
 

 




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𝐿 𝑅

𝐵 = {0 ,1} 
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𝑈 = [0,1]

  𝜇   𝜒

𝑋

𝐴 𝑋 𝑋𝐴 𝑋

{0,1}

XA (x) = {
1,   if x ∈ A 
0,   if x ∉ A

{0, 1}

[0, 1], 𝐴

  𝑋   𝑥   𝐴

  𝐴 = {( 𝑥, 𝜇𝐴(𝑥)) | 𝑥 ∈ 𝑋}   𝜇𝐴(𝑥): 𝑋 → [0,1]

𝐴 𝑋  𝜇𝐴(𝑥): 𝑋 →

[0,1]   𝜇𝐴(𝑥) 𝑥 𝐴 𝑥

𝑋 [0, 1]

𝑋 𝐴   𝑋 𝐴 𝑥

  𝐴 = {( 𝑥, 𝜇𝐴(𝑥)) | 𝑥 ∈ 𝑋}   𝜇𝐴(𝑥) → [0,1] 𝑥 

𝑋 = {𝑎 , 𝑏 , 𝑐} 𝐴

μA(a) = 1.0, μA(b) = 0.7, μA(c) = 0.4 , 

A =  {(a, 1.0), (b, 0.7), (c, 0.4)}. 

𝜇𝐴(𝑏)  = 0.7 ‘𝑏’

𝐴 𝑏 𝐴

𝐴 = ∅  𝑋

𝐴 𝐵  𝐴 = 𝐵 𝐴(𝑥)  = 𝐵(𝑥), ∀𝑥 ∈ 𝑋



𝐴𝑖 C   𝑥 ∈ ℝ𝑛

≲   < 

  𝐶𝑇𝑥

  𝑍0 𝐴𝑋

  b

max   CTx,

s. t.

 Aix ≤ bi   (i = 1,2,3, …m),

x ≥ 0,

CTx ≲ Z0,   

Aix ≲ bi   (i = 1,2,3,…m),

x ≥ 0.
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Bx ≲ b′,

x ≥ 0.

𝐵 = [
𝐶
𝐴𝑖
] 𝑏′ = [

𝑍0
𝑏𝑖
]

𝑎𝑖𝑗̃ 𝑏𝑖̃

µij(x) =

{
 
 

 
 

1, if x ≤ aij,

aij + dij − x

dij
, if aij < x < aij + dij,

0, if x ≥ aij + dij.

µbĩ(x) =

{
 

 
1, if x ≤ bi,

bi + pi − x

p
, if bi < x < bi + pi,

0, if x ≥ bi + pi.

𝑥 ∈ 𝑅, 𝑑𝑖𝑗 > 0 𝑝𝑖
 𝑖 𝑡ℎ

𝑧𝑙 𝑧𝑢

z1 = max   ∑cjxj,

n

j=1

 

𝑠. 𝑡.

∑(𝑎𝑖𝑗 + 𝑑𝑖𝑗)𝑥𝑗

𝑛

𝑗=1

 ≤ 𝑏𝑖,   1 ≤ 𝑖 ≤ 𝑚) 𝑥𝑗 ≥ 0,

z2 = max   ∑cjxj

n

j=1

 ,

s. t. 



𝑧𝑙 = 𝑚𝑖𝑛(𝑧1, 𝑧2)   𝑧𝑢  = 𝑚𝑎𝑥(𝑧1, 𝑧2) 𝑧𝑙  𝑧𝑢

𝑎𝑖𝑗 𝑎𝑖𝑗 + 𝑑𝑖𝑗

𝑏𝑖 𝑏𝑖 + 𝑝𝑖 𝐺 𝑅𝑛

µG(x) =

{
 
 
 
 

 
 
 
 0,                  if ∑cjxj

n

j=1

≤ zl,

∑ cjxj
n
j=1 − zl

zu − zl
, if zl <∑cjxj

n

j=1

≤ zu.

1, if∑cjxj

n

j=1

≥ zu.

𝑖 𝑡ℎ 𝐶𝑖 𝑅𝑛

µci(x) =

{
 
 
 
 

 
 
 
 0,                  if bi ≤∑aijxj

n

j=1

,

bi −∑ aijxj
n
j=1

∑ dijxj + pi
n
j=1

, if ∑aijxj

n

j=1

< bi <∑(aijxj + dij)xj

n

j=1

+ pi.

1,                              if  b ≥∑(aijxj + dij)xj

n

j=1

+ pi.

µ𝑐𝑖(𝑥) µ𝐺(𝑥)

µ𝐷(𝑥)

µD(x)  =  mini(µG(x), µci(x))

µ𝐷(𝑥)

𝑥∗

x∗ = arg(max mini{µG(x), µci(x)}. 

𝜆

max λ

s. t.

 μG(x) ≥ λ,

∑aijxj

n

j=1

 ≤ bi + pi,   1 ≤ i ≤ m)xj ≥ 0.
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μci(x) ≥ λ,

x ≥ 0, 0 ≤ λ ≤ 1, 1 ≤ i ≤ m

max λ,

λ(z1 − z2) −∑cjxj

n

j=1

− z1 ≤ 0,

∑(aij + λdij)

n

j=1

xj + λpi − bi ≤ 0 ,

x ≥ 0, 0 ≤ λ ≤ 1, 1 ≤ i ≤ m .

𝜆𝑥𝑗

  𝜆∗  ∈

[0,1] 𝑥 ≥  0   𝜆 =  𝜆∗

𝑘   𝐾 > 1

maxF(x) = (f1(x), f2(x),… , fk(x)) ,

s. 𝑡.

𝑥 ∈ 𝑆 ⊆ ℝ𝑛.



  𝑓1

 

 

 

 

 
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𝑐𝑖 , 𝑖 = 1,2 𝑛1 𝑑𝑖 , 𝑖 = 1,2 𝑛2

𝐴 𝐵 𝑚𝑥𝑛2 𝑏 𝑚

𝑧1(𝑥1, 𝑥2) 𝑧2(𝑥1, 𝑥2)

𝑥1 𝑥2

  𝑥1

𝑥2(𝑥1)

𝑧1(𝑥1, 𝑥2(𝑥1))

𝑥 = (𝑥1
1 , 𝑥1

2 , … , 𝑥1
𝑁(1)

 , 𝑥2
1 , 𝑥2

2 , … , 𝑥2
𝑁(2)

)

maxz1(x1, x2) = c1x1 + d1x2,

x1.

 x2

maxz2(x1, x2) = c2x1 + d2x2

x2,

s. t.

Ax1 + Bx2 ≦ b.

maxz2(x1, x2) = c2x1 + d2x2

x2

s. t. 

Bx2 ≤ b − Ax1,

x2 ≧ 0.



𝑥 =

(𝑥1
1 , 𝑥1

2 , … , 𝑥1
𝑁(1)

) 𝑁(1)

𝑥 = (𝑥2
1 , 𝑥2

2 , … , 𝑥2
𝑁(2)

) 𝑁(2) 𝑓1, 𝑓2: 𝑅
𝑁(1)𝑥 𝑅𝑁(2)  →

𝑅1

𝑆 ⊆  𝑅𝑁(1)+𝑁(2) (𝑥1, 𝑥2)

   𝑥1 𝑥2 𝑓1(𝑥1, 𝑥2)

 𝑥1,  𝑥2
𝑥2 = 𝑊(𝑥1)

  𝑊(. )

𝑊𝑓2(𝑆) 𝑊𝑓2(𝑆)  = {(𝑥1
∗, 𝑥2

∗) ∈ 𝑆: 𝑓2(𝑥1
∗, 𝑥2

∗) = 𝑚𝑎𝑥 𝑓2(𝑥1
∗, 𝑥2

∗)

𝑓2   𝑆

𝑓2   𝑆 𝑓1(𝑥1, 𝑥2),

  𝑥1

𝑆1 =  𝑊𝑓2(𝑆)

𝑆1  = 𝑆

S = {(x1, x2): Ax1 + Bx2 ≦ b}.

  𝑥1

S(x1) =  {x2  ≧  0:  Bx2  <  b − Ax1, x1  ≧  0}. 

𝑆𝑥 = {𝑥 1 ≧  0 𝑥2 𝐴𝑥1 + 𝐵𝑥2 ≦ 𝑏, 𝑥 2 ≧  0 }

max f1(x1, x2) = c1x1 + d1x2,

x1.

 x2

max f2(x1, x2) = c2x1 + d2x2

x2,

s. t. (x1, x2) ∈ S

max f1(x1, x2),

s. t.

(x1, x2) ∈ Wf2(S)
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𝑥1

R(x1) = {
x2 ≧  0: x2 ∈ argmax z1(x1, x2)

x2 ∈ S(x1)

IR = {(x1, x2): (x1, x2)  ∈  S, x2  ∈ R(x1)}. 

{(x1, x2): (x1, x2)  ∈ argmax z1(x1, x2) , (x1, x2)  ∈ R(x1)}.

max f1(x1, x2) = c11x1 + c12x2,

x1.

 x2

max f2(x1, x2) = c21x1 + c22x2

s. t.

 A1x1 + A2x2 ≤ b,

(x1, x2) ≥ 0.



𝑥𝑖 , 𝑖 = 1,2 𝑛𝑖

𝐶𝑖1, 𝑖 = 1,2 𝑛1

𝐶𝑖2, 𝑖 = 1,2 𝑛2

𝑏 𝑚

𝐴𝑖 , 𝑖 = 1,2

𝑋 = (𝑥1, 𝑥2) ∈ 𝑅
𝑛1+𝑛2 , 𝐶𝑖 = (𝐶𝑖1, 𝐶𝑖2), 𝑖 = 1,2 𝐴 = [𝐴1, 𝐴2]

𝑓1(𝑥1, 𝑥2) 𝑓2(𝑥1, 𝑥2)

𝑥1 𝑥2

𝑘𝑡ℎ

 𝑓𝑖(𝑥) , 𝑖 = 1,2

𝑓𝑖(𝑥)

𝑞𝑖 𝑥𝑖  , 𝑖 = 1,2 𝑥𝑖
∗

𝑝𝑖
− 𝑝𝑖

+

  𝑥𝑖
0 , 𝑖 =  1.2

 𝑓1  𝑥1

𝑓𝑖 , (𝑖 = 1,2)

𝑥𝑖 , (𝑖 = 1,2) 
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𝑥𝑖
𝐵 𝑖𝑡ℎ

𝑓𝑖
𝐵 = 𝑓𝑖(𝑥𝑖

𝐵 ) = 𝑚𝑎𝑥 𝑓𝑖(𝑥) , 𝑖 = 1,2. , 𝑥 ∈

𝑆 𝑖𝑡ℎ 𝑥𝑖
𝐵, 𝑖 = 1,2

𝑓𝑖(𝑥) ≲

𝑓𝑖(𝑥𝑖
𝐵  ), 𝑖 = 1,2, 𝑥𝑖  ≅  𝑥𝑖

𝐵

[

f1(x) f2(x)

x1
0 f1(x1

0) f2(x1
0)

x2
0 f1(x2

0) f2(x2
0)

]

(𝑓𝑖(𝑥𝑖
0))

𝑓𝑖
𝑢  =  𝑓𝑖(𝑥𝑖

0) = max 𝑓𝑖(𝑥𝑖
0) , 𝑖 = 1,2.

  𝑓𝑖
𝐿 = 𝑚𝑖𝑛 𝑓𝑖(𝑥𝑖

0), 𝑖 = 1.2

  𝑓𝑡
𝑢, 𝑡 = 1,2

𝑓𝑖
𝐿   𝑓𝑖(𝑥) →  𝑓𝑡

𝑢

  𝑓𝑖(𝑥) ≲  𝑓𝑖(𝑥𝑖
𝑢), 𝑖 =  1,2 𝑥𝑖

𝑥𝑖  ≅  𝑥𝑖
𝑢   𝑖𝑡ℎ

  𝑖𝑡ℎ

𝑓𝑖
𝐿

  𝑓𝑖(𝑥) ≥  𝑓𝑡
𝑢 𝑓𝑖(𝑥)

𝑓𝑖(𝑥)   𝑓𝑖(𝑥) ≤  𝑓𝑡
𝐿

𝑓𝑖(𝑥)   𝑖 = 1,2



µ1(𝑓1(𝑥)) µ2(𝑓2(𝑥)) 𝑓1(𝑥) 𝑓2(𝑥),

𝑥1

𝑥1
0

𝑒1
− 𝑥1

𝑒1
+ 𝑥1

µi(fi(x)) =

{
 
 

 
 

1, if fi(x) ≥ fi
u,

fi(x) − fi
L

fi
u ≥ fi

L , if fi
L ≤ fi(x) ≤ fi

u, i = 1,2     

0, if fi(x) ≤ fi
L.

max min{μi(fi(x)),   i = 1,2}

A1x1 + A2x2 ≤ b,   x1, x2 ≥ 0.

µx1(f1(x)) =

{
 
 

 
 

x1 − (x1
0 − e1

−)

e1
− , if x1

0 − e1
− ≤ x1 ≤ x1

0

(x1
0 + e1

+) − x1
e1
+ , if x1

0 ≤ x1 ≤ (x1
0 + e1

+)   

0, if otherwise.



283                   

 𝜆

𝜇𝑖(𝑓𝑖(𝑥)), 𝑖 = 1.2

𝑥∗

𝜇1(𝑓1(𝑥))   𝑥∗ 𝑥∗

  𝑥∗

𝛿 ∈ [0,1]

max min{μ1(f1(x)), μ2(f2(x)), μx1(x1)}

A1x1 + A2x2 ≤ b,   x1, x2 ≥ 0.

max λ

μ1(f1(x)) ≥ λ

μ2(f2(x)) ≥ λ

μx1(x1) ≥ λ

A1x1 + A2x2 ≤ b,   x1, x2 ≥ 0.

λ∗ = min{μ1(f1(x
∗)), μ2(f2(x

∗))}

max 
μ2(f2(x)),

μ1(f1(x)) ≤ δ

A1x1 + A2x2 ≤ b,   x1, x2 ≥ 0.



∆> ∆𝐿 ∆ ∆> ∆𝑈, 𝑖. 𝑒 𝜇2(𝑓2(𝑥
∗)) >

∆𝑈𝜇1(𝑓1(𝑥
∗)) 𝛿 𝛿

  ∆>

∆𝐿 , 𝑖. 𝑒 𝜇2(𝑓2(𝑥
∗)) < ∆𝑖𝜇1(𝑓1(𝑥

∗)) 𝛿   𝛿

𝑙 𝜇1(𝑓1(𝑥
𝑙)), 𝜇2(𝑓2(𝑥

𝑙)), 𝜆𝑙 Δ𝑙 =
𝜇2(𝑓2(𝑥1

𝑙 ))

𝜇1(𝑓1(𝑥
𝑙))

𝑙𝑥

𝛿

𝜇1(𝑓1(𝑥
𝑙)) ≥  𝛿

Δ𝑙

Δ𝑙  ∈  [∆ 𝑚𝑖𝑛, ∆𝑚𝑎𝑥]

 𝛿

𝛿.

  𝛿

∆=
μ2(f2(x

∗))

μ1(f1(x
∗))
.
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Δ𝑙   𝛿

Δ𝑙   𝛿

𝑓𝑡
𝑢

  𝑓𝑡
𝐿

µ𝑓𝑖(𝑓𝑖(𝑥))

𝑥1

ℓ = 1

  𝑥∗

𝛿 [∆ 𝑚𝑖𝑛, ∆ 𝑚𝑎𝑥]

Δ𝑙 𝜆∗

  𝛿

𝑥𝑙 𝜆𝑙  , µ1(𝑓1(𝑥
𝑙 )), µ2(𝑓2(𝑥

𝑙  )) ∆𝑙

𝑥𝑙

𝑥𝑙

𝛿

max f1(x) = 5x1 + 6x2 + 4x3 + 2x4,

x1, x2

x3, x4

max f2(x) = 8x1 + 9x2 + 2x3 + 4x4



𝑓1 = 125 𝑥1
0 = (5, 0, 25,0);

𝑓2 = 118.125 𝑥2
0 = (11.25, 3.125, 0,0);

  𝑥1
0 ≠ 𝑥2

0

𝑓1 ≲ 125, 𝑓2 ≲ 118.125

𝑥1 ≅ 5, 𝑥2 ≅ 0;

[

𝑓1(𝑥1
0) 𝑓2(𝑥2

0)

𝑥1
0 125 90

𝑥2
0 75 118.125

] ;

𝑓1
𝑢 = 125, 𝑓2

𝑢 ≲ 118.125

𝑓1
𝐿 = 75, 𝑓2

𝐿 ≲ 90

x3, x4,

s. t. 

3x1 + 2x2 + x3 + 3x4  ≤ 40, 

x1 + 2x2 + x3 + 2x4 ≤ 30,

2x1 + 4x2 + x3 + 2x4 ≤ 35,

x1, x2, x3, x4 ≥ 0

max f1(x) = 5x1 + 6x2 + 4x3 + 2x4,

s. t. 

3x1 + 2x2 + x3 + 3x4  ≤ 40, 

x1 + 2x2 + x3 + 2x4 ≤ 30

2x1 + 4x2 + x3 + 2x4 ≤ 35,

x1, x2, x3, x4 ≥ 0
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μf1(f1(x)) = {

1,   if f1(x) ≥ 125

f1(x) − 75

125 − 75
, if 75 ≤ f1(x) ≤ 125

0, if f1(x) ≤ 75

 .

μf2(f2(x)) = {

1,   if f2(x) ≥ 118.125

f2(x) − 90

118.125 − 90
, if 90 ≤ f2(x) ≤ 119.125.

0, if f2(x) ≤ 90

𝑥1 = 5 𝑥2 =

0

μx1(x1) =

{
 
 

 
 
x1 − (5 − 2.5)

2.5
,   if 2.5 ≤  x1 ≤ 5

(5 + 2.5) − x1
2.5

, if 5 ≤ x1 ≤ 7.5

0,                        otherwise

,

μx2(x2) = {

x2,                                    if x2 ≤ 3
3 − x2
3

,               if 0 ≤ x2 ≤ 3

0,                  otherwise

.

 

maxλ,

s. t. 

  μf1(f1(x)) ≥ λ,

μf2(f2(x)) ≥ λ,

μx1(x1) ≥ λ,

3x1 + 2x2 + x3 + 3x4  ≤ 40, 

x1 + 2x2 + x3 + 2x4 ≤ 30,

2x1 + 4x2 + x3 + 2x4 ≤ 35,

x1, x2, x3, x4 ≥ 0



x1
1 = 6.41, x2

1 = 1.95, x3
1 = 10.52, x4

1 = 1.42,

λ1 = 0.316, 

f1
1(x) = 88.67, f2

1(x) = 95.55, μ1(f1(x)) = 0.2734.

𝛿 = 0.3 [∆𝑚𝑖𝑛, ∆ 𝑚𝑎𝑥]  =

 [0.3, 0.4],

 

maxμf2(f2(x)),

s. t. 

 μf1(f1(x)) ≥ 0.3,

x ∈ S.

 

x1
2 = 6.71, x2

2 = 2.05, x3
2 = 10.52, x4

2 = 1.42,

λ2 = 0.316,

f1
2(x) = 90.77, f2

2(x) = 98.85, μf1(f1(x)) = 0.3154,

∆2= 0.3165.
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