
 

 



 

 

 



 

 




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𝐿 𝑅

𝐵 = {0 ,1} 
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𝑈 = [0,1]

  𝜇   𝜒

𝑋

𝐴 𝑋 𝑋𝐴 𝑋

{0,1}

XA (x) = {
1,   if x ∈ A 
0,   if x ∉ A

{0, 1}

[0, 1], 𝐴

  𝑋   𝑥   𝐴

  𝐴 = {( 𝑥, 𝜇𝐴(𝑥)) | 𝑥 ∈ 𝑋}   𝜇𝐴(𝑥): 𝑋 → [0,1]

𝐴 𝑋  𝜇𝐴(𝑥): 𝑋 →

[0,1]   𝜇𝐴(𝑥) 𝑥 𝐴 𝑥

𝑋 [0, 1]

𝑋 𝐴   𝑋 𝐴 𝑥

  𝐴 = {( 𝑥, 𝜇𝐴(𝑥)) | 𝑥 ∈ 𝑋}   𝜇𝐴(𝑥) → [0,1] 𝑥 

𝑋 = {𝑎 , 𝑏 , 𝑐} 𝐴

μA(a) = 1.0, μA(b) = 0.7, μA(c) = 0.4 , 

A =  {(a, 1.0), (b, 0.7), (c, 0.4)}. 

𝜇𝐴(𝑏)  = 0.7 ‘𝑏’

𝐴 𝑏 𝐴

𝐴 = ∅  𝑋

𝐴 𝐵  𝐴 = 𝐵 𝐴(𝑥)  = 𝐵(𝑥), ∀𝑥 ∈ 𝑋



𝐴𝑖 C   𝑥 ∈ ℝ𝑛

≲   < 

  𝐶𝑇𝑥

  𝑍0 𝐴𝑋

  b

max   CTx,

s. t.

 Aix ≤ bi   (i = 1,2,3, …m),

x ≥ 0,

CTx ≲ Z0,   

Aix ≲ bi   (i = 1,2,3,…m),

x ≥ 0.
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Bx ≲ b′,

x ≥ 0.

𝐵 = [
𝐶
𝐴𝑖
] 𝑏′ = [

𝑍0
𝑏𝑖
]

𝑎𝑖𝑗̃ 𝑏𝑖̃

µij(x) =

{
 
 

 
 

1, if x ≤ aij,

aij + dij − x

dij
, if aij < x < aij + dij,

0, if x ≥ aij + dij.

µbĩ(x) =

{
 

 
1, if x ≤ bi,

bi + pi − x

p
, if bi < x < bi + pi,

0, if x ≥ bi + pi.

𝑥 ∈ 𝑅, 𝑑𝑖𝑗 > 0 𝑝𝑖
 𝑖 𝑡ℎ

𝑧𝑙 𝑧𝑢

z1 = max   ∑cjxj,

n

j=1

 

𝑠. 𝑡.

∑(𝑎𝑖𝑗 + 𝑑𝑖𝑗)𝑥𝑗

𝑛

𝑗=1

 ≤ 𝑏𝑖,   1 ≤ 𝑖 ≤ 𝑚) 𝑥𝑗 ≥ 0,

z2 = max   ∑cjxj

n

j=1

 ,

s. t. 



𝑧𝑙 = 𝑚𝑖𝑛(𝑧1, 𝑧2)   𝑧𝑢  = 𝑚𝑎𝑥(𝑧1, 𝑧2) 𝑧𝑙  𝑧𝑢

𝑎𝑖𝑗 𝑎𝑖𝑗 + 𝑑𝑖𝑗

𝑏𝑖 𝑏𝑖 + 𝑝𝑖 𝐺 𝑅𝑛

µG(x) =

{
 
 
 
 

 
 
 
 0,                  if ∑cjxj

n

j=1

≤ zl,

∑ cjxj
n
j=1 − zl

zu − zl
, if zl <∑cjxj

n

j=1

≤ zu.

1, if∑cjxj

n

j=1

≥ zu.

𝑖 𝑡ℎ 𝐶𝑖 𝑅𝑛

µci(x) =

{
 
 
 
 

 
 
 
 0,                  if bi ≤∑aijxj

n

j=1

,

bi −∑ aijxj
n
j=1

∑ dijxj + pi
n
j=1

, if ∑aijxj

n

j=1

< bi <∑(aijxj + dij)xj

n

j=1

+ pi.

1,                              if  b ≥∑(aijxj + dij)xj

n

j=1

+ pi.

µ𝑐𝑖(𝑥) µ𝐺(𝑥)

µ𝐷(𝑥)

µD(x)  =  mini(µG(x), µci(x))

µ𝐷(𝑥)

𝑥∗

x∗ = arg(max mini{µG(x), µci(x)}. 

𝜆

max λ

s. t.

 μG(x) ≥ λ,

∑aijxj

n

j=1

 ≤ bi + pi,   1 ≤ i ≤ m)xj ≥ 0.
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μci(x) ≥ λ,

x ≥ 0, 0 ≤ λ ≤ 1, 1 ≤ i ≤ m

max λ,

λ(z1 − z2) −∑cjxj

n

j=1

− z1 ≤ 0,

∑(aij + λdij)

n

j=1

xj + λpi − bi ≤ 0 ,

x ≥ 0, 0 ≤ λ ≤ 1, 1 ≤ i ≤ m .

𝜆𝑥𝑗

  𝜆∗  ∈

[0,1] 𝑥 ≥  0   𝜆 =  𝜆∗

𝑘   𝐾 > 1

maxF(x) = (f1(x), f2(x),… , fk(x)) ,

s. 𝑡.

𝑥 ∈ 𝑆 ⊆ ℝ𝑛.



  𝑓1

 

 

 

 

 
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𝑐𝑖 , 𝑖 = 1,2 𝑛1 𝑑𝑖 , 𝑖 = 1,2 𝑛2

𝐴 𝐵 𝑚𝑥𝑛2 𝑏 𝑚

𝑧1(𝑥1, 𝑥2) 𝑧2(𝑥1, 𝑥2)

𝑥1 𝑥2

  𝑥1

𝑥2(𝑥1)

𝑧1(𝑥1, 𝑥2(𝑥1))

𝑥 = (𝑥1
1 , 𝑥1

2 , … , 𝑥1
𝑁(1)

 , 𝑥2
1 , 𝑥2

2 , … , 𝑥2
𝑁(2)

)

maxz1(x1, x2) = c1x1 + d1x2,

x1.

 x2

maxz2(x1, x2) = c2x1 + d2x2

x2,

s. t.

Ax1 + Bx2 ≦ b.

maxz2(x1, x2) = c2x1 + d2x2

x2

s. t. 

Bx2 ≤ b − Ax1,

x2 ≧ 0.



𝑥 =

(𝑥1
1 , 𝑥1

2 , … , 𝑥1
𝑁(1)

) 𝑁(1)

𝑥 = (𝑥2
1 , 𝑥2

2 , … , 𝑥2
𝑁(2)

) 𝑁(2) 𝑓1, 𝑓2: 𝑅
𝑁(1)𝑥 𝑅𝑁(2)  →

𝑅1

𝑆 ⊆  𝑅𝑁(1)+𝑁(2) (𝑥1, 𝑥2)

   𝑥1 𝑥2 𝑓1(𝑥1, 𝑥2)

 𝑥1,  𝑥2
𝑥2 = 𝑊(𝑥1)

  𝑊(. )

𝑊𝑓2(𝑆) 𝑊𝑓2(𝑆)  = {(𝑥1
∗, 𝑥2

∗) ∈ 𝑆: 𝑓2(𝑥1
∗, 𝑥2

∗) = 𝑚𝑎𝑥 𝑓2(𝑥1
∗, 𝑥2

∗)

𝑓2   𝑆

𝑓2   𝑆 𝑓1(𝑥1, 𝑥2),

  𝑥1

𝑆1 =  𝑊𝑓2(𝑆)

𝑆1  = 𝑆

S = {(x1, x2): Ax1 + Bx2 ≦ b}.

  𝑥1

S(x1) =  {x2  ≧  0:  Bx2  <  b − Ax1, x1  ≧  0}. 

𝑆𝑥 = {𝑥 1 ≧  0 𝑥2 𝐴𝑥1 + 𝐵𝑥2 ≦ 𝑏, 𝑥 2 ≧  0 }

max f1(x1, x2) = c1x1 + d1x2,

x1.

 x2

max f2(x1, x2) = c2x1 + d2x2

x2,

s. t. (x1, x2) ∈ S

max f1(x1, x2),

s. t.

(x1, x2) ∈ Wf2(S)
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𝑥1

R(x1) = {
x2 ≧  0: x2 ∈ argmax z1(x1, x2)

x2 ∈ S(x1)

IR = {(x1, x2): (x1, x2)  ∈  S, x2  ∈ R(x1)}. 

{(x1, x2): (x1, x2)  ∈ argmax z1(x1, x2) , (x1, x2)  ∈ R(x1)}.

max f1(x1, x2) = c11x1 + c12x2,

x1.

 x2

max f2(x1, x2) = c21x1 + c22x2

s. t.

 A1x1 + A2x2 ≤ b,

(x1, x2) ≥ 0.



𝑥𝑖 , 𝑖 = 1,2 𝑛𝑖

𝐶𝑖1, 𝑖 = 1,2 𝑛1

𝐶𝑖2, 𝑖 = 1,2 𝑛2

𝑏 𝑚

𝐴𝑖 , 𝑖 = 1,2

𝑋 = (𝑥1, 𝑥2) ∈ 𝑅
𝑛1+𝑛2 , 𝐶𝑖 = (𝐶𝑖1, 𝐶𝑖2), 𝑖 = 1,2 𝐴 = [𝐴1, 𝐴2]

𝑓1(𝑥1, 𝑥2) 𝑓2(𝑥1, 𝑥2)

𝑥1 𝑥2

𝑘𝑡ℎ

 𝑓𝑖(𝑥) , 𝑖 = 1,2

𝑓𝑖(𝑥)

𝑞𝑖 𝑥𝑖  , 𝑖 = 1,2 𝑥𝑖
∗

𝑝𝑖
− 𝑝𝑖

+

  𝑥𝑖
0 , 𝑖 =  1.2

 𝑓1  𝑥1

𝑓𝑖 , (𝑖 = 1,2)

𝑥𝑖 , (𝑖 = 1,2) 
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𝑥𝑖
𝐵 𝑖𝑡ℎ

𝑓𝑖
𝐵 = 𝑓𝑖(𝑥𝑖

𝐵 ) = 𝑚𝑎𝑥 𝑓𝑖(𝑥) , 𝑖 = 1,2. , 𝑥 ∈

𝑆 𝑖𝑡ℎ 𝑥𝑖
𝐵, 𝑖 = 1,2

𝑓𝑖(𝑥) ≲

𝑓𝑖(𝑥𝑖
𝐵  ), 𝑖 = 1,2, 𝑥𝑖  ≅  𝑥𝑖

𝐵

[

f1(x) f2(x)

x1
0 f1(x1

0) f2(x1
0)

x2
0 f1(x2

0) f2(x2
0)

]

(𝑓𝑖(𝑥𝑖
0))

𝑓𝑖
𝑢  =  𝑓𝑖(𝑥𝑖

0) = max 𝑓𝑖(𝑥𝑖
0) , 𝑖 = 1,2.

  𝑓𝑖
𝐿 = 𝑚𝑖𝑛 𝑓𝑖(𝑥𝑖

0), 𝑖 = 1.2

  𝑓𝑡
𝑢, 𝑡 = 1,2

𝑓𝑖
𝐿   𝑓𝑖(𝑥) →  𝑓𝑡

𝑢

  𝑓𝑖(𝑥) ≲  𝑓𝑖(𝑥𝑖
𝑢), 𝑖 =  1,2 𝑥𝑖

𝑥𝑖  ≅  𝑥𝑖
𝑢   𝑖𝑡ℎ

  𝑖𝑡ℎ

𝑓𝑖
𝐿

  𝑓𝑖(𝑥) ≥  𝑓𝑡
𝑢 𝑓𝑖(𝑥)

𝑓𝑖(𝑥)   𝑓𝑖(𝑥) ≤  𝑓𝑡
𝐿

𝑓𝑖(𝑥)   𝑖 = 1,2



µ1(𝑓1(𝑥)) µ2(𝑓2(𝑥)) 𝑓1(𝑥) 𝑓2(𝑥),

𝑥1

𝑥1
0

𝑒1
− 𝑥1

𝑒1
+ 𝑥1

µi(fi(x)) =

{
 
 

 
 

1, if fi(x) ≥ fi
u,

fi(x) − fi
L

fi
u ≥ fi

L , if fi
L ≤ fi(x) ≤ fi

u, i = 1,2     

0, if fi(x) ≤ fi
L.

max min{μi(fi(x)),   i = 1,2}

A1x1 + A2x2 ≤ b,   x1, x2 ≥ 0.

µx1(f1(x)) =

{
 
 

 
 

x1 − (x1
0 − e1

−)

e1
− , if x1

0 − e1
− ≤ x1 ≤ x1

0

(x1
0 + e1

+) − x1
e1
+ , if x1

0 ≤ x1 ≤ (x1
0 + e1

+)   

0, if otherwise.
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 𝜆

𝜇𝑖(𝑓𝑖(𝑥)), 𝑖 = 1.2

𝑥∗

𝜇1(𝑓1(𝑥))   𝑥∗ 𝑥∗

  𝑥∗

𝛿 ∈ [0,1]

max min{μ1(f1(x)), μ2(f2(x)), μx1(x1)}

A1x1 + A2x2 ≤ b,   x1, x2 ≥ 0.

max λ

μ1(f1(x)) ≥ λ

μ2(f2(x)) ≥ λ

μx1(x1) ≥ λ

A1x1 + A2x2 ≤ b,   x1, x2 ≥ 0.

λ∗ = min{μ1(f1(x
∗)), μ2(f2(x

∗))}

max 
μ2(f2(x)),

μ1(f1(x)) ≤ δ

A1x1 + A2x2 ≤ b,   x1, x2 ≥ 0.



∆> ∆𝐿 ∆ ∆> ∆𝑈, 𝑖. 𝑒 𝜇2(𝑓2(𝑥
∗)) >

∆𝑈𝜇1(𝑓1(𝑥
∗)) 𝛿 𝛿

  ∆>

∆𝐿 , 𝑖. 𝑒 𝜇2(𝑓2(𝑥
∗)) < ∆𝑖𝜇1(𝑓1(𝑥

∗)) 𝛿   𝛿

𝑙 𝜇1(𝑓1(𝑥
𝑙)), 𝜇2(𝑓2(𝑥

𝑙)), 𝜆𝑙 Δ𝑙 =
𝜇2(𝑓2(𝑥1

𝑙 ))

𝜇1(𝑓1(𝑥
𝑙))

𝑙𝑥

𝛿

𝜇1(𝑓1(𝑥
𝑙)) ≥  𝛿

Δ𝑙

Δ𝑙  ∈  [∆ 𝑚𝑖𝑛, ∆𝑚𝑎𝑥]

 𝛿

𝛿.

  𝛿

∆=
μ2(f2(x

∗))

μ1(f1(x
∗))
.
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Δ𝑙   𝛿

Δ𝑙   𝛿

𝑓𝑡
𝑢

  𝑓𝑡
𝐿

µ𝑓𝑖(𝑓𝑖(𝑥))

𝑥1

ℓ = 1

  𝑥∗

𝛿 [∆ 𝑚𝑖𝑛, ∆ 𝑚𝑎𝑥]

Δ𝑙 𝜆∗

  𝛿

𝑥𝑙 𝜆𝑙  , µ1(𝑓1(𝑥
𝑙 )), µ2(𝑓2(𝑥

𝑙  )) ∆𝑙

𝑥𝑙

𝑥𝑙

𝛿

max f1(x) = 5x1 + 6x2 + 4x3 + 2x4,

x1, x2

x3, x4

max f2(x) = 8x1 + 9x2 + 2x3 + 4x4



𝑓1 = 125 𝑥1
0 = (5, 0, 25,0);

𝑓2 = 118.125 𝑥2
0 = (11.25, 3.125, 0,0);

  𝑥1
0 ≠ 𝑥2

0

𝑓1 ≲ 125, 𝑓2 ≲ 118.125

𝑥1 ≅ 5, 𝑥2 ≅ 0;

[

𝑓1(𝑥1
0) 𝑓2(𝑥2

0)

𝑥1
0 125 90

𝑥2
0 75 118.125

] ;

𝑓1
𝑢 = 125, 𝑓2

𝑢 ≲ 118.125

𝑓1
𝐿 = 75, 𝑓2

𝐿 ≲ 90

x3, x4,

s. t. 

3x1 + 2x2 + x3 + 3x4  ≤ 40, 

x1 + 2x2 + x3 + 2x4 ≤ 30,

2x1 + 4x2 + x3 + 2x4 ≤ 35,

x1, x2, x3, x4 ≥ 0

max f1(x) = 5x1 + 6x2 + 4x3 + 2x4,

s. t. 

3x1 + 2x2 + x3 + 3x4  ≤ 40, 

x1 + 2x2 + x3 + 2x4 ≤ 30

2x1 + 4x2 + x3 + 2x4 ≤ 35,

x1, x2, x3, x4 ≥ 0
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μf1(f1(x)) = {

1,   if f1(x) ≥ 125

f1(x) − 75

125 − 75
, if 75 ≤ f1(x) ≤ 125

0, if f1(x) ≤ 75

 .

μf2(f2(x)) = {

1,   if f2(x) ≥ 118.125

f2(x) − 90

118.125 − 90
, if 90 ≤ f2(x) ≤ 119.125.

0, if f2(x) ≤ 90

𝑥1 = 5 𝑥2 =

0

μx1(x1) =

{
 
 

 
 
x1 − (5 − 2.5)

2.5
,   if 2.5 ≤  x1 ≤ 5

(5 + 2.5) − x1
2.5

, if 5 ≤ x1 ≤ 7.5

0,                        otherwise

,

μx2(x2) = {

x2,                                    if x2 ≤ 3
3 − x2
3

,               if 0 ≤ x2 ≤ 3

0,                  otherwise

.

 

maxλ,

s. t. 

  μf1(f1(x)) ≥ λ,

μf2(f2(x)) ≥ λ,

μx1(x1) ≥ λ,

3x1 + 2x2 + x3 + 3x4  ≤ 40, 

x1 + 2x2 + x3 + 2x4 ≤ 30,

2x1 + 4x2 + x3 + 2x4 ≤ 35,

x1, x2, x3, x4 ≥ 0



x1
1 = 6.41, x2

1 = 1.95, x3
1 = 10.52, x4

1 = 1.42,

λ1 = 0.316, 

f1
1(x) = 88.67, f2

1(x) = 95.55, μ1(f1(x)) = 0.2734.

𝛿 = 0.3 [∆𝑚𝑖𝑛, ∆ 𝑚𝑎𝑥]  =

 [0.3, 0.4],

 

maxμf2(f2(x)),

s. t. 

 μf1(f1(x)) ≥ 0.3,

x ∈ S.

 

x1
2 = 6.71, x2

2 = 2.05, x3
2 = 10.52, x4

2 = 1.42,

λ2 = 0.316,

f1
2(x) = 90.77, f2

2(x) = 98.85, μf1(f1(x)) = 0.3154,

∆2= 0.3165.
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α

α





 

 



α

α

α

α

θ,P( θ ),Pos)

%
( 1,..., )ijx i m

%


δ 0.5
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δ 0.5

δ 0.5









 



 



 



  

 

 

  

  

   







 

β

β I 1

α I 1

α m 1 β

φ

φ+θ (δ) u (y R (γ )y ),

γ )x ) θ (δ) 1,

γ )x ) θ (δ) 1,

γ )y ) v (x R (γ )x )

$ $

$ $

$ $ $ $











   

 

 

 

    





   

α

α

β β

δ)λ 0,     j 1,...,n,

θ ) u (y L (γ )y ),

θ ) v (x L (γ )x ),

λ ) u y v x L (γ )( u y v x ),    j 1,...,n,

   θ ,θ ,θ ,λ 0,r 1,...,s,i 1,...,m, j 1,...,n.

%

%







 



 



 



 

  

   

  

  

  







  

β

β 1

α 1

α 1

φ

φ u (y R (γ )y ) θ (δ) 0,

γ )x ) θ (δ) 1,

γ )x ) θ (δ) 1,

γ ) u y ) v (x R (γ
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[0,1]

𝛤 𝛤

𝛤



𝑈̆ 𝑁 𝐼 [0,1],    𝑇𝜂
𝜔

𝜔 = 1,2,3, … , 𝛼 𝐹𝜂
𝜆 𝜆 =

1,2,3, … , 𝛽 𝛼 𝛽

𝜂̆𝑓 = {< 𝛿 ̆, 𝛼𝜂̆𝑓
(𝛿 ̆) > |𝛿 ̆ ∈ 𝑈̆ } 𝑈̆ 𝛼𝜂̆𝑓

(𝛿 ̆): 𝑈̆  → 𝐼

𝛼𝜂̆𝑓
(𝛿 ̆) 𝛿 ̆ ∈ 𝑈̆

𝑈̆ = {𝐵̆1, 𝐵̆2, 𝐵̆3, 𝐵̆4},

B̆1 = Ideas Gul Ahmad; 

B̆2 = Khaadi; 

B̆3 = Nishat Linen; 

B̆4 = Junaid jamshaid

𝜂̆𝑓  𝑈̆ 𝜂̆𝑓 = {
 < 𝐵̆1, 0.45 >, < 𝐵̆2, 0.57 >,

 < 𝐵̆3, 0.6 >, < 𝐵̆4, 0.64 > 
} . 

𝜂̆𝐼𝐹𝑆 𝑈̆ 𝜂̆𝐼𝐹𝑆 = {< 𝛿 ̆, 𝑇𝜂̆(𝛿 ̆), 𝐹𝜂̆(𝛿 ̆) > |𝛿 ̆ ∈ 𝑈̆ },

𝑇𝜂̆(𝛿 ̆), 𝐹𝜂̆(𝛿 ̆): 𝑈̆  → 𝑃([0,1]) 𝑠𝑢𝑝 𝑇𝜂̆(𝛿 ̆) + 𝑠𝑢𝑝 𝐹𝜂̆(𝛿 ̆) ≤ 1.

𝜂̆𝐼𝐹𝑆 𝑈̆

𝜂̆𝐼𝐹𝑆 = {< 𝐵̆1, 0.75,0.14 >, < 𝐵̆2, 0.57, 0.2 >, < 𝐵̆3, 0.6, 0.3 >, < 𝐵̆4, 0.64, 0.16 >}.

𝜂̆𝑅𝐼𝐹𝑆 𝑈̆ 𝜂̆𝑅𝐼𝐹𝑆 = {< 𝛿 ̆,  𝑇𝜂̆
𝜔(𝛿 ̆), 𝐹𝜂̆

𝜆(𝛿 ̆) > :   𝜔 ∈ 𝑁1
𝛼 ,   𝜆 ∈ 𝑁1

𝛽
,

𝛼 + 𝛽 ≥ 3,    𝛿 ̆ ∈ 𝑈̆ }, 𝛼, 𝛽 ∈  𝐼 ̆  𝑇𝜂̆
𝜔 , 𝐹𝜂̆

𝜆    ⊆  𝐼

∑ 𝑠𝑢𝑝  𝑇𝜂̆
𝜔(𝛿 ̆)

𝛼

𝜔=1

+ ∑ 𝑠𝑢𝑝 𝐹𝜂̆
𝜆(𝛿 ̆)

𝛽

𝜆=1

≤ 1.
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(𝛿 ̆, 𝐺̆) 𝐺̆ = ( 𝑇𝜂̆
𝜔, 𝐹𝜂̆

𝜆 )

 𝜂̆
𝑅𝐼𝐹𝑆

𝜂̆𝑅𝐼𝐹𝑆 = { < 𝐵̆1, (0.5, 0.4), (0.3,0.25) >, < 𝐵̆2, (0.35,0.3), (0.15,0.1) >, 

< 𝐵̆3, (0.35,0.25), (0.3,0.2) >, < 𝐵̆4, (0.6,0.1), (0.12,0.2) > }.

𝜂̆1𝑅𝐼𝐹𝑆
= (𝛿, 𝐺̆1) 𝜂̆2𝑅𝐼𝐹𝑆

= (𝛿, 𝐺̆2) 𝜂̆1𝑅𝐼𝐹𝑆
⊆  𝜂̆2𝑅𝐼𝐹𝑆

∑ 𝑠𝑢𝑝  𝑇𝜂̆1

𝜔 (𝛿 ̆)

𝛼

𝜔=1

≤ ∑ 𝑠𝑢𝑝  𝑇𝜂̆2

𝜔 (𝛿 ̆)

𝛼

𝜔=1

,   ∑ 𝑠𝑢𝑝 𝐹𝜂̆1

𝜆 (𝛿 ̆)

𝛽

𝜆=1

≥  ∑ 𝑠𝑢𝑝 𝐹𝜂̆2

𝜆 (𝛿 ̆)

𝛽

𝜆=1

  ∀    𝛿 ̆  ∈  𝑈 ̆.

∑ 𝑠𝑢𝑝  𝑇𝜂̆1

𝜔 (𝛿 ̆)

𝛼

𝜔=1

< ∑ 𝑠𝑢𝑝  𝑇𝜂̆2

𝜔 (𝛿 ̆)

𝛼

𝜔=1

,   ∑ 𝑠𝑢𝑝 𝐹𝜂̆1

𝜆 (𝛿 ̆)

𝛽

𝜆=1

> ∑ 𝑠𝑢𝑝 𝐹𝜂̆2

𝜆 (𝛿 ̆)

𝛽

𝜆=1

  ∀    𝛿 ̆  ∈  𝑈 ̆ .

(𝛿 ̆, 𝐺̆1) ⊂  (𝛿 ̆, 𝐺̆2)

(𝛿 ̆, 𝐺̆1
𝑖) ⊂  (𝛿 ̆, 𝐺̆2

𝑖 ) (𝛿 ̆, 𝐺̆1
𝑖 )

(𝛿 ̆, 𝐺̆2
𝑖 ) 𝐺̆1

𝑖 ⊂  𝐺̆2
𝑖  

∑ 𝑠𝑢𝑝  𝑇𝜂̆1

𝜔 (𝛿 ̆)

𝛼

𝜔=1

< ∑ 𝑠𝑢𝑝  𝑇𝜂̆2

𝜔 (𝛿 ̆)

𝛼

𝜔=1

, ∑ 𝑠𝑢𝑝 𝐹𝜂̆1

𝜆 (𝛿 ̆)

𝛽

𝜆=1

> ∑ 𝑠𝑢𝑝 𝐹𝜂̆2

𝜆 (𝛿 ̆)

𝛽

𝜆=1

, ∀ 𝛿 ̆ ∈ 𝑈 ̆.

(𝛿 ̆, 𝐺̆1
𝑖) ⊂  (𝛿 ̆, 𝐺̆2

𝑖 )∀    𝑖 = 1, 2, 3, … , 𝑛.

𝜂1𝑅𝐼𝐹𝑆
𝜂̆2𝑅𝐼𝐹𝑆

𝜂̆1𝑅𝐼𝐹𝑆
= { < 𝐵̆1, (0.35, 0.1), (0.22, 0.19) >, < 𝐵̆2, (0.25,0.03), (0.15,0.19) >, 

< 𝐵̆3, (0.2,0.1), (0.2,0.24) >, < 𝐵̆4, (0.3,0.4), (0.06,0.04) > }, 

𝜂̆2𝑅𝐼𝐹𝑆
= { < 𝐵̆1, (0.38, 0.11), (0.2, 0.14) >, < 𝐵̆2, (0.45,0.04), (0.1,0.14) >, 

< 𝐵̆3, (0.3,0.2), (0.01,0.06) >, < 𝐵̆4, (0.31,0.41), (0.01,0.011) > }. 

𝜂̆1𝑅𝐼𝐹𝑆
⊆  𝜂̆2𝑅𝐼𝐹𝑆



𝜂̆1𝑅𝐼𝐹𝑆
= (𝛿, 𝐺̆1) 𝜂̆2𝑅𝐼𝐹𝑆

= (𝛿, 𝐺̆2) 𝜂̆1𝑅𝐼𝐹𝑆
=  𝜂̆2𝑅𝐼𝐹𝑆

𝜂̆1𝑅𝐼𝐹𝑆
⊆  𝜂̆2𝑅𝐼𝐹𝑆

𝜂̆2𝑅𝐼𝐹𝑆
⊆  𝜂̆1𝑅𝐼𝐹𝑆

𝜂1𝑅𝐼𝐹𝑆
𝜂̆2𝑅𝐼𝐹𝑆

𝜂̆1𝑅𝐼𝐹𝑆
=  (𝛿, 𝐺̆1) = { < 𝐵̆1, (0.4, 0.5), (0.03, 0.04) >, < 𝐵̆2, (0.5,0.4), (0.05,0.04) >, 

< 𝐵̆3, (0.5,0.2), (0.01,0.06) >, < 𝐵̆4, (0.3,0.4), (0.06,0.04) > }, 

𝜂̆2𝑅𝐼𝐹𝑆
= (𝛿, 𝐺̆2) = { < 𝐵̆1, (0.4, 0.5), (0.03, 0.04) >, < 𝐵̆2, (0.5,0.4), (0.05,0.04) >, 

< 𝐵̆3, (0.5,0.2), (0.01,0.06) >, < 𝐵̆4, (0.3,0.4), (0.06,0.04) > }. 

𝜂̆1𝑅𝐼𝐹𝑆
=  𝜂̆2𝑅𝐼𝐹𝑆

(𝛿, 𝐺̆)

∑ 𝑠𝑢𝑝  𝑇𝜂̆
𝜔(𝛿 ̆)

𝛼

𝜔=1

= 0,   ∑ 𝑠𝑢𝑝 𝐹𝜂̆
𝜆(𝛿 ̆)

𝛽

𝜆=1

= 0, ∀    𝛿 ̆  ∈  𝑈 ̆ .

(𝛿, 𝐺̆)
𝑛𝑢𝑙𝑙

(𝛿, 𝐺̆) = { < 𝐵̆1, (0, 0), (0, 0) >, < 𝐵̆2, (0,0), (0,0) >,

< 𝐵̆3, (0,0), (0,0) >, < 𝐵̆4, (0,0), (0,0) > }. 

(𝛿, 𝐺̆) (𝛿, 𝐺̆𝑐)

∑ 𝑠𝑢𝑝  𝑇𝜂̆𝑐
𝜔 (𝛿 ̆)

𝛼

𝜔=1

= ∑ 𝑠𝑢𝑝 𝐹𝜂̆
𝜆(𝛿 ̆)

𝛽

𝜆=1

, ∑ 𝑠𝑢𝑝 𝐹𝜂̆𝑐
𝜆 (𝛿 ̆)

𝛽

𝜆=1

= ∑ 𝑠𝑢𝑝  𝑇𝜂̆
𝜔(𝛿 ̆)

𝛼

𝜔=1

, ∀    𝛿 ̆  ∈  𝑈 ̆ .

(𝛿, 𝐺̆𝑐  ) (𝛿, 𝐺̆𝑐)

∑ 𝑠𝑢𝑝  𝑇𝜂̆𝑖
𝑐

𝜔 (𝛿 ̆)

𝛼

𝜔=1

= ∑ 𝑠𝑢𝑝 𝐹𝜂̆
𝜆(𝛿 ̆)

𝛽

𝜆=1

, ∑ 𝑠𝑢𝑝 𝐹𝜂̆𝑖
𝑐

𝜆 (𝛿 ̆)

𝛽

𝜆=1

= ∑ 𝑠𝑢𝑝  𝑇𝜂̆
𝜔(𝛿 ̆)

𝛼

𝜔=1

, ∀  𝑖 = 1,2,3, … , 𝑛.

𝜂̆𝑅𝐼𝐹𝑆
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𝜂̆𝑅𝐼𝐹𝑆 = { < 𝐵̆1, (0.2, 0.1), (0.3, 0.35) >, < 𝐵̆2, (0.05,0.34), (0.45,0.04) >, 

< 𝐵̆3, (0.01,0.6), (0.1,0.02) >, < 𝐵̆4, (0.3,0.04), (0.12,0.2) > }. 

𝜂̆𝑅𝐼𝐹𝑆

𝜂̆𝑅𝐼𝐹𝑆 = { < 𝐵̆1(0.3, 0.35), (0.2, 0.1) >, < 𝐵̆2, (0.45,0.04), (0.05,0.34) >, 

< 𝐵̆3, (0.1,0.02), (0.01,0.6) >, < 𝐵̆4, (0.12,0.2), (0.3,0.04) > }.

 (𝛿, 𝐺̆1) (𝛿, 𝐺̆2) (𝛿, 𝐺̆1) ∪ (𝛿, 𝐺̆2) (𝛿, 𝐺̆1) ∪

(𝛿, 𝐺̆2) = (𝛿, Ῠ )  Ῠ = 𝐺̆1 ∪ 𝐺̆2 (𝛿, Ῠ ̆)

TῨ(δ̆) = max (∑ sup  Tη̆1

ω (δ ̆)

α

ω=1

, ∑ sup  Tη̆2

ω (δ ̆)

α

ω=1

),

𝐹𝛶̆(𝛿) = 𝑚𝑖𝑛 (∑ 𝑠𝑢𝑝 𝐹𝜂̆1

𝜆 (𝛿 ̆)

𝛽

𝜆=1

, ∑ 𝑠𝑢𝑝 𝐹𝜂̆2

𝜆 (𝛿 ̆)

𝛽

𝜆=1

).

 (𝛿, 𝐺̆1
𝑖 ) (𝛿, 𝐺̆2

𝑖 ) (𝛿, 𝐺̆1
𝑖 ) ∪ (𝛿, 𝐺̆2

𝑖 )

(𝛿, 𝐺̆1
𝑖) ∪ (𝛿, 𝐺̆2

𝑖 ) = (𝛿, Ῠ𝑖)  Ῠ𝑖 = 𝐺̆1
𝑖 ∪ 𝐺̆2

𝑖 ,   𝑖 = 1,2,3, … , 𝑛

(𝛿, Ῠ𝑖  )

𝑇𝛶̆𝑖(𝛿) = 𝑚𝑎𝑥 (∑ 𝑠𝑢𝑝  𝑇𝜂̆1

𝜔 (𝛿 ̆)

𝛼

𝜔=1

, ∑ 𝑠𝑢𝑝  𝑇𝜂̆2

𝜔 (𝛿 ̆)

𝛼

𝜔=1

),

𝐹𝛶̆𝑖(𝛿) = 𝑚𝑖𝑛 (∑ 𝑠𝑢𝑝 𝐹𝜂̆1

𝜆 (𝛿 ̆)

𝛽

𝜆=1

, ∑ 𝑠𝑢𝑝 𝐹𝜂̆2

𝜆 (𝛿 ̆)

𝛽

𝜆=1

).

(𝛿, 𝐺̆1) = { < 𝐵̆1, >, < 𝐵̆2, (0.2,0.25), (0.15,0.24) >,

< 𝐵̆3, (0.1,0.36), (0.34,0.12) >, < 𝐵̆4, (0.16,0.14), (0.23,0.37) > },

(𝛿, 𝐺̆2) = { < 𝐵̆1, >, 



< 𝐵̆2, (0.32,0.38), (0.1,0.04) >, 

< 𝐵̆3, (0.01,0.16), (0.5,0.2) >, < 𝐵̆4, (0.26,0.15), (0.12,0.2) > },

 (𝛿, 𝐺̆1) (𝛿, 𝐺̆2)

(𝛿, 𝛶̆ ), = { < 𝐵̆1, >, < 𝐵̆2, (0.32,0.38), (0.1,0.04) >, 

< 𝐵̆3, (0.1,0.36), (0.34,0.12) >, < 𝐵̆4, (0.26,0.15), (0.12,0.2) > }.

 (𝛿, 𝐺̆1) (𝛿, 𝐺̆2) (𝛿, 𝐺̆1) ∩ (𝛿, 𝐺̆2)

(𝛿, 𝐺̆1) ∩ (𝛿, 𝐺̆2) = (𝛿, 𝛶̆ )  Ῠ = 𝐺̆1 ∩ 𝐺̆2 (𝛿, Ῠ ̆)

𝑇𝛶̆(𝛿) = 𝑚𝑖𝑛 (∑ 𝑠𝑢𝑝  𝑇𝜂̆1

𝜔 (𝛿 ̆)

𝛼

𝜔=1

, ∑ 𝑠𝑢𝑝  𝑇𝜂̆2

𝜔 (𝛿 ̆)

𝛼

𝜔=1

),

𝐹𝛶̆(𝛿) = 𝑚𝑎𝑥 (∑ 𝑠𝑢𝑝 𝐹𝜂̆1

𝜆 (𝛿 ̆)

𝛽

𝜆=1

, ∑ 𝑠𝑢𝑝 𝐹𝜂̆2

𝜆 (𝛿 ̆)

𝛽

𝜆=1

).

 (𝛿, 𝐺̆1
𝑖) (𝛿, 𝐺̆2

𝑖 ) (𝛿, 𝐺̆1
𝑖 ) ∩ (𝛿, 𝐺̆2

𝑖 )

(𝛿, 𝐺̆1
𝑖) ∩ (𝛿, 𝐺̆2

𝑖 ) = (𝛿, 𝛶̆𝑖)  𝛶̆𝑖 = 𝐺̆1
𝑖 ∩ 𝐺̆2

𝑖 ,   𝑖 = 1,2,3, … , 𝑛

(𝛿, 𝛶̆𝑖  )

𝑇𝛶̆𝑖(𝛿) = 𝑚𝑖𝑛 (∑ 𝑠𝑢𝑝  𝑇𝜂̆1

𝜔 (𝛿 ̆)

𝛼

𝜔=1

, ∑ 𝑠𝑢𝑝  𝑇𝜂̆2

𝜔 (𝛿 ̆)

𝛼

𝜔=1

),

𝐹𝛶̆𝑖(𝛿) = 𝑚𝑎𝑥 (∑ 𝑠𝑢𝑝 𝐹𝜂̆1

𝜆 (𝛿 ̆)

𝛽

𝜆=1

, ∑ 𝑠𝑢𝑝 𝐹𝜂̆2

𝜆 (𝛿 ̆)

𝛽

𝜆=1

).

(𝛿, 𝐺̆1) = { < 𝐵̆1, >,

 < 𝐵̆2, (0.2,0.25), (0.15,0.24) >, 

< 𝐵̆3, (0.1,0.36), (0.34,0.12) >, < 𝐵̆4, (0.16,0.14), (0.23,0.37) > },

(𝛿, 𝐺̆2) = { < 𝐵̆1, >, 

< 𝐵̆2, (0.32,0.38), (0.1,0.04) >, 

< 𝐵̆3, (0.01,0.16), (0.5,0.2) >, < 𝐵̆4, (0.26,0.15), (0.12,0.2) > },
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 (𝛿, 𝐺̆1) (𝛿, 𝐺̆2)

(𝛿, 𝛶̆ ) = { < 𝐵̆1, >, 

< 𝐵̆2, (0.2,0.25), (0.15,0.24) >, 

< 𝐵̆3, (0.01,0.16), (0.5,0.2) >, < 𝐵̆4, (0.16,0.14), (0.23,0.37) > }.

 (𝛿, 𝐺̆1) (𝛿, 𝐺̆2) (𝛿, 𝐺̆1) ∩𝜀 (𝛿, 𝐺̆2)

(𝛿, 𝐺̆1) ∩𝜀 (𝛿, 𝐺̆2) = (𝛿, Ῠ )  Ῠ = 𝐺̆1 ∪ 𝐺̆2 (𝛿, Ῠ ̆)

𝑇𝛶̆(𝛿) = 𝑚𝑖𝑛 (∑ 𝑠𝑢𝑝  𝑇𝜂̆1

𝜔 (𝛿 ̆)

𝛼

𝜔=1

, ∑ 𝑠𝑢𝑝  𝑇𝜂̆2

𝜔 (𝛿 ̆)

𝛼

𝜔=1

),

𝐹𝛶̆(𝛿) = 𝑚𝑎𝑥 (∑ 𝑠𝑢𝑝 𝐹𝜂̆1

𝜆 (𝛿 ̆)

𝛽

𝜆=1

, ∑ 𝑠𝑢𝑝 𝐹𝜂̆2

𝜆 (𝛿 ̆)

𝛽

𝜆=1

).

 (𝛿, 𝐺̆1
𝑖) (𝛿, 𝐺̆2

𝑖 ) (𝛿,

𝐺̆1
𝑖) ∩𝜀 (𝛿, 𝐺̆2

𝑖 ) (𝛿, 𝐺̆1
𝑖 ) ∩𝜀 (𝛿, 𝐺̆2

𝑖 ) = (𝛿, 𝛶̆𝑖)  𝛶̆𝑖 = 𝐺̆1
𝑖 ∪ 𝐺̆2

𝑖 ,   𝑖 = 1,2,3, … , 𝑛

(𝛿, 𝛶̆𝑖  )

𝑇𝛶̆𝑖(𝛿) = 𝑚𝑖𝑛 (∑ 𝑠𝑢𝑝  𝑇𝜂̆1

𝜔 (𝛿 ̆)

𝛼

𝜔=1

, ∑ 𝑠𝑢𝑝  𝑇𝜂̆2

𝜔 (𝛿 ̆)

𝛼

𝜔=1

),

𝐹𝛶̆𝑖(𝛿) = 𝑚𝑎𝑥 (∑ 𝑠𝑢𝑝 𝐹𝜂̆1

𝜆 (𝛿 ̆)

𝛽

𝜆=1

, ∑ 𝑠𝑢𝑝 𝐹𝜂̆2

𝜆 (𝛿 ̆)

𝛽

𝜆=1

).

(𝛿, 𝐺̆1) = { < 𝐵̆1, >, 

< 𝐵̆2, (0.2,0.25), (0.15,0.24) >, 

< 𝐵̆3, (0.1,0.36), (0.34,0.12) > },

(𝛿, 𝐺̆2) = {< 𝐵̆3, (0.01,0.16), (0.5,0.2) >, < 𝐵̆4, (0.26,0.15), (0.12,0.2) > },

 (𝛿, 𝐺̆1) (𝛿, 𝐺̆2)

(𝛿, 𝛶̆ ) = { < 𝐵̆1, >, < 𝐵̆2, (0.2,0.25), (0.15,0.24) >, 

< 𝐵̆3, (0.01,0.16), (0.5,0.2) >, < 𝐵̆4, (0.26,0.15), (0.12,0.2) > }.



 (𝛿, 𝐺̆1) (𝛿, 𝐺̆2) (𝛿, 𝐺̆1) ∪𝑅 (𝛿, 𝐺̆2)

(𝛿, 𝐺̆1) ∪𝑅 (𝛿, 𝐺̆2) = (𝛿, 𝛶̆ )  𝛶̆ = 𝐺̆1 ∩𝑅 𝐺̆2 (𝛿, 𝛶̆ ̆)

𝑇𝛶̆(𝛿) = 𝑚𝑎𝑥 (∑ 𝑠𝑢𝑝  𝑇𝜂̆1

𝜔 (𝛿 ̆)

𝛼

𝜔=1

, ∑ 𝑠𝑢𝑝  𝑇𝜂̆2

𝜔 (𝛿 ̆)

𝛼

𝜔=1

).

𝐹𝛶̆(𝛿) = 𝑚𝑖𝑛 (∑ 𝑠𝑢𝑝 𝐹𝜂̆1

𝜆 (𝛿 ̆)

𝛽

𝜆=1

, ∑ 𝑠𝑢𝑝 𝐹𝜂̆2

𝜆 (𝛿 ̆)

𝛽

𝜆=1

).

 (𝛿, 𝐺̆1
𝑖) (𝛿, 𝐺̆2

𝑖 )

(𝛿, 𝐺̆1
𝑖) ∪𝑅 (𝛿, 𝐺̆2

𝑖 ) (𝛿, 𝐺̆1
𝑖 ) ∪𝑅 (𝛿, 𝐺̆2

𝑖 ) = (𝛿, 𝛶̆𝑖)  𝛶̆𝑖 = 𝐺̆1
𝑖 ∩𝑅 𝐺̆2 

𝑖 , 𝑖 = 1,2,3, … , 𝑛

(𝛿, 𝛶̆𝑖  )

𝑇𝛶̆𝑖(𝛿) = 𝑚𝑎𝑥 (∑ 𝑠𝑢𝑝  𝑇𝜂̆1

𝜔 (𝛿 ̆)

𝛼

𝜔=1

, ∑ 𝑠𝑢𝑝  𝑇𝜂̆2

𝜔 (𝛿 ̆)

𝛼

𝜔=1

),

𝐹𝛶̆𝑖(𝛿) = 𝑚𝑖𝑛 (∑ 𝑠𝑢𝑝 𝐹𝜂̆1

𝜆 (𝛿 ̆)

𝛽

𝜆=1

, ∑ 𝑠𝑢𝑝 𝐹𝜂̆2

𝜆 (𝛿 ̆)

𝛽

𝜆=1

).

(𝛿, 𝐺̆1) = { < 𝐵̆1, >, 

< 𝐵̆2, (0.2,0.25), (0.15,0.24) >, 

< 𝐵̆3, (0.1,0.36), (0.34,0.12) > },

(𝛿, 𝐺̆2) = {< 𝐵̆3, (0.01,0.16), (0.5,0.2) >, < 𝐵̆4, (0.26,0.15), (0.12,0.2) > },

 (𝛿, 𝐺̆1) (𝛿, 𝐺̆2)

(𝛿, 𝛶̆ ) = {< 𝐵̆3, (0.1,0.36), (0.34,0.12) > }.

 (𝛿, 𝐺̆1) (𝛿, 𝐺̆2) (𝛿, 𝐺̆1) ∩𝑅 (𝛿, 𝐺̆2)

(𝛿, 𝐺̆1) ∩𝑅 (𝛿, 𝐺̆2) = (𝛿, 𝛶̆ )  𝛶̆ = 𝐺̆1 ∩𝑅 𝐺̆2 (𝛿, 𝛶̆ ̆)
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𝑇𝛶̆(𝛿) = 𝑚𝑖𝑛 (∑ 𝑠𝑢𝑝  𝑇𝜂̆1

𝜔 (𝛿 ̆)

𝛼

𝜔=1

, ∑ 𝑠𝑢𝑝  𝑇𝜂̆2

𝜔 (𝛿 ̆)

𝛼

𝜔=1

),

𝐹𝛶̆(𝛿) = 𝑚𝑎𝑥 (∑ 𝑠𝑢𝑝 𝐹𝜂̆1

𝜆 (𝛿 ̆)

𝛽

𝜆=1

, ∑ 𝑠𝑢𝑝 𝐹𝜂̆2

𝜆 (𝛿 ̆)

𝛽

𝜆=1

).

 (𝛿, 𝐺̆1
𝑖 ) (𝛿, 𝐺̆2

𝑖 )

(𝛿, 𝐺̆1
𝑖) ∩𝑅 (𝛿, 𝐺̆2

𝑖 ) (𝛿, 𝐺̆1
𝑖 ) ∩𝑅 (𝛿, 𝐺̆2

𝑖 ) = (𝛿, 𝛶̆𝑖)  𝛶̆𝑖 = 𝐺̆1
𝑖 ∩𝑅 𝐺̆2 

𝑖 , 𝑖 = 1,2,3, … , 𝑛

(𝛿, 𝛶̆𝑖  )

𝑇𝛶̆𝑖(𝛿) = 𝑚𝑖𝑛 (∑ 𝑠𝑢𝑝  𝑇𝜂̆1

𝜔 (𝛿 ̆)

𝛼

𝜔=1

, ∑ 𝑠𝑢𝑝  𝑇𝜂̆2

𝜔 (𝛿 ̆)

𝛼

𝜔=1

),

𝐹𝛶̆𝑖(𝛿) = 𝑚𝑎𝑥 (∑ 𝑠𝑢𝑝 𝐹𝜂̆1

𝜆 (𝛿 ̆)

𝛽

𝜆=1

, ∑ 𝑠𝑢𝑝 𝐹𝜂̆2

𝜆 (𝛿 ̆)

𝛽

𝜆=1

).

(𝛿, 𝐺̆1) = { < 𝐵̆1, >, 

< 𝐵̆2, (0.2,0.25), (0.15,0.24) >, 

< 𝐵̆3, (0.1,0.36), (0.34,0.12) > },

(𝛿, 𝐺̆2) = {< 𝐵̆2, (0.32,0.38), (0.1,0.04) >, < 𝐵̆4, (0.26,0.15), (0.12,0.2) > },

 (𝛿, 𝐺̆1) (𝛿, 𝐺̆2)

(𝛿, 𝛶̆ ) = {< 𝐵̆2, (0.2,0.25), (0.15,0.24) > }.

 (𝛿, 𝐺̆1) (𝛿, 𝐺̆2) (𝛿, 𝐺̆1)−𝑅(𝛿, 𝐺̆2)

(𝛿, 𝐺̆1)−𝑅(𝛿, 𝐺̆2) = (𝛿, 𝛶̆ )  𝛶̆ = 𝐺̆1−𝑅𝐺̆2

(𝛿, 𝐺̆1) = { < 𝐵̆1, >, 

< 𝐵̆2, (0.2,0.25), (0.15,0.24) >, 

< 𝐵̆3, (0.1,0.36), (0.34,0.12) >, < 𝐵̆4, (0.16,0.14), (0.23,0.37) > },



(𝛿, 𝐺̆2) = { < 𝐵̆1, >, < 𝐵̆2, (0.32,0.38), (0.1,0.04) >,

< 𝐵̆3, (0.01,0.16), (0.5,0.2) > },

 (𝛿, 𝐺̆1) (𝛿, 𝐺̆2)

(𝛿, 𝛶̆ ) = {< 𝐵̆4, (0.16,0.14), (0.23,0.37) > }.

(𝛿, 𝐺̆)  ∪ (𝛿, 𝐺̆) =  (𝛿, 𝐺̆) =  (𝛿, 𝐺̆) ∪𝑅 (𝛿, 𝐺̆).

(𝛿, 𝐺̆)  ∩ (𝛿, 𝐺̆) =  (𝛿, 𝐺̆) =  (𝛿, 𝐺̆) ∩𝜀 (𝛿, 𝐺̆).

(𝛿, 𝐺̆) = { < 𝐵̆1, >, 

< 𝐵̆2, (0.2,0.25), (0.15,0.24) >, 

< 𝐵̆3, (0.1,0.36), (0.34,0.12) >, < 𝐵̆4, (0.16,0.14), (0.23,0.37) > }.

(𝛿, 𝐺̆)  ∪ (𝛿, 𝐺̆) = { < 𝐵̆1, >, 

< 𝐵̆2, (0.2,0.25), (0.15,0.24) >, 

< 𝐵̆3, (0.1,0.36), (0.34,0.12) >, < 𝐵̆4, (0.16,0.14), (0.23,0.37) > }

= (𝛿, 𝐺̆) =  (𝛿, 𝐺̆) ∪𝑅 (𝛿, 𝐺̆)

(𝛿, 𝐺̆)  ∪ ∅̆ =  (𝛿, 𝐺̆) =  (𝛿, 𝐺̆) ∪𝑅 ∅̆.

(𝛿, 𝐺̆)  ∩ 𝑈̆ =  (𝛿, 𝐺̆) =  (𝛿, 𝐺̆) ∩𝜀 𝑈.̆

(𝛿, 𝐺̆) = { < 𝐵̆1, >, 
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< 𝐵̆2, (0.2,0.25), (0.15,0.24) >, 

< 𝐵̆3, (0.1,0.36), (0.34,0.12) >, < 𝐵̆4, (0.16,0.14), (0.23,0.37) > }.

(𝛿, 𝐺̆)  ∪ ∅̆ = { < 𝐵̆1, >,

 < 𝐵̆2, (0.2,0.25), (0.15,0.24) >, 

< 𝐵̆3, (0.1,0.36), (0.34,0.12) >, < 𝐵̆4, (0.16,0.14), (0.23,0.37) > }

= (𝛿, 𝐺̆) =  (𝛿, 𝐺̆) ∪𝑅 ∅̆

(𝛿, 𝐺̆)  ∪ 𝑈̆ =  𝑈̆ =  (𝛿, 𝐺̆) ∪𝑅 𝑈̆.

(𝛿, 𝐺̆)  ∩ ∅̆ =  ∅̆ =  (𝛿, 𝐺̆) ∩𝜀 ∅̆.

(𝛿, 𝐺̆) = { < 𝐵̆1, >, 

< 𝐵̆2, (0.2,0.25), (0.15,0.24) >, 

< 𝐵̆3, (0.1,0.36), (0.34,0.12) >, < 𝐵̆4, (0.16,0.14), (0.23,0.37) > }.

(𝛿, 𝐺̆)  ∪ 𝑈̆ = { < 𝐵̆1, >,

 < 𝐵̆2, (0.2,0.25), (0.15,0.24) >, 

< 𝐵̆3, (0.1,0.36), (0.34,0.12) >, < 𝐵̆4, (0.16,0.14), (0.23,0.37) > }  ∪ 𝑈̆

= 𝑈̆ =  (𝛿, 𝐺̆) ∪𝑅 𝑈̆

((𝛿, 𝐺̆1)  ∪ (𝛿, 𝐺̆2))
𝑐

=  (𝛿, 𝐺̆1)
𝑐

∩𝜀 (𝛿, 𝐺̆2)
𝑐
.

((𝛿, 𝐺̆1) ∩𝜀 (𝛿, 𝐺̆2))
𝑐

= (𝛿, 𝐺̆1)
𝑐

∪ (𝛿, 𝐺̆2)
𝑐
.



(𝛿, 𝐺̆1)  ∪ (𝛿, 𝐺̆2) = { < 𝐵̆1, >, 

< 𝐵̆2, (0.32,0.38), (0.1,0.04) >, 

< 𝐵̆3, (0.1,0.36), (0.34,0.12) >, < 𝐵̆4, (0.26,0.15), (0.12,0.2) > }.

((𝛿, 𝐺̆1)  ∪ (𝛿, 𝐺̆2))
𝑐

= { < 𝐵̆1 , >, 

< 𝐵̆2, (0.1,0.04), (0.32,0.38) >, 

< 𝐵̆3, (0.34,0.12), (0.1,0.36) >, < 𝐵̆4, (0.12,0.2), (0.26,0.15) >}

(𝛿, 𝐺̆1)
𝑐

∩𝜀 (𝛿, 𝐺̆2)
𝑐

= { < 𝐵̆1 , >, 

< 𝐵̆2, (0.1,0.04), (0.32,0.38) >, 

< 𝐵̆3, (0.34,0.12), (0.1,0.36) >, < 𝐵̆4, (0.12,0.2), (0.26,0.15) >}

(𝛿, 𝐺̆1)  ∪ (𝛿, 𝐺̆2) =  (𝛿, 𝐺̆2)  ∪ (𝛿, 𝐺̆1).

(𝛿, 𝐺̆1) ∪𝑅 (𝛿, 𝐺̆2) = (𝛿, 𝐺̆2) ∪𝑅 (𝛿, 𝐺̆1).

(𝛿, 𝐺̆1)  ∩ (𝛿, 𝐺̆2) = (𝛿, 𝐺̆2)  ∩ (𝛿, 𝐺̆1).

(𝛿, 𝐺̆1) ∩𝜀 (𝛿, 𝐺̆2) = (𝛿, 𝐺̆2) ∩𝜀 (𝛿, 𝐺̆1).

(𝛿, 𝐺̆1)  ∪ (𝛿, 𝐺̆2) = { < 𝐵̆1, >, 

< 𝐵̆2, (0.32,0.38), (0.1,0.04) >, 

< 𝐵̆3, (0.1,0.36), (0.34,0.12) >, < 𝐵̆4, (0.26,0.15), (0.12,0.2) > }.

(𝛿, 𝐺̆2)  ∪ (𝛿, 𝐺̆1) = { < 𝐵̆1, >, 

< 𝐵̆2, (0.32,0.38), (0.1,0.04) >, 

< 𝐵̆3, (0.1,0.36), (0.34,0.12) >, < 𝐵̆4, (0.26,0.15), (0.12,0.2) > }.
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



 

 



𝑋 𝑃 =

{𝑤, 𝜙𝑝(𝑤), 𝜓𝑝(𝑤)/𝑤 ∈ 𝑋} 𝜙: 𝑋 → [0,1] 𝜓: 𝑋 → [0,1]

𝑤 ∈ 𝑋 𝑃 0 ≤ (𝜙𝑝(𝑤))
2
+ (𝜓𝑝(𝑤))

2
≤ 1

𝑤 ∈ 𝑋 𝑃 = (𝜙𝑝(𝑤), 𝜓𝑝(𝑤))

𝑃̃ = [𝜙𝑝̃, 𝜓𝑝̃]

𝑤1, 𝑤2 ∈ 𝑆

 ϕp̃(w1w2) ≥ min{ϕp̃(w1), ϕp̃(w2)},

ψp̃(w1w2) ≤ max{ψp̃(w1), ψp̃(w2)}

𝑆 = {𝑢, 𝑣, 𝑤, 𝑥, 𝑦}

𝑃̃ = [𝜙𝑝̃, 𝜓𝑝̃] 𝑆

• u v w x y

𝑢

𝑣

𝑤

𝑥

𝑦

S [ϕp̃(w1), ψp̃(w1)]

u [0.7,0.8], [0.1,0.2]
v [0.4,0.6], [0.4,0.5]
w [0.3,0.5], [0.5,0.6]
x [0.1,0.2], [0.3,0.5]
y [0.3,0.5], [0.5,0.6]
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 ϕp̃(uv) ≥ min{ϕp̃(u),ϕp̃(v)}

 ≥

ψp̃(uv) ≤ max{ψp̃(u),ψp̃(v)}

≤

𝑃̃ = [𝜙𝑝̃, 𝜓𝑝̃] 𝑆

𝑃̃ = (𝜙𝑝̃, 𝜓𝑝̃) 𝑆

P̃LI P̃RI S 𝑤1, 𝑤2 ∈ 𝑆

 ϕp̃(w1w2) ≥ ϕp̃(w2);

ψp̃(w1w2) ≤ ψp̃(w2) P̃RI

ϕp̃(w1w2) ≥ ϕp̃(w1);

ψp̃(w1w2) ≤ ψp̃(w1)

𝑃̃ = [𝜙𝑝̃, 𝜓𝑝̃] 𝑃̃I 𝑤1, 𝑤2 ∈ 𝑆 𝑃 ̃

𝑆

(w1w2) ≥ max{ϕp̃(w1),ϕp̃(w2)}

 ψp̃(w1w2) ≤ min{ψp̃(w1), ψp̃(w2)}

𝑃̃ = [𝜙𝑝̃, 𝜓𝑝̃]

𝑃̃𝐵𝐼 𝑎, 𝑤1, 𝑤2 ∈ 𝑆

ϕp̃(w1aw2) ≥ min{ϕp̃(w1), ϕp̃(w2)}

𝜓𝑝̃(𝑤1𝑎𝑤2) ≤ 𝑚𝑎𝑥{𝜓𝑝̃(𝑤1), 𝜓𝑝̃(𝑤2)}

𝑆 = {𝑢, 𝑣, 𝑤, 𝑥, 𝑦}

𝑃̃ = [𝜙𝑝̃, 𝜓𝑝̃] 𝑆

𝑃̃ = [𝜙𝑝̃, 𝜓𝑝̃] 𝑆

𝑃̃ = ⟨[𝜙𝑝̃, 𝜓𝑝̃]⟩

𝑃̃𝐼𝐼 𝑎, 𝑤1, 𝑤2 ∈ 𝑆

ϕp̃(w1aw2) ≥ ϕp̃(a);

S [ϕp̃(w1), ψp̃(w1)]

u [0.8,0.9], [0.1,0.3]
v [0.3,0.5], [0.7,0.9]
w [0.4,0.6], [0.6,0.7]
x [0.3,0.5], [0.7,0.9]
y [0.7,0.8], [0.4,0.5]



ψp̃(w1aw2) ≤ ψp̃(a)

𝑁 𝑆 𝜒𝑁 =

{𝑤1, [𝜙̃𝜒𝑁(𝑤1), 𝜓̃𝜒𝑁(𝑤1)]|𝑤1 ∈ 𝑆} 𝜒𝑁 = [𝜙̃𝜒𝑁 , 𝜓̃𝜒𝑁]

𝜙̃𝜒𝑁(𝑤1) = {
1 ̃𝑖𝑓 𝑥 ∈ 𝑁

0̃ 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒   𝜓̃𝜒𝑁(𝑤1) = {
0̃ 𝑖𝑓 𝑥 ∈ 𝑁

1 ̃𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

𝑆

 𝑆

𝑆

 𝑆

𝑆

𝑃1̃ = [𝜙̃𝑝1 , 𝜓̃𝑝1] 𝑃2̃ = [𝜙̃𝑝2 , 𝜓̃𝑝2]

S 𝑤1 , 𝑤2 ∈ 𝑆

(ϕ̃p1 ∩ ϕ̃p2)(w1, w2) = min{ϕ̃p1(w1, w2), ϕ̃p2(w1, w2)}

≥ min {min{ϕ̃p1(w1), ϕ̃p1(w2)},min{ϕ̃p2(w1), ϕ̃p2(w2)}}

= min {min{ϕ̃p1(w1), ϕ̃p2(w1)},min{ϕ̃p1(w2), ϕ̃p2(w2)}}

= min{ϕ̃p1 ∩ ϕ̃p2(w1), ϕ̃p1 ∩ ϕ̃p2(w2)}

(ψ̃p1 ∪ ψ̃p2)(w1, w2) = max{ψ̃p1(w1, w2), ψ̃p2(w1, w2)}

≤ max {max{ψ̃p1(w1), ψ̃p1(w2)},max{ψ̃p2(w1), ψ̃p2(w2)}}

= max {max{ψ̃p1(w1), ψ̃p2(w1)},max{ψ̃p1(w2), ψ̃p2(w2)}}

= max{ψ̃p1 ∪ ψ̃p2(w1), ψ̃p1 ∪ ψ̃p2(w2)}.

P̃1 ∩ P̃2 = {⟨(ϕ̃p1 ∩ ϕ̃p2), (ψ̃p1 ∪ ψ̃p2)⟩}.

𝑆

(ϕ̃p1 ∩ ϕ̃p2)(w1, w2) = min{ϕ̃p1(w1, w2), ϕ̃p2(w1, w2)}  

 ≥ min{ϕ̃p1(w2), ϕ̃p2(w2)}

= (ϕ̃p1 ∩ ϕ̃p2)(w2);

(ψ̃p1 ∪ ψ̃p2)(w1, w2) = max{ψ̃p1(w1, w2), ψ̃p2(w1, w2)}

≤ max{ψ̃p1(w2), ψ̃p2(w2)}

= (ψ̃p1 ∪ ψ̃p2)(w2)

𝑃̃1 ∩ 𝑃̃2 = {⟨(𝜙̃𝑝1 ∩ 𝜙̃𝑝2), (𝜓̃𝑝1 ∪ 𝜓̃𝑝2)⟩}

𝑆
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𝑃̃ = [𝜙̃𝑝, 𝜓̃𝑝] 𝑆 S ⟨(𝜙𝑝
𝐿, 𝜙𝑝

𝑈), (𝜓𝑝
𝐿 , 𝜓𝑝

𝑈)⟩

𝑆

𝑃̃ = [𝜙̃𝑝, 𝜓̃𝑝] 𝑆 𝑤1, 𝑤2 ∈ 𝑆

[ϕp
L(w1w2),ϕp

U(w1w2)] = ϕ̃p(w1w2)

≥ min{ϕ̃p(w1), ϕ̃p(w2)}

= min{[ϕp
L(w1),ϕp

U(w1)], [ϕp
L(w2), ϕp

U(w2)]}

= min{[ϕp
L(w1),ϕp

L(w2)], [ϕp
U(w1), ϕp

U(w2)]}

𝜙𝑝
𝐿(𝑤1𝑤2) ≥ 𝑚𝑖𝑛{𝜙𝑝

𝐿(𝑤1), 𝜙𝑝
𝐿(𝑤2)} 𝜙𝑝

𝑈(𝑤1𝑤2) ≥ 𝑚𝑖𝑛{𝜙𝑝
𝑈(𝑤1), 𝜙𝑝

𝑈(𝑤2)}

[ψp
L(w1w2),ψp

U(w1w2)] = ψ̃p(w1w2)

≤ max{ψ̃p(w1), ψ̃p(w2)}

= max{[ψp
L(w1),ψp

U(w1)], [ψp
L(w2), ψp

U(w2)]}

= max{[ψp
L(w1),ψp

L(w2)], [ψp
U(w1), ψp

U(w2)]}

𝜓𝑝
𝐿(𝑤1𝑤2) ≤ 𝑚𝑎𝑥{𝜓𝑝

𝐿(𝑤1), 𝜓𝑝
𝐿(𝑤2)} 𝜓𝑝

𝑈(𝑤1𝑤2) ≤ 𝑚𝑎𝑥{𝜓𝑝
𝑈(𝑤1), 𝜙𝑝

𝑈(𝑤2)}

𝑃̃ = ⟨(𝜙𝑝
𝐿 , 𝜙𝑝

𝑈), (𝜓𝑝
𝐿 , 𝜓𝑝

𝑈)⟩ 𝑆

([𝜙𝑝
𝐿 , 𝜙𝑝

𝑈], [𝜓𝑝
𝐿 , 𝜓𝑝

𝑈]) S 𝑤1 , 𝑤2 ∈ 𝑆

ϕ̃p(w1w2) = [ϕp
L(w1w2), ϕp

U(w1w2)]

≥ [min{ϕp
L(w1),ϕp

L(w2)},min{ϕp
U(w1),ϕp

U(w2)}]

= min{[ϕp
L(w1),ϕp

U(w1)], [ϕp
L(w2), ϕp

U(w2)]}

= min{ϕ̃p(w1), ϕ̃p(w2)};

ψ̃p(w1w2) = [ψp
L(w1w2), ψp

U(w1w2)]

≤ [max{ψp
L(w1),ψp

L(w2)},max{ψp
U(w1),ψp

U(w2)}]

= max{[ψp
L(w1),ψp

U(w1)], [ψp
L(w2), ψp

U(w2)]}

= max{ψ̃p(w1), ψ̃p(w2)}

𝑃̃ = [𝜙̃𝑝, 𝜓̃𝑝] 𝑆

ϕ̃p(w1aw2) = [ϕp
L(w1aw2),ϕp

U(w1aw2)]

≥ [min{ϕp
L(w1),ϕp

L(w2)},min{ϕp
U(w1),ϕp

U(w2)}]

= min{[ϕp
L(w1),ϕp

U(w1)], [ϕp
L(w2), ϕp

U(w2)]}

= min{ϕ̃p(w1), ϕ̃p(w2)}

ψ̃p(w1aw2) = [ψp
L(w1aw2),ψp

U(w1aw2)]

≤ [max{ψp
L(w1),ψp

L(w2)},max{ψp
U(w1),ψp

U(w2)}]

= max{[ψp
L(w1),ψp

U(w1)], [ψp
L(w2), ψp

U(w2)]}



= max{ψ̃p(w1), ψ̃p(w2)}

𝑃̃ = [𝜙̃𝑝, 𝜓̃𝑝] 𝑆

{𝑃𝑖}𝑖∈𝐼 𝑆 ∩ 𝑃𝑖

S ∩ 𝑃𝑖 = (∩ 𝜙̃𝑝𝑖 ,∪ 𝜓̃𝑝𝑖)

∩ (𝜙̃𝑝𝑖) = 𝑖𝑛𝑓{(𝜙̃𝑝𝑖)(𝑤1)/𝑖 ∈ 𝐼, 𝑤1 ∈ 𝑆} ∪ (𝜓̃𝑝𝑖) = 𝑠𝑢𝑝{(𝜓̃𝑝𝑖)(𝑤1)/𝑖 ∈ 𝐼, 𝑤1 ∈ 𝑆} 𝑖 ∈ 𝐼

 𝑃̃𝑖 = ⟨[𝜙̃𝑝𝑖 , 𝜓̃𝑝𝑖]|𝑖 ∈ 𝐼⟩ 𝑆

𝑎,𝑤1 , 𝑤2 ∈ 𝑆

∩ ϕ̃pi(w1, w2) = inf{ϕ̃pi(w1, w2)/i ∈ I,w1, w2 ∈ S}

≥ inf {min{ϕ̃pi(w1), ϕ̃pi(w2)}}

= min {inf (ϕ̃pi(w1)) , inf (ϕ̃pi(w2))}

= min{∩ ϕ̃pi(w1),∩ ϕ̃pi(w2)}

∪ ψ̃pi(w1w2) = sup{ψ̃pi(w1w2)/i ∈ I,w1, w2 ∈ S}

≤ sup {max{ψ̃pi(w1), ψ̃pi(w2)}}

= max {sup (ψ̃pi(w1)) , sup(ψ̃pi(w2))}

= max{∪ ψ̃pi(w1),∪ ψ̃pi(w2)}.

∩  𝑃̃𝑖 = (∩ 𝜙̃𝑝𝑖 ,∪ 𝜓̃𝑝𝑖) 𝑆

∩ ϕ̃pi(w1aw2) = inf{ϕ̃pi(w1aw2)/i ∈ I, a,w1, w2 ∈ S}

≥ inf {min{ϕ̃pi(w1), ϕ̃pi(w2)}}

= min {inf (ϕ̃pi(w1)) , inf (ϕ̃pi(w2))}

= min{∩ ϕ̃pi(w1),∩ ϕ̃pi(w2)}.

∪ ψ̃pi(w1aw2) = sup{ψ̃pi(w1aw2)/i ∈ I, a, w1, w2 ∈ S}

≤ sup {max{ψ̃pi(w1), ψ̃pi(w2)}}

= max {sup(ψ̃pi(w1)) , sup(ψ̃pi(w2))}

= max{∪ ψ̃pi(w1),∪ ψ̃pi(w2)}

∩ 𝑃𝑖 = (∩ 𝜙̃𝑝𝑖 ,∪ 𝜓̃𝑝𝑖) 𝑆

N 𝑆 𝑁 𝑆

𝜒𝑁 = [𝜙̃𝑝𝜒𝑁, 𝜓̃𝑝𝜒𝑁] 𝑆

𝑁 𝑆 𝑎, 𝑤1, 𝑤2 ∈ 𝑆
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𝜙̃𝑝𝜒𝑁(𝑤1𝑤2) < 𝑚𝑖𝑛{𝜙̃𝑝𝜒𝑁(𝑤1), 𝜙̃𝑝𝜒𝑁(𝑤2)} 𝜓̃𝑝𝜒𝑁(𝑤1𝑤2) > 𝑚𝑎𝑥{𝜓̃𝑝𝜒𝑁(𝑤1), 𝜓̃𝑝𝜒𝑁(𝑤2)}

𝜙̃𝑝𝜒𝑁(𝑤1𝑤2) = 0, 𝑚𝑖𝑛{𝜙̃𝑝𝜒𝑁(𝑤1), 𝜙̃𝑝𝜒𝑁(𝑤2)} = 1

𝜓̃𝑝𝜒𝑁(𝑤1𝑤2) = 1, 𝑚𝑎𝑥{𝜓̃𝑝𝜒𝑁(𝑤1), 𝜓̃𝑝𝜒𝑁(𝑤2)} = 0

𝑤1, 𝑤2 ∈ 𝑁 𝑤1, 𝑤2 ∉ 𝑁 𝑁

𝜙̃𝑝𝜒𝑁(𝑤1𝑤2) ≥ 𝑚𝑖𝑛{𝜙̃𝑝𝜒𝑁(𝑤1), 𝜙̃𝑝𝜒𝑁(𝑤2)} 𝜓̃𝑝𝜒𝑁(𝑤1𝑤2) ≤ 𝑚𝑎𝑥{𝜓̃𝑝𝜒𝑁(𝑤1), 𝜓̃𝑝𝜒𝑁(𝑤2)}

𝜙̃𝑝𝜒𝑁(𝑤1𝑎𝑤2) < 𝑚𝑖𝑛{𝜙̃𝑝𝜒𝑁(𝑤1), 𝜙̃𝑝𝜒𝑁(𝑤2)} 𝜓̃𝑝𝜒𝑁(𝑤1𝑎𝑤2) > 𝑚𝑎𝑥{𝜓̃𝑝𝜒𝑁(𝑤1), 𝜓̃𝑝𝜒𝑁(𝑤2)}

𝜙̃𝑝𝜒𝑁(𝑤1𝑎𝑤2) = 0, 𝑚𝑖𝑛{𝜙̃𝑝𝜒𝑁(𝑤1), 𝜙̃𝑝𝜒𝑁(𝑤2)} = 1 𝜓̃𝑝𝜒𝑁(𝑤1𝑤2) = 1,

𝑚𝑎𝑥{𝜓̃𝑝𝜒𝑁(𝑤1), 𝜓̃𝑝𝜒𝑁(𝑤2)} = 0

𝑎,𝑤1, 𝑤2 ∈ 𝑁 𝑎, 𝑤1, 𝑤2 ∉ 𝑁 𝑁

𝜙̃𝑝𝜒𝑁(𝑤1𝑎𝑤2) ≥ 𝑚𝑖𝑛{𝜙̃𝑝𝜒𝑁(𝑤1), 𝜙̃𝑝𝜒𝑁(𝑤2)} 𝜓̃𝑝𝜒𝑁(𝑤1𝑎𝑤2) ≤ 𝑚𝑎𝑥{𝜓̃𝑝𝜒𝑁(𝑤1), 𝜓̃𝑝𝜒𝑁(𝑤2)}

𝜒𝑁 𝑆

𝜒𝑁 = [𝜙̃𝑝𝜒𝑁 , 𝜓̃𝑝𝜒𝑁] 𝑆 𝑁 𝑆

𝑤1, 𝑤2 ∈ 𝑁 𝜙̃𝑝𝜒𝑁(𝑤1) = 𝜙̃𝑝𝜒𝑁(𝑤2) = 1̃ 𝜓̃𝑝𝜒𝑁(𝑤1) = 𝜓̃𝑝𝜒𝑁(𝑤2) = 0̃, 𝜒𝑁 𝑆

𝜙̃𝑝𝜒𝑁(𝑤1𝑤2) ≥ 𝑚𝑖𝑛{𝜙̃𝑝𝜒𝑁(𝑤1), 𝜙̃𝑝𝜒𝑁(𝑤2)} ≥ 𝑚𝑖𝑛{1̃, 1̃} = 1̃ 𝜓̃𝑝𝜒𝑁(𝑤1𝑤2) ≤ 𝑚𝑎𝑥{𝜓̃𝑝𝜒𝑁(𝑤1), 𝜓̃𝑝𝜒𝑁(𝑤2)} ≤

𝑚𝑎𝑥{0̃, 0̃} = 0̃

𝑤1,𝑤2 ∈ 𝑁

𝑎,𝑤1 , 𝑤2 ∈ 𝑁 𝜙̃𝑝𝜒𝑁(𝑤1) = 𝜙̃𝑝𝜒𝑁(𝑎) = 𝜙̃𝑝𝜒𝑁(𝑤2) = 1̃

𝜓̃𝑝𝜒𝑁(𝑤1) = 𝜓̃𝑝𝜒𝑁(𝑎) = 𝜓̃𝑝𝜒𝑁(𝑤2) = 0̃ 𝜒𝑁 𝑆

𝜙̃𝑝𝜒𝑁(𝑤1𝑎𝑤2) ≥ 𝑚𝑖𝑛{𝜙̃𝑝𝜒𝑁(𝑤1), 𝜙̃𝑝𝜒𝑁(𝑤2)} ≥ 𝑚𝑖𝑛{1̃, 1̃} = 1̃ 𝜓̃𝑝𝜒𝑁(𝑤1𝑎𝑤2) ≤ 𝑚𝑎𝑥{𝜓̃𝑝𝜒𝑁(𝑤1), 𝜓̃𝑝𝜒𝑁(𝑤2)} ≤

𝑚𝑎𝑥{0̃, 0̃} = 0̃

𝑤1, 𝑤2 ∈ 𝑁 𝑁 𝑆

{ 𝑃̃𝑖}𝑖∈𝐼 𝑆

∩  𝑃̃𝑖 𝑆

∩  𝑃̃𝑖 = (∩ 𝜙̃𝑝𝑖 ,∪ 𝜓̃𝑝𝑖);

∩ (𝜙̃𝑝𝑖) = 𝑖𝑛𝑓{(𝜙̃𝑝𝑖)(𝑤1)/𝑖 ∈ 𝐼, 𝑤1 ∈ 𝑆}  ∪ (𝜓̃𝑝𝑖) = 𝑠𝑢𝑝{(𝜓̃𝑝𝑖)(𝑤1)/𝑖 ∈ 𝐼, 𝑤1 ∈ 𝑆} 𝑖 ∈ 𝐼



𝑁 𝑆 𝑁 𝑆

𝜒𝑁 = [𝜙̃𝑝𝜒𝑁 , 𝜓̃𝑝𝜒𝑁] 𝑆

𝑅 𝑇 S 𝑓: 𝑅 → 𝑇

(𝑟𝑡) = 𝑓(𝑟)𝑓(𝑡) ∀𝑟, 𝑡 ∈ 𝑅

𝑅 𝑇 𝑃̃ = [𝜙̃𝑝, 𝜓̃𝑝]

𝑅 𝑅 𝑓(𝑃̃) = (𝑓(𝜙̃𝑝), 𝑓(𝜓̃𝑝)) 𝑇

f(P̃)(r) =

{
 
 
 
 

 
 
 
 
f(ϕP̃)(r) = {

sup
t∈f′(r)

(ϕP̃)(t), iff−1(r) = 0

  [0,0] otherwise

f(ψP̃)(r) = {

inf
t∈f′(r)

(ψP̃)(t), iff−1(r) = 0

  [1,1] otherwise

𝑓 𝑅 𝑇 𝑃̃ = [𝜙̃𝑝, 𝜓̃𝑝] 𝑇

𝑇 𝑓−1(𝑃̃) = {(𝑓−1(𝜙̃𝑝), 𝑓
−1(𝜓̃𝑝))}

𝑅

f−1(P̃)(r) = {
f−1(ϕp̃)(r) = ϕp̃(f(r))

f−1(ψp̃)(r) = ψp̃(f(r))

𝑅, 𝑇 𝑓: 𝑅 → 𝑇

𝑃̃ = [𝜙̃𝑝, 𝜓̃𝑝] 𝑇 𝑓−1(𝑃̃) =

(𝑓−1(𝜙̃𝑝), 𝑓
−1(𝜓̃𝑝)) 𝑅

𝑃̃ = [𝜙̃𝑝, 𝜓̃𝑝] 𝑇  𝑓−1(𝑃̃) =

(𝑓−1(𝜙̃𝑝), 𝑓
−1(𝜓̃𝑝)) 𝑅

𝑃̃ = [𝜙̃𝑝, 𝜓̃𝑝] 𝑇 𝑟, 𝑡 ∈ 𝑅

f−1(ϕ̃p)(rt) = ϕ̃p(f(rt))

= ϕ̃p(f(r)f(t))

 ≥ min{ϕ̃p(f(r)), ϕ̃p(f(t))}

 = min{f−1(ϕ̃p)(r), f
−1(ϕ̃p)(f(t))};

f−1(ψ̃p)(rt) = ψ̃p(f(rt))
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= ψ̃p(f(r)f(t))

 ≤ max{ψ̃p(f(r)), ψ̃p(f(t))}

= max{f−1(ψ̃p)(r), f
−1(ψ̃p)(f(t))}

𝑓−1(𝑃̃) = (𝑓−1(𝜙̃𝑝), f
−1(ψ̃p)) 𝑅

f−1(ϕ̃p)(rt) = ϕ̃p(f(rt))

= ϕ̃p(f(r)f(t))

≥ ϕ̃p(f(t))

= f−1(ϕ̃p)(f(t));

f−1(ψ̃p)(rt) = ψ̃p(f(rt))

= ψ̃p(f(r)f(t))

≤ ψ̃p(f(t))

= f−1(ψ̃p)(f(t)).

𝑓−1(𝑃̃) = (𝑓−1(𝜙̃𝑝), 𝑓
−1(𝜓̃𝑝)) 𝑅

𝑅, 𝑇 𝑓: 𝑅 → 𝑇 𝑃̃ = [𝜙̃𝑝, 𝜓̃𝑝]

𝑇  𝑓−1(𝑃̃) = (𝑓−1(𝜙̃𝑝), 𝑓
−1(𝜓̃𝑝))

𝑅

𝑃̃ = [𝜙̃𝑝, 𝜓̃𝑝] 𝑇 𝑎, 𝑟, 𝑡 ∈

𝑅

f−1(ϕ̃p)(rat) = ϕ̃p(f(rat))

= ϕ̃p(f(r)f(a)f(t))

≥ min{ϕ̃p(f(r)), ϕ̃p(f(t))}

 = min{f−1(ϕ̃p)(r), f
−1(ϕ̃p)(f(t))}

f−1(ψ̃p)(rat) = ψ̃p(f(rat))

= ψ̃p(f(r)f(a)f(t))

≤ max{ψ̃p(f(r)), ψ̃p(f(t))}

= max{f−1(ψ̃p)(r), f
−1(ψ̃p)(f(t))}.

𝑓−1(𝑃̃) = (𝑓−1(𝜙̃𝑝), 𝑓
−1(𝜓̃𝑝)) 𝑅

𝑅, 𝑇 𝑓: 𝑅 → 𝑇  𝑃̃ = [𝜙̃𝑝, 𝜓̃𝑝]

𝑇 𝑓−1(𝑃) = (𝑓−1(𝜙̃𝑝), 𝑓
−1(𝜓̃𝑝))

R



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 





 



𝛺̃: 𝑥 → 𝐷[0,1]

Ω̃(𝑥) = [Ω−(𝑥), Ω+(𝑥)], 𝑥 ∈ 𝑋, Ω− Ω+ Ω−(𝑥) ≤

Ω+(𝑥) 𝑥 ∈ 𝑋. 𝐷[0,1]

ϑ  Ʌ

ϑ(Ʌ) = {𝑥 ∈ 𝑋/[𝑥]ϑ ⊆ Ʌ} ϑ(Ʌ) = {𝑥 ∈ 𝑋/[𝑥]ϑ ∩ ϑ ≠ ∅}

Ʌ. 𝜗(Ʌ) = (𝜗(Ʌ), 𝜗(Ʌ)) (𝑋, 𝜗) ⟺ 𝜗(Ʌ) ≠ 𝜗(Ʌ).

𝜗 Ʌ 𝑋.

Ʌ   𝜗(Ʌ)(𝑥) = ∨
𝑎∈[𝑥]𝜗

Ʌ(𝑎) 𝜗(Ʌ)(𝑥) = ∧
𝑎∈[𝑥]𝜗

Ʌ(𝑎) 𝜗(Ʌ) = (𝜗(Ʌ), 𝜗(Ʌ))

Ʌ ϑ 𝜗(Ʌ) ≠ 𝜗(Ʌ)

𝛺̃ 𝜗

𝜗(𝛺̃) 𝜗(𝛺̃)

 𝜗(𝛺̃)(𝑛) =∧𝑛∈[𝑦]𝜗
𝛺̃(𝑛) 𝜗(𝛺̃)(𝑛) =∨𝑛∈[𝑦]𝜗

𝛺̃(𝑛) 𝜗(𝛺̃) = ( 𝜗(𝛺̃), 𝜗(𝛺̃)) 

𝜗(𝛺̃) ≠ 𝜗(𝛺̃)

ɅΩ = {(𝑥, 𝜇Ω(𝑥), 𝛾ΩɅ
(𝑥)) /𝑥 ∈ 𝑋} 𝜇ΩɅ

(𝑥) 𝑎𝑛𝑑 𝛾Ʌ(𝑥) 0 ≤
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𝜇ΩɅ
(𝑥) ≤ 1,0 ≤ 𝛾ΩɅɅ

(𝑥) ≤ 1,0 ≤ 𝜇ΩɅ
(𝑥) + 𝛾ΩɅ

(𝑥) ≤ 1 𝑥 ∈ 𝑋

𝑥 ∈ 𝑋

Ω = {(𝑥, 𝜇Ω(𝑥), 𝛾ΩɅ
(𝑥)) /𝑥 ∈ 𝑋} 𝜇Ω(𝑥) 𝑎𝑛𝑑 𝛾ΩɅ

(𝑥) 0 ≤

𝜇ΩɅ
(𝑥) ≤ 1,0 ≤ 𝛾Ω(𝑥) ≤ 1,0 ≤ 𝜇Ω

2
Ʌ
(𝑥) + 𝛾Ω

2
Ʌ
(𝑥) ≤ 1 𝑥 ∈ 𝑋

𝑥 ∈ 𝑋

Ω̃ = {(𝑥, 𝜇Ω̃(𝑥), 𝛾Ω̃(𝑥))/𝑥 ∈ 𝑋} 𝜇Ω̃(𝑥) = [𝜇Ω̃
−(𝑥), 𝜇Ω̃

+(𝑥)] 𝛾Ω̃(𝑥) =

[𝛾Ω̃
−(𝑥), 𝛾Ω̃

+(𝑥)] 0 ≤ (𝜇+
Ω̃

(𝑥))2 + (𝛾+
Ω̃

(𝑥))2 ≤ 1

Ω̃ = {(𝑛, 𝜇Ω̃(𝑛), 𝛾Ω̃(𝑛))/𝑛 ∈ 𝑋}

ϑ(Ω̃) = (ϑ(Ω̃), ϑ(Ω̃))

ϑ(Ω̃) = {〈𝑛, ϑ(𝜇Ω̃), ϑ(𝛾Ω̃)〉, 𝑛 ∈ 𝑋} ϑ(Ω̃) = {〈𝑛, ϑ(𝜇Ω̃), ϑ(𝛾Ω̃)〉, 𝑛 ∈ 𝑋},

0 ≤ (ϑ(𝜇Ω̃))
2

+ (ϑ(𝛾Ω̃))
2

≤ 1 0 ≤ (ϑ(𝜇Ω̃))
2

+ (ϑ(𝛾Ω̃))
2

≤ 1

 ϑ(𝜇Ω̃)(𝑛) =∧𝑛∈[𝑦]ϑ
𝜇Ω̃(𝑦) ϑ(𝛾Ω̃)(𝑛) =∨𝑛∈[𝑦]ϑ

𝛾Ω̃(𝑦)

ϑ(𝜇Ω̃)(𝑛) =∨𝑛∈[𝑦]ϑ
𝜇Ω̃(𝑦) ϑ(𝛾Ω̃)(𝑛) =∧𝑛∈[𝑦]ϑ

𝛾Ω̃(𝑦)

. 𝜗 ϑ(Ω1̃) 𝜗(𝛺2̃) 𝑋 =

{𝑥1, 𝑥2 … … 𝑥𝑛} 𝜗(𝛺1̃) 𝜗(𝛺2̃)  

 δμϑ(Ω1̃)(xi) =
(ϑ(μ−(xi))+ϑ(μ+(xi))+ϑ(μ−(xi))+ϑ(μ+(xi)))

4
; 

δγϑ(Ω1̃)(xi) =
(ϑ(γ−(xi)) + ϑ(γ+(xi)) + ϑ(γ−(xi)) + ϑ(γ+(xi)))

4
; 

CRIPF(ϑ(Ω1̃), ϑ(Ω2̃) )

=
1

n
∑

(δμϑ(Ω1̃)(xi)δμϑ(Ω1̃)(xi) + δγϑ(Ω1̃)(xi)δγϑ(Ω2̃)(xi))

√(δμϑ(Ω1̃)(xi))2 + (δγϑ(Ω1̃)(xi))2√(δμϑ(Ω2̃)(xi))2 + (δγϑ(Ω2̃)(xi))2

n

i=1

 .



δμϑ(Ω2̃)(xi) =
(ϑ(μ−(xi)) + ϑ(μ+(xi)) + ϑ(μ−(xi)) + ϑ(μ+(xi)))

4
; 

δγϑ(Ω2̃)(xi) =
(ϑ(γ−(xi)) + ϑ(γ+(xi)) + ϑ(γ−(xi)) + ϑ(γ+(xi)))

4
. 

ϑ(Ω1̃) ϑ(Ω2̃)

0 ≤ 𝐶𝑅𝐼𝑃𝐹 (ϑ(Ω1̃), ϑ(Ω2̃)) ≤ 1;

𝐶𝑅𝐼𝑃𝐹 (ϑ(Ω1̃), ϑ(Ω2̃)) = 1 ⟺  ϑ(Ω1̃) = ϑ(Ω2̃);

𝐶𝑅𝐼𝑃𝐹 (ϑ(Ω1̃), ϑ(Ω2̃)) = 𝐶𝑅𝐼𝑃𝐹 (ϑ(Ω2̃), ϑ(Ω1̃)).

ϑ(Ω1̃) ϑ(Ω2̃) ϑ(Ω1̃) =  ϑ(Ω2̃) 

𝛿𝜇ϑ(Ω1̃)(𝑥𝑖) = 𝛿𝜇ϑ(Ω2̃)(𝑥𝑖)  𝛿𝛾ϑ(Ω1̃)(𝑥𝑖) = 𝛿𝛾ϑ(Ω2̃)(𝑥𝑖) cos(0) = 1.  

𝐶𝑅𝐼𝑃𝐹 (ϑ(Ω1̃), ϑ(Ω2̃)) = 1, 𝛿𝜇ϑ(Ω1̃)(𝑥𝑖) = 𝛿𝜇ϑ(Ω2̃)(𝑥𝑖) 𝛿𝛾ϑ(Ω1̃)(𝑥𝑖) = 𝛿𝛾ϑ(Ω1̃)(𝑥𝑖)

ϑ(Ω1̃) =  ϑ(Ω2̃).

𝜔𝑖 𝑥𝑖 𝜗(𝛺1̃)

𝜗(𝛺2̃) 

𝜔𝑖 ∈ [0,1], 𝑖 = 1,2,3 … 𝑛 ∑ 𝜔𝑖
𝑛
𝑖=1 = 1. 𝜔𝑖 =

1

𝑛
, 𝑖 = 1,2, … . 𝑛

𝐶𝑊𝑅𝐼𝑃𝐹 (ϑ(Ω1̃), ϑ(Ω2̃)) = 𝐶𝑅𝐼𝑃𝐹 (ϑ(Ω2̃), ϑ(Ω1̃))

𝜗(𝛺1̃) 𝜗(𝛺2̃)

0 ≤ CWRIPF (ϑ(Ω1̃), ϑ(Ω2̃)) ≤ 1;

CWRIPF (ϑ(Ω1̃), ϑ(Ω2̃)) = 1 ⟺ ϑ(Ω1̃) = ϑ(Ω2̃);

CWRIPF (ϑ(Ω1̃), ϑ(Ω2̃)) = CWRIPF (ϑ(Ω2̃), ϑ(Ω1̃)).

CWRIPF(ϑ(Ω1̃), ϑ(Ω2̃) )

=
1

n
∑

(δμϑ(Ω1̃)(xi)δμϑ(Ω1̃)(xi) + δγϑ(Ω1̃)(xi)δγϑ(Ω2̃)(xi))

√(δμϑ(Ω1̃)(xi))2 + (δγϑ(Ω1̃)(xi))2√(δμϑ(Ω2̃)(xi))2 + (δγϑ(Ω2̃)(xi))2

n

i=1

 .
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ϑ ϑ(Ω1̃) ϑ(Ω2̃) 𝑋 =

{𝑥1, 𝑥2 … … 𝑥𝑛} 𝜗(𝛺1̃)  𝜗(𝛺2̃) 

𝛿𝜇 𝜗(𝛺1̃)(𝑥𝑖) =
( 𝜗(𝜇−(𝑥𝑖))+ 𝜗(𝜇+(𝑥𝑖))+ 𝜗(𝜇−(𝑥𝑖))+ 𝜗(𝜇+(𝑥𝑖)))

4

𝛿𝛾 𝜗(𝛺1̃)(𝑥𝑖) =
( 𝜗(𝛾−(𝑥𝑖))+ 𝜗(𝛾+(𝑥𝑖))+ 𝜗(𝛾−(𝑥𝑖))+ 𝜗(𝛾+(𝑥𝑖))) 

4
 

𝛿𝜇 𝜗(𝛺2̃)(𝑥𝑖) =
( 𝜗(𝜇−(𝑥𝑖)) +  𝜗(𝜇+(𝑥𝑖)) +  𝜗(𝜇−(𝑥𝑖)) +  𝜗(𝜇+(𝑥𝑖)))

4
,

𝛿𝛾 𝜗(𝛺2̃)(𝑥𝑖) =
( 𝜗(𝛾−(𝑥𝑖)) +  𝜗(𝛾+(𝑥𝑖)) +  𝜗(𝛾−(𝑥𝑖)) +  𝜗(𝛾+(𝑥𝑖)))

4
.

𝜗(𝛺1̃) 𝜗(𝛺2̃)

0 ≤ JRIPF (ϑ(Ω1̃), ϑ(Ω2̃)) ≤ 1,

JRIPF(ϑ(Ω1̃), ϑ(Ω2̃)) = 1 ⟺ ϑ(Ω1̃) = ϑ(Ω2̃),

JRIPF(ϑ(Ω1̃), ϑ(Ω2̃)) = JIRPF(ϑ(Ω2̃), ϑ(Ω1̃)).

𝜗(𝛺1̃)  𝜗(𝛺2̃) ϑ(Ω1̃) =  ϑ(Ω2̃) 𝛿𝜇ϑ(Ω1̃)(𝑥𝑖) = 𝛿𝜇ϑ(Ω2̃)(𝑥𝑖)

  𝛿𝛾ϑ(Ω1̃)(𝑥𝑖) = 𝛿𝛾ϑ(Ω2̃)(𝑥𝑖) cos(0) = 1. 𝐽𝑅𝐼𝑃𝐹(ϑ(Ω1̃), ϑ(Ω2̃)) = 1,

𝛿𝜇ϑ(Ω1̃)(𝑥𝑖) = 𝛿𝜇ϑ(Ω2̃)(𝑥𝑖) 𝛿𝛾ϑ(Ω1̃)(𝑥𝑖) = 𝛿𝛾ϑ(Ω2̃)(𝑥𝑖) ϑ(Ω1̃) =  ϑ(Ω2̃).

𝜔𝑖  𝑥𝑖 𝜗(𝛺1̃)

𝜗(𝛺2̃)

JIRPF(ϑ(Ω1̃), ϑ(Ω2̃) )

=   
1

n
∑

(δμϑ(Ω1̃)(xi)δμ ϑ(Ω2̃)(xi) + δγ ϑ(Ω1̃)(xi)δγ ϑ(Ω2̃)(xi))

[(δμ ϑ(Ω1̃)(xi))2 + (δγ ϑ(Ω1̃)(xi))
2

+ (δμ ϑ(Ω2̃)(xi))
2

+ (δγ ϑ(Ω2̃)(xi))
2

+

δμ ϑ(Ω1̃)(xi)δμ ϑ(Ω2̃)(xi) + δγ ϑ(Ω1̃)(xi)δγ ϑ(Ω2̃)(xi)]

n

i=1

 ,



𝜔𝑖 ∈ [0,1], 𝑖 = 1,2,3 … 𝑛 ∑ 𝜔𝑖
𝑛
𝑖=1 = 1. 𝜔𝑖 =

1

𝑛
, 𝑖 = 1,2, … . 𝑛

𝐽𝑊𝑅𝐼𝑃𝐹 (ϑ(Ω1̃), ϑ(Ω2̃)) = 𝐽𝑅𝐼𝑃𝐹 (ϑ(Ω2̃), ϑ(Ω1̃))

 𝜗(𝛺1̃) 𝜗(𝛺2̃)

0 ≤ JWRIPF (ϑ(Ω1̃), ϑ(Ω2̃)) ≤ 1;

JWRIPF (ϑ(Ω1̃), ϑ(Ω2̃)) = 1 ⟺ ϑ(Ω1̃) = ϑ(Ω2̃);

JWRIPF (ϑ(Ω1̃), ϑ(Ω2̃)) = JWRIPF (ϑ(Ω2̃), ϑ(Ω1̃)).

𝜗(𝛺1̃) 𝜗(𝛺2̃) X = {x1, x2 … … xn}

𝜗(𝛺1̃)   ϑ(Ω2̃) 

δμ ϑ(Ω1̃)(xi) =
( ϑ(μ−(xi)) +  ϑ(μ+(xi)) +  ϑ(μ−(xi)) +  ϑ(μ+(xi)))

4
,

δγ ϑ(Ω1̃)(xi) =
( ϑ(γ−(xi))+ ϑ(γ+(xi))+ ϑ(γ−(xi))+ ϑ(γ+(xi)))

4

δμ ϑ(Ω2̃)(xi) =
( ϑ(μ−(xi)) +  ϑ(μ+(xi)) +  ϑ(μ−(xi)) +  ϑ(μ+(xi)))

4
,

δγ ϑ(Ω2̃)(xi) =
( ϑ(γ−(xi))+ ϑ(γ+(xi))+ ϑ(γ−(xi))+ ϑ(γ+(xi)))

4

JIRPF(ϑ(Ω1̃), ϑ(Ω2̃) )

=
1

n
∑ ωi

(δμϑ(Ω1̃)(xi)δμ ϑ(Ω2̃)(xi) + δγ ϑ(Ω1̃)(xi)δγ ϑ(Ω2̃)(xi))

[(δμ ϑ(Ω1̃)(xi))2 + (δγ ϑ(Ω1̃)(xi))
2

+ (δμ ϑ(Ω2̃)(xi))
2

+ (δγ ϑ(Ω2̃)(xi))
2

+

δμ ϑ(Ω1̃)(xi)δμ ϑ(Ω2̃)(xi) + δγ ϑ(Ω1̃)(xi)δγ ϑ(Ω2̃)(xi)]

n

i=1

 .

DRIPF(ϑ(Ω1̃), ϑ(Ω2̃))

=
1

n
∑

2 (δμϑ(Ω1̃)(xi)δμϑ(Ω2̃)(xi) + δγϑ(Ω1̃)(xi)δγϑ(Ω2̃)(xi))

√(δμϑ(Ω1̃)(xi))2 + (δγϑ(Ω1̃)(xi))2√(δμϑ(Ω2̃)(xi))2 + (δγϑ(Ω2̃)(xi))2

n

i=1

.
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𝜗(𝛺1̃) 𝜗(𝛺2̃)

0 ≤ DRIPF (ϑ(Ω1̃), ϑ(Ω2̃)) ≤ 1;

DRIPF(ϑ(Ω1̃), ϑ(Ω2̃)) = 1 ⟺ ϑ(Ω1̃) = ϑ(Ω2̃);

DRIPF(ϑ(Ω1̃), ϑ(Ω2̃)) = DIRPF(ϑ(Ω2̃), ϑ(Ω1̃)).

𝜔𝑖 𝑥𝑖 𝜗(𝛺1̃)

 𝜗(𝛺2̃) ∑ 𝜔𝑖
𝑛
𝑖=1 = 1.

𝜔𝑖 ∈ [0,1], 𝑖 = 1,2,3 … 𝑛 𝜔𝑖 =
1

𝑛
, 𝑖 = 1,2, … . 𝑛 𝐷𝑊𝑅𝐼𝑃𝐹 (ϑ(Ω1̃), ϑ(Ω2̃)) =

𝐷𝑅𝐼𝑃𝐹 (ϑ(Ω2̃), ϑ(Ω1̃))

𝜗(𝛺1̃) 𝜗(𝛺2̃)

0 ≤ DWRIPF (ϑ(Ω1̃), ϑ(Ω2̃)) ≤ 1;

DWRIPF (ϑ(Ω1̃), ϑ(Ω2̃)) = 1 ⟺ ϑ(Ω1̃) = ϑ(Ω2̃)

DWRIPF (ϑ(Ω1̃), ϑ(Ω2̃)) = DWRIPF (ϑ(Ω2̃), ϑ(Ω1̃)).

𝐾 = {𝐾1, 𝐾2, … . 𝐾𝑚} 𝑄 = {𝑄1, 𝑄2, … . 𝑄𝑛}

𝐷𝑅𝐼𝑃𝐹(ϑ(Ω1̃), ϑ(Ω2̃)) =

1

𝑛
∑ 𝜔𝑖

2(𝛿𝜇ϑ(Ω1̃)(𝑥𝑖)𝛿𝜇ϑ(Ω2̃)(𝑥𝑖)+𝛿𝛾ϑ(Ω1̃)(𝑥𝑖)𝛿𝛾ϑ(Ω2̃)(𝑥𝑖))

√(𝛿𝜇ϑ(Ω1̃)(𝑥𝑖))2+(𝛿𝛾ϑ(Ω1̃)(𝑥𝑖))2√(𝛿𝜇ϑ(Ω2̃)(𝑥𝑖))2+(𝛿𝛾ϑ(Ω2̃)(𝑥𝑖))2

𝑛
𝑖=1



〈δμ(xi), δγ(xi)〉 = (

(ϑ(μ−(xi))+ϑ(μ+(xi))+ϑ(μ−(xi))+ϑ(μ+(xi)))

4
,

(ϑ(γ−(xi))+ϑ(γ+(xi))+ϑ(γ−(xi))+ϑ(γ+(xi)))

4

)

𝑖 = 1,2, … . 𝑛

𝐾𝑗 𝜔𝑗 𝜔𝑗 ∈ [0,1], 𝑗 =

1,2,3 … 𝑚 ∑ 𝜔𝑗
𝑚
𝑗=1 = 1.

.

𝑍∗ = {max(𝜇𝑄𝑖
) , 𝑚𝑖𝑛(𝛾𝑄𝑖

)}.

𝑍∗ = {min(𝜇𝑄𝑖
) , 𝑚𝑎𝑥(𝛾𝑄𝑖

)}.

CWRIPF (ϑ(Ω1̃), ϑ(Ω2̃)) =  ∑ ωi

n

i=1

CRIPF (ϑ(Ω1̃), ϑ(Ω2̃)) ;

JWRIPF (ϑ(Ω1̃), ϑ(Ω2̃)) =  ∑ ωi
n
i=1 JRIPF (ϑ(Ω1̃), ϑ(Ω2̃))

DWRIPF (ϑ(Ω1̃), ϑ(Ω2̃)) =  ∑ ωi

n

i=1

DRIPF (ϑ(Ω1̃), ϑ(Ω2̃)).
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𝑄 = {𝑄1, 𝑄2, 𝑄3}

𝐾1 𝐾2 𝐾3

𝐾4

𝐊𝟏 𝐊𝟐 𝐊𝟑 𝐊𝟒

𝐐𝟏

𝐐𝟐

𝐐𝟑



𝐾1 𝐾2 𝐾3 𝐾4

Z∗ = {[0.75,0.25], [. 8, .25], [. 725, .25], [.825, .15]}.

CWIRPF(Q1, Z∗) = .7582;

CWIRPF(Q2, Z∗) = .9336

CWIRPF(Q3, Z∗) = .9999;

JWIRPF(Q1, Z∗) = .6046;

JWIRPF(Q2, Z∗) = .8538;

JWIRPF(Q3, Z∗) = .9975;

DWIRPF(Q1, Z∗) = .7018;

DWIRPF(Q2, Z∗) = .9208;

DWIRPF(Q3, Z∗) = .9988.

𝑄3    

𝐊𝟏 𝐊𝟐 𝐊𝟑 𝐊𝟒

𝐐𝟏

𝐐𝟐

𝐐𝟑
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
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 ℛ

 ℛ

ℛ

 

Γ
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ℛ

ℛ

𝑇

𝛤

ℛ ℛ

ℛ

ℛ 𝛤

 ℛ 𝐻 (ℛ, +)

𝐻𝛤ℛ𝛤𝐻 ⊆ 𝐻 𝐴̃𝑠 𝑈

𝐴̃𝑠 = {𝑢, (𝜇̃(𝑢), 𝜈(𝑢), 𝜉(𝑢)) |𝑢 ∈ 𝑈} 𝜇̃(𝑢): 𝑈 ⟶ [0,1] 𝜈(𝑢): 𝑈 ⟶ [0,1] 𝜉(𝑢): 𝑈 ⟶ [0,1] 0 ≤

𝜇̃2(𝑢) + 𝜈2(𝑢) + 𝜉2(𝑢) ≤ 1 𝑢 ∈ 𝑈

𝑢 𝜇̃(𝑢) 𝜈(𝑢) 𝜉(𝑢)

𝑢 𝐴̃𝑠  

𝐴𝑠 = (𝜇, 𝜈, 𝜉) 𝜇: ℛ ⟶ [0,1] 𝜈: ℛ ⟶ [0,1] 𝜉: ℛ ⟶ [0,1] ℛ

ℛ  

μ(u − v) ≥ min{μ(u), μ(v)}  

ν(u − v) ≥ min{ν(u), ν(v)}  

ξ(u − v) ≤ max{ξ(u), ξ(v)}  

μ(uαvβw) ≥ min{μ(u), μ(w)}  

ν(uαvβw) ≥ min{ν(u), ν(w)}  

ξ(uαvβw) ≤ max{ξ(u), ξ(w)}  

𝑢, 𝑣, 𝑤 ∈ ℛ 𝛼, 𝛽 ∈ 𝛤

ℛ

ℛ  

𝐴̃𝑠 = (𝜇̃, 𝜈, 𝜉) ℛ ℛ

𝜇̃(𝑢 − 𝑣) ≥ 𝑚𝑖𝑛𝑖{𝜇̃(𝑢), 𝜇̃(𝑣)}  

𝜈(𝑢 − 𝑣) ≥ 𝑚𝑖𝑛𝑖{𝜈̃(𝑢), 𝜈(𝑣)}  

𝜉(𝑢 − 𝑣) ≤ 𝑚𝑎𝑥𝑖{𝜉(𝑢), 𝜉(𝑣)}  



𝜇̃(𝑢𝛼𝑣𝛽𝑤) ≥ 𝑚𝑖𝑛𝑖{𝜇̃(𝑢), 𝜇̃(𝑤)}  

𝜈(𝑢𝛼𝑣𝛽𝑤) ≥ 𝑚𝑖𝑛𝑖{𝜈(𝑢), 𝜈(𝑤)}  

𝜉(𝑢𝛼𝑣𝛽𝑤) ≤ 𝑚𝑎𝑥𝑖{𝜉(𝑢), 𝜉(𝑤)}  

 𝑢, 𝑣, 𝑤 ∈ ℛ 𝛼, 𝛽 ∈ 𝛤 𝜇̃: ℛ ⟶ 𝐷[0,1] 𝜈: ℛ ⟶ 𝐷[0,1] 𝜉: ℛ ⟶ 𝐷[0,1] 𝐷[0,1]

[0,1]

ℛ = {0,1,2,3}  + " ℛ Γ = {0,1} ℛ × Γ × ℛ ⟶ ℛ

 

𝜇̃: ℛ ⟶ 𝐷[0,1] 𝜇̃(0) = [0.2,0.3], 𝜇̃(1) = [0.3,0.6], 𝜇̃(2) = [0.7,0.9], 𝜇̃(3) = [0.5,0.9] 𝜈: ℛ ⟶

𝐷[0,1] 𝜈(0) = [0.2,0.4], 𝜈(1) = [0.5,0.6], 𝜈(2) = [0.6,0.7], 𝜈(3) = [0.7,0.9] 𝜉: ℛ ⟶ 𝐷[0,1] 𝜉(0) =

[0.1,0.3], 𝜉(1) = [0.4,0.6], 𝜉(2) = [0.8,0.9], 𝜉(3) = [0.5,0.7] 𝐴̃𝑠 ℛ

𝐴̃𝑠 = [𝐴𝑠
−; 𝐴𝑠

+] ℛ

𝐴̃𝑠 ℛ 𝐴𝑠
− 𝐴𝑠

+ ℛ

𝐴̃𝑠 ℛ 𝑢, 𝑣, 𝑤 ∈ ℛ  

[μ−(u − v), μ+(u − v)] = μ̃(u − v) 

≥ mini{μ̃(u), μ̃(v)} 

= mini{[μ−(u), μ+(u)], [μ−(v), μ+(v)]} 

= mini{[μ−(u), μ−(v)]}, mini{[μ+(u), μ+(v)]}  

[ν−(u − v), ν+(u − v)] = ν̃(x − y) 

≥ mini{ν̃(u), ν̃(v)} 

= mini{[ν−(u), ν+(u)], [ν−(v), ν+(v)]} 

= mini{[ν−(u), ν−(v)]}, mini{[ν+(u), ν+(v)]}  

+

0

1
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[𝛏−(𝐮 − 𝐯), 𝛏+(𝐮 − 𝐯)] = 𝛏̃(𝐮 − 𝐯)

≤ maxi{ξ̃(u), ξ̃(v)}

= maxi{[ξ−(u), ξ+(u)], [ξ−(v), ξ+(v)]} 

= maxi{[ξ−(u), ξ−(v)]}, maxi{[ξ+(u), ξ+(v)]}  

[μ−(uαvβw), μ+(uαvβw)] = μ̃(uαvβw) 

≥ mini{μ̃(u), μ̃(w)} 

= mini{[μ−(u), μ+(u)], [μ−(w), μ+(w)]} 

= mini{[μ−(u), μ−(w)]}, mini{[μ+(u), μ+(w)]}  

[ν−(uαvβw), ν+(uαvβw)] = ν̃(uαvβw) 

≥ mini{ν̃(u), ν̃(w)} 

= mini{[ν−(u), ν+(u)], [ν−(w), ν+(w)]} 

= mini{[ν−(u), ν−(w)]}, mini{[ν+(u), ν+(w)]}  

[ξ−(uαvβw), ξ+(uαvβw)] = ξ̃(uαvβw) 

≤ maxi{ξ̃(u), ξ̃(w)} 

= maxi{[ξ−(u), ξ+(u)], [ξ−(w), ξ+(w)]} 

= maxi{[ξ−(u), ξ−(w)]}, maxi{[ξ+(u), ξ+(w)]}  

𝐴𝑠
− 𝐴𝑠

+  ℛ  

𝐴𝑠
− 𝐴𝑠

+ ℛ 𝑢, 𝑣, 𝑤 ∈ ℛ  

μ̃(u − v) = [μ−(u − v), μ+(u − v)] 

≥ [mini{μ−(u), μ−(v)}, mini{μ+(u), μ+(v)}] 

= mini{μ−(u), μ+(u)}, mini{μ−(v), μ+(v)} 

= mini{μ̃(u), μ̃(v)}  

ν̃(u − v) = [ν−(u − v), ν+(u − v)] 

≥ [mini{ν−(u), ν−(v)}, mini{ν+(u), ν+(v)}] 

= mini{ν−(u), ν+(u)}, mini{ν−(v), ν+(v)} 

= mini{ν̃(u), ν̃(v)}  

ξ̃(u − v) = [ξ−(u − v), ξ+(u − v)] 

≤ [maxi{ξ−(u), ξ−(v)}, maxi{ξ+(u), ξ+(v)}] 

= maxi{ξ−(u), ξ+(u)}, maxi{ξ−(v), ξ+(v)} 

= maxi{ξ̃(u), ξ̃(v)}  

μ̃(uαvβw) = [μ−(uαvβw), μ+(uαvβw)] 

≥ [mini{μ−(u), μ−(w)}, mini{μ+(u), μ+(w)}] 

= mini{μ−(u), μ+(u)}, mini{μ−(w), μ+(w)} 

= mini{μ̃(u), μ̃(w)}  

ν̃(uαvβw) = [ν−(uαvβw), ν+(uαvβw)] 



≥ [mini{ν−(u), ν−(w)}, mini{ν+(u), ν+(w)}]

= mini{ν−(u), ν+(u)}, mini{ν−(w), ν+(w)} 

= mini{ν̃(u), ν̃(w)}  

ξ̃(uαvβw) = [ξ−(uαvβw), ξ+(uαvβw)] 

≤ [maxi{ξ−(u), ξ−(w)}, maxi{ξ+(u), ξ+(w)}] 

= maxi{ξ−(u), ξ+(u)}, maxi{ξ−(w), ξ+(w)} 

= maxi{ξ̃(u), ξ̃(w)}  

𝐴̃𝑠 ℛ  

{𝐴̃𝑠𝑖
; 𝑖 ∈ 𝐼} ℛ ⋂

𝑖∈𝐼
𝐴̃𝑠𝑖

ℛ I  

{𝐴̃𝑠𝑖
; 𝑖 ∈ 𝐼} ℛ 𝑢, 𝑣, 𝑤 ∈ ℛ 𝛼, 𝛽 ∈ 𝛤  

⋂
i∈I

μ̃i(u − v) = infi∈I
i μ̃i(u − v)  

≥ infi∈I
i mini{μ̃i(u), μ̃i(v)} 

= mini{infi∈I
i μ̃i(u), infi∈I

i μ̃i(v)} 

= mini{⋂
i∈I

μ̃i(u), ⋂
i∈I

μ̃i(v)}  

⋂
i∈I

ν̃i(u − v) = infi∈I
i ν̃i(u − v)  

≥ infi∈I
i mini{ν̃i(u), ν̃i(v)} 

= mini{infi∈I
i ν̃i(u), infi∈I

i ν̃i(v)} 

= mini{⋂
i∈I

ν̃i(u), ⋂
i∈I

ν̃i(v)}  

⋂
i∈I

ξ̃i(u − v) = infi∈I
i ξ̃i(u − v)  

≤ infi∈I
i maxi{ξ̃i(u), ξ̃i(v)} 

= maxi{infi∈I
i ξ̃i(u), infi∈I

i ξ̃i(v)} 

= maxi{⋂
i∈I

ξ̃i(u), ⋂
i∈I

ξ̃i(v)}  

⋂
i∈I

μ̃i(uαvβw) = infi∈I
i μ̃i(uαvβw)  

≥ infi∈I
i mini{μ̃i(u), μ̃i(w)} 

= mini{infi∈I
i μ̃i(u), infi∈I

i μ̃i(w)} 

= mini{⋂
i∈I

μ̃i(u), ⋂
i∈I

μ̃i(w)}  

⋂
i∈I

ν̃i(uαvβw) = infi∈I
i ν̃i(uαvβw)  

≥ infi∈I
i mini{ν̃i(u), ν̃i(w)} 

= mini{infi∈I
i ν̃i(u), infi∈I

i ν̃i(w)} 

= mini{⋂
i∈I

ν̃i(u), ⋂
i∈I

ν̃i(w)}  
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⋂
i∈I

ξ̃i(uαvβw) = infi∈I
i ξ̃i(uαvβw)  

≤ infi∈I
i maxi{ξ̃i(u), ξ̃i(w)} 

= maxi{infi∈I
i ξ̃i(u), infi∈I

i ξ̃i(w)} 

= maxi{⋂
i∈I

ξ̃i(u), ⋂
i∈I

ξ̃i(w)}  

{𝐴̃𝑠𝑖
; 𝑖 ∈ 𝐼} ℛ ⋃

𝑖∈𝐼
𝐴̃𝑠𝑖

ℛ I  

{𝐴̃𝑠𝑖
; 𝑖 ∈ 𝐼} ℛ 𝑢, 𝑣, 𝑤 ∈ ℛ 𝛼, 𝛽 ∈ 𝛤  

⋃
i∈I

μ̃i(u − v) = supi∈I
i μ̃i(u − v)  

≥ supi∈I
i mini{μ̃i(u), μ̃i(v)} 

= mini{supi∈I
i μ̃i(u), supi∈I

i μ̃i(v)} 

= mini{⋃
i∈I

μ̃i(u), ⋃
i∈I

μ̃i(v)}  

⋃
i∈I

ν̃i(u − v) = supi∈I
i ν̃i(u − v)  

≥ supi∈I
i mini{ν̃i(u), ν̃i(v)} 

= mini{supi∈I
i ν̃i(u), supi∈I

i ν̃i(v)} 

= mini{⋃
i∈I

ν̃i(u), ⋃
i∈I

ν̃i(v)}  

⋃
i∈I

ξ̃i(u − v) = infi∈I
i ξ̃i(u − v)  

≤ supi∈I
i maxi{ξ̃i(u), ξ̃i(v)} 

= maxi{supi∈I
i ξ̃i(u), supi∈I

i ξ̃i(v)} 

= maxi{⋃
i∈I

ξ̃i(u), ⋃
i∈I

ξ̃i(v)}  

⋃
i∈I

μ̃i(uαvβw) = supi∈I
i μ̃i(uαvβw)  

≥ supi∈I
i mini{μ̃i(u), μ̃i(w)} 

= mini{supi∈I
i μ̃i(u), supi∈I

i μ̃i(w)} 

= mini{⋂
i∈I

μ̃i(u), ⋃
i∈I

μ̃i(w)}  

⋃
i∈I

ν̃i(uαvβw) = supi∈I
i ν̃i(uαvβw)  

≥ supi∈I
i mini{ν̃i(u), ν̃i(w)} 

= mini{supi∈I
i ν̃i(u), supi∈I

i ν̃i(w)} 

= mini{⋃
i∈I

ν̃i(u), ⋃
i∈I

ν̃i(w)}  

⋃
i∈I

ξ̃i(uαvβw) = supi∈I
i ξ̃i(uαvβw)  

≤ infi∈I
i maxi{ξ̃i(u), ξ̃i(w)} 

= maxi{supi∈I
i ξ̃i(u), supi∈I

i ξ̃i(w)} 

= maxi{⋃
i∈I

ξ̃i(u), ⋃
i∈I

ξ̃i(w)}  



𝐴̃𝑠 𝜎̃𝑠 ℛ 𝐴̃𝑠 ∧ 𝜎̃𝑠 ℛ  

𝜎̃𝑠 ℛ 𝑢, 𝑣, 𝑤 ∈ ℛ 𝛼, 𝛽 ∈ 𝛤  

(μ̃ ∧ σ̃s)(u − v) mini{μ̃(u − v), σ̃s(u − v)} (μ̃ ∧ σ̃)(u) mini{μ̃(u), σ̃(u)}  

≥ mini{mini{μ̃(u), μ̃(v)}, mini{σ̃s(u), σ̃s(v)}} 

mini{mini{mini{μ̃(u), μ̃(v), σ̃s(u)}, σ̃s(v)}} 

mini{mini{mini{μ̃(u), σ̃s(u)}, μ̃(v)}, σ̃s(v)} 

mini{mini{μ̃(u), σ̃s(u)}, mini{μ̃(v), σ̃s(v)} 

mini{μ̃ ∧ σ̃(u)), (μ̃ ∧ σ̃(v))}  

(𝜈 ∧ 𝜎̃𝑠)(𝑢 − 𝑣) ≥ 𝑚𝑖𝑛𝑖{𝜈 ∧ 𝜎̃(𝑢)), (𝜈 ∧ 𝜎̃(𝑣))} (𝜉 ∧ 𝜎̃𝑠)(𝑢 − 𝑣) ≤ 𝑚𝑎𝑥𝑖{𝜉 ∧ 𝜎̃(𝑢)), (𝜉 ∧ 𝜎̃(𝑣))}  

(𝜇̃(𝑢𝛼𝑣𝛽𝑤) ≥ 𝑚𝑖𝑛𝑖{𝜇̃(𝑢), 𝜇̃(𝑣))  

(μ̃ ∧ σ̃s)(uαvβw) mini{μ̃(uαvβw), σ̃s(uαvβw))  

≥ mini{mini{μ̃(u), Ãs(w)}, mini{σ̃s(u), σ̃s(w)}} 

mini{mini{μ̃(u), σ̃s(u)}, mini{μ̃(w)}, σ̃s(w)}} 

mini{(μ̃ ∧ σ̃s)(u), (μ̃ ∧ σ̃s)(w)}  

(𝜈 ∧ 𝜎̃𝑠)(𝑢𝛼𝑣𝛽𝑤) ≥ 𝑚𝑖𝑛𝑖{(𝜈 ∧ 𝜎̃𝑠)(𝑢), (𝜈 ∧ 𝜎̃𝑠)(𝑤) (𝜉 ∧ 𝜎̃𝑠)(𝑢𝛼𝑣𝛽𝑤) ≤ 𝑚𝑎𝑥𝑖{(𝜉 ∧ 𝜎̃𝑠)(𝑢), (𝜉 ∧

𝜎̃𝑠)(𝑤))  

(𝐴̃𝑠 ∧ 𝜎̃𝑠) ℛ

A ℛ 0 < m < 1 𝐴𝑠 ℛ 𝐴̃𝑠𝑚
= 𝐴

𝐴 ℛ 𝐴̃𝑠: ℛ ⟶ [0,1]  

Ãs(u) = {
m, if   u ∈ A
0, if   u ∉ A.

 

𝑚 (0,1)  𝐴̃𝑠𝑚
= 𝐴 𝑢, 𝑣 ∈ ℛ 𝑢, 𝑣 ∈ 𝐴 𝜇̃(𝑢 − 𝑣) = 𝑚 ≥

𝑚𝑖𝑛𝑖{𝜇̃(𝑢), 𝜇̃(𝑣)}  𝜈̃(𝑢 − 𝑣) = 𝑚 ≥ 𝑚𝑖𝑛𝑖{𝜈(𝑢), 𝜈(𝑣)} 𝜉(𝑢 − 𝑣) = 𝑚 ≤ 𝑚𝑎𝑥𝑖{𝜉(𝑢), 𝜉(𝑣)}  

𝑢 𝑣 𝐴 𝑢 − 𝑣 ∉ 𝐴 𝜇̃(𝑢 − 𝑣) = 0 = 𝑚𝑖𝑛𝑖{𝜇̃(𝑢), 𝜇̃(𝑣)} 𝜈(𝑢 − 𝑣) =

0 = 𝑚𝑖𝑛𝑖{𝜈(𝑢), 𝜈(𝑣)} 𝜉(𝑢 − 𝑣) = 0 = 𝑚𝑎𝑥𝑖{𝜉(𝑢), 𝜉(𝑣)}  

𝑢, 𝑣, 𝑤 ∈ ℛ 𝛼, 𝛽 ∈ 𝛤 𝑢, 𝑤 ∈ 𝐴 𝜇̃(𝑢), 𝜈(𝑢), 𝜉(𝑢) = 𝑚; 𝜇̃(𝑤), 𝜈(𝑤), 𝜉(𝑤) = 𝑚

𝜇̃(𝑢𝛼𝑣𝛽𝑤) = 𝑚 ≥ 𝑚𝑖𝑛𝑖{𝜇̃(𝑢), 𝜇̃(𝑤)} 𝜈(𝑢𝛼𝑣𝛽𝑤) = 𝑚 ≥ 𝑚𝑖𝑛𝑖{𝜈(𝑢), 𝜈(𝑤)} 𝜉(𝑢𝛼𝑣𝛽𝑤) = 𝑚 ≤

𝑚𝑎𝑥𝑖{𝜉(𝑢), 𝜉(𝑤)}  

𝑢 𝑤 𝐴 𝜇̃(𝑢𝛼𝑣𝛽𝑤) ≥ 0 = 𝑚𝑖𝑛𝑖{𝜇̃(𝑢), 𝜇̃(𝑤)} 𝜈(𝑢𝛼𝑣𝛽𝑤) ≥ 0 =

𝑚𝑖𝑛𝑖{𝜈(𝑢), 𝜈(𝑤)} 𝜉(𝑢𝛼𝑣𝛽𝑤) ≤ 0 = 𝑚𝑎𝑥𝑖{𝜉(𝑢), 𝜉(𝑤)}  
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𝐴̃𝑠 ℛ

𝐴̃𝑠  ℛ 𝐴̃𝑠  ℛ  

𝑢, 𝑣, 𝑤 ∈ ℛ 𝛼, 𝛽 ∈ 𝛤  

𝜇̃(𝑢 − 𝑣) = 1 − 𝜇̃(𝑢 − 𝑣) ≥ 1 − 𝑚𝑖𝑛𝑖{𝜇̃(𝑢), 𝜇̃(𝑣)} 𝑚𝑖𝑛𝑖{1 − 𝜇̃(𝑢),1 − 𝜇̃(𝑣)} 𝑚𝑖𝑛𝑖{𝜇̃(𝑢), 𝜇̃(𝑣)}

𝜈(𝑢 − 𝑣) ≥ 𝑚𝑖𝑛𝑖{𝜈(𝑢), 𝜈(𝑣)} 𝜉(𝑢 − 𝑣) ≤ 𝑚𝑎𝑥𝑖{𝜉(𝑢), 𝜉(𝑣)}  

𝜇̃(𝑢𝛼𝑣𝛽𝑤) = 1 − 𝜇̃(𝑢𝛼𝑣𝛽𝑤) ≥ 1 − 𝑚𝑖𝑛𝑖{𝜇̃(𝑢), 𝜇̃(𝑤)} 𝑚𝑖𝑛𝑖{1 − 𝜇̃(𝑢),1 − 𝜇̃(𝑤)} 𝑚𝑖𝑛𝑖{𝜇̃(𝑢), 𝜇̃(𝑤))

  𝜈(𝑢𝛼𝑣𝛽𝑤) ≥ 𝑚𝑖𝑛𝑖{𝜈(𝑢), 𝜈(𝑤)} 𝜉(𝑢𝛼𝑣𝛽𝑤) ≤ 𝑚𝑎𝑥𝑖{𝜉(𝑢), 𝜉(𝑤)}  

𝐴̃𝑠 ℛ  

U ℛ U ℛ 𝐴̃𝑠𝑈
ℛ  

𝑈 ℛ 𝑢, 𝑣 ∈ 𝑈 𝑢 − 𝑣 ∈ 𝑈  

𝑢, 𝑣 ∈ ℛ  

𝑢, 𝑣 ∈ 𝑈 𝜇̃𝑈(𝑢) = 1 𝜇̃𝑈(𝑣) = 1 𝜇̃𝑈(𝑢 − 𝑣) = 1 ≥ 𝑚𝑖𝑛𝑖{𝜇̃(𝑢), 𝜇̃(𝑣)}.

𝑢 ∈ 𝑈 𝑣 ∉ 𝑈 𝜇̃𝑈(𝑢) = 1 𝜇̃𝑈(𝑣) = 0 𝜇̃𝑈(𝑢 − 𝑣) = 0 ≥ 𝑚𝑖𝑛𝑖{𝜇̃(𝑢), 𝜇̃(𝑣))  

𝑢 ∉ 𝑈 𝑣 ∈ 𝑈 𝜇̃𝑈(𝑢) = 0 𝜇̃𝑈(𝑣) = 1  𝜇̃𝑈(𝑢 − 𝑣) = 0 ≥ 𝑚𝑖𝑛𝑖{𝜇̃(𝑢), 𝜇̃(𝑣)}  

𝑢 ∉ 𝑈 𝑣 ∉ 𝑈 𝜇̃𝑈(𝑢) = 0 𝜇𝑈(𝑣𝜉̃𝑈(𝑢 − 𝑣) ≤ 𝑚𝑎𝑥𝑖{𝜉̃(𝑢), 𝜉̃(𝑣)}) = 0 𝜇𝑈(𝑢 − 𝑣) =

0 ≥ 𝑚𝑖𝑛𝑖{𝜇(𝑢), 𝜇(𝑣)}  

𝜈𝑈(𝑢 − 𝑣) ≥ 𝑚𝑖𝑛𝑖{𝜈(𝑢), 𝜈(𝑣)}  

𝑢, 𝑣, 𝑤 ∈ ℛ  

𝑢 ∈ 𝑈 𝑤 ∈ 𝑈 𝜇̃𝑈(𝑢) = 1 𝜇̃𝑈(𝑤) = 1 𝜇̃𝑈(𝑢𝛼𝑣𝛽𝑤) = 1 ≥

𝑚𝑖𝑛𝑖{𝐴̃𝑠𝑈
𝜇(𝑢), 𝜇(𝑤)}  

𝑢 ∈ 𝑈  𝑤 ∉ 𝑈 𝜇̃𝑈(𝑢) = 1 𝜇̃𝑈(𝑤) = 0 𝜇̃𝑈(𝑢𝛼𝑣𝛽𝑤) = 0 ≥ 𝑚𝑖𝑛𝑖{𝜇̃(𝑢), 𝜇̃(𝑤)}  

𝑢 ∉ 𝑈 𝑤 ∈ 𝑈 𝜇̃𝑈(𝑢) = 0 𝜇̃𝑈(𝑤) = 1 𝜇𝑈(𝑢𝛼𝑣𝛽𝑤) = 0 ≥ 𝑚𝑖𝑛𝑖{𝜇̃(𝑢), 𝜇̃(𝑤)}  

𝑢 ∉ 𝑈 𝑤 ∉ 𝑈 𝜇̃𝑈(𝑢) = 0 𝜇̃𝑈(𝑤) = 0 𝜇̃𝑈(𝑢𝛼𝑣𝛽𝑤) = 0 ≥ 𝑚𝑖𝑛𝑖{𝜇̃(𝑢), 𝜇̃(𝑤)}  

𝜈𝑈(𝑢𝛼𝑣𝛽𝑤) ≥ 𝑚𝑖𝑛𝑖{𝜈(𝑢), 𝜈(𝑤)} 𝜉𝑈(𝑢𝛼𝑣𝛽𝑤) ≤ 𝑚𝑎𝑥𝑖{𝜉(𝑢), 𝜉(𝑤)} 𝐴̃𝑠𝑈
ℛ  

ℛ 𝐴̃𝑠𝑈
 

𝑈 ℛ

ℛ 𝐴̃𝑠 ℛ ℛ𝐴𝑠
= {𝑢 ∈ ℛ|𝐴̃𝑠(𝑢) =

𝐴̃𝑠(0)} ℛ ℛ 

𝐴̃𝑠  𝑢, 𝑣, 𝑤 ∈ ℛ  

μ̃(u − v) ≥ mini{μ̃(u), μ̃(v)} = mini{μ̃(0), μ̃(0)} = μ̃(0)  

μ̃(u − v) = μ̃(0) u − v ∈ ℛÃs
 



ν̃(u − v) ≥ mini{ν̃(u), ν̃(v)} = mini{ν̃(0), ν̃(0)} = ν̃(0)  

ν̃(u − v) = ν̃(0) u − v ∈ ℛÃs
 

ξ̃(u − v) ≤ maxi{ξ̃(u), ξ̃(v)} = maxi{ξ̃(0), ξ̃(0)} = ξ̃(0)  

ξ̃(u − v) = ξ̃(0) u − v ∈ ℛÃs
 

μ̃(uαvβw) ≥ mini{μ̃(u), μ̃(w)} = mini{μ̃(0), μ̃(0)} = μ̃(0)  

μ̃(uαvβw) = μ̃(0) uαvβw ∈ ℛÃs
 

ν̃(uαvβw) ≥ mini{ν̃(u), ν̃(w)} = mini{ν̃(0), ν̃(0)} = ν̃(0)  

ν̃(uαvβw) = ν̃(0) uαvβw ∈ ℛÃs
 

ξ̃(uαvβw) ≤ maxi{ξ̃(u), ξ̃(w)} = maxi{ξ̃(0), ξ̃(0)} = ξ̃(0)  

ξ̃(uαvβw) = ξ̃(0) uαvβw ∈ ℛÃs

ℛ𝐴𝑠
ℛ

𝐵 ℛ 𝐴̃𝑠𝐵

ℛ  

ÃsB
(u) = {

p̃, if  u ∈ B
q̃, otherw𝑝̃ ≥ 𝑞̃ise.

 

𝑢 ∈ ℛ  𝑝, 𝑞̃ ∈ 𝐷[0,1] 𝐴̃𝑠𝐵
(𝑢) ℛ 𝐵 ℛ ℛ𝐴𝑠𝐵

= 𝐵  

𝐴̃𝑠𝐵
ℛ  𝑢, 𝑣, 𝑤 ∈ 𝐵 𝐴̃𝑠𝐵

(𝑢) = 𝑝 = 𝐴̃𝑠𝐵
(𝑣) = 𝐴̃𝑠𝐵

(𝑤)  

ÃsB
(u − v) ≥ mini{ÃsB

(u), ÃsB
(v)} 

= mini{p̃, p̃} 

= p̃  

ÃsB
(u − v) = p̃ u − v ∈ B  

ÃsB
(uαvβw) ≥ mini{ÃsB

(u), ÃsB
(w)} 

= mini{p̃, p̃} 

= p̃  

ÃsB
𝐵(uαvβw) = p̃ uαvβw ∈ B  

ℛ  

𝐵 ℛ  𝑢, 𝑣, 𝑤 ∈ ℛ  

𝐴̃𝑠𝐵
(𝑢) 𝑢, 𝑣  𝐵 𝑢 − 𝑣 ∉ 𝐵 𝐴̃𝑠𝐵

(𝑢 − 𝑣) ≥ 𝑚𝑖𝑛𝑖{𝐴̃𝑠𝐵
(𝑢), 𝐴̃𝑠𝐵

(𝑣)} = 𝑞̃  

𝑢, 𝑤 𝐵 𝑢𝛼𝑣𝛽𝑤 ∉ 𝐵 𝐴̃𝑠𝐵
(𝑢𝛼𝑣𝛽𝑤) ≥ 𝑚𝑖𝑛𝑖{𝐴̃𝑠𝐵

(𝑢), 𝐴̃𝑠𝐵
(𝑤)} = 𝑞̃  

ℛ
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 ℛ 𝐴̃𝑠𝑚
= 𝐴

0 < m < 1 ℛ

ℛ

 

 

 

 

 

Γ



 

 




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ϵ

ϵ ϵ

𝐴 𝑋

x 𝑋
AT

        𝑋 𝐴



 



𝐴

 

    

CA



 

    




      




      

 ʘ

Ꝁ  ʘ ʘ: 𝐺⨉𝐺 →

𝐺  ʘ(𝑥, 𝑦) = 𝑥ʘ𝑦 = 𝑥𝑦−1

(xʘy)ʘ(xʘz) = (xʘ((eʘz)ʘ(eʘy))) ʘx,

xʘ(xʘy) = (xʘ(eʘy))ʘx,

xʘx = e

xʘe = x,

eʘx = x−1 x, y, z ∈ G.

𝐴 = (𝑇𝐴, 𝐼𝐴, 𝐹𝐴) Ꝁ

Ꝁ

TA(sʘt) ≥ min{TA(s), TA(t)},

IA(sʘt) ≥ min{IA(s), IA(t)},

FA(sʘt) ≤ max{FA(s), FA(t)}, s, t ∈ G.

𝑇𝐴(𝑒) ≥ 𝑇𝐴(𝑠), 𝐼𝐴(𝑒) ≥ 𝐼𝐴(𝑠), 𝐹𝐴(𝑒) ≤ 𝐹𝐴(𝑠), 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑠 ∈ 𝐺.
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  Ꝁ

Ꝁ

    

ʘ   

ʘ   

ʘ   

ʘ    

  Ꝁ  ʘ

ʘ

ʘ

 

   

   

   

Ꝁ

 

Ꝁ

𝑎)  (∀ u, v ∈ G), (TX(uʘv) = TX(v) ⇒ TX(u) = TX(e))

(∀ u, v ∈ G), (TX(u) = TX(e) ⇒ TX(uʘv) ≥ TX(v));

𝑏)  (∀ u, v ∈ G), (CX(uʘv) = CX(v) ⇒ CX(u) = CX(e))



(∀ u, v ∈ G), (CX(u) = CX(e) ⇒ CX(uʘv) ≥ CX(v));

𝑐)  (∀ u, v ∈ G), (UX(uʘv) = UX(v) ⇒ UX(u) = UX(e))

(∀ u, v ∈ G), (UX(u) = UX(e) ⇒ UX(uʘv) ≤ UX(v));

𝑑)  (∀ u, v ∈ G), (FX(uʘv) = FX(v) ⇒ FX(u) = FX(e))

(∀ u, v ∈ G), (FX(u) = FX(e) ⇒ FX(uʘv) ≥ FX(v));

 𝑇𝑋(𝑢ʘ𝑣) = 𝑇𝑋(𝑣) ∀ 𝑢, 𝑣 ∈ 𝐺 𝑣 = 𝑒  𝑇𝑋(𝑢) =

𝑇𝑋(𝑢ʘ𝑒) = 𝑇𝑋(𝑒) 𝑢, 𝑣 ∈ 𝐺 𝑇𝑋(𝑢) = 𝑇𝑋(𝑒) 𝑇𝑋(𝑢ʘ𝑣) ≥ 𝑚𝑖𝑛{𝑇𝑋(𝑢), 𝑇𝑋(𝑣)} =

𝑚𝑖𝑛{𝑇𝑋(𝑒), 𝑇𝑋(𝑣)} = 𝑇𝑋(𝑣).

 𝑈𝑋(𝑢ʘ𝑣) = 𝑈𝑋(𝑣) ∀ 𝑢, 𝑣 ∈ G 𝑣 = 𝑒

 𝑈𝑋(𝑢) = 𝑈𝑋(𝑢ʘ𝑒) = 𝑈𝑋(𝑒) 𝑢, 𝑣 ∈ 𝐺 𝑈𝑋(𝑢) = 𝑈𝑋(𝑒) 𝑈𝑋(𝑢ʘ𝑣) ≤

𝑚𝑎𝑥{𝑈𝑋(𝑢), 𝑈𝑋(𝑣)} = 𝑚𝑎𝑥{𝑈𝑋(𝑒), 𝑈𝑋(𝑣)} = 𝑈𝑋(𝑣).

𝑋 = (𝑇𝑋, 𝐶𝑋,𝑈𝑋, 𝐹𝑋)

Ꝁ (𝜆, 𝜇, 𝜗, 𝜉) ∈ [0,1] × [0,1] × [0,1] × [0,1] 𝜆 + 𝜇 + 𝜗 + 𝜉 ≤ 4

X(λ,μ,ϑ,ξ) = {u ∈ G| TX(u) ≥ λ,  CX(u) ≥ μ,  UX(u) ≤ ϑ,  FX(u) ≤ ξ}

(𝜆, 𝜇, 𝜗, 𝜉)X(λ,μ,ϑ,ξ) = U(TX, λ) ∩ U′(CX, μ) ∩ L(UX, ϑ) ∩ L′(FX, ξ)

(𝜆, 𝜇, 𝜗, 𝜉) 𝑋

𝑋(𝜆,𝜇,𝜗,𝜉) = {𝑢 ∈ 𝐺| 𝑇𝑋(𝑢) > 𝜆,  𝐶𝑋(𝑢) > 𝜇,  𝑈𝑋(𝑢) < 𝜗,  𝐹𝑋(𝑢) < 𝜉}

𝑋

(𝜆, 𝜇, 𝜗, 𝜉) ∈ 𝐼𝑚(𝑇𝑋) × 𝐼𝑚(𝐶𝑋) × 𝐼𝑚(𝑈𝑋) × 𝐼𝑚(𝐹𝑋) 𝑋 =

(𝑇𝑋 , 𝐶𝑋,𝑈𝑋, 𝐹𝑋).

𝑋 = (𝑇𝑋, 𝐶𝑋,𝑈𝑋, 𝐹𝑋) Ꝁ

U(TX, λ) = {u ∈ G| TX(u) ≥ λ}, U′(CX, μ) = {u ∈ G| CX(u) ≥ μ},

L(UX, ϑ) = {u ∈ G| UX(u) ≤ ϑ}, L′(FX, ξ) = {u ∈ G| FX(u) ≤ ξ}

Ꝁ (𝜆, 𝜇, 𝜗, 𝜉) ∈ 𝐼𝑚(𝑇𝑋) × 𝐼𝑚(𝐶𝑋) × 𝐼𝑚(𝑈𝑋) × 𝐼𝑚(𝐹𝑋) ⊆ [0,1]

𝐼𝑚(𝑇𝑋), 𝐼𝑚(𝐶𝑋), 𝐼𝑚(𝑈𝑋) 𝑎𝑛𝑑 𝐼𝑚(𝐹𝑋) 𝑇(𝑋), 𝐶(𝑋), 𝑈(𝑋) 𝑎𝑛𝑑 𝐹(𝑋),
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𝑋 = (𝑇𝑋, 𝐶𝑋,𝑈𝑋, 𝐹𝑋) Ꝁ

(𝜆, 𝜇, 𝜗, 𝜉) ∈ 𝐼𝑚(𝑇𝑋) × 𝐼𝑚(𝐶𝑋) × 𝐼𝑚(𝑈𝑋) × 𝐼𝑚(𝐹𝑋) 𝑈(𝑇𝑋, 𝜆) ≠ ∅, 𝑈′(𝐶𝑋, 𝜇) ≠ ∅,

𝐿(𝑈𝑋, 𝜗) ≠ ∅ 𝑎𝑛𝑑 𝐿′(𝐹𝑋, 𝜉) ≠ ∅ 𝑈, 𝑈′, 𝐿 𝑎𝑛𝑑 𝐿′ 𝑢, 𝑣 ∈

𝑈(𝑇𝑋, 𝜆),  𝑇𝑋(𝑢) ≥ 𝜆 𝑎𝑛𝑑  𝑇𝑋(𝑣) ≥ 𝜆 𝑇𝑋(𝑢ʘ𝑣) ≥ 𝑚𝑖𝑛{ 𝑇𝑋(𝑢),  𝑇𝑋(𝑣)} ≥ 𝜆

𝑢ʘ𝑣 ∈  𝑈(𝑇𝑋, 𝜆) 𝑈(𝑇𝑋, 𝜆) Ꝁ

𝑈′(𝐶𝑋, 𝜇), 𝐿(𝑈𝑋, 𝜗) 𝑎𝑛𝑑 𝐿′(𝐹𝑋, 𝜉)

𝑋 = (𝑇𝑋, 𝐶𝑋,𝑈𝑋, 𝐹𝑋)

Ꝁ 𝑋 = (𝑇𝑋, 𝐶𝑋,𝑈𝑋, 𝐹𝑋) Ꝁ

𝑋(𝜆,𝜇,𝜗,𝜉) Ꝁ (𝜆, 𝜇, 𝜗, 𝜉) ∈ 𝐼𝑚(𝑇𝑋) × 𝐼𝑚(𝐶𝑋) × 𝐼𝑚(𝑈𝑋) × 𝐼𝑚(𝐹𝑋) 𝜆 +

𝜇 + 𝜗 + 𝜉 ≤ 4

𝑋(𝜆,𝜇,𝜗,𝜉) Ꝁ

𝑠, 𝑡 ∈ 𝐺

TX(sʘt) < min{TX(s), TX(t)},

CX(sʘt) < min{CX(s), CX(t)},

UX(sʘt) > max{UX(s), UX(t)},

FX(sʘt) > max{FX(s), FX(t)}.

𝜆1 =
1

2
(𝑇𝑋(𝑠ʘ𝑡) + 𝑚𝑖𝑛{𝑇𝑋(𝑠), 𝑇𝑋(𝑡)}), 𝜇1 =

1

2
(𝐶𝑋(𝑠ʘ𝑡) + 𝑚𝑖𝑛{𝐶𝑋(𝑠), 𝐶𝑋(𝑡)}),

𝜗1 =
1

2
(𝑈𝑋(𝑠ʘ𝑡) + 𝑚𝑎𝑥{𝑈𝑋(𝑠), 𝑈𝑋(𝑡)}), 𝜉1 =

1

2
(𝐹𝑋(𝑠ʘ𝑡) + 𝑚𝑎𝑥{𝐹𝑋(𝑠), 𝐹𝑋(𝑡)}). 

TX(sʘt) < λ1 < min{TX(s), TX(t)},

CX(sʘt) < μ1 < min{CX(s), CX(t)},

UX(sʘt) > ϑ1 > max{UX(s), UX(t)},

FX(sʘt) > ξ1 > max{FX(s), FX(t)}.

𝑠, 𝑡 ∈ 𝑋(𝜆,𝜇,𝜗,𝜉) 𝑎𝑛𝑑 𝑠ʘ𝑡 ∉ 𝑋(𝜆,𝜇,𝜗,𝜉) 

𝑋 = (𝑇𝑋 , 𝐶𝑋,𝑈𝑋, 𝐹𝑋)

Ꝁ

𝑋 = (𝑇𝑋, 𝐶𝑋,𝑈𝑋, 𝐹𝑋) Ꝁ

(𝜆, 𝜇, 𝜗, 𝜉) ∈ 𝐼𝑚(𝑇𝑋) × 𝐼𝑚(𝐶𝑋) × 𝐼𝑚(𝑈𝑋) × 𝐼𝑚(𝐹𝑋) 𝜆 + 𝜇 + 𝜗 + 𝜉 ≤ 4 𝑋(𝜆,𝜇,𝜗,𝜉) ≠ ∅

𝑢, 𝑣 ∈ 𝑋(𝜆,𝜇,𝜗,𝜉)

TX(u) ≥ λ, TX(v) ≥ λ′,



CX(u) ≥ μ, CX(v) ≥ μ′,

UX(u) ≤ ϑ, UX(v) ≤ ϑ′,

FX(u) ≤ ξ, FX(v) ≤ ξ′.

𝜆 ≤ 𝜆′, 𝜇 ≤ 𝜇′, 𝜗 ≥ 𝜗′ 𝑎𝑛𝑑 𝜉 ≥ 𝜉′.

TX(uʘv) ≥ λ = min{TX(u), TX(v)},

CX(uʘv) ≥ μ = min{CX(u), CX(v)},

UX(uʘv) ≤ ϑ = max{UX(u), UX(v)},

FX(uʘv) ≤ ξ = max{FX(u), FX(v)}.

𝑢ʘ𝑣 ∈ 𝑋(𝜆,𝜇,𝜗,𝜉) 𝑋(𝜆,𝜇,𝜗,𝜉) Ꝁ

𝑋 = (𝑇𝑋, 𝐶𝑋,𝑈𝑋, 𝐹𝑋)

(𝜆1,𝜇1, 𝜗1, 𝜉1), (𝜆2,𝜇2, 𝜗2, 𝜉2) ∈  𝐼𝑚(𝑇𝑋) × 𝐼𝑚(𝐶𝑋) × 𝐼𝑚(𝑈𝑋) × 𝐼𝑚(𝐹𝑋) 𝜆𝑖 + 𝜇𝑖 + 𝜗𝑖 + 𝜉𝑖 ≤ 4 𝑖 = 1,2

𝑋(𝜆1,𝜇1,𝜗1,𝜉1) = 𝑋(𝜆2,𝜇2,𝜗2,𝜉2) (𝜆1,𝜇1, 𝜗1, 𝜉1) = (𝜆2,𝜇2, 𝜗2, 𝜉2)

(𝜆1,𝜇1, 𝜗1, 𝜉1) = (𝜆2,𝜇2, 𝜗2, 𝜉2) 𝑋(𝜆1,𝜇1,𝜗1,𝜉1) = 𝑋(𝜆2,𝜇2,𝜗2,𝜉2)

𝑋(𝜆1,𝜇1,𝜗1,𝜉1) = 𝑋(𝜆2,𝜇2,𝜗2,𝜉2)  (𝜆1,𝜇1, 𝜗1, 𝜉1) ∈  𝐼𝑚(𝑇𝑋) × 𝐼𝑚(𝐶𝑋) × 𝐼𝑚(𝑈𝑋) ×

𝐼𝑚(𝐹𝑋) 𝑢 ∈ 𝐺 𝑇𝑋(𝑢) = 𝜆1 𝐶𝑋(𝑢) = 𝜇1, 𝑈𝑋(𝑢) = 𝜗1 𝑎𝑛𝑑 𝐹𝑋(𝑢) = 𝜉1

𝑢 ∈ 𝑋(𝜆1,𝜇1,𝜗1,𝜉1) = 𝑋(𝜆2,𝜇2,𝜗2,𝜉2) 𝜆1 = 𝑇𝑋(𝑢) ≥ 𝜆2, 𝜇1 = 𝐶𝑋(𝑢) ≥ 𝜇2, 𝜗1 = 𝑈𝑋(𝑢) ≤ 𝜗2 𝑎𝑛𝑑 𝜉1 =

𝐹𝑋(𝑢) ≤ 𝜉2 (𝜆2,𝜇2, 𝜗2, 𝜉2) ∈  𝐼𝑚(𝑇𝑋) × 𝐼𝑚(𝐶𝑋) × 𝐼𝑚(𝑈𝑋) × 𝐼𝑚(𝐹𝑋) 𝑣 ∈ 𝐺

𝑇𝑋(𝑣) = 𝜆2 𝐶𝑋(𝑣) = 𝜇2, 𝑈𝑋(𝑣) = 𝜗2 𝑎𝑛𝑑 𝐹𝑋(𝑣) = 𝜉2 𝑣 ∈ 𝑋(𝜆2,𝜇2,𝜗2,𝜉2) = 𝑋(𝜆1,𝜇1,𝜗1,𝜉1)

𝜆2 = 𝑇𝑋(𝑣) ≥ 𝜆1, 𝜇2 = 𝐶𝑋(𝑣) ≥ 𝜇1, 𝜗2 = 𝑈𝑋(𝑣) ≤ 𝜗1 𝑎𝑛𝑑 𝜉2 = 𝐹𝑋(𝑣) ≤ 𝜉1 (𝜆1,𝜇1, 𝜗1, 𝜉1) =

(𝜆2,𝜇2, 𝜗2, 𝜉2)

𝐼 Ꝁ

𝑋 = (𝑇𝑋, 𝐶𝑋,𝑈𝑋, 𝐹𝑋) Ꝁ 𝑋 = (𝑇𝑋, 𝐶𝑋,𝑈𝑋, 𝐹𝑋) = 𝐼

𝜆, 𝜇 ∈ (0,1] 𝑎𝑛𝑑 𝜗, 𝜉 ∈ [0,1)

𝑋 = (𝑇𝑋, 𝐶𝑋,𝑈𝑋, 𝐹𝑋) Ꝁ

TX(u) = {
λ ∈ (0,1], if u ∈ I

0, otherwise

CX(u) = {
μ ∈ (0,1], if u ∈ I

0, otherwise

UX(u) = {
ϑ ∈ [0,1), if u ∈ I

0, otherwise
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FX(u) = {
ξ ∈ [0,1), if u ∈ I

0, otherwise

𝑢, 𝑣 ∈ 𝐺 𝑢, 𝑣 ∈ 𝐼,  𝑢ʘ𝑣 ∈ 𝐼

TX(uʘv) ≥ min{TX(u), TX(v)},

CX(uʘv) ≥ min{CX(u), CX(v)},

UX(uʘv) ≤ max{UX(u), UX(v)} ,

FX(uʘv) ≤ max{FX(u), FX(v)}

𝑢 ∉ 𝐼 𝑜𝑟 𝑣 ∉ 𝐼

TX(u) = 0 or TX(v), CX(u) = 0 or CX(v), UX(u) =   0 or UX(v) and FX(u) = 0 or FX(v).

TX(uʘv) ≥ min{TX(u), TX(v)},

CX(uʘv) ≥ min{CX(u), CX(v)},

UX(uʘv) ≤ max{UX(u), UX(v)},

FX(uʘv) ≤ max{FX(u), FX(v)}.

𝑋 = (𝑇𝑋, 𝐶𝑋,𝑈𝑋, 𝐹𝑋) Ꝁ

𝑋(𝜆,𝜇,𝜗,𝜉) = 𝐼

Ꝁ 𝑋0 ⊂ 𝑋1 ⊂ 𝑋2 ⊂ ⋯ ⊂ 𝑋𝑛 = 𝐺.

{𝜆𝑖|𝑖 = 0,1, … , 𝑛}, {𝜇𝑖|𝑖 = 0,1, … , 𝑛}  {𝜗𝑖|𝑖 = 0,1, … , 𝑛},  {𝜉𝑖|𝑖 =

0,1, … , 𝑛} [0,1] 𝜆𝑘 + 𝜇𝑘 + 𝜗𝑘 + 𝜉𝑘 ≤ 4 𝑘 = 0,1,2, … , 𝑛

𝑋 = (𝑇𝑋, 𝐶𝑋,𝑈𝑋, 𝐹𝑋) Ꝁ 𝑇𝑋(𝑋0) = 𝜆0

𝐶𝑋(𝑋0) = 𝜇0, 𝑈𝑋(𝑋0) = 𝜗0 𝑎𝑛𝑑 𝐹𝑋(𝑋0) = 𝜉0

𝑇𝑋(𝑋𝑖\𝑋𝑖−1) = 𝜆𝑖 , 𝐶𝑋(𝑋𝑖\𝑋𝑖−1) = 𝜇𝑖 , 𝑈𝑋(𝑋𝑖\𝑋𝑖−1) = 𝜗𝑖  𝑎𝑛𝑑 𝐹𝑋(𝑋𝑖\𝑋𝑖−1) = 𝜉𝑖  𝑓𝑜𝑟 0 < 𝑖 ≤ 𝑛

 𝑢ʘ𝑣 ∈ 𝑋𝑖−1 𝑋 = (𝑇𝑋, 𝐶𝑋,𝑈𝑋, 𝐹𝑋)

Ꝁ 𝑢, 𝑣 ∈ 𝐺 𝑢, 𝑣 ∈ 𝑋𝑖\𝑋𝑖−1 𝑇𝑋(𝑢) = 𝜆𝑖 = 𝑇𝑋(𝑣) 𝐶𝑋(𝑢) = 𝜇𝑖 =

𝐶𝑋(𝑣)  𝑈𝑋(𝑢) = 𝜗𝑖 = 𝑈𝑋(𝑣) 𝐹𝑋(𝑢) = 𝜉𝑖 = 𝐹𝑋(𝑣) 𝑋𝑖 𝑢ʘ𝑣 ∈ 𝑋𝑖

𝑢ʘ𝑣 ∈ 𝑋𝑖\𝑋𝑖−1



TX(uʘv) ≥ λi = min{TX(u), TX(v)},

CX(uʘv) ≥ μi = min{CX(u), CX(v)},

UX(uʘv) ≤ ϑi = max{UX(u), UX(v)},

FX(uʘv) ≤ ξi = max{FX(u), FX(v)}

𝑘 > 𝑙 𝑢 ∈ 𝑋𝑘\𝑋𝑘−1 𝑣 ∈ 𝑋𝑙\𝑋𝑙−1 

TX(u) = λk, TX(v) = λl,

CX(u) = μk, CX(v) = μl,

UX(u) = ϑk, UX(v) = ϑl,

FX(u) = ξk, FX(v) = ξl,

𝑢ʘ𝑣 ∈ 𝑋𝑘 𝑋𝑘 𝑋𝑙 ⊂ 𝑋𝑘

TX(uʘv) ≥ λk = min{TX(u), TX(v)},

CX(uʘv) ≥ μk = min{CX(u), CX(v)},

UX(uʘv) ≤ ϑk = max{UX(u), UX(v)},

FX(uʘv) ≤ ξk = max{FX(u), FX(v)}.

𝑋 = (𝑇𝑋, 𝐶𝑋,𝑈𝑋, 𝐹𝑋) Ꝁ

Ꝁ 𝐼𝑚(𝑇𝑋) = {𝜆0, 𝜆1, … , 𝜆𝑛}, 𝐼𝑚(𝐶𝑋) =

{𝜇0, 𝜇1, … , 𝜇𝑛}, 𝐼𝑚(𝑈𝑋) = {𝜗0, 𝜗1, … , 𝜗𝑛} 𝑎𝑛𝑑 𝐼𝑚(𝐹𝑋) = {𝜉0, 𝜉1, … , 𝜉𝑛}.

𝑋 = (𝑇𝑋, 𝐶𝑋,𝑈𝑋, 𝐹𝑋)

U(TX, λ0) ⊂ U(TX, λ1) ⊂ ⋯ ⊂ U(TX, λn) = G,

U′(CX, μ0) ⊂ U′(CX, μ1) ⊂ ⋯ ⊂ U′(CX, μn) = G,

L(UX, ϑ0) ⊂ L(UX, ϑ1) ⊂ ⋯ ⊂ L(UX, ϑn) = G,

L′(FX, ξ0) ⊂ L′(FX, ξ1) ⊂ ⋯ ⊂ L′(FX, ξn) = G,

U(TX, λ0) = {u ∈ G| TX(u) ≥ λ0} = X0,

U′(CX, μ0) = {u ∈ G| CX(u) ≥ μ0} = X0,

L(UX, ϑ0) = {u ∈ G| UX(u) ≤ ϑ0} = X0,
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L′(FX, ξ0) = {u ∈ G| FX(u) ≤ ξ0} = X0.

𝑈(𝑇𝑋, 𝜆𝑖) = 𝑋𝑖 , 𝑈′(𝐶𝑋, 𝜇𝑖) = 𝑋𝑖 , 𝐿(𝑈𝑋, 𝜗𝑖) = 𝑋𝑖  𝑎𝑛𝑑 𝐿′(𝐹𝑋, 𝜉𝑖) = 𝑋𝑖  𝑓𝑜𝑟 0 < 𝑖 ≤ 𝑛 𝑋𝑖 ⊆

𝑈(𝑇𝑋, 𝜆𝑖), 𝑋𝑖 ⊆  𝑈′(𝐶𝑋, 𝜇𝑖), 𝑋𝑖 ⊆  𝐿(𝑈𝑋, 𝜗𝑖)  𝑎𝑛𝑑 𝑋𝑖 ⊆ 𝐿′(𝐹𝑋, 𝜉𝑖). 𝑢 ∈  𝑈(𝑇𝑋 , 𝜆𝑖) 𝑇𝑋(𝑢) ≥ 𝜆𝑖 𝑢 ∉

𝐴𝑘 𝑓𝑜𝑟 𝑘 > 𝑖 𝑇𝑋(𝑢) ∈ {𝜆0, 𝜆1, … , 𝜆𝑖} 𝑢 ∈ 𝑋𝑘  𝑓𝑜𝑟 𝑘 ≤ 𝑖, 𝑋𝑘 ⊆ 𝑋𝑖.

𝑢 ∈ 𝑋𝑖 . 𝑈(𝑇𝑋, 𝜆𝑖) = 𝑋𝑖 0 < 𝑖 ≤ 𝑛 𝑈′(𝐶𝑋, 𝜇𝑖) = 𝑋𝑖

𝑣 ∈  𝐿(𝑈𝑋, 𝜗𝑖) 𝑈𝑋(𝑣) ≤ 𝜗𝑖 𝑣 ∉ 𝑋𝑘  𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑖 ≤ 𝑘 𝑈𝑋(𝑢) ∈ {𝜗0, 𝜗1, … , 𝜗𝑖}

𝑢 ∈ 𝑋𝑙  𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑙 ≤ 𝑖, 𝑋𝑙 ⊆ 𝑋𝑖. 𝑣 ∈ 𝑋𝑖 𝐿(𝑈𝑋, 𝜗𝑖) = 𝑋𝑖 0 <

𝑖 ≤ 𝑛 𝐿′(𝐹𝑋, 𝜉𝑖) = 𝑋𝑖

Ꝁ1 = (𝐺1,∙, ʘ, 𝑒1) 𝑎𝑛𝑑 Ꝁ2 = (𝐺2,∙, ʘ, 𝑒2) 𝑓

Ꝁ1 Ꝁ2 𝑌 = (𝑇𝑌 , 𝐶𝑌, 𝑈𝑌, 𝐹𝑌) Ꝁ2

 𝑌 = (𝑇𝑌 , 𝐶𝑌, 𝑈𝑌 , 𝐹𝑌) 𝑓

Ꝁ1

f −1(TY)(u) = TY(f(u)), f −1(CY)(u) = CY(f(u)),

f −1(UY)(u) = UY(f(u)), f −1(FY)(u) = FY(f(u)),

𝑢 ∈ 𝐺

𝑋 = (𝑇𝑋, 𝐶𝑋, 𝑈𝑋, 𝐹𝑋)

Ꝁ 𝑇𝑋(𝑓(𝑢)) = 𝑇𝑋(𝑢), 𝐶𝑋(𝑓(𝑢)) = 𝐶𝑋(𝑢), 𝑈𝑋(𝑓(𝑢)) =

𝑈𝑋(𝑢) 𝑎𝑛𝑑 𝐹𝑋(𝑓(𝑢)) = 𝐹𝑋(𝑢) 𝑢 ∈ 𝐺 𝑓 ∈ 𝐴𝑢𝑡(𝐾)

𝑈 Ꝁ 𝑓(𝑈) ⊆ 𝑈 𝑓 ∈

𝐸𝑛𝑑(𝐾) 𝐸𝑛𝑑(𝐾) Ꝁ

𝑋 = (𝑇𝑋, 𝐶𝑋, 𝑈𝑋, 𝐹𝑋) Ꝁ 𝑇𝑋(𝑓(𝑢)) ≤

𝑇𝑋(𝑢), 𝐶𝑋(𝑓(𝑢)) ≤ 𝐶𝑋(𝑢), 𝑈𝑋(𝑓(𝑢)) ≥ 𝑈𝑋(𝑢) 𝑎𝑛𝑑 𝐹𝑋(𝑓(𝑢)) ≥ 𝐹𝑋(𝑢) 𝑢 ∈ 𝐺 𝑓 ∈ 𝐸𝑛𝑑(𝐾)

𝑋1 = (𝑇𝑋1
, 𝐶𝑋1

, 𝑈𝑋1
, 𝐹𝑋1

) 𝑋2 = (𝑇𝑋2
, 𝐶𝑋2

, 𝑈𝑋2
, 𝐹𝑋2

)

Ꝁ 𝑋1 = (𝑇𝑋1
, 𝐶𝑋1

, 𝑈𝑋1
, 𝐹𝑋1

) 𝑋2 =

(𝑇𝑋2
, 𝐶𝑋2

, 𝑈𝑋2
, 𝐹𝑋2

) 𝑓 ∈ 𝐴𝑢𝑡(𝐾) 𝑋1 = 𝑋2 ◦ 𝑓 𝑇𝑋1
(𝑢) = 𝑇𝑋2

(𝑓(𝑢)), 𝐶𝑋1
(𝑢) =

𝐶𝑋2
(𝑓(𝑢)), 𝑈𝑋1

(𝑢) = 𝑈𝑋2
(𝑓(𝑢)) 𝑎𝑛𝑑 𝐹𝑋1

(𝑢) = 𝐹𝑋2
(𝑓(𝑢)) 𝑢 ∈ 𝐺

𝑓: Ꝁ1 → Ꝁ2 𝑌 = (𝑇𝑌 , 𝐶𝑌, 𝑈𝑌 , 𝐹𝑌)

Ꝁ2 𝑓−1(𝑌)

Ꝁ1



f −1(TY)(e) ≥ f −1(TY)(u), f −1(CY)(e) ≥ f −1(CY)(u),

f −1(UY)(e) ≤ f −1(UY)(u), f −1(FY)(e) ≤ f −1(FY)(u),

𝑢 ∈ 𝐺1. 𝐿𝑒𝑡 𝑢, 𝑣 ∈ 𝐺1

f −1(TY)(uʘv) = TY(f(uʘv)),

f −1(TY)(uʘv) = TY(f(u)ʘf(v)),

f −1(TY)(uʘv) ≥ min{TY(f(u)), TY(f(v))},

f −1(TY)(uʘv) ≥ min{f −1(TY)(u), f −1(TY)(v)};

f −1(CY)(uʘv) = CY(f(uʘv)),

f −1(CY)(uʘv) = CY(f(u)ʘf(v)),

f −1(CY)(uʘv) ≥ min{CY(f(u)), CY(f(v))}

f −1(CY)(uʘv) ≥ min{f −1(CY)(u), f −1(CY)(v)};

f −1(UY)(uʘv) = UY(f(uʘv)),

f −1(UY)(uʘv) = UY(f(u)ʘf(v)),

f −1(UY)(uʘv) ≤ max{UY(f(u)), UY(f(v))}

f −1(UY)(uʘv) ≤ max{f −1(UY)(u), f −1(UY)(v)};

f −1(FY)(uʘv) = FY(f(uʘv)),

f −1(FY)(uʘv) = FY(f(u)ʘf(v)),

f −1(FY)(uʘv) ≤ max{FY(f(u)), FY(f(v))},

f −1(FY)(uʘv) ≤ max{f −1(FY)(u), f −1(FY)(v)}.

𝑓−1(𝑌) Ꝁ1.
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𝑓: Ꝁ1 → Ꝁ2 𝑌 = (𝑇𝑌 , 𝐶𝑌, 𝑈𝑌 , 𝐹𝑌)

Ꝁ2 𝑋 = (𝑇𝑋, 𝐶𝑋,𝑈𝑋, 𝐹𝑋) 𝑌 𝑓

𝑋 Ꝁ1.

𝑇𝑋(𝑒) ≥ 𝑇𝑋(𝑢), 𝐶𝑋(𝑒) ≥ 𝐶𝑋(𝑢), 𝑈𝑋(𝑒) ≤ 𝑈𝑋(𝑢) 𝑎𝑛𝑑 𝐹𝑋(𝑒) ≤ 𝐹𝑋(𝑢)

𝑢 ∈ 𝐺1. 𝑢, 𝑣 ∈ 𝐺1,

TX(uʘv) = TY(f(uʘv)),

TX(uʘv) = TY(f(u)ʘf(v)),

TX(uʘv) ≥ min{TY(f(u)), TY(f(v))},

TX(uʘv) ≥ min{TX(u), TX(v)};

CX(uʘv) = CY(f(uʘv)),

CX(uʘv) = CY(f(u)ʘf(v)),

CX(uʘv) ≥ min{CY(f(u)), CY(f(v))}

CX(uʘv) ≥ min{CX(u), CX(v)};

UX(uʘv) = UY(f(uʘv)),

UX(uʘv) = UY(f(u)ʘf(v)),

UX(uʘv) ≤ max{UY(f(u)), UY(f(v))},

UX(uʘv) ≤ max{UX(u), UX(v)};

FX(uʘv) = FY(f(uʘv)),

FX(uʘv) = FY(f(u)ʘf(v)),

FX(uʘv) ≤ max{FY(f(u)), FY(f(v))},

FX(uʘv) ≤ max{FX(u), FX(v)}.

𝑋 Ꝁ1.



𝑓 Ꝁ1 Ꝁ2 𝑓: Ꝁ1 → Ꝁ2 𝑋 =

(𝑇𝑋, 𝐶𝑋,𝑈𝑋, 𝐹𝑋)  Ꝁ2. 𝑋 = (𝑇𝑋, 𝐶𝑋,𝑈𝑋, 𝐹𝑋)

𝑋 𝑓 𝑇𝑋
𝑓(𝑢) = 𝑇𝑋(𝑓(𝑢)), 𝐶𝑋

𝑓(𝑢) = 𝐶𝑋(𝑓(𝑢)), 𝑈𝑋
𝑓(𝑢) = 𝑈𝑋(𝑓(𝑢)) 𝑎𝑛𝑑 𝐹𝑋

𝑓(𝑢) =

𝐹𝑋(𝑓(𝑢)) 𝑢 ∈ 𝐺1

𝑓: Ꝁ1 → Ꝁ2 𝑋𝑓 = (𝑇𝑋
𝑓

, 𝐶𝑋
𝑓

, 𝑈𝑋
𝑓

, 𝐹𝑋
𝑓

)

Ꝁ1 𝑋 = (𝑇𝑋, 𝐶𝑋, 𝑈𝑋, 𝐹𝑋)

 Ꝁ2

𝑓: Ꝁ1 → Ꝁ2 𝑋𝑓 = (𝑇𝑋
𝑓

, 𝐶𝑋
𝑓

, 𝑈𝑋
𝑓

, 𝐹𝑋
𝑓

)

Ꝁ1 𝑋 =

(𝑇𝑋, 𝐶𝑋, 𝑈𝑋, 𝐹𝑋) Ꝁ2 𝑢 ∈

𝐺1 𝑣 = 𝑓(𝑢) 𝑣 ∈ 𝐺2:

TX(v) = TX(f(u)) = TX
f(u)

≤ TX
f(e1)

= TX(f(e1)) = TX(e2),

CX(v) = CX(f(u)) = CX
f(u)

≤ CX
f(e1)

= CX(f(e1)) = CX(e2),

UX(v) = UX(f(u)) = UX
f(u)

≥ UX
f(e1)

= UX(f(e1)) = UX(e2),

FX(v) = FX(f(u)) = FX
f(u)

≥ FX
f(e1)

= FX(f(e1)) = FX(e2).

𝑢, 𝑣 ∈ 𝐺2, 𝑠, 𝑡 ∈ 𝐺1 𝑢 = 𝑓(𝑠) 𝑣 = 𝑓(𝑡).

TX(uʘv) = TX(f(sʘt))

TX(uʘv) = TX
f (sʘt),

TX(uʘv) ≥ min{TX
f (s), TX

f (t)},

TX(uʘv) ≥ min{TX(f(s)), TX(f(t))},

TX(uʘv) ≥ min{TX(u), TX(v)};

CX(uʘv) = CX(f(sʘt)),

CX(uʘv) = CX
f (sʘt),

CX(uʘv) ≥ min{CX
f (s), CX

f (t)},

CX(uʘv) ≥ min{CX(f(s)), CX(f(t))}

CX(uʘv) ≥ min{CX(u), CX(v)};
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UX(uʘv) = UX(f(sʘt)),

UX(uʘv) = UX
f (sʘt)

UX(uʘv) ≤ max{UX
f (s), UX

f (t)},

UX(uʘv) ≤ max{UX(f(s)), UX(f(t))},

UX(uʘv) ≤ max{UX(u), UX(v)};

FX(uʘv) = FX(f(sʘt)),

FX(uʘv) = FX
f (sʘt),

FX(uʘv) ≤ max{FX
f (s), FX

f (t)},

FX(uʘv) ≤ max{FX(f(s)), FX(f(t))},

FX(uʘv) ≤ max{FX(u), FX(v)}.

𝑋 = (𝑇𝑋, 𝐶𝑋, 𝑈𝑋, 𝐹𝑋) Ꝁ2

𝑋 = (𝑇𝑋, 𝐶𝑋, 𝑈𝑋, 𝐹𝑋)

Ꝁ2 𝑋𝑓 = (𝑇𝑋
𝑓

, 𝐶𝑋
𝑓

, 𝑈𝑋
𝑓

, 𝐹𝑋
𝑓

)

 Ꝁ1 𝑢 ∈ 𝐺1

TX
f (e1) = TX(f(e1)) = TX(e2) ≥ TX(f(u)) = TX

f (u),

CX
f (e1) = CX(f(e1)) = CX(e2) ≥ CX(f(u)) = CX

f (u),

UX
f (e1) = UX(f(e1)) = UX(e2) ≤ UX(f(u)) = UX

f (u),

FX
f (e1) = FX(f(e1)) = FX(e2) ≤ FX(f(u)) = FX

f (u).

𝑋 Ꝁ2 𝑢, 𝑣 ∈ 𝐺1,

TX
f (uʘv) = TX(f(uʘv)),

TX
f (uʘv) = TX(f(u)ʘf(v)),

TX
f (uʘv) ≥ min{TX(f(u)), TX(f(v))},

TX
f (uʘv) ≥ min{TX

f (u), TX
f (v)};



CX
f (uʘv) = CX(f(uʘv)),

CX
f (uʘv) = CX(f(u)ʘf(v)),

CX
f (uʘv) ≥ min{CX(f(u)), CX(f(v))},

CX
f (uʘv) ≥ min{CX

f (u), CX
f (v)};

UX
f (uʘv) = UX(f(uʘv))

UX
f (uʘv) = UX(f(u)ʘf(v)),

UX
f (uʘv) ≤ max{UX(f(u)), UX(f(v))}

UX
f (uʘv) ≤ max{UX

f (u), UX
f (v)};

FX
f (uʘv) = FX(f(uʘv)),

FX
f (uʘv) = FX(f(u)ʘf(v)),

FX
f (uʘv) ≤ max{FX(f(u)), FX(f(v))},

FX
f (uʘv) ≤ max{FX

f (u), FX
f (v)}.

𝑋𝑓 = (𝑇𝑋
𝑓

, 𝐶𝑋
𝑓

, 𝑈𝑋
𝑓

, 𝐹𝑋
𝑓

) Ꝁ1

𝑋1 = (𝑇𝑋1
, 𝐶𝑋1

, 𝑈𝑋1
, 𝐹𝑋1

) 𝑋2 = (𝑇𝑋2
, 𝐶𝑋2

, 𝑈𝑋2
, 𝐹𝑋2

)

Ꝁ

𝑋1 = (𝑇𝑋1
, 𝐶𝑋1

, 𝑈𝑋1
, 𝐹𝑋1

)

𝑋2 = (𝑇𝑋2
, 𝐶𝑋2

, 𝑈𝑋2
, 𝐹𝑋2

) 𝑋1 𝑋2

𝑋1 =

(𝑇𝑋1
, 𝐶𝑋1

, 𝑈𝑋1
, 𝐹𝑋1

) 𝑋2 =

(𝑇𝑋2
, 𝐶𝑋2

, 𝑈𝑋2
, 𝐹𝑋2

) 𝑓 ∈ 𝐴𝑢𝑡(𝐾) 𝑇𝑋1
(𝑢) = 𝑇𝑋2

(𝑓(𝑢)), 𝐶𝑋1
(𝑢) =

𝐶𝑋2
(𝑓(𝑢)), 𝑈𝑋1

(𝑢) = 𝑈𝑋2
(𝑓(𝑢)) 𝑎𝑛𝑑 𝐹𝑋1

(𝑢) = 𝐹𝑋2
(𝑓(𝑢)) 𝑢 ∈ 𝐺

𝑔: 𝑋1(𝐾) → 𝑋2(𝐾) 𝑔(𝑋1(𝑠)) = 𝑋2(𝑓(𝑢)) 𝑢 ∈ 𝐺  𝑔 (𝑇𝑋1
(𝑢)) =

𝑇𝑋2
(𝑓(𝑢)), 𝑔 (𝐶𝑋1

(𝑢)) = 𝐶𝑋2
(𝑓(𝑢)), 𝑔 (𝑈𝑋1

(𝑢)) = 𝑈𝑋2
(𝑓(𝑢)) 𝑎𝑛𝑑 𝑔 (𝐹𝑋1

(𝑢)) = 𝐹𝑋2
(𝑓(𝑢)) 𝑢 ∈ 𝐺 𝑔
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𝑔 (𝑇𝑋1
(𝑢)) = 𝑔 (𝑇𝑋1

(𝑣)) 𝑢, 𝑣 ∈ 𝐺 𝑇𝑋2
(𝑓(𝑢)) = 𝑇𝑋2

(𝑓(𝑣))

𝑇𝑋1
(𝑢) = 𝑇𝑋1

(𝑣) 𝐶𝑋1
(𝑢) = 𝐶𝑋1

(𝑣), 𝑈𝑋1
(𝑢) = 𝑈𝑋1

(𝑣) 𝑎𝑛𝑑 𝐹𝑋1
(𝑢) = 𝐹𝑋1

(𝑣).

𝑔 𝑔 𝑢, 𝑣 ∈ 𝐺

g(TX1
(uʘv)) = TX2

(f(uʘv)) = TX2
(f(u)ʘf(v)),

g(CX1
(uʘv)) = CX2

(f(uʘv)) = CX2
(f(u)ʘf(v)),

g(UX1
(uʘv)) = UX2

(f(uʘv)) = UX2
(f(u)ʘf(v)),

g(FX1
(uʘv)) = FX2

(f(uʘv)) = FX2
(f(u)ʘf(v)).

𝑋1 = (𝑇𝑋1
, 𝐶𝑋1

, 𝑈𝑋1
, 𝐹𝑋1

) 𝑋2 = (𝑇𝑋2
, 𝐶𝑋2

, 𝑈𝑋2
, 𝐹𝑋2

).
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