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1. Introduction

The classical set theory [3,8] evolves through various extensions as it laid a foundation for
modern mathematics. The especially notable extension is the concept of fuzzy sets [9,22]
which introduced graded identity in set theory. This significant feature of assigning graded
membership polarized the researchers to come out with numerous analysis and applications
over kinds of fuzzy metric spaces.

In 1983, Atanassov [1] made an excitement with the introduction of Intutionstic Fuzzy Sets
by adding the idea of nonmembership grade to fuzzy set theory. Since then numerous work
have been done to bring out new results and to extend existing concepts over intuitionistic

fuzzy setting.
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In the year 1995, Florentin Smarandache [17H19] introduced Neutrosophy, an extension
of intuitionistic fuzzy set, which claims that between an idea and its opposite, there is a
continuum-power spectrum of neutralities. As neutrosophy adds neutralities to intuitionistic
fuzzy sets, it inspired the research community and the field is currently growing fruitfully with
so many investigations, analysis, computing techniques and applications [4-7,/11}|13}15}20].

In the meanwhile, Mustafa and Sims [14] defined the following generalized metric space.

Definition 1.1. [14]Let A be a nonempty set. G : A3 — (—o0, +00) is called a Generalized
Metric (Shortly, G-metric) on A if for all u, p,v,v € A,

(G1) G(ps p,p) > 0if p # p,
(G2) G(p,p,v)=0ifand only if y=p=v
(G3) G(ps s p) < G(p, psv) if pF# v
(G4) G(u, p,v) is symmetry in all three variables.
(G5) G(u, pyv) < G(p,7,7) + G(v, p,0)
The pair (A, G) is called generalized metric space.

This space was then used by Sun and Yang [21] to bring out the notion of generalized
fuzzy metric space. Mohiuddine and Alotaibi [12] used it to introduce intuitionistic fuzzy
metric space. As a consequence, numerous terms and definitions are introduced along with
related results in these settings. Notable among them is the concept of common fixed point,
coupled coincidence point and mixed h-monotone property that are given by Bhaskar and

Lakshmikantham [2] and Lakshmikantham and Ciric [10].

Definition 1.2. |[2]Let A be a set with partial order <. The mapping G : A x A — A is

said to have the mixed monotone property if the following conditions hold.

(1) w1, p2 € A, 1 < pio implies G(u1, p) < G(p2, p) for all p € A;
(ii) p1,p2 € A, p1 < p2 implies G(u, p1) < G(u, p2) for all p € A

Definition 1.3. [2](i,p) € A x A is a coupled fixed point of G : A x A — Aif G(u,p) = p
and G(p, 1) = p.

Definition 1.4. [10]Let A be a set with partial order <. The mappings G : A x A — A
and b : A — A have mixed h-monotone property if the following conditions hold.

(1) w1, p2 € A, B(p1) < b(p2) implies G(u1, p) < G(uz, p) for all p € A;
(i) p1,p2 € A, b(p1) < bh(p2) implies G(u, p1) < G(u, po) for all € A.

Definition 1.5. [10](x,p) € A x A is a coupled coincidence point of G : A x A — A and

bh:A— Aif G(i, p) = b(p) and G(p, 1) = H(p).
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In this scenario, we present here the notion of J-Neutrosophy Metric Space. We propose
coincidence point results for compatible, coupled mappings that are having a kind of mixed

monotone property in the newly defined space with a partial order.

2. J-Neutrosophic Metric Space

Let us start with the definitions of following binary operations which will be the main frame

in defining the J-Neutrosophic Metric Space.

Definition 2.1. [16] A binary operation ® : [0,1] x [0,1] — [0,1] is a continuous ¢-norm
(Shortly, CTN) if

(i) ® is commutative, associative and continuous,

(i) t@1=tforall ¢t € [0,1]

(iii) t ® s < u® v whenever t <wu and s < v, and s,t,u,v € [0, 1].

Definition 2.2. [16] A binary operation © : [0,1] x [0,1] is a continuous t-conorm (Shortly,
CTCN) if

(i) © is commutative, associative and continuous

(i) t© 0=t forall t € [0,1]

(iii) t @ s < u @ v whenever t < u and s < v, and s,t,u,v € [0,1].

The following definition defines the new space, namely, J-Neutrosophic Metric Space.

Definition 2.3. Consider a nonempty set A, a CTN @, two CTCNs @, ® and fuzzy sets
J,S,F on A% x [0,1]. A 7-tuple (A, J, S, F,®,,®) is called a J-Neutrosophic Metric Space
(Shortly, JNMS) if for each p, p,v,v € A and t > 0,

(IN1) J(u, psv,t) +5(u, p,v,t) + F(p, p, p1,t) <3,

(IN2) J(u,p,v,t) >

(JN3) J(u, p,v,t) is Symmetry in p, p and v,

(IN4) J(p, ps pit) = J(p, p, 0, ) if p # v,

(JN5) J(u, p,v,t) =1if and only if p=p =0,

(JNG) J(p, psv,t+5) = J(p,7,7,8) © J (7, 0,0, ),

(JNT) J(u, p,v,t) is continuous with respect to t,

(JNB) J i

JN8

is nondecreasing on [0, +0o0],

limg—s 400 J (1, p,v) = 1, limgo J (1, p,v) =0,

(JN9) S(u,p,v,t) <1,
(JN10) S(u, p,v,t) is symmetry in u, p and v,
(IN11) S(p, p, pst) < S(p, p,v,t) if p # v,
(JN12) S(p, p,v,t) =0 if and only if p = p = v,
(IN13) S(u,p,v,t+5) < S(p,7,7,t) @ S(v, p, v, 8),
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(JN14) S(p, p,v,t) is continuous with respect to ¢,
(JN15) S is nonincreasing on [0, +00]

limg—s 400 S(p, p,v) =0, limg0 S(p, p,v) =1

(JN16) F(p,p,v,t) <1,

(JN17) F(u,p,v,t) is symmetry in p, p and v,
(JN18) F(u, p, p,t) < Fp, p,v,t) if p # v,

(JN19) F(p, p,v,t) =0 if and only if p = p = v,
(IN20) F(p,p,v,t+5) < F(u,7v,7:t) @ F(v, p, v, 8),
(JN21) F(p,p,v,t) is continuous with respect to t.
(JN22) F is nonincreasing on [0, +00],

limg— 400 F'(, p,v) = 0, limg0 F(p, p,v) = 1.
The triplet (J, S, F) is called J-Neutrosophic Metric on A.

Remark 2.4. J(u,p,v,t), S(u, p,v,t) and F(u,p,v,t) represent, respectively, the degree of
nearness, the degree of non-nearness and the degree of indeterminacy between p, p and v with

respect to t.

Example 2.5. Let (A, G) be a generalized metric space. Define the fuzzy sets J, S, F' by

t
J t _
(ks 1) = t+ G, p,v)
G(p, p,v)
S, p,v,t) = T Glupo )and
F(u, p,v,t) = G(u,tp,) for all u, p,v € A

Define ®, @ and ® by a ®b = ab, a @ b = min{a + b,1} and a ® b = max{a,b}. Then
(A, J,S,F,0,0,®) is a JNMS.

Definition 2.6. Consider a JNMS (A, J, S, F,®,0,®). Let u € A, r € (0,1) and ¢t > 0. The
JN-open ball B(u,r,t) with centre at p and radius r is defined by

B(p,rt)={pc A: J(p,p,p) >1 =1, S(p,p,p) <7, F(p,p, p) <7}

Remark 2.7. The above definition leads to the following facts.

(1) Every JN-open ball is an open set.
(2) Every JNMS is Hausdorff.

It follows from the above remark that the collection {B(u,r,t) : p € A, r € (0,1), t > 0}
forms a base for the JN-metric topology on A and this topology coincides with the metric

topology arising from the generalized metric.

Definition 2.8. A sequence {q} in a JINMS (A, J, S, F,®,®,®) is JN-Convergent to x if it

converges to x in the JN-metric topology.
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Remark 2.9. If (A4, J, 5, F,®,0,®) is a JNMS, {uq} is a sequence in A and p € A, then the

following are equivalent:

(1) {pq} is IN-convergent to .

(2) da(pg, p) — 0 as n —> +oo.

(3) J(uq, g s t) — 1, Spaqs pgs s t) — 0, F (g, pig, 1o t) — 0 as n — +o0.
(4)
(5)

J
J(Mm:uvM?t) — 17 S(Mqvﬂaﬂat) — 07 F(Mqa,unu'vﬂ — 0 as n — Fo0.
5) J

(fqs poms o, t) —> 1, S(pqs oy f1s ) — 0, F'(piqs fom, pb,t) —> 0 as n — +oo.

Definition 2.10. A sequence {y4} in a JNMS (A, J, S, F,®,©,®) is JN-Cauchy if for every
e > 0 and t > 0 there exists N € N such that J(pq, tm, p1,t) > 1 — €, S(pbq, tom, t1, 1) < €,
F(piq, fom, pu, t) < € for all n,m,l € N. A JNMS is said to be JN-Complete if every JN-Cauchy

sequence is JN-convergent.

Definition 2.11. A JNMS (A, J, S, F,®, @, ®) is said to be regular if the following conditions
hold:

i) If a nondecreasing sequence in A JN-converges to pu, then < p for all n.
g Hq g M Hg S B

ii) If a nonincreasing sequence g in A JN-converges to u, then pug > p for all n.
Hq H Hq = K

Definition 2.12. Let (A, J, S, F,®,©,®) be a JNMS. The mappings G : A x A — A and
h: A— A are said to be JN-Compatible if for all t > 0,

Jim J(6G (kq; pa), 0G (ks Pa), G (b2q, bpg),t) = 1,
Jim_ S(bG(1a, pa), b9 (Ka pa), G (b, bpa), 1) =0,
Jim F(bG (1qs pa): bG (as pa): G (bq bpa) ) = 0,
Jm J(6G(pas ta), 99 (Pas tta), G (Ba bha) ) = 1,
Jim_ S(bG(pq; ta), b9 (pa; ta), G(bya; i), ) = 0 and

hm F(hg(Pq’ ,qu)’ bg(pqv Mq)v g(byqa huq)v t) = 0’

q—+o0

where {pq} and {pq} are sequences in A such that limq o0 G(ptq; pq) = limg—400 hrq = 1

and limq 10 G(pq, tq) = limg—s400 hpq = p for some p, p € A.

To continue the work, we need to define the family © of strictly increasing, upper semi-
continuous functions 6 : [0, +00) — [0, 00) in which 8(0) = {0}, 0(¢) < t and Z;r;xl’ 0" (t) < 400
for all £ > 0.
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Definition 2.13. Let (A, J, S, F,®,®,®) be a JNMS. The mapping G : A x A — A is said
to be self 6y —coupled if there exists § € © such that

J(G (11,9, G (1, ), G(:0),0(8)) = {J (1, . 7:8) © T (1 1. G 11, ), )
©J(1,7,6(r,0).1) },

S(G (1. p), G (1 ). 6(7.0),6(1)) < {S(pe 1.7 ) @ S (11,1, G (1. ). 1)
©5(7,7.6(7,0),1),

F(G(11,), G4 9), §(3,0), 0(8)) < {F (11, 1,7,8) © F (1 1, G, ). 1)
® F(3,7%,6(7,0),t)},

for all p,p,v,0 € Aandt >0 with u<~y,p>coru>~,p<o.

Definition 2.14. Let (A, J, S, F,®,©,®) be a JNMS. The mappings G : A x A — A and
h: A— A are said to be 0yy—coupled if there exists § € © such that

J(G (11, p), (11, ), G(7,0),0(8)) = { T (01, b(1), 4, 0) © T(b(1), bw), Fs p), 1)
©J(6(3)5(+), F(3,0),) }
S(G (1, p), G(1, p), G(7,0),0(t)) < {S(h(ﬂ)vh(ﬂ),%ﬂ @ S(b(), b(w), G(u, p),t)
®S(h(v),5(7),G(v,0),1) ¢,
F(G(1, p), G(1,p), G(7,0),0(t)) < {F(h(ﬂ),h(u),%t) ® F(b(p), b(n), G(u, p), t)
@ F(0(7),5(1).9(7,0).1) }.
for all 1, p, 7,0 € Aand ¢ > 0 with h(u) < b(7), b(p) = (o) or b(u) = h(7), b(p) < b(o).
Lemma 2.15. Let (A4, J,5, F,®,0,®) be a JNMS and
Ay pyv) =inf{t >0: J(u, p,v,t) >1—£K,S(u, p,v,t) <k, F(u,p,v,t) < K}

for all p,p,v € A, k €(0,1] and t > 0. Then for each r €(0,1], there exists p €(0,1] such that
A1, 11, 1) < Y021 Aplhta g ta1)

Proof. For r €(0,1], choose p1 €(0,1] such that ©®D(1—p) > 1—k, 0" Dy < k, @ Dy < k.
Let € > 0. Then
J (1, pay pgs Ap(pqs Ha, fg+1) + (0 — 1)e€)
> J(ps s p2, Appns s ) +€) © - © J(g—1, Bg—1, gy Ap(pa—1, Bq-1, f1q) + €)
>0 D1 p)

>1—%
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ﬁ
O

S(pa, p1s s Ap(pas gy Har1) + (n = 1)e)

S S(Mhﬂb#% Au(:ulaula /”’2) + 6) Q-0 S(Mq—lnu’q—huqu Au(,uq—la /Lq_l,,uq) + 6)
< ®(n—1)’u

<K

F(p1, s prgs MAp(pas Bas Ba+1) + (0 — 1)e)
< S(pas pray pz, Ap(pas pa, p2) +€) @ -+ @ S(pg—1, Bg—15 Ha> Mpu(fq—1, a1, fq) + €)
< ®(n—1)1u

<K

Thereforea we have A,u(,ulv M1, pg A#(Mla M, /,62) +oeee A,U«(:“’q—l: Hq—1, Nq) + (n - 1)6 As
u(

) <
€ > 0 is arbitrary, Ay (p1, 1, pq) < Ap(pa, pa, p2) + -+ Ap(pg-1, Ha—1, Hq)- O

Lemma 2.16. A sequence {pq} in a JNMS (A,J,S,F,®,0,®) is JN-Cauchy if for some
e,

J(M(D Hqs Hq+1, Q(t)) > J(qula Hq—15 Hq, t) © J(Mqv Hqs Hq+1, t)a
S(tqs gy ta+1,0(t)) < Spg-1, Ba-1, g, t) @ S(qs Bas Ba+15 1),
F(pqs fgs pa+1,0(1)) < Fpg-1, Ba—15 Hqy t) @ F(qs Hs fa+1, 1),

for allt > 0.

Proof. Denote A, (ftq—1, ftq—1, f4q) by aq. For given € > 0 and each aq, we can find mq > aq
such that (my) < 6(aq) + €. Now,

J(M(b My Hg+1, mq) >1- R,
S(/‘L(b Hqs Hq+1, mq) < K,
F(pq, figs pat1, Mg) < K.

Take My = max{mgy, mqy1}, then

I (pas pas a1, 0(Mq)) = T (Hg-1, pa-1, g, Mq) © I (1q, Bqs Ha+1, Mq)

> J(,U'q—lv Hq—15 Hq> mq) © J(Hqu Hqs Hq+1, mq+1)

>1—kKk.

S(qu fas Ha+1,0(Mq)) < S(pq-1, Ba-1, s Mq) @ S(pqs Has Ha+1, Mq)

< S(Ha—15 Hg—1, fhqs Mq) @ S(kq, fiqs Ha+1; Ma+1)

< K.
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F (g, s fa+1, Q(Mq)) < F(Nq—la Ha-1, ta, Mg ® F(pig, pqs Ba+1, Mq)
< Fpg-1, Ha—1, tg, Mq) @ F(pq; g, fa1, Ma+1)

< K.

From Lemma [2.15]

A (pqs By fg+1) < 0(Mg) = maz{0(mg), 0(mq+1)} < maz{(aq),0(aq+1)} + €.

From the choice of €, aq+1 < maxz{6(aq),0(aq+1)}. Hence, for € > 0, we can find ng for which
J (g s ims €) > 1 — kK, S(piq, s fims€) < K and F(uq, pq, fm, €) < k& for all n,m > ng.
Therefore {yq} is a JN-Cauchy sequence.

3. Main Results
The following theorem exhibits the existence of coupled coincidence point of two continuous,

compatible functions G : A x A — A and § : A — A where G has the mixed h-monotone
property.
Theorem 3.1. Consider a complete JNMS (A, J, S, F,®,©,®) where A is a partially ordered
set. Consider the mappings G : Ax A — A and h: A — A where
(a) G(Ax A) S h(A),
(b

) G and b are continuous,
(¢) G and by are compatible,
)
)

(d) G has mized h-monotone property,

(e) G and by are 0 55— coupled for some 6 € ©.

If there exist po, po € A for which h(1o) < G(uo, po) and h(po) > G(po, po), then G and b have

a coupled coincidence point.

Proof. Define sequences {(iq} and {pq} by h(pq+1) = G(q, pq) and h(pg+1) = G(pq, itq), 7 > 0.
Let us prove by induction that

h(kq) < b(kqg+1), B(pg) = blpg+1) for all n > 0. (1)

The choice of po, po gives that h(uo) < h(p1), b(po) > H(p1). Suppose is true for n = m.
Then by the mixed h-monotone property of G, we have that

b(qr1) = G(ig, pq) < G(qr1,Pq)s B(par1) = G(pgs iq) = G(Pat1, Hq)

which gives that

b(tg+2) = G(pa+1, Pa+1) = G(Ha+15 Pq), B(Par2) = G(pa+1s Ha+1) < G(Pg+1, tq)-
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Hence b(tig+1) < b(tigt2), D(pat1) = b(pg+2) and [1] follows.
If = pq—1,p = pq—1,7 = fq, & = pq, then from (e) and , we have that

J(g(uq—h Pq—l), g(ﬂq—la pq—l)? g(ﬂq, pq)7 H(t)) = {J(b(ﬂq—1)7 h(ﬂq—l), h(:U’Q)v t)

OJ(B(pg-1), b(pq-1), G (g1, pq-1), ) © J(H{pq), b(ka), G(kqs Pg)s t)},

S(g(:uqfla qul)a g(,uqfla qul)a g(,uqa pq)a 0(t)) < {S(h(/‘bqfl)a h(:uqfl)a h(.“q)a t)

®S(b(ﬂq—1); [](,U«q—l)y g(ﬂq—h pq—1)7 t) @ S(b(ﬂq)a b(ﬂq)a g(ﬂqa pq>v t)}7

F(G(ha-1,Pa-1), G(Ha-1, Pa—1), G (kas a), 0(1)) < {J(h(uq—1)7 b(tq-1),H(1q), t)
®F(h(pa-1), b(1a-1), F(ka-1, pa-1): 1) @ F(b(kq), b(ka), g(uq,pq)vt)}-
These inequalities imply that
J(0(11q), 0(ka), bpa+1),0(1)) = {J(h(ﬂq—l)ah(ﬂq—l)v b(11q),t) © J(0(1q-1)s H(pq-1), H1a): t)

© J((1q), H(11a), Haq1), ) |
= J(b(tg-1), b(kg—1), b(kq), 1) © J(b(kq), b(kq)s bHgt1),T)-

S(b(:uq)? h(uq)a h(/j’q+1)7 9(15)) < {S(b(uq—l)a h(:u’q—l)v h(uq): t) % S(b(uq—l)a h(:u’q—l)v h(uq): t)

@ S(0(1q): bka): b(kg+1), D) |
= S(h(pg-1), H(1g-1), b(1q), 1) @ S(h(1q), bpq)s bpgr1), 1)

F(h(:u'Q)ﬂ h(ﬂq)yb(ﬂq+1)70(t)) < {F(h(ﬂq—1)7b(uq—1)a h(MQ)7t) ®F(h(ﬂq—1)7h(uq—1)a [)(,uq),t)

® F(0(kq). b(11a). bmgs1),) |
= F(h(pg-1),b(1g-1), b(1a), t) @ F(b(1q), b(kq), bkgt1),1).

By lemma {b(pq)} is JN-Cauchy.
Ifz=pq,y=pqu = pq—1,v = flq—1, gives that

J(G(pq—1, q—1), G(Pq—1, tq—1), G (pg, t1q), 0(t)) > {J(h(pq—l)ah(Pq—1)7b<Pq)>t)
® J(h(pg-1), b(pa-1), G(Pq-1, Hq-1): 1)

®© J(b(pa),b(pq): G(pas Ha), t)}

S(g(pq—l’ ,Uq—l)7 g<pq—1’ ,Uq—l)7 g<pq7 Mq)v e(t)) < {S(h(pq—1)7 h(ﬂq—l), h(ﬁQ)? t)
%) S(h(ﬂq—l), h(pq—1)7 g(Pq—l, Nq—1)7 t)

@ S(b(pa). h(pa), Glpas 1), 1) }-
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F(g(qulaUqfl)yg(qulaqul)yg(pqaﬁ‘q)ae(t)) < {F(h(qul)vh(qul)vb(pq)vt)
®F(h(qul)7h(qul)ag(qulwuqfl)at)
® F(0(pa). b(pa): G (pa: o) 1)}

These inequalities give that

J(B(pq), b(pq), b(pqs1), 0(t)) > {J(b(pq—l),h(pqa% h(pq);t) © J(H(pq-1),b(pg—1),H(pq), 1)

© J(6(pa): b(pa): b1, 1) }
= J(h(pq—1): b(pq—1), b(pq), t) © J(h(pq), b(pq): h(pg+1),t)-

S(6(pq),b(pq), b(pg+1),0(t)) < {S(b(qul)j b(pq-1),5(pq),t) @ S(h(pq-1),H(pg-1):b(pqg);t)

@ S(8(pq): b(pa): D(par1): ) |
= S(h(pq—1): h(pa—1),b(pq), t) @ S(b(pg): H(pq): H(pg+1),t).

F(b(pq), b(pq), h(pg+1),0(¢)) < {F(b(qul), H(Pq-1),b(pq),t) ® F(b(pq-1), b(pq-1),H(pq),t)

® F(0(pq),b(pa): Hlpas1). 1)}
= F(H(pa-1),b(pq-1),b(pq),t) © F(H(pq), b(pq), b(pa+1),1)-

By lemma {b(q)} is JIN-Cauchy.
The completeness of A gives u, p € A such that

lim _ Gpg, pq) = lm b(pq) = p, lim Glpg,pq) = lim blpg) = p.

q—+oo

G and b are JN-compatible. Hence, for all t > 0, we have that

lim _J(6(G(1qs Pq)), 5(G (1, Pq)); G(B(1q), Bpg)): 1) =1,

oo
zggloo S(0(G(ra: £a)): H(G(ka; o)), G(0(ka): H(pa)), t) = 0,
A F(0(G(ka pa)). 5(G(ka; pa)); G(b(1a). blpa)), ) = 0,
A J(0(G(pq; a)), 5(G(Pa 1a)), G(0(pa), Hlka))  t) = 1,
Jm S(0(G(pa; 1)), (G (Pas 1)), G(B(pa), (1)), 1) = 0,
A F(0(G(pq; 1q)), D(G(pg; 1q)), G(0(pq): b(kq)),t) = 0.
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E
v,

Since G and h are continuous, we have, for all ¢ > 0, that

J(H(w),b(w), G(us p),t) =1, J(b(p), b(p),G(p, ), t) =1
S(h(w), b(w), Gk, p),t) = 0, S(h(p),b(p),G(p, ), t) =0
F(h(p),b(1), G(u, p),t) =0, F(h(p),h(p),G(p, p),t) = 0.

Thus we can conclude that G(u, p) = b(p) and G(p, u) = b(p). o

In theorem [3.1] if we take A to be regular, then G need not be continuous to get the results.

The next theorem proves the same.

Theorem 3.2. Consider a complete JNMS (A, J, S, F,®,©,®) where A is reqular and par-
tially ordered. Consider the mappings G: Ax A— A and h: A — A where

(a) G(Ax A) CBh(A),

(b) b is continuous,

(¢c) G and b are compatible,

(d) G and b are 055 — coupled,

(e) G and by are 0 ;n—coupled for some 6 € O.
If there exist pg, po € A for which H(po) < G(po, po) and H(po) > F(po, o), then G and b have

a coupled coincidence point.

Proof. Since A is regular, h(pg) < p and h(pq) > p, where p1q) = i, pq) = p as ¢ = +oo.

As G and b are compatible and b is continuous,

lim b(h(pq)) = b(p) = lim bH(G(ug,pq)) = lim_ G(b(uq), b(pq)),

q—+oo q—+o00 q—-+00
Jm bb(pq)) = b(p) = lim 6(G(pg, na)) = Lim G(b(pq); blka))-

For all 0 < k < 1, we have that

J(6(1), b(1), G (12, ), 0) = {Tb(1), b(1), b(B(11q1), 6(8) — O(kt))
© J(b(O(11qr1), b0 (tq11): Gl p), 6(k)) |

S(b(w), b(w), F(p, p),0(t)) < {S(h(u),b(u),b(b(uqﬂ),@(t) — 0(kt))
@ S(0(b(11q+1), H(O(tq 1) Gln. p), 6(kt)) |

F(b(p),b(w), G(1, p), 0(¢)) < {F(h(u),h(u),b(h(uqﬂ),@(t) — 0(kt))
® F((0(1g+1), b(0ttq 1), G0, ), 0kt)) }.
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Letting n — 400 in the above inequalities, we get that

J(O k), b(n), G, p).0(t)) = lim {J(h(ﬂ)vh(ﬂ)7h(h(ﬂq+1)79(t) — 0(kt))

q—+oo

© J(0((1a1), DO ka1) o p). 6(kt)) }
> i J(G(b(ka), b(pa)), G(b(ka), b(pa)): Gk p), 0(kt)),

S (), b(w), G, p)-0(t)) < Tim {S(h(ﬂ),h(u),b(h(uqﬂ),@(t)—G(kt))

T g—+oo

2 S(0(0(pq11), (B 11), Glp. p), 6(kt) }
< JimS(G(h(ka); b(pa)); G(B(1a) H(pa)), F (ks p), O(kt)),

F(b(u),b(u), G, p)-0(t)) < lim {J(h(u),h(u),b(h(uqﬂ),@(t) — 0(kt))

T gq—+oo

® F(h(H(pg+1), b (1a+1), G(u, p), H(k:t))}
< Jm F(G(b(ka).b(pa)), G(b(ka). b(pa)), Gk, p), O(kL)).

Since G and b are 6y —coupled, from the above inequalities, we obtain that

J(0(k), b(w), Gk, p)-0(1)) > {J(h(h(uq),b(b(uq),b(u),kt) © J((b(ka), h(h(ka), G(0(ka), H(pa)), kt)
© J(h(p), h(u)vg(u,p),kt)}
> J(0(w), k), G(n, p), kt),

S(h(w), b(k), G(u, p).0(t)) = {S(h(h(ﬂq%h(b(uq), b(n), kt) @ S(H(H(1a), b(b(ka) G(h(1a), b(pa)), kt)
@ S(b(1). (1), Gp p). kt) |
> S(0(n), b(1), G, p), Kt),

F(b(w),b(), G(u: p)-0(t)) = {F(h(h(ﬂq)yh(h(ﬂq)7b<ﬂ>vkt) @ F(H(H(ra) h(H(ka), G(0(1q), b(pa)), kt)
® F(b(1), b(1), G (1, p), kt)§
> F(b(w), b(w), G, p), kt)

Allowing k tending to 1, we obtain that G(u, p) = h(). In a similar way, we can obtain that
G(p, 1) =b(p)- o

If we take b to be the identity mapping in the above theorems, then it leads to the following

corollary.

Corollary 3.3. Consider a complete JNMS (A, J, S, F,®,@,®) where A is a partially ordered
set. Let G: Ax A—Aandbh: A— A. Assume that
(a) either A is reqular or G is continuous,

(b) b is continuous,
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(¢) G has mixed monotone property,
(d) G is self 75— coupled for some 0 € ©.

If there exist ug,po € A for which h(uo) < G(po,po) and H(po) > G(po, po), then G has a
coupled fized point.

Example 3.4. Consider the JNMS (A, J, S, F,®,?,®) as in Example 2.5 where A = [0, 1] is
with natural ordering and G(u,p,v) =|p—p |+ |p—v |+ |v—p]foral up e A Let
0(t) = %, for t € [0,400). Let us consider the functions G : Ax A — Aand h: A — A
defined by

S ifp>op,

otherwise,

Consider sequences {jiq} and {pq} in A such that

lim G(uq,pq) =

q—+oo qll}r—ll-loo b(kq) and qkffmg(ﬂqa tq) = qgffoo b(pq)-

It is then obvious that all these limit values must be zero. Let us show that G and h are

compatible.
lu3 _2P3 M3 _2p3
J(0(G (a5 £))s H(G(11as £a))s G(H(11q), bpg)), 1) = J(H(— 5 ), h(— 5 4),G (g, P5),t)
3_9.3 3_9.3 9_ 9.9
= (P g (HaZ s FaZ By
_ t
t42] (“3;2P3)3 _ H%;ng |
— 1 asn — 4oo.
py =203 —2p]
S(0(G (1> Pa))s (G (s Pa))s G(B(1q), B(pg)), t) = S(H(— S 1)), b(— 3 1), G(us, ) t)
3_9.3 3_9.3 9_ 9.9
(e LN e R e
TS
t+2 | (“q_Szpq)S _ ”q_82pq ‘

—0asn— +4oo.
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/143*2p3 M972p9
2|( q8 q)3_ q8 q’

t
—0asn— +oo.

In a similar way, we can deduce that

J(0(G(pgs 1q))s 5(G(Pqs 11q)), G(b(pg), b1g)), t) — 1,
S((G(pas 1q)): H(G(pqs 1a))s G(B(pg)s b(kq)), ) — 0,
F(B(G(pqs 11q)), 5(G(Pq, 1a)), G(B(pq), B(kq)), ) — 0.

Therefore G and b are compatible. Take py = 0,p9 = aandu,p, in A such that h(ug) =
G (10, p0), b(po) = G(po, o) and h(u) < bh(7y),b(p) > b(o). Let us consider the following cases

to verify [3.1f(e).

case(i) p > p, v > o.

3_23 3_23 3—232t
J(G(1. ). G (1. p). G (7, 0),0(1)) = T (P, = T 2
t
ot [ (P = 20%) = (P - 209) |
> t 3 3
Tt 2] 8- T2
= J(b(7),5(7),G(v,0),1)

> {06(). 502, 5(2),8) © T(0(1). b(1). G(11,p). )
© J(5(1),5(1),9(7,0), )}
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3_23 3_23 3—232t
S(G (1. ). Gl p). F(7.0),0(0)) = S(F— ™ B T2 20
_ WP =2p") — (7 —207) |
t+ | (0 = 2p%) — (v* — 20°) |

3723
< 2ot
t+2] 93— T2 |

< S(0(7).5(1).6(7.9).1)
< {S(62),5(1). 5(2),8) @ S((12), (1), G (12, ). )

2 S(6(+),5(1),9(%,0), )}

_F(M3_2p3 M3—2Ph03 73_20.3 %
N g 8 8 '8
| (13 —2p%) — (v* — 207%) |
t
3_ 73—20%
- T=

F(G (s p), Gy p),G(7,0),0(t))

)

§2|’Y t
< FH(7),6(7),G(7,0),t)
< F(b(w), b(w), b(7), 1) @ F(b(w), b(w), G (1, p),t)

® F(9(7),5(7),G(7,0),1) }

case(il) u < p, v > o.

3 _ 03
TG(11:): 611 ), 67,0, 0(0) = (0,0, =T 2
t t
T 252 LI
= J(h(7),b(7),G(v,0),1)
> { T, 5(1). 5(1).5) © J(6(1),b(1). G s p). 1)

© J(h(7),b(7),G(v, U)J)}

)

3203 2t
S(G (1) G (11, p),G(3,0),0(t)) = S(0,0, "=, 2)
| T2 |
= 208 |
t+ | 5|
8|1 =%
T8 pt =t

<S(MH(7):b(7),9(7,9),1)
< {S(0(1). 5(2),5(2).1) @ S(0(1). b1, G 11, p). 1)
2 S(6(+),5(1),6(3,9),1) }
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ﬁ
vs,

P — 207 2t
F(G(1. ). G (1. p). §(7,0), (1)) = F(0,0, =, )
73720.3
t
81w =
- t

< F(h(7),b(7),G(v,0),t)
< F(b(1), b(w), b(v), ) F(h(w), b(w), G (1, ), t)
@ F(5(7),h(1),9(7,0).1)}

case(iii) pu < p, v < 0.

This case is obvious, since we have that

J(G(u, p), G(1, p),G(7,0),0()) =1,
S(G(w,p),G(1, ), G(7,0),0(t)) =0,
F(g(:ua P)7Q(M7P)ag(%0)a9(t)) = 0.

We have thus shown that G and b fit into the theorem Therefore G and b must have a

coupled coincidence point and it is the point (0, 0).

4. Conclusion

This work built a generalized neutrosophic metric space, called J-Neutrosophic metric space,
based on the concept of neutrosophy. We proved coupled coincidence point results for JN-
compatible mappings satisfying certain conditions. As the space introduced here considers the
indeterminacy along with the degree of nearness and the degree of non-nearness and general-
izes the ideas of intuitionistic sets, fuzzy sets, classical sets, paraconsistent sets and dialetheist

sets, this work has the scope of further extension and analysis.
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