
 

 





 

 



𝑋 𝑃 =

{𝑤, 𝜙𝑝(𝑤), 𝜓𝑝(𝑤)/𝑤 ∈ 𝑋} 𝜙: 𝑋 → [0,1] 𝜓: 𝑋 → [0,1]

𝑤 ∈ 𝑋 𝑃 0 ≤ (𝜙𝑝(𝑤))
2
+ (𝜓𝑝(𝑤))

2
≤ 1

𝑤 ∈ 𝑋 𝑃 = (𝜙𝑝(𝑤), 𝜓𝑝(𝑤))

𝑃̃ = [𝜙𝑝̃, 𝜓𝑝̃]

𝑤1, 𝑤2 ∈ 𝑆

 ϕp̃(w1w2) ≥ min{ϕp̃(w1), ϕp̃(w2)},

ψp̃(w1w2) ≤ max{ψp̃(w1), ψp̃(w2)}

𝑆 = {𝑢, 𝑣, 𝑤, 𝑥, 𝑦}

𝑃̃ = [𝜙𝑝̃, 𝜓𝑝̃] 𝑆

• u v w x y

𝑢

𝑣

𝑤

𝑥

𝑦

S [ϕp̃(w1), ψp̃(w1)]

u [0.7,0.8], [0.1,0.2]
v [0.4,0.6], [0.4,0.5]
w [0.3,0.5], [0.5,0.6]
x [0.1,0.2], [0.3,0.5]
y [0.3,0.5], [0.5,0.6]
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 ϕp̃(uv) ≥ min{ϕp̃(u),ϕp̃(v)}

 ≥

ψp̃(uv) ≤ max{ψp̃(u),ψp̃(v)}

≤

𝑃̃ = [𝜙𝑝̃, 𝜓𝑝̃] 𝑆

𝑃̃ = (𝜙𝑝̃, 𝜓𝑝̃) 𝑆

P̃LI P̃RI S 𝑤1, 𝑤2 ∈ 𝑆

 ϕp̃(w1w2) ≥ ϕp̃(w2);

ψp̃(w1w2) ≤ ψp̃(w2) P̃RI

ϕp̃(w1w2) ≥ ϕp̃(w1);

ψp̃(w1w2) ≤ ψp̃(w1)

𝑃̃ = [𝜙𝑝̃, 𝜓𝑝̃] 𝑃̃I 𝑤1, 𝑤2 ∈ 𝑆 𝑃 ̃

𝑆

(w1w2) ≥ max{ϕp̃(w1),ϕp̃(w2)}

 ψp̃(w1w2) ≤ min{ψp̃(w1), ψp̃(w2)}

𝑃̃ = [𝜙𝑝̃, 𝜓𝑝̃]

𝑃̃𝐵𝐼 𝑎, 𝑤1, 𝑤2 ∈ 𝑆

ϕp̃(w1aw2) ≥ min{ϕp̃(w1), ϕp̃(w2)}

𝜓𝑝̃(𝑤1𝑎𝑤2) ≤ 𝑚𝑎𝑥{𝜓𝑝̃(𝑤1), 𝜓𝑝̃(𝑤2)}

𝑆 = {𝑢, 𝑣, 𝑤, 𝑥, 𝑦}

𝑃̃ = [𝜙𝑝̃, 𝜓𝑝̃] 𝑆

𝑃̃ = [𝜙𝑝̃, 𝜓𝑝̃] 𝑆

𝑃̃ = ⟨[𝜙𝑝̃, 𝜓𝑝̃]⟩

𝑃̃𝐼𝐼 𝑎, 𝑤1, 𝑤2 ∈ 𝑆

ϕp̃(w1aw2) ≥ ϕp̃(a);

S [ϕp̃(w1), ψp̃(w1)]

u [0.8,0.9], [0.1,0.3]
v [0.3,0.5], [0.7,0.9]
w [0.4,0.6], [0.6,0.7]
x [0.3,0.5], [0.7,0.9]
y [0.7,0.8], [0.4,0.5]



ψp̃(w1aw2) ≤ ψp̃(a)

𝑁 𝑆 𝜒𝑁 =

{𝑤1, [𝜙̃𝜒𝑁(𝑤1), 𝜓̃𝜒𝑁(𝑤1)]|𝑤1 ∈ 𝑆} 𝜒𝑁 = [𝜙̃𝜒𝑁 , 𝜓̃𝜒𝑁]

𝜙̃𝜒𝑁(𝑤1) = {
1 ̃𝑖𝑓 𝑥 ∈ 𝑁

0̃ 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒   𝜓̃𝜒𝑁(𝑤1) = {
0̃ 𝑖𝑓 𝑥 ∈ 𝑁

1 ̃𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

𝑆

 𝑆

𝑆

 𝑆

𝑆

𝑃1̃ = [𝜙̃𝑝1 , 𝜓̃𝑝1] 𝑃2̃ = [𝜙̃𝑝2 , 𝜓̃𝑝2]

S 𝑤1 , 𝑤2 ∈ 𝑆

(ϕ̃p1 ∩ ϕ̃p2)(w1, w2) = min{ϕ̃p1(w1, w2), ϕ̃p2(w1, w2)}

≥ min {min{ϕ̃p1(w1), ϕ̃p1(w2)},min{ϕ̃p2(w1), ϕ̃p2(w2)}}

= min {min{ϕ̃p1(w1), ϕ̃p2(w1)},min{ϕ̃p1(w2), ϕ̃p2(w2)}}

= min{ϕ̃p1 ∩ ϕ̃p2(w1), ϕ̃p1 ∩ ϕ̃p2(w2)}

(ψ̃p1 ∪ ψ̃p2)(w1, w2) = max{ψ̃p1(w1, w2), ψ̃p2(w1, w2)}

≤ max {max{ψ̃p1(w1), ψ̃p1(w2)},max{ψ̃p2(w1), ψ̃p2(w2)}}

= max {max{ψ̃p1(w1), ψ̃p2(w1)},max{ψ̃p1(w2), ψ̃p2(w2)}}

= max{ψ̃p1 ∪ ψ̃p2(w1), ψ̃p1 ∪ ψ̃p2(w2)}.

P̃1 ∩ P̃2 = {⟨(ϕ̃p1 ∩ ϕ̃p2), (ψ̃p1 ∪ ψ̃p2)⟩}.

𝑆

(ϕ̃p1 ∩ ϕ̃p2)(w1, w2) = min{ϕ̃p1(w1, w2), ϕ̃p2(w1, w2)}  

 ≥ min{ϕ̃p1(w2), ϕ̃p2(w2)}

= (ϕ̃p1 ∩ ϕ̃p2)(w2);

(ψ̃p1 ∪ ψ̃p2)(w1, w2) = max{ψ̃p1(w1, w2), ψ̃p2(w1, w2)}

≤ max{ψ̃p1(w2), ψ̃p2(w2)}

= (ψ̃p1 ∪ ψ̃p2)(w2)

𝑃̃1 ∩ 𝑃̃2 = {⟨(𝜙̃𝑝1 ∩ 𝜙̃𝑝2), (𝜓̃𝑝1 ∪ 𝜓̃𝑝2)⟩}

𝑆
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𝑃̃ = [𝜙̃𝑝, 𝜓̃𝑝] 𝑆 S ⟨(𝜙𝑝
𝐿, 𝜙𝑝

𝑈), (𝜓𝑝
𝐿 , 𝜓𝑝

𝑈)⟩

𝑆

𝑃̃ = [𝜙̃𝑝, 𝜓̃𝑝] 𝑆 𝑤1, 𝑤2 ∈ 𝑆

[ϕp
L(w1w2),ϕp

U(w1w2)] = ϕ̃p(w1w2)

≥ min{ϕ̃p(w1), ϕ̃p(w2)}

= min{[ϕp
L(w1),ϕp

U(w1)], [ϕp
L(w2), ϕp

U(w2)]}

= min{[ϕp
L(w1),ϕp

L(w2)], [ϕp
U(w1), ϕp

U(w2)]}

𝜙𝑝
𝐿(𝑤1𝑤2) ≥ 𝑚𝑖𝑛{𝜙𝑝

𝐿(𝑤1), 𝜙𝑝
𝐿(𝑤2)} 𝜙𝑝

𝑈(𝑤1𝑤2) ≥ 𝑚𝑖𝑛{𝜙𝑝
𝑈(𝑤1), 𝜙𝑝

𝑈(𝑤2)}

[ψp
L(w1w2),ψp

U(w1w2)] = ψ̃p(w1w2)

≤ max{ψ̃p(w1), ψ̃p(w2)}

= max{[ψp
L(w1),ψp

U(w1)], [ψp
L(w2), ψp

U(w2)]}

= max{[ψp
L(w1),ψp

L(w2)], [ψp
U(w1), ψp

U(w2)]}

𝜓𝑝
𝐿(𝑤1𝑤2) ≤ 𝑚𝑎𝑥{𝜓𝑝

𝐿(𝑤1), 𝜓𝑝
𝐿(𝑤2)} 𝜓𝑝

𝑈(𝑤1𝑤2) ≤ 𝑚𝑎𝑥{𝜓𝑝
𝑈(𝑤1), 𝜙𝑝

𝑈(𝑤2)}

𝑃̃ = ⟨(𝜙𝑝
𝐿 , 𝜙𝑝

𝑈), (𝜓𝑝
𝐿 , 𝜓𝑝

𝑈)⟩ 𝑆

([𝜙𝑝
𝐿 , 𝜙𝑝

𝑈], [𝜓𝑝
𝐿 , 𝜓𝑝

𝑈]) S 𝑤1 , 𝑤2 ∈ 𝑆

ϕ̃p(w1w2) = [ϕp
L(w1w2), ϕp

U(w1w2)]

≥ [min{ϕp
L(w1),ϕp

L(w2)},min{ϕp
U(w1),ϕp

U(w2)}]

= min{[ϕp
L(w1),ϕp

U(w1)], [ϕp
L(w2), ϕp

U(w2)]}

= min{ϕ̃p(w1), ϕ̃p(w2)};

ψ̃p(w1w2) = [ψp
L(w1w2), ψp

U(w1w2)]

≤ [max{ψp
L(w1),ψp

L(w2)},max{ψp
U(w1),ψp

U(w2)}]

= max{[ψp
L(w1),ψp

U(w1)], [ψp
L(w2), ψp

U(w2)]}

= max{ψ̃p(w1), ψ̃p(w2)}

𝑃̃ = [𝜙̃𝑝, 𝜓̃𝑝] 𝑆

ϕ̃p(w1aw2) = [ϕp
L(w1aw2),ϕp

U(w1aw2)]

≥ [min{ϕp
L(w1),ϕp

L(w2)},min{ϕp
U(w1),ϕp

U(w2)}]

= min{[ϕp
L(w1),ϕp

U(w1)], [ϕp
L(w2), ϕp

U(w2)]}

= min{ϕ̃p(w1), ϕ̃p(w2)}

ψ̃p(w1aw2) = [ψp
L(w1aw2),ψp

U(w1aw2)]

≤ [max{ψp
L(w1),ψp

L(w2)},max{ψp
U(w1),ψp

U(w2)}]

= max{[ψp
L(w1),ψp

U(w1)], [ψp
L(w2), ψp

U(w2)]}



= max{ψ̃p(w1), ψ̃p(w2)}

𝑃̃ = [𝜙̃𝑝, 𝜓̃𝑝] 𝑆

{𝑃𝑖}𝑖∈𝐼 𝑆 ∩ 𝑃𝑖

S ∩ 𝑃𝑖 = (∩ 𝜙̃𝑝𝑖 ,∪ 𝜓̃𝑝𝑖)

∩ (𝜙̃𝑝𝑖) = 𝑖𝑛𝑓{(𝜙̃𝑝𝑖)(𝑤1)/𝑖 ∈ 𝐼, 𝑤1 ∈ 𝑆} ∪ (𝜓̃𝑝𝑖) = 𝑠𝑢𝑝{(𝜓̃𝑝𝑖)(𝑤1)/𝑖 ∈ 𝐼, 𝑤1 ∈ 𝑆} 𝑖 ∈ 𝐼

 𝑃̃𝑖 = ⟨[𝜙̃𝑝𝑖 , 𝜓̃𝑝𝑖]|𝑖 ∈ 𝐼⟩ 𝑆

𝑎,𝑤1 , 𝑤2 ∈ 𝑆

∩ ϕ̃pi(w1, w2) = inf{ϕ̃pi(w1, w2)/i ∈ I,w1, w2 ∈ S}

≥ inf {min{ϕ̃pi(w1), ϕ̃pi(w2)}}

= min {inf (ϕ̃pi(w1)) , inf (ϕ̃pi(w2))}

= min{∩ ϕ̃pi(w1),∩ ϕ̃pi(w2)}

∪ ψ̃pi(w1w2) = sup{ψ̃pi(w1w2)/i ∈ I,w1, w2 ∈ S}

≤ sup {max{ψ̃pi(w1), ψ̃pi(w2)}}

= max {sup (ψ̃pi(w1)) , sup(ψ̃pi(w2))}

= max{∪ ψ̃pi(w1),∪ ψ̃pi(w2)}.

∩  𝑃̃𝑖 = (∩ 𝜙̃𝑝𝑖 ,∪ 𝜓̃𝑝𝑖) 𝑆

∩ ϕ̃pi(w1aw2) = inf{ϕ̃pi(w1aw2)/i ∈ I, a,w1, w2 ∈ S}

≥ inf {min{ϕ̃pi(w1), ϕ̃pi(w2)}}

= min {inf (ϕ̃pi(w1)) , inf (ϕ̃pi(w2))}

= min{∩ ϕ̃pi(w1),∩ ϕ̃pi(w2)}.

∪ ψ̃pi(w1aw2) = sup{ψ̃pi(w1aw2)/i ∈ I, a, w1, w2 ∈ S}

≤ sup {max{ψ̃pi(w1), ψ̃pi(w2)}}

= max {sup(ψ̃pi(w1)) , sup(ψ̃pi(w2))}

= max{∪ ψ̃pi(w1),∪ ψ̃pi(w2)}

∩ 𝑃𝑖 = (∩ 𝜙̃𝑝𝑖 ,∪ 𝜓̃𝑝𝑖) 𝑆

N 𝑆 𝑁 𝑆

𝜒𝑁 = [𝜙̃𝑝𝜒𝑁, 𝜓̃𝑝𝜒𝑁] 𝑆

𝑁 𝑆 𝑎, 𝑤1, 𝑤2 ∈ 𝑆
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𝜙̃𝑝𝜒𝑁(𝑤1𝑤2) < 𝑚𝑖𝑛{𝜙̃𝑝𝜒𝑁(𝑤1), 𝜙̃𝑝𝜒𝑁(𝑤2)} 𝜓̃𝑝𝜒𝑁(𝑤1𝑤2) > 𝑚𝑎𝑥{𝜓̃𝑝𝜒𝑁(𝑤1), 𝜓̃𝑝𝜒𝑁(𝑤2)}

𝜙̃𝑝𝜒𝑁(𝑤1𝑤2) = 0, 𝑚𝑖𝑛{𝜙̃𝑝𝜒𝑁(𝑤1), 𝜙̃𝑝𝜒𝑁(𝑤2)} = 1

𝜓̃𝑝𝜒𝑁(𝑤1𝑤2) = 1, 𝑚𝑎𝑥{𝜓̃𝑝𝜒𝑁(𝑤1), 𝜓̃𝑝𝜒𝑁(𝑤2)} = 0

𝑤1, 𝑤2 ∈ 𝑁 𝑤1, 𝑤2 ∉ 𝑁 𝑁

𝜙̃𝑝𝜒𝑁(𝑤1𝑤2) ≥ 𝑚𝑖𝑛{𝜙̃𝑝𝜒𝑁(𝑤1), 𝜙̃𝑝𝜒𝑁(𝑤2)} 𝜓̃𝑝𝜒𝑁(𝑤1𝑤2) ≤ 𝑚𝑎𝑥{𝜓̃𝑝𝜒𝑁(𝑤1), 𝜓̃𝑝𝜒𝑁(𝑤2)}

𝜙̃𝑝𝜒𝑁(𝑤1𝑎𝑤2) < 𝑚𝑖𝑛{𝜙̃𝑝𝜒𝑁(𝑤1), 𝜙̃𝑝𝜒𝑁(𝑤2)} 𝜓̃𝑝𝜒𝑁(𝑤1𝑎𝑤2) > 𝑚𝑎𝑥{𝜓̃𝑝𝜒𝑁(𝑤1), 𝜓̃𝑝𝜒𝑁(𝑤2)}

𝜙̃𝑝𝜒𝑁(𝑤1𝑎𝑤2) = 0, 𝑚𝑖𝑛{𝜙̃𝑝𝜒𝑁(𝑤1), 𝜙̃𝑝𝜒𝑁(𝑤2)} = 1 𝜓̃𝑝𝜒𝑁(𝑤1𝑤2) = 1,

𝑚𝑎𝑥{𝜓̃𝑝𝜒𝑁(𝑤1), 𝜓̃𝑝𝜒𝑁(𝑤2)} = 0

𝑎,𝑤1, 𝑤2 ∈ 𝑁 𝑎, 𝑤1, 𝑤2 ∉ 𝑁 𝑁

𝜙̃𝑝𝜒𝑁(𝑤1𝑎𝑤2) ≥ 𝑚𝑖𝑛{𝜙̃𝑝𝜒𝑁(𝑤1), 𝜙̃𝑝𝜒𝑁(𝑤2)} 𝜓̃𝑝𝜒𝑁(𝑤1𝑎𝑤2) ≤ 𝑚𝑎𝑥{𝜓̃𝑝𝜒𝑁(𝑤1), 𝜓̃𝑝𝜒𝑁(𝑤2)}

𝜒𝑁 𝑆

𝜒𝑁 = [𝜙̃𝑝𝜒𝑁 , 𝜓̃𝑝𝜒𝑁] 𝑆 𝑁 𝑆

𝑤1, 𝑤2 ∈ 𝑁 𝜙̃𝑝𝜒𝑁(𝑤1) = 𝜙̃𝑝𝜒𝑁(𝑤2) = 1̃ 𝜓̃𝑝𝜒𝑁(𝑤1) = 𝜓̃𝑝𝜒𝑁(𝑤2) = 0̃, 𝜒𝑁 𝑆

𝜙̃𝑝𝜒𝑁(𝑤1𝑤2) ≥ 𝑚𝑖𝑛{𝜙̃𝑝𝜒𝑁(𝑤1), 𝜙̃𝑝𝜒𝑁(𝑤2)} ≥ 𝑚𝑖𝑛{1̃, 1̃} = 1̃ 𝜓̃𝑝𝜒𝑁(𝑤1𝑤2) ≤ 𝑚𝑎𝑥{𝜓̃𝑝𝜒𝑁(𝑤1), 𝜓̃𝑝𝜒𝑁(𝑤2)} ≤

𝑚𝑎𝑥{0̃, 0̃} = 0̃

𝑤1,𝑤2 ∈ 𝑁

𝑎,𝑤1 , 𝑤2 ∈ 𝑁 𝜙̃𝑝𝜒𝑁(𝑤1) = 𝜙̃𝑝𝜒𝑁(𝑎) = 𝜙̃𝑝𝜒𝑁(𝑤2) = 1̃

𝜓̃𝑝𝜒𝑁(𝑤1) = 𝜓̃𝑝𝜒𝑁(𝑎) = 𝜓̃𝑝𝜒𝑁(𝑤2) = 0̃ 𝜒𝑁 𝑆

𝜙̃𝑝𝜒𝑁(𝑤1𝑎𝑤2) ≥ 𝑚𝑖𝑛{𝜙̃𝑝𝜒𝑁(𝑤1), 𝜙̃𝑝𝜒𝑁(𝑤2)} ≥ 𝑚𝑖𝑛{1̃, 1̃} = 1̃ 𝜓̃𝑝𝜒𝑁(𝑤1𝑎𝑤2) ≤ 𝑚𝑎𝑥{𝜓̃𝑝𝜒𝑁(𝑤1), 𝜓̃𝑝𝜒𝑁(𝑤2)} ≤

𝑚𝑎𝑥{0̃, 0̃} = 0̃

𝑤1, 𝑤2 ∈ 𝑁 𝑁 𝑆

{ 𝑃̃𝑖}𝑖∈𝐼 𝑆

∩  𝑃̃𝑖 𝑆

∩  𝑃̃𝑖 = (∩ 𝜙̃𝑝𝑖 ,∪ 𝜓̃𝑝𝑖);

∩ (𝜙̃𝑝𝑖) = 𝑖𝑛𝑓{(𝜙̃𝑝𝑖)(𝑤1)/𝑖 ∈ 𝐼, 𝑤1 ∈ 𝑆}  ∪ (𝜓̃𝑝𝑖) = 𝑠𝑢𝑝{(𝜓̃𝑝𝑖)(𝑤1)/𝑖 ∈ 𝐼, 𝑤1 ∈ 𝑆} 𝑖 ∈ 𝐼



𝑁 𝑆 𝑁 𝑆

𝜒𝑁 = [𝜙̃𝑝𝜒𝑁 , 𝜓̃𝑝𝜒𝑁] 𝑆

𝑅 𝑇 S 𝑓: 𝑅 → 𝑇

(𝑟𝑡) = 𝑓(𝑟)𝑓(𝑡) ∀𝑟, 𝑡 ∈ 𝑅

𝑅 𝑇 𝑃̃ = [𝜙̃𝑝, 𝜓̃𝑝]

𝑅 𝑅 𝑓(𝑃̃) = (𝑓(𝜙̃𝑝), 𝑓(𝜓̃𝑝)) 𝑇

f(P̃)(r) =

{
 
 
 
 

 
 
 
 
f(ϕP̃)(r) = {

sup
t∈f′(r)

(ϕP̃)(t), iff−1(r) = 0

  [0,0] otherwise

f(ψP̃)(r) = {

inf
t∈f′(r)

(ψP̃)(t), iff−1(r) = 0

  [1,1] otherwise

𝑓 𝑅 𝑇 𝑃̃ = [𝜙̃𝑝, 𝜓̃𝑝] 𝑇

𝑇 𝑓−1(𝑃̃) = {(𝑓−1(𝜙̃𝑝), 𝑓
−1(𝜓̃𝑝))}

𝑅

f−1(P̃)(r) = {
f−1(ϕp̃)(r) = ϕp̃(f(r))

f−1(ψp̃)(r) = ψp̃(f(r))

𝑅, 𝑇 𝑓: 𝑅 → 𝑇

𝑃̃ = [𝜙̃𝑝, 𝜓̃𝑝] 𝑇 𝑓−1(𝑃̃) =

(𝑓−1(𝜙̃𝑝), 𝑓
−1(𝜓̃𝑝)) 𝑅

𝑃̃ = [𝜙̃𝑝, 𝜓̃𝑝] 𝑇  𝑓−1(𝑃̃) =

(𝑓−1(𝜙̃𝑝), 𝑓
−1(𝜓̃𝑝)) 𝑅

𝑃̃ = [𝜙̃𝑝, 𝜓̃𝑝] 𝑇 𝑟, 𝑡 ∈ 𝑅

f−1(ϕ̃p)(rt) = ϕ̃p(f(rt))

= ϕ̃p(f(r)f(t))

 ≥ min{ϕ̃p(f(r)), ϕ̃p(f(t))}

 = min{f−1(ϕ̃p)(r), f
−1(ϕ̃p)(f(t))};

f−1(ψ̃p)(rt) = ψ̃p(f(rt))
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= ψ̃p(f(r)f(t))

 ≤ max{ψ̃p(f(r)), ψ̃p(f(t))}

= max{f−1(ψ̃p)(r), f
−1(ψ̃p)(f(t))}

𝑓−1(𝑃̃) = (𝑓−1(𝜙̃𝑝), f
−1(ψ̃p)) 𝑅

f−1(ϕ̃p)(rt) = ϕ̃p(f(rt))

= ϕ̃p(f(r)f(t))

≥ ϕ̃p(f(t))

= f−1(ϕ̃p)(f(t));

f−1(ψ̃p)(rt) = ψ̃p(f(rt))

= ψ̃p(f(r)f(t))

≤ ψ̃p(f(t))

= f−1(ψ̃p)(f(t)).

𝑓−1(𝑃̃) = (𝑓−1(𝜙̃𝑝), 𝑓
−1(𝜓̃𝑝)) 𝑅

𝑅, 𝑇 𝑓: 𝑅 → 𝑇 𝑃̃ = [𝜙̃𝑝, 𝜓̃𝑝]

𝑇  𝑓−1(𝑃̃) = (𝑓−1(𝜙̃𝑝), 𝑓
−1(𝜓̃𝑝))

𝑅

𝑃̃ = [𝜙̃𝑝, 𝜓̃𝑝] 𝑇 𝑎, 𝑟, 𝑡 ∈

𝑅

f−1(ϕ̃p)(rat) = ϕ̃p(f(rat))

= ϕ̃p(f(r)f(a)f(t))

≥ min{ϕ̃p(f(r)), ϕ̃p(f(t))}

 = min{f−1(ϕ̃p)(r), f
−1(ϕ̃p)(f(t))}

f−1(ψ̃p)(rat) = ψ̃p(f(rat))

= ψ̃p(f(r)f(a)f(t))

≤ max{ψ̃p(f(r)), ψ̃p(f(t))}

= max{f−1(ψ̃p)(r), f
−1(ψ̃p)(f(t))}.

𝑓−1(𝑃̃) = (𝑓−1(𝜙̃𝑝), 𝑓
−1(𝜓̃𝑝)) 𝑅

𝑅, 𝑇 𝑓: 𝑅 → 𝑇  𝑃̃ = [𝜙̃𝑝, 𝜓̃𝑝]

𝑇 𝑓−1(𝑃) = (𝑓−1(𝜙̃𝑝), 𝑓
−1(𝜓̃𝑝))

R



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 


