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Abstract. We answer the following question: Are neutrosophic p-compactness and neutrosophic p-countably
compactness equivalent? which posted in [10]. Since every neutrosophic topology is neutrosophic u-topology,
we answer the question for neutrosophic topological spaces, more precisely, we give an example of neutrosophic

topology which is neutrosophic countably comapact but not neutrosophic compact
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1. Introduction

Neutrosophic sets first introduced in [25,27] as a generalization of intuitionistic fuzzy
sets |14], where each element € X has a degree of indeterminacy with the degree of mem-
bership and the degree of non-membership . Operations on neutrosophic sets are investigated
after that. Neutrosophic topological spaces are studied by Smarandache [27], Lupianez [19}20]
and Salama [23]. The interior , closure, exterior and boundary of neutrosophic sets can be
found in [26]. Neutrosophic sets applied to generalize many notaions about soft topology and
applications [18], [22], |15], generalized open and closed sets 28] , fixed point theorems [18] ,
graph theory [17]and rough topology and applications [21]. Neutrosophy has many applications
specially in decision making, for more details about new trends of neutrosophic applications
one can consult [1]- 7).

Generalized topology and continuity introduced in 2002 in [13], where many generalized open
sets in general topology become examples in generalized topological spaces, and it become one
of the most important generalization in topology which has different properties than general
topology, see for example [9], [11] and [12]. There are a lot of studies about neutrosophic

topological spaces that shows the importance of studying neutrosophic topology where it has
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possible applications, see for example [24], Neutrosophic u-topological spaces first introduced
in |10], and since Neutrosophic u-topological space is a generalization of neutrosophic topo-
logical space it guarantees generalized results that are still true for neutrosophic topological
spaces, see for example Theorem 2.30 in [10] which shows that neutrosophic p-compactness and
neutrosophic p-countably compactness are equivalent, and this is not true in crisp topology,
but it becomes true for neutrosophic topological spaces since every neutrosophic p-topological
space is neutrosophic topological space, another thing about the importance of neutrosophic
p-topological space is that some existing notations about neutrosophic topology can be con-
sidered as examples of neurosophic u-topological spaces, see for example Theorem 2.9 in [10]
which shows the relationship between p-topological space and previous studies where we can
consider all neutrosophic a-open sets over (X; 7 ) and all neutrosophic pre-closed sets in (X;
7 ) (introduced in [8]) as examples of strong neutrosophic p-topology over X. The following

question appeared in [10].

Definition 1.1. [25]: A set A is said neutrosophic on X if A = {(z,pa(x),04(x),va(z));z €
X} pyov: X —]70,17[and 0 < p(z) + o(z) + v(z) < 37.

The class of all neutrosophic set on the universe X is by N (X). We will exhibit the
basic neutrosophic operations definitions (union, intersection and complement. Since there
are different definitions of neutrosophic operations, we will organize the existing definitions

into two types, in each type these operation will be consistent and functional.

Definition 1.2. [24][Neutrosophic sets operations] Let A, A,, B € N(X) such that o € A.
Then we define the neutrsophic:
(1) (Inclusion): AC B If pa(z) < up(x), oa(z) > op(x) and va(z) > vp(x).
2) (Equality): A=B< AC BABLC A.
3) (Intersection) aI;IAAa(:v) = {<x,aé\A,uAa (x), agAaA(w),agAuA(x)>; re X}
4) (Union) aIEIAAa(:c) = {<x’a¥A'uA“ (x),aé\AaA(x),aéAuA(a:»; re X}
5) (Complement) A¢ = {(z,va(x),1 —oa(z), pa(x));x € X}
6) (
) (

7

Universal set) 1x = {(x,1,0,0); x € X }; will be called the neutrosophic universal set.

(
(
(
(
(
(7) (Empty set) 0x = {(x,0,1,1);x € X}; will be called the neutrosophic empty set.

Proposition 1.3. [2/] For A, A, € N(X) for every o € A we have:

a€A acA
@) 40 (DA = D (AU

Definition 1.4. [24] [Neutrosophic Topology] T C N'(X) is called a neutrosophic topology for
X if
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(1) 0x,1x €.

(2) If A, € 7 for every a € A, then I_IAAa er,
ac

(3) For every A, B € 7, we have A, B € 7.

The ordered pair (X, 7) will be said a neutrosophic space over X. The elements of 7 will be
called neutrosophic open sets. For any A € N(X), If A° € 7, then we say A is neutrosophic

closed.

2. Neutrosophic Countably Compact Spaces

Definition 2.1. [10] Let X be nonempty, 0 < a,8,7 < 1. Then A € N(X) is said a
neutrosophic point if f there exists x € X such that A = {(z,a,5,7)} U {(£,0,1,1); % # x}.
Neutrosophic points will be denoted by z 3.

Definition 2.2. [10] We say z, 3, in the neutrosophic set A -in symbols x5, € A- if f

a < pa(x),B >oca(x) and v > va(z).

Lemma 2.3. [10] Let A € N(X) and suppose that for every xop~ € A there exists
B(zap,) € N(X) such that zo5 € B(xapy) E A. Then A =U{B(Za,8,); Ta,s,y € A}

Corollary 2.4. [10] A € N(X) is neutrosophic open in (X,T) if f for every xqp~ € A there
exists a neutrosophic set B(xa,p~) € T; Ta gy € B(xapy) E A.

Definition 2.5. [10] Let (X, 7) be a neutrosophic topology on X. A sub-collection B C 7 is
called a neutrosophic base for 7 if for any U € 7 there exists B C B such that U = LU{B; B € B}.

Definition 2.6. [10] Consider the neutrosophic space (X, 7) . We say the collection ¢ from
T is a neutrosophic open cover of X, if 1x = L{U;U € U}.

Definition 2.7. [10] Consider the space (X,7) and the neutrosophic open cover U of X.
Then we say the sub-collection ¢ C N(X) is a neutrosophic subcover of X from U, if U is

neutrosophic covers X and Ucu.
The following is an immediate result of Corollary2.4}

Corollary 2.8. [10] A sub-collection U from the neutrosophic space (X, T) is an open cover

of X if f for every xo g, in X there exists U € U such that x4 5~ € U.

Theorem 2.9. Consider the collection B of neutrosophic sets on the universe X. Then B is
a neutrosophic base for some neutrosophic topology on X if f

(1) For every U € T and every x4, € U there exists B € B such that o5, € BEU.
(2) For every A, B € B we have AT B is a union of elements from B.
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Proof. —) Obvious!

<) Suppose B satisfies the two conditions in the theorem. Let 7(B) be all possible neutrosophic
unions of elements from B with Ox. It suffices to show that 7(B) is a neutrosophic topology
on X. From the first condition and the construction of 7(B) we have 0x,1x € 7(B). Now let
H,K € 7(B). Then H = UH; and K = UK, where H;, K; € B for every 4, j. So we have (by
parts (3) and (4) of Propolsitio ’

H K = (UH) 1(UK) = U((UH) 1K) = UL (H; 1K)

Since H;, KE ;€B foi" every ’LJ, 7, ZWe have H M I]( ZE 7(B). The proof that the union of elements

from 7(B) is an element from 7(B) is easy! And we done.

7(B) will be called the neutrosophic topology generated by the neutrosophic base B on X .

Definition 2.10. [10] (X, 7) is said to be neutrosophic compact if each neutrosophic open

(in 7) cover of X has a finite neutrosophic subcover.

Theorem 2.11. [10/ Consider the space (X, T), and let B be a neutrosophic base for . Then
(X, 7) is a neutrosophic compact space if f every neutrosophic open cover of X from B has a

finite neutrosophic subcover.

Definition 2.12. [10] A neutrosophic space (X, 7) is said:

(1) A neutrosophic Lindeldf space if each neutrosophic open cover of X from 7 has a
countable neutrosophic subcover of X.
(2) A neutrosophic countably compact space if each neutrosophic open countable cover of

X from 7 has a finite neutrosophic subcover of X.

The following thee results have proofs similar to their correspondings about neutrosophic

p-topological spaces in [10].

Theorem 2.13. Fvery neutrosophic space with a countable neutrosophic base is neutrosophic
Lindelof .

Theorem 2.14. Every neutrosophic Lindelof and countably compact space is compact.

Corollary 2.15. Every neutrosophic countably compact space with a neutrosophic countable

base is neutrosophic compact.

The following example show that neutrosophic Lindels f spaces are not neutrosophic count-

ably compact.

Example 2.16. Let Y = {a,b} and let B = {A4,;n = 1,2,3,...} where A, = {{y,1 —
Lo L 1 )y € X}, We will show that B is a base for some neutrosophic topology on Y ;

2n’2n’ 2n
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i.e. we want to show B satisfies (1) and (2) in Theorem2.9|

First condtion: B neutrosophic covers Y, actually:

UB = UW{A4p;n =1,2,3,..} = {{y,V§°1 — 5=, A5, AP )5y € Y} = {(y,1,0,0);y € Y} =
ly.

Second condition: The neutrosophic intersection of two elements from B is the neutrosophic
union of elements from B, but is clear that for any A, and A,, in B we have A, M A,, = A;
where ¢ = max{n, m} which an element of B, so that B is a neutrosophic base form some
neutrosophic topology 7(B) on Y. Since 7(B) has a countable base, 7(B) is neutrosophic
Lindelof. Now, we will show that 7(B) is not neutrosophic countably paracompact (which im-
plies it is not neutrosophic compact). By contrapositive, suppose Y is neutrosophic countably
paracompact. Then &/ = B is a countable neutrosophic open cover of Y. But Y is a neutro-
sophic countably paracompact space, so that we have I/ has a neutrosophic finite subcover,
say U* = {An1, Apa, .., Apg . But App U Apo UL U Ay = Ay where t = max{ny,no, ..., ng},
and A, = {(y,1— %, %, %), y € Y} # 1y, a contradiction. So Y is not neutrosophic countably
paracompact and hence it is not neutrosophic compact.

The following theorem shows that neutrosophic compact spaces and neutrusophic countably
compact spaces are equivalent if the universe of discourse is countable, which is not true for

topological spaces.

Theorem 2.17. For every countable neutrosophic topological space Y , the following two state-

ments are equivalent :

(1) Y is neutrosophic compact.

(2) Y is neutrosophic countably compact.

Proof. =) Obvious!
<) Suppose that Y is a countable neutrosophic countably compact space, and let U be a
neutrosophic open cover of Y. For every y € Y we define the following three subsets of [0, 1].

(1) Dji = {paly); A e u}.

(2) Dg ={oa(y); A eU}.

(3) Dy ={va(y); A eU}.
Let DY, DY and DY be three countable dense subsets of D}, D§ and D} respectively in the
usual sense (the usual topology on the unit interval). Since U is a neutrosophic p-open cover
of Y, we have supD{ = sup Dy, = 1 ,inf D§ = inf DY = 0 and inf D§ = inf Dy = 0. Let
U(y) = {A € U;spaly) € DY, oa(y) € DY or va(y) € DY}. It is clear that U(y) is countable.
Let U* = U{U(y);y € Y}. Since Y is countable, U* is a countable sub-collection from Y. We
will show that U/* is a neutrosophic cover of Y. Set B = LIU*. For every y € Y we have:

(1) ps(y) = V{pa(y); A € B} > V{pa(y); A € Di} =sup D{ = 1.
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(2) op(y) = Moa(y); A € B} > Moa(y); A € Di} = inf Dy = 0.
(3) vB(y) = M{ra(y); A€ B} > AM{Va(y); A € D{} = inf D = 0.
Which implies that B = 1y and U* is a neutrosophic countable open cover. Since Y is a

neutrosophic p-countably compact space, U* has a finite subcover , that is Y is compact.

The following example shows that neutrosophic compactness and neutrosophic countably

compactness are not equivalent.

Example 2.18. Consider the set of all countable ordinals W, with the usual ordering. Let
B ={[s,t),s,t < wi(the first uncountable ordinal)}. We know that /3 is a base for some topol-
ogy 7 on Y = W,. For every [s,t) € 8 define the neutrosophic set

Als) =
(y,0,1,1) ify ¢ [s,t)

Set B = {As);[s,t) € B}. We will show that f3 is a base for some neutrosophic topology on Y.
First we show it is a neutrosophic cover for Y. Let A = LIS ; it suffices to show that A = 1y.
But for every y € Y, we have y € [s,y) for some s < y, so that pa(y) = V{uc(y);C € } >
Pisy) = 1, oa(y) = Moc(y); C € By < 0sy) = 0, and va(y) = NMre(y); C € By < Vis,y) = 0,
that means A = 1y and 8 covers Y. Now, we will show that the intersection of any two
elements from 8 is empty or an element of 3. Let A, ;) and A, 4,) be two neutrosophic
sets in B and set C' = A, ;) 1 A, 4, if [51,81) N [s2,t2) = (), then for every y € Y we have
y & [s1,t1) or y & [s2,t2), which implies 1o = fifs) 1) A Hisy,ip) = 0, 0C = Oy 41) V Ofsptn) = 1
and Vo = Vg, 4,) V Visyt,) = 1 and that means Afg, ) M Afg, 1) = Oy. Now, suppose that
[s1,t1) N [s2,t2) # 0. Then for every y < max{s1, s2} or y > min{t;, to} we have y ¢ [s1,t1) or
y & [s2,t2), which means uc =0, o¢ = 1 and vo = 1, and if max{s;, so} <y < min{ty, 2},
then y € [s1,t1) and y € [s2,t2), that is uc = 1, o¢ = 0 and v = 0, so that we have

A[Slﬂfl) M A[S2,t2) = A[Syt) = €p

(y,0,1,1) ify ¢ [s,t)
where s = max{sj, so} and ¢t = max{t;,t2}. Let 7(8) be the neutrosophic topology gen-
erated on Y by . Then 7(8) is a neutrosophic countably compact space: We will prove
this by showing 7(3) has no countable cover form 5. Let C = {A,, = [sp,tn);n = 1,2,3,...}
be any countable subset from §, it suffices to show that C does not cover Y’; by contaposi-

tive, suppose C covers Y, then D = LUC = .OCIDIAH = ly. So that for every y € Y we have
1=
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wo = ;\71;1,4“ = 1; since pa, = 1 or O for every n = 1,2, 3, ..., there exist ¢ such that p4, =1,
that is y € A; = [si,t;), which implies Y = if_jl [$n,tn), a contradiction, since Y is uncountable
and ;le[sn, t,) is countable, so 8 has no countable cover for Y, and so Y is neutrosophic count-
ably compact. Now, to show that Y is not neutrosophic compact. But g is a neutrosophic

open cover of Y and has no countable, and hence no finite, subcover, that means Y is not

neutrosophic compact.

Corollary 2.19. There is a neutrosophic p—topological spaces which is neutrosophic countably

compact but not neutrosophic compact.

Proof. Since every neutrosophic space is p—topological space, we have Exampl@ is an
example of a neutrosophic p—topological spaces which is neutrosophic countably compact but

not neutrosophic compact.

The approach we used in Exampld2.18| can be generalized to get more counterexample for

neutrosophic topological spaces as follows.

Theorem 2.20. Let (X, 7) be a topological space and for every U € T set

(2,1,0,0) ifz €U
(#,0,1,1) ifx¢U

Ay =

and let Neut(t) = {Ay; U € 7}. Then (X, Neut(r)) is a neutrosophic topological space.

Proof. Since 0, X € 7, we have Ay, Ax € Neut(r), but

(2,1,0,0) ifzxe (z,1,0,0) ifxel

(2,0,1,1) ifz ¢ 0 (,0,1,1) ifzeX
(2,1,0,0) ifzxe X (2,1,0,0) ifzxe X
(2,0,1,1) ifzx ¢ X (2,0,1,1) ifz e

So we have Ox,1x € Neut(r). Now, let H = Ay M Ay where Ay, Ay € Neut(r). Then

1 ifzxeU 1 ifzeV 1 ifzeUNnV
pr () = A = = HAwav)@)
0 ifz¢U 0 ifzxgV 0 fzgUNV
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0 ifzeU 0 ifzeV 0 ifzeUNV

og(z) = \Y = :aA(UmV)(x)
1 ifz¢U 1 ifxgV 1 ifxgUNV
0 ifzeU 0 ifzeV 0 ifreUNV

vi(x) = . v _ = _ = VA, (T)
1 ifzxgU 1 ifzg¢gV 1 ifz¢UNV

So we have AyMAy = Anm) € Neut(r). Similarly we show that I_IAAQ € Neut(T) whenever
ae
Aq € Neut(r) for every a € A.

3. Applications and further studies

This paper is a completion part of |10] and gives an answer for the following question: Are
neutrosophic p-compactness and neutrosophic p-countably compactness equivalent? which
posted in [10]. We give an example to show that the answer is no! the approach is used to
give such example can be generalized to give many counter examples in neutrosophic topology
using those existing in general topology. This paper, also, studied more advanced notations
about neutrosophic topology such as neutrosophic comapactness and neutrosophic Lindeldf,
which opens doors for more studies about neutrosophic topology, such as neutrosophic para-

compactness, and other covering properties
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Sattam Bin Abdulaziz University under the research project f 2019/01/9633.

References

1. M. Abdel-Basset , A. Gamal, L. H. Son and F. Smarandache ,A Bipolar Neutrosophic multi Criteria Decision
Making Framework for Professional Selection, Applied Sciences, 10(4),1202.

2. M. Abdel-Basset , R. Mohamed , A. E. N. H. Zaied , A. Gamal and F. Smarandache ,Solving the supply
chain problem wusing the best-worst method based on a novel Plithogenic Model, In Optimization Theory
Based on Neutrosophic and Plithogenic Sets, Academic Press, 2020, 1-19.

3. M. Abdel-Basset and R. Mohamed ,A Nowvel Plithogenic TOPSIS-CRITIC Model for Sustainable Supply
Chain Risk Management, Journa of Cleaner Production, 2020,247, 119586.

4. M. Abdel-Basset , R. Mohamed , A. E. N. H. Zaied and F. Smarandache , A Hybrid Plithogenic Decison-
Making Approach with quality function deployment for selecting Supply Chain Sustainability metrics, Sym-
metry, 2019, 11(7), 903.

5. Abdel-Basset, M., Ding, W., Mohamed, R. et al., An integrated plithogenic MCDM approach for financial
performance evaluation of manufacturing industries, Risk Management,(22)2020, 192-218.

6. Abdel-Basset M., Mohamed R., Sallam K. and Elhoseny M., A novel decision-making model for sustainable
supply chain finance under uncertainty environment, Journal of Cleaner Production,(269) 2020, 122324.

7. Abdel-Basst M., Mohamed R. and Elhoseny M., A novel framework to evaluate innovation value proposition

for smart product-service systems, Environmental Technology and Innovation, (20) 2020, 101036.

Murad Arar, About Neutrosophic Countably Comapctness



Neutrosophic Sets and Systems, Vol. 36, 2020 254 |_|

8.

10.
11.
12.
13.

14.
15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

W. Al-Omari and S. Jafari, On Generalized Closed Sets and Generalized Pre-Closed Sets in Neutrosophic
Topological Spaces, Mathematics, 7(1), 2018, 1-12.

M. ARAR , A Note on Spaces with a Countable u-Base, Acta Math. Hungar., 144 (2) (2014), 494-498.
M. Arar, Neutrosophic p-Topological Sapces, to appear in NSS.

M. M. ARAR , On Countably u-Paracompact Spaces, Acta Math. Hungar., 149 (1) (2016), 50-57.

M. ARAR , Strongly Generalized Neighbrhood Systems, Missouri Journal of Mathematical Sciences, 29(1).
2017, 43-49.

A. Csészér, Generalized topology, generalized continuity, Acta Math. Hungar, 96 (2002), 351-357.

K. Atanassov, Intuitionistic fuzzy sets, Fuzzy Sets and Systems, 20 (1986),87-96.

Chinnadurai V and Sindhu M P, A Novel Approach for Pairwise Separation Azioms on Bi-Soft Topology
Using Neutrosophic Sets and An Output Validation in Real Life Application, Neutrosophic Sets and Systems,
35 (2020), 435-463.

R. Dhavaseelan and S. Jafari, Generalized neutrosophic closed sets, In New Trends in Neutrosophic Theory
and Application; F. Smarandache and S. Pramanik (Editors), Pons Editions, Brussels, Belgium., 2 (2018),
261-274.

Masoud Ghods and Zahra Rostami, Introduction to Topological Indices in Neutrosophic Graphs, Neutro-
sophic Sets and Systems, 35 (2020), 68-77.

Madad Khan, Muhammad Zeeshan, Saima Anis, Abdul Sami Awan and Florentin Smarandache, Neutro-
sophic Soft Fized Points, Neutrosophic Sets and Systems, 35 (2020), pp.531-546.

F. G. Lupidnez, On neutrosophic topology, The International Journal of Systems and Cybernetics, 37(6)
(2008), 797-800.

F. G. Lupidnez, Interval neutrosophic sets and topology, The International

Muhammad Riaz, Florentin Smarandache, Faruk Karaaslan, Masooma Raza Hashmi and Iqra Nawaz,
Neutrosophic Soft Rough Topology and its Applications to Multi-Criteria Decision-Making, Neutrosophic
Sets and Systems, 35 (2020) pp.198-219.

Rakhal Das and Binod Chandra Tripathy, Neutrosophic Multiset Topological Space, Neutrosophic Sets and
Systems, vol. 35 (2020), pp.142-152.

A. Salama and S. AL-Blowi, Generalized neutrosophic set and generalized neutrosophic topological spaces,
Computer Science and Engineering, 2(7) (2012), 129-132.

A. Salama and S. AL-Blowi, Neutrosophic Set and Neutrosophic Topological Spaces, IOSR Journal of Math-
ematics, 3(4) (2012), 31-35.

F. Smarandache, Neutrosophic set - a generalization of the intuitionistic fuzzy set, International Journal of
Pure and Applied Mathematics, 24(3) (2005) 287—297.

S. Karatas and C. Kuru, Neutrosophic Topology,Neutrosophic Sets and Systems,University of New Mexico,
13 (2016), 90-95.

Murad Arar, About Neutrosophic Countably Comapctness



Neutrosophic Sets and Systems, Vol. 36, 2020 255

27. F. Smarandache, Neutrosophy and neutrosophic logic, first international conference on neutrosophy, neu-
trosophic logic, set, probability, and statistics, University of New Mexico, Gallup, NM 87301, USA(2002).

28. Suman Das and Surapati Pramanik, Generalized neutrosophic b-open sets in neutrosophic topological space,
Neutrosophic Sets and Systems, 35 (2020) 522-530.

Received: June 9, 2020 / Accepted: Aug 16, 2020

Murad Arar, About Neutrosophic Countably Comapctness



	1. Introduction
	2. Neutrosophic Countably Compact Spaces
	3. Applications and further studies
	References

