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ϵ

ϵ ϵ

𝐴 𝑋

x 𝑋
AT

        𝑋 𝐴



 



𝐴

 

    

CA



 

    




      




      

 ʘ

Ꝁ  ʘ ʘ: 𝐺⨉𝐺 →

𝐺  ʘ(𝑥, 𝑦) = 𝑥ʘ𝑦 = 𝑥𝑦−1

(xʘy)ʘ(xʘz) = (xʘ((eʘz)ʘ(eʘy))) ʘx,

xʘ(xʘy) = (xʘ(eʘy))ʘx,

xʘx = e

xʘe = x,

eʘx = x−1 x, y, z ∈ G.

𝐴 = (𝑇𝐴, 𝐼𝐴, 𝐹𝐴) Ꝁ

Ꝁ

TA(sʘt) ≥ min{TA(s), TA(t)},

IA(sʘt) ≥ min{IA(s), IA(t)},

FA(sʘt) ≤ max{FA(s), FA(t)}, s, t ∈ G.

𝑇𝐴(𝑒) ≥ 𝑇𝐴(𝑠), 𝐼𝐴(𝑒) ≥ 𝐼𝐴(𝑠), 𝐹𝐴(𝑒) ≤ 𝐹𝐴(𝑠), 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑠 ∈ 𝐺.
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  Ꝁ

Ꝁ

    

ʘ   

ʘ   

ʘ   

ʘ    

  Ꝁ  ʘ

ʘ

ʘ

 

   

   

   

Ꝁ

 

Ꝁ

𝑎)  (∀ u, v ∈ G), (TX(uʘv) = TX(v) ⇒ TX(u) = TX(e))

(∀ u, v ∈ G), (TX(u) = TX(e) ⇒ TX(uʘv) ≥ TX(v));

𝑏)  (∀ u, v ∈ G), (CX(uʘv) = CX(v) ⇒ CX(u) = CX(e))



(∀ u, v ∈ G), (CX(u) = CX(e) ⇒ CX(uʘv) ≥ CX(v));

𝑐)  (∀ u, v ∈ G), (UX(uʘv) = UX(v) ⇒ UX(u) = UX(e))

(∀ u, v ∈ G), (UX(u) = UX(e) ⇒ UX(uʘv) ≤ UX(v));

𝑑)  (∀ u, v ∈ G), (FX(uʘv) = FX(v) ⇒ FX(u) = FX(e))

(∀ u, v ∈ G), (FX(u) = FX(e) ⇒ FX(uʘv) ≥ FX(v));

 𝑇𝑋(𝑢ʘ𝑣) = 𝑇𝑋(𝑣) ∀ 𝑢, 𝑣 ∈ 𝐺 𝑣 = 𝑒  𝑇𝑋(𝑢) =

𝑇𝑋(𝑢ʘ𝑒) = 𝑇𝑋(𝑒) 𝑢, 𝑣 ∈ 𝐺 𝑇𝑋(𝑢) = 𝑇𝑋(𝑒) 𝑇𝑋(𝑢ʘ𝑣) ≥ 𝑚𝑖𝑛{𝑇𝑋(𝑢), 𝑇𝑋(𝑣)} =

𝑚𝑖𝑛{𝑇𝑋(𝑒), 𝑇𝑋(𝑣)} = 𝑇𝑋(𝑣).

 𝑈𝑋(𝑢ʘ𝑣) = 𝑈𝑋(𝑣) ∀ 𝑢, 𝑣 ∈ G 𝑣 = 𝑒

 𝑈𝑋(𝑢) = 𝑈𝑋(𝑢ʘ𝑒) = 𝑈𝑋(𝑒) 𝑢, 𝑣 ∈ 𝐺 𝑈𝑋(𝑢) = 𝑈𝑋(𝑒) 𝑈𝑋(𝑢ʘ𝑣) ≤

𝑚𝑎𝑥{𝑈𝑋(𝑢), 𝑈𝑋(𝑣)} = 𝑚𝑎𝑥{𝑈𝑋(𝑒), 𝑈𝑋(𝑣)} = 𝑈𝑋(𝑣).

𝑋 = (𝑇𝑋, 𝐶𝑋,𝑈𝑋, 𝐹𝑋)

Ꝁ (𝜆, 𝜇, 𝜗, 𝜉) ∈ [0,1] × [0,1] × [0,1] × [0,1] 𝜆 + 𝜇 + 𝜗 + 𝜉 ≤ 4

X(λ,μ,ϑ,ξ) = {u ∈ G| TX(u) ≥ λ,  CX(u) ≥ μ,  UX(u) ≤ ϑ,  FX(u) ≤ ξ}

(𝜆, 𝜇, 𝜗, 𝜉)X(λ,μ,ϑ,ξ) = U(TX, λ) ∩ U′(CX, μ) ∩ L(UX, ϑ) ∩ L′(FX, ξ)

(𝜆, 𝜇, 𝜗, 𝜉) 𝑋

𝑋(𝜆,𝜇,𝜗,𝜉) = {𝑢 ∈ 𝐺| 𝑇𝑋(𝑢) > 𝜆,  𝐶𝑋(𝑢) > 𝜇,  𝑈𝑋(𝑢) < 𝜗,  𝐹𝑋(𝑢) < 𝜉}

𝑋

(𝜆, 𝜇, 𝜗, 𝜉) ∈ 𝐼𝑚(𝑇𝑋) × 𝐼𝑚(𝐶𝑋) × 𝐼𝑚(𝑈𝑋) × 𝐼𝑚(𝐹𝑋) 𝑋 =

(𝑇𝑋 , 𝐶𝑋,𝑈𝑋, 𝐹𝑋).

𝑋 = (𝑇𝑋, 𝐶𝑋,𝑈𝑋, 𝐹𝑋) Ꝁ

U(TX, λ) = {u ∈ G| TX(u) ≥ λ}, U′(CX, μ) = {u ∈ G| CX(u) ≥ μ},

L(UX, ϑ) = {u ∈ G| UX(u) ≤ ϑ}, L′(FX, ξ) = {u ∈ G| FX(u) ≤ ξ}

Ꝁ (𝜆, 𝜇, 𝜗, 𝜉) ∈ 𝐼𝑚(𝑇𝑋) × 𝐼𝑚(𝐶𝑋) × 𝐼𝑚(𝑈𝑋) × 𝐼𝑚(𝐹𝑋) ⊆ [0,1]

𝐼𝑚(𝑇𝑋), 𝐼𝑚(𝐶𝑋), 𝐼𝑚(𝑈𝑋) 𝑎𝑛𝑑 𝐼𝑚(𝐹𝑋) 𝑇(𝑋), 𝐶(𝑋), 𝑈(𝑋) 𝑎𝑛𝑑 𝐹(𝑋),
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𝑋 = (𝑇𝑋, 𝐶𝑋,𝑈𝑋, 𝐹𝑋) Ꝁ

(𝜆, 𝜇, 𝜗, 𝜉) ∈ 𝐼𝑚(𝑇𝑋) × 𝐼𝑚(𝐶𝑋) × 𝐼𝑚(𝑈𝑋) × 𝐼𝑚(𝐹𝑋) 𝑈(𝑇𝑋, 𝜆) ≠ ∅, 𝑈′(𝐶𝑋, 𝜇) ≠ ∅,

𝐿(𝑈𝑋, 𝜗) ≠ ∅ 𝑎𝑛𝑑 𝐿′(𝐹𝑋, 𝜉) ≠ ∅ 𝑈, 𝑈′, 𝐿 𝑎𝑛𝑑 𝐿′ 𝑢, 𝑣 ∈

𝑈(𝑇𝑋, 𝜆),  𝑇𝑋(𝑢) ≥ 𝜆 𝑎𝑛𝑑  𝑇𝑋(𝑣) ≥ 𝜆 𝑇𝑋(𝑢ʘ𝑣) ≥ 𝑚𝑖𝑛{ 𝑇𝑋(𝑢),  𝑇𝑋(𝑣)} ≥ 𝜆

𝑢ʘ𝑣 ∈  𝑈(𝑇𝑋, 𝜆) 𝑈(𝑇𝑋, 𝜆) Ꝁ

𝑈′(𝐶𝑋, 𝜇), 𝐿(𝑈𝑋, 𝜗) 𝑎𝑛𝑑 𝐿′(𝐹𝑋, 𝜉)

𝑋 = (𝑇𝑋, 𝐶𝑋,𝑈𝑋, 𝐹𝑋)

Ꝁ 𝑋 = (𝑇𝑋, 𝐶𝑋,𝑈𝑋, 𝐹𝑋) Ꝁ

𝑋(𝜆,𝜇,𝜗,𝜉) Ꝁ (𝜆, 𝜇, 𝜗, 𝜉) ∈ 𝐼𝑚(𝑇𝑋) × 𝐼𝑚(𝐶𝑋) × 𝐼𝑚(𝑈𝑋) × 𝐼𝑚(𝐹𝑋) 𝜆 +

𝜇 + 𝜗 + 𝜉 ≤ 4

𝑋(𝜆,𝜇,𝜗,𝜉) Ꝁ

𝑠, 𝑡 ∈ 𝐺

TX(sʘt) < min{TX(s), TX(t)},

CX(sʘt) < min{CX(s), CX(t)},

UX(sʘt) > max{UX(s), UX(t)},

FX(sʘt) > max{FX(s), FX(t)}.

𝜆1 =
1

2
(𝑇𝑋(𝑠ʘ𝑡) + 𝑚𝑖𝑛{𝑇𝑋(𝑠), 𝑇𝑋(𝑡)}), 𝜇1 =

1

2
(𝐶𝑋(𝑠ʘ𝑡) + 𝑚𝑖𝑛{𝐶𝑋(𝑠), 𝐶𝑋(𝑡)}),

𝜗1 =
1

2
(𝑈𝑋(𝑠ʘ𝑡) + 𝑚𝑎𝑥{𝑈𝑋(𝑠), 𝑈𝑋(𝑡)}), 𝜉1 =

1

2
(𝐹𝑋(𝑠ʘ𝑡) + 𝑚𝑎𝑥{𝐹𝑋(𝑠), 𝐹𝑋(𝑡)}). 

TX(sʘt) < λ1 < min{TX(s), TX(t)},

CX(sʘt) < μ1 < min{CX(s), CX(t)},

UX(sʘt) > ϑ1 > max{UX(s), UX(t)},

FX(sʘt) > ξ1 > max{FX(s), FX(t)}.

𝑠, 𝑡 ∈ 𝑋(𝜆,𝜇,𝜗,𝜉) 𝑎𝑛𝑑 𝑠ʘ𝑡 ∉ 𝑋(𝜆,𝜇,𝜗,𝜉) 

𝑋 = (𝑇𝑋 , 𝐶𝑋,𝑈𝑋, 𝐹𝑋)

Ꝁ

𝑋 = (𝑇𝑋, 𝐶𝑋,𝑈𝑋, 𝐹𝑋) Ꝁ

(𝜆, 𝜇, 𝜗, 𝜉) ∈ 𝐼𝑚(𝑇𝑋) × 𝐼𝑚(𝐶𝑋) × 𝐼𝑚(𝑈𝑋) × 𝐼𝑚(𝐹𝑋) 𝜆 + 𝜇 + 𝜗 + 𝜉 ≤ 4 𝑋(𝜆,𝜇,𝜗,𝜉) ≠ ∅

𝑢, 𝑣 ∈ 𝑋(𝜆,𝜇,𝜗,𝜉)

TX(u) ≥ λ, TX(v) ≥ λ′,



CX(u) ≥ μ, CX(v) ≥ μ′,

UX(u) ≤ ϑ, UX(v) ≤ ϑ′,

FX(u) ≤ ξ, FX(v) ≤ ξ′.

𝜆 ≤ 𝜆′, 𝜇 ≤ 𝜇′, 𝜗 ≥ 𝜗′ 𝑎𝑛𝑑 𝜉 ≥ 𝜉′.

TX(uʘv) ≥ λ = min{TX(u), TX(v)},

CX(uʘv) ≥ μ = min{CX(u), CX(v)},

UX(uʘv) ≤ ϑ = max{UX(u), UX(v)},

FX(uʘv) ≤ ξ = max{FX(u), FX(v)}.

𝑢ʘ𝑣 ∈ 𝑋(𝜆,𝜇,𝜗,𝜉) 𝑋(𝜆,𝜇,𝜗,𝜉) Ꝁ

𝑋 = (𝑇𝑋, 𝐶𝑋,𝑈𝑋, 𝐹𝑋)

(𝜆1,𝜇1, 𝜗1, 𝜉1), (𝜆2,𝜇2, 𝜗2, 𝜉2) ∈  𝐼𝑚(𝑇𝑋) × 𝐼𝑚(𝐶𝑋) × 𝐼𝑚(𝑈𝑋) × 𝐼𝑚(𝐹𝑋) 𝜆𝑖 + 𝜇𝑖 + 𝜗𝑖 + 𝜉𝑖 ≤ 4 𝑖 = 1,2

𝑋(𝜆1,𝜇1,𝜗1,𝜉1) = 𝑋(𝜆2,𝜇2,𝜗2,𝜉2) (𝜆1,𝜇1, 𝜗1, 𝜉1) = (𝜆2,𝜇2, 𝜗2, 𝜉2)

(𝜆1,𝜇1, 𝜗1, 𝜉1) = (𝜆2,𝜇2, 𝜗2, 𝜉2) 𝑋(𝜆1,𝜇1,𝜗1,𝜉1) = 𝑋(𝜆2,𝜇2,𝜗2,𝜉2)

𝑋(𝜆1,𝜇1,𝜗1,𝜉1) = 𝑋(𝜆2,𝜇2,𝜗2,𝜉2)  (𝜆1,𝜇1, 𝜗1, 𝜉1) ∈  𝐼𝑚(𝑇𝑋) × 𝐼𝑚(𝐶𝑋) × 𝐼𝑚(𝑈𝑋) ×

𝐼𝑚(𝐹𝑋) 𝑢 ∈ 𝐺 𝑇𝑋(𝑢) = 𝜆1 𝐶𝑋(𝑢) = 𝜇1, 𝑈𝑋(𝑢) = 𝜗1 𝑎𝑛𝑑 𝐹𝑋(𝑢) = 𝜉1

𝑢 ∈ 𝑋(𝜆1,𝜇1,𝜗1,𝜉1) = 𝑋(𝜆2,𝜇2,𝜗2,𝜉2) 𝜆1 = 𝑇𝑋(𝑢) ≥ 𝜆2, 𝜇1 = 𝐶𝑋(𝑢) ≥ 𝜇2, 𝜗1 = 𝑈𝑋(𝑢) ≤ 𝜗2 𝑎𝑛𝑑 𝜉1 =

𝐹𝑋(𝑢) ≤ 𝜉2 (𝜆2,𝜇2, 𝜗2, 𝜉2) ∈  𝐼𝑚(𝑇𝑋) × 𝐼𝑚(𝐶𝑋) × 𝐼𝑚(𝑈𝑋) × 𝐼𝑚(𝐹𝑋) 𝑣 ∈ 𝐺

𝑇𝑋(𝑣) = 𝜆2 𝐶𝑋(𝑣) = 𝜇2, 𝑈𝑋(𝑣) = 𝜗2 𝑎𝑛𝑑 𝐹𝑋(𝑣) = 𝜉2 𝑣 ∈ 𝑋(𝜆2,𝜇2,𝜗2,𝜉2) = 𝑋(𝜆1,𝜇1,𝜗1,𝜉1)

𝜆2 = 𝑇𝑋(𝑣) ≥ 𝜆1, 𝜇2 = 𝐶𝑋(𝑣) ≥ 𝜇1, 𝜗2 = 𝑈𝑋(𝑣) ≤ 𝜗1 𝑎𝑛𝑑 𝜉2 = 𝐹𝑋(𝑣) ≤ 𝜉1 (𝜆1,𝜇1, 𝜗1, 𝜉1) =

(𝜆2,𝜇2, 𝜗2, 𝜉2)

𝐼 Ꝁ

𝑋 = (𝑇𝑋, 𝐶𝑋,𝑈𝑋, 𝐹𝑋) Ꝁ 𝑋 = (𝑇𝑋, 𝐶𝑋,𝑈𝑋, 𝐹𝑋) = 𝐼

𝜆, 𝜇 ∈ (0,1] 𝑎𝑛𝑑 𝜗, 𝜉 ∈ [0,1)

𝑋 = (𝑇𝑋, 𝐶𝑋,𝑈𝑋, 𝐹𝑋) Ꝁ

TX(u) = {
λ ∈ (0,1], if u ∈ I

0, otherwise

CX(u) = {
μ ∈ (0,1], if u ∈ I

0, otherwise

UX(u) = {
ϑ ∈ [0,1), if u ∈ I

0, otherwise
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FX(u) = {
ξ ∈ [0,1), if u ∈ I

0, otherwise

𝑢, 𝑣 ∈ 𝐺 𝑢, 𝑣 ∈ 𝐼,  𝑢ʘ𝑣 ∈ 𝐼

TX(uʘv) ≥ min{TX(u), TX(v)},

CX(uʘv) ≥ min{CX(u), CX(v)},

UX(uʘv) ≤ max{UX(u), UX(v)} ,

FX(uʘv) ≤ max{FX(u), FX(v)}

𝑢 ∉ 𝐼 𝑜𝑟 𝑣 ∉ 𝐼

TX(u) = 0 or TX(v), CX(u) = 0 or CX(v), UX(u) =   0 or UX(v) and FX(u) = 0 or FX(v).

TX(uʘv) ≥ min{TX(u), TX(v)},

CX(uʘv) ≥ min{CX(u), CX(v)},

UX(uʘv) ≤ max{UX(u), UX(v)},

FX(uʘv) ≤ max{FX(u), FX(v)}.

𝑋 = (𝑇𝑋, 𝐶𝑋,𝑈𝑋, 𝐹𝑋) Ꝁ

𝑋(𝜆,𝜇,𝜗,𝜉) = 𝐼

Ꝁ 𝑋0 ⊂ 𝑋1 ⊂ 𝑋2 ⊂ ⋯ ⊂ 𝑋𝑛 = 𝐺.

{𝜆𝑖|𝑖 = 0,1, … , 𝑛}, {𝜇𝑖|𝑖 = 0,1, … , 𝑛}  {𝜗𝑖|𝑖 = 0,1, … , 𝑛},  {𝜉𝑖|𝑖 =

0,1, … , 𝑛} [0,1] 𝜆𝑘 + 𝜇𝑘 + 𝜗𝑘 + 𝜉𝑘 ≤ 4 𝑘 = 0,1,2, … , 𝑛

𝑋 = (𝑇𝑋, 𝐶𝑋,𝑈𝑋, 𝐹𝑋) Ꝁ 𝑇𝑋(𝑋0) = 𝜆0

𝐶𝑋(𝑋0) = 𝜇0, 𝑈𝑋(𝑋0) = 𝜗0 𝑎𝑛𝑑 𝐹𝑋(𝑋0) = 𝜉0

𝑇𝑋(𝑋𝑖\𝑋𝑖−1) = 𝜆𝑖 , 𝐶𝑋(𝑋𝑖\𝑋𝑖−1) = 𝜇𝑖 , 𝑈𝑋(𝑋𝑖\𝑋𝑖−1) = 𝜗𝑖  𝑎𝑛𝑑 𝐹𝑋(𝑋𝑖\𝑋𝑖−1) = 𝜉𝑖  𝑓𝑜𝑟 0 < 𝑖 ≤ 𝑛

 𝑢ʘ𝑣 ∈ 𝑋𝑖−1 𝑋 = (𝑇𝑋, 𝐶𝑋,𝑈𝑋, 𝐹𝑋)

Ꝁ 𝑢, 𝑣 ∈ 𝐺 𝑢, 𝑣 ∈ 𝑋𝑖\𝑋𝑖−1 𝑇𝑋(𝑢) = 𝜆𝑖 = 𝑇𝑋(𝑣) 𝐶𝑋(𝑢) = 𝜇𝑖 =

𝐶𝑋(𝑣)  𝑈𝑋(𝑢) = 𝜗𝑖 = 𝑈𝑋(𝑣) 𝐹𝑋(𝑢) = 𝜉𝑖 = 𝐹𝑋(𝑣) 𝑋𝑖 𝑢ʘ𝑣 ∈ 𝑋𝑖

𝑢ʘ𝑣 ∈ 𝑋𝑖\𝑋𝑖−1



TX(uʘv) ≥ λi = min{TX(u), TX(v)},

CX(uʘv) ≥ μi = min{CX(u), CX(v)},

UX(uʘv) ≤ ϑi = max{UX(u), UX(v)},

FX(uʘv) ≤ ξi = max{FX(u), FX(v)}

𝑘 > 𝑙 𝑢 ∈ 𝑋𝑘\𝑋𝑘−1 𝑣 ∈ 𝑋𝑙\𝑋𝑙−1 

TX(u) = λk, TX(v) = λl,

CX(u) = μk, CX(v) = μl,

UX(u) = ϑk, UX(v) = ϑl,

FX(u) = ξk, FX(v) = ξl,

𝑢ʘ𝑣 ∈ 𝑋𝑘 𝑋𝑘 𝑋𝑙 ⊂ 𝑋𝑘

TX(uʘv) ≥ λk = min{TX(u), TX(v)},

CX(uʘv) ≥ μk = min{CX(u), CX(v)},

UX(uʘv) ≤ ϑk = max{UX(u), UX(v)},

FX(uʘv) ≤ ξk = max{FX(u), FX(v)}.

𝑋 = (𝑇𝑋, 𝐶𝑋,𝑈𝑋, 𝐹𝑋) Ꝁ

Ꝁ 𝐼𝑚(𝑇𝑋) = {𝜆0, 𝜆1, … , 𝜆𝑛}, 𝐼𝑚(𝐶𝑋) =

{𝜇0, 𝜇1, … , 𝜇𝑛}, 𝐼𝑚(𝑈𝑋) = {𝜗0, 𝜗1, … , 𝜗𝑛} 𝑎𝑛𝑑 𝐼𝑚(𝐹𝑋) = {𝜉0, 𝜉1, … , 𝜉𝑛}.

𝑋 = (𝑇𝑋, 𝐶𝑋,𝑈𝑋, 𝐹𝑋)

U(TX, λ0) ⊂ U(TX, λ1) ⊂ ⋯ ⊂ U(TX, λn) = G,

U′(CX, μ0) ⊂ U′(CX, μ1) ⊂ ⋯ ⊂ U′(CX, μn) = G,

L(UX, ϑ0) ⊂ L(UX, ϑ1) ⊂ ⋯ ⊂ L(UX, ϑn) = G,

L′(FX, ξ0) ⊂ L′(FX, ξ1) ⊂ ⋯ ⊂ L′(FX, ξn) = G,

U(TX, λ0) = {u ∈ G| TX(u) ≥ λ0} = X0,

U′(CX, μ0) = {u ∈ G| CX(u) ≥ μ0} = X0,

L(UX, ϑ0) = {u ∈ G| UX(u) ≤ ϑ0} = X0,
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L′(FX, ξ0) = {u ∈ G| FX(u) ≤ ξ0} = X0.

𝑈(𝑇𝑋, 𝜆𝑖) = 𝑋𝑖 , 𝑈′(𝐶𝑋, 𝜇𝑖) = 𝑋𝑖 , 𝐿(𝑈𝑋, 𝜗𝑖) = 𝑋𝑖  𝑎𝑛𝑑 𝐿′(𝐹𝑋, 𝜉𝑖) = 𝑋𝑖  𝑓𝑜𝑟 0 < 𝑖 ≤ 𝑛 𝑋𝑖 ⊆

𝑈(𝑇𝑋, 𝜆𝑖), 𝑋𝑖 ⊆  𝑈′(𝐶𝑋, 𝜇𝑖), 𝑋𝑖 ⊆  𝐿(𝑈𝑋, 𝜗𝑖)  𝑎𝑛𝑑 𝑋𝑖 ⊆ 𝐿′(𝐹𝑋, 𝜉𝑖). 𝑢 ∈  𝑈(𝑇𝑋 , 𝜆𝑖) 𝑇𝑋(𝑢) ≥ 𝜆𝑖 𝑢 ∉

𝐴𝑘 𝑓𝑜𝑟 𝑘 > 𝑖 𝑇𝑋(𝑢) ∈ {𝜆0, 𝜆1, … , 𝜆𝑖} 𝑢 ∈ 𝑋𝑘  𝑓𝑜𝑟 𝑘 ≤ 𝑖, 𝑋𝑘 ⊆ 𝑋𝑖.

𝑢 ∈ 𝑋𝑖 . 𝑈(𝑇𝑋, 𝜆𝑖) = 𝑋𝑖 0 < 𝑖 ≤ 𝑛 𝑈′(𝐶𝑋, 𝜇𝑖) = 𝑋𝑖

𝑣 ∈  𝐿(𝑈𝑋, 𝜗𝑖) 𝑈𝑋(𝑣) ≤ 𝜗𝑖 𝑣 ∉ 𝑋𝑘  𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑖 ≤ 𝑘 𝑈𝑋(𝑢) ∈ {𝜗0, 𝜗1, … , 𝜗𝑖}

𝑢 ∈ 𝑋𝑙  𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑙 ≤ 𝑖, 𝑋𝑙 ⊆ 𝑋𝑖. 𝑣 ∈ 𝑋𝑖 𝐿(𝑈𝑋, 𝜗𝑖) = 𝑋𝑖 0 <

𝑖 ≤ 𝑛 𝐿′(𝐹𝑋, 𝜉𝑖) = 𝑋𝑖

Ꝁ1 = (𝐺1,∙, ʘ, 𝑒1) 𝑎𝑛𝑑 Ꝁ2 = (𝐺2,∙, ʘ, 𝑒2) 𝑓

Ꝁ1 Ꝁ2 𝑌 = (𝑇𝑌 , 𝐶𝑌, 𝑈𝑌, 𝐹𝑌) Ꝁ2

 𝑌 = (𝑇𝑌 , 𝐶𝑌, 𝑈𝑌 , 𝐹𝑌) 𝑓

Ꝁ1

f −1(TY)(u) = TY(f(u)), f −1(CY)(u) = CY(f(u)),

f −1(UY)(u) = UY(f(u)), f −1(FY)(u) = FY(f(u)),

𝑢 ∈ 𝐺

𝑋 = (𝑇𝑋, 𝐶𝑋, 𝑈𝑋, 𝐹𝑋)

Ꝁ 𝑇𝑋(𝑓(𝑢)) = 𝑇𝑋(𝑢), 𝐶𝑋(𝑓(𝑢)) = 𝐶𝑋(𝑢), 𝑈𝑋(𝑓(𝑢)) =

𝑈𝑋(𝑢) 𝑎𝑛𝑑 𝐹𝑋(𝑓(𝑢)) = 𝐹𝑋(𝑢) 𝑢 ∈ 𝐺 𝑓 ∈ 𝐴𝑢𝑡(𝐾)

𝑈 Ꝁ 𝑓(𝑈) ⊆ 𝑈 𝑓 ∈

𝐸𝑛𝑑(𝐾) 𝐸𝑛𝑑(𝐾) Ꝁ

𝑋 = (𝑇𝑋, 𝐶𝑋, 𝑈𝑋, 𝐹𝑋) Ꝁ 𝑇𝑋(𝑓(𝑢)) ≤

𝑇𝑋(𝑢), 𝐶𝑋(𝑓(𝑢)) ≤ 𝐶𝑋(𝑢), 𝑈𝑋(𝑓(𝑢)) ≥ 𝑈𝑋(𝑢) 𝑎𝑛𝑑 𝐹𝑋(𝑓(𝑢)) ≥ 𝐹𝑋(𝑢) 𝑢 ∈ 𝐺 𝑓 ∈ 𝐸𝑛𝑑(𝐾)

𝑋1 = (𝑇𝑋1
, 𝐶𝑋1

, 𝑈𝑋1
, 𝐹𝑋1

) 𝑋2 = (𝑇𝑋2
, 𝐶𝑋2

, 𝑈𝑋2
, 𝐹𝑋2

)

Ꝁ 𝑋1 = (𝑇𝑋1
, 𝐶𝑋1

, 𝑈𝑋1
, 𝐹𝑋1

) 𝑋2 =

(𝑇𝑋2
, 𝐶𝑋2

, 𝑈𝑋2
, 𝐹𝑋2

) 𝑓 ∈ 𝐴𝑢𝑡(𝐾) 𝑋1 = 𝑋2 ◦ 𝑓 𝑇𝑋1
(𝑢) = 𝑇𝑋2

(𝑓(𝑢)), 𝐶𝑋1
(𝑢) =

𝐶𝑋2
(𝑓(𝑢)), 𝑈𝑋1

(𝑢) = 𝑈𝑋2
(𝑓(𝑢)) 𝑎𝑛𝑑 𝐹𝑋1

(𝑢) = 𝐹𝑋2
(𝑓(𝑢)) 𝑢 ∈ 𝐺

𝑓: Ꝁ1 → Ꝁ2 𝑌 = (𝑇𝑌 , 𝐶𝑌, 𝑈𝑌 , 𝐹𝑌)

Ꝁ2 𝑓−1(𝑌)

Ꝁ1



f −1(TY)(e) ≥ f −1(TY)(u), f −1(CY)(e) ≥ f −1(CY)(u),

f −1(UY)(e) ≤ f −1(UY)(u), f −1(FY)(e) ≤ f −1(FY)(u),

𝑢 ∈ 𝐺1. 𝐿𝑒𝑡 𝑢, 𝑣 ∈ 𝐺1

f −1(TY)(uʘv) = TY(f(uʘv)),

f −1(TY)(uʘv) = TY(f(u)ʘf(v)),

f −1(TY)(uʘv) ≥ min{TY(f(u)), TY(f(v))},

f −1(TY)(uʘv) ≥ min{f −1(TY)(u), f −1(TY)(v)};

f −1(CY)(uʘv) = CY(f(uʘv)),

f −1(CY)(uʘv) = CY(f(u)ʘf(v)),

f −1(CY)(uʘv) ≥ min{CY(f(u)), CY(f(v))}

f −1(CY)(uʘv) ≥ min{f −1(CY)(u), f −1(CY)(v)};

f −1(UY)(uʘv) = UY(f(uʘv)),

f −1(UY)(uʘv) = UY(f(u)ʘf(v)),

f −1(UY)(uʘv) ≤ max{UY(f(u)), UY(f(v))}

f −1(UY)(uʘv) ≤ max{f −1(UY)(u), f −1(UY)(v)};

f −1(FY)(uʘv) = FY(f(uʘv)),

f −1(FY)(uʘv) = FY(f(u)ʘf(v)),

f −1(FY)(uʘv) ≤ max{FY(f(u)), FY(f(v))},

f −1(FY)(uʘv) ≤ max{f −1(FY)(u), f −1(FY)(v)}.

𝑓−1(𝑌) Ꝁ1.
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𝑓: Ꝁ1 → Ꝁ2 𝑌 = (𝑇𝑌 , 𝐶𝑌, 𝑈𝑌 , 𝐹𝑌)

Ꝁ2 𝑋 = (𝑇𝑋, 𝐶𝑋,𝑈𝑋, 𝐹𝑋) 𝑌 𝑓

𝑋 Ꝁ1.

𝑇𝑋(𝑒) ≥ 𝑇𝑋(𝑢), 𝐶𝑋(𝑒) ≥ 𝐶𝑋(𝑢), 𝑈𝑋(𝑒) ≤ 𝑈𝑋(𝑢) 𝑎𝑛𝑑 𝐹𝑋(𝑒) ≤ 𝐹𝑋(𝑢)

𝑢 ∈ 𝐺1. 𝑢, 𝑣 ∈ 𝐺1,

TX(uʘv) = TY(f(uʘv)),

TX(uʘv) = TY(f(u)ʘf(v)),

TX(uʘv) ≥ min{TY(f(u)), TY(f(v))},

TX(uʘv) ≥ min{TX(u), TX(v)};

CX(uʘv) = CY(f(uʘv)),

CX(uʘv) = CY(f(u)ʘf(v)),

CX(uʘv) ≥ min{CY(f(u)), CY(f(v))}

CX(uʘv) ≥ min{CX(u), CX(v)};

UX(uʘv) = UY(f(uʘv)),

UX(uʘv) = UY(f(u)ʘf(v)),

UX(uʘv) ≤ max{UY(f(u)), UY(f(v))},

UX(uʘv) ≤ max{UX(u), UX(v)};

FX(uʘv) = FY(f(uʘv)),

FX(uʘv) = FY(f(u)ʘf(v)),

FX(uʘv) ≤ max{FY(f(u)), FY(f(v))},

FX(uʘv) ≤ max{FX(u), FX(v)}.

𝑋 Ꝁ1.



𝑓 Ꝁ1 Ꝁ2 𝑓: Ꝁ1 → Ꝁ2 𝑋 =

(𝑇𝑋, 𝐶𝑋,𝑈𝑋, 𝐹𝑋)  Ꝁ2. 𝑋 = (𝑇𝑋, 𝐶𝑋,𝑈𝑋, 𝐹𝑋)

𝑋 𝑓 𝑇𝑋
𝑓(𝑢) = 𝑇𝑋(𝑓(𝑢)), 𝐶𝑋

𝑓(𝑢) = 𝐶𝑋(𝑓(𝑢)), 𝑈𝑋
𝑓(𝑢) = 𝑈𝑋(𝑓(𝑢)) 𝑎𝑛𝑑 𝐹𝑋

𝑓(𝑢) =

𝐹𝑋(𝑓(𝑢)) 𝑢 ∈ 𝐺1

𝑓: Ꝁ1 → Ꝁ2 𝑋𝑓 = (𝑇𝑋
𝑓

, 𝐶𝑋
𝑓

, 𝑈𝑋
𝑓

, 𝐹𝑋
𝑓

)

Ꝁ1 𝑋 = (𝑇𝑋, 𝐶𝑋, 𝑈𝑋, 𝐹𝑋)

 Ꝁ2

𝑓: Ꝁ1 → Ꝁ2 𝑋𝑓 = (𝑇𝑋
𝑓

, 𝐶𝑋
𝑓

, 𝑈𝑋
𝑓

, 𝐹𝑋
𝑓

)

Ꝁ1 𝑋 =

(𝑇𝑋, 𝐶𝑋, 𝑈𝑋, 𝐹𝑋) Ꝁ2 𝑢 ∈

𝐺1 𝑣 = 𝑓(𝑢) 𝑣 ∈ 𝐺2:

TX(v) = TX(f(u)) = TX
f(u)

≤ TX
f(e1)

= TX(f(e1)) = TX(e2),

CX(v) = CX(f(u)) = CX
f(u)

≤ CX
f(e1)

= CX(f(e1)) = CX(e2),

UX(v) = UX(f(u)) = UX
f(u)

≥ UX
f(e1)

= UX(f(e1)) = UX(e2),

FX(v) = FX(f(u)) = FX
f(u)

≥ FX
f(e1)

= FX(f(e1)) = FX(e2).

𝑢, 𝑣 ∈ 𝐺2, 𝑠, 𝑡 ∈ 𝐺1 𝑢 = 𝑓(𝑠) 𝑣 = 𝑓(𝑡).

TX(uʘv) = TX(f(sʘt))

TX(uʘv) = TX
f (sʘt),

TX(uʘv) ≥ min{TX
f (s), TX

f (t)},

TX(uʘv) ≥ min{TX(f(s)), TX(f(t))},

TX(uʘv) ≥ min{TX(u), TX(v)};

CX(uʘv) = CX(f(sʘt)),

CX(uʘv) = CX
f (sʘt),

CX(uʘv) ≥ min{CX
f (s), CX

f (t)},

CX(uʘv) ≥ min{CX(f(s)), CX(f(t))}

CX(uʘv) ≥ min{CX(u), CX(v)};
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UX(uʘv) = UX(f(sʘt)),

UX(uʘv) = UX
f (sʘt)

UX(uʘv) ≤ max{UX
f (s), UX

f (t)},

UX(uʘv) ≤ max{UX(f(s)), UX(f(t))},

UX(uʘv) ≤ max{UX(u), UX(v)};

FX(uʘv) = FX(f(sʘt)),

FX(uʘv) = FX
f (sʘt),

FX(uʘv) ≤ max{FX
f (s), FX

f (t)},

FX(uʘv) ≤ max{FX(f(s)), FX(f(t))},

FX(uʘv) ≤ max{FX(u), FX(v)}.

𝑋 = (𝑇𝑋, 𝐶𝑋, 𝑈𝑋, 𝐹𝑋) Ꝁ2

𝑋 = (𝑇𝑋, 𝐶𝑋, 𝑈𝑋, 𝐹𝑋)

Ꝁ2 𝑋𝑓 = (𝑇𝑋
𝑓

, 𝐶𝑋
𝑓

, 𝑈𝑋
𝑓

, 𝐹𝑋
𝑓

)

 Ꝁ1 𝑢 ∈ 𝐺1

TX
f (e1) = TX(f(e1)) = TX(e2) ≥ TX(f(u)) = TX

f (u),

CX
f (e1) = CX(f(e1)) = CX(e2) ≥ CX(f(u)) = CX

f (u),

UX
f (e1) = UX(f(e1)) = UX(e2) ≤ UX(f(u)) = UX

f (u),

FX
f (e1) = FX(f(e1)) = FX(e2) ≤ FX(f(u)) = FX

f (u).

𝑋 Ꝁ2 𝑢, 𝑣 ∈ 𝐺1,

TX
f (uʘv) = TX(f(uʘv)),

TX
f (uʘv) = TX(f(u)ʘf(v)),

TX
f (uʘv) ≥ min{TX(f(u)), TX(f(v))},

TX
f (uʘv) ≥ min{TX

f (u), TX
f (v)};



CX
f (uʘv) = CX(f(uʘv)),

CX
f (uʘv) = CX(f(u)ʘf(v)),

CX
f (uʘv) ≥ min{CX(f(u)), CX(f(v))},

CX
f (uʘv) ≥ min{CX

f (u), CX
f (v)};

UX
f (uʘv) = UX(f(uʘv))

UX
f (uʘv) = UX(f(u)ʘf(v)),

UX
f (uʘv) ≤ max{UX(f(u)), UX(f(v))}

UX
f (uʘv) ≤ max{UX

f (u), UX
f (v)};

FX
f (uʘv) = FX(f(uʘv)),

FX
f (uʘv) = FX(f(u)ʘf(v)),

FX
f (uʘv) ≤ max{FX(f(u)), FX(f(v))},

FX
f (uʘv) ≤ max{FX

f (u), FX
f (v)}.

𝑋𝑓 = (𝑇𝑋
𝑓

, 𝐶𝑋
𝑓

, 𝑈𝑋
𝑓

, 𝐹𝑋
𝑓

) Ꝁ1

𝑋1 = (𝑇𝑋1
, 𝐶𝑋1

, 𝑈𝑋1
, 𝐹𝑋1

) 𝑋2 = (𝑇𝑋2
, 𝐶𝑋2

, 𝑈𝑋2
, 𝐹𝑋2

)

Ꝁ

𝑋1 = (𝑇𝑋1
, 𝐶𝑋1

, 𝑈𝑋1
, 𝐹𝑋1

)

𝑋2 = (𝑇𝑋2
, 𝐶𝑋2

, 𝑈𝑋2
, 𝐹𝑋2

) 𝑋1 𝑋2

𝑋1 =

(𝑇𝑋1
, 𝐶𝑋1

, 𝑈𝑋1
, 𝐹𝑋1

) 𝑋2 =

(𝑇𝑋2
, 𝐶𝑋2

, 𝑈𝑋2
, 𝐹𝑋2

) 𝑓 ∈ 𝐴𝑢𝑡(𝐾) 𝑇𝑋1
(𝑢) = 𝑇𝑋2

(𝑓(𝑢)), 𝐶𝑋1
(𝑢) =

𝐶𝑋2
(𝑓(𝑢)), 𝑈𝑋1

(𝑢) = 𝑈𝑋2
(𝑓(𝑢)) 𝑎𝑛𝑑 𝐹𝑋1

(𝑢) = 𝐹𝑋2
(𝑓(𝑢)) 𝑢 ∈ 𝐺

𝑔: 𝑋1(𝐾) → 𝑋2(𝐾) 𝑔(𝑋1(𝑠)) = 𝑋2(𝑓(𝑢)) 𝑢 ∈ 𝐺  𝑔 (𝑇𝑋1
(𝑢)) =

𝑇𝑋2
(𝑓(𝑢)), 𝑔 (𝐶𝑋1

(𝑢)) = 𝐶𝑋2
(𝑓(𝑢)), 𝑔 (𝑈𝑋1

(𝑢)) = 𝑈𝑋2
(𝑓(𝑢)) 𝑎𝑛𝑑 𝑔 (𝐹𝑋1

(𝑢)) = 𝐹𝑋2
(𝑓(𝑢)) 𝑢 ∈ 𝐺 𝑔
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𝑔 (𝑇𝑋1
(𝑢)) = 𝑔 (𝑇𝑋1

(𝑣)) 𝑢, 𝑣 ∈ 𝐺 𝑇𝑋2
(𝑓(𝑢)) = 𝑇𝑋2

(𝑓(𝑣))

𝑇𝑋1
(𝑢) = 𝑇𝑋1

(𝑣) 𝐶𝑋1
(𝑢) = 𝐶𝑋1

(𝑣), 𝑈𝑋1
(𝑢) = 𝑈𝑋1

(𝑣) 𝑎𝑛𝑑 𝐹𝑋1
(𝑢) = 𝐹𝑋1

(𝑣).

𝑔 𝑔 𝑢, 𝑣 ∈ 𝐺

g(TX1
(uʘv)) = TX2

(f(uʘv)) = TX2
(f(u)ʘf(v)),

g(CX1
(uʘv)) = CX2

(f(uʘv)) = CX2
(f(u)ʘf(v)),

g(UX1
(uʘv)) = UX2

(f(uʘv)) = UX2
(f(u)ʘf(v)),

g(FX1
(uʘv)) = FX2

(f(uʘv)) = FX2
(f(u)ʘf(v)).

𝑋1 = (𝑇𝑋1
, 𝐶𝑋1

, 𝑈𝑋1
, 𝐹𝑋1

) 𝑋2 = (𝑇𝑋2
, 𝐶𝑋2

, 𝑈𝑋2
, 𝐹𝑋2

).
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