), }
) 3 9 - 9
(b, o), (020} OD 0}, 02) o} {O9a2 09 a3}, {20, 02 a,O) o))
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and

{0441 (03) g1 (0:6) g1} [(03)42 (0.7) g2} 1(0:5)43 (0.5) 43 (04) g3}
{041 (0:6) g1 (0:5) g1} [(02)42 (06) 42} [(0:4)3 (0.5) 43 (04) g3}
{(08)g1 (0:4) g1 (0.6) g11 [(03)42 (03) g2} 1(0:5)43 (0:3) 43 (03) g3}
{(0:3)g] (0:3) g1 (0-2) g1} £(08)42 (0.7) 21 1(0-6)43 (0-3) g3 (04) g3}
{001 (09) g1 (0:2) g1y £(0-5)42 (0.5) g2} £(0:2)43 (0-4) g3 (07) 43}
{(02)g1 (01) g1 (0:2) g1} 1(0.4)42 (0.6) 2} £(0-2)43 (0-2) 43 (0-1) 43}
{©a1,© a3, ag}, {Ma2, @ a3}, {OVaf, 09 af, () a})),
{Mal, M a3, M ag}, {©Dad, 07 a3}, {©Pa, Y 03,09 ad})),
(0900}, 00 } 0 g}, (00,09 a3}, {02609 09 a3y)),
{(02)g1 (01) g1 (0:6) g1} 1(0.4)42 (0.6) g2} £(0-8)3 (0-4) g3 (0.1) g3YY),
{(08)g1 (0:6) g1 (0:4) 11 £(06)42 (03) g2} 1(0)43 (0:2) g3 (0) g3},
{02a},04) 6}, (09 3} {3, 0 63}, {0 43,03 a3})),
{0951 (03) g1 (1) g1} {(02)42 (02) g2} 1(0:4)43 (0.2) 43 (04) g3Y)),

{(0.4)a%7(0.7) a%7(0.5) all, {(0.6)a%7(0.8) a2}, {(o.s)azls7(o.8) ag7(o.5) a3}))
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Definition 3.12. Let (H,,,Y), (Ky,Z) € €y, (A, X). Then, the restricted union of n-ary fuzzy hyper-
soft sets (Hn, Y) and (Ky, Z) is denoted and defined by (£, T) = (Hp, Y)Uy, (Kp, Z) where T = YNZ

and

Koy () = H () (x5 Uy Ky (1) Vi€ T (15)
for each x! € T.

Definition 3.13. Let (H,,,Y), (K, Z) € €x, (2, X). Then, the extended union of n-ary fuzzy hypersoft
sets (Hn,Y) and (K, Z) is denoted and defined by (£, T) = (Hn,Y) Uy, (Kn,Z) where T = X UY

and

Ho(xD), if xteY,
(x1), if x!ecZ, (16)
(x1) Uy K.xY, if x'eYNZ,

LY ={ K,
Ha

for each x! € T, where where Eq. (15) is applied to obtain H,(x%) Us K, (x%).

Example 3.14. Consider the ternary fuzzy hypersoft sets (7-73,Y) and (163, Z) in Examples 3.2 and
3.11. Then, the restricted union and extended union of the ternary fuzzy hypersoft sets (H3,Y) and
(K3, Z) are respectively

Fia ) U, (B Z) = { ((@hat,a). ((Dak. 0 ab O af}, {072 0 3}, {9 09 09 ad), }
9 3 9 - )
(@b 3.29). (10}, 04) 3,09 ol {OTa 07 a3} {02af, O a3 0D a3})
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and
(21,22, 23), ({(04 1(0:3) 1 [(0.6) al},{ 0'3)a2 (0.7) a2}, {(0.5)a3 (0.5) 3 [(0.9) a3})),
(23,22, 23), ({(04 1(0:6) l [(0.5) al}, { (0. 2)a (0.6) a2}, {(04 3(05) ¢ 3 [(0.4) a3})),
(b0, (Dad O a0 a3}, (008 0 a3}, (098,09 43 09) g3}
((x%’x%xi})’ ({(03 1 (O 3) %7(02 1} { 08)a (0 7) 2} {(06 3 (O 3) 3 (O 4) ag}))7
(21,22, 23), ({(04 1 (0.4) %7(02 al},{ os)a (0.5) a2}, {(02 3 [(0:4) ¢ 3 [0.7) a3})),
((x%,x%,xg), ({(05 1 (0 4) 1 (06 1} { (0. 7)a2 (0.7) 2} {(08 3 (0 4) 3 (0 1) ag}))7

_ _ 2l 22 .3 OF o) 1(0a (1) 2(0) 21 £(0.2) 3(06)a3(08)a

(H3,Y) Un, (K3,Z) = Eixz:x%:é;: gu (M) gL () i }(o 3)2 (0. 7)} 3{}7{ 05)43 (04) g3 (0.3 3}32})),
(2,22, 23), ({©Dal O 7) 1,04) g1y £(0-1) 2 (0.5) a%}’{(OQ :;,7(0 ) 43,006) g31)),
(23,22, 23), ({(0 2), 1 (01 4 l [(0.6) al},{ 0'4)a2 (0.6) a2}, {(o.s)a:{, (0.4) 3 0.1 a3})),
((mé,xf,x‘r{’), ({(0 8) 1 (0 ) 1 (0 4) 1} { OG)a (O 3) 2} {(O)a (0. 2) 3 (0) a ))
((xé,x%,xé), ({(O 2) 1 (O 4) 1 (O 6) 1}{(07 2 (04 2} { 04)a (06 3}))
((a:ﬁ,x%,x?),({(og 1(0:3) 1 (e al}, {(02 2 (0 2) a2}, { 04)a (0 2) 3 (0 4)a ),
(21,22, 23), ({(o 4)a1 0.7) al (0.5) al}, {(o 6)a2 (0.8) a2}, {(0 8)a3 (0.8) 3 [(0.5) a3}))

Proposition 3.15. Let (H,,Y), (Kn, Z), (Lo, T) € €y, (A, X). Then, we have the following equalities.
(): (Hn, Y) o (Kn,Z) =n, (Kn,Z) o (H,Y) for each o € {My,,Un,}.
(ii): (Hn, Y) o (Kn,2Z)o (L, T)) =5, (Hn,Y) 0 (Kn,Z)) ¢ (Ln, T) for each o € {An,,Un, }.
(ii): (Hn, Y) o (Kn,Z) 0 (Ln, T)) =5, (Hn, Y) 0 (K, Z)) 0 (Hn, Y) ¢ (£, T)) for each 0,0 €
{Mn,, U, }.
(1v): (Hn, Y) 0 (K, Z))™Nn =, (Hn, Y)'N 0 (K, Z)™n for each 0,0 € {Ay,, Uy, } and o # o.

Proof. The proofs are straightforward.

Proposition 3.16. Let (ﬁn,Y), (/En, Z), (Zn,T) € €n, (A, X). Then, we have the following equalities.
(): (Hn, Y) o (Kn,Z) =n, (Kn,Z) o (H,Y) for each o € {Ny.,,Un, }.
(i1): (Hn, Y) o (Kn,Z) o (Ln, T)) =n, (Hn,Y) 0 (Kn,Z)) o (Ly, T) for each o € {My,,,Un, }.
(ii): (Hn, Y) o (Kn,Z) 0 (Ln, T)) =5, (Hn, Y) 0 (K, Z)) 0 (Hn, Y) ¢ (£n, T)) for each 0,0 €
{An,,UnN, }
(iv): (Hn, Y) 0 (K, Z))™Nn =, (o, Y) N0 0 (K, Z) N0 for each o,0 € {Mx,,,Un, } and o # o.

Proof. The proofs are straightforward.

4. Fuzzy Hypersoft Expert Sets

In this section, we define the concept of fuzzy hypersoft expert set and give its basic operations with
the properties.

Throughout this section, A is a universal set, X, Xo, ..., X, are the pairwise disjoint sets of parameters
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(i.e., X;N Xy =0 for each i,i' € I ={1,2,...,m} and i # i), and X = [[ X; = X1 X Xa X ... x Xy

el

Also, £ is a set of experts, O is a set of opinions, o = X x & x O and Q C L.

Definition 4.1. A pair (ﬁ, ) is said to be a fuzzy hypersoft expert set over A, where H is mapping

given by

H 9 - F(A). (17)

Note 6. In this chapter, we suppose two-valued opinions only in the set O, i.e., O = {01 = agree(1), 0y =

disagree(0)}. However, the multi-valued opinions may be supposed as well.

Note 7. The set of all fuzzy hypersoft expert set over the universal set A for B is denoted by €g(A, ).

Example 4.2. Consider the problem in Example 2.14. Assume that he/se seeks the opinions of 3

experts with the intention of determining the optimal car(s) to buy. The set of experts is £ = {e1, e2, e3}

and the set of opinions is O = {01 = agree(1), og = disagree(0)}. For

(((CL‘ 7-75%7‘@ )7617 1)7 (((LL‘LLC%, l‘?
% )76271)’(«@&’1‘%7%%

1 3

1 3

(((xl,x%,x )78370)a (((1‘ ,ZE%, x

) €2, 1)7 (((m

1 2 ,.3 1 2 3
1 1 1 1 1 3
) 35 1)7 (((x%,x%,x:f),el,O), (((x%,x%,x?),eg,O), CXx&ExO,
1 2 3 1 2 3
1 1 3 1 1 3

) 170)7 (((‘T

)
, €
, €

it is created the following fuzzy hypersoft expert set.

(((x1,23,2), €1, 1), { ©9a1,00) 0,03 az}),
(21,23, 29), €2, 1), { ©Day, 0D a5 (07 ag}),
(21,23, 29),e3,1),{ OVay, 0 a5, (03) ag}),
(21, 23,23),e1,1),{ ©Day, 02 a5 (04 ag}),
(=1, 23, 23), €2, 1), { Way, 02 a9, ag}),
(,9) = (=], 2%, 23), 3, 1), { Va1, 0 ay,00) ag}),
(((33%755%737:1)’)76170)7{ (0'4)a1a(0'2) a2,(0‘5) asz}),
(=, 23, 2%), €2,0),{ D ay, 09 4y, ag}),
(((z],2%,23), e3,0),{ ©Day, 07 ay,01 a}),
(1,23, 28), €1,0),{ “Vay (00 ay,(05) a3},
(21,23, 23), €2,0),{ ODay, 05 q5,03) ag}),
| (21,27, 23), €3,0), { 0-7)q,,(06) 9,09 q3}) )

Definition 4.3. Let (#,Q) € €5(A, ). Then,
(a): (H,9)' = {(¢,H(q)) : g € X x € x {1} C O} is termed to be an agree-hypersoft expert set

over A.
(b): (H,Q)°

over A.

{(g, H(q)) :qe X xEx {0} C Q} is termed to be a disagree-hypersoft expert set

From the definition, it is obvious that (H,Q)! U (H,Q)° = (H, Q).
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Example 4.4. We consider the fuzzy hypersoft expert set (7—~[,Q) given in Example 4.2. Then, the
agree-fuzzy hypersoft expert set (7?[,53)1 and the disagree-fuzzy hypersoft expert set (?—N[,D)O are re-

spectively
(((xi,x%,x?), €1, 1)7 { (©. 5)al (0-6) az, (0-3) a3})7
(((‘r%?x%x?)ve?vl)?{ (© ) (04) az, ©0.7) a3})7
(H.Q) = (2,27, 29), e3, 1), { @ 4)a1 (03) ag,0-9) ag}),
’ (((z,2%,23), e1,1),{ (07 gy,002) gy (04 as}),
(((m%,x%,x%),e% 1)’{ (1)a1,(0'2) CLQ,( ' a3})7
(1,27, 23), e3,1),{ ©Par, 0 5,00 a3})
and
(2], 23, 2),€1,0), { ©¥a1,02) ay,0%) az}),
(a1, 2,21), €2,0), { ©Pay, 00 43,0 a3}),
(7?[ Q)O = (((x%7$%7x?)76370)7{ (0-7)q (O 7 az, ©.7) az}),
7 (((x%7x%7x§>76170)7{ (© ) (06) az, (0.5) a3})7
(a1, 21,23), €2,0), { ©Day,09) 03,0 az}),
(((x%,x%,x%), €3, 0)7{ (©- 7)al (0.6) az, (0.5) CLS})

Definition 4.5. Let (H,Q) € Cg(A, ).

(a): If H((xL,e,0)) = 0 for each (xI,e,0) € Q then it is called a relative null fuzzy hypersoft
expert set (with respect to Q), denoted by @g If Q = P then it is said to be a null fuzzy
hypersoft expert set and denoted by @qb;

(b): If H'((x!,e,1)) = 0 for each (xI,e,1) € Q then it is termed to be a relative null agree-fuzzy
hypersoft expert set (with respect to ), denoted by @gl If 9 = B then it is named a null
agree-fuzzy hypersoft expert set and denoted by @%1

(c): If 7—~[O((XI, e,0)) = 0 for each (x!,e,0) € Q then it is termed to be a relative null disagree-fuzzy
hypersoft expert set (with respect to £), denoted by @go. If Q = B then it is called a null
disagree-fuzzy hypersoft expert set and denoted by @%0

(d): IfH((xL, e,0)) = A for each (x, e,0) € Q then it is said to be a relative whole fuzzy hypersoft
expert set (with respect to Q), denoted by A\g If Q =B then it is named an absolute fuzzy
hypersoft expert set and denoted by A\E .

(e): If H1((xY,e,1)) = A for each (x,e, 1) € 0 then it is said to be a relative whole agree-fuzzy
hypersoft expert set (with respect to ), denoted by ggl If Q = P then it is named an
absolute agree-fuzzy hypersoft expert set and denoted by @%1

(f): If HO((x",e,0)) = A for each (x',e,0) € Q then it is called a relative whole disagree-fuzzy
hypersoft expert set (with respect to Q), denoted by ESO If Q =P then it is called an absolute
disagree-fuzzy hypersoft expert set and denoted by Xgo
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Example 4.6. The following hypersoft expert sets are given as examples of relative null agree-fuzzy

hypersoft expert set (with respect to Q) and relative whole disagree-fuzzy hypersoft expert set (with

respect to Q) over A.

~

and

o~

(=], 2%, 23), e1,1),{ Da1, ag,0) az}),
(=1, 23, 2%), €2,1),{ @1, a,® az}),
(=1, 23, %), €3, 1), { @1, a5, as}),
(1,23, 28),e1,1), { @ a1, a3, ag}),
(a1, 2%, 23), e2,1),{ Day, @y, ag}),
(1,27, 23), €3,1),{ a1, a5, a3})
(((z1,23,2%), €1,0),{ Mar, M ag, M az}),
(=1, 23, 2%), €2,0), { May,V ag, M az}),
(2}, 23,29),e3,0),{ May,V az,(V ag}),
(((z1, 2}, 23), €1,0),{ War,M ag,V az}),
(((z},22,23), €2,0), { War, M ag,V az}),
(a1, 21,23), 3,0), { Wa1, W az,V ag})

Definition 4.7. Let (H,9Q), (K, R) € €g(A, ).

(a): (H,9) is termed to be a fuzzy hypersoft expert subset of (K,R), denoted by (H,Q) Cg

(K,R), if Q C R and H((x", e, 0)) Cy K((x%,e,0)) for each (x!,e,0) € Q.

(b): The fuzzy hypersoft expert sets (H,Q) and (K,9R) are named equal, denoted by (H,Q) =g
(K, %), if (H,9) Cp (K,R) and (K,R) Cp (H, Q).

Example 4.8. Consider (H, Q) in Example 4.2 and the (7:2, Q) and (7—~l, 0)? Example 4.4. It is obvious
that (7—~[, Q) and (ﬁ, 0)0 are fuzzy hypersoft expert subsets of (H, ). Moreover, @gl is fuzzy hypersoft

expert subset of (#,9Q).

Definition 4.9. Let (ﬁ,ﬂ) € Cp(A,PB). Then, the relative complement of fuzzy hypersoft expert set
(H,9), denoted by (H,Q)"=, is defined as

where H"((xL, ¢, 0)) is the fuzzy complement of 7 ((x%, e, 0)) for each (xI,¢,0) € Q.

(H,Q)"" = (H",9Q),

(18)
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Example 4.10. We consider the fuzzy hypersoft expert set (7—~[, ) in Example 4.2. Then, the relative
complement of fuzzy hypersoft expert set (7?[, Q) is

7

(=1, 23, 23), e1,1),{ Oy, 0D ay,01 ag}),

(=, 23, 2%), €2, 1), { ©®ay,(09) 4y, ag}),

(=], 23, 23), 3, 1), { 91,07 ay,01 ag}),

(=1, 23, 23), €1, 1), { ©9ay, 08 09,00 ag}),
(=], 23, 23), €2, 1), { Day, 0¥ ay,0D ag}),

(H,Q)"" = (1, 27, 23), e3,1), { ©Dar, 07 az, 0 az}),

7 (21,23, 29),€1,0),{ ©9ay, 08 a5 (05) gq}),

(=, 23, 2%), €2,0), { ©Day, 0D ay,01 ag}),

(21,21, 27), e3,0), { 08)gy,(03) gy (03) az}),

(((55%737%79”%)7@170)7{ (09)g,,(0-4) g,,(0-5) az}),

(21, 23,23), €2,0),{ ©Day, 05 a5 (07 ag}),

[ (2,27, 23), €3,0), { ©Pay, 09 5,05 az})

Proposition 4.11. Let (7—~[,Q) € €p(A,B). Then, we have the following.
(): (H, Q=)= =p (H,9).
(ii): (A5)™ =5 (05).
(iii): (@D )'E =p (Ag)

Proof. The proofs are straightforward.

Definition 4.12. Let (H,Q), (IE,ER) € Cg(A,B). Then, the restricted intersection of fuzzy hypersoft
expert sets (H, Q) and (I, R) is denoted and defined by (£, &) = (H, Q) mg (K,R) where & = QNN

and
L((xe,0)) = H((x}, e,0)) N K((xE, e, 0)) (19)
for each (x!,¢,0) € &.

Definition 4.13. Let (ﬁ,ﬂ), (K,:R) € Cr(A,B). Then, the extended intersection of fuzzy hypersoft
expert sets (H, Q) and (K, ) is denoted and defined by (£, &) = (H,9Q) Mg (K,R) where & = QU R
and

(x,e,0)), if (xl,e,0) €9,

(x%,e,0)), if (xl,e,0) € R, (20)
(x%,e,0)) Ny IC((XI,e,o)), if (xI,e,0) € QNNR,

™
W
-
)
S
2

for each (x!,¢,0) € &.
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CXxEXO,

)761, 1)7 (((x%,x%,x%),eg, 1)
)761,0)’ (((x%,:r%,xg),eg,O)

3
3
3
3

),617 1)v (((I%,LE%, Ig)a €3, 1)7 (((z%,x%,x
),61,0), (((x}lvx%a ‘T%)v 6370)7 (((x},x%,x

3
2
3
2

—
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Example 4.14. Consider the fuzzy hypersoft expert set (H, ) in Example 4.2. Also, we assume that

Neutrosophic Sets and Systems, Vol. 43, 2021

(1,23, @
(21,21, 2

Then, the restricted intersection and extended intersection of fuzzy hypersoft expert sets (#,Q) and
(K, R) are respectively
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Definition 4.15. Let (7—~[,Q), (/6, R) € Cp(A,PB). Then, the restricted union of fuzzy hypersoft expert
sets (H,9) and (I, R) is denoted and defined by (£, &) = (H, Q) U (K, R) where & = Q NK and

L((x"€,0)) = H((x",¢,0)) Uy K((x, €,0)) (21)
for each (x!,¢,0) € &.
Definition 4.16. Let (ﬁ,ﬂ), (IE, R) € €x(A,B). Then, the extended union of fuzzy hypersoft expert
sets (7,9Q) and (I, R) is denoted and defined by (£, &) = (H, Q) Lig (K,R) where & = Q U R and

(x,e,0)), if (xl,e,0) €9,
(x1,e,0), if (xl,e,0) €R, (22)
((XI,e,o)) Uy IC((XI,e,o)), if (xIe,0) € QNNA,

™
W
-
a
S
)

for each (x!,¢e,0) € &.

Example 4.17. We consider the fuzzy hypersoft expert sets (7—7,,53) and (IE,iR) in Examples 4.2 and
4.14, respectively. Then, the restricted union and extended union of fuzzy hypersoft expert sets (7—7, 9Q)
and (K, ) are respectively

(=1, 2%, 23), e1,1),{ ©Day, 04 05,04 ag}),
~ = (((z1,22,23), e2,1), { Way, 02) as, (09 as}),
FD IR =0 (2222, 01,00, { ©9a1,09 05,09 ag), [
1:41:,43) €1, 1 29 3
(21, 23,23), €2,0), { ©Pa, %) a3, az}) ]
and
(=1, 2%, 23), €1,1),{ ©Day, 0 ay,03) ag}),
(=, 2%, 2%), €2,1),{ @ %1,(0 4 ay,(07 a3}),
(=1, 2%, 2%), e3,1),{ ©Vay,03) a,,03) ag}),
(((95%737%7953)761’1) {(04)a1,(0) a2,( a3})7
(((x},23,23),e3,1),{ ©Day,06) g5 (03) gg}),
(((z1, 23, 23), €1, 1), { ©Tay, 0V 4y, ag}),
(=], 2%, 23), e2,1),{ Way, 0 ay,09 ag}),
(H,9) Up (K, %) = (1, 21,23), 3, 1), { ©Pay, 09 03,09 a3}),
’ ’ (21,27, 29), e1,0), { (0'4)a1,(0 2 43,09 ag}),
(((z1, 23, 29), €2,0), { ©Day, 09 4y, ag}),
(((z1, 2%, 23), e3,0),{ ©Day, 07 05,07 ag}),
(((z1,22,23), e1,0), { (09)ay,0:6) gy,(05) g3}y,
(((z1,22,23), e3,0), { (a1, 03) ay,(03) a3}y,
(((z}, 23, 23),e1,0), { ©Day,(00) 4,09 g3},
(=, 2%, 23), 2,0),{ ©2ay,05) ay,05) ag}),
(21,27, 23), €3,0), { ©Tar, (09 a5, az})

Proposition 4.18. Let (H,9Q), (K, R), (£, &) € €x(A,B). Then, the following properties are acquired.
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(): (H,9Q) o (K,R) =g (K,R) o (H,Q) for each o € {Mg,Ug}.

(ii): (H,9Q) o ((K,R) o (£,6)) =5 (H,Q) o (K,R)) o (L£,S) for each o € {Ag, Ug}.

(iii): (7, Q)< ((K,R) o (L, &) =g (H,9) o (K,R)) o (H, Q)< (L, S)) for each 0,0 € {Mg, Ug}.
(iv): ((H,9Q)o (K, R)E =g (H,Q)" o (K,R)"E for each o,0 € {Mg,Ug} and o # o.

Proof. The proofs are straightforward.

Proposition 4.19. Let (”;fl, 9Q), (IE, R), (Z, S) € €x(A,B). Then, the following properties are acquired.
(): (H,9) o (K,R) =5 (K,R) o (H,Q) for each o € {Mg, Ug}.
(il): (H,9Q) o (K,R) ¢ (£,8)) =g (H,Q) o (K, R)) o (£,S) for each o € {Ng,Ug}.
(iii): (7, Q)0 (K, R) o (L, 8)) =g (H,9) o (K,R)) o (H,Q) o (L,S)) for each 0,0 € {Ng, g}
(iv): ((H,9Q)o (K, R)E =g (H,Q)" o (K,R)"E for each o,0 € {Ng,Ug} and o # o.

Proof. The proofs are straightforward.

5. n-ary Fuzzy Hypersoft Expert Sets

In this section, we initiate the theory of m-ary fuzzy hypersoft expert sets including both n-ary fuzzy

hypersoft sets and fuzzy hypersoft expert sets.

Throughout this section, {A; : j € J = {1,2,...,n}} is a collection of universal sets such that A;NA; =0

for each j,7' € J ={1,2,...,n}and j # j'. FA) = [] F(4,) = F(A1) xF(A2) x ... xF(A,) where F(A;)
JjeJ

denotes the set of all fuzzy sets in A;. Also, X1, Xo, ..., X,, are the pairwise disjoint sets of parameters

(e, X;N Xy =0 foreachi,i’ e I ={1,2,...m}and i #¢), X =[] X; = X1 x Xa x .. X X, Eisa
el
set of experts, O is a set of opinions, P =X x £ x O and Q C V.

Definition 5.1. A pair (ﬁn, ) is called an n-ary fuzzy hypersoft expert set over A = {41, As, ..., A, },
where H,, is mapping given by
Hy : Q — F(A). (23)
Simply, an n-ary fuzzy hypersoft expert set can be given as
(Hn, Q) = {((x%¢,0), Ha((x",e,0))) : (x1,¢,0) € Q and Hn((x',e,0)) € A}

_ 1

{(Mﬂn((xlveﬁ))(a ))al cal € Ar},
~ 2

{(#’Hn((xlvevo))(a ))a2 . CL2 S AQ}v

= (XI’67 0)7 ' : (XI767 O) 6 Q )

{(uﬁn((xI,S;O))(am))am ca™ e Am}
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where H a) (XY e,0)) = {(“ﬁn((x1»8v0>)(aj))aj cal € Aj} for j = 1,2,...,n and it is termed to be an
Aj-part of H,((x, e, 0)).

Especially, if n = 2, 3,4 and 5 then it is called a binary fuzzy hypersoft expert set, ternary fuzzy hyper-

soft expert set, quaternary fuzzy hypersoft expert set, quinary fuzzy hypersoft expert set, respectively.

Note 8. The set of all n-ary fuzzy hypersoft expert sets over 2 = {A;, As, ..., A, } for B is denoted by
Cen, (2, P).

Example 5.2. Consider the problem in Examples 3.2 and 4.2. Assume that he/se seeks the opinions
of 3 experts with the intention of determining the optimal car(s) for each segment (i.e., A;, A2 and
Agz), simultaneously. The set of experts is £ = {ej,ea,e3} and the set of opinions is O = {o; =
agree(l), oy = disagree(0)}. For

(@] a3, ), e1,1), ({©a 1<°6>a5,<°3>aé},{@-%%”)a%},{<°1>a3 003,02 ad}),
(03,2, e2,1), (D0l 0 3, O a} {©9a 09 ag), {04 300 ad})),
(a1, 8, 28), e3, 1), (O}, 09 03,09 a}, {00} (02) a3}, (O 1109 ),
(21, 23,23, e1,1), ({©Da} 02 0}, O al} {O3a3, <°6>a%},{03 o v, L0 ),
(((x%,x%,x%),eg,l),({(l)a%,(o %7( 9) 1} {04a 7( 0-4) a2} {(05 3( a3}))
i - ) (@hadad) e 1), ((0a],09 6l 09 al}, {0}, 09 2}{04 a3 ad})),
P =N (ot ad),e1,0), (090,09 09 al), (09 02 ) {<°1>a?,<°2> 1109 a3))
((a},23,21), 2,0), {©Pa},09) a}, ) af}, {9 a2, 0) a3}, {0-4 1,090 63,00 a})),
(2}, 2%, 2), €3, 0), (Va7 a}, 0D 0}, {0903 02) a3} {OaF, 00 03,03 a3})),
(2}, 2%, 23), €1, 0), ({*Va} 09 a}, 09 a3}, {073 O a3} {23, 09 0, 1) a3},
(((x%,x%,x%),eg,()),({(0'1)@,(05) a%7(03) a§}7{(0'2)a%7(0 a2}7 (1)61:15,(05) (0'3) ag}))?
(((x%,m%,x%),eg,O), ({(0 7) (0 6) a%’(O ) a%,}? {(0'7)(1%7(0'7) a§}7 {(0 7)@?7(0 2) 3 (0'7) a%}))

Definition 5.3. Let (H,,Q) € €xn, (A, B). Then,
(a): (Hn, Q)' = {(¢, Hn(q)) : ¢ € X xEx {1} C Q} is named to be an agree n-ary fuzzy hypersoft

expert set over 2.
(b): (Hn,9Q)° = {(¢. Hn(q)) : ¢ € X x €& x {0} C 9} is named to be a disagree n-ary fuzzy
hypersoft expert set over 2.

From the definition, it is clear that (Hy,, Q) U (Hn, Q)0 = (Hn, Q).

Example 5.4. We consider the ternary fuzzy hypersoft expert set (?:Zg,ﬂ) € Cpn,(2A,PB) given in
Example 5.2. Then, the agree ternary fuzzy hypersoft expert set (7—~[3,D)1 and the disagree ternary
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fuzzy hypersoft expert set (ﬁg,ﬂ)o are respectively

(21,27, 2), e1,1), (©Pa}, 9 03,09 al}, {OVa ) ag}’{(‘“)ai’ 06 a3, ad})),
(21,27, 2), e2,1), (P}, 0 03,07 al}, {©Pa? 06 a3}, {0, 0D a3 OV ad})),
7 el (((zf, 21, 29), e3,1), (O}, a3, a3}, {*Va 2(02 a3}, {Ya}, 0 a3, a})),
)= (2,27, 23), e1, 1), {7 af (02 ah, O 1},{(03)61%,(06) a3}, {¥a?, 09 a3,V ai})),
(((m%,x%,x%),ez,l),({() 17(02) 1(09 1} {0'4)(12 (0.4) 2} {(0.5 3(02)a§ (0.3) 3}))
| (((x%,x%,x%),eg,l),({(0'3)a%,(0'3) 06 1} {(05 03 2} {04)(1 (0.2) 3(06 3}))
and
' (((z%,x%,x?),eho),({(0'4’a1 ©2) a3, a3}, {©9a3,02) a3}, {Vaf, 02 a3 09 ad})), )
((ah 7, ,2.0), ((09a] 09 09 a}) {0909 ) (092,09 301 ),
90 (((w%,x%,wi’),ez,o),({‘0'7)a%,‘0'7)a%,(o'”ag} {9a1,02 a3}, {Va}, " a (03) a3})),
P72 (21, 2%, 23), e1,0), (Va0 03,0 a3}, {Tag, 04 a3}, {”% 09, 3(01 a3})),
(((zf, 21, 23), €2,0), {"Va}, ) a3, ag}, {©Pa}, @ a3}, {Vad, 0 3(03 a3})),
[ (((1,2%,23), €3,0), {*Va], 09 a}, 0 af}, {*Daf O %},{0%17(02) a3, a3}))
Definition 5.5. Let (H,,Q) € Cun, (A, R).

> @

(a): If Hao((xL e, 0)) = (0,0,. @) (i-e., oy ((xL,e,0) = Vj € J) for each (x!,¢,0) € 9 then
it is termed a relative null n-ary fuzzy hypersoft expert set (with respect to ), denoted by
(Z) Nn 1t ) = 9B then it is called a null n-ary fuzzy hypersoft expert set and denoted by (DEN".

(b): If HL((x%,e,1)) = (@,@, ...,@) (i.e., H}l(j)((x e,1)) = 0 Vje J) for each (x1,e,1) € Q then
it is termed to be a relative null agree n-ary fuzzy hypersoft expert set (with respect to 9),
denoted by @Q . If Q =P then it is called a null agree n-ary fuzzy hypersoft expert set and
denoted by @m".

(c): T HY((!, e,0)) = (0,0, .,0) (ie., H) ;) (x4 e,0) =B Vj € J) for each (x,e,0) € Q then
it is named to be a relative null disagree n-ary fuzzy hypersoft expert set (with respect to 9),
denoted by (Z)Q i 0= ﬂ3 then it is termed to be a null disagree n-ary fuzzy hypersoft expert
set and denoted by %3

(d): If Ho((x%,€,0)) = (A1, As, ..., Ay) (ien, Hoy)((xT,e,0)) = A Vj € J) for each (xL,e,0) € Q
then it is termed to be a relative whole n-ary fuzzy hypersoft expert set (with respect to ),
denoted by EgN n. If Q =B then it is called an absolute n-ary fuzzy hypersoft expert set and
denoted by ngN”

(e): If H((x!,e,1)) = (A1, Ay, ..., Ay) (ice. ’Hn( )((xl,e, 1)) = Ej Vj € J) for each (x,e,1) € Q
then it is called a relative whole agree n-ary fuzzy hypersoft expert set (with respect to 9Q),
denoted by XgN’ll. If 9 = P then it is called an absolute agree n-ary fuzzy hypersoft expert set
and denoted by A\gN

(£): IEHO((xL,e,0)) = (Ay, Ay, ..., Ay) (ie. Hn(j)((xl,e,O)) — A; VjeJ)foreach (x\,e,0) € Q

then it is named a relative whole disagree n-ary fuzzy hypersoft expert set (with respect to ),
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-~ 0
denoted by AgN". If 9 =B then it is called an absolute disagree n-ary fuzzy hypersoft expert

~ 0
set and denoted by A(gN".

Example 5.6. The following ternary fuzzy hypersoft expert sets are given as examples of relative null
disagree ternary fuzzy hypersoft expert set (with respect to Q) and relative whole agree ternary fuzzy
hypersoft expert set (with respect to ) over 2.

\

(e ), 2,0, (V0 03,0 ) (0,0 a3}, (VO O ai),
(21, 21,29), €2,0), {Va},@ a3,V ad}, {Va], @ a3}, {Va?,© a3,V ad})),
GENS (21,22, 21), €3,0), {Va1,@ a3, a3}, {©ad, @ a3}, {Oat, 0 a3, ad})),
(=], 21,23),€1,0), {Va1,@ a3,V a3}, {Va],© a3}, {Va?,© a3,V ad})),
(((zf, 21, 23), €2,0), {Va1, @ a3,V a3}, {Va],© a3}, {Va?,©) a3,V ad})),
(21, 21,23), 3,0), {Vai,? a3, a3}, {©a, @ a3}, {©a},© a3, a3})) |
and
([ (21,23, 23),e1,1), {(Vaf, OV ab, W aj}, {Vad, D a3}, {Vad, V) a3,V ad})),
(1,23, 29), e2, 1), ({Pag, D a, M aj}, {Maf, M a3}, {Vad,V a3,V ad})),
AEM _ (21,22, 2), e3.1), (Pag, M a3, M az}, {Maf, M a3}, {MVad, D a3,V ad})),
(1,23, 23), e1, 1), ({Daf, W ab, WV al}, {Mag, W a3}, {Vaf,V a3,V ad})),
(1,21, 23), e2,1), {Maf,D a3, M az}, {Ma], M a3}, {MNad, M a3,V ad})),
(21,27, 23), 3, 1), (Maf, MV a3,V ag}, {Maf, M a3}, {Vad, D a3,V ad}))

Definition 5.7. Let (H,,9Q), (Kn,R) € Can, (A, P).
(a): (ﬁn, ) is called an n-ary fuzzy hypersoft expert subset of (En, ), denoted by (ﬁn, Q) Egn,
(K, R), if Q C R and

Hoi) (X €,0)) T Ky (6L, €,0)) Vi€ J (24)

for each (x!,e,0) € Q.
(b): The n-ary fuzzy hypersoft expert sets (ﬁn,Q) and (/En,m) are called equal, denoted by
(s Q) =pn, (Ko R), if (Ha, Q) Epn, Ky R) and (K, R) Cpn, (Ha, Q).

Example 5.8. Consider (Hs3,9Q) in Example 5.2 and the (Hs,9Q)' and (H3, Q)° Example 5.4. It is
clear that (ﬁg,ﬂ)l and (7—73,53)0 are ternary fuzzy hypersoft expert subsets of (’ﬁg,Q). Furthermore,

~ 0 ]
@5N3 is ternary fuzzy hypersoft expert subset of (Hs, Q).

Definition 5.9. Let (H,,Q) € €y, (A, P). Then, the relative complement of n-ary fuzzy hypersoft
expert set (ﬁn,Q), denoted by (ﬁn,Q)TENn, is defined as
(ﬁm Q)TENH = (7:2:17 Q)? (25)

where ﬁz(j)((xl, e,0)) is the fuzzy complement of ﬁn(j)((xl, e,0)) (Vj € J) for each (x!,e,0) € Q.
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Example 5.10. Consider the ternary fuzzy hypersoft expert set (7—~[3,Q) in Example 5.2. Then, the
relative complement of ternary fuzzy hypersoft expert set (Hs, Q) is

(e} 23, ad), e, 1), ((O2ad 09 a3 O ad) {0930 a3} (ONa}, 09} 09 ai)),
(((I%,x%,z‘i’),eg,l),({(0'8)(11 (0.6) 1 (0.3) 1} {0.7 2 (0.4 2} {(0'6)(13 (0.6) 3(0.9) 3}))
(G 2,02, . 1), (09 07 63,07 ) (093 09 63, {0943 07) g3 09 g3
(((mix%amg)’elv1)’({(03%&’(08) %’(06) 21’>}7{(07)a%5(04) %}7{(07 ?7(06) %7(0) as ))7
(e} 23, 2),e2,1), (Va0 0} O ), (903,09 ag), {(©9)a] 09 o 0D af}))

_ (((I% x% zg) es 1) ({(0'7)(11 (0.7) 1 (0.4) 1} {0.5 2 (0.7 2} {(0.6)a3 (0.8) 3 (0.4) 3}))

TENa ’ ) ) ’ I

(H3, Q)" = (((z},22,29), e1,0), ({061 08) 4 1 [(05) g1y 1(0:4)2 (0.8) 421 1(0:9)43 (0.8) 3(07) a})),
(((m%,x%,m‘;’),e%O),({(05)@,(04) %’(07) il’>}7{(07)a%5(07) 3}7{(06 ?7(05) %7(09) g}»v
(]2, 01), 5,0, ({©2ad 09 03,9 ad) {9} O 3} (Daf (09 o 0D af}))
(e} 23 23). 02,0, (Va0 6}, 9 0}, {©902,09 a3], {(09)a] 09 a3, 02 af})),
(2}, 23, 28), €2,0), ({9}, 09 a}, 0D ad}, {©9a3, D) a3}, {0 ©) 08,09 a3})),
(((1‘%, x%, xg), €3, 0)7 ({(0'3)0&7(0'4) a%7(0'5) a§}7 {(0'3)a%7(0'3) a%}, {(0'3)(1?7(0'8) a%7(0'3) ag}))

Proposition 5.11. Let (H,,Q) € €gn, (A, B). Then, we have the following.
(1): ((Ha, Q)evn) =8 =gy, (Ha, Q).
(i): (AZ™)ev =g, (B5™).

(iii): (DEN=)ronn =gy, (AEN),

Proof. The proofs are straightforward.

Definition 5.12. Let (Hn, ), (Kn,R) € €gn, (A, B). Then, the restricted intersection of n-ary fuzzy
hypersoft expert sets (Hy, Q) and (Ky,R) is denoted and defined by (L, S) = (Hp, Q) Ay, (Kn, R)
where & = QNA and

~ ~ I ~

L) (x1,€,0)) = Hpy (X" €,0)) Ny Ky (X" e,0)) Vi€ T (26)
for each (x!,¢e,0) € &.

Definition 5.13. Let (H,,9Q), (Kn,R) € €gn, (A, ). Then, the extended intersection of n-ary fuzzy
hypersoft expert sets (Hn, Q) and (K,,,R) is denoted and defined by (L, &) = (Hyp, Q) Mew, (Kn, R)
where & = QU R and

Ha((xe,0)), if (x%e0)€Q,

(xl,e,0)), if (x!,¢e,0) € R, (27)
((

Ko
Hp xI,e,o))ﬂflC (x%,e,0)), if (xl,e,0)c QNNR,
(

for each (x!,e,0) € &, where Eq. (26) is applied to obtain #,((x%, e, 0)) ar K (xh).

Example 5.14. Consider the ternary fuzzy hypersoft expert set (7?[3,53) in Example 5.2. Also, we
suppose that

((($%7m%7$§)7617 1), (((x%7x%ﬂ$§)7e3v 1)7 (((xhx%vxg)velﬂ 1)7 (((x%vxhxfi)ve% 1)7 } CXxEx 07

R =
{ (((x%,x%,x%),el,()), (((.’L‘%,I%, x§)7 e3,0), (((l‘%,l‘%,x%), e1,0), (((w%,x%x%), e2,0)
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and
(1, 27, 23), e1,1), ({OYaq,l
(1,27, 23), e3,1), {*?ay,
(a1, 2,23),e1,1), {OPaf,©
Fony_ J (ot ad) e 1), (OVat©
(a1, 2,23),1,0), {P)af,©
(a1, 2,23), 3,0), {7 af,©
(1, 27, 23), e1,0), {*Paq,l
[ (1, 27, 23), €2,0), ({*?ay,

Then, the restricted intersection and extended intersection of ternary fuzzy hypersoft expert sets (7?[3, Q)

and (Ks,9R) are respectively

(Hg, Q) MEN; (’Cg, 9%)
(((z1,23,23), e1,1), {©Daf,(
) (2,23, 23), 2, 1), ({©Va] (O
(21,22, 23), €1,0), ({*Va},®
(21, 223,23), e2,0), ({(*Val

and

([ (((21,23,23),e1,1), {©Da}, 09 o}
(((z},23,23), e2,1), {©Da}, O a
(((z}, 23, 2%), e3,1), ({9}, 03 o}
(((z},23,23), e1,1), ({©Ya}
(2,23, 23), 3. 1), ({©2a},09) a}
(((z}, 23,23),e1,1), ({©Dal, 02
(((z},23,23), e2,1), {©Va}, 0D

) (23, 28), es, 1), ({0 a]09)

) (2,23, 23), e1,0), ({©9a}, 02
(21,23, 2%), €2,0), ({©Da},00)
(((z},23,2%), e3,0), {©Da}, 0D
(((z},23,23), e1,0), ({©Dal,©6)
(((m%,x%,x%),eg,O),( ) % )
(=1, 2%, 23), 1,0), {*Vai
(((z},23,23), €2,0), {©Va}, 0
(2}, 23, 23), e3,0), ({7}, 09

S
N —
\./‘\

)0}, 09 al}, {0
a%,(0‘4) a%}, {(0.4)(1%’(0.4) a%}, {(0.2)a§’(0.5) a§7(0.1) a%})) ’

{(07a ,(03 a2,03) 1} {(1
,{(01a,(0) 1(04 %},{04

0.3) 1}{04)(1 02) {(0

i

i

1,00:3) (
1,009 (
509 al} (O3
%( ) (
1 ) (
©

2109 a3), (09

[(03) al}, {04 2(05 a2}, {01 [(06)

(07 all, {(03)g 2(06 2}{04

(03) all, (07)g 2(02 a2}, {(04)a3 (03) 37(

{(04)41 (0) 1(07 all, {(03)42, (01) a2}, {0943

3(04),
0.3) 1} {(04 2(02 2}{ 04)
0.4) 1} {(03 2(03 2} {03
05) }{(0 04) 2} {05 0.2)
00101} (0967,09 ). {

’ 0.7) ail’)}a {(0.5 a%(O.Q a2} { 0 3 (0.4)

1

)

)
0.3) a%}, {(0.3)a

)
0.5) 1} {(0.7) 2 (0.4 a2} {03 a:%

2} {02 ail’)7(05
0.3) a:lj,}, {(0.2 %’(0) %}7{ (0.2) ail’)7(0 4)

109103, {0162 07 2} (07158 0205 07 o)

[(0.4) 3(
[(02), 3, (0.2)
a2$

[

(

(

( (0.4

(0.5) a%}’{(o.ﬁ a%’(o .2) a2} {(0 Da‘?, 0.2) 4 3 (0.3) 3}))
( %,(0.3) a2}, {(04)az;, (05) 3 (0.1)
( ) (0)

( ) (

(

09 g3} (045} 0 1>a2,

0.7) 1} {(03 2(01 2} {06)a (04)a2,(03)a§})),

(04) 3, (0

7 ag})),

0.4 as} {05)a (0.3) 2} {(03 3(02)a%’(02) 3}))’
(04 2} {05)a (0.2) 3(02 %} )’
05) g1}, {07)a (0.4) a2}, {(03 3(01)
09k}, (1067.09) a3}, {0030 ),
4) 1} {(04 2(0.4 2} {0'2)a3 (0.5) 3(0.6) a%})),
a%,(“ all, {05)a (0.6) a2}, {(02 3(04)

3.0V ag})),

30 a)))

a3, a3})),

3 (0.2) ,3 (0.2
43,02 43 02)

ai})),

)

090,09 )}, (0263,0 a3}, (OO 0} 09 o)

3(“2 a3})),
a3}))
03})),
309 ai),
3(0.7 3}))
Va3})),
%“” )
3(06 3}))

Ja3})),
a3})),
-1 ad})),
a3})),
2( b a3})),

3.0 a3})),
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Definition 5.15. Let (H,,Q),(Kn,R) € Cpn, (A, P). Then, the restricted union of n-ary fuzzy
hypersoft expert sets (Hy, Q) and (Ky,R) is denoted and defined by (L, S) = (Hp, Q) Upn, (Kn, R)
where & = QNA and

~ ~ I ~

En(J)((xI e,0)) = My (X', €,0)) Uy Kn(j)((xl,e,o)) ViedJ (28)

for each (x!,e,0) € &.

Definition 5.16. Let (Hy, Q), (Kn,R) € €an, (A, B). Then, the extended union of n-ary fuzzy hyper-
soft expert sets (Hp, Q) and (K,,R) is denoted and defined by (£, &) = (Hn, Q) Ugn, (Kn, R) where
6 =9QUMR and

H
Ln((x%e,0)) = l%;n((xl,e,o)), if (xl,e,0) €, (29)
H

for each (x¥,e,0) € &, where Eq. (28) is applied to obtain H,((x, e, 0)) Us K (xh).

Example 5.17. We consider the ternary fuzzy hypersoft expert sets (7:23, Q) and (163, M) in Examples
5.2 and 5.14, respectively. Then, the restricted union and extended union of ternary fuzzy hypersoft

expert sets (Hs, Q) and (K3, R) are respectively

(H3,Q) Upn, (K3,R)
(21, 23,23),e1,1), {©7al, 0D al, OV al} {0563 ,00) o3} {©03)g3 04 o3 (1) a3})),
_ (21, 23,23),e2,1), {Val, 02 al, 09 a1} {002 O g3} {0543 (0-2) %7(03 a3})),
(((z1,2%,23), €1,0), ({©Pa},0) 6,05 g1}, {072 (04 g3} ((0-2)43 (05) g3 (0-6) g3})),
(((x},22,23), e2,0), ({©Pa}, 09 a} 05 g1}, {(05)a2 (06) 42} {(Dg3 ( 05) )a3}))

and
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(H3,9Q) Upn, (K3, R)

(e}, 23, 2), 1, 1), ({09 09 a} 09 o}, (O a3} {00 09 af 02 o)),
(a0 0,1). (102,09 050 a3}, (0962092} {00030 )
(] a3.28). €3, 1), ({9}, 09 3,09 ), {0 0943}, (09609 09 ),
(((w}a3.23).e1,1), ({Va} 0 0}, O 1}{0%1 oy 2}{0% 005,09 ),
(et af.af). 3,1, (00} 09 03,09 afy, (063,02 ag), (01 0 0 ),
(o}, 28,3, 1, 1), (07,09 03,0 ), (0942,09 a3}, (09 09 0 ),
(e}, 3. 23). e2,1). ({(Va} 02 0}, 09 1} (0962,09 ) (09,09 .09 3.
(a0 1), (090,09 6,09 . (0962094 (0002 4309 g3
(]2, 2),e1,0), ({©Va}. 0 ], 09 o}, {09202 a3}, {2} 09 43}))
((($%7$%,xi‘s)762’0)’({(O.S)G%’(O.t‘»)a%’(o.:s)aé}’{(OS)a%’(OS) 2} {(0.4 3 (0.5) 3 (0.1) 3}))
(e a7, 60.0) (1070l 07 6} 07 o]} {07309 ) {009 09 g3,
(e}, 23, 23).0,0). ({©a} 09 a3, af}, {076 09 a3}, (09a 0D 0,0 a})),
(a7, 63,0), (070} 09 6109 o} {003 09 a3}, (090 <°>a§ ).
((($%,3§‘%,.’L’§),61,0),({(0'3)0&,(0'6)CL%,(O'E))CL%) ,{(07)a%,(04 2} {(02 3(05) (0.6) 3}))
(a8 2,0), (102 09 0, 0) a3, (0962 (092} {01} 093,09 ),
(@} a?.a). €300, ({070} 09) 0}, 09 o) {076 0D a3}, {07}, 02 a4, ad)

\

Proposition 5.18. Let (H,,9Q), (Kn,R), (Ln, &) € Cpn, (A, PB). Then, the following properties are
satisfied.
(1) (Hn, Q) o (Kn, R) =g, (Kn,R) o (Hn, Q) for each o € {Mgn,,YUpn, }-
(ii): (Hn, Q)0 ((Kn,R) 0 (Ln, &) =g, (Hn, Q)0 (Kn,R))o (Ln, &) for each o € {Mpw,,Yen, }-
(iii): (Hn, Q) o (Hn, R) 0 (Ln, 8)) =N, (Hn, Q) (Kn,R)) 0 (Hn, Q) ¢ (Ln, &)) for each 0,0 €
{MenN,,YEN, }-
(iv): ((Hn, Q)0 (Kn,R))EVn =pn, (Hn, Q) EVn 0 (K, R)"ENn for each o,0 € {Mgn,,Upn, } and
© £ o.

Proof. The proofs are straightforward.

Proposition 5.19. Let (Hn,Q), (Kn,R), (Ln,S) € Cun (A, B). Then, the following properties are
satisfied.
(): (Hn, Q) 0 (Kn,R) =gn, (Kn,R) o (Hn, Q) for each o € {Ngn, ,Ugn, }-
(i): (Hn, Q)0 ((Kn,R) 0 (L, S)) =N, (Hn, Q)0 (KnyR)) 0 (Ln, S) for each o € {MNgn,,Urn, }-
(iii): (Hn, Q)0 (Hn, R) 0 (L1, 6)) =5, (Hn, Q)0 (Kny R)) 0 (Hn, Q) 0 (L, S)) for each o,0 €
{NenN,,UEN, }-
(iv): ((Hn, Q)0 (K, R)EVn =g, (Hn, Q) EVn 0 (K, R)"ENn for each o,0 € {Ngn,,Ugn, } and
© £ o.
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Proof. The proofs are straightforward.

6. An Application of n-ary Fuzzy Hypersoft Expert Sets

In this section, we present a possible application of n-ary fuzzy hypersoft expert set theory in real-life

problem.

We construct the following algorithm to determine the optimal choice in each universal set in the

n-ary fuzzy hypersoft expert set setting.

Algorithm 1.

(1) Input the n-ary fuzzy hypersoft expert set.
(2) Construct (in the tabular form) the agree n-ary fuzzy hypersoft expert set and the disagree
n-ary fuzzy hypersoft expert set.

3) For the agree n-ary fuzzy hypersoft expert set, calculate c,i = Z(ai)l for each j € J.
1

)
4) For the disagree n-ary fuzzy hypersoft expert set, calculate & = Z(ai)l for each j € J.
l
)
)

(
(
(5) Compute score value sl = q,]c - di for each j € J.

(6) Find v; for each j € J which s,, = max si for each j € J, and then determine the optimal

choice @ in each universal set A;.

In the tables of agree n-ary fuzzy hypersoft expert set and disagree n-ary fuzzy hypersoft expert set,

(ai)l corresponds the fuzzy value in the I-th row for ai.

Now, we ready to give an application of n-ary fuzzy hypersoft expert set theory in handling real-life

problem.

Example 6.1. Suppose that an association wants to determine the best films of the year in the fields
of drama, comedy and documentary and to award these films at an award ceremony to be organized by
the association. The sets of nominated films of drama, comedy and documentary are A; = {a},a},al},
Ay = {a?,a3} and A3 = {a},a3, a3}, respectively. Also, the association hires the jury members (ex-
perts) to determine the best of the films in each category. Assume that & = {ej,e2} is a set of jury.
The jury should analyze the characteristics or attributes of these films. Therefore, they consider the
disjoint parameter sets X1, Xo and X3 based on the story, message and narration of film, respectively.
These sets are X1 = {x1 = originality, ¥ = fiction}, Xo = {22 = ease of perception, x5 = essence},
and X3 = {2} = narrative style, ¥3 = audiovisual quality}, and thereby X = X; x Xo x X3. Fol-
lowing the serious discussion, the jury constructs the following ternary fuzzy hypersoft expert set for
P=XxExO.
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The steps of Algorithm 1 may be followed by the association to determine the best of the films in each

category.

In Tables 1 and 2, we give the agree ternary fuzzy hypersoft expert set and the disagree ternary

fuzzy hypersoft expert set, respectively.
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TABLE 1. Agree ternary fuzzy hypersoft expert set

at a3 a3 a? a? a$ as as
((z],2%,2%),e1,1) 0.4 0.3 0.2 0.1 0.7 0.3 0.4 0.1
((z1,22,23),e2,1) 0.4 0.6 0.4 0.3 0.2 0.6 0.8 0.1
(1,23, 23),e1,1) 0.7 0.5 0.3 0.4 0.2 0.2 0.1 0.4
(1,22, 23),e2,1) 0.4 0.4 0.2 0.2 0.5 0.3 0.1 0.2
((z1,23,23),e1,1) 0.4 0.2 0.2 0.6 0.4 0.3 0.2 0.1
(1, 23,23),e2,1) 0.4 0.2 0.3 0.2 0.5 0.1 0.4 0.1
(1,22, 23),e1,1) 0.1 0.6 0.5 0.5 0 0.1 0.3 0.5
((z1,23,23),e2,1) 0.4 0.7 0.6 0.8 0.7 0 0.6 1
(23,22, 23),e1,1) 0.4 0.4 0.2 0.3 0.6 0.8 0.4 0.4
((z3,23,23),e2,1) 0.2 0.5 0.3 0.2 0.1 0.1 0.5 0.3
((x3,23,23),e1,1) 0.5 0.6 0.3 0.4 0.5 0.4 0.6 0.2
((z3,2%,23),e2,1) 0.3 0.6 0.3 0.3 0.5 0.1 0.6 0.2
((z3,23,23),e1,1) 0.1 0.6 0.3 0.4 0.4 0.1 0.6 0.2
((x3,23,23),e2,1) 0.7 0.7 0.3 0.2 0.5 0.1 0.6 0.2
((z3,23,23),e1,1) 0.7 0.3 0.3 0.4 0.3 0.1 0.8 0.7
((z3,23,23),e2,1) 0.7 0.1 0.3 0.4 0.5 0.1 0.6 0.2

TABLE 2. Disagree ternary fuzzy hypersoft expert set

ay aj as af a3 aj a3 a3
((z},22,23),e1,0) 0.5 0.5 0.3 0.4 1 0.2 0.6 0.5
((z1,23,23),e2,0) 0.4 0.6 0.4 0.4 0.4 0.1 0.4 0.4
(2}, 22,23),e1,0) 0.6 0.8 0.3 0.4 0.5 0.1 0.6 0.2
((z},22,23), e2,0) 0.9 0.5 0.3 0.4 0.5 0.1 0.6 0.2
((z1,23,23),e1,0) 0.3 0.3 0.3 0.4 0.5 0.1 0.6 0.4
(2}, 22,23), e2,0) 0.3 0.4 0.3 0.4 0.6 0.1 0.6 0.4
((z1,23,23),e1,0) 0.2 0.2 0.3 0.4 0.2 0.1 0.6 0.2
(1, 23,23), e2,0) 0.2 0.2 0.4 0.4 0.5 0.1 0.6 0.3
(23,22, 23),e1,0) 0.6 0.6 0.3 0.5 0.5 0.1 0.6 0.4
((z3,23,23), e2,0) 0.8 0.6 0.3 0.4 0.2 0.1 0.6 0.2
((z3,23,23),e1,0) 0.4 0.5 0.3 0.4 1 0.1 0.6 0.1
(23,22, 23), e2,0) 0.3 0.4 0.3 0.5 0.5 0.1 0.4 0.2
((z3,23,23),e1,0) 0.5 0.5 0.3 0.4 0.6 0.1 0.6 0.3
(23,22, 23), e2,0) 0.4 0.5 0.2 0.4 0.4 0.5 0.6 0.4
(23,22, 23),e1,0) 0.2 0.5 0.3 0.8 0.3 0.1 0.7 0.3
((x3,23,23), e2,0) 0.3 0.7 0.3 0.2 0.6 0.3 0.7 0.1

From Tables 1 and Table 2, we have the score values in Table 3.
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TABLE 3. Score values s,

ai al a3 a? a3 a? al as

S (al) a =68 =173 aAd=5 2 =57 3=66 =37 =76 &=51
1

& =(al)y di=69 dy=78 di=49 di=68 d3=83 =23 di=94 d3=46

c;’;

l
o —dl  s]=-01 sy=-05 s5=01 si=-11 s3=-17 si=14 s3=-18 s3=05

s] =
Since max 5,1y1 = s} and max 5'272 = s? and max 533 = s} from Table 3, the best films of the year in

the fields of drama, comedy and documentary are determined as si, s3 and s, respectively.

7. Conclusions

In this chapter, the concepts of n-ary fuzzy hypersoft set, fuzzy hypersoft expert set and n-ary fuzzy
hypersoft expert set, which are effective mathematical models for dealing with many kinds of uncer-
tainties in the real world, were introduced. Also, the basic operations such as complement, intersection
and union of these emerged types of fuzzy hypersoft sets were defined and some of their remarkable
properties were discussed. An application was given to illustrate how the n-ary fuzzy hypersoft expert
set sets can be useful in solving a problem in real-life. The topics of future research may be develop-
ing the n-ary fuzzy hypersoft sets, fuzzy hypersoft expert sets and n-ary fuzzy hypersoft expert sets
in theoretical aspects such as describing new operations and characteristic properties in more general
frameworks, and also investigating their practical applications in decision making, medical diagnosis

and game theory.
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Abstract: Carbon nano tubes (CNT) are the main parts of the electronic devices. Due to high carrier
mobility, these devices have very high speed. CNT has a wide range of application in making sensors
which can detect different types of diseases, materials, viruses and bacteria. The main problem in the
CNT based field effect transistors (CNTFETs) is leakage current. For the reduction of leakage current,
high k-gate dielectric are the most suitable materials. The purpose of this research is to find the most
suitable high k-gate dielectric for the CNTFETs using Neutrosophic Hypersoft set TOPSIS (NHSS-
TOPSIS). Since NHSS-TOPSIS are useful when attributes are more than one and are further bi-
furcated. The concepts of TOPSIS has practical applications in computational intelligence, machine
learning, image processing, neural networks, medical diagnosis, and decision analysis. A practical
application for ranking of alternatives with newly developed NHSS-TOPSIS approach is illustrated
by a numerical example for CNTFETs. The validity and superiority of NHSS-TOPSIS with existing
approaches is also given with the help of a comparison analysis.

Keywords: Carbon Nano Tube (CNT), Neutrosophic Soft Set (NSS), Hypersoft Set, CNTFETS, K-Dielectrics,
TOPSIS, Neutrosophic Hypersoft Set (NHSS), MCDM.

1. Introduction

Carbon nano tubes (CNT) are long, thin cylinders of carbon. They can be considered as a sheet of
graphite rolled into a cylinder. Since its discovery by lijima in 1991, it has caught the attention of the
researchers due to its remarkable structure, physical and chemical properties. CNT has high electron
mobility and larger mean free path for carrier transport. The transistors whose structure is based on
CNT have larger transconductance [1-5]. Most of the CNT based transistors are made of single walled
CNTs. These single walled CNTs have one dimensional structure. Due to this, the carrier movement
is limited to a single direction. So the scattering of charge carriers at different angles is prevented.
Also, it causes the throw transfer of charge carriers [6-12].

The first CNT based transistor were constructed in 1998 after which a lot of research have been
done to improve CNT based transistors. The switching in CNT based field effect transistors
(CNTFET) may be arisen at contact or in bulk as compared to conventional bulk switched Si devices.
Also, the switching process depends upon CNT diameter, nature of electrodes, geometry of
electrodes, device geometry and gate dielectric [13-14]. CNTFETs have many advantages over Si

based FETs. CNTFETs may operate in ballistic regime with high k-gate dielectrics which causes the

Muhammad Saglain, Naveed Jafar and Muhammad Riaz, A New Approach of Neutrosophic Soft Set with Generalized Fuzzy
TOPSIS in Application of Smart Phone Selection.
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transistor to work at higher speed. They are widely used for making sensors. These sensors are able
to detect proteins, DNA sequence, bacteria and toxic materials [15-21].

The performance of CNTFETs is dependent upon source material, drain material and gate
dielectric. With the advancement of the electronics, the size (dimension) of electronic devices is
becoming smaller day by day. The decrease in size causes a leakage current. The main purpose of
high k-gate dielectrics is to reduce leakage current. The high k-gate dielectric which have been used
so far with CNTFETs are Hafnium Oxide (HfO0,), Aluminum Oxide (Al,0;), Hafnium Silicate
(HfSi0,), Zirconia (Zn0,), Yttrium Oxide (Y,03), Lanthanum Oxide (La,0;), Silicon dioxide (5i0,)
and Silicon Nitride (Si;N,) [22-31].

Zadeh [32] advanced his significant idea of fuzzy sets in 1965 to deal with various styles of
uncertainties and proposed fuzzy sets and this theory was extended by [33] named as Intuitionistic fuzzy
number theory. Smarandache [34] initiated the notion of neutrosophic sets which consider
indeterminate/uncertain information in today’s problems and incorporated not only membership
and non-membership grades, but also indeterminacy grades assigned each component of the
discourse universe with is limitation that the sum of three independent grades chosen in the interval
[0,3]. Later on, fuzzy, intuitionist and neutrosophy theories were extended to fuzzy softset [35,36]
intuitionistic soft set [37] and neutrosophic soft set [38]. Smarandache [39] generalized soft set to hyper soft set
(HSS’s) by changing the function into multi decision function. The HSS’s was extended to neutrosophic
hypersoft set (NHSS) [40] along with some MCDM techniques like TOPSIS and many applications [41-44]

In this research, eight different k-dielectrics are considered. The motivation of this research is
to find which k-dielectric is most suitable alternate of CNTFETs for high power communication. The
modelling of this problem shows that attributes are more than one, and are further bi-furcated. Thus,
keeping in mind, the set structure of hypersoft sets we decided to apply NHSS-TOPSIS technique to
find the optimal choice for k-dielectrics and results are compared with [45].

The remainder of this paper is structured as follows: Firstly, fundamental definitions are given
about hypersoft set and neutrosophic hypersoft set theory. After, the step-wise algorithm of NHSS-
TOPSIS is present. In section 3, we propose the idea of a case study of CNTFETs and some parameters
have been considered. Section 4 provides the comparative analysis of calculation. Finally, in Section

5, a conclusion is outlined with future directions and limitations.

2.Preliminaries
Definition 2.1: Semiconductors [10]
These are the materials which are poorer conductors than metals but better than insulators. For

example, Silicon (5i), Germanium (Ge) and Gallium Arsenide.

Definition 2.2: Transistors [6]
It is an electrical device which consist of two PN junctions fabricated on a same single crystal. It has
three main parts i.e. emitter, base and collector. Transistors are used to amplify and switch the

electronic signals and electrical power.

Muhammad Umer Farooq, Muhammad Saglain, The Application of Neutrosophic Hypersoft Set TOPSIS (NHSS-TOPSIS) in the Selection

of Carbon Nano Tube based Field Effective Transistors CNTFETSs



Neutrosophic Sets and Systems, Vol. 43, 2021 214

Definition 2.3: Dielectrics [30]

These are the materials which are poor conductors of electricity. It is an insulator but an effective
supporter to electric filed.

Definition 2.4: High k Dielectrics Materials [31]

Dielectric materials which have high value of dielectric constant are called high k dielectric materials.
Metal oxides have usually had high dielectric constant. They are usually used in MOSFETs as gate
dielectric.

Definition 2.5: Carbon Nano Tube (CNT) [47]

These are tubes made of carbon with diameters typically measured in nanometers range. Carbon
nanotube is theoretically distinct as a cylinder fabricated of rolled up grapheme sheet. Carbon
nanotubes often refer to single-wall carbon nanotubes (SWCNTs). Single-wall carbon nanotubes are
one of the allotropes of carbon, intermediate between fullerene cages and flat graphene. Most of the
physical properties of carbon nanotubes derive from graphene.

Definition 2.6: Carbon Nano Tube Field Effective Transistors (CNTFETs) [48]

They are referred as a field-effect transistor in which a single carbon nanotube or an array of
carbon nanotubes is used as the channel material instead of bulk SilicOn which is used in the
traditional field-effect transistor. They were first discovered in 1998. CNTFET is a nano scale
device that can provide low-power integrated circuits with high performance and high-power
density.

Definition 2.7: Neutrosophic Hypersoft Set (NHSS) [39-40]

Let U be the universal set and P(U)be the power set of U. Consider L1513 .. 1"forn>1, be n
well-defined attributes, whose corresponding attributive values are respectively the set
L, L% L3 .. L" with L'n L = @,for i #j and i,je{1,2,3 ...n} and their relation L' x L x L} ..L" = §,
then the pair (F,$) is said to be Neutrosophic Hypersoft set (NHSS) over U where;

F:L'x12x12...L" - P(U)and

FL!x 12 x 12 .. 1M) = {<x, T(E®)),1I(E($)),F(F$)) > x € U} where T is the membership value of
truthiness, I is the membership value of indeterminacy and F is the membership value of falsity such
that T,I,F: U - [0,1] also 0 < T(E($)) + I(E($)) + F(E($)) < 3.

3. Calculations

In this section an algorithm is proposed to solve MCDM problem under neutrosophic environment.
3.1 Algorithm

TOPSIS (Technique for Order Preference by Similarly to Ideal Solution) is a suitable approach to deal
with multi-attribute decision making problems.

Consider a multi-attribute decision making problem based on neutrosophic hypersoft sets
(NHSSs) in which U = {&!,#?, ... t*} be the set of alternatives and L, L, .. L, be the sets of
attributes and their corresponding attributive values are respectively the set LI, LIZ’, - L where

ab,c ..z=12,..n. Let W be the weight of attributes L}Z.,j =12..b, where 0 <Ww/ <1 and
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?=1 W = 1. Suppose that D = (P, D,, ... D;) be the set of ¢t decision makers and A" be the weight

of t decision-makers with 0 < 4* <1 and X!, 4" = 1. Let [Ai;] Xbbe the decision matrix where
a

Af = (T’-‘- i, F;j.k), i=123..a,j=123,..b,k=a,b,c,..z and T

S Lo Faelol], o<Tr +

ijk’ l]k’ ijk

[;x + Fi < 3. Utilizing the following steps, the determination strategy for the selection of

ijk ijk

alternatives can be obtained.

Step 1: Determine the Weight of Decision Makers
Let [Aij] Xbbe the decision matrix where it is given as follows:
a

[A La(u’1) lfa(u’) Ffﬂ(“&) TLb(u’1) If,,(u'l) FLb(U’1) Tfi(ﬁ’). ifg(ﬁ’). ng(ﬁ') Tf{;(ﬁ’z). ifg(ﬁ’z). ng(ﬁ’z) ng(&z),iztzz(ﬁ’z). lezz(ﬁ’z)
laxp = T%(U’z) I%(U’z) FLg(U’z) TL‘ll(u'a) lftll(ﬁ’a). ng(ﬁ’a) szzn(ﬁ’a). ifg(&a): Ff(ﬁ’a) ng(ﬁ’a). ifi(ﬁ’a), Ffﬁ(ﬁ'a)
To find the ideal matrix, we average all the individual decision matrix Ag- wherex = 1,2 ...t with

the followings:
* _
[A i ] axb

TE“(&l)riza(&l)rFEa(ﬁ’l) sz(&l)’iZb(&)'sz (Try) - Ti(uﬂ' iii (uy), Fzg(uﬂ
TLa(u'z) ILa(u’z) FLa(u'z) TL(U'Z) ILb (u’z) FL(u’z) ng(uz):izg(uz):qg (uz) where

TL (wa) ILa (wa) FLa (ua) TLb (u'a) IL(lra) FLb (u'a) Tzi (fra): Iii (&a)' FEIZ’ (&a)

Aj; = <T£§§(ﬁ’i): i;;_c(&): sz (ﬁ’i)>
t % ¢ % t %
=|1- 1_[ <1 - TE;;(&)> ;1_[ <if§c(ﬁ’1)> .1_[ <Ff§(ﬁ’i)>

Step 2: Determine the weight of attributes

the elements of A; in the matrix [Aij]

: _ t
w18 calculated as [Aij]axb_ 1-— X=1<1_

X

A* A*
T@(%)) T (Lk(u )) N - (F’L‘jc(&i)) , i=123..a,j=123,..band x = 1,2, ...t.

Step 3: Determine the weight of attributes

In the decision-making procedure, decision-makers may perceive that all attributes are not
similarly significant. In this manner, each decision-maker may have their own opinion regarding
attribute weights. To acquire the gathering assessment of the picked attributes, all the decision-makers

opinions for the importance of each attribute need to be aggregated. For this purpose, weight W of
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attributes L]Z.,j =12..b is calculated as w = (TL,IL_, FL_) = (1 -1, (1 —
L")

1) e () T ()
L‘j ) x=1 L‘j ’ x=1 Lj )

Step 4: Calculate weighted aggregated decision matrix

After finding the weights of individual attributes, we use the weights to each row of the aggregated
decision  matrix  with [A{‘]’ = (T(]:)k (&), 17’ (), B (frJ) = <(TLk (ir,). T, (iL{c () + iLj —
ax gl ’ g gl % g ’

iL;c (). 1L,) , (F e () + FLj - F (). FLj)>' Then, we get a weighted aggregated decision matrix.

Step 5: Determine the ideal solution

In real life we deal with two types of attributes, one is benefit type attributes and the other is
cost type attributes. In our MAGDM problem, we also deal with these two types of attributes. Let C;
be the benefit type attributes and C, be the cost type attributes. The neutrosophic hypersoft positive

ideal solution is given as A]‘-"+ = <TZ}+(&L-), i(l:z;r(&i)' FE}JF(CPL-)) = {{T;} (ﬁ‘l)},{lz} (fn-)},
{Fﬁ;(ﬁ'i)} ,j ECq {Tf(u’ } {I (i, )} { Lk(u' } ,j € C, . Similarly, the neutrosophic hypersoft
negative ideal solution is given as A? = (T%_(&i)' i%_(fri), FZ{(&J) = {{Tz’;{ (frl)},{lz} (fri)},
@) Jeo i@l fip@} @) Jec

Step 6 Calculate the distances

Now, we should find the Normalized Hamming distance between the alternatives and positive ideal

solution with D”(Af]’, A7 ) = ;b (|TLk (&) — T (u’)|

1) = 15" (@)] + | B @)
wf(fn)l). Similarly, we find the Normalized Hamming distance between the alternatives and

1
positive ideal solution as B~ (Aj}’, AP ) = ;Z;’:l

(@) - 7o @) +

@) - 14 @) +
7]

(@) - B @)|)

Step 7 Calculate the relative closeness coefficient

Relative closeness index is used to rank the alternatives and it is calculated with,i = 1, ..., a,

i p(apay”) Dt (agag”)
RO = o ()]~ minifor(agaey) (D

The set of selected alternatives are ranked according to the descending order of relative closeness

index.
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3.2 Numerical Example:

In this section, we will discuss the case study for the selection of high k-gate dielectric for CNTFETs
using mathematical tools. CNTFETs are the main part of electronic devices these days. The problem
of the leakage current affects its performance. The high k-gate dielectric can be used to reduce the
problem of leakage current. So, the more efficient CNTFETs devices can be constructed alternatives

are considered in Table 1.

SR NO. DIELECTRIC DIELECTRIC Band Gap Conduction Structure
MATERIAL CONSTANT (k) Eg4 (eV) band with
respect to Si
AE, (eV)
1 Si0, 3.9 8.9 3.2 Amorphou
s
2 Al,0; 9.0 8.7 2.8 Amorphou
S
3 HfSi0, 11 6.5 1.8 Tetra
i Zr0, 25 5.8 1.4 Mono,
Tetra,
Cubic
5 La,05 30 6.0 2.3 Cubic
6 Y,05 15 5.6 2.3 Cubic
7 HfO, 25 5.7 1.4 Mono,
Tetra,
Cubic
8 SisN, 7.0 5.1 2.4 Amorphou
s

TABLE 1: The alternatives with attributive values
Let U be the set of all dielectric materials that can be used at junction interface as gate dielectric, so
U= {B;, Dy, B3, Dy, Bs, Dy, Dy, Dy}
Where b, = Si0, ,b, = Al,05, D3 = HfSi0,, b, = Zr0,, D5 = La,0;, Dg =Y,0;,D; = HfO,,
bg = SizN,

Let us consider the following attributes;

A, = Dielectric constant

A, = Band Gap E (eV)

A; = Conduction band with respect to Si AE, (eV) A, =
Structure

So b; =Universal set of dielectrics where (i=1,2,3,4,5,6,7,8)and A; = Set of attributes where (i
=1,2,3,4).
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AY = Dielectric constant = {3.9,9.0, 11, 25, 30, 15, 25, 7}

AIZJ = Band Gap E, (eV) = {89,8.7,6.5,5.8,6.0,5.6,5.7,5.1}
A5 = Conduction band with respect to Si AE, (eV) = {3.2,2.8,1.8,1.4,2.3,2.3, 1.4, 2.4}
AZ = Structure

= {amorphous, amorphous, tetra, (cubic, mono, tetra), cubic, cubic, (cubic, mono, tetra), amorphous}

Now, let us define the relation for the function f :P; X D, X D3 XD, X Ds X Dg X D, X bg = P(U) as,
f(P; XD, xDP; XD, xPs XD XD, X Pg) = (8 = dielectric constatn = 30,"Y = Band gap =

8.9,1 = Conduction = 2.3,7 = structure = cubic)= (P, x Ps x D;) is the actual sample of the CNT

for the CNTFETs. Three patients {b,,Ds,D,;} are selected based on sample. The panel of three

doctors (decision-maker) {M!, M?, M3} will examine the sample and select the most relevant

CNTFETs. These decision-makers give their valuable opinion in the form of neutrosophic number

based on their experience and knowledge, and are presented in NHSM, separately, as follows:

(8(0.6,0.5,0.4)) ("Y(0.2,04,0.6)) (1(0.2,0.3,02)) (#(0.80.2,0.2))
M1 = | (8(0.40.2,0.2)) (¥(1.2,0.4,03)) (¥(1.0,07,038)) (1(0.2,04,07))
(6(0.7,0.6,0.5)) ("Y(0.6,0.7,0.19)) (1(0.5,0.4,031)) (#(0.8,0.21,0.48))

(8(0.1,0.5,03)) ("v(0.7,05,04) ) (1(0.8,0.3,0.7)) (1(0.6,0.4,0.7))
[M?]4y, = (8(0.2,0.4,09)) ("(0.3,0.210.0)) (1(1.0,0.1,0.9)) (1(0.4,0.1,06))
(8(0.6,0.5,0.9)) ("¥(0.4,0.7,091)) (¥(03,0.6,041)) (1(0.34,0.16,0.19) )

(6(0.8,0.2,0.1)) ("Y(0.6,0.4,02)) (1(0.6,0.3,0.5)) (1(1.0,0.4,0.5))
[M*]5,, = | (8(0.4,0.2,0.4)) (Y(33,014,0.13)) ((0.12,0.2,0.44)) (1(0.53,0.25,0.4))

(8(0.5,0.4,0.6)) (Y(0.5,0.6,0.91)) (1(0.3,05.,0.23)) (11(0.8,0.1,03))

Step 1 Determine the Weights of Decision Makers
To determine the weights of the decision-makers, first, we find the similarity measure between each

decision matrix {Ml,MZ,M3} and the ideal matrix S* using S (Afj,A?j =1-

O XD WA |

3ab

Tf;,c(ﬁ’i) - T;g_c(ﬁ'i)| + -f;c(ﬁ’i) - i;?(&i)| + -Lx}c(ﬁ’i) - F;}c(ﬁ'i) }. So, S (p1,p) =

0.5641, S(p,,p.) = 0.1224, S(p,,p.) = 0.1046. Now we calculate the weight 4% for (x = 1,2,3) of

. .  _ _ sagay)
each decision-makers using 4% = - We have
=1 s(ahap)

L 0.5641
4 = = 0.7130
(0.5641 + 0.1224 + 0.1046)
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p 0.1224 ;
- = 0.1547
(0.5641 + 0.1224 + 0.1046)
0.1046
A3 =0.1322

" (05641 + 0.1224 + 0.1046)
Step 2 Aggregate Neutrosophic Hypersoft Decision Matrices
Now we construct an aggregated neutrosophic hypersoft decision matrix NHSM, to obtain group
decision. We obtain, [p] 3y, =
(8(0.116,0.341,0.312)) (Y(0.896.0.341,0.334) ) (1(0.234,0.241,0.210))
(9(0.352,0.112,0.007) )
(8(0.621,0.241,0653) ) (*¥(0.342,0.121,0.732)) (1 (0.234,0.466,0.369) ) (1(0.251,0.144,0.330))
[(6(0.871, 0.636,0.346) ) ("v(0.212,0.1111,0.203) ) (1(0.223,0.761,0.474) ) (1(0.467,0.831,0.120)) ]

Step 3 Determine the weight of attributes

Weight W of attributes Lyj=12..bis calculated using W = (TL,iL,, FL.) = (1 -1, (1 -
=i 7T
Ax . X Ax . . Ax
. . .
TLj) P Hix=l (ILI') P x=1 (FLJ) )
Al A2 A3
we get w' = (0.7224,0.6938,0.2346), w* = (0.6755,0.1340,0.1004), W* =

(0.2821,0.1269, 0.0992)

Step 4 Calculate the weighted aggregated decision matrix
After finding the weights of attributes, we apply these weights to each row of aggregated decision

matrixusing [45] = (r (@), 1), ) <fri)) _ (W @7 (15 +1, -

iL;( (tr,). iL,) , (FL;‘ () + FLj - FL}‘ (ir,). FLj)>' We get a weighted aggregated decision matrix  [S*]

as follows:[$ ]34 =
[(80.342,0.121,0.732)) ("¥(0.754, 0.466,0.369) ) (1 (0.871,0.636,0.346) ) (#(0.812,0.1111,0.203) ) (8(0.467, 0.8

Step 5: Determine the ideal solution

Neutrosophic  hypersoft positive ideal solution is calculated using 50" =
[(8,(0.23,0.53,013)) (*Y, (0.95,0.16,0.62) ) (¥, (0.75,0.85,0.75) ) (#, (0.42,0.85,0.13))] .
Similarly, the neutrosophic hypersoft negative ideal solution is given as sY =
[(8,(0.34,052,0.77)) (Y, (0.23,0.32,0.21)) (v, (0.86,0.23,0.11)) (1, (0.12,0.09,0.03))].

Step 6 Calculate the distance measure
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Now we find the normalized hamming distance between the alternatives and positive ideal

solution using D”(A:‘]’,A]‘*’ )= iZ?:l (|T;:§§’-(ﬁ’i) - T (i )|

1) = 153" )| + | Pk -
Ff’-‘+(&)|) - We get D*(5%,5¢7) = 0342, B**(s5%,5°) = 0.127, B**(59,5°") = 0.985,
7]

Similarly, we will find the normalized hamming distance between the alternatives and negative ideal

solution using
_ 1 - — . -
p(agar) = 32 ([T - T @] + [ - 1@ +

We get, D'7(5%,5° ) = 0.741, D*~(5%,5° ) = 0.443, D> (5%, S‘“_) = 0.332.

Step 7: Calculate the relative closeness coefficient

(@) - F (@)

G pi*(atap")
muxi{{)‘ (Af‘]’ A;" )} " min {D‘+(A§‘;.A;"+)}.

Now we will calculate the relative closeness index using Rp; =

We get
o, 04351 0332
P1= 04351 0345 °~
py 0443 0747
P2 = 04351 0345
_ 0332 0345 _
Rps = 0.4351 0345 12.50

By using NHSS-TOPSIS for neutrosophic hypersoft sets, we can decide that which CNT is good for
CNTFETs using the values of relative closeness coefficient in descending order. We rank the selected
alternatives as shown in Table. 2 according to the descending order of relative closeness index as D5 >

b, > D;. This shows that Ds is the alternative which is goof for CNTFETs.

Relatives Closeness -22.40 -32.50 -12.50

using NHSS-TOPSIS

Table 2. Relative closeness coefficient measurement and ranking of alternatives

4. Result Discussion

The performance of the CNTFET devices is primarily dependent on gate dielectric, source and drain
material. The reduction of size of an electronic device causes leakage current which may be reduced
by using high k gate dielectric as gate. The choice of this high k-gate dielectric depends on the

properties of materials like dielectric constant, energy band gap etc. La,0; is the best among all the
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potential candidates as gate dielectric as it has high dielectric constant as compared to all others. The
drain current in CNTFET’s increases with the relative dielectric constant for a fixed value of the drain
voltage. So La,0; gives the highest value of the drain current among all the other candidates for the
gate dielectric. Moreover. La,0; has high current on/off ratio and low leakage power which makes
it a suitable candidate for CNT based electronic devices [45]. Difference between thermal expansion
coefficient of CNT and thermal expansion coefficient of La,0; is very small as compared to

difference of other dielectrics [46] and present in Table 3.

Methods Ranking of alternatives Best alternatives
Ankita Dixit, Navneet Gupta. [45] b; >b, >b,. bs
Ankita Dixit, Navneet Gupta [46] b, >b; >b,. bs
The NHSS-TOPSIS b; >b, > D,. b;

TABLE 3. Comparison analysis of final ranking with existing methods

5. Conclusions

The concept of neutrosophic hypersoft TOPSIS (NHSS-TOPSIS) is a strong model for MADM. With
the development of this technique we robust MADM method for CNTFETs selection by using NHSS-
TOPSIS for NHSSs. Meanwhile, a practical application for ranking of alternatives with newly
developed MADM approach is illustrated by a numerical example. We computed correlation
coefficient and relative closeness by using our method and compared the results with existing
methods of [45-46]. The validity and superiority of this method with existing approaches is also given
with the help of a comparison analysis. Finally, it is deduced that NHSS-TOPSIS is more efficient,
impressive and suitable.
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Abstract: The objective of this work is to define for the first time the concept of inner product in a
neutrosophic vector space V(I) and a refined neutrosophic vector space V(I;,1,) . Also, this paper
introduces many interesting properties of neutrosophic real inner products and establishes the
theoretical foundations of neutrosophic functional analysis such as neutrosophic normed spaces,
refined neutrosophic normed spaces, neutrosophic real inner product spaces, refined neutrosophic
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1. Introduction

Neutrosophy is a new branch of philosophy founded by Smarandache to study the indeterminacy in
all activities and branches of science. Neutrosophic set and its generalizations such as refined
neutrosophic set and n-refined neutrosophic set became useful tools in the study of topology
[7,8,32], neutrosophic algebraic structures such as modules, groups, matrices, and different kinds of
rings [1,3,5,6,9,11,14,15,16,22,23,24,30,33,34], and equations [31]. On the other hand, neutrosophic
sets were used widely in applied mathematics and engineering such as optimization, artificial
intelligence, health care, decision making , and industry [25,26,27,28,29,35,36,37,40,41]. On the other
hand, neutrosophy is very effective and applicative in the study of many applied fields such as
probability, statistics, analysis and Diophantine equations [39,42].

The concept of inner product was defined in classical vector spaces as a linear function takes its
values in a field such as R or C, which plays an important role in the study of norms, metrics, and
functional analysis [12,13].

Agboola et.al presented the concept of weak and strong neutrosophic vector space in [10], and
refined neutrosophic vector space in [17,18] from an algebraic view as new generalizations of
classical vector spaces. Recently, Smarandache et.al defined n-refined neutrosophic vector space in
[20], with many interesting substructures [2]. Sankari et.al have proved that the weak neutrosophic
vector space is isomorphic to the direct product of V with itself in [21]. This means that inner
products defined over a weak neutrosophic vector space V(I) can be studied easily by taking its

isomorphic image to the classical case.
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In this work, we aim to extend classical real inner product to the neutrosophic and refined neutrosophic case.
We define the concept of inner product over a strong neutrosophic vector space V(I) and over a strong
refined neutrosophic vector space V(I;,1,) and we study its basic properties, which is considered as a first
step in the theory of neutrosophic functional analysis.

The main result of this work is to prove that Cauchy-Schwartz inequality is still true in neutrosophic
and refined neutrosophic spaces.

One of the most difficulties is that neutrosophic and refined neutrosophic real numbers has no order
relation, so that we define an order relation, so we can study inequalities between such numbers.
Motivation

We regard that there is not a strict definition of inner products in neutrosophic systems based on
neutrosophic spaces, thus our motivation is to close this important research gap by defining the

basic theoretical concepts of functional analysis based on neutrosophic numbers and spaces.

2. Preliminaries

Definition 2.1 : [10]

Let (V,+,.) bea vector space over the field K, (V(I),+,.) is called a weak neutrosophic vector space
over the field K, and it is called a strong neutrosophic vector space if it is a vector space over the
neutrosophic field K(I).

Elements of V(I) have the form x + yI ;x,y € V, i.e V(I) can be writtenas V(I) =V + VI.

Definition 2.2 : [10]

Let V(I) be a strong neutrosophic vector space over the neutrosophic field K(I) and W(I) be a non
empty set of V(I), then W(I) is called a strong neutrosophic subspace if W(I) is itself a strong
neutrosophic vector space.

Definition 2.3 : [10]

Let U(I) , W(I) be two strong neutrosophic subspaces of V(I), then we say that V(I) is a direct sum of
U(I) and W(J) if and only if for each element x € V(I), then x can be written uniquely as x =y + z such
yeU(l) andz € W(I)

Definition 2.4 :[10]

Let vy, v,..v; € V(I)and x € V(I), we say that x is a linear combination of { v;;i = 1..s} if

x= a,v; + -+ azv such a; € K(I).

The set { v;;i = 1..s} is called linearly independent if a;v; + -+ a;v; = 0 impliesa; = 0 for all i.
Theorem 2.5 : [10]

If { vy,..vs} is a basis of V(I) and f:V(I) » W(I) is a neutrosophic vector space homomorphism,
then { f(v,), ... f(vs)} is a basis of W(I).

Definition 2.6: [13]

Let V be a vector space over the field R, consider the following function g:V X V — R, then g is called
real inner product if and only if:

(@) gla,a) 20,g(a,a) =0if and only if a = 0.

(b)g(a,b) = g(b, a).

(c) gma + nb,c) =mg(a,c) + ng(b,c).Forall a,b,c €V,m,n €R.

V is called a real inner product space.

Definition 2.7: [12]
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Let V be a real inner product space, the norm of any element x € V is defined as follows:

lIxll = Vg Cx,20.

Definition 2.8: [13]

Let V be any vector space over the field R, the function || |[|:V = R is called a norm if and only if:
@) llxll = 0, llm.x|| = [m].[|x||.

B lx + yll < llxll + vl for all x,y € Vand m € R.

(¢) llx|l = 0if and only if x = 0.

Theorem 2.9: [12] (Cauchy- Schwartz inequality)

Let V be any real inner product space. Then |g(x,y)| < lIx|[l|yllfor all x,y € V.

3. Neutrosophic inner product spaces

First of all, we shall define a partial order relation (=) on the neutrosophic field of real numbers
R(D).

Definition 3.1: [39]

Let R(I) = {a + bl; a,b € R} be the real neutrosophic field, we say that a + bl < ¢ + dI if and only
ifa<canda+b <c+d.

Theorem 3.2: [39]

The relation defined in Definition 3.1 is a partial order relation.

Remark 3.3:

According to Theorem 3.2, we are able to define positive neutrosophic real numbers as follows:
a+bl=0=0+0.] impliesthat a >0,a+b = 0.

Absolute value on R(I) can be defined as follows:

la + bI| = |a| + I[|la + b| — |a]], we can see that |a + bI| = 0.

Example 3.4:

x = 2 — I is a neutrosophic positive real number, since 2> 0and (2—-1) =1 = 0.

241> 2, thatisbecause 2 >2and (2+1)=3>(2+0) =2.

Definition 3.5:

Let V be a vector space over R, V(I) be its corresponding strong neutrosophic vector space over R(I).
Let f:V(I) x V() - R(I) be amap, we call it a neutrosophic real inner product if it has the following
properties:

@ floy)=f,%).

(B)f(x,x) = 0,if f(x,x) =0if and only if x = 0.
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(¢) flax + by, z) = af (x,2) + bf (y,2z) forall x,y,z € V(I),a, b € R(]).

V() is called a neutrosophic real inner product space.

Definition 3.6:

Let V(I) be any neutrosophic real inner product space, consider any two elements x,y € V(I). We
say that x+y if and only if f(x,y) = 0.

Now, we suggest a kind of real neutrosophic inner products which can be derived from any classical
inner product on the space V.

Theorem 3.7

Let V be any inner product space over R, consider g:V XV — R as its inner product. Then the
corresponding neutrosophic strong vector space V(I) has a neutrosophic real inner product.

Proof:

We define f: V() x V() - R(I); f(a+ bl,c +dl) = g(a,c) +1[gla+b,c+d)—g(ac)] foralla+
bl,c +dl € V(I). We prove that f is a neutrosophic inner product.

Let x=a+bl,y=c+dl,z=m+nl €V(),hencea,b,c,d mneV,lett=k+sl,l=r+pl€
R(I), we have

fl,y) =f(a+bl,c+dl) =g(a,c)+I[gla+b,c+d)—glac)=

g(c,a) +1[g(c +d,a+b) - g(c,a)]=f (¥, x).

fl,x)=g(a,a)+I[gla+b,a+b)—gla a)] =0, thatisbecause g(a,a) = 0and[g(a+ b,a+b) —
g(a,a) + gla,a)] =gla+b,a+b) =0.

f(x,x) = 0 implies g(a,a) +I[g(a+ b,a + b) — g(a,a)] = 0, hence g(a,a) =0and g(a + b,a +
b)=0,thus a=0anda+b =0,sothat a=b =0and x = 0.

Now, we shall compute tx + ly.

tx =ka+I[kb+sa+sbl=ka+1[(k+s)(a+b)—kally=rc+I[rd+pc+pd] =rc+

I[(r + p)(c + d) — rc], hence

tx+ly=lka+rc]+I[(k+s)a+b)—ka+ (r+p)(c+d)—rc],

fltx+ly,z) = g((ka +rc,m)) + I[g((k +s)a+b)+ (T +p)c+d),m+ n) — g((ka + rc),m)] =
kg(a,m) +rg(c,m) +I[{(k +s)gla+bm+n)+ (r +p)g(c+d,m+n) — kg(a,m)—rg(c,m)].

On the other hand we have:
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t.f(x,2) = (k+sh.[gla,m)+I[gla+bm+n)—glam)] =k.glam)+Ik.gla+bm+n)—
k.gla,m)+s.glam)+s.gla+bm+n)—s.gla,m)] =k.gla,m) +1[k.gla+b,m+n) —
k.g(a,m)+s.g(a+ b,m+n)].

If(y,z) = (r +pD.[glc,m) +I[glc+d,m+n)—glc,m)]=r.glc,m)+1[r.glc+dm+n)—
r.glc,m)+p.glc,m) +p.glc+d,m+n)—p.glc,m)] =r.glc,m) +I[r.glc+d,m+n) —
r.glc,m) +p.g(c +d,m+n)].

Now, we can find that

fltx +ly,z) = tf(x,z) + If (v, 2), thus f is a neutrosophic inner product.

Definition 3.8:

(a) The neutrosophic real inner product introduced in Theorem 3.7 is called the canonical
neutrosophic real inner product generated by g.

(b) Let V be any vector space over R, with a classical real inner product g, V(I) be its corresponding
neutrosophic strong vector space, let f be the canonical inner product generated by g, the canonical
norm of x = a + bl is defined as follows:

llx = a+ bl|| = \/f(x,x).

Theorem 3.9:

Let V be any vector space over R, with a classical real inner product g, V(I) be its corresponding
neutrosophic strong vector space, let f be the canonical inner product generated by g, we have
@) llxll = llall + I[lla + bll = llall]] forall x = a + bl € V(I).

(b)Forx =a+bl,y =c+dIl, x*~y ifand onlyif a+c,and a+b-+c +d.

(¢) lla+ bI|| =1 if and only if |[a|| = |la + b|| = 1.

(d) If |la+ bI|| = 1, then g(a,b) < 0.

Proof:

(a) We use definition 3.8 to compute |la + bI||*> = f(a + bl,a + bl) = g(a,a) + I[g(a + b,a + b) —
9(a a)]=

lall* + I[lla + bII* — llall?].

Now, we prove that m = |lall + I[lla + b|| — llall]. By easy computing, we find

[lall + ITlla + bll — llall]]* = llall* + I[lla + blI* — llall*] = f(x,x), thus
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llxIl = llall + ITlla + bl = llall].
(b) x+y if and only if f(x,y) =0, hence g(a,c) +I[g(a+ b,c+ d) — g(a,c)] = 0, this implies that
gla,c)=0,g(a+b,c+d)=0,thus a-c,and a+b-+c+d.
(©) lla+bI|| =1 if and only if |la|| + I[lla + b|l — llall] = 1, hence [|la|]l = 1,[la + b|| — llall = 0, thus
lla + bll = llall = 1.
(d) By section (c), we find that [la + b|| = ||la]| = 1, this means g(a + b,a + b) = g(a,a) = 1, hence
g(a,a) + 2g(a,b) + g(b,b) = g(a,a), thus ||b]|* = g(b,b) = —2g(a,b) = 0, thus g(a,b) < 0.
Example 3.10:
(a) Consider the Euclidean inner product on R?. The corresponding canonical neutrosophic inner
product on V(I) = R2(I) = {(a,b) + (¢c,d)I;a,b,c,d € R} is defined as follows:
f[((a,b) + (c, DI, (m,n) + (¢, )I)] = gl(a,b), (m,n)] +1[g((a+c,b+d),(m+t,n+s))—
g((a, b), (m, n))]= (am+bn)+I(a+c).(m+t)+ (b +d).(n+s)—am—b.n], where
a,b,c,d,m,n,s,t €R.
(b) Let x = (1,2) + (1,0)1,y = (—2,1) + (2,—1)I, we have
fGy) = D(2) + (@@ +1[(3(0) + (2)(0) — (D (=2) — (2)(D)] = 0, hence x+y.
llll = L)1 + 1121 = 1(L,2)11] = V5 + I[V8 ~ V5],
(c) Let x = (1,0) + (—1,1)1, we have |[x|| = [|(L,O)|[ + I[IICO, DI = (L0l =1+ 1[1 -1] = 1.
We can see that |[(1,0)]| = |[(1,0) + (=1, D]l =1 = |[(1,0)]].
Theorem 3.11: (Neutrosophic Cauchy-Schwartz inequality)
Let x = a + bl,y = c + dI any two elements in a strong neutrosophic canonical inner product vector
space. Then
If Ce, )1 < llxIHiyll.
Proof:
We have |f(x,y)| = lg(a, )| +1[lg(a+b,c + d)| - |g(a, OI].
Ixlyll = llallllcll + Illlallllc + all = llallllcll + lla + blllicll = llalllicll + lla + blllic + dll —
liclilla + bll = llallllc + dll + llallllclil = llalllicll + I[lla + blllic + dll — llalllcll]-
By classical Cauchy — Schwartz inequality, we find |g(a, c)| < llallllc]l, and

l[gla+ b,c +d)| < |la+ bl|llc + 4|, thus
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lg(a, ) +1[lg(a+b,c+d) —1g(a, O] < llalllicll + I[lla + bllllc + dll — llalllic|l], so that

If G I < llxllliyll-

Example 3.12:

(a) Consider the Euclidean inner product on R?. The corresponding canonical neutrosophic inner
product on V(I) = R*(I) = {(a,b) + (¢,d)];a,b,c,d € R} is defined as follows:

fl((a,b) + (c, DI, (m,n) + (¢,)1)] = gl(a,b), (m,n)] +1[g((a+c,b+d),(m+tn+s))—

g((a, b), (m, n))]= (am+bn)+I(a+c).(m+t)+ (b +d).(n+s)—am—b.n], where
a,b,c,d,m,n,s,t €R.

(b) Let x = (1,1) + (2,-1)I,y = (1,0) + (0,1)I, we have

fGoy)=1+I13-1=1+2LI1f(, | =1+2L1xI =V2+I[3-V2] Iyl =1+ I[V2—1].
llxllyll =V2Z+1[2—V2+3-V2+3V2 -3 -2+2] =V2 + 2V2I,

If(x,y)| =1+ 21 <V2 + 2V2I. Thatis because 1 <+2,1+ 2 =3 < /2 + 2V/2. (see definition 3.13 ).
Theorem 3.13:

Let V(I) be a neutrosophic strong real inner product vector space, let x = a + bl be any element in
V(). We have

(@) llxll = 0, [lm.x[| = |m]. ||xI|.

Mlx + vl < x|l + llyll for all x,y € V(I)and m € R(I).

(¢) |lx]l = 0if and only if x = 0.

Proof:

(a) Sincellx|| = llall + I{lla + bll — llall], and [lall = 0, (lla + bl —llal) + llall = lla + bll = 0, we get
that ||x|| = 0.

Let m=c+dl € R(I);c,d € R, wehave m.x =c.a + I[(c + d)(a + b) — c.a], hence

[[m.x|| = |lc.a|| + I[||(c + d)(a + b) —c.a + c.al]| — ||c.all]=

elllall + ITICc + d)llla + bll — |clllall]=

[lel + Illc + dl — Icl][llall + ITlla + bll = llalll] = Im]. ||xI|.

(b)Let x=a+bl,y=c+dl€V();ab,c,deV, [x+yll =|l(a+c)+b+d)Il|=

lla +cll + I[lla + ¢ + b + d|| — lla + cl|], by regarding classical properties of classical norms, we get

la+cll < llall + licll,lla+c+b+d| <|la+b]| + |lc +d||, thus
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lla+cll+1llla+c+b+dll—lla+cl] < llal+llcll +Illa+ bll + llc + dll = llall = llcll] = llxI +
lIyll.

(c) The proof is trivial and similar to the classical case.

According to the previous theorem, we can define any neutrosophic norm on a strong neutrosophic
vector space V(I) as a function || ||:V(I) = R(I), where conditions (a), (b), and (c) are true. V(I) is
called a strong neutrosophic normed space in this case.

Example 3.14:

(a) Consider the Euclidean inner product on R?. The corresponding canonical neutrosophic inner
product on V(I) = R2(I) = {(a,b) + (¢c,d)I;a,b,c,d € R} is defined as follows:

f[((a,b) + (c, DI, (m,n) + (¢, )I)] = gl(a,b), (m,n)] +1[g((a+c,b+d),(m+t,n+s))—

g((a, b), (m, n))]= (am+bn)+I(a+c).(m+t)+ (b +d).(n+s)—am—b.n], where
a,b,c,d, mn,s,t €R.

(b) Let x = (1,1) + (1,0)I,y = (1,—1) + (0,1)I,m = 2 + 31, we have

x+y= (2,0 +I1QD),llx +yll =120+ GV - 1201 = 2 +1[V10 - 2],

llxIl = V2 + I[V5 = V2], llyll = V2 + I[1 — V2], itis easy to check that

llx + Il < llxll + llyll-

(©) lm.xll = 11(2,2) +1[(3,3) + (2,0) + B,0)ll = 1(2,2) + 18Il = V8 + I[lI(10,5)] - V8] = V8 +
1[5V5 — V8],

Im| = 2] +I[I3 + 2| — 12|] = 2 + 3L lIx|l = V2 + I[v/5 — V2], it is easy to see that

llm. x|l = [ml]. llx|l.

It is clear that R*(I) is a neutrosophic normed space.

Definition 3.15:

Let W be a subspace of V(I), we define the canonical orthogonal complement to be the set

W ={xeVU);f(x,y) =0 forally € W}.

Definition 3.16:

Let S be any basis of V(I), we say that S is a canonical orthogonal basis if and only if

f(,y) =0 forallx,y €S.

Definition 3.17:
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Let S be any canonical orthogonal basis of V(I), we say that S is standard if and only if
x|l =1 forallx €S.
Theorem 3.18:
Let W be a subspace of V(I), and W™ = {x € V(I); f(x,y) = 0 for all y € W}be the canonical
orthogonal complement, then W™ is a strong neutrosophic subspace of V(I).
Proof:
Let x,y be any two elementsin W™, z be any elementin W, m = a + bl be any element in R(I), we
have
flx—y,2)=f(x,z) — f(y,z) =0—0=0,thus x —y € W™. On the other hand
fm.x,z) =m.f(x,z) =m.0 = 0,thusm.x € W, hence W™ is a strong neutrosophic subspace of
V(D).
Theorem 3.19:
W =w.
Proof:
The proof is similar to the classical case.
Example 3.20:
(a) Consider the Euclidean inner product on RZ?. The corresponding canonical neutrosophic inner
product on V(I) = R2(I) = {(a,b) + (¢c,d)I;a,b,c,d € R} is defined as follows:
f[((a, b) + (c,d)I, (m,n) + (¢, S)I)] = g[(a,b), (m,n)] + I[g((a +c,b+d),(m+t,n+ s)) -
g((a, b), (m, n))]= (am+bn)+I(a+c).(m+t)+ (b +d).(n+s)—am—b.n], where
a,b,c,d,m,n,s,t €R.
(b) W ={v=(x,0)+ (0,y)];x,y € R} is a strong neutrosophic subspace of V(I).
W* ={w = (t,2) + (k,s)I;t,z,k,s € R}; f(v,w) = 0, this implies
xt=0,x(t+k)+y(z+s)—xt=0,thust =0, hence xk +y(z+s) =0 forall x,y € R, thus
k=z+s=0,sothat s=—z and W ={w = (0,2) + (0,—2)I;z € R}.
4. Refined neutrosophic inner product spaces

First of all, we shall define an order relation (=) on the refined neutrosophic field of real numbers

R(14, I).
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Definition 4.1:

Let R(13,1,) = {(a,bl;, cl,); a,b,c € R} be the real refined neutrosophic field, we say that
(a,bly,cly) < (x,yL,zl,) ifandonlyif a<xanda+c<x+z,a+b+c<x+y+z

Theorem 4.2:

The relation defined in Definition 4.1 is an order relation.

Proof:

Let s = (a,bl, cly), k = (x,yl;,z1,),l = (m,nl, tl;) € R(Iy,I;), we have

s < s thatisbecause a <aanda+b<a+b,a+b+c<a+b+c.

Now, suppose that s < kandk <s,then a<x,a+c<x+zx<ax+z<a+ca+b+c<x+
v+z,x+y+z<a+b+c hence

a=x,a+c=x+z, a+b+c=x+y+z whichmeansthat c=2zb =7y and s =k.

Assume that s<kandk <[, hence a<x,a+c<x+z,a+b+c<x+y+zx<mx+z<m+
t,x +y+z <m+n+t, this implies that

a<ma+c<m+t,a+b+c<m+n+t hence s <Il. Thus = is an order relation on R(l;,1,).
Remark 4.3:

According to Theorem 4.2, we are able to define positive refined neutrosophic real numbers as
follows:

(a,bly, cl;) = 0 = (0,013, 01,) implies that a = 0,a+b+c=0,a+c = 0.

Absolute value on R(I) can be defined as follows:

[(a,bly, cl)| = (lal, (|bl = [cDI, (lc] — la])1,), we can see that |(a, bl;,cl,)| = 0.

Example 4.4:

x = (5,—2I,—1,) is a refined neutrosophic positive real number, since 5> 0and (5—-1) =4 >
0,5-2-1)=3=0.

(5,—21,,—1,) > (2,0,0), thatis because 5>2and (5-1)=4>(2+0)=2,(5-2—-1)=2>2+
0+0=2.

Definition 4.5:
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Let V be a vector space over R, V(/;,1,) be its corresponding strong refined neutrosophic vector
space over R(Iy, ;). Let f:V(Iy, ;) X V(I3,I;) = R(I, I;) be a map, we call it a refined neutrosophic
real inner product if it has the following properties:

@ floy) =f,x).

(B)f(x,x) = 0,if f(x,x) = 0,thenx = 0.

(c) flax+ by, z) = af (x,z) + bf(y,z) forall x,y,z € V(I;,I,),a,b € R(I, I).

V(Iy, 1) is called a refined neutrosophic real inner product space.

Definition 4.6:

Let V(I3,1;) be any refined neutrosophic real inner product space, consider any two elements x,y €
V(I, ;). We say that x+y if and only if f(x,y) = 0.

Now, we suggest a kind of real refined neutrosophic inner products which can be derived from any
classical inner product on the space V.

Theorem 4.7:

Let V be any inner product space over R, consider g:V XV — R as its inner product. Then the
corresponding refined neutrosophic strong vector space V(I;,1,) has a refined neutrosophic real
inner product.

Proof:

We define f:V(l,, 1) X V(I,I,) = R(Il,Iz);f((a, bl cl,), (x, yIl,xIZ)) =(g9(a,x), L[gla+b+c,x+
v+z)—gla+c,x+2)],Lgla+c,x+z)—g(ax)]) forall(a bly,cly), (x,yl,xI;) € V(I;,1;). We
prove that f is a refined neutrosophic inner product.

Let s = (a,bl, cly), k = (x,yl,,z1,),l = (m,nl, tl,) € V(I,,I;), hence a,b,c,x,y,x,t, mn €V, let i =
(e, hly,rly),j = (p,qly,wly) € R(Iy, I;), we have

f(s, k) = f((a, bl cl,), (x, yIl,xIZ)) =(g(a,x), I[gla+b+c,x+y+2z)—gla+c,x+2)],L{gla+
c,x+z)—glax)])=
(gx,a),L[gx+y+za+b+c)—glx+za+o)]Lglk+za+c)—glxa))=f,x).

f(s,s) =(g(a,a),1lgla+b+c,a+b+c)—gla+tca+c)lLlgla+ca+c)—glaa)]) =0, that
is because g(a,a) = O0and [g(a+c,a+c) —g(a,a) + gla,a)] =gla+c,a+c¢c)=0,[gla+b+

ca+b+c)—gla+ca+c)+gla+ca+c)—glaa)+glaa)l=gla+b+c,a+b+c)=0.
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f(s,s) =0 implies (g(a,a),1{gla+b+c,a+b+c)—gla+ca+c)]Lgla+c,a+c)—
gla,a)]) =0, hence g(a,a) =0and gla+c,a+c)=0,gla+b+c,a+b+c)=0,thus a =
Oanda+c=0,a+b+c,sothat a=b=c=0ands = 0.

Now, we shall compute is + jk.

is = (ea,I;[eb + ha + hc + hb + rb], I,lec + rc + ra]) = (ea,l;[(e + h+r)(a+b+c)— (e +1r)(a+
Al Ll(e +r)(a+c) —ea]), jk = (px, L [py + qx + qz + qy + wy], L [pz + wz + wx]) = (px, I [(p +
g+rx+y+2z)—@+w)x+2)],LIE+w)(x+2z) —px]), hence
is+jk=(ea+px,[(e+h+r)a+b+c)—(e+r)(a+c)+(p+qg+r)x+y+2)—(p+w)(x+

)], LI(e+r)la+c)—ea+ (p+w)(x+z)—px]),

f(is + jk, 1) = (g(ea + px,m), I, [g((e+h+r)(a+b+c)+(p+q+w)(x+y+z),m+n+t)—

g (((e +r)@+c)+(@+w)(x+2),m+ t)],[z[g((e +r)@a+)+@+w)x+z),m+t)—
(glea + px,m)]) = (eg(a,m) + pglx,m),[[[(e +h+r)gla+b+cm+n+t)+(p+q+w)glx+
y+zm+n+t)— (e+nr)gla+ecm+t)—(p+w)gx+zm+t)],L{(e+r)gla+cm+t)+
P +w)glx +z,m+t) —eg(am) —pg(x,m)).

On the other hand we have:

i.f(s,)) =(e hly,rl).(gla,m), L[gla+b+cm+n+t)—gla+cm+t),Lgla+cm+t)—
glam)]) = (eg(a,m),L[(e+h+1r)gla+b+cm+n+t)— (e+r)gla+cm+t)],L[(e+
r)gla+cm+n) — eg(a,m)]),

jfk,D) = (p,qly, wh).(glx,m), L[glx+y+zm+n+t)—glx+zm+t)],L[glx+zm+t)—
ge,m) = (pg(x,m), LI(p+q+wiglx+y+zm+n+t)— (p+w)glx+zm+ 0L+
w)g(x +z,m+n)— pg(x,m)]).

Now, we can find that

fls +jk, D) =if(s.)) + jf (k1) thus f is a refined neutrosophic inner product.

Definition 4.8:

(a) The refined neutrosophic real inner product introduced in Theorem 3.7 is called the canonical

refined neutrosophic real inner product generated by g.
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(b) Let V be any vector space over R, with a classical real inner product g, V(I;,1,) be its
corresponding refined neutrosophic strong vector space, let f be the canonical refined inner
product generated by g, the canonical norm of s = (a, bl;,cl,) is defined as follows:

s = (a,bly, ch)ll = /£ (s,s).

Theorem 4.9:

Let V be any vector space over R, with a classical real inner product g, V(I;,1,) be its corresponding
refined neutrosophic strong vector space, let f be the canonical refined inner product generated by
g, we have

(@) lIsll = (lall, Lllla + b +cll = lla + cll], I[lla + cll — llall]) forall s = (a,bl,cl,) € V(I 1).
(b)For s = (a,bl;, cl,), k = (x,yl;,zl,), s~k ifand onlyif a+x,and a+c+x+z,a+b+c+x +
y+z.

(©) ll(a,bly, ch)|l =1 ifand only if |[al| =la+b+c|[=lla+c| = 1.

Proof:

(a) We compute ||(a, bly, cl)|? = f((a, bl cly), (a, bl clz)) =(g9(a,a),L[gla+b+c,a+b+c)—
gla+ca+o)l Llgla+ca+c)—glaa))=

(lali?, Lllla + b +cll* = lla + cll?], L[lla + clI? = llall®]).

Now, we prove that \/f(s,s) = (llall, L[lla + b + cll = lla + ¢l [lla + c|l — llall]). By easy
computing, we find

[lall, Lllla + b +cll = lla + clll, L[lla + cll = llallD]* = (lall?, hllla + b + cll? = lla + clI?], L[lla +
cll> = llall?) = f(s,s), thus

sl = (llall, Lllla + b+ cll = lla + cll], I[lla + cll = llall]).

(b) stk if and only if f(s,k) =0, hence (g(a,x),1[gla+b+c,x+y+2z)—gla+cx+
z)],L[g(a+ c,x + z) — g(a,x)]) = 0, this implies that
gla,x)=0,ga+c,x+z)=0,ga+b+c,x+y+2z)=0,thus a-x,and a+c+x+z,a+b+
ctx+y+z

(0) lI(a,bly, cl)ll = 1 if and only if (llall, L{lla +b +cll = lla + clll, L[lla + cll - llall]) = (1,0,0),
hence [[a]l =1,/la+c||=llall =0, thus |la+c|| = llall =1,[la+ b +c|l = |la +cl|, thus |la+ b +

cl=lla+c]=1.
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Example 4.10:
(a) Consider the Euclidean inner product on R?. The corresponding canonical neutrosophic inner
producton V(Iy, ;) = R%(1;, 1) = {((a,b), (c,d)I;,(m,n),); a,b,c,d,m,n € R} is defined as follows:

f[(((a' b)' (C, d)Il' (m' n)IZ)' ((.X', y)' (Z, t)llﬂ (k' S)IZ))] = (g[(a, b)' (X, y)]l 11 [g((a +c+ m, b + d +

n),(x+z+k,y+t+5))—g((a+m,b+n),(x+k,y+s))],12 [g((a+m,b+n),(x+k,y+s))—

gl(a,b), (x,y)]])= (ax+ by, L[a+c+m)(x+z+k)+b+d+n)y+t+s)—(a+m)(x+k)—

b+n)y+9s)] LI(a+m)(x+k)+ (b +n)(y+s)— ax — by]), where

a,b,c,d,mnxvy,zt ks €R.

(b) Let x = ((1,1),(2,-1)1,(0,0)1,),y = ((—1,1),(1,-1)1;, (0,0)1,), we have

fey) = (DD + WA, LIEB)O) + (0)(6) — (D=1 = (D] LI (1) + (D) - (D(-1) -
(1)(1)]) = (0,0,0), hence x+y.

lIxIl = AICLDIL LI + (2, -1) + (0,001l = 1(L,1) + (0,01, L[1I(1,1) + (0,01l = 1L, DID =
(V2,1,[3 — V2], ,,[0]).

Theorem 4.11: (Refined neutrosophic Cauchy-Schwartz inequality)

Let x = (a, bl cly),y = (m,nly, tl;) any two elements in a refined strong neutrosophic canonical
inner product vector space. Then

If G < lxlHiyll-

Proof:

Wehave |f(x,¥)| = (lgla,m)|,[[Ilgla+b+cm+n+t)|—|gla+cm+t)|], Lgla+cm+t)—
lg(a,m)|]).

Iyl = (lalllimll, L{lla + b + clllim + n + ¢ll = lla + cllllm + ¢ll], L[lla + cllllm + ¢l = llalllmI]).
By classical Cauchy — Schwartz inequality, we find |g(a, m)| < [|al|||mll, and
lgla+b+cm+n+t)|<|la+b+c|lm+n+t], |[gla+c,m+t)] <l|la+c||m+t] thus
(Iglam)|.hllgla+b+cm+n+ )| —|gla+cm+ ] Llgla+cm+)|—|glam)]) <
(lallllmll, llla + b + cllllm +n + tll — lla + cllllm + tll], I2[lla + cllllm + t|l — llallllml]l]), so that

If Ce, )1 < llxHIyll-

Example 4.12:
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(a) Consider the Euclidean inner product on R?. The corresponding canonical neutrosophic inner
product on V(I;, 1) = R*(I3, I,) = {((a, b), (c,d)];, (m,n)1;); a,b,c,d,m,n € R} is defined as follows:
fI(((a, b), (e, DL, (m, 1)L, ((x, ), (2, ), (k, )] = (gl(a, b), (6, )] h[g((a+ ¢ +m, b +d +

n),(x+z+k,y+t+s))—g((a+m,b+n),(x+k,y+s))],12 [g((a+m,b+n),(x+k,y+s))—

gl(a,b), (x,y)]]) = (ax+byL[(a+c+m)x+z+k)+Bb+d+n)(y+t+s)—(a+m)(x+k)-—

b+n)y+s)] LIa+m)(x+k)+ (B +n)y+s)—ax — by]), where

a,b,c,d,mnxvy,zt ks €R.

(b) Let x = ((1,1),(2,-1)11,(0,2),),y = ((-1,1), (3, 1)1}, (—2,4)1,), we have

fCe,y) =(0,,[0+8+3—15],I,[—-3+15—0]) = (0, I,[—4], L,[12]), |f (x,y)| = (0,—-81;,12L,), ||x]| =
(V2,,[V14 = V10], L [V10 = V2]), lIyll = (V2, L, [6 — V34], L [V34 - V2)).

Ixllyll = (2,1,[6v14 — v/340)], I,[V340 — 2]),

If (x, )| = (0,—81,,121,) < (2,1;[6v/14 — v/340)], I,[V340 — 2]). That is because 0 < 2,0+ 12 <2+
(V340-2),0-8+12=4< (V2+6 — V34 +V34-V2) = 6.

Theorem 4.13:

Let V(I;,1,) be arefined neutrosophic strong real inner product vector space, let x = (a, bly, cl;)
be any element in V(/;,1,). We have

(@) llxll = 0, [lm.x[| = |ml]. ||xI|.

Mlx + vl < x|l + llyll for all x,y € V(I)and m € R(I).

(c) |lx]l = 0if and only if x = 0.

Proof:

(a) Sincellx|l = (llall, {lla + b+ cll = lla + clll, [lla + cll = llall]), and |lall = 0,(lla + cll — llall) +
llall = lla +cll = 0,and (lla+ b +cll = lla+clD + (lla + cll = llal) + (lal) = lla + b + ¢l = 0, we
get that ||x]| > 0.

Let m = (n,ply,ql,) € R(I,1,);n,p,q € R, wehave m.x = (n.a,[[((n+p+q)la+b+c)—
(n+q)a+ )], LI(n+qg)a+c)—n.a]), hence

lm.x|l = (In.all, L[I(n +p + @)@+ b+ Il — Il(n + @) (a + I, LII(n + @) (a + )l — lIn.all])=
[(nl,(n+p+ql = In+ gD, (In+ ql — [nDER)][lall, (la + b + cll = lla + cIDh, (la + cll —

llalD2)]= Iml. l|xIl.
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(b) Let x = (a,bl, cly)),y = (m,nly, tl,) € V(I;,L);a,b,c,myn,t €V, |lx +y| = ||(a + m, L, [b +
nl, L[c +tDll=
(la+ml,Lilla+m+b+n+c+tl|l—lla+m+c+t|lLla+m+c+tll—|la+ml]), by
regarding classical properties of classical norms, we get
la+m| < lall + [Im],[la+m+c+tl|l <|la+c|[+|]m+t|[la+m+b+n+c+t]|<|a+b+
cll + |lm +n + t]|, thus
(la+ml,Lilla+m+b+n+c+tll—lla+m+c+t|lLlla+m+c+tll—|la+ml|] < (lall +
Imll, i{lla +b +cll + Im +n+ ¢l = lla+cll = llm + ¢ll], Lllla + cll + [Im + ¢l = llall = [Imll]) =
Il + lly1l.

(c) The proof is trivial and similar to the classical case.

According to the previous theorem, we can define any neutrosophic norm on a strong neutrosophic
vector space V(I, ;) as afunction || |[|:V(I3,1;) = R(ly, I;), where conditions (a), (b), and (c) are
true. V(I;, 1) is called a strong neutrosophic normed space in this case.

Example 4.14:

(a) Consider the Euclidean inner product on R?. The corresponding canonical neutrosophic inner
product on V(Iy, 1) = R*(I3,I,) = {((a, b), (c, )1}, (m,n)L,); a,b,c,d,m,n € R} is defined as follows:

f[(((a, b), (C' d)ll' (m, n)lz), ((x, J’), (Z, t)lll (k, S)IZ))] = (g[(a' b)' (x' }J)]' 11 [g((a +c+m, b+d+

n),(x+z+k,y+t+s))—g((a+m,b+n),(x+k,y+s))],12 [g((a+m,b+n),(x+k,y+s))—

gl(a, b), (x,y)]])= (ax + by, L[(a+c+m)x+z+k)+(b+d+n)y+t+s)—(a+m)(x+k)—

(b +n)(y + )], LI(@a+m)(x+k) + (b +n)(y+s) — ax — by]), where

a,b,c,d,m,n,x,y,ztk,s €R.

(b) Let x = ((1,1), (1,001, (-1,2)I,),y = ((1,—1), (0,11, (=2,1)1,),m = (2,31}, 1,), we have

x+y = ((2,0), L(L1D),(=33)), llx + ¥l = (10, LLUODIN = I(=L)NL LN = 12,011 =
(2, 1[4 —V10], L[v10 — 2]),

lxll = (V2,,[V10 - 3], I,[3 = V2]), Iyl = (W2, ,[VZ — 1], L[1 — V2]), it is easy to check that

llx +yll < llxll + llyll.
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(© lm.x|l = 11((2,2), 1[(3,3) + (2,0) + (3,0) + (1,0) + (=3,6), L[(1,1) + (=2,4) + (=1.2)DIl =

10(2.2), 1,(6,9), L(=2,7)l = (V8,11 [1I(6,18) I = 10,911, L [0, = 1(2,2)1I]) = (V8,1[vV36 + 324 —

V81],1,[9 — V8]) = (v8,(6V10 — 9)1,, (9 — VB)L,),

Im| = (12, L[I13 + 2+ 1] — 2+ 1], L[I1 + 2] — [2]]D) = 2,30, L), Ixll = V2, 1,[V10 - 3], ,[3 - V2]),

it is easy to see that

lm. x|l = [m].llx|l.

It is clear that R%(I;,I,) is a neutrosophic normed space.

Definition 4.15:

Let W be a subspace of V(I3,1,), we define the canonical orthogonal complement to be the set

W ={xeV(U,L);f(x,y) =0 forally e W}.

Definition 4.16:

Let S be any basis of V(I;,1,), we say that S is a canonical orthogonal basis if and only if

f(x,y) =0 forallx,y €S.

Definition 4.17:

Let S be any canonical orthogonal basis of V(Iy,I;), we say that S is standard if and only if

x|l =1forallx €S.

Theorem 4.18:

Let W be a subspace of V(I;,I;), and W™ = {x € V(I3, ,); f(x,y) = (0,0,0) for all y € W} be the

canonical orthogonal complement, then W™ is a strong refined neutrosophic subspace of V(I).

Proof:

Let x,y be any two elements in W™, z be any element in W, m=(a, bl;, cI,) be any element in

R(14, 1), we have

flx—y,2) =f(x,z) — f(y,2z) = (0,0,0) — (0,0,0) = (0,0,0), thus x —y € W. On the other hand
f(m.x,z) =m.f(x,z) = m.(0,0,0) = (0,0,0), thus m.x € W, hence W™ is a strong refined

neutrosophic subspace of V(Iy,1,).

Theorem 4.19:

W =w.

Proof:
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The proof is similar to the classical case.

Example 4.20:

(a) Consider the Euclidean inner product on R?. The corresponding canonical neutrosophic inner
product on V(I;,I,) = R*(I3, ;) = {((a, b), (c,d)];, (m,n)1;); a,b,c,d,m,n € R} is defined as follows:

f[(((a, b), (C! d)Il! (m, n)IZ)! ((x, }’)' (Zv t)llf (k, S)IZ))] = (g[(a! b): (x, 3’)], [1 [g((a +c+ m, b + d +

n),(x+z+k,y+t+5))—g((a+m,b+n),(x+k,y+s))],12 [g((a+m,b+n),(x+k,y+s))—

gl(a,b), (x,y)]])= (ax+ by, L[a+c+m)(x+z+k)+b+d+n)y+t+s)—(a+m)(x+k)—

b +n)y+9s)] LI(a+m)(x+k)+ (b +n)(y+s)—ax — by]), where
a,b,c,dmnxy,ztks€ER.

(b) W ={v = ((x,0),(0,y)14,(0,0)I;); x,y € R} is a strong neutrosophic subspace of V(Iy, I,).

w = {w = ((t, z), (k, )1, (p,q)Iz); t,z,k,s,p,q € R};f(v, w) = (0,0,0), this implies
xt=0,xt+k+p)+yz+s+q)—x(t+p)+yz+q) =0,x(t+p)+y(z+q)—xt=0,thust =
0,hence x(t +k+p)+y(z+s+q)=0,x(t +p) +y(z+q) =0 forall x,y €R, thus
z+q=t+p=0,andt+k+p=z+s+q=0,sothat q=—2t=-p=0k=s=0and W =

{w=((0,-¢),(0,0)I,,(0,9)I,); p, q € R}.

4. Conclusions

In this article, we have defined the concept of real inner product over a strong neutrosophic vector
space V(I) and strong refined neutrosophic space V(Iy,1,), as well as neutrosophic and refined
neutrosophic normed space. Many interesting properties were studied and proved, especially
neutrosophic and refined neutrosophic Cauchy- Schwartz inequality, where we have proved that it
is still correct in neutrosophic spaces.

This work opens a wide door to study neutrosophic functional analysis, neutrosophic orthogonal
standard basis, and neutrosophic matrices and isometrics in the future, especially inequalities, since

we have determined a strong partial ordering relation between neutrosophic numbers.
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Abstract

To avoid any conflict toward a previous work [1], we clarify certain parts that need explanation and
suggest some modifications that will enhance the performance of the suggested algorithm. We
enhance the algorithm by making it work in any environment and under various conditions without
the occurrence of any warnings. Moreover, we suggest various future directions that will help
researchers in the application of neutrosophic analytic hierarchy process. Given that scientific
research is always renewed and developed, we always strive to reach the best methods and
solutions. Thus, we present this study as a good guide for researchers in their future works.

Keywords: Neutrosophic Set; Analytic Hierarchy Process; Triangular Neutrosophic Number.

1. Introduction

The analytic hierarchy process (AHP) is one of the most important multicriteria decision-making
techniques [1-2]; thus, it is applied in various fields. However, as traditional AHP fails to consider
imprecise and incomplete information, it needs to be developed. For example, Saaty’s AHP produces
rank reversal; thus, in 2015, Smarandache proposed a new procedure called “alpha-discounting
method for multicriteria decision making” [4-7].

In view of the important role of neutrosophic theory in various fields and applications, we are
the first to present the analytic hierarch process in the neutrosophic environment [1]. Generally,
scientific research is always evolving, and new discoveries are made every day, which might change
the usual rules or methods. Thus, we must present the latest developments to guide researchers
toward the right path.

In this study, we present an accurate version of the score function, which was presented in [1]
and has never been presented in the literature. We also present some modifications of the proposed
method that researchers can use in their future works.

The remaining parts of this paper are organized as follows. In Section 2, we present a suggested
modification of the score function and neutrosophic scaling of AHP. Section 3 discusses the
managerial implications and benefits of the suggested modifications. Section 4 presents the
conclusion and future work suggestions.

2. Suggested Modifications

In this section, some modifications of the presented score function in [1] are introduced, and a

new neutrosophic scaling for the comparison matrices of AHP is presented.
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2.1 Modification of the Existing Score Function
In Section 3 “Methodology, ” especially in Step 4, if we have a single-value triangular neutrosophic
number d = ((al, a,, as); g 03, [)’d), then the score function for converting it to its crisp value is as

follows:

aitaz+as *

S@) = ) (2+az—06a—Ba). D
The accuracy function is

A@) = ML (24 ag — 05+ Ba). (2)

2.2 Modification of the Illustrative Example
By solving the presented example in [1] for evaluating job applicants, the neutrosophic pairwise
comparison matrix of the criteria, which is presented in Table 4 in [1], is exactly as presented in Table

1 in the present work.

Table 1. Neutrosophic pairwise comparison matrix of criteria

Presentable Years of experience Age
Presentable 1 2 6
Years of experience 27t 1 7
Age 6t 771 1

Notes: 1 =(0.5,1,3);(0.5,0.2,0.3) ,
(2,7,15); (0.4,0.4,0.5).

2=1(0,2,3);(0.3,0.7,0.7) , 6=(3,6,12);(0.1,0.3,0.5), 7=

By using a modified score function (i.e., Eq. (1)), we obtain the same data as in Table 5 in [1]. For the
modified neutrosophic pairwise comparisons of the applicants according to a presentable criterion,
which was presented in Table 7 in [2], 1= (0.5,1,3);(0.5,0.2,0.3), 2 =(0,2,3);(0.6,0.2,0.3), 3 =
(0,3,9); (0.3,0.5,0.6), 4= (2,4,6);(0.2,0.50.6), 5=(3,5,15);(0.4,0.5,0.6), 6 = (0,6,12); (0.4,0.5,0.6),
7 = (2,7,11);(0.1,0.2,0.5), and 9 = (4,9,20); (0.2,0.5,0.6).

By applying the modified score function using the suggested steps in [1] and correcting the
1=1(05,1,3);(0.5,0.2,0.3) , 2=(0,23);(0.6,0.203) , 3=
(0,3,9); (0.3,0.5,0.6), 4 = (2,4,6); (0.2,0.5,0.6), 5 = (3,5,15); (0.4,0.5,0.6), & = (0,6,12); (0.4,0.5,0.6),
7 = (2,7,11);(0.1,0.2,0.5), 9 = (4,9,20); (0.2,0.5,0.6), we set Tables 7 and 8 in [1] as Tables 2 and 3 here,

respectively.

typographical errors to be

Table 2. Neutrosophic pairwise comparison matrix of alternatives regarding presentable criterion

Al A2 A3 A4 A5
Al i i 3 1 9
A2 1 1 3 7
A3 i ! 9
A4 i 5
A5 1
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Table 3. Crisp pairwise comparison matrix of alternatives regarding presentable criterion

Al A2 A3 A4 A5
Al 1 1 1.60 1 4.03
A2 1 1 1 1.60 311
A3 0.62 1 1 1.46 4.03
A4 1 0.62 0.68 1 3.32
A5 0.25 0.32 0.25 0.30 1

The weights of the alternatives are as follows: A1 = 0.26,4A2 = 0.24,A43 = 0.23,44 = 0.19, and A5 =
0.06.
Moreover, Table 13 in [1] is set as Table 4 here.

Table 4. Neutrosophic pairwise comparison matrix of alternatives regarding age

Al A2 A3 A4 A5
Al 1 3 7 6 7
A2 1 4 7 5
A3 1 3 6
A4 1 9
A5 1
The weights of the alternatives regarding to age are as follows: A1 = 0.36,A2 = 0.26,43 = 0.16,44 =

0.14, and A5 = 0.07.

Furthermore, all the elements in the comparison matrix are positive, and the upper value of the

triangular neutrosophic number is greater than zero.

2.3 Modification of the Methodology

This subsection presents a modified approach for solving neutrosophic AHP. Table 5 presents a
new ranking scale for the alternatives and criteria.
The steps for solving the neutrosophic AHP are as follows.
Step 1. Same as in [1].
Step 2. Same as in [1]. However, for constructing the neutrosophic pairwise comparison matrix, use
the scale presented in Table 5.
Steps 3 and 4. Same as in [1]. However, for converting the neutrosophic pairwise comparison matrix,
use Eq. (1) instead of Eq. (4) in [1].
Steps 5 and 6. Same as in [1].
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Table 5. Linguistic variables for ranking the alternatives and criteria for neutrosophic AHP

Lower, median, and upper Degree of certainty of expert
Neutrosophic scale of
S Linguistic terms values of the triangular opinion
aat
v number
1 Equally important ((1,1,1)) Absolutely uncertain (0, 0, 1)
3 Slightly important ((2,3,4)) Uncertain (0.25 ,0.75, 0.75)
5 Strongly important ((4,5,6)) Slightly certain (0.45, 0.60, 0.60)
7 Very strongly important ((6,7,8)) Median certainty (0.50,0.50, 0.50)
9 Absolutely important ((9,9,9)) Certain (0.75,0.20, 0.20)
2 ((1,2,3)) Strongly certain (0.85,0.15,0.15)
— Very strongly certain
4 Sporadic values among ((3,4,5))
(0.90,0.10,0.10)

— two close scales
6 ((5,6,7)) Absolutely certain (1.00,0.00, 0.0)
8 ((7,8,9)

2.4 Illustrative Example

For illustrating how the suggested method works, let us solve a simple example.

If we need to purchase an MP3 player and i have three criteria for buying, namely, storage,

availability, and color [3], then we have four available alternatives A, B, C, and D. We want to

evaluate the four available alternatives to select the best one.

The hierarchy for evaluating the available alternatives of MP3 players is shown in Fig. 1.

Objective
Buying MP3 player
1

[ I 1
Criteria St,grage ‘ Avﬂﬂﬂbﬂ_{t}-‘ CG‘IU‘I ‘

1 1

I ] I 1

Adternatives ‘ A | e L= | ]

Fig. 1. Hierarchy tree for evaluating various types of MP3 player

Table 6 shows the neutrosophic pairwise comparison matrix of criteria using the suggested scale.

Table 6. Neutrosophic pairwise comparison matrix of criteria

Storage Availability Color
Storage ((1,1,1); (1,0,0)) ' ((2,3,4); (0.85,0.15,0.15)) | ((4,5,6); (0.9,0.1,0.1))
Availability ((1,1,1); (1,0,0)) ((2,3,4); (0.85,0.15,0.15))
Color ((1,1,1); (1,0,0))
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By using Eq. (1), the crisp form of the neutrosophic pairwise comparison matrix of the criteria are

shown in Table 7.

Table 7. Crisp pairwise comparison matrix of criteria

Storage Availability Color
Storage 1 2.55 4.5
Availability 0.39 1 2.55
Color 0.22 0.39 1

The weights for the criteria are as follows: weight of storage = 0.61, weight of availability = 0.27, and

weight of color = 0.12.

Table 8 shows the neutrosophic pairwise comparison matrix of the alternatives regarding storage

using the suggested scale.

Table 8. Neutrosophic pairwise comparison matrix of alternatives regarding storage criterion

Storage A B C D
A ((1,1,1); (1,0,0)) | ((4,5,6); (0.9,0.1,0.1)) ((4,5,6); (0.9,0.1,0.1)) ((4,5,6); (0.9,0.1,0.1))
B ((1,1,1); (1,0,0)) ((2,3,4); (0.85,0.15,0.15)) | {(4,5,6); (0.9,0.1,0.1))
C ((1,1,1); (1,0,0)) ((4,5,6); (0.9,0.1,0.1))
D ((1,1,1); (1,0,0))
By using Eq. (1), the crisp form of the neutrosophic pairwise comparison matrix of the alternatives
regarding storage criterion is shown in Table 9.
Table 9. Crisp pairwise comparison matrix of alternatives regarding storage criterion
Storage A B C D
A 1 4.5 4.5 4.5
B 0.22 1 2.55 4.5
C 0.22 0.39 1 4.5
D 0.22 0.22 0.22 1
The weights for the alternatives are as follows: weight of A = 0.55, weight of B = 0.23, weight of C =
0.16, and weight of D =0.07.
Table 10 presents the neutrosophic pairwise comparison matrix of the alternatives regarding
availability using the suggested scale.
Table 10. Neutrosophic pairwise comparison matrix of alternatives regarding availability criterion
Availability A B C D
A ((1,1,1); (1,0,0)) | ((7,8,9); (0.85,0.15,0.15)) | ((7,8,9); (0.85,0.15,0.15)) | ((7,8,9); (0.85,0.15,0.15))
B ((1,1,1); (1,0,0)) ((2,3,4); (0.85,0.15,0.15)) | {(2,3,4); (0.85,0.15,0.15))
C ((1,1,1); (1,0,0)) ((2,3,4); (0.85,0.15,0.15))
D ((1,1,1); (1,0,0))
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By using Eq. (1), the crisp form of the neutrosophic pairwise comparison matrix of the alternatives

regarding availability criterion is shown in Table 11.

Table 11. Crisp pairwise comparison matrix of alternatives regarding availability criterion

Availability A B C D
A 1 6.8 6.8 6.8
B 0.15 1 2.55 2.55
C 0.15 0.39 1 2.55
D 0.15 0.39 0.39 1

The weights for the alternatives are as follows: weight of A = 0.661, weight of B = 0.163, weight of C
=0.109, and weight of D = 0.065.

The neutrosophic pairwise comparison matrix of the alternatives regarding color using the suggested

scale is presented in Table 12.

Table 12. Neutrosophic pairwise comparison matrix of alternatives regarding color criterion

Color A B C D

A ((1,1,1); (1,0,0)) | ((1,2,3); (1,0,0)) (3,4,5); (1,0,0)) ((7,8,9); (1,0,0))
B ((1,1,1); (1,0,0)) ((1,2,3); (1,0,0)) (3,4,5); (1,0,0))
C ((1,1,1); (1,0,0)) ((2,3,4); (1,0,0))
D ((1,1,1); (1,0,0))

By using Eq. (1), the crisp form of the neutrosophic pairwise comparison matrix of the alternatives

regarding color criterion is shown in Table 13.

Table 13. Crisp pairwise comparison matrix of alternatives regarding color criterion

Color A B C D
A 1 2 4 8
B 1 2 4
C 1 3
D 1

The weights for the alternatives are as follows: weight of A = 0.529, weight of B = 0.264, weight of C
= 0.147, and weight of D = 0.06.

Then, the relative scores for the alternatives are as follows:

0.55 0.66 0.53 0.61 0.57
0.23 016 026 || _|021
0.16 0.11 0.15 0'12 0.14|
0.07 0.06 0.06 ' 0.07

Findings show that Alternative A is the best one.
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3. Managerial Implications

Selecting suitable alternatives requires a ranking method that usually contains several selection
scopes. Habitually, there exist several conflicting criteria that makes the selection process difficult.
The suggested neutrosophic AHP displays its applicability to handle vague and imprecise
information, which exists usually in reality. Then, we can reach robust decisions by using the
suggested method. The suggested neutrosophic AHP has the same benefits with the classical AHP
besides the following advantages: offers user with a richer structural framework than the classical,
fuzzy, and intuitionistic fuzzy AHP; defines the preference judgment values of the decision maker
efficiently; and considers three degrees, namely, membership, indeterminacy, and non-membership
degrees, which simulate natural human thinking. Generally, the suggested method in this study can
be extended to diverse decisions related to other problems. The proposed method can be utilized as
a reference guide for researchers to produce precise decisions about any problem in any organization.
Governments can also use the proposed method to make precise decisions about any social,

economic, and environmental problems.

4. Conclusions and Future Directions

Clarifications and modifications of the suggested score function and method for neutrosophic
AHP are illustrated here to avoid any conflict among researchers and help them in future application
of neutrosophic AHP in various fields. By using the suggested score function and the suggested scale
for neutrosophic AHP, researchers can overcome various problems that they may face in the future
application of neutrosophic AHP.

In the future, we recommend researchers to use the proposed scale for rating criteria and
alternatives of neutrosophic AHP and use the presented score function in various case studies for its
benefits and applicability. Moreover, we recommend researchers to propose novel methods to
enhance the degree of consistency instead of repeating the exercise in cases of obtaining inconsistent

comparison matrices.
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Abstract. In this paper, some types of edge irregular single valued neutrosophic graphs such as neighbourly
edge totally irregular single valued neutrosophic graphs, strongly edge irregular single valued neutrosophic
graphs and strongly edge totally irregular single valued neutrosophic graphs are introduced. A comparative
study between neighbourly edge irregular single valued neutrosophic graphs and neighbourly edge totally ir-
regular single valued neutrosophic graphs is done. Likewise some properties of them are studied. Finally, we
have given some interesting results about edge irregular single valued neutrosophic graphs that are very useful

in computer science and networks.

Keywords: Edge irregular SVNG; Neighbourly edge irregular SVNG; Neighbourly edge totally irregular SVNG;
Strongly edge irregular SVNG; Strongly edge totally irregular SVNG.

1. Introduction

In 1736, Euler first introduced the concept of graph theory. In the history of mathematics,
the solution given by Euler of the well known Konigsberg bridge problem is considered to be the
first theorem of graph theory. This has now become a subject generally regarded as a branch
of combinatorics. The theory of graph is an extremely useful tool for solving combinatorial
problems in different areas such as logic, geometry, algebra, topology, analysis, number theory,
information theory, artificial intelligence, operations research, optimization, neural networks,

planning, computer science and etc [10-12}/14].
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Fuzzy set theory, introduced by Zadeh in 1965, is a mathematical tool for handling un-
certainties like vagueness, ambiguity and imprecision in linguistic variables [41]. Research on
theory of fuzzy sets has been witnessing an exponential growth; both within mathematics
and in its application. Fuzzy set theory has emerged as a potential area of interdisciplinary
research and fuzzy graph theory is of recent interest.

In 1983, Atanassov [3,4] introduced the concept of intuitionistic fuzzy sets as a generalization
of fuzzy sets [41]. Atanassov added a new component(which determines the degree of non-
membership) in the definition of fuzzy set. The concept of neutrosophic set was introduced
by F. Smarandache [31,32] which is a mathematical tool for handling problems involving
imprecise, indeterminacy and inconsistent data. The theory is generalization of classical sets
and fuzzy sets and is applied in decision making problems, control theory, medicines, topology
and in many more real life problems.

In 1975, Rosenfeld [25] introduced the concept of fuzzy graphs. The fuzzy relations between
fuzzy sets were also considered by Rosenfeld and he developed the structure of fuzzy graphs,
obtaining analogs of several graph theoretical concepts. Later on, Bhattacharya gave some
remarks on fuzzy graphs, and some operations on fuzzy graphs were introduced by Mordeson
and Peng [13].

Later, Broumi et al. 7] presented the concept of single valued neutrosophic graphs by
combining the single valued neutrosophic set theory and the graph theory, and defined different
types of single valued neutrosophic graphs (SVNG).

In the literature, many extensions of fuzzy graphs and their properties have been deeply
studied by several researchers, such as intuitionistic fuzzy graphs, interval valued fuzzy graphs,
interval valued intuitionistic fuzzy graphs, bipolar fuzzy graphs and etc [1,[2}5,(6}8,/9,|/15} 21~
24.126,30,133(-40] .

Nagoorgani and Radha [17,18] introduced the concept of regular fuzzy graphs and defined
degree of a vertex in fuzzy graphs. Nagoorgani and Latha [16] introduced the concept of
irregular fuzzy graphs, neighbourly irregular fuzzy graphs and highly irregular fuzzy graphs in
2008. Nandhini and Nandhini introduced the concept of strongly irregular fuzzy graphs and
discussed about its properties [19).

Radha and Kumaravel [20] introduced the concept of edge degree, total edge degree in
fuzzy graph and edge regular fuzzy graphs and discussed about the degree of an edge in
some fuzzy graphs. Santhi Maheswari and Sekar introduced the concept of edge irregular
fuzzy graphs and edge totally irregular fuzzy graphs and discussed about its properties [27].
Also, Santhi Maheswari and Sekar introduced the concept of neighbourly edge irregular fuzzy
graphs, neighbourly edge totally irregular fuzzy graphs, strongly edge irregular fuzzy graphs
and strongly edge totally irregular fuzzy graphs and discussed about its properties [28,29].
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This is the background to introduce neighbourly edge irregular single valued neutrosophic
graphs, neighbourly edge totally irregular single valued neutrosophic graphs, strongly edge
irregular single valued neutrosophic graphs, strongly edge totally irregular single valued neu-
trosophic graphs and discussed some of their properties. Also neighbourly edge irregularity
and strongly edge irregularity on some single valued neutrosophic graphs whose underlying

crisp graphs are a path, a cycle and a star are studied.

2. Preliminaries

We present some known definitions and results for ready reference to go through the work

presented in this paper.

Definition 2.1. A graph is an ordered pair G* = (V, E), where V is the set of vertices of G*
and E is the set of edges of G*. A graph G* is finite if its vertex set and edge set are finite.

Definition 2.2. The degree dg«(v) of a vertex v in G* or simply d(v) is the number of edges

of G* incident with vertex v.

Definition 2.3. A Fuzzy graph denoted by G : (o,u) on the graph G* : (V, E) is a pair
of functions (o,u) where o : V. — [0,1] is a fuzzy subset of a non empty set V and p :
E — [0,1] is a symmetric fuzzy relation on o such that for all w and v in V the relation

p(u,v) = p(uv) < minfo(u), o(v)] is satisfied.

Definition 2.4. An intuitionistic fuzzy graph (IFG) is of the form G : (o, i) where o = (01, 09)
and p = (1, p2) such that

(1) The functions o1 : V. — [0,1] and o2 : V. — [0, 1] denote the degree of membership and
nonmembership of the element u € V', respectively, and 0 < o1(u)+o2(u) < 1 for everyu € V;
(2) The functions p1 : VxV — [0,1] and po : V x V. — [0, 1] are the degree of membership
and nonmembership of the edge wv € E, respectively, such that py(uv) < minfoy(u), o1(v)] and

pa(uv) > maxjoa(u), o2(v)] and 0 < py(uwv) + pa(uv) < 1 for every uv in E.

Definition 2.5. A single valued neutrosophic graph (SVNG) is of the form G : (A, B) where
A= (Ta,Ia,Fa) and B = (Tp,Ip,Fp) such that

(1) The functions Ty : V. — [0,1] , In : V — [0,1] and Fy : V — [0,1] denote the
degree of truth-membership, the degree of indeterminacy-membership and the degree of falsity-
membership of the element u € V, respectively, and 0 < Ta(u) + Ia(u) + Fa(u) < 3 for every
ueV;

(2) The functions Tp : V xV — [0,1],Ip: V xV — [0,1] and Fp : V. xV — [0, 1] are the
degree of truth-membership, the degree of indeterminacy-membership and the degree of falsity-

membership of the edge uv € E, respectively, such that Tg(uv) < min[Ta(u), Ta(v)] , Ip(uv) >
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max[l4(u), I4(v)] and Fg(uv) > max[Fa(u), Fa(v)] and 0 < Tg(uv) + Ig(uv) + Fp(uv)

for every uv in E.

Definition 2.6. Let G : (A, B) be a SVNG on G* : (V,E). Then the degree of a vertex
u is defined as dg(u) = (dr,(u),dr,(u),dr,(u)) where dp,(u) = Byz,Tp(wv) , dr,(u) =
YozulB(uv) and dp, (u) = Eyru Fp(uv).

Definition 2.7. Let G : (A, B) be a SVNG on G* : (V,E). Then the total degree of a vertex
u is defined by tdg(u) = (t(dr, (u),tdr, (u),tdp, (u)) where tdr, (u) = Xz, Tp(uv) + Ta(u) ,
tdr, (u) = Ypzulp(uv) + La(u) and tdp, (u) = Lpru Fp(uv) + Fa(u).

Definition 2.8. Let G : (A, B) be a SVNG on G* : (V,E). Then:
(1) G is irregular, if there is a vertex which is adjacent to vertices with distinct degrees.
(2) G is totally irregular, if there is a vertexr which is adjacent to vertices with distinct total

degrees.

Definition 2.9. Let G : (A, B) be a connected single valued neutrosophic graph on G* : (V, E).
Then:

(1) G is said to be a neighbourly irreqular single valued neutrosophic graph if every pair of
adjacent vertices have distinct degrees.

(2) G is said to be a neighbourly totally single valued neutrosophic fuzzy graph if every pair of
adjacent vertices have distinct total degrees.

(3) G is said to be a strongly irreqular single valued neutrosophic graph if every pair of vertices
have distinct degrees.

(4) G is said to be a strongly totally irreqular single valued neutrosophic graph if every pair of
vertices have distinct total degrees.

(5) G is said to be a highly irregular single valued neutrosophic graph if every vertex in G is
adjacent to the vertices having distinct degrees.

(6) G is said to be a highly totally irregular single valued neutrosophic graph if every vertez in

G s adjacent to the vertices having distinct total degrees.

Definition 2.10. Let G : (A,B) be a SVNG on G* : (V,E). The degree of an edge uv is
defined as dg(uv) = (dry (wv), dig (ww), dp, (wv)) where dr, (uwv) = dr, (u) + dr, (v) — 2T (uv)
, dry(wo) =dr, (u) + dr, (v) — 2Ig(w) and dp, (wv) = dp, (u) + dp, (v) — 2Fp(uv).

Definition 2.11. Let G : (A, B) be a SVNG on G* : (V,E). The total degree of an edge uv
is defined as tdg(uv) = (tdp,(uv),tdr, (uv), tdp, (uv)) where tdr, (uwv) = dp, (u) + dr, (v) —
Tp(uv) = dry (wv) + Tp(uv) , tdr, (wv) = dj,(u) + dr, (v) — Ip(uwv) = dig (wv) + Ip(uv) and
tdp, (wv) = dp, (u) + dp, (v) — Fp(uv) = dp, (uww) + Fp(uv).
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3. Neighbourly edge irregular single valued neutrosophic graphs and neighbourly

edge totally irregular single valued neutrosophic graphs

In this section, neighbourly edge irregular single valued neutrosophic graphs and neighbourly

edge totally irregular single valued neutrosophic graphs are introduced.

Definition 3.1. Let G : (A, B) be a connected single valued neutrosophic graph on G* : (V, E).
Then G is said to be:
(1) A neighbourly edge irregular single valued neutrosophic graph if every pair of adjacent edges
have distinct degrees.
(2) A neighbourly edge totally irreqular single valued neutrosophic graph if every pair of adja-

cent edges have distinct total degrees.

Example 3.2. Graph which is both neighbourly edge irregular single valued neutrosophic graph
and neighbourly edge totally irregular single valued neutrosophic graph.

Consider G* : (V, E) where V = {u,v,w,z} and E = {uww,vw, wz,zu}.

(0.5,0.3,0.4)
u

(0.4,0.2,0.7) X Vv(0.4,0.2,0.7)

W
(0.5,0.3,0.4)

Figure 1. Both neighbourly edge irregular SVNG and neighbourly edge totally irreqular
SVNG.

From Figure 1,
dg(u) = dg(v) = dg(w) = dg(x) = (0.5,1.0,1.7).
Degrees of the edges are calculated as follows
da(uw) = dg(wz) = (0.6,0.8,1.6), dg(vw) = dg(zxu) = (0.4,1.2,1.8).
It is noted that every pair of adjacent edges have distinct degrees. Hence G is a neighbourly
edge irreqular single valued neutrosophic graph.
Total degrees of the edges are calculated as follows
tdg(uwv) = tdg(wz) = (0.8,1.4,2.5), tdg(vw) = tdg(zu) = (0.7,1.6,2.6).
It is observed that every pair of adjacent edges having distinct total degrees. So, G is a neigh-
bourly edge totally irreqular single valued neutrosophic graph.
Hence G is both neighbourly edge irregular single valued neutrosophic graph and neighbourly

edge totally irreqular single valued neutrosophic graph.
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Example 3.3. Neighbourly edge irreqular single valued neutrosophic graph do not need to be
neighbourly edge totally irregular single valued neutrosophic graph.
Consider G : (A, B) be a single valued neutrosophic graph such that G* : (V, E) is a star on

four vertices.

(0.3,0.2,0.4)

(0.2,0.5,0.9)

u \ w
(0.4,0.3,0.1) (0.6,0.2,0.8) (0.5,0.4,0.3)

Figure 2. Neighbourly edge irregular SVNG, not neighbourly edge totally irregular SVNG.

From Figure 2,
dg(u) = (0.3,0.4,0.5),de(v) = (0.2,0.5,0.9), dg(w) = (0.1,0.6,0.7), de(z) = (0.6,1.5,2.1);
dg(uz) = (0.3,1.1,1.6),dg(vz) = (0.4,1.0,1.2), dg(wz) = (0.5,0.9,1.4);
tdg(ux) = tdg(ve) = tdg(wx) = (0.6,1.5,2.1).
Here, dg(uzx) # dg(vx) # dg(wz). Hence G is a neighbourly edge irregular single valued
neutrosophic graph. But G is not a neighbourly edge totally irreqular single valued neutrosophic

graph, since all edges have same total degrees.

Example 3.4. Neighbourly edge totally irregular single valued neutrosophic graphs dont need
to be meighbourly edge trregular single valued neutrosophic graphs. Following shows this sub-

ject:
Consider G : (A, B) be a single valued neutrosophic graph such that G* : (V, E) is a path on

four vertices.

(0.6,0.3,0.1) (0.7,0.2,0.4) (0.4,0.3,0.2) (0.5,0.1,0.3)
U (020304 V (040608 W (020304 X

Figure 8. Neighbourly edge totally irreqular single valued neutrosophic graph, not neighbourly

edge irreqular single valued neutrosophic graph

From Figure 3,
dg(u) = dg(z) = (0.2,0.3,0.4),dg(v) = dg(w) = (0.6,0.9,1.2);
da(uw) = dg(vw) = dg(wz) = (0.4,0.6,0.8);
tdg(uv) = tdg(wz) = (0.6,0.9,1.2), tdg(vw) = (0.8,1.2,1.6).
Here, dg(uwv) = dg(vw) = dg(wz). Hence G is not a neighbourly edge irreqular single valued
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neutrosophic graph. But G is a neighbourly edge totally irregular single valued neutrosophic

graph, since tdg(uv) # tdg(vw) and tdg(vw) # tdg(wz).

Theorem 3.5. Let G : (A, B) be a connected single valued neutrosophic graph on G* : (V, E)
and B : (Tg,Ip,Fp) is a constant function. Then G is a neighbourly edge irregular single
valued neutrosophic graph, if and only if G is a neighbourly edge totally irreqular single valued

neutrosophic graph.

Proof: Assume that B : (Tg,Ip, Fp) is a constant function, let B(uv) = C, for all wv in
E, where C = (Cp,C,Cp) is constant.
Let uv and vw be pair of adjacent edges in F, then we have
dg(uv) # dg(vw)
— dg(w) + C # dg(vw) + C
= (A (w), diy (), diny (u0))+ (Cr, C1, Cp) # (dig (vw), dp (v0), iy (v0))+ (Cr, Cr, )
< (dry (w0)+Crp,dr, (uv)+Cr, dp, (uwv)+Cr) # (drg (vw)+Cr, di, (vw)+Cr, dp, (vw)+CF)
= (dry (uw) +Tp(uv), dr, (wv) +Ip(uv), dp, (uwv)+ Fp(uv)) # (dr, (vw) +Tr(vw), dr, (vw) +
Ip(vw), dpy, (vw) + Fp(vw))
< (tdrg, (uwv), tdr, (uv), tdp, (wv)) # (tdr, (vw), tdr, (vw), tdp, (vw))
< tdg(uv) # tdg(vw).
Therefore every pair of adjacent edges have distinct degrees if and only if have distinct total
degrees. Hence G is a neighbourly edge irregular single valued neutrosophic graph if and only
if G is a neighbourly edge totally irregular single valued neutrosophic graph.

O

Remark 3.6. Let G : (A, B) be a connected single valued neutrosophic graph on G* : (V, E).
If G is both meighbourly edge irregular single valued neutrosophic graph and neighbourly edge

totally irreqular single valued neutrosophic graph, Then B dowt need to be a constant function.

Example 3.7. Consider G : (A, B) be a single valued neutrosophic graph such that G* : (V, E)

is a path on four vertices.

(0.6,0.1,0.4) (0.7,0.2,0.3) (0.4,0.3,0.1) (0.5,0.4,0.2)
U (03,0405 V (020304 W (030405 X

Figure 4. B is not a constant function.

From Figure 4,
dg(u) = dg(z) = (0.3,0.4,0.5),dg(v) = dg(w) = (0.5,0.7,0.9);
dg(uww) = dg(wz) = (0.2,0.3,0.4), dg(vw) = (0.6,0.8,1.0);
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tdg(uwv) = tdg(wz) = (0.5,0.7,0.9), tdg(vw) = (0.8,1.1,1.4).

Here, dg(uv) # dg(vw) and dg(vw) # dg(wz). Hence G is a neighbourly edge irreqular single
valued neutrosophic graph. Also, tdg(uv) # tdg(vw) and tdg(vw) # tdg(wz). Hence G is
a neighbourly edge totally irregular single valued neutrosophic graph. But B s not constant

function.

Theorem 3.8. Let G : (A, B) be a connected single valued neutrosophic graph on G* : (V, E)
and B : (Tp, Ip, Fp) is a constant function. If G is a strongly irregular single valued neutro-

sophic graph, then G is a neighbourly edge irreqular single valued neutrosophic graph.

Proof: Let G : (A, B) be a connected single valued neutrosophic graph on G* : (V, E).
Assume that B : (T, Ip, Fig) is a constant function, let B(uv) = C, for all uv in E, where
C = (Cp,Cr,CF) is constant.

Let wv and vw be any two adjacent edges in G. Let us suppose that G is a strongly irregular

single valued neutrosophic graph. Then every pair of vertices in G having distinct degrees,

and hence

da(u) # da(v) # da(w)

= (dr, (u), dr, (u), dr, (u) # (dr, (v),dr, (v),dp, (v) # (dr, (W), dr, (W), dp, (w))

= (dr,y(u),dr,(u),dp,(w))  + (dry(v),dr,(v),dr,(v)) = 2(Cp, Cr, CF) +

(d1,(v), d1, (v),dp, (v) + (dr, (W), di, (W), dp, (w)) — 2(Cr, C1, CF)

= (dr, (u)+dr, (v) =2C7, dr, (u) +dr, (v) =2C1, dp, (u)+dp, (v) =2CF) # (dr, (V) +d7, (W) =
2C7,dr,(v) +dp,(w) —2Cr,dp,(v)) + dp,(w) —2CF)

= (dp,(u) + dp,(v) — 2Tg(w),dr, (u) + d, (v) — 2Ig(uv),dr, (u) + dp, (v)) — 2Fg(uv)) #
(dr, (v) + dr, (w) = 2Tp(vw), dr, (v) + dr, (w) = 2Ip(vw), dp, (v)) + dr, (w) = 2Fp(vw))

= (drg (w), drg (wv), dpg (w)) # (d7g (vw), dig (vw), dpg (vw))

= dg(uv) # dg(vw).

Therefore every pair of adjacent edges have distinct degrees, hence G is a neighbourly edge

irregular single valued neutrosophic graph.

Similar to the above theorem can be considered the following theorem:

Theorem 3.9. Let G : (A, B) be a connected single valued neutrosophic graph on G* : (V, E)
and B : (Tp,Ip, Fp) is a constant function. If G is a strongly irreqular single valued neutro-

sophic graph, then G is a neighbourly edge totally irreqular single valued neutrosophic graph.

Remark 3.10. Converse of the above theorems dowt need to be true.
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Example 3.11. Consider G : (A, B) be a single valued neutrosophic graph such that G* :

(V, E) is a path on four vertices.

(0.6,0.3,0.1) (0.7,0.2,0.5) (0.4,0.4,0.4) (0.5,0.1,0.3)
U (03,0406 YV (030406 W (030406 X

Figure 5. Both neighbourly edge irreqular SVNG and neighbourly edge totally irreqular
SVNG, not strongly irreqular SVNG

From Figure 5,
dg(u) = dg(x) = (0.3,0.4,0.6),d¢(v) = dg(w) = (0.6,0.8,1.2). Here, G is not a strongly
irregular single valued neutrosophic graph.
da(uwv) = dg(wz) = (0.3,0.4,0.6), dg(vw) = (0.6,0.8,1.2);
tdg(uv) = tdg(vw) = tdg(wz) = (0.6,0.8,1.2).
It is noted that dg(uv) # dg(vw) and dg(vw) # dg(wzx). And also, tdg(uv) # tdg(vw) and
tdg(vw) # tdg(wx). Hence G is both neighbourly edge irreqular single valued neutrosophic
graph and neighbourly edge totally irregular single valued neutrosophic graph. But G is not a

strongly irregular single valued neutrosophic graph.

Theorem 3.12. Let G : (A, B) be a connected single valued neutrosophic graph on G* :
(V,E) and B : (Tp,Ip, Fp) is a constant function. Then G is a highly irreqular single valued
neutrosophic graph if and only if G is a neighbourly edge irreqular single valued neutrosophic

graph.

Proof: Let G : (A, B) be a connected single valued neutrosophic graph on G* : (V, E).
Assume that B : (T, Ip, Fg) is a constant function, let B(uv) = C, for all uv in E, where
C = (Cr,Cr,CF) is constant.

Let uv and vw be any two adjacent edges in G. Then we have

de(u) # da(w)

= (dp, (u),dr, (u), dp, (w) # (dp, (w), dr, (W), dp, (w))

= (dr,(w), dry(u), dpy(w)  + (1, (v),d1,(v),dr,(v) = 2(Cr,Cr,Cr) #
(dr, (v), dr, (v), dp, () + (dry (), dr, (w), dp, (W) — 2(Cp, Cp, CF)

< (dr, (u) + dp, (v) — 207, dr, (u) + dr, (v) — 2C1,dp, (u) + dF, (v) — 2Cp) # (dr,(v) +
dp,(w) —2Cy,dr, (v) + dr, (w) — 2Cr,dp, (v)) + dp, (w) — 2CF)

< (dp,(u) +dp,(v) — 2T (wv),dr, (u) + dr, (v) — 2Ig(uwv),dp, (u) + dp, (v)) — 2Fp(uv)) #
(dr, (v) + dry (w) — 2T (vw), dr, (v) + dr, (w) — 21p(vw), dp, (v)) + dp, (w) — 2Fp(vw))

> (dry (uv), diy (uv), dpy (uv)) # (dry (vw), diy (vw), dp, (vw))

<~ dg(uv) # dg(vw).

Therefore every pair of adjacent edges have distinct degrees, if and only if every vertex adjacent

Ali Asghar Talebi, Masoomeh Ghassemi, Hossein Rashmanlou, Said Broumi, Novel
Properties of Edge Irregular Single Valued Neutrosophic Graphs



Neutrosophic Sets and Systems, Vol. 43, 2021 @4

to the vertices having distinct degrees. Hence G is a highly irregular single valued neutrosophic

graph, if and only if G is a neighbourly edge irregular single valued neutrosophic graph.
O

Theorem 3.13. Let G : (A, B) be a connected single valued neutrosophic graph on G* : (V, E)
and B : (Tp,Ip, Fp) is a constant function. Then G is highly irreqular single valued neutro-
sophic graph if and only if G is neighbourly edge totally irregular single valued neutrosophic
graph.

proof: Proof is similar to Theorem 3.12.

g

Theorem 3.14. Let G : (A, B) be a single valued neutrosophic graph on G* : (V. E), a star
Kiy. Then G is a totally edge regular single valued neutrosophic graph. Also, if the degrees
of truth-membership, indeterminacy-membership and falsity-membership of no two edges are

same, then G is a neighbourly edge irreqular single valued neutrosophic graph.

proof: Let v1,v9,vs,...,v, be the vertices adjacent to the vertex x. Let eq,eq,e€3,...,e, be
the edges of a star G* in that order having the degrees of truth-membership p1, ps, ps3, .-, Pn »
the degrees of indeterminacy-membership q1, g2, g3, ..., ¢, and the degrees of falsity-membership
T1,72,73, ..., T

that 0 < p; +q; +r; <3 for every 1 <4 <n . Then,
tda(ei) = (tdry (ei), tdry (€:), tdpy (ei)) = (dry (i) +TB(€:), diy (ei)+1p(ei), dry (ei)+Fp(ei)) =
((pr4+D2+D3+ - 4Dn) —pi+Di (1 + @2+ a3+ +qn) —Gi+ i, (P 4o+ 7r34 04 1) =i 473) =
(Pr+p2tpst .+ a+atat g ritraFrst .t
All edges ¢; , (1 <1i < n), having same total degrees. Hence G is a totally edge regular single
valued neutrosophic graph. Now, if p; # p; , ¢; # q; and r; # r; for every 1 < 4,7 < n, then
we have
da(ei) = (dry(€i), dig(€:), dpg (i) = (dr, () +dr, (vi) = 2T (i), di, (2) +di, (vi) =21 (i),
dr,(z) +dp,(vi) = 2Fp(zvi)) = ((p1 + P2 +P3 + o +pn) + i — 2005 (@1 + G2 + g3 + . + qn) +
G —2qi,(r1+ro+r3+..+ry)+ri—2r) =((pr+p2+p3+ ... +0n) =i, (@1 + G2+ g3+ ... +
Gn) — i, (r1+ro+r3+...+mry) —1;) forevery 1 <i<n.

Therefore, all edges e; ,(1 <1 < n), having distinct degrees. Hence G is a neighbourly edge

irregular single valued neutrosophic graph.

O

Theorem 3.15. Let G : (A, B) be a single valued neutrosophic graph such that G* : (V, E) is

a path on 2m(m > 1) vertices. If the degrees of truth-membership, indeterminacy-membership
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and falsity-membership of the edges e;, i = 1,3,5,...,2m — 1, are p1 , 1 and ri,respectively,
and the degrees of truth-membership, indeterminacy-membership and falsity-membership of the
edges €;, i = 2,4,6,...,2m — 2, are pa , q2 and ro, respectively, such that p1 # p2 , p2 # 2p1 ,
Q1 # Q2 , @2 # 2q1 , 11 # 9 and ro # 211, then G is both neighbourly edge irregular single valued

neutrosophic graph and neighbourly edge totally irregular single valued neutrosophic graph.

proof: Let G : (A, B) be a single valued neutrosophic graph on G* : (V, E), a path on
2m(m > 1) vertices. Let eq, ea, €3, ..., ea,—1 be the edges of path G*. If the alternate edges have
the same degrees of truth-membership, indeterminacy-membership and falsity-membership,

such that

(p1,q1,71) if i is odd

(p2,q2,72) if i is even.

Ble;) = (Tp(ei), Ip(ei), Fp(e;)) = {

where 0 < p;+¢q;+7; <3 and p1 £ ps,p2#2p1, Q1 # Q2 , G2 # 2q1 , 71 # ro and ry # 2rq,
then
dg(e1) = ((p1) + (pr +p2) = 2p1, (@) + (@1 + g2) — 2q1, (r1) + (r1 +72) — 2r1) = (p2, G2, 72)
fori=3,5,7,...,2m — 3;
dg(e;) = ((p1 +p2) + (p1 +p2) — 201, (1 + q2) + (@1 + q2) — 2q1, (r1 +7r2) + (r1 +1r2) —2r1) =
(2p2, 2q2,272)
for ¢ = 2,4,6,...,2m — 2;
da(ei) = ((p1+p2) + (1 +p2) — 22, (1 + @2) + (@1 + q2) — 2g2, (r1 +12) + (r1 +1r2) — 2r2) =
(2p1,2q1,2r1)
da(eam—1) = ((p1+p2) + (p1) — 2p1, (@1 + @2) + (q1) — 2q1, (11 +72) + (11) — 271) = (P2, G2, T2)-

We observe that the adjacent edges have distinct degrees. Hence G is a neighbourly edge

irregular single valued neutrosophic graph. Also we have

tda(e1) = (p1 +p2,q1 + q2,71 + 12)

tdg(e;) = (2p1 + p2,2q1 + q2,2ry 4 72) for i = 2,4,6,...,2m — 2
tdg(e;) = (p1 + 2p2, q1 + 2q2, 71 + 2r2) for i = 3,5,7,....,2m — 3
tda(eam—1) = (p1 + P2, @1 + g2, 71 + 72).

Therefore the adjacent edges have distinct total degrees, hence G is a neighbourly edge

totally irregular single valued neutrosophic graph.

O

Theorem 3.16. Let G : (A, B) be a single valued neutrosophic graph such that G* : (V, E) is

an even cycle of length 2m. If the alternate edges have the same degrees of truth-membership,
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the same degrees of indeterminacy-membership and the same degrees of falsity-membership ,
then G is both neighbourly edge irreqular single valued neutrosophic graph and neighbourly edge

totally irreqular single valued neutrosophic graph.

proof: Let G : (A4, B) be a single valued neutrosophic fuzzy graph on G* : (V, E), an even
cycle of length 2m. Let e, eq, €3, ..., €2, be the edges of cycle G*. If the alternate edges have
the same degrees of truth-membership, the same degrees of indeterminacy-membership and

the same degrees of falsity-membership, such that

(p1,q1,m1) if iis odd

(p2,q2,72) if i is even.

B(e;) = (T(ei), I(ei), Ip(e;)) = {

where 0 < p; +¢; + ¢ < 3 and p1 # p2 , ¢1 # q2 and 71 # rg,then
fori=1,3,5,7,....2m — 1;

da(ei) = ((p1+p2) + (1 +p2) = 2p1, (1 + @2) + (@1 + q2) — 2q1, (r1 +72) + (r1 +1r2) — 2r1) =
(2p2, 22, 212)

for i = 2,4,6,...,2m;

da(ei) = ((p1 +p2) + (p1 +p2) — 2p2, (1 + @2) + (1 + @2) — 2¢2, (r1 +1r2) + (r1 +712) — 21r9) =

(2p1 ) 2(11 ) 2T1 )

We observe that the adjacent edges have distinct degrees. Hence G is a neighbourly edge
irregular single valued neutrosophic graphs. Also we have
tda(ei) = (p1 + 2p2,q1 + 2q2, 71 + 2r9) for i = 1,3,5,7,....,2m — 1
tda(e;) = (2p1 + p2,2q1 + q2,2r1 + o) for i = 2,4,6, ..., 2m.

Therefore the adjacent edges have distinct total degrees, hence G is a neighbourly edge

totally irregular single valued neutrosophic graph.

0

Theorem 3.17. Let G : (A, B) be a single valued neutrosophic graph on G* : (V, E), a cycle
on m(m > 4) wvertices. If the degrees of truth-membership, indeterminacy-membership and
falsity-membership of the edges e1, e, €3, ..., em aT€ P1,P2, P3, .., Pm Such that p1 < ps < p3 <
v < Pm 5 Q1,92,43, s Gm Such that g1 > q2 > q3 > ... > @ and 71,72,73, ..., Ty Such that
r > 19 > T3 > ... > Ty, respectively, then G is both neighbourly edge irregular single valued

neutrosophic graph and neighbourly edge totally irregular single valued neutrosophic graph.

proof: Let G : (A, B) be a single valued neutrosophic graph on G* : (V, E), a cycle on
m(m > 4) vertices. Let ej,eg,es,...,e, be the edges of cycle G* in that order. Let de-

grees of truth-membership, indeterminacy-membership and falsity-membership of the edges
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€1, €2, €3, ..., 6y, are P1,P2,P3, ---, Pm such that p1 < pa < p3 < ... < pm , 91,492,493, .-+, @m sSuch
that g1 > q2 > q3 > ... > q, and r1,72,73, ...,y such that ry > ro > rg > ... > r,,, respec-
tively, then

We observe that the adjacent edges have distinct degrees. Hence G is a neighbourly edge
irregular single valued neutrosophic graph.
tda(e1) = (p1 + P2 +Pms @1 + @2 + @71 + 72+ Tn)
tda(ei) = (pi-1 + Pi + Pit1,¢i—1 + @i + Giv1,7im1 + 1 +1riq1) for i =2,3,4,5,...,m —1
tda(em) = (P1 + Pm—1+ Pmy @1 + Gm—1 + @ms 71 + 1 + 7).

We note that the adjacent edges have distinct total degrees. Hence G is a neighbourly edge

totally irregular single valued neutrosophic graph.

4. Strongly edge irregular single valued neutrosophic graphs and strongly edge

totally irregular single valued neutrosophic graphs

Now, In this section, we study strongly edge irregular single valued neutrosophic graphs and

strongly edge totally irregular single valued neutrosophic graphs.

Definition 4.1. Let G : (A, B) be a connected single valued neutrosophic graph on G* : (V, E).
Then G is said to be:

(1)A strongly edge irregular single valued neutrosophic graph if every pair of edges having
distinct degrees (or no two edges have same degree). (2) A strongly edge totally irregular
single valued neutrosophic graph if every pair of edges having distinct total degrees (or no two

edges have same total degree).

Example 4.2. Graph which is both strongly edge irreqular single valued neutrosophic graph
and strongly edge totally irregular single valued neutrosophic graph.

Let G : (A, B) be a connected single valued neutrosophic graph on G* : (V, E) which is a cycle
of length five.
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(0.7,0.1,0.1)

x  (03,0303) w
(0.4,0.2,0.3) (0.5,0.3,0.2)

Figure 6. Both strongly edge irregular SVNG and strongly edge totally irregular SVNG.

From Figure 6,
dg(u) = (0.6,0.6,0.6),de(v) = (0.3,0.9,0.3),dg(w) = (0.5,0.7,0.5), dg(z) = (0.7,0.5,0.7),
da(y) = (0.9,0.3,0.9).
Degrees of the edges are calculated as follows
de(uv) = (0.7,0.5,0.7), dg(vw) = (0.4,0.8,0.4), dg(wz) = (0.6,0.6,0.6),
da(zy) = (0.8,0.4,0.8), dg(yu) = (0.5,0.7,0.5).
It is noted that every pair of edges having distinct degrees. Hence G is a strongly edge irreqular
single valued neutrosophic graph.
Total degrees of the edges are calculated as follows
tdg(uv) = (0.8,1.0,0.8), tdg(vw) = (0.6,1.2,0.6), tde(wz) = (0.9, 0.9, 0.9),
tda(zy) = (1.2,0.6,1.2), tdg(yu) = (1.0,0.8,1.0).
It is observed that every pair of edges having distinct total degrees. So, G is a strongly edge
totally irreqular single valued neutrosophic graph.
Hence G is both strongly edge irreqular single valued neutrosophic graph and strongly edge

totally irreqular single valued neutrosophic graph.

Example 4.3. Strongly edge irregular single valued neutrosophic graph need not be strongly

edge totally irreqular single valued neutrosophic graph.

(0.3,0.6,0.2)
u

\/ W
(0.4,0.2,0.5) (0.4,0.5,0.8) (0.5,0.3,0.4)

Figure 7. Strongly edge irreqular SVNG, not strongly edge totally irreqular SVNG
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Consider G : (A, B) be a single valued neutrosophic graph such that G* : (V. E), a cycle of
length three.
From Figure 7,
dg(u) = (0.5,1.3,1.3),dg(v) = (0.7,1.2,1.4),dg(w) = (0.6,1.1, 1.5);
dg(uv) = (0.6,1.1,1.5), dg(vw) = (0.5,1.3,1.3), dg(wu) = (0.7,1.2,1.4);
tdg(uv) = tdg(wz) = tdg(wu) = (0.9,1.8,2.1).
noted that G is strongly edge irreqular single valued neutrosophic graph, since every pair of edges
having distinct degrees. Also, G is not strongly edge totally irreqular single valued neutrosophic
graph, since all the edges having same total degree. Hence strongly edge irreqular single valued

neutrosophic graph need not be strongly edge totally irregular single valued neutrosophic graph.

Example 4.4. Strongly edge totally irreqular single valued neutrosophic graphs meed not be
strongly edge irreqular single valued neutrosophic graphs.

Consider G : (A, B) be a single valued neutrosophic graph such that G* : (V,E), a cycle of
length four.

(0.8,0.2,0.3)

(0.9,0.1,0.4) X v(0.6,0.4,0.1)

W
(0.7,0.3,0.2)

Figure 8. Strongly edge totally irreqular SVNG, not strongly edge irreqular SVNG.

From Figure 8,

dg(u) = (1.1,0.6,1.1),de(v) = (0.8,0.9,0.7),dg(w) = (1.2,0.8,0.6),dc(x) = (1.5,0.5,1.0);
da(uw) = dg(wz) = (1.3,0.7,0.8), dg(vw) = dg(zru) = (1.0,0.7,0.9);

tdg(uv) = (1.6,1.1,1.3), tdg(vw) = (1.5,1.2,1.1), tdg(wz) = (2.0,1.0,1.2),

dg(xu) = (1.9,0.8,1.5).

It is noted that dg(uv) = dg(wz). Hence G is not strongly edge irreqular single valued neu-
trosophic graph.

But G is strongly edge totally irreqular single valued neutrosophic graph, since tdg(uv) #
tdg(vw) # tdg(wzx) # tdg(zu).

Hence strongly edge totally irreqular single valued neutrosophic graph need not be strongly edge

wrregular single valued neutrosophic graph.
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Theorem 4.5. Let G : (A, B) be a connected single valued neutrosophic graph on G* : (V, E)
and B : (T, Ip, FB) is a constant function. Then G is a strongly edge irreqular single valued
neutrosophic graph, if and only if G is a strongly edge totally irregular single valued neutro-

sophic graph.

proof: Assume that B : (I's, I, F) is a constant function, let B(uv) = C, for all uv in E,
where C' = (Cr, Cr,CF) is constant.
Let uv and zy be any pair of edges in E. Then we have
da(uw) # da(zy)
— dg(uv) + C # dg(zy) + C
> (drg (w), dry (w0), dpg (w)) + (Cr, Cr, CF) # (d1y (2y), dig (2y), drg (2y)) + (Cr, Cr, CF)
<= (dpy, (w0)+Cr,dr, (uwv)+Cr, dp, (uwv) +Cr) # (dry (xy)+Cr, dr, (xy) +Cr, dpy, (zy) + Cr)
= (dry (uv) + Tp(uv), dr (uv) + Ip(uv), dryg (uv) + Fp(uv)) # (drg (2y) +Tr(2y), drg (zy) +
Ip(xy), dry (zy) + F(xy))
< (tdry (uv), tdr, (w), tdpy (wv)) # (tdry (2y), tdi, (y), tdr, (2y))
< tdg(uv) # tdg(xy)
Therefore every pair of edges have distinct degrees if and only if have distinct total degrees.
Hence G is strongly edge irregular single valued neutrosophic graph if and only if G is a

strongly edge totally irregular single valued neutrosophic graph.

0

Remark 4.6. Let G : (A, B) be a connected single valued neutrosophic graph on G* : (V, E).
If G is both strongly edge irreqular single valued neutrosophic graph and strongly edge totally

wrreqular single valued neutrosophic graph, Then B need not be a constant function.

Example 4.7. Consider G : (A, B) be a single valued neutrosophic graph such that G* : (V, E)
s a cycle of length five.

(0.7,0.1,0.1)

x  (03,0303) w
(0.4,0.2,0.2) (0.5,0.3,0.3)

Figure 9. B is not a constant function.
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From Figure 9,
dg(u) = (0.6,0.6,0.6),de(v) = (0.3,0.9,0.9),dg(w) = (0.5,0.7,0.7), dc(x) = (0.7,0.5,0.5),
dg(y) = (0.9,0.3,0.3).
Also, dg(uv) = (0.7,0.5,0.5), dg(vw) = (0.4,0.8,0.8), dg(wx) = (0.6,0.6,0.6),
da(ry) = (0.8,0.4,0.4), dg(yu) = (0.5,0.7,0.7).
It is noted that every pair of edges in G having distinct degrees. Hence G is a strongly edge
wrreqular single valued neutrosophic graph.
Also, tdg(uwv) = (0.8,1.0,1.0), tdg(vw) = (0.6,1.2,1.2), tdg(wx) = (0.9,0.9,0.9),
tdg(zy) = (1.2,0.6,0.6), tde(yu) = (1.0,0.8,0.8).
Note that every pair of edges in G having distinct total degrees. Hence G is a strongly edge
totally irreqular single valued neutrosophic graph. Therefore G is both strongly edge irregular
single valued neutrosophic graph and strongly edge totally irregular single valued neutrosophic

graph. But u is not a constant function.

Theorem 4.8. Let G : (A, B) be a single valued neutrosophic graph on G* : (V,E). If G is a
strongly edge irregular single valued neutrosophic graph, then G is a neighbourly edge irreqular

single valued neutrosophic graph.

proof: Let G : (A4, B) be a single valued neutrosophic graph on G* : (V, E'). Let us assume
that GG is a strongly edge irregular single valued neutrosophic graph, then every pair of edges
in G have distinct degrees. So every pair of adjacent edges have distinct degrees. Hence G is

a neighbourly edge irregular single valued neutrosophic graph.

O

Theorem 4.9. Let G : (A, B) be a single valued neutrosophic graph on G* : (V,E). If G is
a strongly edge totally irreqular single valued neutrosophic graph, then G is a neighbourly edge

totally irreqular single valued neutrosophic graph.

proof: Let G : (A, B) be a single valued neutrosophic graph on G* : (V, E'). Let us assume
that G is a strongly edge totally irregular single valued neutrosophic graph, then every pair
of edges in G have distinct total degrees. So every pair of adjacent edges have distinct total

degrees. Hence G is a neighbourly edge totally irregular single valued neutrosophic graph.

0

Remark 4.10. Converse of the above Theorems 4.8 and 4.9 need not be true.

Example 4.11. Consider G : (A, B) be a fuzzy graph such that G* : (V, E) is a path on four

vertices.
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(0.6,0.1,0.4) (0.7,0.2,0.3) (0.4,0.3,0.1) (0.5,0.4,0.2)
U (030405 Y (020304 W (030405 X

Figure 10. Neighbourly edge irreqular SVNG, not strongly edge irreqular SVNG;
Neighbourly edge totally irregular SVNG, not strongly edge totally irregular SVNG.

From Figure 10,
dg(u) = (0.3,0.4,0.5),de(v) = (0.5,0.7,0.9), dg(w) = (0.5,0.7,0.9),
dg(x) = (0.3,0.4,0.5);
da(uww) = dg(wz) = (0.2,0.3,0.4), dg(vw) = (0.6,0.8,1.0);
tdg(uv) = tdg(wz) = (0.5,0.7,0.9), tdg(vw) = (0.8,1.1,1.4).
Here, dg(uv) # dg(vw) and dg(vw) # dg(wz). Hence G is a neighbourly edge irreqular single
valued neutrosophic graph. But G is not a strongly edge irreqular single valued neutrosophic
graph, since dg(uv) # dg(wz). Also, note that tdg(uv) # tdg(vw) and tdg(vw) # tdg(wx).
Hence G is a neighbourly edge totally irreqular single valued neutrosophic graph. But G is not

a strongly edge totally irreqular single valued neutrosophic graph, since tdg(uv) # tdg(wzx).

Theorem 4.12. Let G : (A, B) be a connected single valued neutrosophic graph on G* : (V, E)
and B : (Tp,Ip,Fg) is a constant function. If G is a strongly edge irreqular single valued

neutrosophic graph, then G is an irreqular single valued neutrosophic graph.

proof: Let G : (A, B) be a connected single valued neutrosophic graph on G* : (V| E).
Assume that B : (I, Ip, F) is a constant function, let B(uv) = C, for all wv in E, where
C = (Cr,Cr,CF) is constant.

Let us Suppose that G is a strongly edge irregular single valued neutrosophic graph. Then
every pair of edges having distinct degrees. Let uv and vw be adjacent edges in G having
distinct degrees, and hence

de(uv) # da(vw)

= (dry (u0), diy (w0), iy (w)) 7 (dry (v0), dpy (v0), diy (00))

= (dry () + dr, (v) — 2Tp(uv), di, (u) + dp, (v) — 2Lp(uv), di, (1) + di, (v)) — 2Fg(uv)) #
(d1, (v) + dr, (w) = 2Tp(vw), dr, (v) + di, (w) = 2Ip(vw), dF, (v)) + dF, (w) — 2Fp(vw))

= (dr, (w)+dr, (v)=2C7, dr, (u)+dr, (v) =2C, dp, (W) +dp, (v) —2CF) # (dr, (v)+dr, (W) —
2C7,dr, (v) + di, (w) — 2071, dp, (v)) + dp, (w) — 2CF)

= (dr,(u) + dr,(v),dr,(u) + dr,(v),dp,(u) + dpy(v)) — 2(Cr,Cr,Cr) # (dr,(v) +
dr, (w), dr, (v) + di, (w), dp, (v)) + dp, (w)) = 2(Cr, Cr, Cp)

= (dp,(u) + dpy(v),dr,(u) + di,(v),dp,(u) + dp,(v)) # (dp, (V) + dr,(w),dr, (v) +
1, (), dy (0)) + diry ()

N (ry()diy (W) diy (@) + (A1, (0),d1y(0),dry (0) 4
(d1,(v), d1, (v),dp, (v) + (dry (W), di, (W), dp, (w))
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= dg(u) + dg(v) # dg(v) + dg(w)
= dg(u) # da(w)
So there exists a vertex v which is adjacent to vertices v and w having distinct degrees. Hence

G is an irregular single valued neutrosophic graph.

O

Theorem 4.13. Let G : (A, B) be a connected single valued neutrosophic graph on G* : (V, E)
and B : (Tp,Ip, Fp) is a constant function. If G is a strongly edge totally irreqular single

valued neutrosophic graph, then G is an irreqular single valued neutrosophic graph.

proof: Proof is similar to the above Theorem 4.12.

Remark 4.14. Converse of the above Theorems 4.12 and 4.13 need not be true.

Example 4.15. Consider G : (A, B) be a single valued neutrosophic graph such that G* :

(V, E) is a path on four vertices.

(0.6,0.3,0.1) (0.7,0.2,0.5) (0.4,0.4,0.4) (0.5,0.1,0.3)
U 03,0406 YV (030406 W (030406 X

Figure 11. Irreqular SVNG, not strongly edge irregular SVNG and not strongly edge totally
wrreqular SVNG.

From Figure 11,
dg(u) = dg(x) = (0.3,0.4,0.6),dg(v) = dg(w) = (0.6,0.8,1.2). Here, G is an irreqular single
valued neutrosophic graph.
Also, dg(uv) = dg(wzx) = (0.3,0.4,0.6), dg(vw) = (0.6,0.8,1.2);
tdg(uv) = tdg(wz) = (0.6,0.8,1.2), tdg(vw) = (0.9,1.2,1.8).
It is noted that dg(uv) = dg(wx). Hence G is not a strongly edge irreqular single valued
neutrosophic graph. Also, tdg(uv) = tdg(wz). Hence G is not a strongly edge totally irregular

single valued neutrosophic graph.

Theorem 4.16. Let G : (A, B) be a connected single valued neutrosophic graph on G* : (V, E)
and B : (Tg,Ip,Fp) is a constant function. If G is a strongly edge irreqular single valued

neutrosophic graph, Then G is a highly irreqular single valued neutrosophic graph.

proof: Let G : (A, B) be a connected single valued neutrosophic graph on G* : (V, E).
Assume that B : (I, Ip, Fp) is a constant function, let B(uv) = C for all uv in E, where
C = (Cr,Cr,CF) is constant.

Let v be any vertex adjacent with u, w and x. Then uv, vw and vz are adjacent edges in G.
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Let us suppose that G is strongly edge irregular single valued neutrosophic graph. Then every
pair of edges in GG have distinct degrees. So every pair of adjacent edges in G have distinct
degrees. Hence dg(uv) # dg(vw) # dg(vx)

= (dry (uv), diy (wv), dpg (uv)) # (drg (vw), dig (vw), dpg (vw)) # (dry (ve), dis (ve), dFg (ve))
= (dp,(u) + dr, (v) — 2TB(uwv), dr, (v) + dr, (v) — 2Ig(uv), dp, (u) + dp, (v)) — 2FB(uv)) #
(dr, (v) + dr, (w) — 2Tp(vw), dr, (v) + di,(w) — 2Ip(vw), dF, (v) + dr, (W) — 2Fp(vw)) #
(dp,(v) +dr, () — 2Tp(vx),dr, (v) + dr,(z) — 2Ig(ve),dp, (v)) + dp, () — 2Fp(vz))

= (dr, (u)+dr, (v) =2C7, dr, (u) +dr, (V) =2C7, dF, (u)+dp, (v)) =2CF) # (dr, (V) +d7, (W) —
207, d, (v)+dr, (w)=2C7, dp, (v)+dp, (W) =2CF) # (dr, (v)+dr, (2) =2Cr, dr, (v)+dp, (1) —
201, dp, (v)) + dp, (2) — 2CF)

= (dp,(u) + dr,(v),dr,(u) + dr,(v),dp,(u) + dp,(v)) # (dy(v) + dr,(w),dr, (v) +
dr,(w),dr, (v)) +dr, (w)) # (dr, (v) + dr, (2), dr, (v) + di, (2), dF, (0) + dE, (2))

= (dr,(u),dr,(v),dpy(u)) + (d7y(v),dry(v),dr, (v)  # (dr,y(v),dr, (v),dr, (v) +
(dr, (w), dr, (W), dpy(w)) # (dry (v), dr, (v), dp, (V) + (dr, (), dr, (2), dE, (2)

= (dr, (u),dr, (u),dp, (v)) # (dr, (w),d1, (W), dF, (W) # (dr, (%), d1, (2), dFy (7))

= dg(u) # dg(w) # da(z)

Therefore the vertex v is adjacent to the vertices with distinct degrees. Hence G is a highly

irregular single valued neutrosophic graph.

O

Theorem 4.17. Let G : (A, B) be a connected single valued neutrosophic graph on G* : (V, E)
and B : (Tp,Ip, Fp) is a constant function. If G is a strongly edge totally irreqular single

valued neutrosophic graph, Then G is a highly irreqular single valued neutrosophic graph.

proof: Proof is similar to the above Theorem 4.16.

Remark 4.18. Converse of the above Theorems 4.16 and 4.17 need not be true.

Example 4.19. Consider G : (A, B) be a single valued neutrosophic graph such that G* :
(V, E) is a path on four vertices.

(0.6,0.3,0.1) (0.7,0.2,0.5) (0.4,0.4,0.4) (0.5,0.1,0.3)
U (030406 YV (030406 W (030406 X

Figure 12. highly irreqular SVNG, not strongly edge irreqular SVNG and not strongly edge
totally irreqular SVNG

From Figure 12,
dg(u) = dg(z) = (0.3,0.4,0.6),dg(v) = dg(w) = (0.6,0.8,1.2). Here, G is a highly irregular
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single valued neutrosophic graph.

Note that dg(uv) = dg(wx) = (0.3,0.4,0.6), dg(vw) = (0.6,0.8,1.2). So, G is not a strongly
edge irregular single valued neutrosophic graph.

Also, tdg(uwv) = tdg(wz) = (0.6,0.8,1.2), tdg(vw) = (0.9,1.2,1.8). So, G is not a strongly

edge totally irreqular single valued neutrosophic graph.

Theorem 4.20. Let G : (A, B) be a single valued neutrosophic graph on G* : (V. E), a star
Ki,. Then G is a totally edge regular single valued neutrosophic graph. Also, if the degrees
of truth-membership, indeterminacy-membership and falsity-membership of no two edges are

same, then G is a strongly edge irreqular single valued neutrosophic graph.

proof: Proof is similar to Theorem 3.14.

0

Theorem 4.21. Let G : (A, B) be a single valued neutrosophic graph such that G* : (V, E) is
a path on 2m(m > 1) vertices.If the degrees of truth-membership, indeterminacy-membership
and falsity-membership of the edges eq,ea, €3, ..., €2m_1 are p1,p2,P3, ..., P2m—1 Such that p; <
pa < p3 < oo < Pom—1 5 1,G2,43, .-y Qom—_1 Such that g1 > qo > q3 > ... > @om—_1 and
71,792,173, -y Tom—1 Such that r1 > ro > rs > ... > rom_1, respectively, then G is both strongly
edge irreqgular single valued neutrosophic graph and strongly edge totally irreqular single valued

neutrosophic graph.

proof: Let G : (A, B) be a single valued neutrosophic graph on G* : (V,E), a path
on 2m(m > 1) vertices. Let e, ea,es,...,eam—1 be the edges of path G* in that order.
Let degrees of truth-membership, indeterminacy-membership and falsity-membership of the
edges e1,es,€3,...,€2m_1 are pi,P2,P3,...,P2m—1 such that p; < ps < p3 < ... < pPoan_1 ,
q1,92,93, ---,g2m—1 such that g1 > g2 > g3 > ... > gam—1 and r1,72,73,...,72m—1 such that
r1 > T9 > T3 > ... > ro;,_1, respectively, then
da(v1) = (p1,q1,71)
de(vi) = (Pi—1 + Pis Gim1 + @i, Ti—1 4+ 15) for i = 2,3,4,5,...,2m — 1

dg(e1) = (p2,q2,72)

(
da(vm) = (P2m—1,@m—1,T2m—1)
(
( (Pi—1 + Pit1,Gi—1 + Git1,7i—1 + 1rip1) for i =2,3,4,5,...,2m — 2

da (e
da(e2m—1) = (P2m—2; G2m—2,T2m—2)

We observe that any pair of edges have distinct degrees. Hence G is a strongly edge irregular
single valued neutrosophic graph. Also we have

tda(e1) = (p1+p2, @1 + g2,m1 +12)

tda(ei) = (Pi—1 + Pi + Pit1, Qi1 + G + Qig1, i1 + i + 7iq1) for i = 2,3,4,5,...,2m — 2
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tda(e2m—1) = (P2m—2 + P2m—1, @2m—2 + @2m—1,T2m—2 + T2m—1)

Therefore any pair of edges have distinct total degrees, hence G is a strongly edge totally

irregular single valued neutrosophic graph.

Theorem 4.22. Let G : (A, B) be a single valued neutrosophic graph such that G* : (V, E) is
a cycle on m(m > 4) vertices. If the degrees of truth-membership, indeterminacy-membership
and falsity-membership of the edges e, es, es, ..., en are P1, P2, D3, ...y Pm Such that p1 < py <
P3 < .. < Dm 5 Q1,92,G3,---,Gm Such that ¢q1 > q2 > q3 > ... > qm and r1,72,73, ..., "m Such
that r1 > 19 > 13 > ... > 1y, respectively, then G is both strongly edge irregular single valued

neutrosophic graph and strongly edge totally irreqular single valued neutrosophic graph.

proof: Let G : (A, B) be a single valued neutrosophic graph on G* : (V, E), a cycle on
m(m > 4) vertices. Let ejg,eg,es,...,e, be the edges of cycle G* in that order. Let de-
grees of truth-membership, indeterminacy-membership and falsity-membership of the edges
€1, €2, €3, ..., €y are P1,P2,P3, ---, Pm such that p1 < pa < p3 < ... < pm » 91,942,493, .-+, @m sSuch
that g1 > q2 > q3 > ... > q, and r1,72,73, ...,y such that ry > ro > rg > ... > r,,, respec-
tively,then

We observe that any pair of edges have distinct degrees. Hence G is a strongly edge irregular
single valued neutrosophic graph.
tdc(e1) = (p1 + P2 +Pms @1 + @2 + @71 + 72+ Tin)
tdg(ei) = (pi-1 + i + Pit1,¢i-1 + ¢ + Qiv1,7i-1 + 15 + i) for i =2,3,4,5,...,m — 1
tda(em) = (p1 + Pm—1+ P, @1 + Gm—1 + @y 71 + Tm—1 + Tm)

We note that any pair of edges have distinct total degrees. Hence G is a strongly edge

totally irregular single valued neutrosophic graph.
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5. Conclusion

It is well known that graphs are among the most ubiquitous models of both natural and
human-made structures. They can be used to model many types of relations and process dy-
namics in computer science, physical, biological and social systems. In general graphs theory
has a wide range of applications in diverse fields. In this paper, we introduced some types
of edge irregular single valued neutrosophic graphs and properties of them. A comparative
study between neighbourly edge irregular single valued neutrosophic graphs and neighbourly
edge totally irregular single valued neutrosophic graphs and also between strongly edge ir-
regular single valued neutrosophic graphs and strongly edge totally irregular single valued
neutrosophic graphs did. Also some properties of neighbourly edge irregular single valued
neutrosophic graphs and strongly edge irregular single valued neutrosophic graphs studied,
and they examined for neighbourly edge totally irregular single valued neutrosophic graphs

and strongly edge totally irregular single valued neutrosophic graphs.
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Abstract: In this paper we exemplify the types of Plithogenic Probability and respectively Plithogenic
Statistics. Several applications are given.

The Plithogenic Probability of an event to occur is composed from the chances that the event occurs
with respect to all random variables (parameters) that determine it. Each such a variable is described
by a Probability Distribution (Density) Function, which may be a classical, (T,I,F)-neutrosophic,
I-neutrosophic, (T,F)-intuitionistic fuzzy, (T,N,F)-picture fuzzy, (T,N,F)-spherical fuzzy, or (other
fuzzy extension) distribution function.

The Plithogenic Probability is a generalization of the classical MultiVariate Probability.

The analysis of the events described by the plithogenic probability is the Plithogenic Statistics.

Keywords: MultiVariate Probability; MultiVariate Statistics; Plithogenic Probability; Plithogenic
Refined Probability; Plithogenic Statistics; Plithogenic Refined Statistics; Neutrosophic Data;
Neutrosophic Sample, Neutrosophic Population, Neutrosophic Random Variables; Plithogenic
Variate Data

1. Introduction

The Plithogeny, as generalization of Dialectics and Neutrosophy, and then its applications to Plithogenic
Set/Logic/Probability/Statistics (as generalization of fuzzy, intuitionistic fuzzy, neutrosophic
set/logic/probability/statistics) [1, 2] were introduced by Smarandache in 2017.

Plithogeny is the genesis or origination, creation, formation, development, and evolution of
new entities from dynamics and organic fusions of contradictory and/or neutrals and/or
non-contradictory multiple old entities.

Plithogenic means what is pertaining to plithogeny. Etymologically, plitho-geny comes from:
(Gr.) mAn0o¢ (plithos) = crowd, many while -geny < (Gr.) -yevid (-genia) = generation, the
production of something

2. Neutrosophic (or Indeterminate) Data

Neutrosophic (or Indeterminate) Data is a vague, unclear, incomplete, partially unknown,
conflicting indeterminate data. The neutrosophic data can be metrical, or categorical, or both.
Plithogenic Variate Data summarizes the associations (or inter-relationships) between
Neutrosophic variables. While Neutrosophic Variable is a variable (or function, operator), that
deals with neutrosophic data) either in its arguments or in its values, or in both. The problem to
solve may have many dimensions, therefore multiple measurements and observations are needed
since there are many sides to the problem, not only one. Neutrosophic variables may be:
dependent; independent; or partially dependent, partially independent, and partially
indeterminate.

Florentin Smarandache, Plithogenic Probability & Statistics are generalizations of MultiVariate Probability & Statistics



Neutrosophic Sets and Systems, Vol. 43, 2021 281

(i.e. unknown if dependent or independent). The data’s attributes (features, functions etc.) are
investigated by survey-based techniques within the frame of Neutrosophic Conjoint Analysis
(which includes the choice based conjoint and the adaptive choice-based conjoint.) Indeterminacy
may occur at the level of attributes as well. We may thus deal with neutrosophic (indeterminate,
unclear, partially known etc.) attributes [3-14].

3. Classical MultiVariate Analysis vs. Plithogenic Variate Analysis

The Classical MultiVariate Analysis (MVA) studies a system, which is characterized by many
variables, or one may call it a system-of-systems. The variables, i.e. the subsystems, and the system
as a whole are also classical (i.e. they do not deal with indeterminacy). Many classical measurements
are needed, and the classical relations between variables to be determined. This system-of-systems is
generally represented by a surrogate approximate model.

The Plithogenic Variate Analysis (PVA) is an extension of of the classical MultiVariate
Analysis, where indeterminate data or procedures, that are called neutrosophic data and
respectively neutrosophic procedures, are allowed. Therefore PVA deals with neutrosophic/
indeterminate variables, neutrosophic/indeterminate subsystems, and neutrosophic/indeterminate
system-of-systems as a whole.

Therefore the Plithogenic Variate Analysis studies a neutrosophic/indeterminate system as a
whole, characterized by many neutrosophic/indeterminate variables (i-e.
neutrosophic/indeterminate sub-systems), and many neutrosophic/indeterminate relationships.
Hence many neutrosophic measurements and observations are needed.

The Plithogenic Variate Analysis requires complex computations, hence it is more complicated
than the Classical MultiVariate Analysis due to the neutrosophic (indeterminate) data it deals with;
nonetheless the PVA better reflects our world, giving results nearer to real-life situation. With the
dramatic increase of computers power this complexity is overcome.

The Plithogenic Variate Analysis elucidates each attribute of the data, using various methods,
such as: regression/factor/cluster/path/discriminant/latent (trait or profile)/multilevel analysis /
structural equation/recursive partition/redundancy/ constrained correspondence/ artificial neural
networks, multidimensional scaling, and so on.

The Plithogenic UniVariate Analysis (PUVA) comprises the procedures for analysis of
neutrosophic/indeterminate data that contains only one neutrosophic/indeterminate variable.

4. Plithogenic Probability

The Plithogenic Probability of an event to occur is composed from the chances that the event
occurs with respect to all random variables (parameters) that determine it.

The Plithogenic Probability, based on Plithogenic Variate Analysis, is a multi-dimensional
probability (“plitho” means “many”, synonym with “multi”). We may say that it is a probability of
sub-probabilities, where each sub-probability describes the behavior of one variable. We assume that
the event we study is produced by one or more variables.

Each variable is represented by a Probability Distribution (Density) Function (PDF).

5. Subclasses of Plithogenic Probability are:

(i) If all PDFs are classical, then we have a classical MultiVariate Probability.

(if) If all PDFs are in the neutrosophic style, i.e. of the form (T, I, F),
where T is the chance that the event occurs,
I is the indeterminate-chance of the event to occur or not,
and F is the chance that the event do not occur, with T, [, F €[0, 1], 0 < T+I+F <3,

then we have a Plithogenic Neutrosophic Probability.

(iii) If all PDFs are indeterminate functions (i.e. functions that have indeterminate data in their

arguments, or in their values, or in both),
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then we have a Plithogenic Indeterminate Probability.
(iv) If all PDFs are Intuitionistic Fuzzy in the form of (T, F),
where T is the chance that the event occurs,
and F is the chance that the event do not occur, with T, F € [0,1],0<T+F<1,
then we have a Plithogenic Intuitionistic Fuzzy Probability.
(v) If all PDFs are in the Picture Fuzzy Set style, i.e. of the form (T, N, F),
where T is the chance that the event occurs,
N is the neutral-chance of the event to occur or not,
and F is the chance that the event do not occur, with T, N, F& [0, 1], 0< T+N+F <1,
then we have a Plithogenic Picture Fuzzy Probability.
(vi) If all PDFs are in the Spherical Fuzzy Set style, i.e. of the form (T, H, F),
where T is the chance that the event occurs,
H is the neutral-chance of the event to occur or not,
and F is the chance that the event do not occur, with TH,F € [0, 1], 0 < T2+H2+F2<1,
then we have a Plithogenic Spherical Fuzzy Probability.
(vii) In general, if all PDFs are in any (fuzzy-extension set) style,
then we have a Plithogenic (fuzzy-extension) Probability.
(viii)  If some PDFs are in one of the above styles, while others are in different styles,
then we have a Plithogenic Hybrid Probability.

6. Plithogenic Refined Probability

The most general form of probability is Plithogenic Refined Probability, when the components
of T (Truth = Occurrence), I (Indeterminate-Occurrence), and F (Falsehood-NonOccurrence) are
refined/split into sub-components: Ti, Tz, ..., Tp (sub-truths = sub-occurrences) and Iy, I, ..., It
(sub-indeterminate-occurrences), and Fi, Fo, ..., Fs (sub-falsehoods = sub-nonoccurrences), where p,
r,s= 0areintegers,andp+r+s2>1.

All the above sub-classes of plithogenic probability may be refined this way.

7. Convergence from MultiVariate to UniVariate Analysis

In order to be able to make a decision, we need to convert from Plithogenic (MultiVariate)
Probability and Statistics to Plithogenic UniVariate Probability and Statistics. Actually we need to
fusion (combine) all variables and obtain a single cumulative variable.

The Classical Probability Space is complete, i.e. all possible event that may occur are known.

For example, let’s consider a soccer game between teams A and B. The classical probability
space is CPS = {A wins, tie game, B wins}.

The Neutrosophic Probability Space is in general incomplete, i.e. not all possible events are
known, and there also are events that are only partially known. In our world, most real probability
spaces are neutrosophic.

Example. Considering the same soccer game, the neutrosophic probability space NPS = {A wins,
tie game, B wins, interrupted game, etc.}, “interrupted” means that due to some unexpected weather
conditions, or to a surprising terrorist attack on the stadium, etc. the game is interrupted and
rescheduled (this has happened in our world many times).

Let’s assume an event E in a given (classical or neutrosophic) probability space is determined by
n =2 variables vi, vz, ..., vn, and we denote it as E(v1, v, ..., vn). The multi-variate probability of the
event E to occur, denoted by MVP(E), depends on many probabilities, i.e. on the probability that the
event E occurs with respect to variable vi, denoted by Pi(E(v1)), on the probability that the event E
occurs with respect to variable vz, denoted by P2(E(v2)), and so on.
Therefore, MVP(E(vy, vz, ..., vn)) = (P1(E(v1)), P2(E(v2)), ..., Pa(E(Vn))).
The variables v, vz, ..., v, and the probabilities P1, Py, ..., Pr, may be classical, or having some degree
of indeterminacy.
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In order to convert from multi-probability to uni-probability, we apply various logical operators
(conjunctions, disjunctions, negations, implications, etc. and their combinations, depending on the
application to do and on the expert) on the multi-probability.

Such applications are presented towards the end of the paper.

7. Plithogenic Statistics

Plithogenic Statistics (PS) encompasses the analysis and observations of the events studied by
the Plithogenic Probability.

Plithogenic Statistics is a generalization of classical MultiVariate Statistics, and it is a
simultaneous analysis of many outcome neutrosophic/indeterminate variables, and it as well is a
multi-indeterminate statistics.

8. Subclasses of Plithogenic Statistics are:
- MultiVariate Statistics
- Plithogenic Neutrosophic Statistics
- Plithogenic Indeterminate Statistics
- Plithogenic Intuitionistic Fuzzy Statistics
- Plithogenic Picture Fuzzy Statistics
- Plithogenic Spherical Fuzzy Statistics
- and in general: Plithogenic (fuzzy-extension) Statistics
- and Plithogenic Hybrid Statistics.

9. Plithogenic Refined Statistics are, similarly, the most general form of statistics that studies the
analysis and observations of the events described by the Plithogenic Refined Probability.

10. Applications of Plithogenic Probability

We retour our 2017 example [1] and pass it through all sub-classes of Plithogenic Probability.

In the Spring 2021 semester, at The University of New Mexico, United States, in a program of
Electrical Engineering, Jenifer needs to pass four courses in order to graduate at the end of the
semester: two courses of Mathematics (Second Order Differential Equations, and Stochastic
Analysis), and two courses of Mechanics (Fluid Mechanics and Solid Mechanics). What is the
Plithogenic Probability that Jenifer will graduate?

Her chances of graduating are estimated by the university’s advisors.

There are four variables (courses), vi, vz, v3, va respectively, that generate four probability
distributions. We consider the discrete probability distribution functions.
[ For the continuous ones, it will be similar. ]

10.1. Classical MultiVariate Probability (CMVP)

The advisers have estimated that CMVP(Jenifer) = (0.5, 0.6, 0.8, 0.4),

which means that Jenifer has 50% chance to pass the Second Order Differential Equations class,
60% chance of passing the Stochastic Analysis class (both as part of Mathematics), and 80% chance of
passing the Fluid Mechanics class, and 40% chance of passing the Solid Mechanics class (both as part
of Mechanics).

Since she has to pass all four classes, Jenifer’s chance of graduating is min{0.5, 0.6, 0.8, 0.4} = 0.4
or 40% chance.

10.2 Plithogenic Neutrosophic Probability

PNP(Jenifer) = ((0.5, 0.9, 0.2), (0.6, 0.7, 0.4); (0.8, 0.2, 0.1), (0.4, 0.3, 0.5)),

which similarly means that :

Jenifer’s chance to pass the Second Order Differential Equations class is 50%, and the
indeterminate chance is 90%, and the chance to fail it is 20%. Similarly for the other three classes.
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In conclusion: (min{0.5, 0.6, 0.8, 0.4}, max{0.9, 0.7, 0.2, 0.3}, max{0.2, 0.4, 0.1, 0.5}) = (0.4, 0.9,
0.5).

10.3. Plithogenic Indeterminate Probability

PIP(Jenifer) = ([0.4, 0.5], 0.2 or 0.4, 0.1 or unknown)
which unclear information, i.e. chance of graduating is between [40%, 50%], 20% or 40% is
indeterminate-chance of graduating, and chance of not graduating is 10% or unknown (i.e. the
advisors were not able to estimate it well).

10.4. Plithogenic Intuitionistic Fuzzy Probability (PIFP) provides more information

PIFP(Jenifer) = ((0.5, 0.2), (0.6, 0.4); (0.8, 0.1), (0.4, 0.5)),

which means that Jenifer has 50% chance to pass the Second Order Differential Equations class,
and 20% chance to fail it. And similarly for the other three classes.

In conclusion: ((min{0.5, 0.6, 0.8, 0.4), max{0.2, 0.4, 0.1, 0.5}) = (0.4, 0.5).

10.5. Plithogenic Picture Fuzzy Probability (PPFP) brings even more information

PPEP(Jenifer) = ((0.5,0.1, 0.2), (0.6, 0.0, 0.4); (0.8, 0.1, 0.1), (0.4, 0.0, 0.5)),

which means that Jenifer’s chance to pass the Second Order Differential Equations class is 50%,
and 10% neutral chance, and 20% chance to fail it. Similarly for the other three classes.

In conclusion: PSFP(Jenifer) = ((min{0.5, 0.6, 0.8, 0.4), max{0.1, 0.0, 0.1, 0.0}, max{0.2, 0.4, 0.1, 0.5})
=(04, 0.1, 0.5).

10.6. Plithogenic Spherical Fuzzy Probability (PSFP) enlarges the value spectrum of the previous
one

PSFP(Jenifer) = ((0.5, 0.3, 0.2), (0.6, 0.5, 0.4); (0.8, 0.3, 0.1), (0.4, 0.6, 0.5)),

with the same meaning as the previous one.

In conclusion: PSFP(Jenifer) = ((min{0.5, 0.6, 0.8, 0.4), max{0.3, 0.5, 0.3, 0.6}, max{0.2, 0.4, 0.1, 0.5})
= (04, 0.6, 0.5).

10.7. Plithogenic Hybrid Probability (PHP)

PHP(Jenifer) = ( 0.5; (0.7, 0.1, 0.4); (0.1, 0.2); 0.4 or 0.3),

which means that Jenifer has 50% chance to pass the Second Order Differential Equations class;
70% chance of passing and 10% indeterminate-chance and 40% chance of failing the Stochastic
Analysis class (both as part of Mathematics); and 10% chance of passing and 20% of failing the Fluid
Mechanics class; and 40% or 30% chance of passing the Solid Mechanics class (both as part of
Mechanics).

We have mixed herein: the fuzzy, neutrosophic, intuitionistic fuzzy, and indeterminate above
cases.

Or PHP(Jenifer) = ((0.5, 0.0, 0.0); (0.7, 0.1, 0.4); (0.1, 0.7, 0.2); (0.4 or 0.3, 0.0, 0.0)), since for the
intuitionistic fuzzy the hesitancy is: 1-0.1-0.2=0.7.

In conclusion: PHP(Jenifer) = ((min{0.5, 0.7, 0.1, 0.4 or 0.3), max{0.0, 0.1, 0.7, 0.0}, max{0.0, 0.4,
0.2,0.0})=(0.1,0.7, 0.4).

10.8. Plithogenic Refined Probability (PRP)

Let’s assume that for each class, Jenifer has to pass an oral test and a written test. Therefore T,LF
are refined/split into:

T1(oral test), T2(written test);

I1(oral test), I2(written test);
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F1(oral test), F2(written test).
Then, we may have, as an example:
PRP(Jenifer) = (((0.5, 0.6), (0.4, 0.7), (0.1, 0.2)),

((0.6, 0.8), (0.0, 0.7), (0.3, 0.4)),

((0.8,0.8), (0.1, 0.2), (0.1, 0.0)),

((0.3,0.7), (0.2, 0.3), (0.5, 0.4))),
which means :
with respect to the first class,
Jenifer’s chance to pass the oral test is 50% and the written test is 60%;
indeterminate-chance to pass the oral test is 40% and the written test is 70%;
and chance not to pass the oral test is 10% and the written test 20%.
Similarly for the other classes.

11. Converging/Transforming from MultiVariate to UniVariate Analysis

11.1. From Classical MultiVariate Probability (CMVP) to UniVariate Probability

(i) Since Jenifer has to pass all four classes, we use the conjunction operator: v, AV, AV, AV,.

In this case it is fuzzy conjunction (t-norm).
Therefore, Jenifer’s chance of graduating is CMVP(Jenifer) = min{0.5, 0.6, 0.8, 0.4} = 0.4, or 40%
chance.

(ii) Let’'s change the example and assume that for Jenifer to graduate she needs to pass at least
one class among the four. Now we use the disjunction operator: v, VvV, VvVVv,VvV, or fuzzy
disjunction (t-conorm). Therefore, Jenifer’s chance of graduating is CMVP(Jenifer) = max{0.5, 0.6, 0.8,
0.4} = 0.8, or 80% chance.

(iii) Let’s change again the example and assume that for Jenifer to graduate she needs to pass
at least one class of Mathematics and at least one class of Mechanics. Then, we use a mixture of

conjunctions and disjunctions: CMVP(Jenifer) = (vl \Y v2) A (v3 \% v4) = min{max{vi, vz}, max{vs, va}}
= min{max{0.5, 0.6}, max{0.8, 0.4}} = min{0.6, 0.8} = 0.6, or 60% chance.

11.2 From Plithogenic Neutrosophic Probability (PNP) to UniVariate Neutrosophic Probability

In conclusion: PNP(Jenifer) = ((min{0.5, 0.6, 0.8, 0.4), max{0.9, 0.7, 0.2, 0.3}, max{0.2, 0.4, 0.1, 0.5})
=(0.4, 0.9, 0.5).

11.3. This Plithogenic Indeterminate Probability happens to be a UniVariate Indeterminate
Probability

Therefore, no converting (or transformation) needed.

PIP(Jenifer) = ([0.4, 0.5], 0.2 or 0.4, 0.1 or unknown)

with unclear information, i.e. chance of graduating is between [40%, 50%], 20% or 40%
indeterminate-chance of graduating, and chance of not graduating is (10% or unknown - i.e. the
advisors were not able to estimate it well).

11.4. From Plithogenic Intuitionistic Fuzzy Probability (PIFP) to UniVariate Intuitionistic Fuzzy
Probability

In conclusion: PIPF(Jenifer) = ((min{0.5, 0.6, 0.8, 0.4), max{0.2, 0.4, 0.1, 0.5}) = (0.4, 0.5), which
means that chance of graduating is 40%, and chance of not graduating 50%.
11.5. From Plithogenic Picture Fuzzy Probability (PPFP) to UniVariate Picture Fuzzy Probability

In conclusion: PSFP(Jenifer) = ((min{0.5, 0.6, 0.8, 0.4), max{0.1, 0.0, 0.1, 0.0}, max{0.2, 0.4, 0.1, 0.5})
= (0.4, 0.1, 0.5), or 40% chance to graduate, 10% neutral chance, and 50% chance not to graduate.
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11.6. From Plithogenic Spherical Fuzzy Probability (PSFP) to UniVariate Spherical Fuzzy
Probability

In conclusion: PSFP(Jenifer) = ((min{0.5, 0.6, 0.8, 0.4), max{0.3, 0.5, 0.3, 0.6}, max{0.2, 0.4, 0.1, 0.5})
= (0.4, 0.6, 0.5), or 40% chance to graduate, 60% hesitant chance, and 50% chance not to graduate.

11.7. From Plithogenic Hybrid Probability (PHP) to UniVariate Hybrid Probability

In conclusion: PHP(Jenifer) = ((min{0.5, 0.7, 0.1, 0.4 or 0.3), max{0.0, 0.1, 0.7, 0.0}, max{0.0, 0.4,
0.2,0.0}) = (0.1, 0.7, 0.4).

10.8. From Plithogenic Refined Probability (PRP) to UniVariate Refined Probability ???

Taking min of T1’s, min T2’s, and max of I1’s, max of 12’s, and max of F1’s, F2’s, one gets:
PRP(Jenifer) = ((0.3, 0.6), (0.4, 0.7), (0.5, 0.4)).

Whence, Jenifer’s chance, with respect to all classes,

to pass the oral test is 30% and the written test is 60%;

indeterminate-chance to pass the oral test is 40% and the written test is 70%;

and chance not to pass the oral test is 50% and the written test 40%.

But, with respect to graduation, we use again the fuzzy conjunction:

PRP(Jenifer) = (min{0.3, 0.6}, max{0.4, 0.7}, max{0.5, 0.4}) = (0.3, 0.7, 0.5), or

Jenifer’s chance to graduate is 30%, indeterminate-chance of graduating 70%, and 50% chance
not to graduate.

11. Corresponding Applications of Plithogenic Statistics

A prospective is made on the university student population, that was enrolled this semester, in
order to determine the chance of the average students to graduate.

Let’s take a random sample of the university’s student population in order to investigate what's
the chance of graduating for an enrolled average student.

By inference statistics, we estimate the population’s average student to be similar to the sample’s
average student.

We may have a classical random sample, i.e. the sample size is known and all sample
individuals belong 100% of the population - ie. the individuals are full-time students; or a
neutrosophic random sample {i.e. the sample size may be unknown or only approximately known),
and some or all individuals may only partially belonging to the population (for example part-time
students), or may have taken some extra classes above the norm.

Even the university’s student population is a neutrosophic population, since the number of
students changes almost continuously (some students drop, others enroll earlier or later), and not all
students are 100% enrolled: there are full-time, part-time, and even over-time (i.e. students
enrolled in more than the required full time number or credit hour classes).

In a classical population, the population size is known, and all population individuals belong
100% to the population.

Let T = truth, with T belongs to [0,1], be the chance to graduate, I = indeterminate, with I belongs
to [0,1], be the indeterminate-chance to graduate, and F = falsehood, with F belongs to [0,1], be the
chance not to graduate, where 0 <T+I1+F <3.

Let’s assume, the classical or neutrosophic random sample has the size n > 2, and a student Sj, 1
<j £ n, has the plithogenic neutrosophic probabilty of (graduating, indeterminate-graduating, not
graduating), respectively (Tj, I Fj), with all Tj, I;, Fj belong to [0, 1], 0 < Tj+ L+ F; < 3.

Make the average of all sample students, assuming the sample size isn > 2,

13 13 13 13
— T.1.,.F)=(—>T,—>1.,—> F)).
n;(; J .I) (n; I J n; J)

J=1
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For the Plithogenic Refined Neutrosophic Probabilities, the average is a straight-forward
extension. Let the student S;, 1 <j < n, have the Plithogenic Refined Neutrosophic Probability:

where p, 1, s 20 are integers, and p+r+s > 1.
The refined neutrosophic sub-components with index 0, such as T,(f), 1, (f), F,(/), if any, are

discarded.
All refined neutrosophic sub-components

T,()1<k < p,[,(j)1<I] < 1,E (j),1<m < s, are single-valued in [0, 1].
Then, the average of PRNPs of the sample students is:

UGN OV RS WADEAN S AGOIAT WA SOOI AN A0 SAT)

nja
(RCHINIS FURNUS FURES PR PN FCAMBUNS AN FURNSUN (A
(;jzlE(J),;;E(J),---,;;TP(J),n;h(f),njz:lllz(J),---,an:l:lr(J),n;E(J),n;FZ(J),---,an:llFs(J))

And we get the sample average students’ plithogenic refined probability to (graduate,
indeterminate graduate, not graduate).

For the cases when one or two among T, I, F are missing, we simply discard them.

An average student is not among the best, not among the worst.

Let’s consider Jenifer is an average student, whose plithogenic probabilities have been obtained
after sampling and computing the average of plithogenic probabilities of all its students - since we
have already her data.

Considering the inference statistics, we simply substitute Jenifer by average student.

We consider the simplest case when T,LF are single-valued neutrosophic (SVN) components in
[0,1]. But the cases when T,LF are hesitant-valued (finite discrete subsets of [0,1]) neutrosophic HVN
components, or interval-valued included in [0,1] neutrosophic (IVN) component, or in general
subset-valued included in [0,1] neutrosophic (SVN) components.

10.1. Classical MultiVariate Statistics (CMVS)

Since the average student has to pass all four classes, his chance of graduating is min{0.5, 0.6,
0.8, 0.4} = 0.4 or 40% chance. In conclusion: CMVS(average student) = 0.4.

10.2. Plithogenic Neutrosophic Statistics (PNS)

In conclusion: PNP(average student) = ((min{0.5, 0.6, 0.8, 0.4), max{0.9, 0.7, 0.2, 0.3}, max{0.2, 0.4,
0.1, 0.5}) = ((0.4, 0.9, 0.5)).

An average student has 40% chance to graduate, 90% indeterminate chance of graduating, and

50% chance not to graduate.

10.3. Plithogenic Indeterminate Statistics

An average student has (40% or 50%) chance of graduating, 90% indeterminate chance of
graduating, and (50% or unknown) chance of not graduating.

10.4. Plithogenic Intuitionistic Fuzzy Statistics

An average student has 40% chance to graduate and 50% chance not to graduate.

10.5. Plithogenic Picture Fuzzy Statistics
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An average student has 40% chance to graduate, 10% indeterminate chance to graduate, and
50% chance not to graduate.

10.6. Plithogenic Spherical Fuzzy Statistics

An average student has 40% chance to graduate, 60% indeterminate chance of graduating, and
50% chance not to graduate.

10.7. Plithogenic Hybrid Statistics

An average student has 40% chance to graduate, 60% indeterminate chance of graduating, and
50% chance not to graduate.

10.8. Plithogenic Refined Statistics

An average student’s chance to graduate is 30%, indeterminate-chance of graduating 70%, and
50% chance not to graduate.

11. Conclusion

We have presented in this paper many types of Plithogenic Probability and corresponding Plithogenic
Statistics, together with some application.

The Plithogenic Probability of an event to occur is composed from the chances that the event
occurs with respect to all random variables (parameters) that determine it. Each such a variable is
described by a Probability Distribution (Density) Function, which may be a classical,
(T,LF)-neutrosophic, I-neutrosophic, (T, F)-intuitionistic ~ fuzzy, (TN,F)-picture  fuzzy,
(T,N,F)-spherical fuzzy, or (other fuzzy extension) distribution function.

The Plithogenic Probability is a generalization of the classical MultiVariate Probability.

The analysis of the events described by the plithogenic probability constitutes the Plithogenic
Statistics.
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Abstract. the purpose of this article is to study the neutrosophic integrals and integration methods,
Where the method of integration by substitution is defined, and theorems have been proven useful
for facilitating the calculation of integration for some neutrosophic functions from that contain
indeterminacy. Also, neutrosophic trigonometric identities are defined, in addition to studying all
cases of the integrating products of neutrosophic trigonometric functions. Where detailed examples

were given to clarify each case.

Keywords: neutrosophic indefinite integral; substitution method; indeterminacy; neutrosophic
trigonometric functions.

1. Introduction

As an alternative to the existing logics, Smarandache proposed the Neutrosophic Logic to
represent a mathematical model of uncertainty, vagueness, ambiguity, imprecision, undefined,
unknown, incompleteness, inconsistency, redundancy, contradiction, where the concept of
neutrosophy is a new branch of philosophy introduced by Smarandache [3-13]. He presented the
definition of the standard form of neutrosophic real number and conditions for the division of two
neutrosophic real numbers to exist, he defined the standard form of neutrosophic complex number,
and found root index n = 2 of a neutrosophic real and complex number [2-4], studying the concept
of the Neutrosophic probability [3-5], the Neutrosophic statistics [4][6], and professor Smarandache
entered the concept of preliminary calculus of the differential and integral calculus, where he
introduced for the first time the notions of neutrosophic mereo-limit, mereo-continuity,
mereoderivative, and mereo-integral [1-8]. Madeleine Al- Taha presented results on single valued
neutrosophic (weak) polygroups [9]. Edalatpanah proposed a new direct algorithm to solve the
neutrosophic linear programming where the variables and right-
hand side represented with triangular neutrosophic numbers [10]. Chakraborty used pentagonal
neutrosophic number in networking problem, and Shortest Path Problem [11-12]. Y.Alhasan studied
the concepts of neutrosophic complex numbers and the general exponential form of a neutrosophic complex
[7]1[14]. On the other hand, M.Abdel-Basset presented study in the science of neutrosophic about an approach
of TOPSIS technique for developing supplier selection with group decision making under type-2 neutrosophic
number [15]. Also, neutrosophic sets played an important role in applied science such as health care,

industry, and optimization [16-17-18-19]. Recently, there are increasing efforts to study the
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neutrosophic generalized structures and spaces such as refined neutrosophic modules, spaces,
equations, and rings [21-22-23].

Integration is important in human life, and one of its most important applications is the
calculation of area, size and arc length. In our reality we find things that cannot be precisely defined,
and that contain an indeterminacy part. This is the reason for studying neutrosophic integration and
methods of its integration in this paper.

Paper consists of 5 sections. In 1th section, provides an introduction, in which neutrosophic science
review has given. In 2th section, some definitions and examples of neutrosophic real number
neutrosophic indefinite integral and are discussed. The 3th section frames the neutrosophic
integration by substitution method, and their employment in finding integrals that include roots,
logarithms, exponents, or a function with its derivative (between them is the process of multiplication
or division), and the study of the related theories. The 4th section introduces the integrating products
of neutrosophic trigonometric function in three states and neutrosophic trigonometric identities, as
they have been used in finding some types of neutrosophic trigonometric integrals. In 5th section, a

conclusion to the paper is given.
2. Preliminaries

2.1. Neutrosophic Real Number [4]

Suppose that w is a neutrosophic number, then it takes the following standard form: w = a +
bl where a,b are real coefficients, and I represent indeterminacy, such 0.1 =0 and I"* =, for all
positive integers n.

2.2. Division of neutrosophic real numbers [4]

Suppose that w;,w, are two neutrosophic numbers, where
W1:a1+b11, W2:a2+b21
To find (ay + byI) + (a, + b,1), we can write:

a; + byl
———=x+yl
a, + byl

where x and y are real unknowns.

a, + b1 = (a, + b)) (x +yI)

a; + byl = ayx + (byx + a,y + byy)l
by identifying the coefficients, we get
a; = ax

b1 = bzx + (az + bz)y
We obtain unique one solution only, provided that:

a, 0
=
b, a,+b, 0 ay(a, +by) #0
Hence: a, #0 and a, # —b, are the conditions for the division of two neutrosophic real
numbers to exist.

Then:
a,+b,l a;  a,by—ab,
a, +b,]  a, a,(a,+b,)’
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2.3. Neutrosophic Indefinite Integral [14]

We just extend the classical definition of anti-derivative. The neutrosophic antiderivative of
neutrosophic function f(x) is the neutrosophic function F(x) such that F'(x) = f(x).

Example2.4.1:
Let f:R—>RU{I}, f(x)=-3x%+ (4x —5)I.
Then:
F(x) = [[-3x% + (4x — 5)I]dx
=—x3+ (2x* - 5x)[+C
where C is an indeterminate real constant (i.e. constant of the form a + bl, where a,b are real
numbers, while ] = indeterminacy).

Example2.4.2: (Refined Indeterminacy).
Let g:R > RU{l;}U {I,} U {I3}, where I;,],, and I are types of sub indeterminacies,

gx) =7x — 2I; + x%1, + 4x31I,
Then:
F(x) = [[7x =211 + x*I; + 4x313]dx
7X2 3

X
:——2X11+—I +X4I3+a+b1
2 3 2

where a and b are real constants.

3. Neutrosophic integration by substitution method

Definition3.1

Let f:Df € R — Ry U{I}, to evaluate [ f(x)dx
Put: x =guw) = dx=gwdu

By substitution, we get:

[ reax = | reogaodu

then we can directly integral it.

Theorme3.1:
If [f(x,Ddx = @(x,1) then,
1 b
ff((a+b1)x+c+d[))dx = (E—m

where C is an indeterminate real constant, a # 0,a # —b and b, c,d are real numbers, while I =
indeterminacy.

I) o((@+bDx+c+dD)+C

Proof:
Put: (ba+Dx+c+dl=u = (ax+bl)dx = du
1
= dx1= 7 +ll)’l du
:dx:<a_a(a+b)1)du
1
ff((ba+1)x+c+d1))dx=ff(u) (a—m1>du
1 b
:<5_a(a+b)1)(p(u)+c

back to the variable x, we get:
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J-f((a+b1)x+c+d1))dx=<l b

3.1. We can prove each of the following, using the previous theorem:

+C

D [+ biyes e anyan = (- 2sr) LRI AT

1 1 b
? d =<“—1)l bl il + ¢
)f(a+b1)x+c+d1 *=\a ala +b) nl(a + bDx + c +dI| +

3) fe(a+b1)x+c+d1 dx = (1 _ b 1) e(a+b1)x+c+d1 +C
a a(a+b)

1 (1 b

Y f\/(a+b1)x+c+d]dx=2 a—ml)\/(a+bl)x+c+dl+6

5) f cos((a+bDx+c+dl)dx = (l cos((a+bhHx+c+dl)+C

a‘m’)

6) fsin((a +bDx+c+dl)dx =— (2— ﬁl) sin((a+bDx+c+dl)+C
7) fsecz((a +bDx +c+dl)dx = (é—ml) tan((a+bDx+c+d) +C
8) fcscz((a +bDx+c+dl)dx =- (%—ﬁl) cot((a+bDx+c+d)+C

9) fsec((a + bDx + c+dl) tan((a + b)x + c+ dI) dx

= (E—ﬁl)sec((a +bDx+c+d)+C

10) f csc((a+ bDx +c+dl) cot((a+ b)x+c+dl)dx

1 b
-1 bl dh+c¢C
(a a@+b) )Csc((a+ x+c+dl)+
where C is an indeterminate real constant, a # 0,a # —b and b,c,d are real numbers, while I =
indeterminacy.
Example3.1.1

5 )((3—51)x+4)8+c

1
1) f((3—51)X+4)7dX=<§—g[ 3

1 1 5
D | — 4 :(———1)1 6+50x—7I+C
)f(6+51)x—71 X 66 ) (6 +5Dx = 71| +

1 1
3 @+Dx-3 gy — (_ _ _1> @+Dx-3 4 ¢
) fe x=(5-¢l)e +

4) J cos((1+4Dx +1)dx = (1 - §1> cos((1+4Dx+1)+C
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5) fsecz((6 +50Nx—71)dx = (% - 6—561) tan((6 +5Dx —71) + C

6) f CSC((Z +Dx — 3) cot((Z +Dx — 3) dx = — (% — %I) csc((Z +Dx — 3) +C

1 1 5
7 f—dsz(———I) 24+5Dx+3I+C=(1-5)2+5Dx+3[+C
) J(@+5Dx + 31 2 14 ( ) ( )
Theorme3.2:

Let f:Df SR — R U{I} then:

fo D
faon®™

where C is an indeterminate real constant (i.e. constant of the form a + bl, where a,b are real

=In|f(x,D|+C

numbers, while ] = indeterminacy).
Proof:

Put: f(x,)=u = f(x,Ddx = du
=>dx =

- d
fx D
1

>dx=-du
1

s, —fﬁld —fld = Inful + €
flx,D wg T e T

back to the variable f(x,I), we get:

f&D

oD x =In|f(x,D|+C

Example3.1.2

f A+2D0x L i+ 2%t 451+ ¢
D] sy ™=z x

(24 De®*hx=3 — 2]
2) e(2+1)x—3 — 2xI

dx = ln|e(2+’)"‘3 - 2x1| +C

3 ft 1+7Dxd —fsm(med —( 1+71)1 14 70)x| +C
) | tan( )xdx = cos(1+71)xx_ 3 n|cos ( x|

_f 1 p _1[ 2cos(1+2D)x
= sin(1+20) = 2) cos(1 + 2Dx + sin(L + 2Dx
cos(1 + 2I)

4)f dx
1+ tan(1+ 2D)x 14

_ f cos(1 + 2D)x + sin(1 + 2I)x +cos(1 + 2)x — sin(1 + 21)x
T2 cos(1 + 2I) +sin(1 + 2D)x dx

_ 1Jd 1Jcos(1+21)x—sin(1+21)x
) cos(1+ 2D)x + sin(1 + 2)x
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1 1 1
= Ex + (E - 51) In|cos(1 + 2)x + sin(1 + 2Dx| + C

Theorme3.3:
Let f:Df S R — Ry U {I}, then:

ff(xl)
VD

where C is an indeterminate real constant (i.e. constant of the form a + bl, where a,b are real
numbers, while | = indeterminacy).

2Jf D +C

Proof:

Put: f(x,)=u = f(x,Ndx = du

:dxz,;du
f(?lc.l)
=>dx=adu
f;?? _ ——d f—du—Z\/_+C
Jf(x

back to the variable f(x,I), we get:

ff(x’l) dx = 2Jf@ D +C
NIAC))

Example3.1.3

—(245Dx + 41
J@+50)x2 — 8xI

-1
x =7\/(2 +5Nx2 —8xI +C

5
:(1—;1> 2+5Dx3+3[+C

3x?
2)[ dx
J@2+5Dx3 + 31

Theorme3.4:
f:Df € R - R U {I}, then:

[r@nrfe ax _ e DI f]l ‘e

Where n is any rational number. C is an indeterminate real constant (i.e. constant of the form a +
bl, where a,b are real numbers, while /! = indeterminacy).

Proof:

Put: f(x,D=u = f(x,)dx = du

=dx == d
f D

1
>dx=-du
U

un+1

n+1

f[f(x,l)]"f(x,l)dx = fu"it%du = fu"du = +C
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back to the variable f(x, ), we get:

[irenreoa =UEIT

Example3.1.4

5713
1 i1>[(2+51)x] .

1) f X*[(2 + 51)x5]2dx = (— - — c

10 20

1

JG- 21)x)10 dx = (E + %1

+C

)(m)n

2) f ! (
J(@4 —2Dx 11
4. Integrating products of neutrosophic trigonometric function:

L [sin™(a + bl)x cos™(a + b)x dx , where m and n are positive integers.
To find this integral, we can distinguish the following two cases:

» Case nis odd:
e Splitof cos(a + bl)x
e Apply cos?(a+ bl)x =1 —sin?*(a + bD)x

o  We substitution u = sin(a + bl)x

» Case mis odd:
e Splitof sin(a + bI)x
e Apply sin?(a + b)x =1 — cos?(a + bD)x

o  We substitution u = cos(a + bl)x

Example4.1

Find: [sin?(3 + 71)x cos®*(3 + 71)x dx

Solution:

fsin2(3 + 7Dx cos3(3 + 7Dx dx = J sin?(3 + 71)x cos?(3 + 7Dx cos(3 + 7Nx dx
= f sin?(3 + 71)x (1 — sin?(3 + 7Dx) cos(3 + 7Nx dx

= f(sinz(S + 7Nx —sin*(3 + 71)x) cos(3 + 7x dx

By substitution:

u =sin(3+ 7Nx = du = cos(3 + 7Dx dx

3471
1
= f(sin2(3 + 7Dx —sin*(3 + 71)x) cos(3 + 7Dx dx = 3T 7IJ-(u2 —ut) du
1 7 uw ud 1 7 sin®(3+ 7Dx  sin®(3 + 7Dx
=(———1) == +c=(———1> - +C
3 30 3 5 3 30 3 5
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II. [tan™(a + bl)xsec™(a + bI)x dx , where m and n are positive integers.
To find this integral, we can distinguish the following cases:

» Case nis even:
e Splitof sec?(a+ bl)x
e Apply sec?(a+ b)x = 1+ tan?(a + bD)x
e  We substitution u = tan(a + bl)x

» Case mis odd:
e Splitof sec(a + bI)x tan(a + b)x
e Apply tan?(a + bl)x = ses*(a + b)x — 1

e  We substitution u = ses(a + bl)x

» Case mevenand n odd:
e Apply tan?(a + bl)x = ses*(a + bD)x — 1
e  We substitution u = ses(a + bl)x or u = tan(a + bI)x, depending on the

case.
Example4.2

Find: [tan?(2 — 5)x sec*(2 — 5)x dx
Solution:

n =4 (even)

ftanz (2 = 5Dx sec*(2 — 5Dx dx
= Jtanz(Z —5Dx sec?(2 —51)x sec?(2 — 51)x dx
= f(tan2 (2 = 5Dx + tan*(2 — 5Dx) sec?(2 — 5Dx dx

By substitution:

u=tan(2 — 51)x = du = sec?(2 — 5Dx dx

2— 5]
1
= f(tanZ(Z —5Dx +tan*(2 — 51)x) sec?(2 —50)x dx = m](uz +u®)du

3 .5 3 5
:(E_EI)<u__u_)+C:(l_EI>(tan (3+71)x_tan (3+7I)x>+c

2 6 3 5 2 6 3 5
Example4.3
Find: [tan3(6 + I)x sec3(6 + Dx dx
Solution:

m =4 (odd)
ftan3(6 + Dx sec3(6 + Dx dx = ftan2 (6 + Dx sec?(6 + Nx sec(6 + Dx tan(6 + Nx dx
= J(sec4(6 + Dx —sec?(6 + I)x) sec(6 + Dx tan(6 + I)x dx

By substitution:
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1
u = sec(6 + Dx = P du = sec(6 + Dx tan(6 + Nx dx

1
= f(sec4(6 + Dx — sec?(6 + Dx) sec(6 + Dx tan(6 + )x dx = 6—_Hf(u4 +u?)du

_ <l_i1) (u_3_u_5>+c _ <1_i1) <sec5(3+7I)x_sec3(3+71)x>+c

6 42 3 5 6 42 5 3

L [ cot™(a + bl)x csc™(a + bI)x dx , where m and n are positive integers.
To find this integral, we can distinguish the following cases:

» Case nis even:
e Splitof csc?(a + bl)x
e Apply csc?(a+ bl)x =1+ cot?(a + bD)x
e  We substitution u = cot(a + bl)x

» Case mis odd:
e Splitof csc(a + bl)x cot(a + bl)x
e Apply cot?(a+ bD)x = csc?(a + bDx — 1

e  We substitution u = csc(a + bl)x

» Case meven and n odd:
e Apply cot?(a+ bD)x = csc*(a + bDx — 1

e  We substitution u = csc(a + bI)x or u = cot(a + bl)x, depending on the

case.
Example4.4
Find: [tan?(2 — 5)x sec*(2 — 5)x dx
Solution:

n =4 (even)

ftanz (2 = 5Dx sec*(2 — 5Dx dx
= Jtanz(Z —5Dx sec?(2 — 51)x sec?(2 — 5)x dx
= f(tan2 (2 —5Dx + tan*(2 — 5Dx) sec?(2 — 5Dx dx

By substitution:

u=tan(2 — 5)x = du = sec?(2 — 5Dx dx

2—5]
1
= f(tanZ(Z —5Dx +tan*(2 — 51)x) sec?(2 —50)x dx = m](uz +u*)du

3 .5 3 5
:(1_51)<u__u_)+cz(1_51>(tan (3+7I)x_tan (3+7I)x>+c

2 6 3 5 2 6 3 5
Example4.5
Find: [tan®(6 + I)x sec3(6 + Dx dx
Solution:

m =3 (odd)
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ftan3(6 + Dx sec3(6 + Dx dx = J-tan2 (6 + Dx sec?(6 + Nx sec(6 + Dx tan(6 + Nx dx

= f(sec4(6 + Dx — sec?(6 + Ix) sec(6 + Dx tan(6 + Ix dx

By substitution:

1
u = sec(6 + Dx = 511 du = sec(6 + Dxtan(6 + I)x dx

1
= f(sec4(6 + Dx —sec?(6 + I)x) sec(6 + Dx tan(6 + Nx dx = 6—+If(U4 +u?)du

1 1 u ub 1 1 sec’(3+ 7Dx sec*(3+ 7Dx
=<———1) — = +C=<———1) - +C
6 42 3 5 6 42 5 3

Example4.6

Find: [ cot*(1 4+ 4D)x csc*(1 + 41)x dx
Solution:

n =4 (even)

f,/cot(l +4Dx csc*(1 + 4Dx dx
= Jcot”z(l +4Dx csc?(1 + 4Dx csc?(1 + 4Dx dx
= f(cotl/z(l +4D)x + cot3/2(1 + 41)x) csc?(1 + 41)x dx

By substitution:

u = cot(1 + 4Nx = du = csc?(1 + 4Dx dx

1+ 41
= f(cotl/z(l +4Dx + cot®/2(1 + 4Dx) csc?(1 + 41)x dx

1
1+ 41

f(ul/z + u3/2) du

2u3/2 2 u5/? 2 cot3’2(1 4+ 4Dx 2 cot®’2(1 + 4Dx
:(1—1)( I >+c=(1—1)( g % _ g )>+c

4.1Neutrosophic trigonometric identities:

1) sin(a+ bDxcos(c+dl)x = i [sin(a + bl + ¢ + dI) + sin(a + bl — ¢ — dI)]
2) cos(a+ bDxsin(c+dl)x = % [sin(a + bl + ¢ + dI) — sin(a + bl — ¢ — dI)]
3) cos(a+ bDxcos(c+dl)x = % [cos(a + bl + ¢+ dI) + cos(a + bl — c — dI)]

4) sin(a + bDxsin(c +dl) x = _71 [cos(a + bl + ¢+ dI) — cos(a + bl — c — dI)]
Where a # c (not zero) and b, d are real numbers, while ] = indeterminacy.

Example4.1.1
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Find: 1) [sin(7 4+ 3Dxcos(6 + 31) x dx = f% [sin(13 + 61)x + sinx] dx

—1[ (1 6) (7 +30) ]+c
—2 13 247 coS X COoS X

2) [cos(2 —Dxcos(3 +4l)xdx = f% [cos(5 + 3D)x + cos(—1 — 5I) x] dx

1
= J-E [cos(5 4+ 3D)x + cos(1 + 5I) x] dx

[(§ — EI) sin(5+3Dx + (1 — 21) sin(1 + 51)x] +C

3) [sin(2+ Dx sin(l +3Dxdx = f%l [cos(3 + 41)x — cos (1 — 2Dx] dx

=3 [(— - —I) sin(3 +4Dx — (1 — 2Dsin(1 - ZI)x] +C

5. Conclusions

The integral is very important in our life, and is used especially for example in calculating areas
whose shape is not familiar. This led us to study neutrosophic integrals for some neutrosophic
functions from that contain indeterminacy. Where the method of integration by substitution and the
neutrosophic trigonometric identities are defined, in addition to studying cases of the integrating
products of neutrosophic trigonometric functions. This paper is considered an introduction to the
applications in neutrosophic integrals.
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