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1. Introduction

In 1965, Zadeh [18, 19] introduced the concept of a fuzzy set. He also developed the notion of interval-
valued fuzzy set in 1975, which extends the fuzzy set. A semigroup is an algebraic structure comprising a
non-empty set together with an associative binary operation. Atanassov [2] introduced the intuitionistic
fuzzy set with some properties. Atanassov [3] developed the concept of interval-valued intuitionistic fuzzy
set. Thillaigovindan and Chinnadurai [15, 16] discussed interval-valued fuzzy ideals in algebraic structures.
In 2018, Chen [4, 5] introduced the concept of interval-valued Pythagorean fuzzy outranking of various
methods in the application. Garg [8, 9] presented the notion of interval-valued Pythagorean fuzzy sets of
multi-criteria decision-making methods. In 2013, Yager [17] started the notion of Pythagorean fuzzy set,

the sum of the squares of membership and non-membership belongs to the unit interval [0, 1]. Peng [13]
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developed the new operations for an interval-valued Pythagorean fuzzy set. Peng and Yang [14] presented
the notion of interval-valued Pythagorean fuzzy set. In 2019, Hussain et al. [10] started the notions of rough
Pythagorean fuzzy ideals in the semigroups. Akram[1] established the properties of fuzzy lie algebras. Kumar
et al. [11] approached transportation decision making problems using Pythagorean fuzzy set. Das and
Edalatpanah [6] studied the concept of fuzzy linear fractional progress with trapezoidal fuzzy numbers.
Edalatpanah [7] used triangular intuitionistic fuzzy numbers to deal with data envelopment analysis model.
Najafi and Edalatpanah [12] used iterative methods to study linear complementarily problems. In this

paper, we discuss some of the properties of interval-valued Pythagorean fuzzy ideals in the semigroups.
2. Preliminaries

Definition 1. [12]. Let X be a universe of discourse, A Pythagorean fuzzy set (PFS) P =
{w, ¢, (W), ¥,(w)/w € X} where ¢:X - [0,1] and :X - [0,1] represent the degree of membership and

non-membership of the object w € X to the set P subset to the condition 0 < (¢, (W))2 + (¥, (W))2 <1
for all w € X. For the sake of simplicity a PES is denoted as P = (¢,(w), ,(W)).

3. Interval-Valued Pythagorean Fuzzy Ideals in Semigroups

Definition 2. An Interval-Valued Pythagorean Fuzzy Set (IVPFS) P = [¢,,¥,] on S is known to be an
interval-valued Pythagorean fuzzy sub-semigroup of S. If for all w;,w, € S, it holds.

%(W1W2) = min{ﬁ) (wq), q%(wz)},
IIF;; (wywy) < max{lﬁ, (wq), llﬂf;n (Wz)}~
Example 1. Consider a semigroup S = {u, v,w, x, y} with the Cayley Table.

Table 1. Cayley table.

. u v w X y
u u u u
v u v u X u
w u w w
X u X X
y u y u w u

Define an interval-valued Pythagorean fuzzy set(IVPFS) P = [¢,,9,] in S as follows.

S [q)p(wl)' lIJp(VVl)]
u [0.7,0.8],0.1,0.2]
% [0.4,0.6], [0.4,0.5]
w [0.3,0.5],[0.5,0.6]
X [0.1,0.2],[0.3,0.5]
y [0.3,0.5],[0.5,0.6]
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$p(uv) > min{cl';;,(u),d';r;(v)}
([0.7,0.8],[0.1,0.2]) =[0.4,0.6],[0.1,0.2].

qj;,(uv) < max{q’};, (u),d?{,(v)}.
([0.7,0.8],[0.1,0.2])<[0.7,0.8],[0.4,0.5].
Thus P = [5;,,17);] is an Interval-Valued Pythagorean Fuzzy Sub-Semigroup (IVPESS) of S.

Definition 3. An IVPFS P = (¢,,,) on semigroup S, is said to be an interval-valued Pythagorean fuzzy
left (P) (resp.right(Pg;)) ideal of S. If for all wy, w, € S, it holds.

%(W1W2) = qﬂ)\;)(Wz)i
L|F"‘;)(W1W2) < %(Wz) (resp-right(f)m));
qﬂ;;(wlwz) = &;)(Wﬂi
'~|7113(W1W2) < %(Wﬂ-

Definition 4. An IVPFS P = [$,,9,] on S is called IVPFI () of S. If for all wy, w, € S, it P is both a left
and right IVPFI of S.

(wiwy) = max{q%(wl),q%(wz)};
{IJ:)(W1W2) = min{%(wl),%(wz)}.

Definition 5. An IVPFS P = [¢,,9,] on S is known to be an interval-Valued Pythagorean Fuzzy Bi-Ideal
(IVPFBI) (Pg;) of S. If for all a,w;,w, € S and satisfy.

d?;,(wlawz) = min{(T); (wy), @(Wz)};
, (wyaw,) < max{,(wy), P, (w)}.
Example 2. Consider a semigroup S = {u, v,w, x, y} with the Cayley Table.

Define an interval-valued Pythagorean fuzzy set P = [$,,1,] in S as follows.

S [q)p(wl)' lpp(wl)]
u [0.8,0.9],[0.1,0.3]
v [0.3,0.5],[0.7,0.9]
w [0.4,0.6],[0.6,0.7]
X [0.3,0.5],[0.7,0.9]
y [0.7,0.8],[0.4,0.5]

Thus P = [(2)7,, @;] is an interval valued Pythagorean fuzzy bi-ideal of S.

Definition 7. An IVPFS P = ([¢,,9,]) on S is known to be an interval-valued Pythagorean fuzzy interior
ideal (IVPFII) (B;;) of S. If for all a,w;,w, € S and satisfy.

(IF;;(W13W2) = (F;)(a);
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LFI;(WlaWZ) < IJTp(a).

Definition 8. For any non-empty subset N of a semigroup S is defined to be a structure yy =
{wy, [éXN(Wl), ll}~XN (wp)]|wy € S} which is briefly denoted by yy = [(ﬁXN, J’XN]

TifxeN

~ 7, 6 ' N
where, ¢, (w;) = {ﬁ otherwise YxyW1) = { e

1 otherwise’

Theorem 1. Let S be a semigroup. Then the following are equivalent.

— The intersection of two interval-valued Pythagorean fuzzy sub-semigroup of S, is an interval-valued
Pythagorean fuzzy sub-semigroup of S.

— The intersection of two interval-valued Pythagorean fuzzy left (resp. right) ideal of S, is IVPFLI (resp.
IVPFRI) of S.

Proof. Let P, = [¢,,,1,,] and P; = [¢,,,1,,] be two interval-valued Pythagorean fuzzy sub-semigroup of
S. Letw;,w, €S.
Then,

(dp, N Pp,)(wy, wy) = min{d,, (W, wy), &y, (W, wy)}
> min {min{Fy, (W), Fp, (W)}, min{F,, wy), Fp, ()}
= min {min{ff)pl (wy), (T)p2 (wy)}, min{<T3p1 (wy), CT>p2 (Wz)}}
= min{dp, N bp, (W1), by, N bp, (W)}

(Wp, U Up, ) (w1, wp) = max{Up, (W, w3), Up, (Wy, w;)}

< max {max{{y, (w1), U, (W2)}, max{{,, (i), Ty, (w2)}}
= max {max{{y, (wy), U, (W1)}, max{Ty,, (wy), Ty, (w)}}
= max{Tp, U B, (w1, B, U T, (W)

Therefore, i:-)l n f)z = {((a')pl n E'v)pz)’ ({j}p1 U {i}pz)>}

Interval-valued Pythagorean fuzzy sub-semigroup of S.

(a;p1 n Ej5132)(‘/\/1’ WZ) = min{a;pl (Wll WZ)' Zf)pz (Wl' WZ)}
2 min{a')pl (WZ): Eiipz (WZ)}
= (EEIM n (T)pz)(WZ);

('I’pl U 'I’pz)(wli WZ) = max{{ljpl (W1: Wz): ]I'pz (W1: WZ)}
< max{Up, (w), U, (w2)}
= (Bp, U by, ) (o).

Therefore, P, N P, = {{(¢p, N Hp,), (P, Uy, ))} is an interval-valued Pythagorean fuzzy left (resp. right)
ideal of S.
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Theorem 2. An IVPFS P = [(f)p, 1[),,] of a semigroup S is an IVPFBI of S, if and only if((qﬁ{;, zl,’), (1/){;, z',]))
of S.
Proof. Let P = [$,,,] be an interval-valued Pythagorean fuzzy bi-ideal of S, for any w;,w, € S.
Then, we have membership
[¢B(W1W2)z q)g(Wle)] = ET’p(Wle)
> min{d, (wy), bp(w2)}
= min{[p5(w1), &Y (W1, [P5(w2), b (w2)]}
= min{[$p5(w,), d5(W2)], [P (W1), dF (w2)]}-

It follows that ¢5(wywy) = min{ds(wy), pj(w,)} and @Y (wywy) = min{e) (wy), dY (wz)}and non-

membership

[Ll’]f)(Wle): Ll’g (W1W2)] = LTJp (wyw3)

< max{Pp(wy), Pp(W2)}

max{[llﬂf, (wy), Ll’g (W1)]: [llﬂﬁ (w2), 4’3 (Wz)]}
= max{[llﬂf, (wy), Ll’]ﬁ (Wz)]: [lllg (wy), 4’3 (Wz)]}~

It follows that Yk (wyw,) < max{yL(w,), P w,)} and YY (wyw,) < max{ypl (wy), ¢ (w,)}
Therefore, P = ((¢k, ¢Y), (¥k,¥Y)) are Pythagorean fuzzy ideal of S.

Conversely, suppose that ([¢f, Y], [Wh,¥Y]) are Pythagorean fuzzy ideal of S, lew;,w, € S t.

EIsp(Wle) = [¢]ﬁ(W1W2): d)g (W1W2)]

= [min{d){; (W1), bp (w2}, min{cbg (W1), bp w2}
= min{[q){; (w1, (bg (W1)]' [d)]ﬁ (w3), ¢3 (Wz)]}

= min{d, (W1), dp(w2)};

lTJp (wiwp) = [‘Jﬂﬁ (wywyp), 4’8 (W1W2)]

< [max{wg(wy), g (w2)}, max{ysg (wy), gy (w,)}]
= max{[wlﬁ (wy), ‘Hoj (W1)]' [qﬂﬁ (w3), 4’8 (Wz)]}

= maX{lTJp (wy), lTJp (WZ)}

P = [¢,,P,] is an interval-valued Pythagorean fuzzy sub-semigroup of S.

(T>p(W1aW2) = [¢]6(W13W2):¢3(W13W2)]

= [min{d)]ﬁ (wy), ¢]ﬁ (Wz)}' min{d)g (wq), ¢g (Wz)}]
= min{[df(w1), by (W1)], [df (w2), dp (w2)]}

= min{dbp(wy), bp(w2)};

Pp(wiaw,) = [Pl (wiawy), Uy (wiaw,)]
< [max{y(wy), U (w2)}, max{yy (wy), b (w)}]
= max{[yh(wy), WY (wo)], [Wh(w2), WY (w2)]}
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= maX{lTJp (wy), {i}p (WZ)}

P = [¢,,,] is an interval-valued Pythagorean fuzzy bi-ideal of S.

Theorem 3. If {P;};¢; is a family of interval-valued Pythagorean fuzzy bi-ideal of a semigroup S. Then n P

is an interval-valued Pythagorean fuzzy bi-ideal of S. Where n P; = (n qspi,u lﬁpi).

n (épi) = inf{((];pi)(wl)/i €lLw, €S} U (1[)1,1.) = sup{(tf;pi)(wl)/i €,w; € S}and i €] is any index set.

Proof. Since P; = ([, ¥p,||i € I) is a family of interval-valued Pythagorean fuzzy bi-ideal of S.

Leta,w,,w, €S.

0 By, (s, ) = iy, (o, W)/ € Lwa, w, €5)
> inf{min{$pi(w1)' a;pi(WZ)}}
= min {inf (Ef)pi (W1)) ,inf (av)pi (WZ))}

= min{ﬂ (T)pi(W1)zn (T)pi(WZ)};

U Up, (W1 w3) = sup{ip, (W, w;) /i € 1wy, w, € S}
< sup {max{Ty, (), Ty, (2]
— max{sup () 50p (0}

= max{U lTin (wy)u lTin(Wz)}.
Hence, n B, = (N ¢,,,U ¥,,) is an interval-valued Pythagorean fuzzy sub-semigorup of S.

n ff)pi(wlawz) = inf{ff)pi(wlawz)/i €l,a,w;,w, € S}
> inf{min{ff)pi(wl), ff)pi(wz)}}

= min {inf (E]Bm (wl)) ,inf (E]V)pi (wz))}

= min{n Gy, (W10 By, (W)}

U ITin (wyaw,) = sup{f[rpi (wyaw,)/i € I,a,wy,w, € S}
< sup {max{Ty, (wy), Ty, (w)}}

= max{sup (T, (W) sup (T, (w2) )}

= max{U LTin(Wl),U qui (Wz)}.

Hence, N P; = (N ¢,V 1,,) is an interval-valued Pythagorean fuzzy bi-ideals of S.

Theorem 4. Let N be any non-empty subset of a semigroup S. Then N is a bi-ideal of S, if and only if the

characteristic interval-valued Pythagorean fuzzy set xy = [@pyy: Wpyy] is [VPFBI of S.

Proof. Assume that N is a bi-ideal of S. Leta,w;,w, € S.
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Suppose that ¢, (Wyw;) < min{@,,y (W1), Gpyy W2} and P, (Wywz) > max{ihy,, wi), P,y (W)} it

follows that ¢, (wyw;) = 0, min{,,, (W), $py,(W2)} =1

Dy W1wz) = 1, max{ip,y (W1), Py (W2)} = 0.

This implies that wy,w, € N by wy,w, € N a contradiction to N.

So ‘isp)m (wyw,) 2 min{@,m (W), @Um (WZ)}) J’mm (ww,) < max{lf’mm (wy), J’MN (WZ)}-

Suppose that @p, (Wiaw,) < min{gy,, (W1), ¢y (W2)} and Py (wiawy) > max{thy.y, (W1), Py (W2)}
it follows that Ppyn(Wrawy) = 0, min{,,, W), Gy (W2)} = 1, PV W1w,) = 1,
Max (W (W1), Yy (W2)} = 0.

This implies that a, w;,w, € N by a,w;,w, € N a contradiction to N.

S0 Gpyy (Wrawz) = min{dp,y (W1), Gpyy W)}, Yy (Wiaw,) < max{y (1), Py (w2)}-

This shows that yy is an interval-valued Pythagorean fuzzy bi-ideal of S.

Conversely, xy = [Bpyu Ppyy] is an IVPFBI of S for any subset N of S.

Let wy, W, € N then ¢y, (W1) = Gy W2) = 1, Py, Wh) = Py, (W2) = 0, since xyy is an IVPFBI of S.

épr(W1W2) = min{ép)(N(Wl)' ép){N(WZ)} = min{i' i} = i) ¢~pr (W1W2) < max{lﬁpr (Wl)' ¢~pr (Wz)} =<
max{0,0} = 0.

This implies that w; w, € N.
Let a,wy,w; € N then @,y (W1) = @y (@) = Ppypy (W2) =1,
Vpw W1) = Py (@) = P (W) = 0, since ypy is an [IVPEBI of S.

épXN(WlaWZ) = min{épXN(Wl)r ép){N(WZ)} = min{i» i} = L Iﬁp){,\,(wlawz) < max{lﬁpr(Wl):d;pr(Wz)} <

max{0,0} = 0.
Which implies that wy, w, € N. Hence N is a bi- ideal of S.

Theorem 5. If { P}, is a family of interval-valued Pythagorean fuzzy interior ideal of a semigroup S. Then

N P; is an interval-valued Pythagorean fuzzy interior ideal (IVPFII) of S.
Where n P, = (N ¢,V Py, );

N (¢p,) = inf{(p,)w1)/i € Lwy € S}, U (Py,) = sup{(P,)(w1)/i € w; € S}and i €1 is any index set.
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Theorem 6. Let N be any non-empty subset of a semigroup S. Then N is a interior ideal of S, if and only
if the characteristic interval-valued Pythagorean fuzzy set yy = [@pyy Wpyy| is [VPFIL of S.

4. Homomorphism of Interval-Valued Pythagorean Fuzzy Ideals in Semigroups

Let R and T be two non-empty sets of semigroup S. A mapping f:R = T is called a homomorphism if
(rt) = f(r)f(¢) Vr,t € R.

Definition 9. Let fbe a mapping from aset R to aset T and P = [$,,1, | be an interval-valued Pythagorean
fuzzy set R the image of R (i.e.) f(P) = (f(¢p), f(¥,)) is an interval-valued Pythagorean fuzzy set of T is
defined by

sup (p)(0), iff 1) =0
— tef’(r)
f(Pp)(r) = [0,0] otherwise
f(P)(r) = 5 t Eip(fr)(qu)(t), iff~1(r) = 0
f(yp)(r) = { [1,1] otherwise

Let f be a mapping from a set R to T and P = [$,,1,] be an interval-valued Pythagorean fuzzy set of T
then the preimage of T (i.e.) f7*(P) = {(f (@), f ~*(¥,))} is an interval-valued Pythagorean fuzzy set of
R is defined as

£ (Pp) (1) = dp(f(X)

1Py = | (P = (D)
B {f—lwp)(r) = 5, (F(r))

Theorem 7. Let R, T be a semigroups, f: R = T be a homomorphism of semigroups.

If P = [$,,¥,] is an interval-valued Pythagorean fuzzy sub-semigroup of T the the preimage f~'(P) =
(f 7 (dp), £ () is an interval-valued Pythagorean fuzzy sub-semigroup of R.

If P = [¢,,9,] is an interval-valued Pythagorean fuzzy left (resp.right) ideal of T the the preimage f~*(P) =
(F " (Pp), £ "1 (P,)) is an interval-valued Pythagorean fuzzy left ideal (resp. right ideal) of R.

Proof. Assume that P = [¢,,§,] is an interval-valued Pythagorean fuzzy sub-semigroup of T and r,t € R.
Then

£71(Gp) () = P (F(rD))

= $p(FOf(D)

> min{, (£(r)), &, (£(D)))

= min{f~2($,) O, £1(F,) (FO)};

(@) () = Fp (FCTD)
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= P, (FOF(D)
< max{{, (f(r)), ¥, (£(1))}
= max{f ~ (Pp) (1), £~ (Pp) (1)) }.

Hence, f71(P) = (f "*(¢,), {7 (Pp)) is an interval-valued Pythagorean fuzzy sub-semigroup of R.

£ (@p) () = §p(F(r1))
= $p(fHF(D)

> §p(fl1)

= £71(dp) (fD);

£ () () = T (1))
= T (FO(D)

< Ty (f(D)

= £ (Wp) (V).

Hence, f7*(P) = (f *($p), f "2 (¥,)) is an interval-valued Pythagorean fuzzy left (resp.right) ideal of R.

Theorem 8. Let R, T be a semigroups, f: R > T be a homomorphism of semigroups. If P = [¢,,9,] is an
interval-valued Pythagorean fuzzy bi-ideal of T the the preimage f~*(P) = (f "*(¢p), f " (Pp)) is an
interval-valued Pythagorean fuzzy bi-ideal of R.

Proof. Assume that P = [¢,,1,] is an interval-valued Pythagorean fuzzy sub-semigroup of T and a,7,t €
R. Then

£~ (dp) (rat) = Py (f(rat))

= bp (F(MFfF()

> min{(T)p(f(l‘)), Elv)p (f(t))}

= min{f (@) (©), £ (Pp) (EO}:

£ (@) (rat) = P (F(rat))

= Pp(FOF@F(D)

< max{{, ((r)), By (F(1)}

= max{f~ (F,) (), £~ () (D))}

Hence f™*(P) = (f ($,), f () is an interval-valued Pythagorean fuzzy bi-ideal of R.

Theorem 9. Let R, T be a semigroups, f:R = T be a homomorphism of semigroups. If P = [¢,, 9, ] is an
interval-valued Pythagorean fuzzy interior ideal of T the preimage f~1(P) = (f "1(¢,), f* () is an
interval-valued Pythagorean fuzzy interior ideal of R.
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5. Conclusion

In this paper interval valued Pythagorean fuzzy sub-semigroup, interval valued Pythagorean fuzzy left (resp.
right) ideal, interval valued Pythagorean fuzzy ideal, interval valued Pythagorean fuzzy bi-ideal, interval
valued Pythagorean fuzzy interior ideal and Homomorphism of interval valued Pythagorean fuzzy ideal in

semigroups are studied and investigated some properties with suitable examples.
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