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1. Introduction

This section gives the basic introduction about the present work starting with Literature survey,
Scope and objective and chapter distribution.

1.1. Literature Survey:

The notion of normed linear space plays a major role in Functional Analysis. Dimension in normed
linear space has attracted researchers to a greater extend. Gd hler (1965) took effort in developing
the structure of 2-normed linear space and n-normed linear space. Recently many researchers have
engaged themselves in developing the theory of n-normed linear space. Zadeh (1965) [40],
introduced fuzzy set in his pioneering work which is a remarkable theory to deal with uncertainty.
He stated that a fuzzy set assigns a membership value to each element of a given crisp universe set
from [0, 1]. This notion laid the foundation for a wide range usage of Mathematics and also applied
to a great variety of real-life scenarios. Later Atanassov (1986) [11-13], focused intuitionistic fuzzy
set, which is characterized by a membership function and non-membership function for each in the
Universe and then Smarandache (1998-2005) [2 - 4] developed another idea called Neutrosophic set
by adding an intermediate membership. Maji (2013) also dealt about this Neutrosophic concept.
Felbin (1992) [19,20,21] assigned a fuzzy real number to each element of the linear space and
introduction another idea of fuzzy norm on a linear space and also proved that a finite dimensional
fuzzy normed linear space has a unique fuzzy norm on it up to fuzzy equivalence. Further in 1993 he
discussed about the completion of fuzzy normed linear spaces and in 1993 he proved that any finite
dimensional fuzzy normed linear space is necessarily complete.

Beg & Samanta (2003) [14 - 17] introduced a definition of fuzzy norm on a linear space. They
also provided a decomposition theorem of fuzzy norms into a family of crisp norms and studied the
properties of finite dimensional fuzzy normed linear spaces. This paper motivated Narayanan et.al
to develop the theory of fuzzy n-normed linear space. Santhosh & Ramakrishnan (2011) [36]
introduced the concepts of norm and inner product on fuzzy linear spaces over fuzzy fields.

Then Vijayabalaji (2008) [38, 39] et.al studied the idea of interval valued fuzzy n-normed linear
spaces. Later Vijayabalaji (2007) et.al, Samanta (2009) et.al, and Issac (2012) [25] et.al dealt the
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concepts of normed linear spaced with intuitionistic fuzzy settings. Recently Sandeep Kumar (2018)
discussed some results on Interval valued intuitionistic fuzzy n-normed linear space.

1.2. Scope and Objective of the Present Investigation:

The present study is aimed to extend the structures of fuzzy normed linear space into Neutrosophic
normed linear space. An attempt has been made to study some elegant results in this structure
through Neutrosophic norm and analyze the Cauchy sequences on Neutrosophic Normed linear
space. The paper is classified into the following sections: Section 1 shows the introduction and
section 2 gives some basic definitions and properties of linear space, fuzzy set, t-norm, t-conorm ,
fuzzy normed linear space etc., Section 3 deals the Neutrosophic normed linear space and discussed
their properties. Section 4, ends with concluding remarks and future scope of the study.

2. Preliminaries
This section recalls the basis definitions and results that are necessary for the present work.
Definition 2.1. [14] A linear space (or vector space) V over a field F consist of the following
1. Afield F of scalars.
2. Aset V of objects called vectors
3. A rule (or operation) called vector addition which associates with each pair of vectors,
u,v €V avector u+ v €V called the sum of u and v in such a way that
e Addition is commutative,
e Addition is associative
e There is unique vector in u in V called the zero vector, such that
ut+0=uvu €evV
e For each vector u €V , there is unique vectors —u €V  such that
u+(—u)=0.
4. A rule (or operation) called scalars multiplication which associates with each scalar
a € F and vector and u € V in such a way that
e lu=uVue€eV and 1 €F
e ab(w)=abu)Va,b €EF and YVu €V
e a(u+v)=au+avVa €F and Vu,v €V
e (a+bu=au+buVa,b €EF and Vu €V
Itis denoted as (V,+, - ) is a linear space.

Definition 2.2. [14]A nonnegative function on a linear vector space V , [|-l: V — [0, 00) is called
anorm if

1. I x I=0ifandonlyif x =0;

2. Ix+y Il x|l +1 y Il forall x,y €V (the triangular inequality)

3. lax l=|a]lll x || forall x €V and a € F

Definition 2.3. [14]A normed linear space is a linear space V with anorm |- [, onit.

Definition 2.4. [40] A fuzzy set A in X is defined as an object of the form A = {(x,us(x)): x €
X}, where p,(x) is called the membership function of x in X which maps X to the unit interval
I1=[0,1].

Definition 2.5. [11]An intuitionistic fuzzy set A in a nonempty set X is defined as an objects of the
form A={(,us(x),9,(x)):x € X} where the functions p,:X - [0,1] and 9, :
X - [0,1] defined the degree of membership and degree of non-membership of the element x €
X respectively, and for 0 < pu,(x) +9,(x) <1 Vx €X.
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An ordinary fuzzy set A in X may be viewed as special intuitionistic fuzzy set with the
non-membership function 9,(x) =1 — p,(x).

Definition 2.6. Let [I] be the set of all closed sub intervals of the interval [0,1] and M = [M,, My] € []]
where M, and My are the lower extreme and upper extreme, respectively. For a set X, an IVFS
(Interval Valued Fuzzy Set) A on X given by

A={(x,My(x))/ xeX)
where the function M, : X— [0,1] defines the degree of membership of an element x on A, and
My(x) =[Myy(x), Mgy (x)] called an interval valued fuzzy number.

Definition 2.7. For a set X, an IVIFS (Interval Valued Intuitionistic Fuzzy Set) A on X is an objects
having the form A = {(x, M,(x),N,(x))/ x € X} where M, : X- [I]and N, : X- [I] represents
the degree of membership and non-membership 0< sup( My(x) ) + sup(Ny(x) ) <1 for every x
X My(x) =[Mar(x), May (x)] and Ny(x) = [Nap(x), Nay ()]

Hence A ={[M4;, (x), My (x)], [Nar (x), Nay (x)]} is called IVIES.

Definition 2.8. [14] Let X be a linear space over the field F (real or complex) and * is a continuous
t-norm. A fuzzy subset N on X x R (R-set of all real numbers) is called a fuzzy norm on X if and only
ifforx,y e Xand c € F,
(N1) VteRwitht< 0,N(xt)=0
(N2) VteRwitht >0N(xt)=1,iffx=0
(N3) teR, t>0
N(cx,t) = N(x,%). If,c#=0

(N4) VsteR xyeX
N(x+y, t+s) = N(x,t)*N(y,s)
(N5) tlim N(x,t) =1.

The triplet (X,N,*) will be referred to as a fuzzy normed linear space.

Definition 2.9. [25] A binary operation *:[0,1] x[0,1]—-[0,1] is continuous t-norm if *
satisfies the following conditions:

1. * is commutative and associative

2. * is continuous

3. a*x1l=gq, foralla €[0,1]

4. axb < c*d whenever a<c and b<d and a, b, ¢, d €[0,1].

Definition 2.10. A binary operation ¢:[0,1] x[0,1]—-[0,1] is continuous t-co-norm if ¢
satisfies the following conditions:

1. ¢ is commutative and associative

2. ¢ is continuous

3. a00=aq, foralla €[0,1]

4. ad0b< c0d whenever a<cand b<d and a, b, c,d €[0,1].

Definition 2.11 Let * be a continuous t-norm, ¢ be a continuous t-co-norm, and V be a linear space
over the field F (= R or C ). An intuitionistic fuzzy norm or in short IFN on V is an object of the
form A= {((x,t),N(x,t),M(x,t)) :(x,t) €V x R*, where N,M are fuzzy sets on V X
R* ,N denotes the degree of membership and M denotes the degree of non-membership (x,t) €
V x R* satisfying the following conditions:

1. N(x,t)+M(x,t) <1V (x,t) €V x R*

2. N(x,t) >0

3. N(x,t)=11ifandonlyif x =0
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N(cx,t) =N (x,i),c +#0,c €F

lel
N(x,s)* N(y,t) <N(x+y, s+t)
N(x, -) is non — decreasing function of R* and lim,,,, N(x,t) =1
M(x,t) >0
M(x,t) = 0 ifand only if x =0
= t
M(cx,t) = M(x,lcl),c +#0,c €EF

10. M(x,s) O M(y,t) 2 M(x+y, s+t)
11. M(x, -) is non - increasing function of R* and lim,, M(x,t) = 0.
Then the quadruple (V,4,x, ¢ ) will be referred as a intuitionistic fuzzy normed linear space.

O PN oG

3. Neutrosophic Approach on Normed Linear Space

This section introduces the idea of Neutrosophic normed linear space using the notion of
Neutrosophic set. Further, some result related to Cauchy sequence on Neutrosophic normed linear

space are also dealt.

3.1 Neutrosophic Norm:
Here Neutrosophic norm is defined with suitable example. Further the convergence of sequence in

NNLS and some properties also studied.

Definition 3.1. [33]Let S be a space of points (objects). A NS N on S is characterized by a
truth-membership function p, an indeterminacy membership function ¢, and a falsity-membership
function 1, where p(x),é(x)and n(x) and real standard and non-standard subset of 0,1 [ i.e., p,
&, n : X-> 170,1%[. Thus the NS N over S is defined as:

N = {< X, (p(x),f(x),n(x)) >| x €S}
On the same of p(x),é(x)and n(x) there is no restriction and so ~0 < supp(x) + supé(x) +
supn(x) < 3*.Here 1* = 1+ &, where 1 is its standard part and e its non-standard part. Also, 0 =
0 — ewhere 0 is its standard partand € its non-standard part.
From philosophical point of view, a NS takes the value from real standard or nonstandard subsets
of] “0,1*[. But to practice in real scientific and engineering areas, it is difficult to use NS with value
from real standard or nonstandard subset of] "0, 1*[. Hence, we consider the NS which takes the

value from the subset of [0, 1].

Definition 3.2. Let V be a linear space field F = (Ror C) and * be a continuous t — norm, ¢ be a
continuous t — co — norm. Then, a Neutrosophic subset N : {p,§,n) onV x F is called a Neutrosophic
normon V iffor x,y €V and ¢ € F (c being scalar), if the following conditions hold.
0<plxt),&xt))nxt)<1,vt ER

0<plxt)+ &xt)+ nlx,t) <3,vt €R
p(x,t) =0 with t <0
p(x,t) = 1witht > 0iff x = 0, the null vector

p(cx,t) = p(x,ﬁ),‘v’c #0,t>0

p(x,s)* p(y,t) <plx+y,s+t)Vs,t €R

p(x, -) is continuous non — decreasing function for t > 0, gim plx,t)=1
E(x,t) =1with, t <0

E(x,t) =0witht > 0iff x = 0, the null vector

X N A D=
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t

10. &(cx,t) = & (x =

11. &(x,s) 0 E(,t) =2 E(x+y, s+t)Vs,t ER
12. &(x,-) is a continuous non-increasing function for t > 0, tlim E(x,t)=0

),Vc #0,t>0

13. n(x,t) =1with,t <0;

14. n(x,t) =0witht > 0iff x = 0, the null vector;
t

15. n(ex,t) = n(x,m),Vc #0,t>0

16. n(x,s)¢ n(y,t) =2 nx+y, s+t)vVs,t €ER
17. &(x,-) is a continuous non-increasing function for t > 0, tlim n(x,t) =0;

Further (V,N ,x, ¢) is Neutrosophic normed linear space (NNLS).

Example3.3.
Let (V,Il-1I) be anormed linear space. Take a*b =aband a ¢ b = a + b — ab. Define,
t .
p(x,t) = { e 6> 1
0 otherwise.
X .
£ ={m if t>lxl|
1 otherwise.
P if > lxl]
nxt) = t , Then (V,N,x, ¢) is an NNLS.
1 otherwise.
Proof:

All the conditions are obvious except the condition (6), (11), (16). For s,t > 0 because these

are clearly true for s,t < 0.

Now, px+y,s+t)— plx,s)=*p(y,t)
s+t st

Ts+t+[lx+yll G+ xIDE+ (D

- s+t st
Ts+t+]x 4yl SHxIDE+ID

={(s +O(s + lIxIDE + ||yl = st(s + ¢ + ||x[| + [[yID}/R

Where X = (s +t + [|x]| + [ly|D(s + [1xIDCE + |1yl
= {2|lx| s*[lyll + (s + Ollxyl[}/R > 0.

Hence, p(x,s)*py,t) < p(x+y,s+t),Vs,t ER

§(,s)0 Et) —S(x+y,s+1)
_ Al |lxyl| _ x+y
s+l e+l s+ e+ Ivl]) I+l +s+e

_ eyl +ellxli+sliyll —— (lx+yll
s+ IxIDE+1yID  llx+yll+s+t

= {(lx +yll + s+ O x| + sllx[| + [lxy]D) =[x + y[I(s + [lx]]) ¢ + [lyID}/D

Where D = (s +t + |[x + y[D(s + [lxID(t + [y
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={(s + O)(t|IxI| + s|lyl| + |lxyl]) = st|lx + yI|}/D
= {(s + O (e|lxl] + s[Iyl] + [leyl]) = se([lxl] + [IyI])}/D
= {t2|Ix|| + s|lyl| + (s + O)|Ixyl|}/D = 0.
Hence, &(x,s)0 éE(y,t)=é(x+y,s+t),Vs,t €ER.
Finally n(x,s) ¢ n(y,t) = (x +y,s+1t)

_ |Ix|I+IIYII_ [yl 1lx +yll
s t st s+t

_ tllxl] + s[lyl] = Hayll 1lx + i
st s+t

> {s?|Iyl| + t2|Ixl| = (s + O Ixyl|}/st(s + ©)
= {s|Iyl|(s = |Ixl|) + t|IxI|(t = [IyI|)} /st(s +t) =0, (as s> [Ix]|,t > |IyI]).
Thus, n(x,s) ¢ n(y,t) = (x +y,s+1t),Vs,t €R. This completes the proof.

Definition 3.4. Let {x, } be a sequence of points in a NNLS (V, N,*,0). Then the sequence converges to
a pointx € V if and only if for given r € (0,1),t > 0 there exist noe N (the set of natural numbers)
such that
plty —x,t)>1—18(x, —x,t) <r,nlx, —x,t) <r, ¥n=n,.
(or)
Tlli_r)?op(xn —x,t) = 1,A%€(xn —x,t) = O'A%n(x" —x,t)=0,t >

Then the sequence {x,} is called a convergent sequence in the NNLS (V, N,*,0).

Theorem 3.5.

If the sequence {x,} in a NNLS (V,N,*0) is convergent, then the point of convergence is
unique.
Proof:

Let lim x, = x and lim x, = y.for x # y. Then fors,t > 0,
n—-oo n—oo
lim p(x, — x,s) =1, lim é(x, — x,s) =0, lim n(x, —x,s) = 0,as s » © and
n-o n—-oo n-c

iijglop(xn —x,t)= 1,111L11305(xn—x,t) = 0,1111_)1101077(xn —x,t)=0,ast > o
Now,
px—y,s+t) =p(x—x,+x, =y, s+ ) < p(xy — x,5) * p(xp, — y, 1)
Taking limit as n — o and fors, t n — oo,
plx—y,s+t)=l1lxl1=1ie,plx—ys+t)=1
Further,
§x—ys+t)=8(x—x+x, —¥,s +18) S &, —x,5) 08 (xp, — ¥, 8)
Taking limit as n — o and fors, t n — oo,
x—y,s+t)<000=0i.e.,é(x—y,s+t)=0
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Similarly, n(x —y,s +t) =0

Hence, x = y and this complete the proof.

Theorem 3.6.

In an NNLS (V,N,*,0), if lim(x,,) =x and lim (y,) =y then lim (x, +y,) =x+y
n—-oo n—oo n-o

Proof:

Here, for s,t >0
lim p(x, — x,s) =1, lim é(x,, — x,5) =0, lim n(x,, —x,s) = 0,as s > o and
n—oo n—oo n—oo

lim p(y,, —y,t) =1, lim é(y, —y,t) =0, lim n(y,, —y,t) =0,ast » .
n-oo n—oo n-co
Now, rllllrgop[(xn +yn) - (X +}’);S + t)] = 711_I)Tolop[(xn - X) + (yn - }’).S + t)]'
> lim p(x, — x,s) * lim p(y,, — y, t)[by (6)in Definition 3.2]
n—o0o n—»oo

=1x1=1ass,t—>
Hence lim p[(x, —y,) — (x + y),s +t)] = L as,s,t > w. Again
n—oo

ig{}of[(xn +yn) - (X +J’).S + t)] = A%E[(xn - x) + (yn - }’),S + t)]
> 1111_r)£10 E(xy —x,8) 0 %Lr?of(yn —v,t) [by (11)in Definition 3.2]

=000=0ass,t—>
So, lim &[(x, + ) —(x+y),s+t)] =0ass,t - oo.
n—-oo
Similarly,
lim n[(x, + ¥,) — (x +y),s +t)] =0as s,t = c.and this end the theorem.
n—-oco

Theorem 3.7.
If limx, =x and 0 # ¢ €F, then lim cx, inan NNLS (V,N,*,0).
n—-oo

n-oo

Proof:
Here,
t

lim p(cx, —cx,t) = limp (xn - x,—) =1,as — > oo.
n-oo n-oo el el

t t
lim &(cx,, —cx, t) = limE<xn —x,—) =1,as — - .
n—oo n—oo Icl Icl

iijglon(cxn —cx, t) = %Lrlgon (xn - x,%) =1,as % - o0
Thus, the theorem is proved.
3.2. Completeness on Neutrosophic Normed Linear Space:
Here the Cauchy sequence in NNLS and complete NNLS are introduced. Further several structural
characteristics of complete NNLS also studied. .
Definition 3.8. A sequence {x,} of points in an NNLS (V,N,*0) is said to be bounded for

re (0,1) and t > 0. if the following hold:
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p(xn, t) > 1 =18, t) <r,nlx,t) <r, Vn eN.(the set of all natural numbers ).

Definition 3.9.
1. A sequence {x,} of points in an NNLS (V,N,*0).is said to be a Cauchy sequence if
givere (0,1),t > 0 there exist ny € N (the set of all natural numbers ) such that

PO — X, t) > 1 =1, —xp, ) <1,0(x, — Xy, t) <TVM,n eny.

(or)

lim p(x, —x,,t) =1, lim &(x, —x,,t) =0, lim n(x, —x,,t) =0,ast > o
n,m—-oo n,m—oo n,m-—oo

2. Let {x,} be Cauchy sequence of points in a normed linear space (V,||e||). Then
lim ||xn —xm|| = 0 hold.

n,m—oo

t
)
t+|x]|

Example 3.10. For t > 0,let p(x,t) =
NNLS. Now,

ECxt) = 2L n(x,t):”it”. Then (V,N,0)is an

t+]|x||

. t . ”xn_xm” . ”xn_xm”
lim ———=1, — = " -0, lim —"— =
nm-oot + ”xn - xm” nm-ot + ”xn - xm” n,m-oo

0

lim p(x, —xp,t) =1, lim &(x, —x,,t) =0, lim n(x, —x,,t) =0,ast - o
n,m—oo n,m—oo n,m—oco

This shows that {x,} is a Cauchy sequence in the NNLS (V, N,*,9).

Theorem 3.11. Every convergent sequence of points in a NNLS (V, N,*,0) is a Cauchy sequence.

Proof:

Let {x,} be a convergent sequence of a points in a NNLS (V,N,*¢) so that lim x, = x. Then for
n—oo

t>0,

lim p(x, —x,,t)= lim p(x, —xp, +x—xt) = lim p[(x, —x) + (x — x,), t]),
n,m—oo n,m-oo n,m-oo

t t
> limp <xn - X, E) = x lim p <x — Xm 'E) [by (6)in Definition 3.2]

n—-oo m—oo

t t
= lim p (xn - X, E) = x lim p (xm - X, E) [by (5)in Definition 3.2]

n—oo m—oo

=1x1=1 as t— oo,
So, lim p(x, — x,,t) = 1.

n,m—oco

Again lim &(x, —xp,t) = lim &(x, —x, +x —x,t)
n,m—oo

n,m—oco

= lim §[(, —x) + (x = xm), £])

t t
> lim E(xn — X, E) = ¢ lim E(x — X ’E) [by (11) in Definition 3.2]

m-—oo

t t
= lim & (xn —x, E) = ¢ lim & (xm - X, E) [by (10) in Definition 3.2]

n—-oo m-—oo

=000=0as t— oo,
So lim &(x, —xy,t) = 0and similarly lim n(x, —x,,t) = 0.
n,m-oo n,m-oo

Hence,{x,} is a Cauchy Sequence.
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Example 3.12. The following example will clarify that the inverse of the Theorem 3.11 may not be

true. Let R, = {% |n € N} (the set of natural numbers) be a subset of real numbers and ||x|| = |x|.
With respect to the neutrosophic norm defined in Example.3.10, obviously (R,N,*,0) is an NNLS.
Now
. . t
lim ————— = lim ———=1,
nm-ot + [[x, — Xp| n,m—»oot+|l_l
n m
|l _1
”xn - xm” n m =0
nmoeo t 4+ Xy — X | n,m—>00t+|l_l ’
n m
[0 = %ol R
Xy — X -
and, lim ——™" = |im ™,
n,m-oo t n,m-oo t

Thus {x,} is a Cauchy Sequence of points in the NNLS (R, N, *,0). But

i
n k

lim (x,, — x¢, t) = lim #0.
n—-oo

n-oe 4 |l — l|
n k
This shows that the Cauchy Sequence {x,} is not convergent in that NNLS.
Theorem 3.13. In an NNLS (V,N,x,0) , if {x,}, {y,} are Cauchy Sequence of vectors and { 4,} is

Cauchy Sequence of scalars in an NNLS (V,N,%,0), then {x, + y,} and { 1,,y,} are also Cauchy
Sequence in NNLS (V, N,*,0).

Proof:
For t > 0, we have,
lim p(x, —xpm,t) =1, lim &(x, —x,,t) =0, lim n(x, —x,,t) =0,ast - o
n,m—oo n,m—oo n,m-oo
And

lim p(yp =¥, ) =1, lim &y — Y t) =0, lim 0y, — Y, t) = 0,a5t >
n,m-co n,m-oo n,m—-oo

oim o[+ yn) = (o + Y, O = im_p[(xn = 2) + O = Y, D]

t t
> lim p(xn—xm,§>* lim p(yn—ym,z)zl*lzlast—)oo

n,m—oo n,m-co

Hence, lim p[(x, +y,) — (X + ¥) )] =last »
n,m-oo

n’lr;lriloof[(xn + V) — (Xm + Vi), t)] = n’glrz}m f[(xn —xm) + On — Ym), t)]

t t
< lim f(xn—xm,—) 0 lim E(yn—ym,—>=0<)0=0 ast — oo
nm-oo 2 n,m-o 2
So, lim &[(xn +¥n) = (g + ym), )] =0ast - o
n,m-co
Similarly,
lim n[Cxp + yn) = (i + Ym), )] =0ast >
n,m—oo
This ends the first part. For the next part,
lim p[(ﬂmym - ﬂ*n)’n)' t] = nlrilrlloop[(ﬁmym - ﬂ*nyn) + (ﬂ*mYn - ﬂ*myn)' t]

n,m-oo

Prakasam Muralikrishnaand Dass Sarath Kumar , Neutrosophic Approach on Normed Linear Space



Neutrosophic Sets and Systems, Vol. 30, 2019 234

t
= Jim_ pl(Amm = Yu) + Y (Am = &), t] 2 n,lrifl‘oop[((ym . |)] p(y”'ZIM—ﬂnl)

Since |4y, — Ayl = 0as m,n = 0,50 |4y, — A,| # 0. Again {y,} being Cauchy sequence is bounded.

Hence, lim p[(1,,Vm — An¥n),t] = 1 ast — . Further,
n,m-co

n!rylloo E[(lm.’)’m - ﬂnyn)' t] = nlrilrlloo E[(lmym - ﬂ*nyn) + (ﬂ'myn - ﬂ*myn): t]

. . t
= Qim (A Om =) + ya(n = ), 81 < lim & [((ym ), MI)] 0 <ynm)
By similar argument, lim ¢[(Apnym — Andn),t] =0ast — oo and finally,

nlnllriloon[(ﬂ'mym — AnYn),t] =0ast —> oo

Hence, the 27 part is complete.

Definition 3.14. Let (V,N,*,0) be a NNLS and A, be the collection of all points on V. Then
(V,N*,0) is said to be a complete NNLS if every Cauchy sequence of points in A, converges to a
point of Ay.

Theorem 3.15. In an NNLS (V, N,x,9), if every Cauchy sequence has a convergent subsequence then
(V,N,%,0) is a complete NNLS.

Proof: Let {x,,} be a convergent subsequence of a Cauchy sequence {x,} in an NNLS (V,N,x0)
such that {xnk} - x € V. Since {x,} be a Cauchy sequence in (V,N,*,0), given t >0

t t t

n,k—oo

Again since {x,, } converges to x, then

t t t
im, o (s =) = 1t 8 (s =) = 0. tim 0 1, 05) =000

Now,
¢ ¢
p(, —x,6) = p(x, — Xpy + Xny — X, t) = p( = X ) *p (xnk x,;).
It implies
limp(x, —x,t) =1
n—-oo
Further,

$(xn —x,0) = ‘f(xn = Xpy t Xpy — X, t) < E( — Xnpo ) 0 f(xnk x;%)-
It implies lim&(x, — x,t) = 0.

n—-oo
It implies limn(x, —x,t) = 0.

n—-oo

This shows that x,, convergesto x € V and thus the theorem is proved.

Theorem 3.16. In an NNLS (V, N,,0), every convergent sequence is a Cauchy sequence.
Proof: Let {x,} be a convergent sequence in the NNLS (V,N,*,0) with lim x,, = x. Let s,t e R* and

n—oo
p=123,..., we have
p(xnﬂ, — Xp, S+ t) =p(Xpyp — X+ X — Xy, 5+ 1)
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> p(tnsp = %,5) * P = X0, )

= p(xn+p - x,s) *p(xn — x,t)
Taking limit, we have
rlli_r)rt}op(xmp —XpSs+t) > lim p(%nsp — %,5) * lim p(x, — x,t)
=1x1=1

li p(xn+p — Xp, S + t) =1Vst—->oandp=123...

n—-oo
Again,

f(xnﬂ, — X, S+ t) =&(Xpep — X+ X —xp, 5+ 1)

> E(x,Hp —x,s) 0 &(x — xpu, t)

= f(xn+p - X S) 0&(xy —x,t)
Taking limit, we have

1im & (xnap = 2,5 +) 2 1im §(24p = %,5) 0 lim £ — x, 1)
=000=0

limf(xnﬂ, — X, S+ t) =0Vs,ts>ocandp =123 ...
n—oo

Similarly,
limn(xn+p — X, S+ t) =0Vs,ts>ooandp =123...
n—-oo

Thus, {x,} is a Cauchy sequence in the NNLS (V, N,*,0).

Theorem 3.17. Let (V,N,%0) be an NNLS, such that every Cauchy sequence in (V,N,*0)has a
convergent sebsequence. Then (V,N,,0) is complete.

Proof: Let {x,} be a Cauchy sequence in (V,N,0)and {x,,} be a subsequence of {x,} the

converges to x e Vand t > 0. Since {x,} is a Cauchy sequence in (V,N,*,0), we have
t t t
lim p (xn — xk,z) =1, lim E(xn — xk,—) =0, lim 7 (xn — xk,—> =0

n,k—oo n,k—co 2 n,k—co 2

Again since {xnk} converges to x, we have

. t . t . t
oo )= o) =0, 28) =0
Now,
p(xy — x,t) = p(Xp — X, + Xy, — X, 1)

t t
> p (50 = #nz) 0 (90— 5:3)
limp(x, —x,t) =1
n—-oo

Again, we see that
f(xn - x’ t) = f(xn - xnk + Xnk - x, t)

< €<xn - xnké) 0¢ (xnk - x,%)

limé(x, —x,t) =0
n—-oo
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Similarly, limn(x, —x,t) =0
n—oo

Thus, {x,} converges toxin (V,N,x0) and hence is complete.

Theorem 3.18. Every finite dimensional NNLS satisfying the condition.

ada=a
ara= a} Vael01] .. (1)
PO,E) >0 VE>0 55X =0 coreren, (2) is complete.

Proof: Let (V,N,*,0) be a finite dimensional NNLS satisfying the condition (1) and (2). Also, let
dim V=k and ey, e,, ...,e, be abasicof V.

Consider {x,} as an arbitrary Cauchy sequence in (V,A).

Let x, = l(n)e1 + Bz(n)ez +- 4 B,En)ek where Bl(n), z(n), ) ﬁ’,&n)suitable scalars are. Then by the same

calculation, there exist fi,[,,..,Bx € F such that the sequence {,Bi(n)}n converges to f; fori=
1,2,..,k. clearly x = p(Zﬁ‘zl,Bi(n)ei eV

k k
pCtn—%,6) = p() fei= ) freyt)
i=1 i=1

k
=0 B =B ent)

i=1

t t
> (80 = p)eu ) oo (7 - Bi)ew)

t t
=ple,———|*..xple,————
p( ! kwi’”—ﬁu) p( " klﬁ,i")—ﬁkl)

. . ¢ . t
Since lim —7+— = o, wesee that lim p|e;,—m—| =
n-oo k| = Bil n-o k1B =Bl

lim p(x, —x,t) =2 1%..x1=1Vt>0
n—-oo

lim p(x, —x,t) =1Vt >0.

n—-oo

Again, forall t >0

k k
§n=x0) =§Q e = ) frentd)
i=}€ i=1
= E(z(ﬁi(n) = pBi)e,t)
< ((ﬁf") - Bl)el-,%) 0.0 ¢ ((ﬁlg’” _ ﬂ")e"’@

t t
= e T 0.0 e
sz( Y k1S )—ﬁll) f( * 11y )—ﬁk|>

= oo, we see that lim ¢ <ei,
n—-oo

. . t
Since lim —r—
n-o lei _Bil

_t
k1B gy
lim é(x, —x,t) <00..00=0V¢>0

n—-oo

lim &(x, —x,t) =0Vt >0.
n—-oo
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Similarly, Since lim — L = o, we see that lim e',; =0
y o k|B - By nos | ( Y k1B -l

n—

Thus, we see that {x,} is an arbitrary Cauchy Sequence that converges to x € V, Hence the NNLS
(V,N,%,0) is complete.

Theorem 3.19. Let (V,N,*0)be an NNLS satisfying the condition equation (1). Every Cauchy
sequence in (V,N,*,9) is bounded.
Proof: Let {x,} be a Cauchy sequence in the NNLS (V, N,,0). Then we have

1111_)r2) p(xn+p - X, t) =1

lim §(nsp —2,6) =0 vE>0,p=12,..

lim n(xn+p - X, t) = OJ

n—oo

Choose a fixed r, with 0 <7, < 1. Now we see that
lim p(xn — xn+p,t) =1>nrVt>0p=12,..
n—-oo

For t' > 03 ny = ny(t") such that p(x, — Xntps t)>rvn=n, p=12,..
Since, lim p(x,t) = 1, we have for each x € t > 0 such that
n—oo

pxp,t) >Vt >t,n=12,..

Let t, = t' + max{t,, t,, «oy tno} Then,
P, to) = p(xn, t' + ty,

= p(xn = Xny t Xp t' Ly,
2 p(xn — Xng t’) * ,D(Xno, tno)
> Tyx1g =Ty Vn=ng
Thus, we have
p(xny, to) > 1oV n=ng
Also, p(xp, to) = ple,, ty) > 1y Vn=12,..,n
So, we have,

p(xp,te) > 1oV n =12, e v . (1)

Now, lim &(x, — x4, t) =0< (1 —1)) Vt>0,p =12, ..
n—-oo

For t' > 03 n) =ny(t") suchthat &(x, — Xpipt') < (A —1)Vn=n, p=12,..
Since, lim &(x,t) = 0, we have for each x; 3 t; > 0 such that
n—-oo

) <A —1r)VEt> ti,n=12,..

Let ty =t'+ max{t;,t, ..., tp,} Then,
§0n 1) < §(xn t" + L,

_ g(xn — X Xt t;lo)

< f(xn - xn(’):t’) 0 f(xn(r),t;lo)
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< A=-1r)0A-1r)=0A-1r) ¥V n>ny
Thus, we have
E(xn, ty) < (1 —1ry) Vn >nyg

Also, EQ,ty) <é(xp,tp) <(1— 1) Yn=1.2,..,n
So, we have,

Ept)) <A =1V n=12, e ivee .. (2)
Similarly, we prove
Nxnty) <A —1rdVn=12.ccueuina..(3)

Let ti = max{t,, ty}. Hence from (1),(2), and (3) we see that

p(xy, t0) > 1
Eep,tg) <A —1y) p Vn=1.2,..
NQn, o) < (1 —15)

This implies that {x,} is bounded in (V,N,*,0).

4. Conclusion

4.1 Concluding Remarks:

The aim of the present work is to introduce a Neutrosophic norm on a linear space. Also, the
convergence of sequence, characteristic of Cauchy sequence in NNLS (Neutrosophic normed linear
space) have been studied here. These are illustrated by suitable examples. Their related properties
and structural characteristic have been discussed.

4.2 Future Scope:

This studied provides the structure of NNLS (Neutrosophic normed linear space) on a NLS
(Normed linear space) with help of NS (Neutrosophic Set). In future this study leads to the extension
of the following ideas:

¢ Neutrosophic-n-Normed Linear Space
¢ Finite Dimensional Neutrosophic-n-Normed Linear Space

¢ Neutrosophic Metric Space
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