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This theory considers every notion or idea <A> together with its opposite or negation
<antiA> and with their spectrum of neutralities <neutA> in between them (i.e. notions
or ideas supporting neither <A> nor <antiA>). The <neutA> and <antiA> ideas
together are referred to as <nonA>.

Neutrosophy is a generalization of Hegel's dialectics (the last one is based on <A> and
<antiA> only).

According to this theory every idea <A> tends to be neutralized and balanced by <antiA>
and <nonA> ideas - as a state of equilibrium.

In a classical way <A>, <neutA>, <antiA> are disjoint two by two. But, since in many
cases the borders between notions are vague, imprecise, Sorites, it is possible that <A>,
<neutA>, <antiA> (and <nonA> of course) have common parts two by two, or even all
three of them as well.

Neutrosophic Set and Neutrosophic Logic are generalizations of the fuzzy set and respectively
fuzzy logic (especially of intuitionistic fuzzy set and respectively intuitionistic fuzzy logic).
In neutrosophic logic a proposition has a degree of truth

(1), a degree of indeterminacy (I), and a degree of falsity (I), where T, I, Fare standard
or non-standard subsets of /-0, 7+/.

Neutrosophic Probability is a generalization of the classical probability and imprecise
probability.

Neuntrosophic Statistics is a generalization of the classical statistics.

What distinguishes the neutrosophics from other fields is the <neutA>, which means
neither <A> nor <antiA>.

<neutA>, which of course depends on <A>, can be indeterminacy, neutrality, tie game,
unknown, contradiction, ignorance, imprecision, etc.

All submissions should be designed in MS Word format using our template file:

http:// fs.unm.edu/NK/Nk-paper-template.doc.

A variety of scientific books in many languages can be downloaded freely from the Digital
Library of Science:

http:// fs.unm.edu/ScienceLibrary.htm.

To submit a paper, mail the file to the Editor-in-Chief. To order printed issues, contact the
Editor-in-Chief. This journal is non-commercial, academic edition. It is printed from
private donations.

Information about the neutrosophics you get from the UNM website:

http:// fs.unm.edu/neutrosophy.htm.. The home page of the journal is accessed on
http://fs.unm.edu/NK.
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Article
On The Symbolic 2-Plithogenic Calculus

Necati Olgun', and Hatice Kahraman®>*

I Department of Mathematics, Gaziantep University, Turkey 1; olgun@gantep.edu.tr
2 Department of Mathematics, Gaziantep University, Turkey 1; kahramannhatiice@gmail.com

* Correspondence: kahramannhatiice@gmail.com

Received: 04 05, 2024; Accepted: 04 10, 2024.

Abstract: Depending on the geometric isometry (AH-lsometry), it has been proven that every Neutrosophic
real function is equivalent to three real functions. Then, the foundation of the symbolic
2-plithogeniccalculuswas established, where new definitions of symbolic 2-plithogenicintegration and
symbolic 2-plithogenicdifferentiation were introduced, along with some illustrative examples. Following that,
definitions for the symbolic 2-plithogenicgamma function and symbolic 2-plithogenicbeta function were
presented to pave the way towards achieving the desired goal, which is symbolic 2-plithogenicFractional
calculus.

Keywords: Symbolic 2-PlithogenicReal ~ Function, Symbolic  2-Plithogeniclntegration,Symbolic
2-PlithogenicDerivative,Symbolic 2-PlithogenicGamma Function and Symbolic 2-PlithogenicBeta Function.

1. Introduction

Neutrosophy is a new branch of philosophy concerns with the indeterminacy in all areas of life
and science. It has become a useful tool in generalizing many classical systems such as equations
[1,9], number theory [2,3], topology [4,5], linear spaces [6,10], modules [4,5], and ring of matrices
[7,8].

In the literature, we find many studies about neutrosophic calculus, where some definitions and
properties were presented about neutrosophic real functions and numbers [10].The neutrosophic
real functions with one variable were defined only in a special case [11], as follows:

Recently, Abobala and Hatip, have presented the concept of two-dimensional AH-isometry to
study the correspondence between neutrosophic plane R(I) X R(I) and the classical module
R? x R?. Also, the one-dimensional AH-isometry between R(I) and R X R. This isometry was useful
in defining inner products and norms [10], ordering [9], and neutrosophic geometrical shapes [10].

In [12], the concept of symbolic n-plithogenic algebraic structures was proposed by
Smarandache, then it was used on a wide range by many researchers to generalize classical algebraic
structures such as modules [13], spaces [14-15], equations [16], and number theory [17-18]. In [19],
the concept of symbolic 2-plithogenic matrices was presented with many applications in the theory
of algebraic equations and representing functions. Laterally, symbolic 3-plithogenic matrices and
4-plithogenic matrices were studied from many algebraic sides, especially those which are related to
the diagonalization problem [20].

In this work, we use the one-dimensional AH-isometry to turn the general case of symbolic
2-plithogenic neutrosophic real functions with one variable into three classical real functions so we
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will go from 2 —SP, space into R XR X R space. The definitions of symbolic 2-plithogenic
integration and symbolic 2-plithogenic differentiation were introduced.

Following that, definitions for the symbolic 2-plithogenicGamma function and symbolic
2-plithogenicBeta function were presented to pave the way towards symbolic 2-plithogenic
Fractional calculus.

2. Terminologies

We present here some basic definitions and axioms of neutrosophic logic and refined
neutrosophic logic.
Definition 2.1. [21]: Let X be a non-empty fixed set. A neutrosophic set A is an object having the
form {x, (na(x),da(x),yA(x)):x € X} , where pa(x), 64(x) and ya(x)represent the degree of
membership, the degree of indeterminacy , and the degree of non-membership respectively of each
element x € X totheset 4 .
Definition 2.2.[22]:Let K be a field, the neutrosophic file generated by (K U I) which is denoted by
K(I) =(KUlI).
Definition 2.3. [23]:Classical neutrosophic number has the form a + bl where a,b are real or
complex numbers and I is the indeterminacy such that 0-1 =0 and I? =] which results that
I" =1 for all positive integers n.
Definition 2.4.[24]Let R(I) = {a + bl ;a,b € R} where I = be the neutrosophic field of reals. The
one-dimensional isometry (AH-Isometry) is defined as follows: [49]
T:R(I) > RXR; T(a+bl) =(a,a+b)
Remark 2.5. [24]
Tis an algebraic isomorphism between two rings, it has the following properties:
1) Tis bijective.
2) T preserves addition and multiplication, i.e.:
3) Since T is bijective, then it is invertible by:
T":RXR->R(); T Yab)=a+ (b —-a)l
4) T preserves distances, i.e.:
IT(AB)I| = T(llABI)
Definition 2.6. [25]:Let f:R(I) > R();f=fX) and X=x+yl € R(I) the f is called a
neutrosophic real function with one neutrosophic variable.
a neutrosophic real function f(X) written as follows:

fX)=fx+yD=f0)+I1[f(x+y) - f(0)]

Definition 2.7.[25]:Let R be a ring, the symbolic 2-plithogenic ring is defined as follows:
2 —SPR = {ap + a1+ ayly; a, € RV =10, P =1y, Iy x Iy = Lawuny = 12 ).

Smarandache has defined algebraic operations on 2 — SP; as follows:

Addition:

lao + a1ly +ayl3]+[by + bily + bol2] = (ag+ bo) +(ay + by)ly +(az+ byl .

Multiplication:

lao + aily +axly 1.[boy + byl +bylz 1 =(aghy) +(aghy + ayby +aiby)ly + (aghy+ ayb,+ azbg +
ayb; + a,by)l5.

Definition 2.8.Let 2 — SP, = {a + bl, + cl,;a,b,C € R} where

L*=1,,L>=Land I, = LI, =1,
Be the symbolic 2-plithogenic field of reals. The symbolic 2-plithogenic isometry (AH-Isometry) is
defined as follows:
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T:2—-SPRr > RXRXR; T(a+bl, +cl,) =(a,a+b+c,a+c)
Remark 2.9.
1) T is bijective, then it is invertible by:
T":RXRXR—>2—SPy; T Xa,b,c)=a+ (b -0, +(c—a)l,
2) T preserves distances, i.e.:
IT(AB)I| = T(lIABII)

3. Symbolic 2-plithogenicCalculus

3.1 Symbolic 2-plithogenicReal Function

Definition 3.1.1. Let f:2 —SPy > 2 — SPg; f = f(X(I,I,)) and X = x + yl, + zI, € 2 — SPgthe f is
called the symbolic 2-plithogenicreal function with the symbolic 2-plithogenicvariable, written as
follows:

f(X(II'IZ)) =flx+ylL +zL)=fx)+ (f(x+y+z) _f(x+Z))11 + (f(x+Z) _f(x))lz

Theorem 3.1.2.Any symbolic 2-plithogenic real function into three classical real functions, i.e., to the
classical Euclidean plane R X R X R.
Proof.
Let f(X(U, L)) =fx+yhL +zL)=f) +(fx+y+2) — fx+2)L + (f(x +2) — f(X))]; a
symbolic 2-plithogenic real function.
Now, Using the one-dimensional AH-isometry, we have.
T (f(X(Il,IZ))) =T(f)+ (fx+y+2) — fx+2)), + (f(x + 2) — f(x))I,), then.
(fufor £) = (FCO, f(x +y +2) = f(x +2), f (x + 2) — f(x)), then, we have.
fi=fx)
fo=flx+ty+2)—flx+2)
fr=flx+2)—fx)
The functions f(x),f(x +y+2) — f(x + 2z), f(x + z) — f(x) are three real functions.

Exemple 3.1.3.Let 2 — SP; be the symbolic 2-plithogenic field of reals, we have:
1. f(X(Uy, L)) = extyhtet
=e¥ 4+ (ex+y+z _ ex+z)11 + (ex+z _ ex)lz
2. f(XUy, 1) =InCx + yl, + zI,)
= In(x) + (ln(x +y+z)—In(x+ z))I1 + (ln(x +2z)— ln(x))lz, where
x+yl, +zI, >0+ 01, + 0I,.

3. f(XUy, L)) = x+yl +zl,
=Vx+ (Jx+y+z—Vx+2z), + (Vx +z —Vx)I,, where

x+yl +zI, 20+ 0l + 01,.
4. f(X(Il,IZ)) = sin(x + yl, + zI,)

= sin(x) + (sin(x +y+2)—sin(x + Z))I1 + (sin(x +2z)— sin(x))[2

3.2 The Derivative of Symbolic 2-plithogenic Real Functionson 2 — SPy,.

Definition 3.2.1. Let f(X(I4,1;))a symbolic 2-plithogenic function on 2 — SPp, the we define a
derivative of a symbolic 2-plithogenic function f(X(I4,13)) as follows:

f)é(lblz)(X(Il'IZ)) =f(x)+ (fx’+y(x +y+2) = fi(x + Z)) L+ (fx’+z(x +2z) — fx’(x))lz
Examples 3.2.2.
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1. eX(11Jz) = eXtyhitzly — px | (ex+y+z _ ex+z)11 + (ex+z _ e")lz
we have:
f);(ll,lz)(X(Il'IZ)) =X 4+ (ex+y+z _ ex+z)11 + (ex+z _ ex)lz = eXtyhi+zly
2. f(X(Uy, 1)) = In(x + yly + zl,)
= In(x) + (ln(x +y+2z)—In(x+ z))I1 + (ln(x +z)— ln(x))lz, where
x+yly +zI, >0+0[, +0I, .
We have.

‘ (XII))—1+< ! ! >1+< ! 1)1
Fxun X (1o Tx \x4+y+z x+z/ "t \x+z x/)7

3.f(X(Uy, 1)) = sin(x + yI, + zI,)
= sin(x) + (sin(x +y+2z)—sin(x + z))I1 + (sin(x +2z)— sin(x))[2
We have.
f)é(h',z)(X(Il,Iz)) = cos(x) + (cos(x +y+2z)—cos(x + z))I1 + (cos(x +2z)— cos(x))[2
= cosX(I,I).

3.3 The Integral of Symbolic 2-plithogenic Functionson 2 — SPp.

Definition 3.3.1. Let f(X(I4,1;)) a symbolic 2-plithogenic function on 2 — SPpg, the we define a
integration of a symbolic 2-plithogenic function f(X(I4,1,))as follows:
JF(X Uy 1)) dX Uy, 1) = F(X(Uy, 1)) = F() + [F(x +y +2) = F(x + 2] + [F(x + 2) = F(0)]L.

Examples 3.3.2.
1 f(X(Uy, L)) = eXUri2) We have.

ex+y11+212 dx

=Je"dx+Ue"+y+zd(x+y+z)—Jex+zd(x+z) I

+ Ue"”d(x+z) —fe"dx]l1
=e* + (e — e + (¥ —e¥), +a+ bl + ¢l
— ex+y11+zlz +a+ b]l + CIZ
wherea, b, ¢ are conests.
2. f(X(Il,IZ)) = cos(x + yI, + zI,) we have
f cos(x +yl, + zI,)dX (1, 1,)

:Jcos(x) dx + U cosx+y+2)dx+y+2z) —jcos(x+z)d(x+z)] L

+ U cos(x+2z)d(x +z2) — J- cos(x) dx] L

= sin(x) + (sin(x +y+z)—sin(x + z))I1 + (Sin(x +2z)— sin(x))l2 +a
+ bl; + cl, = sin(x + yI; + zI,) + a + bl; + cl,
wherea, b, ¢ are conests.

3.4 The Definite Integration of Symbolic 2-plithogenic Functionson 2 — SPy.

Definition 2.4.1.

Let f(X(I,,1,)) asymbolic 2-plithogenic functionon 2 — SP, we define the definite integration of a
symbolic 2-plithogenic function f(X(Iy,1,)) as follows:
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d+eli+ fI,

f(X Uy, 1)) dX Iy, I)

a+bly+cl,

d+e+f d+f
ff(x)dx+ f fx+y+2)dx+y+2)— f fx+2z)dx+2)|1,

a+b+c a+c

d+f
-| f(x)dx‘ b
a+c
Example 3.4.2.
1+11+1p X(I 1)
f0+011+01 v2dX (1, 1)

3

—f e*dx + J-e("+3’+z)d((x+y+z)) fe("+z)d(x+z) I
0

0
2

+ fe(x+z)d((x+y+z)) f e*dx|I,

[e] + [[e®H* 913 - [e(x+z)]1]11+[ eC*21F — [e*15]L

J=-D+ (-1 —(e?—e)) +((e* —e) — (e — 1))I.

4.1 Useful Symbolic 2-plithogenic Functions

Definition 4.1.1.The most basic interpretation of the symbolic 2-plithogenicGamma function is simply the
generalization of the symbolic 2-plithogenicfactorial for all symbolic 2-plithogenicreal numbers.
We define a symbolic 2-plithogenicGamma function as follows:
T(Z(I, 1)) =T(z1 + z211 + z315)
=T(z1) + (T(z1 + z2 + z3) = T(21 + 23))[1 + (T(z1 + 2z3) = T(Z2)I>

= f(tl + tzll + tglz)(Z1+Z211+Z312)_1 e_(t1+t211+t312) d(t1 + tZIl + t312)
0

Remark 4.1.2.
1. TA+0I;+0I)=T)+(r@)—-rM)I1 + () —r)l; =1

And we can proof in this way,
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[oe]

r(1) =T +o0l; +01,) = f(tl + tyl + tgly)t e~ (tittalittsly) gty + to14 + t3ly)

0

[oe]

= f e~(tr+talittsla) q(ty + to1 + t3ly)
0

=fe‘t1d(t1)+ fe‘(t1+t2+t3)d(t1 +t2+t3)—fe—(f1+fs)d((t1+t3)) L
0 0 0

+ I,

fe—<t1+t3)d(t1 +t3)—fe‘t1d(t1)
0 0

r() = [_e—t1]:° + ([_e—(t1+tz+t3)]: - [—e—(t1+t3)]:) I+ ([—e‘(tﬁ%)];0 - [—e‘tl]:) I,

rmy=14+0l{+0I,=1
In the same way we can proof,

1 TZU,L)+1) =(ZU, L))(ZU, L))

2. F(n+m11 +p12) = (Tl +m11 +p12)' ;n+m11 +p12 € N(Il,lz)
Definition 4.1.3.

Like the symbolic 2-plithogenicGamma function, the symbolic 2-plithogenicBeta function is defined by a

definite symbolic 2-plithogenicintegral. Its definition is given by

B(P(Il'lz);Q(Iplz)) = B(pl + p2ly + .05, q1 + G214 + q312)

1
= f(tl + t211 + t3[2)(P1+p211+p312)—1 (1 — (tl + t211 + t3[2))<q1+q211+q312)_1 d(tl + t211 + t312)
0

The Beta function can also be defined in terms of the Gamma function:
r(P(1,, 1,))-1(QUy 1))
r ((P(Iplz)) + (Q(Iplz)))

B(P(1,,1,),Q(1,,1,)) =

3. Conclusion

Symbolic 2-plithogenic fractional calculus is a more generalized form of calculus. Unlike the symbolic
2-plithogenicinteger order calculus where operations are centered mainly at the symbolic 2-plithogenicintegers,
fractional calculus considers every real symbolic 2-plithogenicnumber, v(I4,I,). And as it has been briefly
noted in this paper , the meaning and applications of this new type of calculus are quite comparable to those of
the ordinary calculus, especially when gets closer and closer to a symbolic 2-plithogenicinteger.In the future,
studying the symbolic 2-plithogenic fractional calculus became possible thanks to the definitions mentioned in
the paper.
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Abstract: Depending on the geometric isometry (AH-Isometry) the foundation of the symbolic
2-plithogeniccalculuswas established, where new definitions of symbolic 2-plithogenicfractional integration
and symbolic 2-plithogenicfractional differentiation were introduced, along with some illustrative examples.
Following that, definitions for the symbolic 2-plithogenicgamma function and symbolic 2-plithogenicbeta
function were presented to pave the way towards achieving the desired goal, which is symbolic
2-plithogenicfractional 2-Plithogenic Calculus.

Keywords: Symbolic 2-PlithogenicFractionallntegration,Symbolic
2-PlithogenicFractional Derivative,Symbolic 2-PlithogenicGamma Function and Symbolic 2-PlithogenicBeta
Function.

1. Introduction

Fractional calculus owes its origin to a question of whether the meaning of a derivative to an
integer order n could be extended to still be valid when n is not an integer. This question was first
raised by L’Hopital on September 30th, 1695. On that day, in a letter to Leibniz, he posed a question

d™x
dxm

asked what the result would be if n = % Leibniz responded that it would be “an apparent paradox,

about Leibniz’s notation for the derivative of the linear function f(x) = x. L’'Hopital curiously

from which one day useful consequences will be drawn,” [31]

Neutrosophy is a new branch of philosophy concerns with the indeterminacy in all areas of life
and science. It has become a useful tool in generalizing many classical systems such as equations
[1,9], number theory [2,3], topology [4,5], linear spaces [6,10], modules [4,5], and ring of matrices
[7,8].

In the literature, we find many studies about neutrosophic calculus, where some definitions and
properties were presented about neutrosophic real functions and numbers [10].The neutrosophic
real functions with one variable were defined only in a special case [11], as follows:

Recently, Abobala and Hatip, have presented the concept of two-dimensional AH-isometry to
study the correspondence between neutrosophic plane R(I) X R(I) and the classical module
R? x R?. Also, the one-dimensional AH-isometry between R(I) and R X R. This isometry was useful
in defining inner products and norms [10], ordering [9], and neutrosophic geometrical shapes [10].

In [12], the concept of symbolic n-plithogenic algebraic structures was proposed by
Smarandache, then it was used on a wide range by many researchers to generalize classical algebraic
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structures such as modules [13], spaces [14-15], equations [16], and number theory [17-18]. In [19],
the concept of symbolic 2-plithogenic matrices was presented with many applications in the theory
of algebraic equations and representing functions. Laterally, symbolic 3-plithogenic matrices and
4-plithogenic matrices were studied from many algebraic sides, especially those which are related to
the diagonalization problem [20].

In this work, we use the one-dimensional AH-isometry to turn the general case of symbolic
2-plithogenic neutrosophic real functions with one variable into three classical real functions so we
will go from 2 — SP, space into R XR X R space. The definitions of symbolic 2-plithogenic
integration and symbolic 2-plithogenic differentiation were introduced.

2. Terminologies

We present here some basic definitions and axioms of neutrosophic logic and refined
neutrosophic logic.
Definition 2.1. [21]: Let X be a non-empty fixed set. A neutrosophic set A is an object having the
form {x, (na(x),04(x),yA(x)):x € X} , where pa(x), 64(x) and ya(x)represent the degree of
membership, the degree of indeterminacy , and the degree of non-membership respectively of each
element x € X totheset 4 .
Definition 2.2.[22]:Let K be a field, the neutrosophic file generated by (K UI) which is denoted by
K(I) =(KUlI).
Definition 2.3. [23]:Classical neutrosophic number has the form a + bl where ab are real or
complex numbers and I is the indeterminacy such that 0-1 =0 and I? =1 which results that
I" =1 for all positive integers n.

Definition 2.4. [25]:Let R be a ring, the symbolic 2-plithogenic ring is defined as follows:

2 =SPR = {ag+ a1y + al;; a; €R, I = L, 1,> =1, L XL = Lygeazy = 1, }-

Smarandache has defined algebraic operations on 2 — SPy as follows:

Addition:

l[ao + ail1 + ayl2]+[by + bily + by12] = (ao+ bo) +(ay + by)ly +(az+ b))l .

Multiplication:

lao + ail1+axl 1[by + byl1+boly |1 =(aohy) +(aghy + aibo +ayby)ly + (aoba+ aiby+ azbe +
ayb; + a,by)l5.

Definition 2.5.Let 2 — SP; = {a + bl, + cl,;a,b,C € R} where
L*=1,L>=Land 1, = LI, =1,
Be the symbolic 2-plithogenic field of reals. The symbolic 2-plithogenic isometry (AH-Isometry) is
defined as follows:
T:2—-SPr > RXRXR; T(a+bly+cl,)=(a,a+b+c,a+c)

Remark 2.6.

1) T is bijective, then it is invertible by:

T"MRXRXR->2—-5SP;; T Ya,b,c)=a+ (b -0, +(c—-a)l,
2) T preserves distances, i.e.:
ITCABI = T(llABI)

Definition 2.7. Let f:2—SPy > 2 —SPg; f = f(X(I,,1;)) and X = x + yl; + zI, € 2 — SPythe f is
called the symbolic 2-plithogenicreal function with the symbolic 2-plithogenicvariable, written as
follows:

f(X(Iiflz)) =fx+ylh+zhL)=fkx)+ (f(x+y+z) _f(x+Z))11 + (f(x+Z) _f(x))lz
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Definition 2.8. Let f(X(I3,I,))a symbolic 2-plithogenic function on 2 — SPg, the we define a
derivative of a symbolic 2-plithogenic function f(X(Iy,I,)) as follows:

f)é(zl,Iz)(X(IpIz)) = fi(x) + (fx’+y(x +y+2) = fir(x + Z)) L+ (fx’+z(x +z) - fx’(x))lz
Definition 2.9.Let f(X(I4,1;)) asymbolic 2-plithogenic functionon 2 — SPg, the we define a integration

of a symbolic 2-plithogenic function f(X(I4, I))as follows:
JF(XUL L)) dX (U, 1) = F(X(I, 1)) = F(x) + [F(x +y + 2) — F(x + 2)1I; + [F(x + 2) — F(x)]1,.

Definition 2.10.Let f(X(I,1,)) asymbolic 2-plithogenic function on 2 — SPp, we define the definite
integration of a symbolic 2-plithogenic function f(X(I4,13)) as follows:

d+el + fI,

F(X(, 1))dX (I, 1)

a+bly+cly . dresf def
=ff(x)dx+ f fx+y+2)dx+y+2z)— f fx+2)dx+2)|L
ad+f a+b+c . a+c
+ f flx+2z)d(x+2) —ff(x)dx I,

Definition 2.11.The most basic interpretation of the symbolic 2-plithogenicGamma function is simply the
generalization of the symbolic 2-plithogenicfactorial for all symbolic 2-plithogenicreal numbers.
We define a symbolic 2-plithogenicGamma function as follows:
F(Z(, L)) =T(z1 + 2211 + z315)
=T(z1) + (T(z1 + z2 + z3) = T(21 + 23))[1 + (T(z1 + 2z3) — T(Z2)I>

= f(tl + tzll + t3[2)(21+2211+z312)‘1 e_(t1+t211+t312) d(t1 + tzll + tglz)
0

Definition 2.12. Like the symbolic 2-plithogenicGamma function, the symbolic 2-plithogenicBeta function is
defined by a definite symbolic 2-plithogenicintegral. Its definition is given by

B(P(Il'lz);Q(Iplz)) = B(pl + p2ly + .05, q1 + G214 + q312)
1
_ f(t1 + byl + t3lp) PrHP2Rs) =1 (1 — by + tol 1 + t312)) DR g o1 + 1)
0

The Beta function can also be defined in terms of the Gamma function:
F(P(Iplz))-F(Q(ll'Iz))
r ((P(Iplz)) + (Q(Iplz)))

B(P(i1,1,),Q(, 1)) =

3.Definition of the Riemann-LiouvilleSymbolic 2-plithogenic Fractional Integral

We can start by introducing a succinct notation that will be frequently used. From now on,

D;Z(:,}'Z’)Z)f(x(lb 12))will denote the symbolic 2-plithogenicfractional integration of a symbolic
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2-plithogenicfunction f(X(Il, 12)) to an arbitrary order v(I4,I;)and v(I4,I,) is a symbolic
2-plithogenicpositive real number .

Definition 3.1.Let v(I4, I;)be a symbolic 2-plithogenicpositive real number. Let f(X(Il,IZ)) be integrable
and piecewise continuous on (0, ) . Then for (I4,I,) > 0 + 0I; + 0I, , the Riemann-Liouville symbolic
2-plithogenicfractional integral of f(X(Iy,1;)) of order v(Iy,I,) is:

X(I1,I2)

f (XU, 1) — t(4,13))

v(ll,lz)—l

Xyl(llllzl)Z)f(X(Il'IZ)) f(tUy, 1)) d(t(4, 1))

r(v (11: 1))

Remark3.3. :Let (X(I, 1)) , X = x + yI; + zI, € R(I1,I,) be asymbolic 2-plithogenicreal function
with one symbolic 2-plithogenicvariable, thenwe can write:

Dy F(X (U, 1) = DG (FG0) + [F(x +y + 2) = fGx + D + [(Fx + ) - F@]12)
= D; —v(I4, Iz)f(x) + [D;_]:}(,I:ZIZ)f(x +y+2z)— D;rgll.lz)f(x + Z)] I,

+[(p72 2 x4 2)) - D 0] 1y

Example3.4. : Let's evaluateD, 12 xwUl2) (1, 1) by definition,

X(I1,I2)
D}‘(EJI(IIIZIZ)XW(Illz)(I 12)
X(I1.12)
(I1.12)-1 w(lq,12)
— (XU, 1) — tU4, 1))’ (¢, 1)) d(t(14, 1))
F(v(ll,lz)) f
X(1112)

1
(v, 1) Of

_ t(II'IZ)
X(II’IZ)

w(ly,I2)

v(Iq,12)-1
) X(I4, Iz)"(’l"”‘l(t(h,lz)) d(t(h;lz))
1

1
=———|(1
(v, 1) Of (

I1.12)-1 11,1
_ u(Il,Iz))V( 112) w(ly,I2)

X(I4, 1)W1 (X (1, I)u(ly, 1)) d(u(ly, 1))

Where (u(Il,Iz) = —t('l"Z))

x(I14,1)

v(I1,I2)-1

X(I, I,)?di+unt) f(1 —u(ly, 1)) (uy, 12))W('1"2)d(u(11, 1))

T T(wy, 1))

= —————X(I;, )W B(w(ly, 1) + 1,v(I4, 1))
I(v(Iy, 1))
Tw(Iy,1,)+1)

= X(1,,1,)wUri2)tv(lz)
T(w(ly, 1) +v(Iy, 1) + 1) (I, I2)

We refer to the above example as the symbolic 2-plithogenicPower Rule. The symbolic 2-plithogenicPower
Rule tells us that the symbolic 2-plithogenicfractional integral of a constant of order v(I4, I,) is
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D -v(Iy, IZ)XW(II I2) (11 12) F(W(Il! IZ) + 1)
' T(w(ly, 1) +v(Iy, 1) +1)

A X(Il,IZ)W(Il'IZ)H’(ll'lZ)

And in particular, if v(I4,1,) = % + 01, + 015,

—1+011+012

, ra) 2
D ? x+ xI; + x21,1° = x + xI; + x21 2——w/x+x1 + x21
X(I1,12) [ 1 Z] F(E)[ 1 2] \/E 1 2

=i(\/§+[\/x+x+x2—\/1+x2]11+[\/x+x2_\/§]lz)

Vm
_%+011+012'[x+x1 + X2 0 = re) [x + xI; + x%1,]2 FHHIHOL =i\/(x+xl + x21,)3
X(I1.12) 1 2 (E) 1 3& 1 2
2
0I1+01 3 16
Dxf;rll;; Ylx+ xIy + x21,)? = re) [x + xI; + x*1,]2 = ——/x + xI; + x2I,

15Vw

r;)

Theorem 3.5. Let (X(I4,13)) , X = x + yI; + zI, € R(I1,1;) be asymbolic 2-plithogenicreal function
with one symbolic 2-plithogenicvariable. Then for all v(I4,I,), w(I,,1;) > 0 + 01, + OI, ,

—v(I1,I2) —w(Iq,I2) _ pn-w+w)Uq,I2) _ pn—w(y,I2) —v(I1,I2)
DX(11,112)2 [DX(Il,Ilz)Z f(X(Il’IZ))] - DX(Il,Iz) v f(X(II'IZ)) - DX(11,112)2 [Dx(11,112)2 f(X(Il'IZ))]

Proof:

By definition of thesymbolic 2-plithogenicfractional integral we have

—v(I,I2) -w(lq,I2)
Do DM F(T (1, 1))
T(I1,12)

1
= I‘(v(Il, 12)) OJ (T(Ilylz)

— XUy, 1) DD £ (T, 1)) | d(X Uy, 1))
T(I1.12)

(TU4, 1)

1
CT(vy, 1)) of

X(I1,I2)

j (X(Uy, 1)

v(Iq,I2)-1

- X(I4,1y)) m

W(Iy,I2)-1

-Y(I,, 1)) fF(YU4,1))d(Y Iy, 1,)) | d(X (14, 1))

T(I41,12)
(T4, 1)

X(I1.I2)

d(X(I4,15)) f (XUy, 1)
0

1
T T(vU4, 1))T (w4, 1))

v(I1,I2)-1

- X(I4, 1))

w(lylI2)-1

-Y(I,, 1)) fF(YU1,1))d(Y(U4, 1))
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T(I4,12)

f (TUy 1) - Y4, 1))
0 T(I4,12)

= B(v(Iy, 1), w(ly, 1)) f (TUy, 1)

v(I1,I2)+w(I1,I2)~ 1

1
Ty, 1) + w(ily, 1))

v(I1,12)+w(Iq,I2)-1

fF(Y(I,1,))d(Y (4, 1))

—Y(y,1y)) f(YUy, 1))d(Y 14, 12)

4. Definition of the RiemannLiouville symbolic 2-plithogenicFractional Derivative

The symbolic 2-plithogenicfractional derivative can be defined using the definition of thesymbolic
2-plithogenic fractional integral.

Defln'tlon 4.1.Suppose that v(ll, 12) = n(Il, 12) - W(Il, 12) : n(Il, 12) = [[W(Il, Iz)]]Then, the Symb0|IC
2-plithogenicfractional derivative of f(X(Il, 12)) of order w(Iy,I,) is

u(I 12) n(I1,12) [ —vU1.12)
DD F(X(1y, 1)) = Dypi2) [D o2 £ (X 1y, 1) |

Example 4.2. suppose we wish to find the symbolic 2-plithogenicfractional derivative ofx™Url2) (1, 1,)
of order v(I4,I;) we just need to interchange w(l,1;) = n(I,1;) —v(Iy,1;) ,n(I4,1;) =1 and

w(ly, Iz) =1 —-v(Iy,13) . so

v(I 12) -(1-vU1.1) ol -(1-vU4,12) 111
Dy Y f(X(Uy, 1)) = Dy, 12)[ xS (X('l"z))] = Dxuy1p) [DX(ll,lz) > 1"2)]

r(m(Iy, 1) +1)

X4, I)m0i) v+
l"((m(h. I,)—v(I,I,)+1)+ 1)

_ 1
= Dx(1,1,)

=My, 1) —v(y,1,)

1 r(m(I,I;) + 1)

(m(I, 1) —v(Iy, 1) + DT((m(I4, 1) —v(Iy, 1) + 1))

X4, Iz)m(h.lz)—v(lblz)

_ Ir(m(ly,1;) +1)
r((m(,, 1) —v(I4, 1) + 1))

Iy, Iz)m(lblz)—v(ll,lz)

th
In particular, we will find the G +0I, + 012) order derivative of f(X(I, 1)) = (X(I4, Iz))u(ll'm :

SHO0I1 401,

u(l,I2) 1+017+01 2+013+01 u(ly,I2)
2ty (XU 1)) % = Dy D 2 (X(Iy, 1))

X(Illz) X(I4,I2)
T(u(ly, 1) + 1)

r ((u(ll, I) -+ 1))

1
XUy, 1)

Example 4.3.
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%+011+012
X(I1,12)

1+OI +0I 1+011+01
Dyt | x4 21y + 20| = =D (VE + [Va+ X+ 2% — V1 + 271 + [Vx+ 2% -

[1 n 1 1
2Vx  2yx+x2  2Vx

1) D

1
—=+011+0I
27 \0+0I1+0I _ pl+0I1+0I; 27PNz 27 \0+0I1+0I7 | _
(x+xI; + x°1,) =Dyt | Px(yny) (x + xI, + x°I) =

VAlL) = 2+ [— t 4t 11 ]1+
2) 7 Vm\2vx 2Vx  2Vx4x+a?  2x+x%  2Vx4x2 2VE 2x4a2 1
) = 5 (5 [l )
N VE\Vx  [Vxex+x2  x+a? \/x+xZ 2

%+011+012
X(I1,12)

r(0+011+0I2+1)
r((o+011+012—%+1)>
1 1 1 1

1

0+011+0I—=
xIy + x*1 27 = —. =—-
1 2) Vi Jxtxli+a2l;  Vm \/§+[\/x+x+x2—\/x+xZJll+[\/x+x2—x/Y]lz

r()

16

2) D (x + xIy + x215)070N+00 = (x + Iy + x21,)"H01+002—7 - T () 4

Notice that 1) and 2) is iqual.
5. Conclusion

Symbolic 2-plithogenicfractional calculus is a more generalized form of calculus. Unlike the symbolic
2-plithogenicinteger order calculus where operations are centered mainly at the symbolic 2-plithogenicintegers,
fractional calculusconsiders every real symbolic 2-plithogenicnumber, v(I4,1,). And as it has been briefly
noted in this paper , the meaning and applications of this new type of calculus are quite comparable to those of
the ordinary calculus, especially when gets closer and closer to a symbolic 2-plithogenicinteger.In the future,
studying the symbolic 2-plithogenicfractional differential equations became possible thanks to the definitions
mentioned in the paper.
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Ozet

Bu makalede, notrosofik esnek ciftsel acik ve kapali kiimeler tanimlanmis ve bu kiimelerin temel
Ozellikleri incelenmistir. Notrosofik kiime teorisi, belirsizlik, geliski ve bulaniklik durumlarini ayni
anda ele alabilme yetenegi sayesinde, klasik kiime teorisinin 6tesine gegerek daha kapsamli bir
model sunar. Ilk olarak, nétrosofik kiimelerin ve esnek ciftsel topolojik uzaylarin temel kavramlari
ele alinmistir. Ardindan, noétrosofik esnek ciftsel agik ve kapali kiimeler tanimlanmis ve bu
kiimelerin cesitli matematiksel Ozellikleri detaylandirilmistir. Bu c¢alisma, belirsiz ve bulanik
verilerin analiz edilmesinde 6nemli bir ara¢ olan notrosofik kiime teorisinin uygulama alanlarmni
genisletmeyi amaglamaktadir.

Anahtar Kelimeler
Notrosofik Kiime Teorisi;Esnek Ciftsel Topolojik Uzaylar;Agik Kiimeler;Kapali Kiimeler;Topolojik
Ozellikler

1. GiRiS

Matematik ve mantik bilimlerinde, belirsizlik ve esnekligin incelenmesi, karar verme siireclerinin
ve modelleme yaklasimlarinin gelistirilmesinde 6nemli bir rol oynamaktadir. Bu baglamda,
notrosofik kiime teorisi, klasik kiime teorisindeki kesinlik ve kesin olmayan durumlar arasindaki
boslugu doldurmak igin ortaya ¢ikmistir. Notrosofik kiime teorisi, gercek diinya problemlerindeki
belirsizlikleri daha iyi temsil etmek i¢in kullanilan esnek ve kapsamli bir yontem sunar.

"Notrosofik Esnek Ciftsel Acik ve Kapali Kiimeler" baslikli bu makalede, nétrosofik kiime teorisinin
esnek ciftsel agik ve kapali kiimeler {izerindeki uygulamalar1 incelenecektir. Tlk olarak, nétrosofik
kiime teorisinin temel kavramlar1 ve tanumlar1 gézden gegirilecektir. Ardindan, esnek ciftsel acik ve
kapali kiimelerin tanimlar1 ve 6zellikleri detaylandirilacak ve bu kavramlarin matematiksel
temelleri {izerinde durulacaktir. Son olarak, bu kiimelerin gesitli alanlardaki uygulama
potansiyelleri tartisilacaktir.

Bu makale, belirsizlik ve esnekligi iceren karmasik problemlerin ¢oziimiinde énemli bir arag olan
notrosofik kiime teorisinin daha iyi anlagilmasina katkida bulunmay: amaglamaktadir.
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2. Tanmmmlar

Bu bolimde nétrosofik esnek ikili topolojik uzaylarda Ciftsel Ac¢ik ve Kapali Kiimeler
++++ tanimlanmis ve bazi 6zellikleri incelenmistir

Tanim 2.1
(W, ‘tlfss, ‘tgss, E) bir nétrosofik esnek ikili topolojik uzay olsun. Eger

(e, {< w, maks{pp, ) (w), Up,(e) (00)}.
(D,E) = (D1, E) U(Dy,E) = min{o-D1(e)(w)'GDZ(e)(w)};
min{vp, () (®), Vp,(e)(®)} >:0 € W}):e € E

olacak bicimde
(D1, E) = {(e, {< 0, 1p,(e) (@), Op, (e) (@), Vp, (&) (@) >: 0 € W}): € € E} € T)S
(D2, E) = {(&, {< 0, ip, () (®), Op,(e) (@), Vp, (o) () >: 0 € W)): € € E} € 1)
notrosofik esnek agik kiimeleri varsa,
(D,E) = {(&,{< 0, Hp(e) (), Op(e)(w), Vp(ey () >:w € W}): e € E}
kiimesine notrosofik esnek ciftsel acik kiime denir.
Tiim noétrosofik esnek ciftsel acik kiimelerin ailesi NSPO(W, E) ile gosterilir.
Tanim 2.2
(W, 55, ©¥5S, E) bir notrosofik esnek ikili topolojik uzay olsun. Eger
(e, {< o, min {py, ) (W), My, e) (@)},
(M,E) = (My,E) n (M3,E) = maks{ oy, ) (®), Omye) (@)},
maks{vy, ) (), Vmy(e) (@)} >:w € W}):e EE
olacak bicimde
(Mg, E) = {(&, {< o, luy(e) (@), Oy, (&) (@), Vi, ey (@) >: 0 € W)): @ € E} € FY™®
(M3, E) = {(&,{< , Myt (e) (), Opy(e) (), Viy(e) (0) >: 0 € W}): € € E} € F5S
notrosofik esnek kapali kiimeleri varsa,
(M,E) = {(e,{< w, () (), Ome) (@), Vin(ey (W) >: w0 € W}): e € E}

kiimesine notrosofik esnek ciftsel kapali kiime denir. Agiktir ki tiimleyeni notrosofik esnek ciftsel
acik kiime olan kiime, nétrosofik esnek ciftsel kapali kiimedir.

Tim notrosofik esnek ciftsel kapali kiimelerin ailesi NSPC(W, E) ile gosterilir.
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Ornek 2.3

W = {wq, wy, w3} evrensel kiime, E = {e,, e;} parametrelerin kiimesi ve

. ~ 8 3 2 44 4 3 4 2 }
1(e) =i<w 1,10 10’ 10><mZ'E'E'E ,<(D3,E,E,E>
Mier)fco 8 23 085 1 543>}
11€2) =S %175 70°10 S “?10°10°10 " ©¥10°10° 10

. ~ 6 2 3 55 1 5 3 4 }
2(€1) =< ®1 757070 > < “210'T0'T0 > < “¥10°10°10
Moy fco 8 3 4 35 4 253>}
20€2) =15 v 39°70°10 7 S 210710710 " ©*10°10° 10

olmak iizere Ty = {Ow.g), 1wy My, E)} ve ©¥%S = {0w k), 1wy, (M2, E)} notrosofik esnek
topolojileri verilsin. Bu durumda

notrosofik esnek kiimesi (M, E) U (M, E) ye esit olup bir notrosofik esnek ciftsel acik kiimedir.
Ayrica

M _ 2 7 8 4 6 4 2 6 3
1) = {0115 35 70" 5 10 10" ©+ 70 76 10
Mo = | 3 8 6 155 3 6 5}
1 (eZ) - (('l)ll 10,10,10), (('02: 10: 10 10) <('l)3' 10 10' 10)
M _ 3 8 6 1 5 5 4 7 5
2 (ey) = {((DLE,E,E), (wz'ﬁ'ﬁ E) ,{w3, 10’ E'E>}
M _{ 4 7 6 4 5 3 3 5 2}
2 (eZ) - (('l)ll 10,10,10), (('02: 10: 10,10),<(.l)3, 10' 10' 10)

olup

(M, E) N (Mz,E) =

1 5 5

10" > 1010 10" 3'10‘1_60'%)}”

/_
N
N

-
£

S| w
o|°°
c|°‘

kiimesi notrosofik esnek ikili kapali kiimedir.

Teorem 2.4

(W, Y55, 155, E) bir ndtrosofik esnek ikili topolojik uzay olsun. Bu durumda
1) Ow,g), 1w notrosofik esnek ciftsel agik kiimelerdir.

2) Notrosofik esnek ciftsel acik kiimelerin keyfi birlesimleri de nétrosofik esnek ciftsel
acik kiimelerdir.
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3) Notrosofik esnek ciftsel kapali kiimelerin keyfi kesisimleri de nétrosofik esnek ciftsel
kapali kiimelerdir.

ispat:

S

1) O(W,E)' 1(W,E) € .tliISS’ Tg S ve O(W,E) = O(W,E) U O(W,E) oldugundan O(W,E) bir notrosofik esnek

ciftsel agik kiimedir. 1wy € 1)°%, T oldugundan 1y gy bir nétrosofik esnek giftsel agik

kiimedir.
2) {(U;,E)|i € I} € NSPO(W, E) olsun. Bu durumda Vi € I igin
(U, E) = (M{,E) U (M}, E)
olacak bicimde (M}, E) € ©)%S ve (M2, E) € 55 vardir. Boylece
Uier (U, E) = Ui (M, E) U (M{, E))
= (Vi (M, E)) U (Ujer (M}, E))
olur. T} ve ) nétrosofik esnek ikili topolojik uzay oldugundan
(Uit (M}, E) €115, (Ui (MY, E)) €
dir. Dolayisiyla Uje (U;, E) € NSPO(W, E) olur.
3) {(F,E)|i €I} € NSPC(W,E) olsun. Bu durumda Vi € I igin
(F,E) = (N{,E) n (N}, E)
olacak bicimde (N}, E) € FY55, (N2 E) € F5%5 vardir. Boylece
Niei(Fi, E) = Nier (N, E) N (NF,E)) = (Nieg (N, E)) N (Nier (N, E))

olur. Ayrica Nj¢; (N, E) € FYSS ve nie; (N2 E) € F3SS oldugundan N (F;, E) € NSPC(W, E) dir.

Teorem 2.5
Notrosofik esnek ciftsel acik kiimenin tiimleyeni, nétrosofik esnek ciftsel kapali kiimedir.
ispat:

(M,E) € NSPO(W, E) olsun. Bu durumda (M, E) = (M;,E) U (M, E) olacak bicimde (My,E) € T}
ve (M, E) € 155 vardur.

(M, E)c = [(MI’E) U (MZlE)]c = (MIJE)C N (MZIE)C

olur. (My,E)¢ € FI% ve (M, E)¢ € F¥%5 oldugundan (M, E)® bir nétrosofik esnek ciftsel kapali
kiimedir.

Sonuc 2.6

Notrosofik esnek ciftsel kapali kiimenin tiimleyeni notrosofik esnek ciftsel agik kiimedir.
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Teorem 2.7

(W, T8, 35, E) bir notrosofik esnek ikili topolojik uzay olsun. Bu durumda
(M, E), (N, E) € NSPO(W, E) ise (M,E) n (N, E) € NSPO(W, E) olur.

1spat:

(M,E), (N,E) € NSPO(W, E) olsun. Bu durumda

(M,E) = (My,E) N (Mg, E) ve (N, E) = (Ny, E) N (N, E)

olacak bicimde (My, E), (N, E) € 1)SS ve (M,, E), (N3, E) € )58 notrosofik esnek acik kiimeleri
vardir. Buradan

(M,E) n (N,E) = (My,E) N (M2, E) n (Ny, E) n (N2, E)

olur. Ayrica (My,E) N (N4, E) € )55 ve (M, E) N (N3, E) € ¥ oldugundan (M, E) n (N, E) bir
notrosofik esnek ciftsel agik kiimedir.

Teorem 2.8

(W, TS, )55, E) bir n6trosofik esnek ikili topolojik uzay olsun. Bu durumda NSPO(W, E) ailesi
W tizerinde bir supra nétrosofik esnek topolojidir ve 14, ile gosterilir.

ispat:
Teorem 2.4 ten agiktir.
Teorem 2.9

(W, TS5, ¥, E) bir nétrosofik esnek ikili topolojik uzay olsun. Bu durumda her nétrosofik esnek
i — agik kiimesi, bir nétrosofik esnek ciftsel agik kiimedir.

ispat:

(H,E) € Y veya (H,E) € t5*° olsun. Bu durumda (H,E) = (H,E) U Oy, oldugundan (H,E) €
NSPO(W, E) dir.

Sonug 2.10

(W, )5S, ©¥SS E) bir ndtrosofik esnek ikili topolojik uzay olsun. Bu durumda
WU ey,

saglanir.

Asagidaki 6rnek, Sonug 2.10 nun tersinin gegerli olmadigini gostermektedir.

Ornek 2.11
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NSS

= {wy, w, w3}, E = {e,, e,} olmak tizere (W, T}%5, ©)S, E) nétrosofik esnek ikili topolojik

uzaymda
?SS = {O(W,E)' 1(W,E): My, E)}
W = {0wr), Lwg), (M2, E)}

olsun. (My, E) ve (M,, E) notrosofik esnek kiimeleri asagidaki gibi tanimlansin:

Mo fco B 3 2 4 44 342>}
e =15 175 70°10 S “?10°10°10 " ©¥10°10° 10
Mo = [<o 623 551 543>}
1(ez) = “70°10°10 “270'10°10 '~ “®10°10° 10
Moen <o, 8 23 551 _ 534>}
28 =15 91 70°70°10 7 S 210710710 Y ©*10°10° 10
M(){<634 354><253>}
2082) = 1S 91 79°70°10 7S 210’1010 " ©¥10°10° 10

Bu durumda 14, = ¥ U )% U {(My,E) U (M5, E)} olur. Ancak (M,, E) U (M, E) birlesimi )5 U
%5 ye ait degildir.

Teorem 2.12

(W, TS5, S, E) bir nétrosofik esnek ikili topolojik uzay olsun. Bu durumda her nétrosofik esnek
i — kapal1 kiime, bir nétrosofik esnek c¢iftsel kapal kiimedir.

ispat:

Teorem 2.5 nin ispatina benzer.

Teorem 2.13

(W, TS5, )5S, E) bir ndtrosofik esnek ikili topolojik uzay olsun. Eger TY55 < ¥ ise 15, = ©)°S dir.
ispat:

‘t'fss c 158 ve (H,E) € 14, olsun. Bu durumda (H, E) = (Hy, E) U (H,, E) olacak bicimde (Hy,E) €

)55 ve (Hy, E) € 15 nétrosofik esnek acik kiimeleri vardir.
S ¢ )% oldugundan (Hy, E) € T olup (H, E) € T)°S elde edilir. Sonug olarak T3, < 5 dir.

3. Sonug

Sonug olarak, notrosofik kiime teorisi, belirsizlik ve esnekligi dikkate alan karmasik problemlerin
¢ozlimiinde giiclii bir arag olarak karsimiza ¢ikmaktadir. Bu makalede incelenen nétrosofik esnek
ciftsel acik ve kapali kiimeler, klasik kiime teorisinin siirlarini agarak daha genis bir uygulama
yelpazesi sunmaktadir. Notrosofik kiimelerin esnekligi, belirsiz ve bulanik verilerin islenmesinde
Oonemli avantajlar saglamaktadir.
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Bu calisma, notrosofik kiime teorisinin temel kavramlarini ve esnek ciftsel agik ve kapali kiimelerin

o6zelliklerini detaylandirarak, bu teorinin pratik uygulamalardaki potansiyelini ortaya koymustur.

Ozellikle, miihendislik, yapay zeka, veri madenciligi ve karar destek sistemleri gibi alanlarda, bu
kiimelerin kullanimi, belirsizlikle basa ¢ikmada yeni ufuklar agabilir.

Gelecekte, notrosofik kiime teorisinin daha da gelistirilmesi ve farkh disiplinlerdeki
uygulamalarinin genisletilmesi, bilim ve teknolojinin ilerlemesine 6nemli katkilar saglayacaktir. Bu

baglamda, yapilan bu ¢alisma, nétrosofik esnek ciftsel acik ve kapali kiimelerin anlasilmasina ve
kullanilmasina yonelik 6nemli bir adim olarak degerlendirilebilir.
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Ozet

Bu calismada, notrosofik esnek ikili topolojik uzaylarda kapanis operatorii tanimlanmis ve
incelenmistir. Temel amag, belirsizlik ve bulaniklig1 etkin bir sekilde ele alan notrosofik kiime
teorisinin ilkelerini igeren klasik topolojik kavramlari genigletmektir. ilk olarak, nétrosofik kiimeler
ve esnek ikili topolojik uzaylarin temel kavramlar1 gozden gecirilmistir. Daha sonra, nétrosofik
esnek c¢iftsel kapanis operatoriiniin tanimi ve temel Ozellikleri sunulmustur. Bu operatoriin,
ozellikle belirsiz ve bulanik verilerle basa ¢ikmadaki avantajlar1 ve potansiyel uygulamalar
tartisilmistir. Bu arastirma, notrosofik kiime teorisinin teorik gelisimine ve karmasik problem
¢6zme senaryolarindaki pratik uygulamalarina katkida bulunmaktadir.

Anahtar Kelimeler
Notrosofik Kiime Teorisi;Esnek Ikili Topolojik Uzaylar;Kapanis Operatorii.

1. GIRis

Notrosofik kiime teorisi, belirsizlik ve bulanikligin matematiksel modellemelerde etkin bir sekilde
temsil edilmesini saglayan yenilikgi bir yaklasimdir. Bu teori, klasik kiime teorisinin 6tesine gegerek,
belirsizlik, geliski ve bulanikligi ayni anda ele alabilme kapasitesine sahiptir. Bu baglamda,
notrosofik esnek ikili topolojik uzaylar, belirsizliklerin ve bulanikliklarin daha karmasik yapilar
icerisinde analiz edilmesine olanak tanimaktadr.

"Notrosofik Esnek Ciftsel Kapamis Operatorii” baglikli bu makalede, notrosofik esnek ikili topolojik
uzaylarda kapanig operatorii tanimlanmis ve bazi temel &zellikleri incelenmistir. Tk olarak,
notrosofik kiime teorisinin ve esnek ikili topolojik uzaylarin temel kavramlar: gézden gegirilecektir.
Ardindan, kapanis operatoriiniin tanimi yapilarak, bu operatoriin ¢esitli matematiksel 6zellikleri
detaylandirilacaktir. Ayrica, notrosofik esnek ciftsel kapanis operatoriiniin, geleneksel kapanis
operatorlerine kiyasla sagladig1 avantajlar ve uygulama alanlar tartisilacaktir.
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Bu calisma, notrosofik kiime teorisinin ileri diizeydeki uygulamalar1 ve teorik temelleri hakkinda
kapsaml bir bakis agis1 sunmay1 amaglamaktadir. Notrosofik esnek ¢iftsel kapanis operatoriiniin
incelenmesi, belirsiz ve bulanik verilerin islenmesinde daha sofistike yontemlerin gelistirilmesine
katkida bulunacaktir.

Tanimlar

Bu boliimde noétrosofik esnek ikili topolojik uzaylarda kapanis operatorii tanimlanmis ve bazi
ozellikleri incelenmistir.

Tanim 2.1
(W, TS5, S, E) bir nétrosofik esnek ikili topolojik uzay ve (N,E) € NSS(W) olsun.

(N,E) kiimesinin notrosofik esnek ciftsel kapanisi (N, E) kiimesini iceren tiim nétrosofik esnek
ciftsel kapali kiimelerin kesigsimidir ve cly**(N,E) ile gosterilir. Yani

cI¥S(N,E) = n {(M,E) € PNSC(W,E)|(N,E) ¢ (M,E)}
dir. cI¥S(N,E) nin (N,E) yi iceren en kiiciik ndtrosofik esnek ciftsel kapali kiime oldugu agiktir.

Ornek. 2.2

(W, ©)5S, )5, E) ndtrosofik esnek ikili topolojik uzay: Ornek 4.2.1’deki gibi tanimlansimn.

(( {< 3 6 7 S < 3 4 4 S < 2 4 4 >}) \
ell (1)11 ’ ] ] (1)2; ] (DSJ 10 10 10 )
(GE) =

2 5 6 13 7 3 3 4
(ez’{< “v70°10°10 S “?710°'10°10 S “*10°10 _>}>

seklinde tanimli nétrosofik esnek kiimesi verilsin. cI¥>$(G, E) kapanigini bulmak icin (G, E) yi
kapsayan tiim notrosofik esnek ¢iftsel kapali kiimeleri belirlememiz gerekiyor.

ML )_{< 634 _ 354 _ 235 >}
208 = 1591 79°70°10 S “?10°10°10 S ©*10°10° 10
ML )_{< 543 _ 462 _ 364 >}
20€2) =151 39°70°10 7 S “?10°10°10 " ©*10°10° 10
ve
MC()_{< 4 7 6>< 453 _ 57 2>}
28 =159 79°70°10 7~ “?10°10°10 S P> 10°10°10 S
Mc()_{< 365 _ 246 44 3>}
2 €2 = 1591 70:70°10 S “?10°10°10 " ©*10°10° 10

oldugundan (G, E) yi kapsayan notrosofik esnek ciftsel kapali kiimeler (Mg, E)¢ ve 1y ) dir.
Boylece cIf**(G,E) = (M, E)* N 1wy = (M, E) olur.

Teorem 2.3
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(W, )5S, €S, E) bir notrosofik esnek ikili topolojik uzay olsun. Bu durumda (N, E), (M,E) €
NSS(W,E) icin asagidakiler saglanir:

1 S (0we) =O0we ve ¥ (Lwg) = Lwe

g

(N,E) € cI¥SS(N,E)

3. (N,E) bir nétrosofik esnek ciftsel kapali kiime ise cI}>*(N,E) = (N, E)
4. Eger (N,E) € (M,E) = cI}S(N,E) < cI¥*S(M, E)

5. (cI¥SS(N,E) U cI¥*S(M,E)) c cI¥S((N,E) U (M,E))

6. IS (cI¥SS(N, E)) = cI¥SS(N, E)

ispat:

1. Owg ve 1wwp kiimeleri notrosofik esnek ciftsel kapali kiimelerdir. Ayrica 0w g)yi
kapsayan en kiiciik notrosofik esnek ciftsel kapali kiime kendisi oldugundan
cI¥SS(0we)) = Owpy olur. 1wg) yikapsayan tek ndtrosofik esnek ciftsel kapali kiime
kendisi oldugundan cIf*$(1wg) = Lwg olur.

2. Tanim.lile (N,E) € cIf*(N,E) oldugu agiktir.

3. (N,E) kiimesi notrosofik esnek ciftsel kapali bir kiime olsun. Bu durumda
(N, E) notrosofik esnek kiimesi (N, E) yi kapsayan en kiiciik notrosofik esnek ciftsel kapali
kiime oldugundan cI}$(N,E) = (N,E) elde edilir.

4. (N,E) € (M,E) olsun. (M,E) € cI¥*S(M,E) oldugundan
(N,E) € cI}S(M,E)

elde edilir. Ancak (N, E) yi kapsayan en kiiciik nétrosofik esnek ciftsel kapali kiime cI¥>S(N, E)
oldugundan  cI§**(N,E)C cI}*S(M,E) olur.

5. (N,E) € ((N,E) u (M,E)) ve (M,E) < ((N,E) U (M, E)) oldugundan cINSS(N,E)c
cIfS((N,E) U (M,E)) ve cIf$(M,E)< cIf*$((N,E) U (M, E)) bulunur. Béylece

(cI¥*S(N,E) U cI}*S(M, E)) c cI¥S((N,E) U (M, E))
elde edilir.

6. cINS(N,E) = (M,E) olsun. Budurumda (M,E) bir ndtrosofik esnek ciftsel kapali
kiimedir. Dolayisiyla cI¥S(M,E) = (M, E) bulunur. Boylece

IS (cIFSS(N, E)) = cfS(N, )

olur.
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Teorem.2.4

(W, 15,1355, E) bir nétrosofik esnek ikili topolojik uzay, (N,E) € NSS(W,E), 0°g,) bir
notrosofik esnek nokta ve, w® gy yiigeren tiim nétrosofik esnek ciftsel agik kiimelerin ailesi
T12 (we(a,ﬁ,y)) olsun. Bu durumda her Uge . € T12 (me(a,&y)) igin

(.L)e(a‘ﬁ'y) € Clll\)lss(N, E) (=4 Ume n (N, E) * O(W,E)

(a.By)
dir.
ispat:

w8 (qpy) € CIp**(N,E) olsun. Ue N(N,E) = Oqyg olacak bigimde en az bir U,e €

(aBy) (aBy)

Ty2(0%(py)) oldugunu varsayalim. Bu durumda (N,E) © (Uge . )¢ dir. Boylece

(By)

P (NE) € elp®(Uge, o) = (Ugey, o )¢

elde edilir. Dolayisiyla cI¥>S(N,E) N U e = Oy olur. Biise

(aBy)

NSS
we(a,B,y) € ClP (N, E) N U‘”e(u,B,y)

olmasi ile geligir.

Tersine her U e wpy € tlz(me(a‘ﬁ_y)) icin Uge @wpp N (N,E) # Ocwp olsunSimdi w®qg,y) &

cI¥5S(N,E) oldugunu kabul edelim. Bu durumda

@ @py) € (SN E))" € 115(0(wpy)

olur. Boylece, hipotezden (cI¥*$(N,E))" n (N,E) # Owp) elde edilir. Buise (N,E) €
cI¥SS(N, E) olmasi ile celisir.

3. Sonug

Sonug olarak, notrosofik esnek ikili topolojik uzaylarda tanimlanan kapanis operatorii, belirsizlik ve
bulaniklig ele alan matematiksel modellerin gelistirilmesine 6nemli katkilar saglamaktadir. Bu
calisma, notrosofik kiime teorisinin esnek yapisini kullanarak, klasik topolojik kavramlar:
genisletmis ve bu kavramlarin belirsiz veriler {izerindeki uygulanabilirligini gostermistir.

Notrosofik esnek ciftsel kapanis operatoriiniin tanimi ve incelenen 6zellikleri, bu operatdriin
matematiksel yapisini ve potansiyel kullanim alanlarini ortaya koymustur. Bu operatoriin,
miihendislikten yapay zekaya, veri madenciliginden karar destek sistemlerine kadar genis bir
yelpazede uygulama potansiyeli bulunmaktadir. Ozellikle belirsiz ve bulanik verilerin yogun
oldugu alanlarda, bu tiir operatorlerin kullanimi, daha hassas ve giivenilir sonuglar elde edilmesine
olanak tanimaktadir.

Gelecekte, notrosofik esnek ciftsel kapanis operatoriiniin daha da gelistirilmesi ve farkhi
disiplinlerdeki uygulamalarinin genisletilmesi, bilimsel ve teknolojik ilerlemeye onemli katkilar
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saglayacaktir. Bu baglamda, bu calisma, nétrosofik kiime teorisinin ileri diizeyde anlasilmasina ve

uygulanmasina yonelik 6nemli bir adim olarak degerlendirilebilir.
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Abstract. Interval Type-2 Intuitionistic Fuzzy Sets (IT2IFS) serve an essential part in the theory of fuzzy sets,
serving to be models for linguistic phrases and finding applications in engineering. These sets are described
through their Footprints of Uncertainty (FOU), that are further characterized through functions of membership
(MF) and non-membership functions (NMF). Uncertainty within the set is quantified by the IT2IFS centroid.
When employing IT2IFS to model input words in a CWW engine (Zadeh 1996, 1999; Mendel 2002; Liu and
Mendel 2009), the engine’s output is also an I'T2IFS, requiring mapping to a linguistic label for comprehension.
Since each linguistic label is represented by an IT2FS, it becomes essential to assess the similarity between the
CWW engine’s output and linguistic labels to identify the most analogous linguistic label. This paper aims to
introduce the concept of the IT2IFS centroid and utilize it for comparing two IT2IFS using vector similarity
measure (VSM).

Keywords: Interval Type-2 Intuitionistic Fuzzy Sets (IT2IFS); Centroid; Extended vector similarity measure
(EVSM); Multi-attribute decision making (MADM).)

1. Introduction

One of the most popular and useful techniques for managing non-probabilistic uncertainty is

fuzzy set theory. L.A. Zadeh introduced fuzzy sets (Zadeh 1965), which have several practical
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applications and allow for easier modeling of complicated systems. The modeling of T1FS
gets increasingly complicated when more uncertainties are introduced. In order to capture the
fuzziness and uncertainty of real-world problems, Mendel and John (Mendel and John 2002;
Mendel et al. 2006; Mendel 2007) presented T2FS, these incorporate a footprint of uncer-
tainty that adds more degrees of freedom and allow one to characterize the uncertain data
in a three-dimensional (3D) representation. The most often used T2FS, IT2FS (Mendel and
John 2002; Mendel et al. 2006; Mendel 2007), is an a typical example of general T2FS and is
less complex due to the large figures of complexity involved. Touqeer et al. (2020, 2021) have
worked significantly with IT2FS.

IFS (Atanassov 1986, 1989), an extension of fuzzy sets, are introduced by K. T. Atanassov.
In an IFS, an element’s membership degree represents the level of membership, as in fuzzy
sets. However, there is an additional degree called non-membership degree, which quantifies
the level of an element’s non-membership in the set. In order to address the vagueness of
incomplete and unclear knowledge or information, IFS are beneficial and helpful in decision-

making difficulties by numerous researchers.

IT2IFS have emerged as fundamental constructs in the realm of fuzzy set theory, playing
a pivotal role in modeling linguistic expressions and finding diverse applications in engineer-
ing domains.The distinctive features of these sets are their FOU, which are defined by UMF,
LMF, UNMF and LMF. Quantification of ambiguity within an IT2IFS is encapsulated by its
centroid, contributing to a nuanced understanding of the inherent imprecision in linguistic
modeling. Particularly, when applied to model input words within a Computing with Words
(CWW) engine, the engine’s output manifests as an IT2IFS. This necessitates the mapping of
the engine’s output to a linguistic label for comprehensibility. Given that each linguistic label
is represented by an IT2FS, evaluating the similarity between the CWW engine’s output and

linguistic labels becomes imperative for identifying the most analogous linguistic label.

MADM (Tougeer et al. 2021,2023) is a crucial procedure in various fields, ranging from
business and engineering to healthcare and environmental management. It entails assessing
and choosing the best option from a range of options according to a number of factors or
attributes. One approach to enhance the MADM process is the utilization of similarity mea-
sures, which assess the resemblance between alternatives in a multidimensional space. These
measures play a pivotal role in quantifying the degree of similarity between alternatives, pro-

viding a foundation for decision-makers to make informed and effective choices.
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The idea of the IT2IFS centroid in this specific circumstance is provided and elaborated
upon in this research paper. Furthermore, the paper aims to demonstrate the utility of the
centroid in the comparison of two I'T2IFSs using a EVSM. This comparative analysis is cru-
cial for refining the mapping process between the CWW engine’s output and linguistic labels,
enhancing the accuracy and effectiveness of linguistic comprehension in the concept of fuzzy

set theory.

The arrangement of the article is as follows: A few basic descriptions are provided within
Section 2. In Section 3 Centroid of IT2IFS is presented. Section 4 demonstrates the Ex-
tended Vector similarity measure. In Section 5 an application is demonstrated to represent

the proposed approach.

2. Preliminaries
A few definitions are briefly reviewed in this section.

Definition 2.1. In (Mendel et al. 2002, 2006), IT2FS J is described as

/ / 5.0, 0,6 M), (5,6, & M) (1)
red Juedy (r,u

The FOU of J [FOU( J)], that is, the union of all the primary memberships, represents

uncertainty about 3.

FoU(3) =JJ: = ) 1 yedy = [3(x),3(®)] € [0, 1]} (2)
red

FiGure 1. IT2FS
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Definition 2.2. An IFS J has the form J = ([p, q, ¢, t]; A5, 75) where its trapezoidal member-

ship function A5(r) is described as follows:

(r—p)hxs
ij p<r<qg
Poxs g<r<rt
A5(x) = (t_j;)hA% (3)
¢t <r<ct
0 otherwise

(q_F)+hn5(x—w)

q—p p < r<q
P g<r<rt
n5(x) = (F_jt)"’_hn;‘(tfx) (4)
— Y t=r<rt
0 otherwise

where hAﬁ and h77§ are heights of the MF and NMF satisfying 0 < hAﬁ <1,0<L h775 <1,
0<hy +hy <1, and p,g,t,v €T,

Definition 2.3. In IT2IFS (Yuan and Chao 2019), the type-1 membership is the ordinary
fuzzy membership with additional membership as well as NMF. An IT2ITrFS J is stated as:

7= /xej /ung /ule (;u) N /;ej[/uejg /ung %}/; )

It’s lower and upper membership [As,.,, Az.] and non-membership functions [n:, .,7z, .| are
J@®) 73() 13(x) 13

as:
—Phr ,
Ll Y
q—p
hx- G<r<t
Aj(?) = (:‘F)hy ) ; (6>
- t<r<t
0 otherwise
(I*P)hxﬁ <
9= P=r<q
_ hy g<r<rt
A,. - =
A1) = 9 (Zons (7)
Ohs,
— t<r<rvt
0 otherwise
(9=8)+hys (1—p)
LR p<r<g
hn~ g<r<rt
N5(8) = S (201 4h (e— (8)
13 (x t)t}iﬂf (*—) r<pr<t
0 otherwise
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(§-2)+ha: (&)

par: p<r<q

B has q<p<t
158) = § —+hn. (-0 . ©)

Tﬁj <<zt

0 otherwise

Uncertainty is represented as the FOU of J,

FouL(d) =]}
red

={(®y) v € Je=[A50), \5(1)] < [0, 1]}

FoU,(3) =JJ7
reJ

={@n) v e Je=[n;),m50)] € [0,1]}
where 0 < h)iﬁ 1, 0 < th] < 1, OS hﬂﬁ < 1, 0 < h‘ﬁj < 1, 0 < h&ﬁ_‘_hﬁj < 1, 0 < hxﬁ—i_h(ﬂﬁ) <
1, and p,q,tv,v € R.
The IT2ITrFN is denoted as J = (([p,q,r, t];Xj,Qﬁ,), ([p,4,%,¢]5 A5, 775)).

r'y u
1 A7 (%) .
i
% % N = T / r
\\\ \\\ \\\ \‘/ /;/ /
\\ e \\ // 3 ¥
N, N ? /, V4
h \\\ \\\ // # // FoU; ()
\ \\ LY \ Y. ,”
b \\ % ;/ il
\\\ \\ \ i;’w (‘x) /X // //
& AN P T AR ni (x)
N ) Fon A FOU; (1)
b N /// //
S T & P
\\ /
0 5

FiGure 2. IT2ITrFS

Definition 2.4. The weight w and the centroid ¢ of a FS J = (7, A) are described as follows:

w = / Ax)da (10)
e [ @)
LAY )ax

T =
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sz

Definition 2.5. The centroid C~ of IT2FS, given an IT2FS with an embedded T1FS J,,
the union of all Jy centroids (Wu and Mendel 2007).

e

C; =0 U Lhdn@de g

VI, )\jA 22 d:E

)] (12)

where the centroid of Jy is ¢(Jy), and for every Jy, the centroid with the lowest value is ¢;(J),
and the centroid with the highest value is ¢.(J). Using the KM algorithm (Liu and Mendel
2008), ¢;(3) and ¢,(J) may be calculated.

Definition 2.6. A similarity measure s must satisfies the following for any fuzzy sets J;, Jo,

Js:

(1) Reflexivity: If and only if two fuzzy sets (F'Ss) are exact identical, then their similarity
is 1, expressed as 3(51,’:72) =173, =7Js.

(2) Symmetry: The order of computation should not affect the similarity between two
FSs; in other words, s(J1,J2) should be the same as s(J,J;).

(3) Monotonicity: As the distance between two FSs increases, their similarity decreases.
If 31 C J9 C Js, then 3(51,’33) < 3(51,52) and 8(51,53) < 5(52,53).

(4) Owerlapping: If the intersection of two fuzzy sets is non-empty, there should be some
level of similarity between them. This can be expressed as follows: if J; N Jo £ () =

s(31,32) > 0.

Definition 2.7. In (Wu and Mendel 2007), it has been described that assessing the resem-
blance among I'T2FSs J1 and Jo, it is crucial to consider both their shapes and proximity. The

VSM for IT2FSs, stated by Wu and Mendel, comprises two components, namely,

Svsm (31, T2) = (s1(31,Fa), 52(T1, T2) T (13)

where the degree of similarity between each of the shapes of J1 and Jy is represented by
51(31,732) € 0,1], and so(J1,T2) € [0, 1]. is a metric of similarity between J; and J in terms
of their distance. To compute 5151,52), ’J~1 and ’52 are aligned for shape comparison. Denote
the centroids of J; and Js as C; = [¢(31), ¢r(31)] and Cs, = [¢1(T2), ¢ (T2)], respectively. The

centers of C’jl and Oig are defined as

-\ [a(31), e (30)
~ 2 ~
e(3y) = [01(32)7207"(32)]
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Moving J; and J so that ¢(J7) and ¢(Jz) coincide is a suitable alignment procedure. When

J1 and J are aligned, 51(51, 52) is defined as,

oG a) = AC(j} n 3:'2) _ Cc”“d(f S ()N 55/2 (¥) + card(Xj, (¥) N Az (x) 14
AC(31UTy)  card(Ag, (k) UA ; (x) + card(Az, (r) U Az (r)
where ’5’2 is ’52 moved to ’51.
S9 (51, 52) gauges the proximity of J; and J, and it is defined as
$2(J1,J2) = h(d(J1,72)) (15)
where
d(31,32) = |e(T1) — ¢(T2))| (16)

is the Euclidean distance among the respective centers of the centroids of J1 as well as ng,
while h may correspond to any function satisfying: A monotonic reduction in h(r) occurs as ¢

increases, (2) h(x) =1 <= r =0, and (3) lim;_,» h(x) = 0.

3. Centroid of IT2IFS

A fuzzy set’s centroid is an essential metric, providing a representative point that summarizes
the central tendency of the set’s membership distribution. In the realm of IT2IFS (IT2IFS),
the centroid becomes an even more intricate concept, capturing not only the uncertainty in
membership but also the intuitionistic hesitation associated with each element.

Each element in an I'T2IFS has a membership interval as well as a non-membership interval,
providing a more thorough depiction of uncertainty. The degree of hesitation or uncertainty
in the process of making choices is taken into account by the intuitionistic component, which
adds another level of complexity.

An IT2IFS’s centroid involves the calculation of a representative point within the combined
uncertainty space defined by both the membership and non-membership intervals. This rep-
resentative point not only considers the central tendency of the membership distribution but
also incorporates the nuances introduced by the intuitionistic factor.

In mathematical terms, the centroid of an I'T2IFS is established by a weighted average that
takes into account the intuitionistic component as well as traditional membership and non-
membership degrees. Resulting centroid provides a valuable insight into the central tendency
of the fuzzy set while accounting for the multifaceted nature of uncertainty inherent in complex
decision-making scenarios.

In the subsequent definition, we provide the formal expression for computing the centroid
of an IT2IFS, clarifying each element’s contribution to encapsulating the core of ambiguity in

the set. Let Jy and J, be an embedded type-2 MF and NMF of an IT2IFS J. The centroids
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of MF and NMF of J are defined as:

ot =Uen=U BELIE _ 123).00) 1

3 7 fj 3, (r)dx
where
Zk iy, + ZL T\
Q0) = S5 (18)
Doic1 Ady T ikt Ay
k R BV
C)\(j) _ Zi:l miAJA + Zi=k+1 TiA3, (19)
T k R N
Doic1 gy Dtk Ady
and
f mj P ~
1= e U B L (3. cl(3) (20)
V3 fj 77377
where

k L _
n/= Dim1 Lilly, + itk Zily,
¢ = —=x T (21)
>z Ny, + D ikt N3,

k — R
< Zizl LNy, + Zz’zk—‘rl $iﬂjn
cal(J) = a— 7 (22)
>z n3, D ikt s,

where k is the switch point.

4. Extended Vector Similarity Measure for IT2IFS

Within the context of IT2IFS, assessing similarity goes beyond a straightforward comparison
of shapes; it necessitates a comprehensive evaluation of both form and the distance. The
Extended Vector Similarity Measure (EVSM) in context of IT2IFS, encapsulates this dual
perspective by decomposing the overall similarity into two components.

The EVSM is expressed as a vector S EVSM(Al,ng), where each component serves a dis-
tinct purpose. The first component, 31(’51, 52), quantifies the similarity in shape between the
IT2IFSs J; and J,. This shape-based similarity takes into account the alignment of the sets,
ensuring a meaningful comparison. The second component, 52(51, 52), focuses on the proxim-
ity of J1 and Js, measuring how closely they are positioned in the fuzzy space. The vector

similarity measure is expressed as:
Spvsm(J1,J2) = (s1(31,32), 52(31,T2)"

where s1(J1,J2) and s9(J1,Jo) are both confined to the interval [0, 1].
To compute s1, a crucial step involves aligning J1 and Jo by adjusting their positions in

a manner that their centroids coincide. This alignment facilitates the comparison of their
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shapes. 31(51,52) is then computed as the ratio of the average cardinality of UMF, LMF,

UNMF, and LNMF intersection to the average cardinality of corresponding unions.

~ORS N Ac(jl N ~/2)

BT
~card(Ag,(®) N 4, (1)) + card(As, (1) N Ag, (v)) + card(7s, (1) N7, (v)) + card(n;, (¥) N1 (¥)
card(hg,(x) U A (1) + card(Ag, (x) U A 7 (1) 4 card(Ts, (v) U5, (1)) + card(n;, (¢) U ng (x))

- J5min(Az, (), A5, (0)da + [, min(Az, (1), Az, (1)
= fi max(/\,‘l (;), )\7/2( da: + f’i max Ajl (E), )\ (I)

)z + [y min(y, (1), 75, (¥))dz + [; min(n; (1), 0, ()de

)z + [5 max(75, (¢), 75, (¥))dz + [y max(n; ()05 (¢)de
(23)

where ’JN’2 is ’52 that has been moved to ’J~1.
The second component, 32(51,52), assesses the proximity between J; and ng, the Euclidean
distance that lies between the centers from J; to Jo determines it, denoted as d(Jy,Jo). The

function h further scales this distance, adhering to specific properties.

$2(31,32) = h(d(31,72)) (24)
where

d(31,32) = [e(T1) = ¢(32))|
Any function satisfying the following can be h. (1) monotonic reduction in h(zr) occurs as
¢ increases, (2) h(r) =1 <= 1 = 0, and (3) lim;,c h(x) = 0. The extended vector
similarity measure, therefore, provides a nuanced evaluation of the similarity between I'T2IFSs,
accounting for both their shapes and proximity. This comprehensive approach enables a more
robust comparison, making it a valuable tool in decision-making processes where uncertainty

is inherent.

Theorem 4.1. The EVSM meets the requirements for reflexivity, symmetry, monotonicity

and overlapping.

Proof. (1) Reflexivity: To show that Spysy is reflexive, let us suppose that
Sevsm(31,02) =1 3y = Ja.
The only way that Spysar(J1,J2) = 1 is possible when mln(x i A5 )= max(XjI,XjQ)
,min(Ajl,X:) = Inax()\j~ »ng) min(*jl,ﬁﬁ = max(7~ ) and min(ﬂjl,ﬁjQ) =

2
A :)\~,ﬁj~ =N ndﬁ:ﬁ = 75, which

J1 2

max(nj~ ;75,), which implies that X =)
shows that J1 = J

32

Conversely, J1 = J, means that Ay, = A5y, = Xjé, 73,

= 75, and N5 = 75,
which implies that min(X: ij) = max(le,XE) min(Ay, A5,) = max@jl,xj}),
min(7y,,75,) = max(7y5,,7;,) and mln(nj M5,) = max(ﬂjl,ﬁjQ), which follows that
Sevsm(J31,32) =1
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(2) Symmetry: Symmetry of Spy gy is obvious as SEVSM(’jl,Jg) does not rely on the
sequence in which J; and J3 so Spyvsar (31, J2) = Sevsm (T2, T1)

(3) Monotonicity: Let J1 C Jy C T3, then
Sevsa(J1,J2) =

Jymin(As, (1), Ag, (1)do + [, min(Ay, (1), Ay, (1))de + [; min(75, (¢), 75, (0)dz + [, min(n; (0), 15, (¢))de
A A

Jymax(X5, (v), Az, (1) dz + [ max(Az, (v), Ay, @) dz + [ max(75, (1), 75, ©))dz + [} max(n; (&), 15 (¥))de
(25)
. f)\~—|—f)\ + 375, + Lns
Spvsu(I1,T2) = = 2 2 = (26)
Ji 25, + 525, + 715, + Jyng,
Spvsa(J1,73) =
Jymin(Az, (@), As(x))dz + [;min(Ag, (1), A (1)) do + [ min(75, (1), 76 (0)dz + f5 min(n; (1), 14())dz -
[y max(X5, (v), Aa (1) da + [ max(Az, (x), As(x))dz + [ max (75, (v),7s(x))dz + [, max(1 ;- (£),14(¥))dz
~ o~ f )\ + f —|— f ﬁ~1 —+ f e
SEVSM(j J ) J S S I=0 (28)

5 )‘33 + /5 Ajg +75, + J5n5,
because 52 - TI~3, it follows that fj XjQ + fj AH} + 75, + fj s, < fj Xﬁa + fj Ajg +
n5, + fj 3,5 hence Sgysa(J31,T2) > Spvsm(T1,T3). Similarily it can be shown that
Sevsm(J2,33) > Spvem (31, J3)

(4) Owverlapping: 1If J1N Ty # @, 3r such that min(xj1 and X3~2) > O,min(ﬁjl,ﬁjz) > 0,
then the numerator of ,

/mln 50 A5,) /mln o A5,) + /jmin(njl,n3~2) + /jmin(njl,njz) > 0 (29)

In the denominator of ,

/jmax 3, 32 /max /max 73, ,7732 /max s ,7732 >
/rmn 5 /mm 7 A5,) +/min(nj~1,nj~2) +/jmin(nj~1,nj~2) >0 (30)
3

Consequently, SEVSM(jl,ffg) > 0. On the other hand, when SEVSM(51,3~2) =0,
then min(le,sz) =min(A3 ,A5,) = min(95,,75,) = min(ﬂjl,ﬂjQ) = 0 Vr, then in the
numerator of .

JSymin(A5, A5) 4+ [min(Ag, A7) + [ min(75, 75,) + f5 min( n5,:15,) =0
consequently, Consequently, Sevsn (1, Jg) =0.
0.1cmO
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5. Application

This section presents examples pertaining to MADM in an interval type-2 intuitionistic

setting in order to show the usefulness and practicality of the suggested methodology.

5.1. Smog Control

In Lahore, persistent smog poses a significant environmental challenge, primarily stemming
from vehicular emissions, industrial pollutants, and agricultural residue burning. High traffic
density contributes to elevated levels of nitrogen oxides and particulate matter, while unreg-
ulated industrial emissions further worsen air quality. The practice of burning crop residues
adds to the smog problem, releasing pollutants into the atmosphere. To address this issue,
three potential air quality improvement measures have been considered. First, J; the introduc-
tion of electric buses aims to reduce pollutants significantly, with moderate cost-effectiveness
and positive social acceptance due to heightened environmental awareness. Second, Jo the
implementation of stricter emission standards for industries targets a moderate reduction in
pollutants, offers good cost-effectiveness over the long term, and may face initial resistance.
Third, J3 afforestation projects seek to improve air quality by enhancing green cover, result-
ing in moderate reductions in pollutants, cost-effectiveness, and high social acceptance. The
key attributes for evaluation are C; reduction in pollutants, Cy cost-effectiveness, and Cj
social acceptance. To determine the most suitable solution, EVSM using I'T2IFS will be em-
ployed, considering the uncertainties associated with each attribute value for a comprehensive

decision-making process.

C4 Co Cs

31 [(4,6,7,9:0.1,0.9),(5,6,7,8;0.3,0.6)]  [(1,3,4,6:0.3,0.7),(2,3,4,5:0.4,0.5)] [(2,4,5,7;0.2,0.8),(3,4,5,6:0.3,0.6)]
3o [(3,5,7,9:0.2,0.7),(4,5,7,8;0.3,0.6)]  [(4,6,7,8:0.2,0.8),(5,6,6,7:0.3,0.7)] [(2,4,6,8;0.2,0.7),(3,4,6,7;0.3,0.5)]
I3 [(5,7,8,10:0.1,0.9),(6,7,8,9:0.2,0.7)] [(1,4,5,7;0.3,0.7),(2,4,5,6:0.4,0.5)] [(3,5,7,9;0.2,0.8),(4,5,7,8;0.3,0.7)]

TABLE 1. IT2IFS based decision matrix

We compare the alternative values on the criterias with the ideal solution
3 = (5,7,8,10;0,1), (6,7,8,9;0,0.9)] .

In conclusion, the comprehensive evaluation of air quality improvement measures for La-
hore, considering the pivotal criteria of pollutants reduction, cost-effectiveness, and social
acceptance, reveals that ”afforestation projects” emerge as the most suitable solution. The
implementation of afforestation projects is anticipated to yield moderate reductions in pol-
lutants, presenting a harmonious balance with favorable cost-effectiveness and high levels of

social acceptance. This result underscores the importance of not only addressing environmental

M. Tougeer, Sajeela Fatima, Multi-Attribute Decision Making for Smog Control Using
Extended Vector Similarity Measure Based on Interval Type-2 Intuitionistic Fuzzy Sets



Neutrosophic Knowledge, Vol. 04, 2024 54 of

Ch Co Cs
7 0.9588 0.4725 0.3729
Jo 0.9113 0.5265 0.5821
J3 0.9657 0.4825 0.9836

Ranking order 53 > 51 > :72 52 > 53 > 51 53 > 52 > :71

TABLE 2. Decision matrix on applying EVSM

[ lu 21 73

0.8
0.6
0.4
0.2
O.. 1

o 1 2 3 4 5 6 7 8 9 10

FiGure 3. Comparison of ’31, 52 and 33 on the basis of C}

SRS

%0 %
NN,
A 7882\ J\

(lu i 3

0.8
0.6
0.4
0.2

0

o 1 2 3 4 5 6 7 8 9 10

FiGURE 4. Comparison of 51, 52 and 53 on the basis of Cy

concerns through pollutant reduction but also considering the economic viability and societal
approval of the chosen measure. Afforestation, with its potential to enhance green cover and
contribute to the city’s ecological health, stands out as the optimal choice in mitigating the
pervasive smog issue in Lahore. This decision not only aligns with ecological sustainability but
also acknowledges the social dynamics and economic considerations crucial for the successful

implementation of air quality improvement initiatives.
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6. Conclusion

In conclusion, this paper has delved into the intricacies of the centroid computation for
IT2IFS and provided a comprehensive exploration of the EVSM applied to IT2IFS. By es-
tablishing a clear understanding of these mathematical concepts, we have showcased their
potential in addressing real-world challenges. The practical application of EVSM in con-
trolling smog in Lahore serves as a noteworthy example, demonstrating the versatility and
effectiveness of these methods. As we navigate the complexities of environmental issues, the
knowledge gathered from this study can help create solid plans and tactics for handling and
lessening environmental problems on a larger scale. The integration of theoretical foundations
with practical applications underscores the significance of bridging the gap between academic
knowledge and real-world problem-solving, highlighting the potential for continued advance-

ments in the realm of fuzzy logic and environmental control.
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Abstract. Alexander P. Sostak has proposed a fundamental approach to the notion of fuzzy topological space,
which depends on the generalization of classical (crisp) topology and Chang’s fuzzy topology. Unlike previous
approaches, not only the subsets were fuzzified, but also the conditions between them. In this paper, we present
the notion of neutrosophic topological space in Sostak’s sense by a simple way. Moreover, we investigate
interesting properties of this topological space which is considered as a generalization of fuzzy and intuitionistic

fuzzy topological spaces.
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1. Introduction

F. Smarandache [17] generalized the notions of fuzzy sets and Atanassov’s intuitionistic fuzzy
sets to the notion of neutrosophic sets (NSs). He introduced this notion to deal with imprecise
and indeterminate data. NSs are defined by truth membership function (7T'), indeterminacy
membership function (I) and falsity membership function (F'). Many authors have studied
and applied the notion of neutrosophic sets in several areas such as decision making problems
(e.g. [21]), image processing (e.g. [25]), educational problem (e.g. |11]), conflict resolution
(e.g. [15]), social problems (e.g. |10]), medical diagnosis (e.g. |22]), supply chain management
(e.g. [1]). In particular, to exercise neutrosophic sets in real life applications suitably, Wang
et al. |23] defined the notion of single valued neutrosophic sets (SVNSs) as a subclass of a

neutrosophic sets, and investigated some of its properties. The studies, whether theoretical or
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applied on single valued neutrosophic set have been progressing rapidly. For instance, 2,6, 8]
and more others.

We study in this paper the notion of neutrosophic topological space in Sostak’s sense as
an important generalized fuzzy topological space. Also, several interesting properties on this
structure are discussed.

The contents of the paper are organized as follows. In Section 2, we recall the necessary
basic concepts and properties of neutrosophic sets, and some related notions that will be
needed throughout this paper. In Section 3, we present the notion of neutrosophic topological
space in Sostak’s sense by a simple method. In Section 4, we study interesting properties of
this topological space which is considered as a generalization of fuzzy and intuitionistic fuzzy
topological spaces. Finally, we present some conclusions and discuss future research in Section
5.

2. Preliminaries

This section contains the basic definitions and properties of neutrosophic sets and some
related notions that will be needed throughout this paper. The notion of fuzzy sets was first

introduced by Zadeh [24].

Definition 2.1. [24] Let X be a nonempty set. A fuzzy set A = {(x,pa(z)) | x € X} is
characterized by a membership function pa : X — [0, 1], where pa(z) is interpreted as the

degree of membership of the element x in the fuzzy subset A for any = € X.

In 1983, Atanassov [3] proposed a generalization of Zadeh membership degree and introduced

the notion of the intuitionistic fuzzy set.

Definition 2.2. [3] Let X be a nonempty set. An intuitionistic fuzzy set (IFS, for short) A
on X is an object of the form A = {(x, ua(z),va(x)) | x € X} characterized by a membership
function pa @ X — [0,1] and a non-membership function v4 : X — [0, 1] which satisfy the

condition:

0 < pa(x)+va(z) <1, for any xz € X.

In 1998, Smarandache |17] defined the concept of a neutrosophic set as a generalization of
Atanassov’s intuitionistic fuzzy set. Also, he introduced neutrosophic logic, neutrosophic set
and its applications in [18,/19]. In particular, Wang et al. [23] introduced the notion of a single

valued neutrosophic set.

Definition 2.3. [18] Let X be a nonempty set. A neutrosophic set (NS, for short) A on X is
an object of the form A = {(z, pa(x),04(z),va(x)) | © € X} characterized by a membership

Soheyb Milles, Hadjer Berri and Amira Abidat, On Neutrosophic Topological Spaces in
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function pa : X —]70,1%[ and an indeterminacy function o4 : X —]70,17[ and a non-

membership function v4 : X —]70,17[ which satisfy the condition:

0 < pa(x) +oa(z) +valz) <31, for any x € X.

Certainly, intuitionistic fuzzy sets are neutrosophic sets by setting o4(x) = 1—pa(x)—va(x).
Next, we show the notion of single valued neutrosophic set as an instance of neutrosophic

set which can be used in real scientific and engineering applications.

Definition 2.4. [23] Let X be a nonempty set. A single valued neutrosophic set (SVNS, for
short) A on X is an object of the form A = {(x,ua(x),0a(x),va(z)) | x € X} characterized
by a truth-membership function p4 : X — [0,1], an indeterminacy-membership function

o4 : X —[0,1] and a falsity-membership function v4 : X — [0, 1].

The class of single valued neutrosophic sets on X is denoted by SV N (X).

For any two NSs A and B on a set X, several operations are defined (see, e.g., [20,23]).
Here we will present only those which are related to the present paper.
(i) ACBif pa(z) < pp(z) and oa(x) < op(x) and va(z) > vp(z), for all z € X,
(iil) A= B if pa(x) = pp(z) and o4(x) = op(x) and va(z) = vp(x), for all x € X,
(iii) ANB = {(z,pa(x) AN up(x),ca(x) Nop(z),va(x) Vvg(z)) |z € X},
(V) AUB = {{z, ja(2) V 15 (@), 04(@) V 05(x), va(2) A vp(e)) | @ € X},
(v) A= {(0,1 = va(2),1 = oa(2), 1 — pa(a)) | = € X},
(vi) [A] = {{z, pa(x),04(x), 1 — pa(z)) | x € X},
(vil) (4) = {{z,1 - va(@), oa(@), va(@)) | = € X}.
In the sequel, we need the following definition of level sets (which is also often called («, 8, 7)-

cuts) of neutrosophic sets.

Definition 2.5. [2] Let A be a neutrosophic set on a set X. The («, 3,7)-cut of A is a crisp
subset

Aapy =12 € X | pa(r) > a and o4(x) > B and va(x) < v},
where «, 3,7 €]0,1].

Definition 2.6. [2] Let A be a neutrosophic set on a set X. The support of A is the crisp
subset on X given by

Supp(A) ={z € X | pa(z) #0 and o04(z) # 0 and v4(z) # 0}.
3. Neutrosophic topological spaces

In this section, we provide the basic definitions of neutrosophic topological space and several

properties of neutrosophic topological spaces in Sostak’s sense.
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3.1. Definitions

Definition 3.1. [16] Let X be non empty set and 7 is a family of neutrosophic subsets in X

satisfying the following axioms:
(i) 0,X € 7, with ) = (0.0.1) and X = (1.1.0).
(ii) For every A,B € 7, then AN B € 7.
(iii) For any {A4;,i € I} C 7, then UA; € 7.
In this case, the pair (X, 7) is called a neutrosophic topological space in Chang’s sense, and

any neutrosophic set in 7 is known as neutrosophic open set in X.

Remark 3.2. To avoid any confusion or misunderstanding of some equation, we will use the
symbols (C, L, L) to refer to the order, max, and min of neutrosophic sets and (<, A, V) to

refer to the usual order, max, and min on the unit interval [0, 1].

Now, we present the notion of neutrosophic topological space in Sostak’s sense by a simple

way.

Definition 3.3. Let X be non empty set and 7 is a family of neutrosophic subsets in X

satisfying the following axioms:

() pir(0) = 0 (0) = 1 and v (0) =,

pr(X) =0-(X)=1and v (X) =0.

(ii) For every Ay, Ay € IX,
pr (A1 11 Ag) > pir (A1) A pr(A2),
or(A1 M Ag) > 0-(A1) Nor(Az) and
vr (A1 M Ag) < wvr(Arn) Vo (Ag).

(iii) For any A; € IX,i € I,
pr(UierAs) > Nierpir (As),
or(UierAi) > Niero-(A;) and
vr(UierA;) < Viervr(A;).

In this case the pair (X, 7) is called a neutrosophic topological space in Sostak’s sense and
any set in 7 is known as neuterosophic open set in X. The functions u,,o, and v, repre-
sent the degree of openness, the degree of neutral-openness, and the degree of non-openness,

respectively.

Definition 3.4. Let X be non empty set and J is a family of neutrosophic subsets in X
satisfying the following axioms:
(i) #3(0) = o3(0) = 1 and v3(0) =0,
ws(X) =03(X)=1and v3(X) = 0.
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(ii) For every Aj, Ay € IX,
p3(Ar U Ag) > p(Ar) A pa(As),
o3(A1 U Ag) > 03(A1) A o3(Az) and
v3(A1 U Az) < v5(A1) Vrs(As).
(iii) For any 4; € IX i€ I,
pa(MierAi) > Nierpa(Aq),
(MierAi) > Nieros(A;) and
v3(MierAi) < Viervs(4q).

The pair (X, 7J) is called the closed set. The elements of J are called closer neutrosophic sets.

4. Properties of neutrosophic topological spaces in Sostak’s sense

In this section, we study interesting properties of neutrosophic topological spaces in Sostak’s

sense which is considered as a generalization of fuzzy and intuitionistic fuzzy topological spaces.

Proposition 4.1. Let (X, 7) be a neutrosophic topological space in Sostak sense, and A be a

neutrosophic subset on X. If the following statement hold:

(i) p3(A) = p-(A°),
(ii) 03(A) = 0-(A%),
(iii) v5(A) = v, (A°).

Then J is a gradation of closeness.

Proof. (i) We show that [p5(0) = 03(0) = 1 and v5(0) = 0] and [u3(X) = 05(X) =1 and
v3(X) = 0]. From (i), (ii) and (éii) of Definition [3.3) we get that,
p3(0) = pr(0°) = pr(X) = 1,
3(0) = 0-(0°) = 0-(X) =1 and
v3(0) = v (0°) = v (X) = 0.
By using the same methode, we obtain [u5(X) = 03(X) =1 and v3(X) = 0].

Q

(i) We show that pg(Ar U A2) > ps(A1) A pg(Az), 03(A1 U A2) > 03(A1) A 03(A2) and
v3(A1 U Ag) < v3(A1) V v3(Az). By (i), (i4) and (iii) of Definition we get that,
ps(A U Ag) = pur((A1 U A2)€) = pur(A§ 11 AS). Also, by using the same Definition
we conclude that pr(ASMNAS) > pur(AS) A (AS) = py (A1) Aps(Az). Thus puy(Ai1UA) >
w3(A1)Aps(Asz). In the same manner, we can show that o3(A;V As) > 05(A1)Uos(Az)
and v5(A; U Ag) <wvy(A1) Vrs(A4s).

(iii) We show that py(MierAi) > Nierps(Ai), 03(MicrAi) > Nieros(A;) and v3(MicrA;) <
Viervy(4;). From (i), (i7) and (iii) of Definition [B.3|we get that, ps(Micsd;) =
wr(MierAi)¢ = pr(Uier(4;)¢). Also, by using the same Definition we conclude

Soheyb Milles, Hadjer Berri and Amira Abidat, On Neutrosophic Topological Spaces in
Sostak’s Sense




Neutrosophic Knowledge, Vol. 04, 2024 78 of

that g (Uier(A:i)) > Nierpir(A§) = Nierps(A;). Hence ps(MierAi) > Nierpa(As).
In the same manner, we can show that o5(M;crA;) > Aicros(A;) and vy(Mierd;) <
Viervs(4A;).

Therefore, J satisfies the conditions of the gradation of closeness on X.

Proposition 4.2. Let (X, 7;)icr be a family of a neutrosophic topological spaces in Sostak’s

sense on X. Then their intersection Aicr(X,7;) is a neutrosophic topological space in Sostak’s

sense on X.

Proof. We put 7 = AkeyTk, and we will show that (X, 7) is a neutrosophic topological space

in Sostak’s sense on X.

(i)

(iii)

On the one hand 17 (0) = pii, o, 7k(0) = Agertir, (0) = Agerl = 1. In the same manner,
we get that o(0) = 1 and v-(0) = 0. On the other hand p (X) = pi, ., 7w(X) =
Akertir, (X) = Agerl = 1. By the same method, we get that o,(X) =1 and v-(X) = 0.
Hence, u,(0) = 0-(0) =1 and v, (0) =0, p(X) = 0-(X) =1 and v-(X) = 0.

We show that p (A1 M As) > pr (A1) A pr(Az),0:(A1 1 Ag) > 0,.(A1) A or(Ag) and
vr(A1 1 Ag) < vr(Ar) Ve (Ay), for every Ay, Ay € TX.

pr(A1 TV A2) = piygern, (A1 T A2) = Agerpin, (A1 T Ag) > Ager(pin, (A1) A pir (A2) =
(Akerpir, (A1) A (Akerpir, (A2)) = pr(A1) A pr(Az), it follows that p-(A; M Az) >
tr (A1) Apr(Az). In the same manner, we can show that o,(A1MA2) > o7(A1) Ao (Az)
and v, (A1 M Az) < v (A1) Vv (As).

We show that p-(UierAs) > Nierpir(Ai), o7 (UierAi) > Nieror(4A;) and vy (Uier4;) <
Viervr(A;). For any A; € IX

pr(Uicr As) = pragern, (Ai) = Arertir,(WictAr) > Aper(Nierpin, (A;)). Since 7 are
a neutrosophic topologies in Sostak’s sense, then it holds that Ager(Aierpir, (4:i)) >

Niel (Merpin (Ai)) = Nierpr(A;), it follows that p,(UicrAi) = Nierpr(A;)
or(UierAr) = 0uern(MA) = Agerorn,(UierAr) > Aper(Nieroq, (4:)) >
Nielr(Akeror,(Ai)) = Akeror(4;), then it follows that o,(Uicrdi) = Aieror(4;)
and v-(UierAr) = Viern (MA) = Apervn, (UierAr) < Aker(Niervn, (4i)) <
Niel(Akervr,(Ai)) = Akervr(4i), then vr(Uier4i) < Viervr(A;). Hence pr-(Uier4;) >

Nierpir (A3), 07(Uier Ai) > Nieror(A;) and vy (Uier As) < Viervr (4;).

Thus 7 is a neutrosophic topological space in Sostak’s sense. 0

Next, we provide a characterization in neutrosophic topological space in Sostak’s sense.

First, we need the following notions.
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Definition 4.3. Let f : (X,7) — (Y,7') be a mapping between two topologies. Then f is
called :

(1) open if pr(A) < pr(f(A)),0-(A) <o
(2) closed if uz(A) < py (f(A)),03(A) < o3 (f(A)) and v3(A) = vy (f(A4)).

Definition 4.4. Let (X, 7) and (Y,7’) are two neutrosophic topologies and f : X — Y is
a mapping and is called a neutrosophic continuous if u,(f~1(B)) > un(B),o-(f~1(B)) >
o.(B) and v, (f~Y(B)) < v(B), for every B € I', where f~1[B] is defined by f~![B](x) =
B(f(x)),Vz € X.

Theorem 4.5. Let (X, 1) and (X, T/) be two neutrosophic topological spaces in Sostak’s sense

and f: X — Y be a bijective mapping. The following statement are equivalent

(i) f~1 is a neutrosophic continuous,
(ii) f is a neutrosophic open,

(iii) f is a neutrosophic closed.

Proof. (i) = (i)

Suppose that f~! is a neutrosophic continuous, we need to prove that f is neutrosophic open.
Since f~! is a continuous mapping, then it holds that ./ (f(B)) > pr(B), 0. (f(B)) > 0,(B)
and v (f(B)) < v;(B) for any B € I’X. We get directly that f is a neutrosophic open.

(i6) = (4id)

Suppose that f is a neutrosophic open i.e., 7(4) < 7/(f(A)), and we need to prove that f is a
neutrosophic closed i.e., 3(A) < J'(f(A)). We have that J(A) = 7(A°). and psy(A4) = 7(A4°) <
7'(f(A°)), because that f is a neutrosophic open u/(f(A°)) = u~[(f(A)] = py(f(A)),
then it follows that py4) < py(f(A)). By using the same method, we can obtain that
o304y < 03 (f(A)). Also, v3(A) = 7(A°) > 7' f(A°), since f is neutrosophic open v, f(A°) =
ve[(f(A))] = vy (f(A)), then it follows that vy4) > vy (f(A)). Hence, f is a neutrosophic
closed.

Suppose that f is a neutrosophic closed i.e., J(A) < J’(f(A)), and we need to prove that f~!is
a neutrosophic continuous i.e., 7(A) < 7/(f(A)) for any A € I*, p, (A) = p3(A°) < py (f(A%)),
because that f is a neutrosophic closed pz(f(A€)) = puy[(f(A))] = pr f(A), then it holds that
pr(A) < pf(A). By using the same method, we can obtain that o,(A) < uf(A). Also,
vr(A) = uy(A°) > vy (f(AC)), from f is a neutrosophic closed vy (f(A€)) = vy[(f(A4))]] =
v f(A). Hence, v,(A) > v f(A). Thus, f~! is a neutrosophic continuous.
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5. Conclusion

In this work, we have studied the notion of neutrosophic topological spaces in Sostak’s sense

which is considered as a generalization of fuzzy and intuitionistic fuzzy topological spaces.

Future work will be directed to study topological properties in this case such as completeness,

compactness and other topological properties.

References

1.

Abdel-Basset, M.; Mohamed, R. A novel plithogenic TOPSIS-CRITIC model for sustainable supply chain
risk management. Journal of Cleaner Production, 2020, 247, 119586.

. Akram, M., Shahzadi, S. and Saeid, A.B., (2018), Single valued neutrosophic hypergraphs, TWMS J. App.

Eng. Math, 8(1), pp. 122-135.

3. Atanassov, K. Intuitionistic fuzzy sets. VII ITKRs Scientific Session, Sofia, 1983.
4. Atanassov, K. Intuitionistic fuzzy sets. New York: Springer-Verlag. Heidelberg, 1999.

5. Agarwal, R.P.; Milles, S.; Ziane, B.; Mennouni, A.; Zedam, L. Ideals and Filters on Neutrosophic Topologies

Generated by Neutrosophic Relations, Axioms, 2024, 13(292), 1-20.
Broumi, S.; Smarandache, F. Several Similarity Measures of Neutrosophic Sets. Neutrosophic Sets and
Systems, 2013, 1, 54-62.

7. El-Gayyar, M. Smooth Neutrosophic Topological Spaces. Neutrosophic Sets Syst. 2016, 65, 65-72.

8. Karaaslan, F.; Hayat, K. Some new operations on single-valued neutrosophic matrices and their applications

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

in multi-criteria group decision making. Applied Intelligence, 2018, 48.

Latreche, A.; Barkat, O.; Milles, S.; Ismail, F. Single valued neutrosophic mappings defined by single valued
neutrosophic relations with applications. Neutrosophic Sets Syst, 2020, 32, 203—-220.

Mondal, K.; Pramanik, S. A study on problems of Hijras in West Bengal based on neutrosophic cognitive
maps. Neutrosophic Sets and Systems, 2014, 5,pp. 21-26.

Mondal, K.; Pramanik, S. Neutrosophic decision making model of school choice. Neutrosophic Sets and
Systems, 2015, 7, 62-68.

Milles, S.; Latreche, A.; Barkat, O. Completeness and Compactness in Standard Single Valued Neutrosophic
Metric Spaces. Int. J. Neutrosophic Sci, 2020, 12, 96-104.

Milles, S.; Hammami, N. Neutrosophic topologies generated by neutrosophic relations. Alger. J. Eng. Archit.
Urban, 2021, 5, 417-426.

Milles, S. The Lattice of intuitionistic fuzzy topologies generated by intuitionistic fuzzy relations. Appl.
Appl. Math, 2020, 15, 942-956.

Pramanik, S.; Roy, T.K. Neutrosophic game theoretic approach to Indo-Pak conflict over Jammu-Kashmir.
Neutrosophic Sets and Systems, 2014, 2, 82-101.

Salama, A.A.; Salwa, S.A. Neutrosophic set and Neutrosophic topological spaces ,J. Mathematics, 2278-
5728,2012,pp. 31-35.

Smarandache, F. In: Neutrosophy. Neutrisophic Property, Sets, and Logic. American Research Press. Re-
hoboth. USA, 1998.

Smarandache, F. In: A Unifying Field in Logics: Neutrosophic Logic. Neutrosophy, Neutrosophic Set,
Neutrosophic Probability and Statistics. InfoLearnQuest. USA, 2007.

Smarandache, F. n-valued refined neutrosophic logic and its applications to Physics. Progress in Physics,
2013, 8, 143-146.

Yang, H.L.; Guo, Z.L.; Liao, X. On single valued neutrosophic relations. Journal of Intelligent and Fuzzy
Systems, 2016, 30(2), 1045-1056.

Soheyb Milles, Hadjer Berri and Amira Abidat, On Neutrosophic Topological Spaces in
Sostak’s Sense



Neutrosophic Knowledge, Vol. 04, 2024 81 of

21.

22.

23.

24.
25.

26.

Ye, J. Single valued neutrosophic cross entropy for multicriteria decision making problems. Applied Math-
ematical Modeling, 2014, 38, 1170-1175.

Ye, S.; Ye, J. Dice similarity measure between single valued neutrosophic multisets and its application in
medical diagnosis. Neutrosophic Sets and Systems, 2014, 6, 49-54.

Wang, H.; Smarandache, F.; Zhang, Y.Q.; Sunderraman, R. Single valued neutrosophic sets. Multispace
Multistruct, 2010, 4, 410-413.

Zadeh, L.A. Fuzzy sets. Information and Control, 1965, 8, 331-352.

Zhang, M.; Zhang, L.; Cheng, H.D. A neutrosophic approach to image segmentation based on watershed
method. Signal Processing, 2010, 90(5), 1510-1517.

Zedam, L.; Milles, S.; Bennoui, A. Ideals and filters on a lattice in neutrosophic setting. Appl. Appl. Math,
2021, 16, 1140-1154.

Soheyb Milles, Hadjer Berri and Amira Abidat, On Neutrosophic Topological Spaces in
Sostak’s Sense



Neutrosophic Knowledge, Vol. 04, 2024

University of New Mexico

‘lh

Article

Neutrosophie : un cadre interdisciplinaire pour une meilleure
compréhension de Pincertitude et de Pindétermination

Florentin Smarandache '

I Emeritus Professor, PhD, PostDocs
University of New Mexico; Mathematics, Physics, and Natural Science Division
705 Gutley Ave., Gallup, NM 87301, USA

* Cotrespondence: smarand@unm.edu
Received: 06 08, 2024; _Accepted: 06 10, 2024.

Abstract: La neutrosophie, un cadre philosophique et scientifique relativement récent introduit dans
les années 1990,! propose une approche robuste pour comprendre et modéliser I'indétermination, la
contradiction et I'incertitude. Explorons les concepts fondamentaux de la neutrosophie et quelques
diverses applications a travers plusieurs disciplines, notamment les mathématiques, la physique, la
sociologie, la psychologie et la biologie.

Keywords: incertitude ; neutrosophie; neutrosophication; triade neutrosophique; ensemble
neutrosophique; logique  neutrosophique; statistiques neutrosophiques;  physique
neutrosophique ; personnalité neutrosophique; neutrosociologie ; génétique neutrosophique ;
théorie neutrosophique de I'évolution, de I'involution et de I'indétermination.

1. Concepts fondamentaux de la neutrosophies

Les énormes données auxquelles nous sommes confrontés dans la vie réelle sont remplies
d’indétermination : elles sont vagues, incompletes, contradictoires, hybrides, biaisées, ignorantes,
redondantes, superflues, dénuées de sens, ambigués, floues, etc. C'est pourquoi les sciences
neutrosophiques (qui traitent de l'indétermination), a travers le processus de neutrosophication,
sont impliquées, telles que : la neutrosophie (une nouvelle branche de la philosophie), I'ensemble
neutrosophique, la logique neutrosophique, la probabilité neutrosophique et les statistiques
neutrosophiques, l’analyse neutrosophique, la mesure neutrosophique, et ainsi de suite. La
neutrosophie étudie uniquement les triades (<A>, <neutA>, <antiA>), oi <A> est un élément ou un
concept, qui ont du sens dans le monde réel.

Par conséquent, au cceur de la neutrosophie, elle étend la logique binaire classique en
introduisant un systeme logique a trois valeurs. Les trois composantes sont :

o Truth / Vérité (T) : Représente ce qui est vrai.
e Falsehood [ Fausseté (F) : Représente ce qui est faux.

1. Florentin Smarandache (2002). “Neutrosophy, A New Branch of Philosophy.” Multiple Valued Logic 8(3):
297-384. An International Journal published by Taylor & Francis Group, UK and USA, ISSN 1023-6627. Le
titre en frangais : « Neutrosophie, une nouvelle branche de la philosophie. » Article disponible en ligne :
https://fs.unm.edu/Neutrosophy-A-New-Branch-of-Philosophy.pdf.

Florentin Smarandache, Neutrosophie : un cadre interdisciplinaire pour une meilleure compréhension de l'incertitude et
de I’indétermination


mailto:smarand@unm.edu
https://fs.unm.edu/Neutrosophy-A-New-Branch-of-Philosophy.pdf

Neutrosophic Knowledge, Vol. 04, 2024 83 of 92

e Indeterminacy | Indétermination (I): Capture ce qui est indéterminé, incertain ou
contradictoire.

La neutrosophie postule que chaque proposition a simultanément un degré de vérité, un degré
de fausseté et un degré d’indétermination, reflétant la nature complexe et souvent contradictoire des
phénomenes du monde réel. Ce changement de paradigme permet une compréhension plus
nuancée de la réalité, ou la vérité absolue et la fausseté sont souvent entrelacées avec des éléments
d’incertitude.

1.1. Neutrosophication

Le processus de neutrosophication signifie :

e convertir un concept précis {c'est-a-dire un concept (1, 0, 0), ce qui signifie un concept qui est a
100% vrai, 0% indéterminé et 0% faux} en un concept neutrosophique {c'est-a-dire un concept
(T, L, F), qui est T% vrai, 1% indéterminé et F% faux - ce qui reflete plus précisément notre
réalité imparfaite et non idéaliste}, ou plus généralement en un concept raffiné (T1, T, ...; I1, I,
... F1, P2, .00

e ou la conversion de nombres précis (1 ou 0), flous (T), ou flous intuitionnistes (T, F) en un
nombre neutrosophique (7T, I, F);

e oula conversion d'un nombre précis (exact) N en un nombre neutrosophique de la forme N=ga
+bl, ol a est la partie déterminée du nombre N et b la partie indéterminée du nombre N.

2. L’Ensemble neutrosophique

Soit U un univers de discours, et M un ensemble inclus dans U. Un élément x de U est noté par
rapport a 'ensemble M comme x(T, I, F) et appartient a M de la maniere suivante : il est % vrai dans
I'ensemble, i% indéterminé (inconnu s'il est) dans I'ensemble, et f% faux, ou ¢ varie dans T, i varie
dans I, f varie dans F.

Statiquement, T, I, F sont des sous-ensembles, mais dynamiquement, T, I, F sont des
fonctions/opérateurs dépendant de nombreux parametres connus ou inconnus.

L'ensemble neutrosophique? est une généralisation de l'ensemble flou intuitionniste, de
I'ensemble flou intuitionniste inconsistent, de 1’ensemble flou q-Rung Orthopair, de I’ensemble flou
sphérique et de I'ensemble flou hypersphérique n.

La Neutrosophie a également été étendue a la Neutrosophie Raffinée, et par conséquent, la
Neutrosophication a été étendue a la Neutrosophication Raffinée. Ainsi, la théorie du regret, la
théorie des systemes gris et la décision a trois voies sont des cas particuliers de la Neutrosophication
et de la Probabilité Neutrosophique. Smarandache a également étendu la décision a trois voies a la
décision a n voies, cette derniére étant un cas particulier de la Neutrosophie Raffinée. L’ensemble
Neutrosophique généralise également I’ensemble paraconsistant, 1’ensemble intuitionniste, etc.

3. La Logique neutrosophique

La Logique neutrosophique® est un cadre général pour l'unification de nombreuses logiques
existantes, telles que la logique floue (en particulier la logique floue intuitionniste), la logique
paraconsistante, la logique intuitionniste, etc. L’idée principale est de caractériser chaque énoncé
logique dans un Espace Neutrosophique en 3D, ou chaque dimension de l'espace représente
respectivement la vérité (T), la fausseté (F), et I'indétermination (I) de I'énoncé en question, ou T, I, F

2. Florentin Smarandache (2007). “A Unifying Field in Logics: Neutrosophic Logic. Neutrosophy,
Neutrosophic Set, Neutrosophic Probability and Statistics.” Sixth edition. First published in 1998. Ann
Arbor: InfoLearnQuest, 156 p. Le titre en frangais : « Un champ unificateur en logiques : la logique
neutrosophique. Neutrosophie, ensemble neutrosophique, probabilité et statistiques neutrosophiques. »
Article disponible en ligne : http://fs.unm.edu/eBook-Neutrosophics6.pdf.

3. Ibidem.
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sont des sous-ensembles réels standard ou non standard de ]-0, 1+[ sans nécessairement aucun lien
entre eux.

Pour la logique neutrosophique a valeur unique, la somme des composantes est :

e 0<t+i+f< 3 lorsque les trois composantes sont indépendantes ;

e 0 < t+i+f < 2 lorsque deux composantes sont dépendantes, tandis que la troisieme est
indépendante d’elles ;

e 0<t+itf <1 lorsque les trois composantes sont dépendantes.

Lorsque trois ou deux des composantes T, I, F sont indépendantes, on laisse place a des
informations incomplétes (somme < 1), des informations paraconsistantes et contradictoires (somme
> 1), ou des informations completes (somme = 1).

Si les trois composantes T, I, F sont dépendantes, alors de maniére similaire on laisse place a des
informations incomplétes (somme < 1), ou des informations complétes (somme = 1).

4. Les Statistiques neutrosophiques

Alors que les statistiques classiques traitent exclusivement de données déterminées et de
méthodes d’inférence, les statistiques neutrosophiques s’occupent de données indéterminées - des
données présentant différents degrés d’indétermination, telles qu’incertaines, vagues, partiellement
inconnues, contradictoires ou incompletes. Dans les statistiques neutrosophiques,* les méthodes
d’inférence integrent également des degrés d’indétermination. Par exemple, au lieu de s’appuyer
uniquement sur des arguments nets et des valeurs pour les distributions de probabilité, les
graphiques, les diagrammes, les algorithmes ou les fonctions, on peut rencontrer des arguments et
des valeurs inexacts ou ambigus.

Par exemple, les tailles de population ou d’échantillon pourraient ne pas étre précisément
connues en raison d’individus qui n’appartiennent que partiellement a la population ou a
I'échantillon, ou d’individus dont le statut d’appartenance est complétement inconnu. De plus,
certains individus de la population ou de I’échantillon peuvent avoir des données indéterminées.

Les statistiques neutrosophiques sont également une généralisation des statistiques par
intervalles. Alors que les statistiques par intervalles reposent sur l'analyse par intervalles, les
statistiques neutrosophiques sont basées sur l’analyse par ensembles, englobant tous types
d’ensembles, pas seulement les intervalles (comme les ensembles discrets finis). De plus, les
statistiques classiques et les statistiques par intervalles supposent que tous les individus d'un
échantillon ou d'une population appartiennent a 100 % a celui-ci. Cependant, dans la réalité, les
individus appartiennent souvent seulement partiellement, partiellement ne pas appartenir, ou leur
appartenance est indéterminée. Les statistiques neutrosophiques produisent des résultats plus précis
que les statistiques classiques et les statistiques par intervalles en tenant compte de maniere
appropriée des différents degrés d’appartenance.

5. La Probabilité neutrosophique

Les distributions de probabilité neutrosophiques peuvent étre représentées par trois courbes :
I'une indiquant la probabilité de I'événement se produisant, une autre indiquant la probabilité de
I’événement ne se produisant pas, et une troisieme représentant la probabilité indéterminée de
I’événement se produisant ou non.

Bien stir, les ensembles de données neutrosophiques, ou1 les données présentent un certain
degré d'indétermination, sont utilisés dans les statistiques neutrosophiques. La probabilité
neutrosophique est une généralisation de la probabilité classique et de la probabilité imprécise dans
laquelle la chance qu'un événement A se produise est de % vrai - ol f varie dans le sous-ensemble T,
i% indéterminé - ol i varie dans le sous-ensemble I, et f% faux - ou1 f varie dans le sous-ensemble F.

4.  Ibidem.
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En probabilité classique, la somme de toutes les probabilités de l'espace est égale a 1, tandis qu’en
probabilité neutrosophique, elle est égale a 3.

En probabilité imprécise : la probabilité d'un événement est un sous-ensemble T dans [0, 1], et
non un nombre p dans [0, 1], ce qui reste est censé étre 'opposé, le sous-ensemble F (également de
l'intervalle unitaire [0, 1]); il n'y a pas de sous-ensemble I indéterminé en probabilité imprécise.

La fonction qui modélise la probabilité neutrosophique d’une variable aléatoire x est appelée
distribution neutrosophique : NP(x) = (T(x), I(x), F(x)), ou T(x) représente la probabilité que la valeur
x se produise, F(x) représente la probabilité que la valeur x ne se produise pas, et I(x) représente la
probabilité indéterminée/inconnue de la valeur x.6

6. La Physique neutrosophique

La physique neutrosophique décrit des collections d’objets ou d’états qui sont individuellement
caractérisés par des propriétés contradictoires, ou ne sont caractérisés ni par une propriété ni par
I'opposé de cette propriété, ou sont composés de sous-éléments contradictoires. De tels objets ou
états sont appelés entités neutrosophiques.

Par conséquent : une entité physique qui est une combinaison d’éléments opposés, ou une
entité physique qui possede une propriété P et également I'opposé de la propriété P, ou une entité
physique qui n’a ni la propriété Q ni l'opposé de la propriété Q.

La physique neutrosophique signifie un mélange de concepts / idées / espaces / lois / théories /
objets physiques <A> avec leurs opposés <antiA> ou avec leur neutre <neutA>, ou <neutA> est la
neutralité par rapport a <A>, et signifie ni <A> ni <antiA> mais entre les deux; c’est-a-dire des
combinaisons de choses hétérogenes et contradictoires qui tiennent ensemble. Il existe de nombreux
cas dans les domaines scientifiques (et humanistiques) ot deux ou trois de ces éléments <A>,
<antiA>, <neutA> coexistent.

Un élément <A> et son opposé <antiA> ou leur neutre <neutA> peuvent étre simultanément
valides.

Quelques exemples d’entités neutrosophiques :

¢ les anyons dans deux dimensions spatiales sont des particules de spin arbitraire qui ne sont ni
des bosons (spin entier) ni des fermions (spin demi-entier) ;

e parmi les candidats possibles a la matiere noire, il peut y avoir des particules exotiques qui ne
sont ni des fermions de Dirac ni des fermions de Majorana ;

e le mercure (Hg) est un état qui n'est ni liquide ni solide dans des conditions normales a
température ambiante ;

e les matériaux non magnétiques ne sont ni ferromagnétiques ni antiferro-magnétiques ;

e le plasma quark-gluon (QGP) est une phase formée par des quarks et gluons quasi-libres qui
ne se comporte ni comme un plasma conventionnel ni comme un liquide ordinaire ;

e l'unmatiere (unmatter),” qui est formée par la matiére et I'antimatiere qui se lient ensemble ;

e le kaon neutre, qui est un composite pion & anti-pion et donc une forme d’unmatiere ;

5. Florentin Smarandache (2013). “Introduction to Neutrosophic Measure, Neutrosophic Integral, and
Neutrosophic Probability.” Craiova (Roumanie) : Sitech, 140 p. ISBN: 978-1-59973-253-4. Le titre en
frangais : « Introduction a la Mesure Neutrosophique, a 1'Intégrale Neutrosophique et a la Probabilité
Neutrosophique. » Livre disponible en ligne :
http://fs.unm.edu/NeutrosophicMeasurelntegralProbability.pdf

6.  Florentin Smarandache (2014). “Introduction to Neutrosophic Statistics.” Craiova (Roumanie): Sitech, 124
p- ISBN  978-1-59973-274-9. Le titre en frangais : « Introduction aux Statistiques Neutrosophiques ». Livre
disponible en ligne : http://fs.unm.edu/NeutrosophicStatistics.pdf

7. Ervin Goldfain, Florentin Smarandache (2008). “On Emergent Physics, “Unparticles” and Exotic
“Unmatter” States.” Progress in Physics 4:10-15. Le titre en francais : « Sur la physique émergente, les «

unparticules » et les états exotiques de « wunmatiere ».» Article disponible en ligne:
https://fs.unm.edu/PP-15-02.pdf
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¢ les méthodes neutrosophiques en relativité générale ; etc.

7. La Personnalité neutrosophique

Les principes neutrosophiques sont précieux en psychologie aussi, particulierement dans
I’étude de la cognition humaine. Les pensées et les émotions humaines sont rarement binaires ; elles
sont souvent remplies d’incertitude et d’ambivalence. La logique neutrosophique offre un moyen de
modéliser ces processus cognitifs de maniére plus précise, ce qui peut conduire a de meilleurs outils
de diagnostic et a des stratégies thérapeutiques plus efficaces. Par exemple, dans la thérapie
cognitive-comportementale, reconnaitre les aspects indéterminés des croyances et des émotions
d’un patient peut mener a des plans de traitement plus efficaces.

En conséquence, Smarandache a proposé la Neutropsyche® comme une théorie psychologique
qui explore l'esprit a travers le prisme de la neutrosophie et des théories neutrosophiques. La
Personnalité Neutropsychique est un systéme psychologique dynamique et ouvert, défini par les
tendances uniques d’un individu a ressentir, penser et agir.

En outre, Smarandache a défini la Mémoire Raffinée Neutrosophique qui conceptualise la
mémoire en trois catégories : conscience, aconscience (un mélange de conscience et d'inconscience)
et inconscience. Dans la Psychanalyse Neutrosophique, le ‘ca’ de Freud (das Es) est renommé
‘sous-moi’ pour créer une connexion symétrique avec le ‘moi’ et le ‘surmoi’. Cette approche étend
certains aspects de la psychanalyse de Freud tout en en rejetant d’autres.

Smarandache évalue que tous les souvenirs possedent des degrés de conscience (c), des degrés
d’aconscience (a) et des degrés d’inconscience (#). Chaque individu présente un degré d’anti-trait et
un degré de trait par rapport a chaque paire anti-trait—trait de la personnalité. La Personnalité de
Trait suit une Evolution Neutrosophique, caractérisée par des degrés d’Evolution,
d’'Indétermination et d'Involution. Grace a I'adaptation et a la sélection sociale, certains traits de
personnalité évoluent (et les génes responsables de ceux-ci sont exprimés), d’autres restent
inchangés ou leur changement est indéterminé, et une troisiéme catégorie de traits - ceux moins
nécessaires dans un nouvel environnement - subit une involution (et les genes responsables de
ceux-ci cessent d’étre exprimés).

8. La Neutrosociologie

La neutrosociologie® applique les principes de la neutrosophie au domaine de la sociologie,
offrant de nouvelles fagons de comprendre et d'analyser les phénoménes sociaux caractérisés par
I'incertitude, 'ambiguité et la complexité. Cette approche améliore les méthodes sociologiques
traditionnelles en intégrant la nature indéterminée et souvent contradictoire des dynamiques
sociales, visant a comprendre les attitudes et les comportements sociaux, analyser les conflits
sociaux, examiner les réseaux sociaux, étudier le changement social et améliorer la recherche
qualitative.

9. La Théorie neutrosophique de I'Evolution, de I'Involution et de I'Indétermination

Pendant le processus d’adaptation d'un étre (végétal, animal ou humain) a un nouvel
environnement ou a de nouvelles conditions, I'étre évolue partiellement, dévolue partiellement
(dégéneére) et est partiellement indéterminé, c’est-a-dire ni en évolution ni en dévolution, donc

8.  Florentin Smarandache (2018). “Neutropsychic Personality. A mathematical approach to psychology.”
Third updated edition. Brussels: Pons, 131 p. ISBN 978-1-59973-583-2. Le titre en francais: «La
Personnalité Neutropsychique. Une approche mathématique de la psychologie. » Livre disponible en

ligne : https://fs.unm.edu/NeutropsychicPersonality-ed2.pdf

9.  Florentin Smarandache (2019). “Introduction to Neutrosophic Sociology (Neutrosociology).” Brussels:
Pons, 131 p. ISBN: 978-1-59973-605-1. Le titre en frangais : « Introduction a la Sociologie Neutrosophique
(Neutrosociologie). » Livre disponible en ligne : https://fs.unm.edu/Neutrosociology.pdf
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inchangé (neutre), ou le changement est flou, ambigu, vague, comme dans la logique
neutrosophique. Grace a 'adaptation, on a donc: évolution, involution et indétermination (ou
neutralité), chacun de ces trois composants neutrosophiques a un certain degré. Les degrés
d’évolution/indétermination/involution se référent a la fois : a la structure de 1’étre (ses parties du
corps), et a la fonctionnalité de 1’étre (la fonctionnalité de chaque partie, ou I'interfonctionnalité des
parties entre elles, ou la fonctionnalité de I’étre dans son ensemble). Avec cette clarification a I’esprit,
Smarandache a donc introduit la Théorie Neutrosophique de 1’Evolution, de I'Involution et de
I'Indétermination (ou Neutralité).10

10. La Génétique neutrosophique

La génétique neutrosophique!! est I'étude de la génétique utilisant la logique, I’ensemble, la
probabilité, les statistiques, la mesure et d’autres outils et procédures neutrosophiques. Basée sur la
Théorie Neutrosophique de I'Evolution (qui inclut des degrés d’Evolution, de Neutralité (ou
Indétermination), et d’Involution) — en tant qu’extension de la Théorie de I’Evolution de Darwin,
Smarandache montre I’applicabilité de la neutrosophie en génétique, et présente dans le cadre de la
génétique neutrosophique les concepts suivants: mutation neutrosophique, spéciation
neutrosophique, et coévolution neutrosophique.

11. Chronologie neutrosophique

1995-1998 Smarandache généralise le Yin Yang et la dialectique a la Neutrosophie
http://fs.unm.edu/Neutrosophy-A-New-Branch-of-Philosophy.pdf

L’ensemble/logique/probabilité/statistiques neutrosophiques
L’ensemble neutrosophique a valeur unique
http://fs.unm.edu/eBook-Neutrosophics6.pdf

1998 et 2019 Logique Neutrosophique Non Standard, Ensemble, Probabilité
https://arxiv.org/ftp/arxiv/papers/1903/1903.04558.pdf

2002 Types spéciaux d’ensembles / probabilités / statistiques / logiques

http://fs.unm.edu/DefinitionsDerived FromNeutrosophics.pdf

e ensemble intuitionniste, ensemble paraconsistant, ensemble faillibiliste,
ensemble paradoxiste, ensemble pseudo-paradoxiste, ensemble tautologique,
ensemble nihiliste, ensemble dialéthéiste, ensemble trivialiste;

e probabilité et statistiques intuitionnistes, probabilité et statistiques
paraconsistantes, probabilité et statistiques faillibilistes

e probabilité et statistiques paradoxistes, probabilité et statistiques
pseudo-paradoxistes, probabilité et statistiques tautologiques, probabilité et
statistiques nihilistes, probabilité et statistiques dialéthéistes, probabilité et

statistiques trivialistes;

10. Florentin Smarandache (2017). “Introducing a Theory of Neutrosophic Evolution: Degrees of Evolution,
Indeterminacy, and Involution.” Progress in Physics 13(2): 130-135. Le titre en francais : « Introduction a une
théorie de I'évolution neutrosophique : degrés d'évolution, indétermination et involution. » Article
disponible en ligne : https://fs.unm.edu/neutrosophic-evolution-PP-49-13.pdf

11. Florentin Smarandache (2021). “Introduction to Neutrosophic Genetics.” International Journal of
Neutrosophic Science 13(1): 23-27. Le titre en frangais : « Introduction a la la génétique neutrosophique. »
Article disponible en ligne : http://fs.unm.edu/NeutrosophicGenetics.pdf.
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2003

2005

2006

2007

2009

2013

2014

2015

e logique paradoxiste (ou paradoxisme), logique pseudo-paradoxiste (ou

pseudo-paradoxisme), logique tautologique (ou tautologisme);

Nombres neutrosophiques (a+bl, ou I = indétermination)

Structures algébriques I-neutrosophiques

Cartes cognitives neutrosophiques

http://fs.unm.edu/NCMs.pdf

L’Ensemble/Logique Neutrosophique Intervalle
http://fs.unm.edu/INSL.pdf

Degré de Dépendance et Degré d’Indépendance entre T, I, et F
http://fs.unm.edu/eBook-Neutrosophics6.pdf
http://fs.unm.edu/NSS/DegreeOfDependenceAndIndependence.pdf

L’Overset Neutrosophique (lorsqu'un composant neutrosophique est > 1),

I"'Underset Neutrosophique (lorsqu'un composant neutrosophique est < 0), et I'Offset
Neutrosophique (lorsque certains composants neutrosophiques sont en dehors de
l'intervalle [0, 1], c'est-a-dire que certains composants neutrosophiques > 1 et d'autres
composants neutrosophiques < 0)

La Logique, la Mesure, la Probabilité,

les Statistiques Neutrosophiques Over/Under/Off.
http://fs.unm.edu/NSS/DegreesOf-Over-Under-Off-Membership.pdf
http://fs.unm.edu/SVNeutrosophicOverset-JMI.pdf
http://fs.unm.edu/IV-Neutrosophic-Overset-Underset-Offset.pdf
http://fs.unm.edu/NeutrosophicOversetUndersetOffset.pdf

L’Ensemble Tripolaire Neutrosophique et I’'Ensemble Multipolaire Neutrosophique
Le Graph Tripolaire Neutrosophique et le Graph Multipolaire Neutrosophique
http://fs.unm.edu/eBook-Neutrosophicsé6.pdf
http://fs.unm.edu/IFS-generalized.pdf

la N-norme et de la N-conorme

http://fs.unm.edu/N-normN-conorm.pdf

Développement de la Probabilité neutrosophique :

http://fs.unm.edu/NeutrosophicMeasurelntegralProbability.pdf

Raffination des composants (T, I, F) en (T1, Tz, ...; I, I, ...; F1, F2, ...)
http://fs.unm.edu/n-ValuedNeutrosophicLogic-PiP.pdf

La Loi du Multiple-Milieu Inclus (<A>; <neutA1>, <neutAz>, ..., <neutAw>; <antiA>)
http://fs.unm.edu/LawIncludedMultiple-Middle.pdf
Statistiques neutrosophiques

http://fs.unm.edu/NS/NeutrosophicStatistics.htm

http://fs.unm.edu/NeutrosophicStatistics.pdf

Pré-Calcul neutrosophique et Calcul neutrosophique

http://fs.unm.edu/NeutrosophicPrecalculusCalculus.pdf

Nombres Neutrosophiques Raffinés (a + bili + balz + ... + bnln)
Graphs Neutrosophiques
These-Antithése-Neutrothese, et Neutrosyntheése
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2016

2017

2017-2019

2018-2022

2018

2019

Systeme Axiomatique Neutrosophique

Systemes Dynamiques Neutrosophiques

La Logique Neutrosophique Symbolique

Structures (¢, i, f)-Neutrosophiques

Structures Algébriques Neutrosophiques Quadruples
Loi de Multiplication des Subindéterminations

http://fs.unm.edu/SymbolicNeutrosophicTheory.pdf

Indéterminations neutrosophiques naturelles
http://fs.unm.edu/MODNeutrosophicNumbers.pdf
L’Ensemble Crisp Neutrosophique <A, B, C>

http://fs.unm.edu/NeutrosophicCrispSetTheory.pdf

Multisets Neutrosophiques
http://fs.unm.edu/NeutrosophicMultisets.htm

Structures Triplets Neutrosophiques
Structures Triplets Etendues Neutrosophiques

http://fs.unm.edu/NeutrosophicTriplets.htm

Structures Duplets Neutrosophiques

http://fs.unm.edu/NeutrosophicDuplets.htm

La Théorie de I'Evolution Neutrosophique
Degrés d’Evolution, Indétermination ou Neutralité, et Involution

http://fs.unm.edu/neutrosophic-evolution-PP-49-13.pdf

La Plithogénie (généralisation de la Dialectique et de la Neutrosophie)
L’Ensemble/Logique/Probabilité/Statistiques Plithogéniques
http://fs.unm.edu/P/

Structures Algébriques Plithogéniques Symboliques :
https://arxiv.org/ftp/arxiv/papers/1808/1808.03948.pdf
http://fs.unm.edu/Plithogeny.pdf

Nouveaux types d’ensembles flous
e L’Ensemble HyperSoft,
e L’Ensemble IndetermSoft,
¢ L’Ensemble IndetermHyperSoft,
¢ L’Ensemble TreeSoft.

http://fs.unm.edu/TSS/
https://fs.unm.edu/NSS/ExtensionOfSoftSetToHypersoftSet.pdf
La Psychologie Neutrosophique

¢ Neutropsyche,

e Personnalité Neutropsychique,

e Mémoire Neutrosophique Raffinée : consciente, a-consciente, inconsciente,
e Personnalité Neutropsychique Crisp,

¢ Fonctionnement Corps—Ame—Esprit Neutrosophique.

http://fs.unm.edu/NeutropsychicPersonality-ed3.pdf

Théorie de I'Evolution Humaine Neutrosophique en Spirale
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2019-2022

2020

2021

2022

2023

http://fs.unm.edu/SpiralNeutrosophicEvolution.pdf

La Sociologie Neutrosophique (Neutrosociologie)

https://fs.unm.edu/Neutrosociology.pdf

Ensemble Crisp Neutrosophique Raffiné
http://fs.unm.edu/RefinedNeutrosophicCrispSet.pdf

Généralisation des Structures Algébriques classiques aux Structures Algébriques
Neutro (ou NeutroAlgebres) et des Structures Algébriques Anti (ou AntiAlgebres)
http://fs.unm.edu/NeutroAlgebra.htm

Introduction de nouveaux types de topologies

¢ Topologie Neutrosophique Raffinée,

o Topologie Crisp Neutrosophique Raffinée,

¢ NeutroTopologie, AntiTopologie,

e SuperHyperTopologie,

e SuperHyperTopologie Neutrosophique
http://fs.unm.edu/NSS/NewTypesTopologies-Improved14.pdf
http://fs.unm.edu/TT/

L’Extension de 'HyperGraph au SuperHyperGraph
http://fs.unm.edu/NSS/n-SuperHyperGraph-n-HyperAlgebra.pdf

La Génétique Neutrosophique
http://fs.unm.edu/NeutrosophicGenetics.pdf

NeutroGéométrie et AntiGéométrie

http://fs.unm.edu/NG/

http://fs.unm.edu/NSS/NeutroGeometry AntiGeometry31.pdf
http://fs.unm.edu/NSS/ExamplesNeutroGeometry AntiGeometry35.pdf

La Logique Plithogénique (généralisation de la Logique Multivariée)
http://fs.unm.edu/NSS/IntroductionPlithogenicLogicl.pdf

La Probabilité Plithogénique, Les Statistiques Plithogéniques
http://fs.unm.edu/NSS/PlithogenicProbabilityStatistics20.pdf
SuperHyperAlgebre & SuperHyperAlgebre Neutrosophique

http://fs.unm.edu/SuperHyperAlgebra.pdf

SuperHyperGraph, SuperHyperGraph Neutrosophique
http://fs.unm.edu/NSS/n-SuperHyperGraph.pdf
SuperHyperFonction, SuperHyperTopologie
http://fs.unm.edu/NSS/SuperHyperFunction37.pdf
L’Ensemble IndetermSoft, I'Ensemble IndetermHyperSoft
https://fs.unm.edu/TSS/NewTypesSoftSets-Improved.pdf
http://fs.unm.edu/NSS/IndetermSoftIndetermHyperSoft38.pdf
L’Ensemble TreeSoft
http://fs.unm.edu/NSS/IndetermSoftSet-TreeSoftSet59.pdf
Structures Algébriques Plithogéniques Symboliques
http://fs.unm.edu/NSS/SymbolicPlithogenicAlgebraic39.pdf
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La Cryptologie Neutrosophique
http://fs.unm.edu/NeutrosophicCryptographyl.pdf

http://fs.unm.edu/NeutrosophicCryptography?2.pdf
http://fs.unm.edu/NSS/20nANovelSecurityScheme.pdf

1998-2024 Applications Neutrosophiques en :

¢ Intelligence Artificielle, Systemes d'Information, Informatique,
Cybernétique, Méthodes Théoriques, Structures Algébriques Mathématiques,
Mathématiques Appliquées, Automatisation, Systéemes de Contrdle, Big Data,
Ingénierie, Electricité, Electronique, Philosophie, Sciences Sociales, Psychologie,
Biologie, Génétique, Ingénierie Biomédicale, Informatique Médicale, Recherche
Opérationnelle, Science de la Gestion, Science de l'Imagerie, Technologie
Photographique, Instruments, Instrumentation, Physique, Optique, Economie,
Mécanique, Neurosciences, Radiologie Nucléaire, Médecine, Imagerie

Médicale, Applications Interdisciplinaires, Sciences Multidisciplinaires, etc.

12. Conclusions

La neutrosophie, avec son approche novatrice de la logique et de I'indétermination, offre des

perspectives profondes et des outils pratiques dans un large éventail de disciplines. En embrassant

la complexité et l'incertitude du monde réel, la neutrosophie permet une compréhension plus

précise et nuancée de divers phénomenes. Alors que la recherche et les applications de la

neutrosophie continuent de s’étendre,’? son impact sur la philosophie, les mathématiques, la

sociologie, la psychologie, la biologie et au-dela devrait s'approfondir, offrant de nouvelles fagons de
naviguer et de donner du sens a notre monde complexe.
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