
 

   

 

 

1. Introduction  

Data envelopment analysis is one of the most popular methods for determining efficiency, and the 

boundary of efficiency based on the concept of condition of defective units. In 1987, Charles et al. [2] 

identified efficient boundaries using linear programming and used them to determine productivity. In 

this way, they used both output-axis and input-axis models. Although these two models are not the 

only ones used, they are still the most popular DEA model. Many researchers use the DEA method to 

determine the boundary of performance and evaluate performance [4]. 

Over the past two decades, DEA has established itself as the strongest and most valuable 

methodology [3]. In many practical issues, some inputs of decision-making units may be such that 

increasing these inputs increases efficiency and decreasing it reduces efficiency, such as waste 

recycling operations, scrap metal and glass, etc., where it is necessary to increase the undesirable 

inputs to improve the level of efficiency, or some of the outputs of decision-making units may be such 

that increasing these outputs reduces efficiency and decreases it increases efficiency. Consider the 

waste of a factory or the deaths of patients in hospitals and the dismissals of doctors and nurses in 
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A B S T R A C T P A P E R    I N F O 

Data Envelopment Analysis (DEA) is one of the well-known methods for calculating 

efficiency, determining efficient boundaries and evaluating efficiency that is used in 

specific input and output conditions. Traditional models of DEA do not try to reduce 

undesirable outputs and increase undesirable inputs. Therefore, in this study, in 

addition to determining the efficiency of Decision-Making Units (DMU) with the 

presence of some undesirable input and output components, its effect has also been 

investigated on the efficiency limit. To do this, we first defined the appropriate 

production possibility set according to the problem assumptions, and then we 

presented a new method to determine the unfavorable performance of some input and 

output components in decision-making units. And we determined the impact of 

unfavorable inputs and outputs on the efficient boundary. We also showed the model 

result by providing examples for both unfavorable input and output states and solving 

them and determining the efficiency score and driving them to the efficient boundary 

by plotting those boundaries. 
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training centers, which should be reduced as an undesirable output to increase efficiency. Undesirable 

outputs are generally desirable products and therefore can only be reduced by reducing them. There 

are methods for importing undesirable outputs into the DEA that can be divided into two categories: 

 Direct methods. 

 Indirect methods. 

In indirect methods, undesirable inputs and outputs in each unit are converted into desired inputs and 

outputs by a uniform descending function and then the performance of the units is evaluated using 

DEA standard models. Direct ones are methods that use assumptions in production possibility set so 

that they are used in evaluating desirable input and output.  

Conventional data envelopment analysis models in most studies treated the units under evaluation as a 

black box, producing only a series of primary inputs and using them to produce a series of final 

outputs; However, with the research of the last two decades, they came to the conclusion that the 

obtained efficiency is not accurate without considering their internal structure, and there are 

ambiguities in the analysis of its efficiency, and the role of undesirable factors should also be 

examined. 

In the real world, it is not possible to match all inputs and outputs of inefficient units based on DEA 

results, which Chiang Kao showed with a new model design, which is possible. Unfavorable outputs 

are generally desirable products and can therefore be reduced only by a concomitant reduction in the 

second product. To understand this concept, the price of an undesirable output shadow must be 

negative and the opposite for a positive output. Based on these conditions, Kao et al. [6] in a paper 

presented a data envelopment analysis model that allows the production units under evaluation to 

determine the shadow price for both favorable and unfavorable outputs to maximize the measured 

performance score. The proposed model satisfies the assumption of poor usability of outputs. It is also 

shown that there is a directional function model in a group that has been widely used in modeling 

adverse outputs. However, unlike conventional directional distance measures, the proposed model is 

able to provide performance in the range of zero and one for easy comparison between inefficiently 

produced units. 

Cross-productivity evaluation methods have long been proposed as an option for ranking decision-

making units in data envelopment analysis. Neutral reciprocity performance evaluation methods are 

developed in a way that is only self-interested and indifferent to other DMUs. Accordingly, in 2019, 

Shi et al. [19] introduced a new cross-performance evaluation method in which each DMU has a 

neutral attitude towards its other peer units. This is done by introducing an Ideal Virtual Border (IVF) 

and a Non-Ideal Virtual Border (AVF). Unlike cross-performance evaluation methods, this cross-

performance evaluation method determines the set of input and output weights for each DMU. The 

most important operation in this study is to introduce an ideal virtual boundary and a non-ideal virtual 

boundary  improving DMU performance by considering IVF and AVF as evaluation criteria,  

minimizing deviation from IVF and maximizing deviation from AVF. In 2019, Wu et al. [5] studied 

the environmental efficiency measurement of thermoelectric power plants using an efficient frontier 

DEA approach with fixed-sum undesirable output.  

In 2020, Song et al. [9] Studied accident deaths as undesirable output in the production and safety 

evaluation in Chinese coal mines. In 2020, Walheer [1] studied the output, input, and undesirable 

output interconnections in data envelopment analysis: Convexity and returns-to-scale. In 2020, Yu et 
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al. [8] assessed environmental provincial eco-efficiency in China an improved network data 

envelopment analysis model with undesirable output. In 2020, Gómez-Calvet et al. [7] evaluated 

European energy efficiency evaluation based on the use of super-efficiency under undesirable outputs 

in SBM models. In this research, we have presented the possibility of production in accordance with 

the concept of undesirable inputs and outputs. Then, in the concept of inputs and outputs, we have 

examined the efficiency of decision-making units and the efficiency boundary diagram with the 

presence of undesirable inputs and outputs by providing an example. 

2. Production Possibility Set  

Suppose we have n observations on n DMUs with input and output vectors ),( jj yx  for j = 1, 2,..., n. 

Let T

mjj xxx ),...,( 1 and ),...,( 1 sjjj yyy  . All m

j Rx   and 
s

j Ry  and 0,0  jj yx  for j = 1, 2,... 

n. The input matrix X and output matrix Y can be represented as 

],...,,...,[,],...,,...,[ 11 njnj yyyYxxxX  . 

Where X is an )( nm matrix and Y an )( ns matrix. 

The production possibility set T is generally defined as 

 

                          

In DEA, the production possibility set under a Variable Return to Scale (VRS) technology is 

constructed form the observed data ),( jj yx for j = 1, 2, ..., n as follows: 

    

 

In the absence of undesirable factors when a  ,,...,2,1 , noDMUO  is under evaluation, we can use the 

following BCC model: 
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Now suppose that some inputs are undesirable so input matrix X can be represented 

as Tbg XXX ),( , where njxxX g

jm

g

j

g ,...,1),,...,(
11   and ),...,(

11

b

jm

b

j

b xxX         

)()(,...,1 21 nmandnmarenj   matrixes that represent desirable (good) and undesirable (bad) 

inputs, respectively. And similarly, suppose that some outputs are undesirable so outputs. Matrix Y 

can be represented as ,),( Tbg YYY  where njyyY g

js

g

j

g ,...,1,),...,(
11   and 

njyyY b
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Definition 2. ODMU  is efficient if in T there is no DMU to be dominant over it. 

We consider the properties of the Production Possibility Set as the following: 

 T is convex. 

 T is closed. 

 The monotony property of desirable inputs and outputs. So that, 

TyvyxuxTyyxxRvRu bgbgbgbgsm
  ),,,(),,,(,, 11  

This is not necessarily established for undesirable factors, because in this case, T has no efficient 

DMU. 

We can define the production possibility set T satisfying Eq. (1) through Eq. (3) by 

 

3. Measures of Efficiency Using Undesirable Factors  

In input oriented data, the efficiency of the DMU under evaluation is obtained by decreasing and 

increasing the desirable and undesirable input, respectively. And similarly, in output oriented data, we 

increase desirable output and decrease the undesirable output.  
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3.1. Nature of the Input  

Suppose ),,,( b

o

g

o

b

o

g

oo yyxxDMU  be unit under evaluation, corresponding to the output 

),( b

o

g

oo yyy  and using Eq. (2) ),( b

o

g

o yyL  in defined as follows: 
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According to the definition of production possibility set, model (1) is possible in this set. 

Theorem 1. The DMUo in model (8) is efficient if and only if 

 1* o . 

 All slacks are zero for all optimal solutions. 

Theorem 2. If all optimal solution of model (8) be ),(
** s , then 

*g * g b * b p b g

o o(x d s ,x d ) L(y ,y ).     

s- is one of optimal answers. 

4. Numerical Example 1  

As an example, consider seven DMUs with one desirable input, one undesirable input to produce a 

desirable output normalized at level 1. These DMUs were explained in Table 1.  

Regarding Table 1 and Fig. 1, it can be seen that DMUs D, E, and F are efficient and they are on the 

).( g

G

s yL
 On the other hand, efficiency of other DMUs have been examined through their image on 

).( g

G

s yL  (Efficient Frontiers). 

Table 1. The inputs and outputs data for 7 DMUs. 

Similar discussion can be presented for the output oriented. 

 

 

 

 

 

Fig. 1. The graph of the L
)( Gy
.  

*1  
gy bx 

gx sDMU ' 

0.33 1 1 3 A 
0.5 1 2 2 B 
1 1 3 1 C 
1 1 5 1 D 
1 1 6 2 E 
1 1 7 3 F 
0.43 1 4 4 G 
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3.1. Nature of the Output 

Suppose ),,,( b
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to increase the corresponding outputs and decreasing the unconfirmed outputs.  

In this research, we direct the desired outputs to the efficient boundary in a radial direction. Thus:
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Theorem 3. The DMUo in model (10) is efficient if and only if 

 
1* o . 

 All slacks are zero for all optimal solutions. 

Theorem 3. If  be optimal solution of model (10) in, then 

** * g b * b p g b

o o o o o o o o(y d s ,y d ) p(x ,x ).     

5. Numerical Example 2 

We consider five decision-making units with an optimal input to produce an undesirable output and a 

desirable output. These decision-making units are described in Table 2. Fig. 2 shows that the decision-

making units D, E and F are efficient. On the other hand, other decision-making units have been 

examined through their image on the (efficient border) of their efficiency. 

Table 2. The inputs and outputs data for 5 DMUs by model 10. 

*1   
by  

gy  
gx  sDMU '  

1 1 4 1 A  

1 2 5 1 B  

1 4 5 1 C  

0.25 5 4 1 D  

0.5 3 3 1 E  

 

 

 

      

 

 

Fig. 2. The graph of the L. 

 

6. Conclusion 

Our proposed models in this study determine the efficiency of decision-making units, assuming that 

some of their input and output components may be undesirable. Numerical examples and model 
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diagrams show that these models ensure that the presence of undesirable input and output factors is 

effective in determining the efficiency boundary of the decision-making units under evaluation and 

are compared with a unit corresponding to the efficient boundary set. By decreasing undesirable 

output and increasing undesirable input, the efficiency of decision-making units can improve and push 

them towards the efficient frontier. 
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