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81. Introduction

The generalized Sasakian space forms have been investigated by numerous researchers like
Alegre and Carriazo [6-8]. Thereafter generalized Sasakian spaceform [GSSF] have been studied
by many authors [10, 16, 19, 36, 37].

An almost contact metric manifold M is a GSSF if there exist three functions f1, f2, f3 on

M such that curvature tensor R is given by

R(X1, X2) X5 =f1{9(X2, X3) X1 — g(X1, X3)Xo} + fo{g(X1, $X3)9 X
— 9(X2, 0 X3)p X1 + 29(X1, 0 X2)p X3}
+ fa{n(X1)n(X3) X2 — n(X2)n(X3) X1
+ 9(X1, X5)n(X2)§ — g(Xa, X5)n(X1)E} (1.1)

for any vector fields X7, X2, X3 on M. In such a case we represent the manifold as M (f1, f2, f3).
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3 -1 -1
If f1 = %, fo = ¢ 7] and f3 = CT, then a GSSF with Sasakian structure develops

Sasakian-space-forms.

A self-similizing elucidation to the Ricci flow [14,15] is said to be a Ricci soliton [42] in
case it moves by only a one parameter family of diffeomorphism and scaling. Ricci soliton has
been studied by many authors (See [1, 3, 9, 11, 12, 18,31C 34, 38, 39]) and is defined as:

Lvg -+ 2Ric +2\g = 0. (1.2)
The n-Ricci soliton [12] and the Conformal n-Ricci soliton [26] are defined respectively as
Lyg+2Ric =2\g+2un @ n, (1.3)

2
Ly g+ 2Ric+ [m— <P+n>}g+2/ﬂ7®n:0, (1.4)

where Ly is the Lie derivative in the direction of V', Ric is the Ricci tensor, g is the Riemannian
metric, V' is a vector field, and A and p are parameters. The Ricci soliton is said to be
shrinking, steady and expanding if A is negative, zero and positive, respectively. Some related
developments can be found in [1, 2, 4, 13, 20C24, 28C35, 38C41].

82. Preliminaries

A (2n+1)-dim Riemannian manifold (M, g) is called an almost compact manifold if the following
results hold [6]

X1 +0(X1)€ = ¢°(X1), (2.1)
1=n(8), (2.2)

9(X1,€) = n(X1),n(¢¢) =0, (2.3)
9(6X1,9X32) = g(X1, X2) — n(X1)n(Xa), (2.4)
9(X1,9X2) = —g(¢ X1, Xa), (255)
9(6X1,X1) =0, (2.6)
(Vx,m)(X2) = 9(Vx, § Xo), (2.7)
V€ = — 86X, (2.8)

for all X; € TM and a function 5 such that £5 = 0.

In view of (2.8), we get

(Vx,m)(X2) = 9(Vx,§, X2) = —Bg(¢X1, Xa). (2.9)
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For a (GSSF)ay,41, we have

R(X1, X2)¢ = (fi — f3)[n(X2) X1 — n(X1)Xa], (2.10)

R(&, X1) X2 = (f1 — f3)[9(X1, X2)§ — n(X2)X1], (2.11)

9(R(&, X1)X2,8) = (f1 — f3)9(¢ X1, 9X2), (2.12)

R(&,X1)€ = (f1 — f3)9* Xa, (2.13)

S(X1,X2) = (2nf1 +3f2 — f3)g(X1, X2) — Bfa + (2n — 1) f3)n(X1)n(X2), (2.14)

where S is the Ricci tensor and 7 is the scalar curvature tensor of the space-forms.

§3. x-Ricci Tensor in GSSF

Let M be an GSSF with Ricci tensor S. The *-Ricci tensor and x-scalar curvature of M are
defined by

2n+1 2n+1
S*(X1,X2) = > R(Xy,ei,¢e,6Xs), 15 =Y S*(eie;) (3.1)
i=1 i=1
for all X7, Xs € TM, where eq,--- ,ea,41 is an orthonormal basis of the tangent space TM.

By using the first Bianchi identity and (3.1) we get

2n—+1
S (X1, X2) = 5 D 9(6R(X1,6Xn)ei, €). (3.2)

i=1

Let M is a GSSF, replace X5 = ¢X3 in (1.1) and taking inner product with ¢W, and then

using (2.1) and (2.2) the resultant equation becomes

R(X1, X2, X3, 0W) = f1{9(X2,$X3)g(X1,9W) — g(X1, $X3)g9(X2, W)}
+ fo{—9(X1, X3)g(6 X2, oW) + n(X1)n(X5)g(¢ X2, oW)
+ 9(X2, X3)g(0X1, oW) — n(X2)n(X5)g(6 X1, oW)
—29(X1, $X2)9(X3, W)} (3.3)

Let [ei]?gfl be an orthonormal basis of the tangent space at each point of the manifold.
Then setting Xy = X3 = ¢; in (3.3) and proceeding summation over 1 < i < 2n 4 1 and also
by using (2.1) and (2.3), we get

R(X1,ei, 0ei, oW) = fr9(¢ X1, W) + f2(2n + 1)g(¢ X1, oW). (3.4)

Hence, we have the following result.
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Theorem 3.1 In a GSSF M(f1, f2, f3), the x-Ricci tensor is obtained by

SH(X, W) = [fi + @n+ 1) (X0, W) = [f1 + (2n + 1) fo]n(X1)n(W). (3.5)

The following corollary is immediate.

Corollary 3.1 A GSSF M(f1, fa, f3) is an x-n-FEinstein manifold.

84. x-Ricci Semisymmetric GSSF

A GSSF M(f1, fo, f3) is called Ricci semisymmetric if R(X7, X5) S =0 for all X7, Xo € TM.
Similarly, we define *-Ricci semisymmetric by R(X7, X2) - S* = 0.
Let us consider a GSSEF M (f1, f2, f3) that satisfies

R(X;,X5)- 8" =0. (4.1)
From (4.1), we have
S*(R(X1,X2)Uy, V1) + S* (U, R(X1, X2)V1) = 0. (4.2)
Substituting X1 = U; = £ we get
S*(R(§, X2)&, V1) + S (&, R(§, X2)V1) = 0. (4.3)
Using S* = 0 and S*(X1,£) = 0 and (2.10) in (4.3) we obtain
(f1 = f3)5" (X2, V1) =0, (4.4)
which gives either (f; — f3) # 0 or S*(X2, V1) = 0. Hence, we have the following theorem.
Theorem 4.1 Let M be a GSSF is x-Ricci semisymmetric. Then either fi # fs or M(f1, f2, f3)

is x-Ricci flat.

85. ¢-Pseudo *-Ricci Symmetric GSSF

Definition 5.1 A GSSF M is called ¢p-pseudo Ricci symmetric if the x-Ricci operator Q*
satisfies
*((Vx,Q")(X2)) = 2K (X1)Q* (X2) + K(X2)Q* X1 + 5*(X2, X1)p, (5.1)

for any vector field X1, Xo where K is a non-zero 1-form.

If, in particular, K = 0 then manifold is called ¢-+-Ricci symmetric [27]. Let us take a
GSSF M, which is ¢-pseudo *-Ricci symmetric. Then by virtue of (2.1), it follows from (5.1)
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that
—(Vx,Q")(X2) + n(Vx,Q")(X2)§ = 2K (X1)Q"(X2) + K(X2)Q" X1 + S™(X2, X1)p, (5.2)
from which it follows that

—9((Vx,Q")(X2),Xs5) + S(QVx, X2, X5) +n((Vx,Q")(X2))n(Xs)
= 2K(X1)S" (X2, X3) + K(X2)S"(X1, X3). (5.3)

Take X5 = ¢ in (5.3) and use (2.8), (3.5) to get
—B57(9X1, X3) + n((Vx, Q7)(€))n(Xs) = K(§) 5" (X1, X3). (5-4)
Put X3 = ¢X3 in (5.4) and use (3.5)
—BFg(¢X1,0X3) = K(§)Fg(X1, X3). (5-5)

By using (2.4) and (3.5), then contracting (5.5) on top of X; and X3, we obtain

. K@F@2n+1)
rt= — 5 (5.6)

Hence, we have the following theorem.
Theorem 5.1 If GSSF M is a ¢p-pseudo * Ricci symmetric, then
. K@OF2n+1)

==

B

In particular, if K = 0, In view of (3.5) and (5.5), we obtain
BS*(X1,X3) =0. (5.7)
Hence, we have the following corollary.

Corollary 5.1 A ¢-x-Ricci symmetric GSSF is x-Ricci flat provided 5 # 0.

86. x-Conformal n-Ricci Soliton in GSSF
Definition 6.1 The x-Conformal n-Ricci soliton is defined as
. 2
Ly g+ 2Ric* + {2)\— (P+ n>]9+2un®n20, (6.1)

where Ly is the Lie deriwative along the vector field V., A and p are constants, Ric* is the

x-Ricci tensor, P is a scalar non- dynamical field and n is the dimension of manifold.
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Let M be a GSSF admiting *-conformal n-Ricci soliton (g, v, A, u). When V = ¢ in (6.1),

Leg X0, X) +25° (6, %) + [ 20— (P4 2) | 060, 30) 4 2 =0, (62)

This can be written as
9(Vx,§,X2) + 9(X1,Vx,§) +257(X1, Xz)
+ {2)\ - (P + Z)] 9(X1, X2) + 2un(X1)n(X2) = 0.
Using (2.8) in (6.3), we get
9(=BpX1,X2) + g(X1,—BoX2) +25%(X1,2)

+ [2/\ - <P + i)} 9(X1, X2) + 2un(X1)n(Xa) = 0.

Since M is a GSSF, making use of (2.5) in (6.4), we know

500 %) = = |- 3 (P4 2) a3, X) - ().

From (6.5), we have the x-scalar curvature

I {/\—;(PJri) +u} (2n+1),

which is a constant. In view of (3.5) and (6.5), we have

[A - % (P+ zﬂ 9(X1, X2) + pum(X1)n(X2)

H 4 @n 4 1D flg(Xy, Xo) = [f1 4 (20 + 1) fo]n(X)n(X2) = 0.

Using X; by ¢X; in (6.6), we have

{(f1+(2n+1)f2)+ ()\— % (P+ 2))}g(¢X1,X2) =0.

n
Interchanging X; and X5 we obtain

{(f1 +(2n+1)f2) + (A— % (P+ 2>>}g(¢X2,X1) =0.

n
Solving (6.7) and (6.8), we get
)
2 n

where F' = (f1 + (2n + 1) f3). Thus, we have the following theorem.

(6.3)
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Theorem 6.1 Let M be a GSSF admitting x-conformal n-Ricci soliton. Then, the nature of

soliton 1is

2
(1) steady when P =2F — —;
n
2
(2) ezpanding when P > 2F — —;
n
2

(3) shrinking when P < 2F — —.
n

Making use of (6.9) in (6.5), the following corollary is immediate.

Corollary 6.1 If a GSSF M(f1, f2, f3) admitting a x-conformal n-Ricci soliton, then M is

Sasaki-x-n-FEinstein.
Setting X1 = £ in (6.6), we get
1 2
[)\ -5 (P + n) + u] n(Xz) = 0. (6.10)
Take X5 = £ in (6.10) we obtain

oot (e 2)]. o

Making use of (6.9) and (6.11) in (6.5) we have
. 1 2
5" (X1, X0) = Fo(x, %) - A= 5 (P 2) | moxamcxa) (6.12)
In view of (6.12) and (5.7), by putting X; = X3 = £, we have the following corollary.

Corollary 6.2 If a x-conformal n-Ricci soliton on a ¢-psuedo x-Ricci symmetric GSSF, then

the nature of soliton is

2
(1) steady when P = 2F — —;
n
2
(2) ezpanding when P > 2F — —;
n
2

(3) shrinking when P < 2F — —.
n

Definition 6.2 A GSSF is said to be x-weakly symmetric if there exists 1-form A, B,C, D, E
on M such that the condition

(VXls*)(Xg, Wl) :A(Xl)S*(X37 Wl) + B(R(Xl,Xg)Wl)
+ O(X3)S* (X1, Wh) + D(W1)S* (X1, Xs) + E(R(X1,W1)Xs),  (6.13)

where the 1-form E is defined by E(X1) = (X1, V1), Vo € x(M).

Definition 6.3([11]) A GSSF is said to be x-weakly Ricci-symmetric if there exists 1-form
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e,o,FE on M such that the condition
(Vxls*)(XQ,Xg) = E(Xl)s*(XQ,Xg) + O'(XQ)S*(Xl,Xg) + E(Xg)S*(Xl,XQ), (614)

holds for all vector fields X1, X2, X3, W € x(M). Ife = 0 = E, then M is said to be pseudo
Ricci-symmetric.

Let M be a weakly symmetric GSSF. Then substituting W = £ in (6.13), we have
(Vx,57)(X5,8) = A(X1)5%(Xs,6) + B(R(X1, X3)8)
+C0(X5)5%(X1,8) + D(§)S* (X1, X3) + E(R(X1, §) Xs). (6.15)

In view of (2.10) and (6.12), equation (6.15) reduces to

x50 e) = a0t {ru@) - [a- g (P+2) | o}
B~ ) IIZ)X (X Xs)
+O(Xs) {Fn(Xl) - {)\ -3 (P + z)] n(Xl)}

+0(e) { P, ) = A= 3 (P4 2) e |
+E(R(X1,8)X3). (6.16)

Considering the covariant derivative of the *-Ricci tensor S* along the vector field X7, we
obtain

(Vx,5)(X3,8) = Vx,5(X3,8) — S"(Vx,X3,§) — S™(X3, Vx, ). (6.17)
By the use of (2.8) and (6.12) above equation takes the form

1

(Vx,5%)(X3,8) = —B{)\— 5 <P+i)}g(¢xhxg,). (6.18)

In view of (6.16) and (6.18), we obtain

A {Faxa) - [n= 3 (P 2) e} + 807 - 1) ) X3 - nx0) )

+(2) {Fn(Xl) - [)\ -3 (P+ i)} n(Xl)}

() { P, ) - A= g (P42 ) [ ncxncen |

+E(R(X1,€)Xs) = —B {/\ - % (P + Z) } 9(6X1, Xs). (6.19)

Setting X7 = X3 = ¢ in (6.19) and on simplification, it yields

{Fe a5 (P4 2) b+ co+ ey -0 (6.20)
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which implies that the vanishing of the 1-form A + C' 4+ D over the vector field ¢ is necessary
in order that M is a Ricci soliton on weakly symmetric GSSF. As similar to the previous

calculation, it can be easily shown that
1 2
{F + [/\ —5 <P + n)} } {A)+C(E)+ D)} =0
holds for arbitrary vector field X3 on M. This gives the following theorem.

Theorem 6.2 If (g,&, A\, i) is a *-conformal n-Ricci soliton on a weakly symmetric GSSF, then

the sum of 1-form is zero everywhere, provided
Pt 2(P+2)#0
2 n '

Suppose that M is a x- weakly Ricci symmetric GSSF. Taking X3 = £ in (6.14) and by

use of (6.12), we have

Again replacing X3 by X5 in (6.18), we get

(V. 5)(X2,€) = —B {A - % (P + Z) } 9(6X1, Xs). (6.22)

Comparing equations (6.21) and (6.22), we get

(X)) {F+ [A— % <P+ fl)”n(xg) + o(Xs) {F+ {)\— % <P+ Z)H”(Xl)

4 {Fotxa, o)+ a5 (P 2) | txin) |
_ —B{A— % <P+ Z)}g(d)Xl,XQ). (6.23)
Setting X; = X» = ¢ in (6.23), we have

{Fe|p-5 (P4 2) b @+ o+ B} -0 (6.24)

Again, putting X; = £ in (6.23), we have

{F+ {/\ -3 <P+ z)”ao{z) — () {F+ [)\— 3 (P+ z)} } (6.25)



10 P. G. Angadi, R. Rajendra, P. Siva Kota Reddy, G. S. Shivaprasanna and G. Somashekhara

Replacing X, with X7, it yields

{F+ {A -2 <P+ Z)}}O—(Xl) — () {F+ [)\— s (P+ i)} } (6.26)

If we take Xo = ¢ in (6.23), we get

{F+ [A - % <P+ Z)] }e(xl) e (0) {F+ [)\— % (P+ zﬂ } (6.27)

Similarly, we have

(oL (pe )V mor-mo {re (e 2)]} ay

Adding (6.26), (6.27) and (6.28) and using (6.24), we get

1 2
{Feh=5 (P 2)| F ot + <00 + o) =0
for all X1 € x(M). Thus, we have the following result.

Theorem 6.3 Let M be a *-weakly Ricci symmetric GSSF admits *-conformal - Ricci soliton.
Then the sum of 1-forms is zero, i.e., e+o+p = 0 everywhere, provided F+ (\— %(P—F%)) # 0.

§7. Conclusions

In this paper, the generalized Sasakian space form admitting *-conformal 7- Ricci soliton has
been studied and the behaviour of the soliton is analysed. Also, it is proved that the *-Ricci
semi-symmetric and the pseudo *-Ricci semisymmetric generalized Sasakian space forms are
x-Ricci flat.
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Abstract: The number of spanning trees is an important quantity characterizing the reli-
ability of a network (graph). Generally, the number of spanning trees in a network can be
obtained directly by calculating a related determinant corresponding to the network. How-
ever, for a large network, evaluating the relevant determinant is intractable. In this paper,
we investigated the number of spanning trees in three sequences of families of graphs of the
same average degree %. We used the electrically equivalent transformations and rules of
weighted generating function which avoids the laborious computation of the determinant for
counting the number of spanning trees. Finally, we determined the entropy of our studied
graphs.
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81. Introduction

The counting spanning trees in networks (graphs) is a fascinating and central issue in statistical
physics, because of its inherent relevance to diverse aspects in related fields. For instance, the
number of spanning trees is an important measure of reliability of a network [1], [2]. Again, for
example, it is exactly the number of recurrent configurations of the Abelian sand-pile models
[3],[4], which have been studied extensively in the past two decades as a paradigm of the
self-organized criticality [5]. On the other hand, the problem of spanning trees has numerous
connections with other interesting problems associated with networks, such as dimer coverings
[8], Potts model [7] random walks [8], origin of fractality for fractal scale-free networks [8,9]
and many others.

The number of spanning trees 7(G) of a finite connected undirected graph G is an acyclic
(n — 1) - edge spanning sub-graph.

There exist various methods for finding this number. Kirchhoff’s matrix tree theorem

named after Gustav Kirchhoff[10] is a theorem about the number of spanning trees in a graph,

IReceived September 9, 2023, Accepted December 5, 2023.
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showing that this number can be computed in polynomial time from the determinant of a
submatrix of the Laplacian matrix of the graph; specifically, the number is equal to any co-
factor of the Laplacian matrix.

Another method to count the complexity of a graph is using Laplacian eigenvalues. Let
G be a connected graph with k vertices. Kelmans and Chelnoknoy [11] derived the following

formula:
=
_ = ) 1.1
&= 1w (1)

where k = 1 > o > -+ > ux = 0 are the eigenvalues of the Kirchhoff matrix L.
Degenerating the graph through successive elimination of contraction of its edges represent
the core of another way to compute the complexity of a graph [12,13,14]. If G = (V,E) is a
multigraph with e € E, then G.e is the graph obtained from G by contracting the degree until
its endpoints are a single vertex. The formula for computing the number of spanning trees of
a multigraph G is given by:
7(GQ) = 7(G — e) + 7(G.e). (1.2)

This formula is beautiful but not practically useful (grows exponentially with the size of the
graph- may be as many as 2/7(%)| terms. For a summary of further results for calculating umber

of spanning trees of graphs, see [15,16,17,18].

§2. Electrically Equivalent Transformations

To begin with, we briefly review the electrically equivalent transformation technique introduced
in [19,20,21,22]. An edge-weighted graph G (with the weight function w : E(G) — [0,00))
can be considered as an electrical network with the weights being the conductances of the

corresponding edges. The weighted number of spanning trees in G is defined as follows:

Let G be an edge weighted graph, G’ be the corresponding electrically equivalent graph,
7(G) denotes the weighted number of spanning trees G.

(1) Parallel edges: If two parallel edges with conductances w and v in G are merged into a
single edge with conductances u + v in G’, then 7 (G') = 7(G).

(2) Serial edges: If two serial edges with conductances u and v in G are merged into a
single edge with conductance 2% in G’, then 7 (G') = 5 7(G).

(3) U—Y transformation: If a triangle with conductances u,v and w in G is changed into

an electrically equivalent star graph with conductances

uv + vw + wu uv + vw + wu uv + vw + wu
T = ,Y = and z = ———
U v w

in H', then 7 (G’) = 7(“”+ZZ’I’”“)QT(G).
(4) Y — U transformation: If a star graph with conductances u,v and w in G is changed

into an electrically equivalent triangle with conductances

VW uw uv
Y = and z = ———
u—+v+w u—+v+w u—+v+w
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in G’, then 7 (G') = (G).

In this work, we compute the number of spanning trees of three sequences of graphs of the

1
u+v+w T

same average degree we named it E,,, F,, and H,, respectively.

§3. Number of Spanning Trees in the Sequences of FE, Graph

Consider the sequence of graphs Eq, Eg, - -+ | E,, constructed as shown in Figure 1. According to
this construction, the number of total vertices |V (E,)| and edges |E (E,,)| are |V (E,)| =9n—6
and |E (E,)| =24n —21,n=1,2,---. The average degree of E,, is 16/3 in the large n limit.

Figure 1. Some sequences of graph E,,
Theorem 3.1 Forn > 1, the number of spanning trees in sequence of the graph E, is given by

1
7 16"~ (256 — 13 x 64™)°

Proof We use the electrically equivalent transformation to transform E; to E;_;. Figures

2-6 illustrate the transformation process from E5 to E;.

Figure 2
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Figure 3

Figure 4

Figure 5
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6%, +11)

433 =48

Y =11}

E=G;

Figure 6

Using the properties given in Section 2, we have the following transformations:

3 3
1 1
T(Gl) = |:2:| T(Eg), T(GQ) = T(Gl), T(Gg) = |:3:| T(Gz),
3 3
T(G4) = T(Gg), T(G5) = (9.232 +3)T(G4), T(G6) = |:9.’£2+].1:| T(G5),
(9.’1?2 + 11)
G = G Gg)= ———— 27 (G d7(E;) =7(Gg).
7(G7) 7(Ge), T(Gs) 24(3m2+1)7( 7) and 7 (E1) = 7 (Gs)
Combining these nine transformations, we get
7 (Eg) = 16 (1825 + 22)° 7 (E4) (3.1)
where
n 2
7 (B1) =3 x (16)" 22 [H (18z; + 22)
i=2
Further,
7(E,) =[] 16 (1825 +22)°, (3.2)
i=2
where x;,_1 = ‘fgizigg,i = 2,3,---,n. Its characteristic equation is 18u? — 21y — 49 = 0,
which have two roots p; = %7 and po = g Subtracting these two roots into both sides of
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43x;+49
18x;422°

Ti1 = we get

7 43z, +49 7 64(zi+7)
b=t LT 6 3.3
Tt S T W22 6 (181 1 22) (3.3)

(i — 5)

7 43w, +49 7
Yl T 3 T 18,422 3 (3-4)

zi+

i

o~

Let y; = . Then by Eqgs.(3.3) and (3.4), we get y;—1 = (64)y; and y; = (64)" y,,.

wl~y|

Therefore,

T (D
! (64)"typ 1

Thus L7 ,
69" (3ot ]
(64)" 1y 1

T = (3.5)

Using the expression z,_1 = % and denoting the coefficients of 43z, + 49 and

18x,, + 22 as o,, and 4,, we have

182, 4 22 = 0 (432, + 49) + 6o (18, + 22)

18 n— 22 = )
o1t 00 (433, + 49) + 0o (182, + 22)

Oi—1 (43.’Bn + 49) +6;_1 (181‘n + 22)”

o; (43.’L‘n + 49) + 6; (18.’]3‘n + 22) ’

18xp—; +22 =

182, (i41) + 22 =

On_3 (432, +49) + 6,3 (18z,, + 22)"

Substituting Eq.(3.6) into Eq.(3.2), we obtain

18z + 22 =

7 (En) = 3 x (16)" 22 [0,,_5 (43x, + 49) + 01_o (182, + 22)]7, (3.8)

where 09 = 0,60 = 1 and o1 = 18,7 = 22.

By the expression ,, 1 = 522528 and Egs.(3.6) and (3.7), we have

Oij4+1 = 650’1 - 640’1',1; 5i+1 = 65(52 - 6457;,1. (39)

The characteristic equation of Eq.(3.9) is v2 — 65 + 64 = 0 which have two roots v, = 64
and 72 = 1. The general solutions of Eq. (3.9) are o; = a1} + a27yi;6; = b1yt + bays. Using
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the initial conditions o9 = 0,9y = 1 and o7 = 18,61 = 22, yields
2 o2 1 o2
;= —=(64)" — =;b; = =(64)" + —. 1
0= (64)" — 20 = 2(64)' + (3.10)

If z, = 1, it means that E,, without any electrically equivalent transformation. Plugging
Eq.(3.10) into Eq.(3.8), we have

2
832 8
T(E,) =3 x (16)" 2] | ==(64)" %+ | ,n>2. (3.11)
21 21
When n = 1, 7(F) = 3 which satisfies Eq.(3.11). Therefore, the number of spanning trees
in the sequence of the graph E,, is given by

2

832 8
T(E,) =3 x (16)" 2] | ==(64)" %+ | ,n>1, (3.12)

21 21

where (641
91(64)" ' — 28
= — > ]_. .].

T 3960t 21 E (3.13)
Inserting Eq.(3.13) into Eq.(3.12) we obtain the result. O

84. Number of Spanning Trees in the Sequences of F,, Graph

Consider the sequence of graphs Fq, Fs, -+ | F,, constructed as shown in Figure 7. According
to this construction, the number of total vertices |V ( F,,)| and edges |E ( F,,)| are |V (F,,)| =

In—6and |F( F,)| =24n—21,n=1,2,---. The average degree of F,, is 3 in the large n limit.

A

/N
/
/ &/ \
A/ \ AN
E F, F;

Figure 7. Some sequences of graph F,,
Theorem 4.1 Forn > 1, the number of spanning trees in the sequence of ¥, graph is given
by ==, where

B,

A = <400"‘3 ((85 —21VI5)(2(4 + V15))" + (8 — 2V/15)" (85 + 21\/@)2 (—61(321 +83V/15)
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+(31 +8V/15)"(951 + 365\/5))2) ,
B, = 3(61(31+8V15) + (644 5V15)(31 + 8v15)")

2

Proof We use the electrically equivalent transformation to transform F; to F;_;. Figures

8-13 illustrate the transformation process from F, to F.

Figure 8

[T

Figure 9
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Figure 10

Figure 11

152x -1
G I i -0

G

Figure 12
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_531. —335 - —_3_ = _33&_.\. _'_3'_

© = 306133

A4 =312, =11
Gy, A=Gy

Figure 13

Using the properties given in Section 2, we have the following the transformations:

3 273
rG) = 3] 1. r@n=r@. e =|EEEE e,
1 3 x 3
G = || @ TG = || T, TG0 =7,
2 3
m(Gr) = % 7(Ce), 7(Ce) = (2(;1: it)g)(iii22131)1) (&),

(12.’L‘2 +11) (4.%'2 +3)

7(Go) = 7(Gs), 7(Gio)= 72 (200 + 1)°

7(Gy) and 7 (F1) =7 (G1o) .

Combining these eleven transformations, we have
7 (Fa) = 16 (2425 + 22)° 7 (F,) . (4.1)

Further

7(F,) = ﬁ 16 (24xo + 22)° 7 (F1) = 3 x (16)" 122 lﬁ (24x; +22)| , (4.2)

=2 1=2

58x;+49

Mo g3t =23,...,n. Its characteristic equation is 242 — 36u — 49 = 0, which

where x;_1 =

have two roots p; = % V15 and py = % V15 Subtracting these two roots into both sides of
T = gii:igg’ we get
9-5v15
9-5V15 58z, +49 9-5V15 (m ) )
i1 — = - =104 +V15)~—— 7~ 4.
it 12 24z, + 22 12 0+ V1) ) (4.3)
94515
1 i+ 4 1 — (‘” - )
vy, 9F5VIE  58zi449  9+5V15 10(4 — V5) 1 (4.4)

12 24z, +22 12 (24x; + 22)
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_9-5V15

Let y; = x_gﬁ Then by Eqgs.(4.3) and (4.4), we get y;—1 = (31 + 8y/15)y; and
el 12

yi = (31 + 8y/15)"y,,. Therefore

(31+8VIB)" " (2315 ) y, — 0=0y1
(31 + 8V/15)n—iy, — 1 '

Ti =

Thus

(31 + 8y/15)""! (9+§2“ﬁ) yn — 2=2Y15
(31 + 8V/15)n—1y,, — 1 '

Using the expression x,,_1 = gi;”igg and denoting the coefficients of 58z, + 49 and

(4.5)

xr1 =

24w, + 22 as o, and §,, we have

24z, + 22 = 00 (58, + 49) + b0 (24, + 22)

o1 (58zn + 49) + 01 (24x, + 22)
o0 (58Tn + 49) + o (24, + 22)’

24xn_1 4+ 22 =

i (581’n + 49) + 6; (24’In + 22)
Oi—1 (58.93” + 49) + 61 (243771 + 22),

2wy + 22 =

Ois1 (58, + 49) + 6;41 (242, + 22)
0; (582, + 49) + 0; (24x, +22)

24, (1) +22 =

T (58@n + 49) + 6o (242, + 22)
On—3 (58x, 4+ 49) 4 0, —3 (24x,, + 22)

Substituting Eq.(4.6) into Eq.(4.2), we obtain

24x9 + 22 =

7 (Fn) = 3 x (16)" 22 [07_2 (58, + 49) + 0y (241, + 22)]2, (4.8)

where 09 = 0,09 = 1 and 07 = 24,6, = 22.

By the expression z,_; = giizi;‘g and Egs.(4.6) and (4.7), we have

Oi+1 = 8002 - ].000'7;,1; 5i+1 = 8052 - ].00(;1,1 (49)

The characteristic equation of Eq.(4.9) is 42 — 80y + 100 = 0 which have two roots vy, =
10(4 + v/15) and 2 = 10(4 — v/15).

The general solutions of Eq.(4.9) are o; = a1y} + az7y%;0; = biyi + bavs. Using the initial
conditions o9 = 0,09 = 1 and o1 = 24,61 = 22, yields

= 28 04 vy - 28 0@ - vy,
b = (%) (10(4 +V15))" + (%) (10(4 — V15))". (4.10)

If &, = 1, it means that F,, without any electrically equivalent transformation. Plugging
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Eq.(4.10) into Eq.(4.8), we have

5

n (115_7529*/%) (40 — 10@)”*2] 2 (4.11)

T(Fn) = 3x(16)”_1xf{(m) (40 + 10v/15)" 2

for integer n > 2. When n = 1,7 (F}) = 3 which satisfies Eq.(4.11). Therefore, for ,n > 1, the
number of spanning trees in the sequence of the graph F,, is given by

7(F,) = 3x(16)" 'z} [(M) (40 4 10v/15)" 2

2
+ (%) (40 — 10\/6)"‘2} , (4.12)
where
(31 + 8v/15)"1(951 + 365+/15) + 61(9 — 54/15)
x] = ,n>1. (4.13)
(31 + 8v15)"~1(64 + 5v/15) 4 732
Inserting Eq.(4.13) into Eq.(4.12), we obtain the result. O
§85. Number of Spanning Trees in the Sequences of H,, Graph
Consider the sequence of graphs Hy, Ho, - - - | H,, constructed as shown in Figure 14. According to
this construction, the number of total vertices |V (H,,)| and edges |E (H,,)| are |V (H,)| = 9n—6
and |E (H,,)| = 24n — 21 for integers n = 1,2,---. The average degree of H,, is in the large n

limit which is 3

Figure 14. Some sequences of H,

Theorem 5.1 Forn > 1, the number of spanning trees in the sequence of H,, is given by

5 1 1—n 2
2" 715 (115 + V13209)°™  x (—76(—63 + V/13209) + <g(13217 — 115\/13209)) (8421 + 97\/13209))

2
(29563 — 257/13200 + (%(13217 - 115\/13209))" (29563 + 257\/13209))
. ‘
(58159227 (38 + 8- (325 + V/13200)(13217 + 115V/13209)" ) )

X

Proof We use the electrically equivalent transformation to transform H; to H;_;. Figures
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15-19 illustrate the transformation process from Hs to Hy. Using the properties given in Section
2, we have the following the transformations:

T(Gl) = ;:| T(H2), T(GQ) = T(Gl), T(Gg) = 9za2T (GQ)7 T(G4) — |:3x21+2:| T(GB),
F(Gs) = 7(Ga), 7(Co) = (3228:22) 7(Gs), T(Gr) = 7(Gs), T(Gs) =9 (ZZ i;) 7 (Ga),
7 (Go) = %} 7(Gs), T(G1o) =7 (Go),7(G11) = { 21wz + 13

m} 7(G1o), 7(H1) =7 (G11) -

H, '

Figure 15

L)

Figure 16
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Figure 17

Figure 18

Figure 19
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Combining these twelve transformations, we get

7 (Hy) = 8 (42z5 + 26)* 7 (H,) . (5.1)
Further )
T(Hy) = [ 8422, + 26)° 7 (Hy) = 3 x (8)" 'a? [H (42z; +26)| , (5.2)
i=2 i=2
where z; 1 = igiligg i =2,3,...,n. Its characteristic equation is 42u? — 631 — 55 = 0, which
have two roots p; = $3=¥13209 V8iS2OQ and o = 83HV13209 st’mg. Subtracting these two roots into both
sides of ;1 = Zgi:igg, we get
68—1/13209
63 — /13209 (w I )
i-1 — ———— = (115 4+ v/13209 , 5.3
Tint 84 (115 + ) @2 20 (53)
68+/13209
63 + /13209 (mi - 84 )
i1 — ———— = (115 — v13209 5.4
Timt 84 ( ) 5@ 1 20) (54)
_ 63—+/18209
Let y; = 217634’78?% Then by Eqgs.(5.3) and (5.4), we get y;—1 = (% v13209) Yi
i 84 )
and y; = (—13217‘*‘1;“ 13209>n_1 Yn. Therefore
(1321”115\/13209)714 (63+~/13209) _ 63—/13209
B 84 Yn 84
Ti = n—t
(13217+115\/13209) _1
8 y’ﬂ
Thus .
(13217+115\/13209)"_ (63+\/13209)y _ 63—+/13209
8 84 n 84
xr1 = e . (55)
(13217+115\/13209) _1
ATV )y,
Using the expression x,_1 = igiﬁigg and denoting the coefficients of 89z, + 55 and
42z, + 26 as o, and ¢,, we have
422, + 26 = o¢ (89x,, + 55) + do (422, + 26)
n 01 (42x, + 2
122, 1+ 26— 1 (89zy, 4 55) 4 01 (422, + 6)7
00 (892, + 55) + 0o (42, + 26)
89x,, + 55 0o (422, + 26
420,y + 96 = 72890 +55) 40, (422, + 26)
o1 (89, + 55) + 61 (24x,, + 26)
o; (89, + 55) + 6; (42, + 26)
423, i +26 = , 5.6
Tni i1 (892, + 55) + 0,y (42, + 26) (56)
i 89z, + 55 0;11 (422, + 26
42%_(1.“)4_26:0“( Tn +55) + Gi41 (422, + 26) (5.7)

o; (89, + 55) + 6; (42x, + 26)
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On—2 (89, + 55) 4 0p—2 (422, + 26)
4225 + 26 = . 5.8
T = (89 + 55) + 0,3 (42, + 26) (58)

Substituting Eq.(5.6) into Eq.(5.2), we obtain
7 (Hp) =3 % (8)" 122 [0—2 (892 + 55) + 0z (422, + 26)]°,
where 09 = 0,09 = 1 and 07 = 42,6, = 26.

By the expression x,, 1 = igﬁnigg and Egs.(5.6), (5.7), we have

Oi4+1 = 115Ui - 40’1',1; 6i+1 = 11561 - 4(51‘,1
The characteristic equation of Eq.(5.9) is 42 — 115y + 4 = 0 which have two roots

(115 + \/13209> (115 — \/13209>
Nn=(——F—|andyp=(——-——|.

2 2
The general solutions of Eq.(5.9) are o; = a1y} + azys;0; = biyi + bavs. Using the initial

conditions o9 = 0,09 = 1 and o1 = 42,6, = 26, yields

~ 2/13200 (115+ «13209)1 2/13209 (115 -~ 13209>Z
= - 2 )

i 629 2 629
629 — 3v/13200 \ [ 115+ 13200\ [ 629+ 313209 \ [ 115 — /13200 \
0 = 1258 2 + 1258 2 - (5.10)

If x,, = 1, it means that H,, without any electrically equivalent transformation. Plugging

Eq.(5.10) into Eq.(5.8), we have

n—2
ne1._2 21386 + 186+/13209 115 + v/13209
T7(H,) = 3x(8)" ‘a]x 629 5
n—2 2
21386 — 186+/13209 115 — /13209
+ 629 5 (5.11)

for integers n > 2. When n = 1,7 (Hy) = 3 which satisfies Eq.(5.11). Therefore, the number of

spanning trees in the sequence of the graph H,, is given by

n—2
21386 + 186\/13209> <115 + 13209)

T(H,) = 3x(8)" a2 < 620 5

2

n—2
. (21386 _ 186‘\/13209) (115 _ \/13209> (512)

629 2
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for integers n > 1, where

n—1
(% V15209 ) (8421 + 97./13209) + 76(63 — +/13200)

S. N. Daoud and Mohammed Aljohani

oy = _ L n>1. (5.13)
21 ((L2LTHISVIBN0) T (325 + \/T3900) + 6384
Inserting Eq.(5.13) into Eq.(5.12) we obtain the result. O

86. Numerical Results

An illustration on the numbers of spanning trees in graphs E,,, F,, and H,, are listed in Table

1 following.

n T (En) 7 (Fp) T (Hy)

1 3 3 3

2 406272 549552 497664

3 26879275008 54966988800 52627418112

4 1761820718333952 5452053012480000 5564612377337856

5 115462949411396517888 540704118669312000000 588379800446293966848

6 | 7566980125843657045573632 | 53623893196800000000000000 | 62212920881826474870964224

Table 1

87. Spanning Tree Entropy

After having explicit Formulas for the number of spanning trees of the sequence of the three
families of graphs E,, F,, and H,,, we can calculate its spanning tree entropy Z which is a
finite number and a very interesting quantity characterizing the network structure, defined as

in [23,24] as
o In7(G)
A V@)

Z2(G) = (7.1)

for a graph G. Particularly, we know that
16
Z(E,) = j(ln 2) = 1.232261654

1
7 (Fn) = 5 (In[1600] + 2In[4 + V15)) = 1.278292561,

2
~ 5 (In[115 — V13200]) = 1.285411179.

Z (Hy) =1n[2]

Now we compare the value of entropy in our graphs with other graphs. The entropy of the
graph H,, is larger than the entropy of the graph E,, and the graph F,,. In addition the entropy
of the families E,, F;, and H,, which have average degree 16/3 is larger than the entropy of
fractal scale free lattice [25] which has the entropy1.040 and 3-prism graph of average degree 4
which has entropy1.0445 [26] and two dimensional Sierpinski gasket [27] which has the entropy
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1.166 of the same average degree 4 but the entropy of the families E,,, E,, and H,, is smaller

than the entropy of Apollonian graph [28] which has the entropy 1.3540 of average degree 6.

§8.

Conclusions

In this work, we enumerated the number of spanning trees in the sequences of three sequences

of graphs of average degree 16/3 using electrically equivalent transformations. An advantage of

this method lies in the avoidance of laborious computation of Laplacian spectra that is needed

for a generic method for determining spanning trees.
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81. Introduction

Molodtstov dealt with uncertainity and unclear objects using notions of soft set theory [2]. A
new set combining the soft sets and fuzzy sets, was then developed and proved to be more
effective by Maji.et al [2]. Akram and Nawaz dealed with properties of fuzzy soft graphs [3].
Torra.V in [4] defined the hesitancy fuzzy sets. The order and size in fuzzy graphs was found
by Nagoor Gani and Basheer [11]. Gani and Radha [10] worked on regular fuzzy graphs.
The concept of constant intuitionistic Fuzzy graph dealt by Karunambigai et.al [5]. Santhi
Maheswari and Sekar worked on regular FG in [15], [16]. [9] introduced constant hesitancy fuzzy
graph and established some concepts. Pathinathan et.al developed Hesitancy fuzzy graphs [7],
and also defined regular hesitancy fuzzy graph [8]. Hesitancy fuzzy soft graphs notions were
given by Rajeswari [6].

This article deals with degree of vertex and edge in HFSG. The concept of regular and

constant are observed over these HFSG and its characteristics are dealt with.

§82. Preliminaries

Definition 2.1 A fuzzy graph G, contains a nonempty set V with functions o : V. — [0,1] and
p:VxV —=[0,1: YuveV, uylu) < o(u) Ao(v), where o and p are fuzzy vertex set and

1Received September 20, 2023, Accepted December 6, 2023.
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edge set respectively in G.
Generally, let N = (A, B) be neutrosophic fuzzy graph, i.e., let A = (Ta,Ia,F4) be a
neutrosophic fuzzy relation on B = (Tg, Ip, F), which is a neutrosophic fuzzy set on set V. If

Fa =0 and Fp =0, then such a neutrosophic fuzzy graph is nothing else but a fuzzy graph.

Definition 2.2 The pair (F, A) is soft set over the universal set, where A C E and F : a —
P(U). That is a soft set over U is parametered collection of subsets of U.

Definition 2.3 An FSG G is a 4-tuple, such that
1) &* is crisp graph;
3 (i?v, ) is fuzzy soft set over vertex set V;

(4 (%7, o) is fuzzy soft set over edge set E.
Then, (:?v(a), 1%71(0,)) is fuzzy (sub)graph of 9*,¥ a € o and can be denoted as j’iz(a).

(1)
(2) o is the parameter set;
3)

)

The membership value of the edge in an FSG is given as
K(a)(y) < min { F(a)(2), F(a)(y) }
Definition 2.4 IfC:Y is an FSG, then the vetex degree is

= > Hlai)(wv))

a; EA uFv

Definition 2.5 Ifé is an FSG, then edge degree of uv is given as

dg(w) = dg(u) + dg(v) — 20> A (a;)(uv)).

a;€EA

Definition 2.6 Let U be the universal set and E be set of parameters, then HF(U) is set of all
hesitant fuzzy sets over U. Then, the pair (F, E) is hesitant fuzzy soft set if F(e) € HF(U), for
every e € E.

Definition 2.7 A hesitancy fuzzy gmp h G = (V,E) such that uy : V — [0,1] (membership),
:V = [0,1] (non membership), By : V — [0,1] (hesitancy membership), also py +v1+ 61 = 1

for all vertices.
Also ECV XV, where uy : V x V — [0,1], VXV [0,1], B :VxV— [0,1] such
that
p2(uv) < Alp(u), pa(v)],
Y2(uv) < Viyi(u), 11 (v)],
Ba(uv) < AlBr(u), Br(v)]

and 0 < po(uv) + v2(uv) + P2(uv) < 1 for all edges.
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Definition 2.8 For a HFSG, its order is

o(G) = dooomw), D> m@), >, Biw)

a; €EAv; €V a; €AV, EV a;EAV,EV

Definition 2.9 The size of a HFSG is

s(G) = Do melvwy), Y elvwg), Y Ba(vivy)

a;€Aviv;€EE a;€Aviv;€EE a;€Aviv;€EE

83. Degree in HFSG

Definition 3.1 Let G be a hesitancy fuzzy soft graph (HFSG). Then,

du(u) = Z (Z k(ai)u2(uv))7

a; EA u#v
d’Y(u) = Z (Z K(ai)’}/?(uv))v
a; EA uFv
ds(w) = Y (D Kayba(uv)).
a; EA uFv
Therefore, da(u) = (dy(u),dy(u),dg(u)) .

Definition 3.2 Let G be a HFSG, then total degree of the vertez v € V is given as

tdg(v) = (du(v) + ) () dy () + Y (1 (v),ds(v) + (61(1)))) :

a;EA a; €A a; €A

Example 3.3 Consider the following HFSG, we demonstrate the above definition.

v(0.1,0.2,0.5)

(0.2,0.2,0.3)

(0.1,0.2,0.3)
(0.3,0.3.0.1)

(0.4,0.3.0.4)u (0.3.0.5.0.Hw x(0.4,0.3,0.2)

H(ay)

v(0.4,0.1,0.2)

(0.1,0.2,0.2)
(0.2,0.1.0.1)
(0.1,0.1,0.1)
5
©1.0200D @ X(0.3.02.0.1)

0.3.0.2,0.1)u
0.3,02,01)u w(0.2,0.2.0.2)
H{(as)

Figure 3.1

35
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The degree of the vertices are found as dgs(u) = (0.4,0.5,0.5), ds(v) = (0.6,0.7,0.9),
dg(w) = (0.7,0.8,0.7), da(z) = (0.4,0.4,0.2).

The total degree is found as tds(u) = (1.1,1.0,1.0), tds(v) = (1.1,1.0,1.6), tds(w) =
(1.2,1.5,1.0), tdg(z) = (1.1,0.9,0.5).

84. Constant HFSG

Definition 4.1 If degree of all the vertices are same, then the HFSG is called constant HFSG
(c-HFSG). That is, if, G is a HFSG and if d,,(x;) = ki, d(x;) = ko and dg(z;) = k3, Va; € V.
Then G is said to be (k1,ka, k3)- HFSG or ¢-HFSG of degree (ki, ko, k3).

Example 4.2 The following is a constant-HFSG.

: u5(0.4,0.3,0.2

05.02,01)u,  (0.150.1,0.1) (0.3,0.3,0.1)us i3 )
15(0.4,0.2,0.2) (0.15.0.1,0.1)

(0.1.03.0.1) (0.3.03.02)
(0.1.0.2,0.1)

(0.3.0.2,0.2)

(0.2,0.5,0.3)u; (04,0.2,0.2)uy 14(0.3,0.2,0.2)

H{ay) H(as)
Figure 4.1

The degree of the vetices are dis(u1) = (0.6,0.5,0.4), da(uz) = (0.6,0.5,0.4), da(us) =
(0.6,0.5,0.4), ds(us) = (0.6,0.5,0.4). Here dy(u;) = 0.6, dy(u;) = 0.5, dg(u;) = 0.4, for all
u; € V. Therefore, it is c-HFSG.

Definition 4.3 Let G be a HFSG, it is said to be totally constant HFSG (tc-HFSG), if the total
degree of all the vertices are same. That is, if a HFSG, having total degree of all its vertices as
(I1,12,13), then it is (11,12,13)- totally constant HFSG.

Example 4.4 The following graph illustrates a totally constant HFSG.

x(0.3.05.0.2)
(0.3.0.2.02)u u(0.4,0.4.0.2)
(0.1.0.1.0.2) x(0.3.0.3,0.3)
' (0.1.0,0.1)
V(0.1,0.1,0.1) 0.0.10)
(0.1,0.0)
(0.1,0.1,0.1)
V(0.10.1.0.1) (0.1,0.1,0)
(0.2,02,0.2)w (0.1,0.2,0.1)v w(0.4.0.40.1)
H(ar) H(as) H(as)
Figure 4.2

The total degree of all the vertices are found to be (0.8,0.8,0.6). That is td,(v;) = 0.8,
td,(v; = 0.8), tdg(v;) = 0.6, for all v; € V. Therefore it is tc-HFSG.
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Remark 4.5 A ¢-HFSG need not be tc-HFSG and vice versa.

Example 4.6 Consider the example 4.2, which is (0.6,0.5,0.4)-constant HFSG. But while find-
ing the total degree of all the vertices, we have tds(u;) = (1.2,1.2,0.9), tds(u2) = (1.4,1.0,0.6),
tds(us) = (1.4,1.0,0.6), tds(us) = (0.9,0.7,0.6). It is not same, hence it is not totally constant-
HFSG.

While taking the example 4.4, which is totally constant-HFSG. But the degree of its vertices
are dg(u) = (0.5,0.4,0.3), ds(v) = (0.1,0.2,0.2), dg(w) = (0.2,0.2,0.1), dg(z) = (0.2,0,0.1),
which are not same, thus it is not constant-HFSG.

Theorem 4.7 Let G be a c-HFSG. And if . F(a;)(v) is a constant function for all
a; €AV €V

vertices, then G is totally constant-HFSG.

Proof Suppose G is constant-HFSG, also given that ST F(as)(v) is a constant
a; EAV,EV
function. Then

> Fla) () =ma, Y Flai)(n(u)) = ma, Y Flai)(B1(us)) = ms,
a;€Au; €V a; €A a;€EA
for Yu; € V.
Since G is ¢-HFSG, let it be (t1,t2,t3)— constant HFSG. This implies that dg (i) (w;) = t1,
de(7)(wi) = ta, dg(B)(wi) = t3, Yu; € V.

Then, the total degree of the vertices are

tdg(u) = dg(p)(w) + Y Flai)(u(w)), de(v)(ui)

a; €A
+ > Flai) (v (u)), dg(B8)(wi) + > F(ai)(Br(ui))
a;€A a; EA
= tda(ug) = (ty +ma, ta +ma,t3 +m3),Yu; € V.
Therefore, it is totally constant HFSG. O

Note 4.8 For a HFSG G, its order is given by

o(G) =Y o(H(a)).

a; €A
Note 4.9 For a HFSG G, its size is

5(G) = Z Z (112,72, B2) (uv).

a; EAuvEE
Result 4.10 The size of a c-HFSG or a (k1, ke, ks) c-HFSG is given by

2727 2|7
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where h = ‘C:"
Observation 4.11 The following are observed using the above defined graphs.

(1) Let G be a (I1,1a,13) totally constant-HFSG, then
25(G) + o(G) = (hly, hig, hl3),
where h = |V]|.
(2) For G be a (t1,t2,t3) c-HFSG and (1,12, 13) tc-HFSG, then the order is given as

O(G) = (h(ll — tl), h(lg — tg), h(lg — tg)) s

where h = |V]|.

85. Regular HFSG

Definition 5.1 A HFSG G is reqular, when (dy,dy,dg) (degree) of all the vertices are the
same constant. That is, if G is a ((n1i, 714, B10), (Hais v2is B2i) HFSG and if dy,(vi) = dg(v) =
dg(v;) =m, Yv € V and ainA, then G is m-regular HFSG.

Example 5.2 Examine the following example.

v(0.3,0.2,0.3) u(0.4,0.2,0.2) (0.3,0.4,0.2)v u(0.3,0.3.0.3)
(0.1,0.1,0.2) (0.2,0.2,0.1)
(0.1,0.1,0.2) (0.1,0.1,0) (0.2,0.2,0.2)
(0.2,0.1,0.1) (0.1,0.2,0.2)
(0.3,0.2,0.2)w X(0.4.0.4.0.2) (0.3,0.3.0.4)w x(0.4,0.3,0.2)
H(ay) H(az)
Figure 5.1

In this the degree of all the vertices are found to be ds(u) = (0.5,0.5,0.5), dx(v) =
(0.5,0.5,0.5), dg(w) = (0.5,0.5,0.5), dg(z) = (0.5,0.5,0.5). Here d,,(v;) = 0.5, d-(v;) = 0.5,
dg(v;) = 0.5, for all v; € V. Therefore it is regular HFSG or 0.5-regular HFSG.

Definition 5.3 A HFSG G is totally reqular, when total degree of all vertices are the alike.
That is if td,,(v;) = tdg(v;) = tdg(v;) = k, Vo € V and a € A, = G is k-totally regular HFSG.

Example 5.4 Consider the graph in Figure 5.2 following.
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u(0.3.0.3,0.2)
u(0.3,0.2,0.4)

(0.1,0.1,0.2)
(0.2,0.2.0.1Hw

(0.1,0.1,0.1) w(0.2,0.1,0.2)

v(0.2,0.1.0.1) v(0.1,0.1,0.2)

(0.1,0.1,0.2) (0.1,0.2,0.1) (0.1,0.1,0.1)

020202
X(0.3.0.2.0.2) A )

H(ay) H(az)
Figure 5.2

In this the total degree of all the vertices are found as tds(u) = (0.8,0.8,0.8), tds(v) =
(0.8,0.8,0.8), td=(w) = (0.8,0.8,0.8), tdx(x) = (0.8,0.8,0.8). Here td,(v;) = 0.8, td,(v;) = 0.8,
tdg(v;) = 0.8, for all v; € V. Therefore it is totally regular HFSG or 0.8-totally regular HFSG.

Definition 5.5 Let G be a hesitancy fuzzy soft graph. The degree of the edge uv in E is defined

as
degg(uv) = dg(u) + dg(v) — 2((p2, 72, B2) (uv)).
Definition 5.6 Let G be a HFSG. The total degree of the edge wv in E is defined as

tdega(uv) = dg(u) + da(v) — ((p2, 72, B2) (uv)).

Example 5.7 We consider the below hesitancy fuzzy soft graph.

15.0.2.0.
(0.2.02,0.2) 050409 u(0.5.02.0.2) X(0.4.0.2,0.4)
v(L.4.,0.4,0.

(0.4,0.3,0.2) 2030203 S
(0.1,0.2,0.1)

v(0.3,0.2,0.1)

(0.1,0.2.0.1)

0.2,0.3,0.1) (0.2.03.0.1)

(0.3.0.2.02) 0.2,0.1.0.1
- w(0.3,0.3,0.3) ¢ ‘
(0.3,0.3,04)v X(0.3,02,0.2)
w(0.4,0.3.0.3)
Hay) H{(az) H(as)
Figure 5.3

The degree of the edges are deg(uv) = (0.8,0.8,0.5), deg(vw) = (0.9,1.1,0.7), deg(vz) =
(0.9,1.1,0.6). The total degree of the edges are tdeg(uv) = (1.3,1.5,0.9), tdeg(vw) = (1.3,1.5,0.9),
tdeg(vz) = (1.3,1.5,0.9).

Definition 5.8 A HFSG G is edge reqular, if the edge degree of all the edges are alike. That is
degapz(vivy) = degayz (vivs) = degG, (vivj) = p.

Then, G is called p-edge reqular HFSG.
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Definition 5.9 A HFSG G is edge totally reqular, if the total edge degree of all the edges are
alike. That is,

tdeggpz(viv;) = tdegG., (viv;) = tdegGg, (viv;) = 7.
Then, G is called r- totally edge reqular hesitancy fuzzy soft graph.

Example 5.10 We use below graph to explain the definition.

(0.3.0.35,0.25) (0.15,0.1,0.2)
, v(0.5.0.3.0.2)
(0.3,0.4,0.3)v W(0.4,0.2.0.3) w(0.3,0.3,0.2)
©0.15020.0) | (©.150.3502) | OLOOS0D 6154101 (0.05,0.1,0.05)
’ (0.3.0.1.0.25)
(0.4,0.3,0.2)u x(0.5.0.3,0.2) x(0.4,0.2.0.2)
1(0.3,0.3,0.2)
H(ay) H(ay)
Figure 5.4

The edge degree are given as deg s (uv) = (0.9,0.9,0.9), degs(vw) = (0.9,0.9,0.9), degs(wx) =
(0.9,0.9,0.9), degs(ve) = (0.9,0.9,0.9). Therefore the graph is 0.9-edge regular HFSG.

Example 5.11 The following graph demonstrates the above definition.

(0.2,0.2,0.2)

(0.3,0.3,0.4)u GRS ) w(0.4,0.4,0.2)
1(0.5.0.3.0.2)
(0.1,0.1,0.1) AL (0.2,0.1,0.1) (0.15,0.1,0.2)
v(0.3,0.4.0.2) v(0.60.10.3)
H(ay) H(az)
Figure 5.5

The total edge degree are found as tdegs(uv) = (0.9,0.9,0.9), tdegs(vw) = (0.9,0.9,0.9),
tdegs(wu) = (0.9,0.9,0.9). Thus the graph is 0.9-totally edge regular HFSG.

Remark 5.12 A HFSG which is edge regular, not necessarily be total edge regular and vice
versa.

Remark 5.13 A regular HFSG can be constant HFSG, but the converse not necessarily true.

Remark 5.114 A totally regular HFSG can be totally constant HFSG, but converse may not
be true.

Theorem 5.15 Suppose G is a HFSG and if its subgraphs H(a;),a; € A are fuzzy cycles of

even length, with membership values of alternate edges alike, then G is constant HFSG.

Proof Consider the subgraphs of G, H (a;),a; € A. Let us take only two parameters aq
and ag, such that the membership value of edges in H(a1) and H(az) are alternatively same.
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Let the membership value of the edges, e¢; in H(ay) is (I1,m1,n1) and (l2, mo,ns), when
i is odd and even respectively. And for edges e; in H(a2), the membership value is (p1, g1, 71)

and (p2, g2, 72), when j is odd and even respectively. Then we have, the degree of vertices as
da(vi) = (L +p1 4l +p2,m1 + @ +ma + ga,n1 + 71 + 12 +72)

for all v; € V, which

= (du(G),d(G),ds(G))(v;) = constant

for all v; € V. Thus, it is c-HFSG. O

Theorem 5.16 If G, a c-HFSG satisfying the conditions of above theorem, then it is totally
constant HFSG, when (u1,v1, 51) is constant for all the vertices.

Proof Suppose G is c-HFSG, then we have (d,(G),d,(G),ds(G))(v;) = constant for all
v; € V. Also given that (u1,71,51) is constant for all vertices, then the total degree of all the

vertices is also constant, since

tdg(v) = (dﬂ(v) + ) (1 (©),dy(0) + Y (1)) ds(v) + Y (ﬂl(v))> ;

a; €A a;EA a; EA

which = G is totally constant HFSG. d

Theorem 5.17 Suppose G is a HFSG and if its subgraphs H(a;),a; € A are fuzzy cycles of

any length and if Y. K(as)(e;), are alike and same constant for all the edges, then G is
a;€EAe;€E
reqular HFSG.

Proof Given G is a HFSG and also Y. K(a;)(e;) are alike and same constant for all
a;€Ae; €E

edges. Let us consider any two subgraphs of G with parameters set a; and ag, then we have

Z K(a;)(e;) = (m,m,m).

a;€EAe;€EE
Then, the degree of the vertices are dx(v;) = (2m,2m, 2m) for all v; € V. This implies that G
is regular-HFSG. g

Theorem 5.18 Suppose G is a HFSG and its subgraphs are fuzzy cylcles of any length and if

> K(ai)(e), Y Fla)(w)

a;€Ae;,€E a; €A, €V

are alike and same constant for all edges and vertices respectively, then G is both reqular and

totally regular hesitancy fuzzy soft graph.
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Proof Let us consider G such that

> K(a)(e)

a;€Ae;€E

are alike and same constant for all vertices, then by above theorem, G is regular HFSG. Let it
be (m, m, m) regular HFSG.

Let
Z F(ai)(vi) = (k‘,k, k)

a; EAV,EV

for all vertices. Considering the total degree of all the vertices, it is found that

tdg(vi) = (m+km+km+k)=G

is totally regular HFSG. 0
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§1. Introduction

Berwald introduced a connection coefficient C;k(ac, &) defined by

; .\ def 82Gi

and accordingly the covariant derivative of an arbitrary covariant vector i X in the sense of

Berwald is given by Rund [4]

4 % h
i 0X'T_9X'oG

) h
0= 327~ aak g T O (12)

The functions G* appearing in (1.2) are positively homogeneous of degree two in its direc-

tional arguments 47 and satisfies the following identities
Gii" =G, ib =Gt it Glih =0 and GLit = 2G° (1.3)
The geodesic deviation has been defined in the following form

+ H(x,7)z" =0, (1.4)

where the vector Z? is called the variation vector and the tensor H} (z, ) is being defined by

HYij = 201,G" — 0,0, G'2" 4 2GL,G' — 8,G9, G- (1.5)

IReceived September 9, 2023, Accepted December 8, 2023.
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The tensors defined by

sz(ﬂf,l‘) =

1 (aHg OH! OH:,
7 ]

are respectively termed as Berwalds deviation tensor and Berwalds curvature tensor and they

satisfy the following
Hp,; = Hj, — Hyy, Hii' = (n—1)H, Hji*=H] = H)i" (1.7)

The projective covariant derivative of an arbitrary tensor T;(x, &) is given by Misra [2] as

T;((k)) = akT; o 387}§H£-kir + Tyhnézk - T}iH?k’ (1.8)
where .
; .\ def ; . i
i (z,2) = Gy, — nrl (2% sk T sz;L"k:g) (1.9)

are called projective connection coefficient and these coefficients are symmetric in its lower

indices. Involving the projective covariant derivative ,we have the following commutation for-

mulae
On (Tiia) = (OnT) () = Ty Mo~ T,
2T k) = —Or T Qi + Ty Qi — TiQ5 - (1.10)
where,
i def i i r T 7
Qhjr = 2 {a[kﬂj}h — I 51T + Hh[ij]r} : (1.11)

is called the projective entity and satisfies the following relations
Qhjr + Qln + Qhny = 0,
Qhgr(sn + Qs T @iy = 05
Qijk = Qjr, Qi = ga[ijr‘v
Qie = O Qly, Qijy = Qly, Qi =0,
Qjp = —Qpy and Qji" = Q}. (1.12)
The projective connection coeflicient H;- «(z, @) satisfies the following relations
Zkr - 3hH§m H%k = 8.;11'1};,

I, &" =0 and II},2" = II}. (1.13)



46 Rajesh Kr. Srivastava

82. NonCAffine Infinitesimal Projective Transformation

In view of the Berwalds covariant derivative [4], the Lie-derivative of a tensor field Tj’(x, %) and

the connection parameter G;k(x, &) are given as under [7] following

LT (z, &) =Tl " + (8ﬂ”j) viyE® + Thvl, (2.1)

L‘zyG;k(l’,l’) = l/gj)(k)H_;:khl/h =+ Gijkvf'r‘)'/‘tr' (22)

where ijh(x, %) has been defined by (1.6).

We also have the following communication formula from [7]

o (£,1}) - £, (8T}) =0, (2.3)
LTl = (ET)) 4y = TiL,Gly — (00T} ) LG, (2.4)
(£,Ghy) 0 (£,Gy;) 0= L, Hj o+ (L,Gry) GLpit — (£,Gh) Gyt (2.5)

Now, we give the following definitions which will be used in the later discussions.

Definition 2.1 A Finsler space F, is said to admit an affine motion [3] provided there exists

a vector v'(x) such that
(L), Gjp(z,2) = 0. (2.6)

Definition 2.2 A Finsler space is said to be symmetric [1] if the Berwalds curvature tensor
field Hyj, ;. (x, &) satisfies the relation

Hj, 1,

m) =
The following relations also hold good in such a symmetric Finsler space
Hipimy =0, Hjy =0 and Hpy =0, (2.8)
We now consider an infinitesimal point transformation
Z' = ' o' (x)dt (2.9)

where, v’(z) stands for a non-zero contravariant vector field defined over the domain of the
space and dt is an infinitesimal point constant. If such a transformation transforms the system
of geodesics into the same system then such a transformation in F), is termed as infinitesimal
projective transformation. It has been mentioned in [3] that the necessary and sufficient con-
dition in order that the infinitesimal point transformation given by (2.9) be an infinitesimal

projective transformation is given by the following equation

LGl = G — Gy, = 8ipie + 6pj — gyng”'di, (2.10)
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where, pi(z, ) and d;(x, ) are covariant vectors and satisfy the following identities

0ip=pj,  Phk = nOkp,  Pari™ = pr,

pdd® =p,  0;d=d;j,  duy = OpOkd,

dhk.%"h =dr and dhki'hi}k =d, (2.11)

Keeping in mind the formula (2.5), the Lie-derivative of Hj;, can be expressed in the

following form

LoHj i = (L£,Gh) ® (LoGhn) 5y + (LoGR) #Gi,,. (2.12)

Using (2.10) and (1.3) in (2.12), we get
LoHl = 8ipne) — 0kbn() + 6hDjck) — OhPr() — 9ing" diy + grng™ i)
9119 " Gl dmdt = 9170 Gl dm . (2.13)

We multiply (2.13) by ©"37 and thereafter note (2.11) and the homogeneity property of
Hj ). (x, @) and get

L Hj = 2i"pey — by’ — &' prjya’ — gjng" dign "0 + geng®dyjyi"i. (2.14)

Now, allow a contraction in (2.14) with respect to the indices 4, k and thereafter use
equations (1.7), (2.11) and get

L,H = —p;a’ + ﬁ (diya? — gjng" dyiyi"i?) . (2.15)
With the help of (2.15) and (2.14), we get
(L HL — L,HSL) = 3@'pgy — 0pprjd” + geng dygja"a?
—ﬁ {drd" + (2 — n)gjng" dyrythi’ } . (2.16)

Differentiate (2.16) partially with respect to £" and thereafter allow a contraction in the

resulting equation with respect to the indices ¢ and r, we get the following

L0-H — L,0cH = (3n+2)pr — (n+ 3)pigj) + digy@” + geng™ " {dpagy) + div }
5—n ch+j Oé 2-n
o X d + 2107 x gTsl X {n — Grndy(r) — gkhdl(j)} (2.17)

after making use of (1.7) and (2.11).

The underlined equation

G (x, %) = Gi(a, ) — P(s, )" (2.18)
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represents the most general modification of the function i G which will leave (2.18) unchanged.
Thus, we say that the equation (2.18) defines the projective change [4] of the function G*(z, #).
The tensor defined by

1

(urtf - o) ! (2.19)

is invariant under the projective change (2.18) and therefore it is regarded as projective deviation

tensor. This deviation tensor also satisfies the following identities
W’ =0, Wji"=-W] and 0,Wj =0. (2.20)

The Lie-derivative of the projective deviation tensor W/(z, &) in view of (2.16) and (2.17)

can be written in the following form

LWy = —7 {P(W + 2P @' + o dgd
.q . r o h . C}er 2 —n
— [dk(j)x] + gkng l(drl(j) +di(ry) + 9l gd st ( Grndi(ry — gkhdl(j))] }
grs \n—1
—Sip it iy hej 2T hj
kPG + geng” di T + n—19in9 diry®" @’ (2.21)

We now apply the commutation formula given by (2.4) to the projective deviation tensor

Wi(z, i) and get

LWy = (L, W1) ) = WLl = WAL, Gl — (8W)) (£,Gl) & (2.22)

)

Using (2.2) and (2.3) in (2.22), we get
ﬁpW;(r) - ('CpW;)(T = W; (6ipr - grhgildz) - Wripj — 2W;pr

9"y [Wigsr + (0aW]) gri” = (8.0 ) 9] (2:23)

)

We now allow a contraction in (2.23) with respect to the indices ¢ and r and thereafter use
(2.20) and get

L Wiy = (LW)) ) = (0= 2)Wipy, — Whay + g™y {W;;gjl- + (3hwj) giss'rs} L (2.24)
Now, transvect " in (2.23) and thereafter use (2.3) and (2.20), we get
[LPW]?(T) — (£, W) (T)} B = Wlilp, —AWip — Whggldid” + g"dii"
oM did" [ Wigir + (OaW))grsd® ). (2.25)

We now make an assumption that the space under consideration is symmetric one, i.e.,

W;(T) = 0 and as such under this assumption the equations (2.24) and (2.25) can alternatively
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be written in the following forms
(£ W) ) = 2= MWy + Wide = g"dy [Wides + (8,0} grsi°] (2.26)
and

(L W}) 3" = Wip = Wi p, + Wigng" did” — gd's” [W,ing ¥ (a’hw;') g,ﬁsg;«ﬂ . (2.27)

)
We propose to eliminate the term W/py, with the help of (2.26) and (2.27) and the result

of elimination will give the following
M= {thdh — g, [W;;gjr + (8w;) grs:ics} } &, (2.28)

where,
M} = (L,W]) ) & + (2 =n) (L, W), " (2.29)

At this stage, if we assume that the Finsler space F,, admits a projective motion which will be
characterized by
L,G4 = 0. (2.30)

Therefore, in such a case, with the help of (2.10) and (2.30) we shall easily arrive at the
conclusion that the vectors p(z, &) and d(x, %) should separately vanish.

With the help of all these observations, we can therefore state the following conclusions.

Theorem 2.1 In a Finsler space F,, the equation (2.28) always holds provided the space
under consideration admits a nonCaffine infinitesimal transformation such that the Berwalds

covariant derivative of W} remains an invariant.

Theorem 2.2 In a Finsler space F,, M; =0 (where MJZ has been given by (2.29)) provided the
space under consideration admits an affine infinitesimal transformation such that the Berwalds

covariant derivative of W; remains an invariant.

Theorem 2.3 In a Finsler space F,, the equation (2.28) necessarily holds provided the space

under consideration is symmetric one and it admits a non-affine infinitesimal transformation.

Theorem 2.4 In a Finsler space F,, the equation (2.26) necessarily holds provided the space

under consideration is symmetric.

§3. Infinitesimal Special Projective Transformation

In view of the projective covariant derivative as has been given by (1.8) and the projective
connection coefficient H;k(:c, z) as has been given by (1.9), the Lie-derivatives of an arbitrary

tensor Tj(m, 2) and the projective connection coefficient are respectively given by

L,Tj(x,3) = Tiyv" + (&T}) vien®” = Tjvie) + Ty (3.1)
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and
LIl (2, 8) = {(my) (@) + Quaterv” + (&Hink) (s (3.2)

In the operators £,, d and (()), we have the following commutation formulae
0y (£.1) = £, (8,1]) =0,
i i i ! i ! 3 i I .m
(LoT3) ) = LoThey) = TiL Tl — TR, (alTj) L0 ™ and
(ﬁl’mzj)((k)) - (ﬁumﬂc)((j)) = L,Qh; + ('Cvné'b) M i” + (£,10) H;‘hlx.b' (3.3)

In order that the infinitesimal point transformation given by (2.9) may define an infinites-
imal special projective transformation, it is necessary and sufficient that [3]

L, = ﬁ;‘k — I}, = 85bx + Gb; — gikg" i, (3.4)

where, bg(z, %) and ¢;(z, &) are covariant vectors and they satisfy the following relations

Db =1bj,  buk = WOkb,  bppi" = by,
bhkfﬂh"tk = b, 3j = Cj, Cjk = 8j6k6,
ki = cp, and  eppiit = c. (3.5)

Using (3.4), (3.5) and the commutation formula given by (3.3), the Lie-derivative of the
projective entity wa. (2,20 can be written in the following form

LoQhje = O5buiwmy) + 0hbiwy) — 9ing" ity — gin(wn 9"

—9in9{(e)ct — Okb(()) — Shbr(() + Irng" Ci((s)

+0n((0)9" &+ Geng((jyy et — SR + gm0
087 ey, — 919" e Ty (3.6)
Now, transvect #"47 in (3.6) and therefore use (1.12) and (1.13) together, we get
LQL = 2y = Okband” +&" g (g0 + 9" euin)
— Gjn (Qfl(k))Cz + gilcl((k))) - gjh((k))gilcl] . (3.7)

We allow a contraction in (3.6) with respect to the indices ¢ and k and thereafter transvect-

ing the equation thus obtained by "7, we get
L,Quja"! = (L=n)bgnd’ +end’ +g"ai"a’ (gims) — gini)

—gjni"i (9”05((1)) + gééi))cl) + ging((jy i i’ (3.8)
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where we have taken into account (1.12).
We now eliminate b(;))4’ using (3.7), (3.8) and get

LZ(.’E,{E) = 2(1 — n)b((k))xz — bk((j))xlacj
+pni"d’ (gfl(j))cz + gilcl((j)))

il il + 7 St il < h -7t
~9((e)© — 9" iy + 0L + 9" i 8, (gincy) — iniy)

—gini" 5], (gilcl((z‘)) - gfl(i))cz) + ging{(jy i i, (3.9)
where,
LY L,QL +60.L,Qu i (3.10)

We apply the commutation formula (3.36) to the projective deviation tensor W;(x, z) and
thereafter use (3.4) and (3.5) to get

(LoW)) oy — LWy = Wibibi— Wigrg™e, — Wib; + W/grig'"c,

((r))
—(awi) b= 2Wib, — (8.W)) gungepi™. (3.11)

Allow a contraction in (3.11) with respect to the indices 7 and r, we get

(LW ) = LWy = (0 = 2)Wibe = Wher + ge, (Wigs; = (9W]) gom™) . (312)

Now, transvect (3.11) by ¢" and thereafter use (3.5), we get

7 7 T ly -2 7 l 7 .7
((EVWj)((Z.)) — E,,Wj((r))> " = Wiba' —4Wib — Wigng Pepi
A Wigr 9P epi” — (c")le) Grmg'Pepd"E™. (3.13)

We make the supposition that the infinitesimal special projective transformation given by

(3.4) leaves invariant the projective covariant derivative of the projective deviation tensor, i.e.,
% _

As aresult of this supposition, the equations (3.12) and (3.13) can respectively be expressed
in the following alternative form

(LW]) () = (0 = WSt = Wier+ e, (9:Wi = (B7}) gimic™) (3.15)

(4))
and

(LoW) () = Wibia' = AW}b = Wlgnge,i” + Wigeige,i” — (OW]) grmgeyi™i™. (3.16)

((r))

We now propose to eliminate Wb, with the help of (3.15) and (3.16), the result of elimi-
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nation gives the following

B;(x,m) = gl {—W}cl +g'e, [Wlkgkj - (&Wf) grmi'm} } +(n—2)

x [4ij + Wegrgeyi” — WigrgPeni” + (8W}) GrmgPeyiti™] | (3.17)

where,

.y def

B;- (x,2) = (EVW;) —(n—2) (EVW;) £ (3.18)

.7
n* n*
In order that the space under consideration may admit a special projective affine motion,

we always have

L,10, = 0. (3.19)

Using (3.4) and (3.19), we easily arrive at the conclusion that the vectors b(z, &) and ¢(z, &)
must separately vanish.

In the light of all these observations, we can therefore state results following.

Theorem 3.1 In a Finsler space F,, the equation (3.17) always holds provided the space under
consideration admits a non-affine infinitesimal special projective transformation such that the

projective covariant derivative of projective deviation tensor W} remains an invariant.

Theorem 3.2 In a Finsler space F,,, B]iz(gc7 ) given by (3.18) always vanishes provided the space
under consideration admits an affine infinitesimal special projective transformation such that

the projective covariant derivative of the projective deviation tensor W} remains an invariant.

If the Finsler space F;, under consideration be assumed to be symmetric one i.e., W;( ) =
0, then under such an assumption the equation (3.14) will always hold. Therefore, we can state
the result following.

Theorem 3.3 In a symmetric Finsler space F,, the equation (3.17) always holds provided the
space under consideration admits a non-affine infinitesimal special projective transformation
characterized by (3.4).

Theorem 3.4 In a symmetric Finsler space F,, Bj characterized by (3.18) always vanishes
provided the space under consideration admits an affine infinitesimal special projective trans-

formation.

84. Conclusion

The present communication has been divided into three sections of which the first section is
introductory, the second section deals with non-affine infinitesimal transformations, and in this
section, we have derived conditions which will hold when the space under consideration admits
non-affine as well as an affine infinitesimal transformation and in the sequel have established
the conditions which will hold when the space is symmetric and it admits an affine as well
as non-affine infinitesimal transformation. The third section deals with infinitesimal special
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projective transformation. Like the previous section, in this section we have established the
conditions which will hold when the space under consideration is symmetric and it admits a

non-affine as well as an affine infinitesimal special projective transformation too.
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Abstract: In this paper, we establish a recursive formula for the number of chains of
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groups of prime power order with alternating groups of degree 3. The subgroup chains
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§1. Introduction

The study of chains of subgroups describes the set containing all chains of subgroups of G, which
ends with G.A formula for the lattice of a finite cyclic group, for several chains of subgroups, was
given by Tarnduceanu and Bentea [5] by giving its one variable generating function. J.M. Oh
in his paper [3] determined the number of subgroups of a finite cyclic group of 4n by giving its
multivariable generating function. The problem of counting chains of subgroups in the lattice
of subgroups for any given group G got the attention of researchers, especially classifying fuzzy
subgroups of finite groups under a natural equivalence relation (see [7], [2]).

In this paper, we follow to obtain the number of chains subgroups of the group Z,» x As.
In this regard, in Section 2, we present some preliminary definitions and necessary results on
subgroup chains and fuzzy subgroups, which we will need in the next sections. In Sections 3,
4, and 5, we deal with the explicit formula for the number of subgroup chains of the group

Zpn X Asg, for any prime number, by generating recurrence relation with constant coefficients.

§82. Preliminaries

The chain of subgroups method describes the set of all chains of subgroups of that end in

G. Suppose that the group G is finite, and let u: G — [0, 1] be a fuzzy subgroup of G. Put

IReceived September 5, 2023, Accepted December 9, 2023.
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w(G) = {aq, a9, - ,a,} and assume that oy <ag<---<a, . Then p determines the following
chain of subgroups of G which ends in G:

uGay C pGag C -+ C pGay, = G

Moreover, for any x € G and i = 1,7, we have
w(z) = o & i =maz{jlr € pGo;} & x € pGq, \ pGa1—r

A necessary and sufficient condition for two fuzzy subgroups u, n of G to be equivalent
to ~ has been identified in Volf [2004], i.e., p ~ n if and only if 4 and n have the same set of
level subgroups, that is, they determine the same chain of subgroups. This result shows that
there exists a bijection between the equivalence classes of fuzzy subgroups of G and the set of
chains of subgroups of G that end in G. Clearly, any group with at least two elements has more
distinct fuzzy subgroups than subgroups.

Also, the problem of counting all distinct fuzzy subgroups of G can be translated into a
combinatorial problem on the subgroup lattice L(G) of G, that is computing the number of
all chains of subgroups of G that terminate in G.If 6(G) denotes the number of all chains of
subgroups of G that terminate in G, then 0(G) is the number of chains of subgroups of length
one of G ending in G plus the number of chains of subgroups of length more than one of the
group G, which end in G. Hence,

§(G) = n(Hy) * §(Hy) + n(Hy) * §(Ho) 4+ n(Hz)5(Hz) + - - - +n(Ha)(Hy,)
= Y O(H) xn(H)

H;elso(G)

=24 > §(H;) x n(H;),

distict H;€Iso(Q)

where Iso(G) is the set of representatives of isomorphism classes of subgroups of G and n(H)
denotes the size of the isomorphism class with representative H.

Let fixes 0(H1) = §(H,) = 1, because 6(Hy) = §(H,) in general , for which H; is the
trivial group of G and H,, is the improper subgroup of G. For any H; € Iso(G) and i = 1, «,

5(@) = > S(H) x n(H). (2.1)

distictHeIso(G)

In this paper, (2.1) is used to obtain the number of subgroup chains of G because the
number of all distinct fuzzy subgroup of G under the natural equivalence relation ~ is equal to
the number of subgroup chains of G that terminates in G (see Ogiugo and Amit, 2020).

§3. The Number of Chains of Subgroups of Z;» x A3 with n > 1

Proposition 3.1 The number of subgroup chains of the group Zs x Az is 6.
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Proof Let G be Zy x Az, it has the following set of representatives of isomorphism classes
of subgroups with sizes [e, 1], [Z2,1], [Z3, 1] and [Z2 x A3, 1]. So

0(G)=0(He) +0(Z2) +0(Z3)+1=1+24+2+1=6. O

Proposition 3.2 The number of chains of subgroups of Zy x As is 16.

Proof Let G be Z4 x Az, It has the following set of representatives of isomorphism classes
of subgroups with respective sizes [e, 1], [Z2, 1], [Z3, 1], [Z4, 1], [Zs, 1] and [Z4 x A3, 1]. So,

5(Z4><A3) = 5(He)+(5(Zz)+(5(Zg)+(5(24)+(5(26)+1
= 14+24+24+44+64+1=16.

This completes the proof. O

Proposition 3.3 The number of chains of subgroups of Zg x As is 40.

Proof Zg x As has the following set of representatives of isomorphism classes of subgroups
with respective sizes [e, 1], [Z2, 1],[Z3, 1], [Z4, 1], [Z6, 1], [Zs, 1], [Z12,1] and [Zs x As,1]. So,

5(Zs x As) = 8(H.) + 8(Z2) + 5(Zs) + 8(Za) + 6(Zs) + 8(Zs) + 8(Z1z) +1 = 40. O

Proposition 3.4 The number of chains of subgroups of Zig x As is 96.

Proof Zy6 x As has the following set of representatives of isomorphism classes of subgroups
with respective sizes [67 1]7 [Z271]7[Z371]a [Z471]a [Zﬁyl]a [2871]a [212a 1]7 [Z1671]a [Z24a 1] and
[(ZIG X Ag), 1] SO,

6(Z16 x A3) = O0(He) +0(Z2) + 6(Z3) + 6(Za) + 6(Zs) + 6(Zs)
+0(Z12) + 6(Z16) + 0(Z24) + 1 = 96.

This completes the proof. O

Theorem 3.5 Let G be Zyn x Asz,where n > 1 the number of chains of subgroups of G is
2"(2 +n).

Proof Zyn x Az as 2™ and 3 are relatively prime , the divisors of 2" x 3 are 1, 3, 2° and
2% x 3, where i = 1,2,--- ,n. These, then generate the list of cyclic groups of orders 1, 3, 2¢,
2¢ x 3, respectively for where i = 1,2,--- ,n. Thus, we have the following set of representatives

of isomorphism classes of subgroups with respective sizes:
[e, 1],
[Z2,1] , [Za2,1], [Zo2,1] -+ [Zan, 1],
(Z3,1], [Z2.3,1], [Z4.3,1], [Z8.3,1], [Z16.3,1] - -+ [Z2n.3,1].
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So,

$(Zon X As) = B(Ho) +6(Z2) + 5(Zs) + 6(Zs) + 6(Z10) + -+ 6(Z) + 6(Z)
+5(ZG) + 5(212) + 5(224) + 5(248) + -+ 6(2271.3) + 1.

We establish recurrence relation for Zs» x Asz, where n > 1, i.e.,

n n—1
§(Zon x A3) =1+ 6(Zas)+ Y 6(Zas x Ag) +1. (3.1)
j=1 j=1
Change n to n — 1 in (3.1), we get
n—1 n—2
8(Zon—r x Ag) =143 8(Zas) + > 6(Zys x As) + 1. (3.2)
j=1 j=1
From (3.1) and (3.2), we get
5(Z21L X Ag) — 25(2271—1 X Ag) = 5(Zgn),
5(22n X Ag) — 25(2271,—1 X Ag) = 2™ (33)

To find the solution of recurrence relation in (3.3), let 6(Zan x Az) = X,,. Then,
Xn, —2X,-1=2"

We find the solution of recurrence relation in (3.3). Its characteristic solution (C.S) is
X, = A2" and its particular solution (P.S) is X,, = nB2" of recurrence relation in (3.3). From
(3.3), we have
nB2" —2B(n —1)2" 1 = 2"

nB2" — B(n —1)2" = 2"
nB—(n—-1)B=1
wB-nB+B=1=B=1

Therefore, the general solution of recurrence relation in (3.3) is
X, = A2™ 4+ n2". (3.4)
Consider the case of n = 1 and X; = 6. In this case we get, 6 = 24+ 2, A = 2 and finally,
0(Zan x Ag) = 2.2" 4+ n2™.
Using a recurrence relation solution, we therefore obtain

6(Z2n X A3) = 2”(2 + n) O
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Corollary 3.6 Let n be the positive integer defined in Theorem 3.5 and let §(G) be the number
of subgroup chains of G. Then, if n =2, G = Zy x A3), then 6(G) = 2%2(2+2), §(G) = 16 and
ifn=23, G=Zg x A3), then §(G) = 23(3 + 2), 6(G) = 40.

84. The Number of Chains of Subgroups of Z3» x A3 with n > 1

Proposition 4.1 The number of subgroup chains of Z3 x As is 10.

Proof Let G be Z3 x Az, it has the following set of representatives of isomorphism classes
of subgroups with respective sizes [e, 1], [Z3, 4] and [(Z5 x A3),1]. Then,

5(G) = 6(H.) +46(Zs) + 1 = 10. 0

Proposition 4.2 The number of Subgroup chains of Zg x As is 32.

Proof Let G be Zg x As, it has the following set of representatives of isomorphism classes
of subgroups with respective sizes [e, 1], [Z3, 4], [Z3 X As,1], [Z9, 3] and [Zg x Az, 1]. Then,

(S(G) = (5(H6) + 4(5(23) + (5(23 X Ag) + 35(Z9) +1=32. O

Proposition 4.3 The number of subgroup chains of Zo7 X As is 88.

Proof Let G be Za7 x Agz, it has the following set of representatives of isomorphism classes
of subgroups with respective sizes [e, 1], [Z3,4], [Z3 X As, 1], [Zg x As, 1], [Z9, 3], [Za7, 3] and
[(Z27 X A3), 1] Then,

(S(G) = 5(He) + 4(5(23) + (S(Zg X A3) + 5(Z9 X Ag) + 35(Z9) + 35(Z27) + 1 =88. O

Theorem 4.4 Let G be Zzn x Az where n > 1, then the number of Chains of Subgroups of G
is (3n 4 2)2™.

Proof The order of the group Z3» X A3 is not relatively prime for any n, we have the divisors
of 3" x 3 are 1, 3, 37 and 37 x 3, where j = 1,2,---n.So that , we obtain cyclic subgroups of
Z3n x Az of order 1 and order 37 respectively, that is identity group and Zs;, j = 1,2,---n and
non-cyclic Abelian subgroupsZs; x Zs of 37 x 3,5 = 1,2,---. Thus, we have the following set of

representatives of isomorphism classes of subgroups with respective sizes

[eﬂ ]-]7 [2574}7
[Z3 X AS; 1]a [Z9 X A3,1], T [ZS"—l X A3a 1]7
[Z973]7 [ZQ7a3]7 [ZSDS]v Tt [Z3"73}'
n n—1
0(Zan x A3) = 1+40(Z3) +3Y 6(Z3;) + »_ 6(Z3 x Ag) + 1. (4.1)

Jj=1 Jj=1
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We establish recurrence relation for Z3» x Az where n > 2, Let’s rewrite equation (4.1) as

n n—1
§(Zan x Az) = 1+4%0(Z3) + 3% 6(Zs)+ Y _ 6(Z3 x Ag)+ 1. (4.2)
j=2 j=1
Change n ton — 1 in (4.1), we get
n—1 n—2
8(Zgn—r x Ag) =14 4%6(Zs) +3% > 6(Zss) + > 6(Z3s x Ag) + 1. (4.3)
j=2 j=1

From (4.1) and (4.2), we get
8(Zgn x Ag) — 26(Zgn-1 x Az) = 38(Z3n).
To find the solution of recurrence relation in (4.3), let 6(Z3» x Az) = X,,. Then,
X, — 2X,_1 = 3(2").

Its characteristic solution (C.S) is X,, = 3C2™ and its particular solution (P.S) is X,, =
3nD2". So that

3nD2" — 3(n — 1)D2" = 3(2")
3nD—-3(n—1)D=3
3 —3nr+3D =3
3D=3=D=1.

The general solution in this case is with the C.S given by 3C2". So that we obtain for the
general solution:
X, =3C2" + 3n2".

Consider the case of n =1, X; = 10. In this case we get 10 = 6C + 6, i.e., C = % =
that the general solution becomes

. So

win

Xn

3 X % x 2™ 4 3n2"
2" 1 3p2" = 27(2 4 3n).
Therefore,

Here, we obtained the formula in case of p = 3 because 3™ and 3 are not relatively prime. [

Corollary 4.5 Let n be the positive integer defined in Theorem 4.4 and let §(G) be the number
of subgroup chains of G. If n = 2 G = Zg x A3), then 6(G) = 22(3.2 + 2), 6(G) = 32 and if
n=3G= Z27 X Ag), then 5(G) = 23(3 X 3+ 2) = 88.
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§5. The number of Chains of Subgroups of Z,» x A3 withn>1and p>5

Proposition 5.1 The number of subgroup chains of Zy x As is 6.

Proof Let G be Z5 x As. It has the following set of representatives of isomorphism classes
of subgroups with respective sizes [e, 1],[Z3,1] and [Z5,1] and [Z5 x As,1]. Then,

5(G) =1+ 6(Zs) +6(Zs) +1 =6. O

Proposition 5.2 The number of subgroup chains of Zos x As is 16.

Proof Let G be Zs5 x As. It has the following set of representatives of isomorphism classes

of subgroups with respective sizes [e, 1], [Z3, 1], [Zs5,1], [Z5 X As,1], [Z25,1] and [Zas x A3, 1].
Then,

5(G) = 8(H.) + 8(Zs) + 6(Zs) + 6(Z5 x As) +6(Zss) +1 = 16. 0

Proposition 5.3 The number of subgroup chains of Z; x As is 6.

Proof Let G be Z7 x As. It has the following set of representatives of isomorphism classes

of subgroups with respective sizes [e, 1], [Z3, 1] and [Z7,1] and [Z7 x A3, 1]. Then,
0(G)=1+46(Z3)+d(Z5) +1=6. O

Proposition 5.4 The number of subgroup chains of Zsy9 X As is 6.

Proof Let G be Z49 x Az. It has the following set of representatives of isomorphism classes

of subgroups with respective sizes [e, 1], [Z3,1], [Z7,1], [[Z7 X A3, 1], [Z49,1] and [Z49 X A3, 1].
Then,

6(G) = 0(He) +6(Z3) + 6(Z7) + 6(Z7 x As) + 6(Zsg) +1 = 16. O

Theorem 5.5 Let G be Zyn x A3 where n > 1 and p > 5, then the number of chains of
subgroups of G is (n + 2)2™.

Proof As 5 and 3 are relatively prime, the order of Z,» x A3 is 5 x 3, which is cyclic with

cyclic subgroups of order 1,3,5,5. x 3 where
n({1}) = n(Zs) = n(Zs) = n(Z15) = 1

and
6({1}) = 1,6(Z3) = 2,0(Z5) = 2,6(Z15) = 6.

Similarly, as 5% and 3 are relatively prime, the order of the group Zs» x Ajz) is 5% x 3,
which is cyclic with cyclic subgroups 1,3, 5,52,5 x 3,52 x 3. Thus, we have the following set of
representatives of isomorphism classes of subgroups with respective sizes

[6, 1]v [Z?n 1}7

(Zp x A3, 1], [Zp2 x Az, 1], -+ [Zpn-1 x Az, 1]

[Zp, 1], [Zp27 1], -+ [Zpn, 1]
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We establish recurrence relation for Z,» x A3 where n > 1 and p > 5,

n n—1

8(Zypn x Ag) =1+46(Z3) + > 6(Zy) + > _ 6(Zy x Az) + 1.

Change n ton — 1 in (5.1), we get

n—1 n—2

(2

From (5.1) and (5.2), we get

§(Zyr % Ag) — 20(Zpnr x Ag) = 6(Zpn).

Since 6(Zpn) = 2" for all p and n in the literature, let §(Z,» x Az) = X,,. Then,

X, —2X,_, = 2"

it X Ag) =14 0(Zs) + > 0(Zpi) + > 0(Zy x Az) + 1.

61

(5.2)

(5.3)

We find the solution of recurrence relation in (5.3). Its characteristic solution (C.S) is

X, = E2"™ and particular solution (P.S) is X,, = nF2". So that (5.3) becomes

nF2" —(n—1)F2" =2"

nF—(n—-1)F=1

wF—nF+F=1=F=1

The general solution is with the C.S given by E2™ in this case. So that we obtain for the

general solution
X, = E2" +n2".

Consider the case when n =1, X; = 6. In this case, we get
6=2FE+2ie, E=2
So that the general solution becomes

X, 2 x 2" + n2"

= 2"l 42" =27(2 4 n).

Therefore,
(S(an X Ag) = (Tl —+ 2)2n

Here we obtained this formula for the case p = 5,7,11--- because for p > 5, n > 1.p" and 3

are relatively prime.

O
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Corollary 5.6 Let n be the positive integer defined in Theorem 5.5 and let §(G) be the number
of subgroup chains of G. For n = 2, if G = Z25 x Ag) then 0(G) = 2%(2 +2) = 16, if
G = Z49 x Ag) then §(G) = 22(2+2) = 16 and for n = 3, if G = Z(125 x As3) then
§(G)=23(3+2) =40, if G = Z(343 x A3) then §(G) = 23(3 + 2) = 40.

86.

Conclusion

We have determined explicit formulas for the number of the subgroup chains in the lattice of

subgroups of the group Z,» x As, p is any prime number and it is also the number of distinct

fuzzy subgroups of Z,» x As concerning the natural equivalence relation (see e.g [7]).
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81. Introduction

Let V be an n-dimension vector space over the field of complex numbers. By a flag F' in V', we

mean a sequence of subspaces:
F,: {0} CF  CF,C- - CF,=V such that dim F; = .

The set of all such flags in V is called the flag variety and denoted by F¢,(C). By fixing

a basis e, es,...,e,, we let E, to denote the standard flag spanned by
E, = <61> C <€1,62> c---C <61,€2, . .,en>.

The variety can also be described by considering the general linear group GL(n, C) consist-
ing of all non-singular n x n matrices and let B be the subset of all invertible upper triangular
matrices. A flag F, can be constructed by allowing F; be the span of the first ¢ columns of a
given matrix Z in GL(n,C). The matrices Z; and Z, are equivalent, that is, give the same flag
if and only if there is an upper triangular matrix Y in B such that Z5 = Y Z;. This defines an
equivalence relation on GL(n,C). Thus F¥,(C) = GL(n,C)/B. The precise implication is that
the general linear group GL(n,C) acts transitively on F¢,(C) and the stabilizer of standard
flag is the Borel subgroup and hence the identification of F(n) with G/B. Therefore, F¢,,(C)
is viewed as a homogeneous space. More is true F¢,,(C) is a smooth projective variety being a

closed subvariety of the product of Grassmanians Hz;ll Gr(k,n). This gives rise to the Pliicker

IReceived July 25, 2023, Accepted December 10, 2023.
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embedding
Fe,(C) — P(D-1 5 p()1 ... x pa"2)-1,

The image of F¢,(C) via the embedding is cut out by Pliicker relations (see [1]). These
relations generate the homogeneous ideal of F¢,(C) which we denote by Z, indeed Z is minimally
generated by these quadrics. It is well known that each flag Fy can be represented by n x n-
matrix A = (a;;) in which the subspace F; is spanned by the first i rows. The relations that
a point must satisfy in order to lie in the image of F/,,(C) via the embedding are called the

Pliicker relations. This is achieved by defining the map
bn :Kpa : 0 #aC{L,....n}] — Kla;; : 1 <i<n—-1,1<j<n]

sending each variable p, to the determinant submatrix of A with row indices 1,...,| a | and
column indices in a. It turns out that the ideal I,, of F¢,(C) is the kernel of ¢,. This
homogeneous ideal is minimally generated by the Pliicker relations. These relations which are
quadrics are the equations defining the variety F¢,,(C) (See [9],[1]).

Our interest is in the classification of these equations using complete geometric graphs.
Specifically, we give a formula that partitions the equations by exploiting some similar properties
shared by them. This ultimately allows us to know the number of equations in each subdivision
thereby counts the generators for each ideal I,,. We plan a sequel paper to exploit this technique
to give the degeneration of flag variety F¢,,(C). Let T be a collection of points in the plane in
general position. By geometric graph on T, we mean a graph G whose vertices are the elements
of T in which two are said to be adjacent if they are joined by a line segment. Our interest is
in a graph where every pair of vertices is adjacent. This is called a complete geometric graph
and is denoted by /C,;, n is the number of vertices. The number of edges of I, is @ which
turns out to be the dimension of flag variety F/,(C). In section 2, we give some background
and results relevant to our discussion. In section 3, we describe the procedure to obtain the
relations in the complete geometric digraph, K, and also compute the relations in K3 and ICy.
In section 4, we give the classifications of relations in IC,, and the class size. We also give
generating functions on the classifications and the number of classes in any K,. This gives the

classification of the equations defining flag varieties F¢,,(C).

82. Complete Geometric Directed Graphs

In this section we give some definitions on geometric graphs and trees (see [5], [4], [2], [3], [6],
[8], [7], [10] for details).

Definition 2.1 Let K,, be a complete geometric digraph with a n points and let o C [n]. z, is

said to be a point if |o| = 1, a line if |o| = 2, a triangle if |o| = 3 and so on.
Remark 2.2 All the z,’s for which |o| > 3 are empty, that is, they have no interior points.

Example 2.3 (i) For n = 3, the complete geometric digraph is



Classification of the Defining Equations of Flag Varieties F{,, (C) 65

s
/

\ x 1) y /

x{:l»z} X{1'3}

Xz ) X(2,3) A

/ \
/ N

Figure 1

(i4) For n = 4, the complete geometric digraph is

X1y | X(1,4) | X
X(1,3)
X{1,2} X(3,4}
7 X(2,4)
X2y X(2,3) x(3)
Figure 2

Given a complete geometric digraph K,,, let F,, = {z, : |o] = m,o C [n]}, F} set of points,
F; set of lines and so on. Let f,,, = #F,,.

Definition 2.4 (i) A walk in IC,, is a sequence of vertices vg,v1,- -+ , v and sequence of edges
(vi,vi41) € Fy. Ifv; are distinct, then we have a path and if (vo,v) € Fa, then vy, vy, , Uk, Vg
is a cycle. The length of a path or cycle is the number of edges in it.

(i4) A tree is a connected graph without any cycles. The edges of a tree are called branches
and the degree 1(number of edges incident with the vertex) vertex are called leaves.

(#i1) A spanning tree T of a connected graph K, is the subgraph of K, containing all the
vertices of IC,,. A chord is an edge of a graph that is not in a given spanning tree.

(iv) A rooted tree T with the vertex set V is the tree that has a specially designated vertex
vy € V. The root of any spanning tree is defined as the vertex with highest degree.

Remark 2.5 (i) For any spanning tree T of K,,, the number of branches is called the rank,
r and the number of chords is called the nullity, u (cyclomatic number or first Betti number).
_ _ (n—1)(n—2)
r=n-—1and y="—5—".
(ii) There are n"~2 spanning tree in a complete graph and n (n — 1)-valent spanning trees

since there are only n vertices with degree n — 1.
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Lemma 2.6 Let C be the set of flag varieties and B be the set of complete geometric digraphs,

there is a bijection

a:C— B

Fl(C) — K.

Theorem 2.7 Given a complete geometric digraph IC,,, then f., is given by the coefficient of

Proof Given a complete geometric digraph, K,, with points indexed by [n], let o C [n] and
|o| = r. For r = 1, we have a point and the number of choice of selection is :L and for r = 2

we have a line and the number of choice of selection is (Z) Continuing until r = n, we have

(Z) Then this can be generalised as

(e G (e ()
1 2 T n

where the power of ¢ is |o| and the coefficient of ¢ is the number of such o. O

Theorem 2.7 gives the size of F,,, for 1 <m < nin K,.

n fi f2 I3 fa s e I I3 fo Jio
1 1

2 2 1

3 3 3 1

4 4 6 4 1

) 5 10 10 5 1

6 6 15 20 15 6 1

7 7 21 35 35 21 7 1

8 8 28 56 70 56 28 8 1

9 9 36 84 126 126 84 36 9 1

10 10 45 120 210 252 210 120 45 10 1

Table 1. Statistics of f,,, in K\
Let 2 be the union of all F;,, we defined an ordering on (2 as follows:
Given o, p C [n] such that 0 = {a; <--- < ap} and p={by <--- <b.}. Let 2, <z, in
the poset Pif m >rand o; < p; foralle=1,--- r.
Let V = {x,2, + lower terms : 1 < |o| <n—2 and 2 < |7| < n— 1} be the set of relations

between z,’s and x,’s.



Classification of the Defining Equations of Flag Varieties F £, (C) 67

Theorem 2.8 Given x, in IC,, such that |o| = 3 (i.e z, is a triangle), then x, can be expressed
as a linear combination of x,, which sum to zero for |7;| =2, 7, C o and (7 = 0. Moreover,

the number of summands is |o]|.

Proof Given a complete geometric digraph, C,, with points indexed by [n]. Suppose o C [n]
with |o| > 2, x, is a subgraph of ,,, there is a closed path in z, (x, are line segments), which

is the sum of ., and (| 7; = () and the number of such 7; is |o]. O

Remark 2.9 (i) The sign of z,, in Theorem 2.8 is negative if the distance of 7 is |o| — 1,
otherwise positive.
(#4) Theorem 2.8 gives the relation of the paths in z,.

Example 2.10 Given the complete geometric digraph K3. Then triangle, z(; o 3y with lines

T{1,2}, T{2,3} and w{y 3}, can be expressed as
T{123} = T{1,2y +T233 — 2,3 =0

Remark 2.11 From Example 2.10, xy; 3y is called the equivalent path and can be expressed

as I{LS} = SC{LQ} + IL’{273}.

Corollary 2.12 Fuvery x, such that |t| > 3 can be expressed as a linear combination of x,

such that |o;| =3 and o C 7.

Example 2.13 Given the complete geometric digraph 4. Then w234y with lines zg; 2y,
T{2,3}; £{3,4} and T{1,4}- Then we have T4 = T{1,2}y T T{2,3} T T{3,4} — T{1,4} = 0.
x[4) can be decompose into triangles as follows:

T[4] = T{1,2,3} — T{1,2,4} T T{134} — {234}

The branches (for |a;| = 2) in the spanning trees of KC,, are related. The relation is given

by the theorem below which generalizes for |o;| > 2.

Theorem 2.14 Given K,, and o C [n] such that |o| > 3, then x7, the linear combination of

T, Such that T C oy C o is given by

i

lo|—1

J); = Z (_1)i+1mo¢i

i=1
for2 <|a;| <|o| and 1 < |7| < |o| — 1.

Proof Given a complete geometric digraph, KC,, with vertices indexed by [n]. Since o[ a; =
7, then 27 is the sum of all subgraphs of z, containing the subgraph z.. O

Remark 2.15 Theorem 2.14 gives the relation of the branches in the spanning trees of /C,,.

Example 2.16 In a complete geometric digraph K,, with points indexed [4] = {1, 2, 3,4}, then

x[{sl]} = T{12) — T{1,3}-
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83. Computation of the Relations in IC,

In this section we give the procedure for computing the relations in a complete geometric
digraph K, for n < 6. Given a complete geometric digraph /C,,, the order is n and size is 3,
where 7 is the rank of IC,,. The relations in C,, is defined by its complete subgraphs, that is,
the cycle, C3 and the spanning trees in the complete subgraphs, K, (n > 4) of K,,. Since K

and /Cz has no cycles, they have no relation. So 3 <n <6, given K,, and A, € V as follows:

(1) For |o| = 2 and |7| = 1, any cycle C3 in K,, contains three binary spanning trees and
each has exactly one chord. These chords are the paths in C3 which are linearly related as
defined by Theorem 2.8 and each chord in the relation is multiplied by the root of its tree.

(2) For |o| = 2 and |7| = 2, any complete geometric subgraph K, of ), contains four
3-valent spanning trees and each has three chords. The branches are linearly related as defined
by Theorem 2.14 and each branch in the relation is multiplied by the chord not adjacent to it.
Any of the four 3-valent spanning tree of a K4 gives the same relation.

(3) For |o| = 3 and |r| = 1, any complete geometric subgraph K, of K, contains four
3-valent spanning trees and each has three chords which formed a triangle. These triangle are
linearly related as defined by Theorem 2.8 and is multiplied by the root of its spanning tree.

(4) For |o| = 3, |7| = 2 and any branch in any 3-valent spanning tree of K, there exist a
C3 formed by a chord and the other branches. The branches are linearly related as defined by
Theorem 2.14 and each is multiplied by its corresponding C'5. This is repeated for each 3-valent
spanning tree.

(5) For integers n > 5, consider all the complete geometric subgraphs, K5 of IC,,. For any
branch in any 4-valent spanning tree of K5, there is exactly one C3 formed by the chords not
adjacent to the branch. Applying to Theorem 2.14 to the branches and multiplying each branch
by these C3, we realize the graph relation.

(6) For |o| = 3 and |7| = 3, consider all the complete geometric subgraphs, K5 of IC,,. There
are six chords in any 4-valent spanning tree of K5 with three pairs of non-adjacent chords. For
any pair, we have two C3 formed by the chords with the branches. Applying to Theorem 2.14
to the C3 in each pair containing the branch highest leave (label-wise), we multiply each Cj5 in
the relation with it corresponding pair.

(7) For integers n > 6, consider all the complete geometric subgraphs, Kg of K,,. For any
two branches in any 5-valent spanning tree of Kg, there is exactly one C3(non-adjacent C3)
formed by the chords not adjacent to these branches. There are exactly five of such relations in
any of the 5-valent spanning tree, applying to Theorem 2.14 to the C3 formed by a chord with
these branches and multiplying each by the non-adjacent C3, we realize the graph relation.

(8) For |o| = 4 and |7| = 1, consider all the complete geometric subgraphs, K5 of IC,.
Taking root of each 4-valent spanning tree of K5 to multiply the Cy formed by the chords with
the leaves. The Cy in each 4-valent spanning tree are linearly related as defined by Theorem
2.8.

(9) For |o| =4 and || = 2, consider all the complete geometric subgraphs, K5 of K,,. For
any branch in any 4-valent spanning tree of K3, there is a Cy formed by the chords with the
leaves. These branches are linearly related as defined by Theorem 2.14 and each is multiplied
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it corresponding Cy. This is repeated for each 4-valent spanning tree.

(10) For integers n > 6, consider all the complete geometric subgraphs, K¢ of ,,. For
any branch in any 5-valent spanning tree of K3, there is exactly one Cy formed by the chords
not adjacent to the branch. Applying to Theorem 2.14 to the branches and multiplying each
branch by this Cy4, we realize the graph relation.

(11) For |o] = 4 and |7| = 3, consider all the complete geometric subgraphs, K5 of IC,.
For any branch in any 4-valent spanning tree of K5, we have three C5 containing that branch,
a chord and one other branch. For each Cj, there is a C4 containing that branch, two chords
and one other branch These C3 are linearly related as defined by Theorem 2.14 and each Cs
is multiplied by the corresponding Cy. This is repeated for each branch in all the 4-valent
spanning tree.

(12) For integers n > 6, consider all the complete geometric subgraphs, Kg of K,,. For any
branch in any 5-valent spanning tree of K¢, we have four C5 containing that branch, a chord
and one other branch. For each Cj, there is a C4 formed by four chords in the leave of that
branch and other three branches not in the C3. These triangles are linearly related as defined
by Theorem 2.14 and each Cj is multiplied by the corresponding Cy. Also for each Cs, there is
a C4 formed by two branches and two chords in the leave of other branches not in the triangle.
These C3 are linearly related as defined by Theorem 2.14 and each C3 is multiplied by the
corresponding Cy. This is repeated for each branch in all the 5-valent spanning tree.

We also consider all the complete geometric subgraphs, K7 of IC,,. For any branch in any
6-valent spanning tree of K7, we have five C3 containing that branch, a chord and one other
branch. For each Cj3, there is a C formed by four chords not adjacent to any of the branches
in the C'5. These C5 are linearly related as defined by Theorem 2.14 and each C5 is multiplied

by the corresponding Cy4. This is repeated for each branch in all the 6-valent spanning tree.

Example 3.1 For n = 3, the relation is define by the points and lines of the graph in Figure
1. The relation is derived as follows:

Since KC3 is a Cj3, then it contains three binary spanning trees and each has exactly one
chord. These chords are the paths in C'5 which are linearly related as defined by Theorem 2.8.

T{1,3} = T{1,2} T T{2,3}

each chord in the relation is multiplied by the root of its tree, we have

T{12}T(3} — T{1,3}0{2} T T{23y2{1} =0

The equations above give the relation for KCs.

Example 3.2 For n = 4, the relations are define by the points, lines and triangles of the
graph in Figure 2. The set of points, Fy is {1}, 22}, %3}, %43}, the set of lines, Fy is
{2121, (1,3}, T(1,4), T{2,3} T{2,4}> T{3,4} } and the set of C3, F} is

{17{172,3}, T{1,2,4}>%{1,3,4},L{2,3,4} }
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The relations are given below

T{1,2}T3} — T{1,3} %2} + L2337 (1) =0,

T{1,2} T4} ~ T{1,4p0(2) + T2y =0,

T{13}8{4) — T2} T T2y =0,

T{23}{4} — T2,430(3} T T3,432q23 =0,

T{23}T{1,4} — T{24}L{1,3} + T(34}Z{1,2} =0,

T{234}T{1} — T{1,3,4}T{2} T T{1,2,4}T{3} — T{1,2,3} {4} = 0,
T{1,3,4}T{1,2} — T{1,2,4}%{1,3} T T{1,2,3}T{1,4} = 0,
T{234}T{1,2} — L{1,34}%{2,3} T T{1,2,3}C{2,4} = 0,
T{2,34}T{1,3} — T{1,3,4}%{2,3} + T{123}%(34} =0,

T{2,3,4}2{1,4} — T{1,3,4}T{2,4} T T{1,2,4}T(3,4} = 0.

84. Classifications of the Equations Defining Flag Varieties

In this section, we give the classifications of the relations in a complete geometric graphs.

Theorem 4.1 Given A, € V, if o N7 # 0, then o and T have at most n — 3 points of

intersection and 3 < |o| + |7| < 2n — 3.

Proof Given any relation in A, - such a,7 C [n] then 1 < |o| <n—2and 2 <|r| <n-—1.
If anT# 0 and 7 € o, then there is at least one point in o not in 7. Therefore n — 3 possible
points of intersection. It also follows from the bound on |o| and |7| that 3 < |o|+|7| < 2n — 3.
(I

The number of terms in any relation in /C,, is bounded below by the size of C'3 and above by n,

which is capture in Theorem 4.2 following.

Theorem 4.2 In a complete geometric digraph K,,, there are at least three terms and at most

n terms in any relations.

Proof This follows from Theorems 2.8 and 2.14. d

K3 has one relation which contain three terms, Iy has ten relations out of which nine
relations have three terms each and one relation has four terms and K5 has sixty-six relations
out of which forty-five relations have three terms each, fifteen relation have four terms each and

one relation has five terms.

Theorem 4.3 In a complete geometric digraph K., if the elements of F,,, form a relation then

= ()
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Proof Given a complete geometric digraph, K,. Suppose the elements of F},, form relations
then by Theorem 4.1, m < n — 2, which implies that

= (1) O

Consider the complete geometric digraph, K3, it contains no relations between lines and

lines since f; = 3 but Ky contains one relation between lines and lines since f; = 6.

Suppose we wish to classify the relations in C,, as points and lines relations, lines and lines
relations, points and Cj relations, lines and Cj relations, and so on. For any K,, the number

of relations in any of such classification is given by the following theorem.

Theorem 4.4 In a complete geometric digraph K, for any E, . C V, the cardinality of E, -
(Ei,j =#E, ;) is given by

(C)Ga) s
(L) () =

for|o| =1 and |T| = j.

Proof Given E, ; C V in K, such that 0 = {o1,--- ,0;} and 7 = {m,--- ,7;} for o, 7 C [n]
and o g 7. Let F; j = #F, -, there exist two cases for F; ;.

Case 1. If i < j, then either cNT # @ or cN7 = . Suppose o N7 # (§, then i + 5 > n.
Since o € 7, then there is a distinct element in o not in 7. This element is moved to 7, thereby
increasing |7| by 1 and reducing |o| by 1. Then the choice of selection of o7 is (:1) (J_:L_l).
But if c N7 =0, then i + j < n. So a distinct element of ¢ is moved to 7, thereby increasing

|7] by 1 and reducing |o| by 1. Hence the choice of selection of o7 is (:1) (J:l )

Case 2. Ifi = j, then either cNT # D or o N7 =10 . Suppose o N7 # B, then i +j > n.
Since o ¢ 7, then there are two distinct elements in o not in 7. These elements are moved
to 7, thereby increasing |7| by 2 and reducing |o| by 2. Then the choice of selection of o7 is
(:2) (JZQ). But if e N7 = (), then i + j < n. So, the two distinct elements of o are moved
to 7, thereby increasing |7| by 2 and reducing |o| by 2. Hence the choice of selection of o7 is
(:2) (j:2)' This completes the proof. O

4

J) =4 Bany = (5)(0) =

Example 4.5 Consider relations of Ky, Ef1 2y = (3)(

B = ()(2) =10 By = ()(1) 1.

Theorem 4.4 gives the number of relations in any class (E, ). The following theorem gives

a generating functions classifying the relations in /C,,.

Theorem 4.6 In a complete geometric digraph IC,,, for any Es, C V such that o] = r and
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|7| = m, then the cardinality of Es, in V for a fized m is given by

-1

W) = 3 () () e+ (L) (g g™

r=1

3

for2<m<n-1,n2>3.
Proof Given a complete geometric digraph, K. For E,, C V such that |o| = r and

|7| = m. Then, either r < m or r = m in V. So, from Theorem 4.4, by fixing m and 1 <r <m

we can express the number of relation ¢("™) as a generating function 'yy{Lm} (¢q) for integers

2<m<n-—1. O
Example 4.7 In K3, n = 3, m = 2, then we have
7 ) = ¢,
In 4, n =4, m = 2,3, then we have

i) = 4qM + ¢,
WHe) = 09 +4g9.

In K5, n =5, m = 2,3,4, then we have

W@ = 106" + 5052,
W) = 5¢0) +25¢2 +5¢,
7 a), = q"Y 45 410450,

Total number of relations in /C,,, for n = 3,4 and 5 are 1,10 and 66 respectively.

Theorem 4.8 In a complete geometric digraph KC,,, for any E, . C V such that |o| =i and
|7| = j, then the cardinality of Eq , in V is given by

n—1j—1 n—2
B n n ) n n (ryr)
Mn(Q)— E :E :(2;1)(]‘4-1)(] ! +Z(7‘—2)(r+2)q
j=2 i=1 r=2

forn > 3.

Proof Given a complete geometric digraph, KC,,, for any E,  C V and n > 3. By Theorem
4.6, the sum over all possible Wil}(q) equals M, (q) for n > 3. O

Example 4.9 In K3, n =3,
Ms(q) = ¢?).

In K4, n =4,
M4(q) — 4q(1!2) + q(lvg) + 4q(2!3) + q(2’2).
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In ]C5, n = 5,
Ms(q) = 10¢"? + 5q13) 4+ 25¢33) 4+ ¢ 4 5¢24 1+ 10¢3Y + 5¢22) 4 543,

Theorem 4.10 In a complete geometric digraph IC,,, the number of classes in K, is two less
than the size of IC,, for n > 3.

Proof Given K, from Theorem 4.8 the number of terms in M, (q) gives the number of
classes in IC,,. The number of terms is @ — 2 which is less than the size of KC,,. Il

Remark 4.11 (i) The coefficient of ¢**) equals ¢*~1F*D for k > 2. Also ¢U*+*+™) and
¢'"™) have equal coefficient for m +r <nand 1 <i<n—3.

(#4) The number of equations defining flag varieties F¢,,(C) is given by

n—1j-1 n—2
My, = Z Z(z:) (jil) + Z(er) (rf:z)
j=2 i=1 r=2
with values for small number n in Table 2.

Order(n) Size Number of relations(M,,) Number of Classes
3 3 1 1
4 6 10 4
5 10 66 8
6 15 365 13
7 21 1835 19
8 28 8705 26
9 36 39748 34
10 45 176740 43
11 55 770914 53
12 66 3314601 64
13 78 14094822 76
14 91 59418623 89
15 105 248756927 103
16 120 1035577973 118
17 136 4291186292 134
18 153 17713099208 151
19 171 72878464142 169
20 190 299021980928 188

Table 2. Statistics of a complete geometric digraph
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Abstract: An (a,d)-edge-antimagic graceful labeling is a bijection g from V(G) U E(G)
into {1,2,---, |[V(G)| + |E(G)|} such that for each edge zy € E(G), |g(z) + g(y) — g(zy)|
form an arithmetic progression starting from a and having a common difference d. An (a, d)-
edge-antimagic graceful labeling is called super (a, d)-edge-antimagic graceful if g(V(G)) =
{1,2,---,|V(G)|}. A graph that admits an super (a, d)-edge-antimagic graceful labeling is
called a super (a, d)-edge-antimagic graceful graph. In this paper, we prove the super (a,d)
edge antimagic gracefulness of regular graphs. Later, we study the non-regular graph is
super (a, 1)-edge-antimagic graceful graph. Finally, we find super edge-antimagic graceful
labeling of some classes of graphs.

Key Words: Labelling, (a,d)-edge-antimagic total labeling, Smarandachely edge-
antimagic total labeling, (a,d)-edge-antimagic graceful labeling, super(a, d)-edge-antimagic
graceful labeling.

AMS(2010): 05C78.

§1. Introduction

Throughout this paper, we only concern with connected, undirected simple graphs of order p
and size q. We denote by V(G) and E(G) the set of vertices and the set of edges of a graph G,
respectively.

Let |V(G)| = p and |E(G)| = ¢ be the number of vertices and the number of edges of G,
respectively. General references for graph-theoretic notions are [1,10].

A labeling of a graph is any map that carries some set of graph elements to numbers.
Hartsfield and Ringel [4] introduced the concept of an antimagic labeling and they defined an
antimagic labeling of a (p, q) graph G as a bijection f from E(G) to the set {1,2,--- ¢} such
that the sums of label of the edges incident with each vertex v € V(G) are distinct.

An (a, d)-edge-antimagic total labeling was introduced by Simanjuntak, Bertault and Miller
in [9]. This labeling is the extension of the notions of edge-magic labeling, see [5,6].

For a graph G = (V, E), a bijection ¢ from V(G) U E(G) into {1,2,---, |V(G)| + |E(G)|}
is called an (a, d)-edge-antimagic total labeling of G if the edge-weights w(zy) = g(z) + g(y) +
g(zy), xy € E(G), form an arithmetic progression starting from a and having a common differ-

1Received June 12, 2023, Accepted December 10, 2023.
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ence d. Generally, let H < G be a typical subgraph of G with |[V(G—H)|=d/, |[E(G-H)| =V
If there is an (da’, d’)-edge-antimagic total labeling ¢’ on G — H, such a labeling ¢’ is called a
Smarandachely edge-antimagic total labeling. Particularly, let H = @ or a typical graph in K»,
Ps, C3 or S13. We get the (a,d)-edge-antimagic total labeling or nearly (a, d)-edge-antimagic
total labeling of G.

The (a,0)-edge-antimagic total labelings are usually called edge-magic in the literature.
An (a,d)-edge antimagic total labeling is called super if the smallest possible labels appear on

the vertices.

In [7] Marimuthu et al. introduced an edge magic graceful labeling of a graph. They
presented some properties of super edge magic graceful graphs and proved some classes of
graphs are super edge magic graceful. In [8] Marimuthu and Krishnaveni introduced super edge
antimagic graceful labeling.

An (a, d)-edge-antimagic graceful labeling is defined as a one-to-one mapping from V(G)U
E(G) into the set {1,2,3,--- ,p+ ¢} so that the set of edge-weights of all edges in G is equal
to {a,a+d,a+2d, - ,a+ (¢ — 1)d}, for two integers a > 0 and d > 0.

An (a,d)-edge-antimagic graceful labeling ¢ is called super (a, d)-edge-antimagic graceful if
gV(@)={1,2,--- ,p} and g(E(G)) = {p+1,p+2,--- ,p+q}. A graph G is called (a, d)-edge-
antimagic graceful or super (a, d)-edge-antimagic graceful if there exists an (a, d)-edge-antimagic
graceful or a super (a, d)-edge-antimagic graceful labeling of G.

Baca et al. [2] proved super (a,1)-edge-antimagic total labeling of regular graphs. In [3]
Baca et.al proved some classes of graphs like Frienship graphs, Fan graphs and Wheel graphs
has super edge-antimagic graceful labeling. In this paper, we study super (a, d)-edge-antimagic
graceful labeling of regular graphs. We also prove some classes of graphs, including friendship

graphs, cycles and fan graphs has super (a, d)-edge-antimagic graceful labeling.

§82. Main Results

Theorem 2.1 If G is a connected super (a,d)-edge-antimagic graceful graph, then d < 2.

Proof Let G be a connected super (a,d)-edge-antimagic graceful graph. Suppose that
d > 3. There exists a bijection g : V(G)U E(G) — {1,2,--- ,p+q} which is a super (a, d)-edge-

antimagic graceful labeling with the set of edge-weights.

W =A{w(zy) : w(zy) = |g(x) + g(y) — g(zy)|, zy € E(G)}

={a,a+d,a+2d,--- ;a+ (¢ —1)d}.

It is easy to see that the minimum possible edge-weight in a super (a, d)-edge-antimagic

graceful labeling is at least |[1+p— (p+1)| = 0.

We observe that @ > 0. On the other hand, the maximum edge-weight is no more than
[1+2—(p+q)| = p+q—3. Therefore, a+(qg—1)d < p+q—3. This shows that (¢—1)d < p+q—3.
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Hence,
-3 -3
d< Prqg—=5 _ 4 <d< pPrqg—>s
q—1 q—1
-3 -2 -2
:>3§w¢3§p—+1¢2§p—
q—1 q—1 q—1
-2
=2< % (since the size of every connected graph of order p is at least p — 1)
p—1—
=2<1,
a contradiction. Hence, d < 2. O

Theorem 2.2 Let G be a connected (p, q)—graph which is not a tree. If G has a super (a,d)-
edge-antimagic graceful labeling then d = 1.

Proof Assume that G has a super (a,d)-edge-antimagic graceful labeling f : V(G) U
EG) — {1,2,--- ,p+q} and {w(uwv) : ww € E(G)} = {a,a+d,a+2d,--- ,a+ (¢ — 1)d} is
the set of edge-weights. The minimum possible edge-weight a > 0. The maximum edge-weight
is no more than p+ ¢ — 3. Thus a+ (¢ — 1)d <p+ ¢ — 3. and

d< ZM (2.1)
qg—1
But, p < ¢ (Since G is not a tree T). Then, (2.1) gives d < 2. O

§3. Super (a,d)-Edge-Antimagic Graceful Labeling of Regular Graphs

Proposition 3.1(Petersen theorem) Let G be a 2r—regular graph. Then there exists a 2— factor
in G.

Notice that after removing edges of the 2 — factor guaranteed by the Petersen theo-
rem we have again an even regular graph. Thus, by induction, an even regular graph has
a 2—factorization.

The construction in the following theorem allows us to find a super (a,1)— edge-antimagic
graceful labeling of any even regular graph. Notice that the construction does not require the
graph to be connected. In the following theorem we denote [a, b] is the set of consecutive integers
{a,a+1,---,b}.

Theorem 3.2 Let G be a graph on p vertices that can be decomposed into two factors G1 and
Go. If Gy is edge-empty or if Gy is a super (0,1)-edge-antimagic graceful graph and Go is a
2r-regular graph then G is super (0,1)-edge-antimagic graceful.

Proof First we start with the case when G is not edge-empty. Since G is a super
(0,1)-edge-antimagic graceful graph with p vertices and ¢ edges, there exists a total labeling f :
V(G1)UE(G1) — [1,p+q] such that {|f(z)+ f(y) - f(zy)| : 2y € E(G)} = {0,1,2--- ,q—1}.
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By the Petersen theorem there exists a 2—factorization of Ga. We denote the 2—factors by F},
J =12 1 Let V(G) = V(G1) = V(F}) for all j and E(G)= U]_;E(F;)JE(G1). Each
factor F} is a collection of cycles. We order and orient the cycles arbitrarily. Now by the symbol
e]‘?“t (v;) we denote the unique outgoing arc from the vertex v; in the factor F;. We define a
total labeling g of G in the way that g(v) = f(v) for v € V(G), g(e) = f(e) for e € E(G1) and
g(e) = q+jp+ f(v;) for e = €3 (v;). Then, the vertices are labeled by the first p integers. The
edges of G; by the next g labels and the edges of G5 by consecutive integers starting at p+q+1.
Thus g is a bijection V(G) U E(G) — {1,2--+ ,p+ q + pr} Since |E(G)|= q + pr. It is not
difficult to verify that g is a super (0, 1)-edge-antimagic graceful labeling of G. The weights of
the edges e in E(G1) is wy(e)= wy(e). The weights form the progression 0,1,2,---,¢ — 1. For
convenience, we denote by v the unique vertex such that v;v, = e?“t(vi) in Fj. The weights of
the edges in Fj, j =1,2,--- ,r are

we(ed™(vi)) = wy(viv) = |g(vi) = (q+jp + f(v:) + g(vr)]
= |f(vi) = (g+ip+ f(vi) + flor)| = | — g —jp+ f(vk)]
= | = (qa+jp— flon)

foralli=1,2,---,pand j =1,2,---,71. Since F} is a factor, the set {f(vy) : vy € Fj} =
[1,p]. Hence we have that the set of edge-weights in the factor F; is [¢ + (j — 1)p, ¢ + jp — 1]
and thus the set of all edge-weights in G is [0,q + rp — 1]. If G is edge-empty it is enough to
take ¢ = 0. and proceed with the labeling of factors Fj}. O

By taking an edge-empty graph G; we have the following theorem.

Theorem 3.3 All even regular graphs of order p with at least one edge are super (0,1)-edge-

antimagic graceful.
The disjoint union of m > 1 copies of a graph G is denoted by mG.

Theorem 3.4 Let k,m be positive integers. Then the graph kP> UmK; is super (0,1)-edge-

antimagic graceful.

Proof We denote the vertices of the graph G = kP,UmK; by the symbols v1,va, -+ , Vog+m
in such a way that E(G)= {vivgtmi : 4 =1,2,--- ,k} and the remaining vertices are denoted
arbitrarily by the unused symbols. We define the labeling f : V(G)UE(G) — {1,2,--- ,3k+m}
in the following way f(v;) = j for j = 1,2,--- , 2k + m, f(viUk4m4i) = 2k + m + i for ¢ =
1,2,--- k. It is easy to see that f is a bijection and that the vertices of G are labeled by the
smallest possible numbers. For the edge-weights we get wr(vVgtm+i) = |f(vi) + f(Vktm+i) —
fivkgmai)| = k-ifor i =1,2,--- k. Thus, f is a super (0, 1)-edge-antimagic graceful labeling
of G. d

Now by taking m = 0 and observing that the number of vertices in kP, is 2k, then we

immediately obtain the following corollary.

Corollary 3.5 If G is an odd reqular graph on p vertices that has a 1 — factor then G is super
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(0, 1)-edge-antimagic graceful.

84. Friendship Graphs

The friendship graph Fy, is a set of n triangles having a common center vertex and otherwise
disjoint. Let ¢ denote the center vertex. For the it" triangle, let x; and y; denote the other two

vertices.

Theorem 4.1 FEvery friendship graph Fn,n > 1, has super (a,1)-edge-antimagic graceful la-
beling.

Proof Label the vertices and edges of F,, by the following functions g; and g respectively.

gle)=n+1, gi(z;)) =14, qi(y;)=2n+2—iforl<i<mn,
ga(wic) = 3n +2i, ga(yic) =5n+3 —2i, ga(ziy;) =2n+1+1.

Notice that, in this labeling a = 0. It is easy to verify that the set of edge-weights consists

of the consecutive integers {0,1,2,--- ,3n — 1} and we arrive at the desired result. O

Figure 1 illustrates the proof of Theorem 4.1.
3

Figure 1. A (0, 1)-super edge-antimagic graceful labeling of Fy.

85. Cycles
Theorem 5.1 For n > 3, the cycle C,, has super (a,1)-edge-antimagic graceful labeling.
Proof Let a cycle C), be defined as follows:

V(Cn) = {plap% e 7pn} and
E(Cy) ={pipit1:1=1,2,--- ;n—1} U {pnp1}.



80 P.Krishnaveni

Also, define the vertex labeling f; : V(C,) — {1,2,---,n} and the edge labeling f5 :
E(Cn) = {n+1,n+2,--- ,n+n} in the following way.

filvi) =14, 1<i<n
fo(vivig1) =n+1+ifor 1 <i<n-—1;
fa(vpv) =n+ 1.

Combining the vertex labeling f; and the edge labeling f> given above, we obtain a total

labeling. The set of edge-weights consists of the consecutive integers {0,1,2,--- ;n — 1}. O

An illustration of Theorem 5.1 is given in Figure 2.
4

10 9

1 7 2
Figure 2. A (0,1)-super edge-antimagic graceful labeling of Cj.

86. Fans

A fan F,,,n > 2 is a graph obtained by joining all vertices of path P, to a further vertex
called the center. Thus F,, contains n + 1 vertices, say, ¢, x1,Z2, - , %, and 2n — 1 edges say

cr;,1 <i<nand z;x;41,1 <i<n-—1
Theorem 6.1 The fan F,, is super (a,1)-edge-antimagic graceful if 2 <n <6 and d = 1.

Proof Label the vertices of F,, by g : V(F,) — {1,2,--- ,n+ 1} as follows:

If n = 2, let the labels of vertices be g(x1) = 1,g(z2) = 2 and g(¢) = 3; If n = 3,
let the labels be g(z1) = 1,g9(z2) = 2,9(z3) = 4 and g(¢) = 3; If n = 4, let the labels
be g(z1) = 1,9(z2) = 2,9(x3) = 4,9(x4) = 5 and g(c) = 3; If n = 5, let the labels be
g(x1) = 2,9(x2) = 1,g9(z3) = 3,9(x4) =5, g(xs) = 6 and g(c) = 4, and if n = 6, let the labels
be g(z1) = 2,g9(x2) = 1,9(x3) = 3,9(xs) =5, g(xs) = 7,9(x6) = 6 and g(c) = 4. Generally, let
Wy = {wy(q;) =241 :1 <14 < 2n— 1} be the set of edge-weights of edges ¢; € F,, and label
the edges of F,, by g1 : E(F,) = {n+2,n+3,---,3n} where

n+14+ 522 ifiis odd,
91(qi) = . o
2n+1+3 if 7 is even.

Combining the vertex labeling g and the edge labeling g; gives a super (a, 1)-edge-antimagic
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graceful labeling where
W ={lwg(q:) —g1(@:)| : 1 <i < 2n—1}

is the set of edge-weights. O
A (0, 1)-super edge-antimagic graceful labeling of the fan Fj is given in Figure 3.
1 5 2 9 4

3

Figure 3. A (0, 1)-super edge-antimagic graceful labeling of Fj.
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81. Introduction

The sum of squares function, denoted by ri(n), gives the number of representations of n as a
sum of k squares, where zeros and distinguishing signs and order are allowed. For example, 5

can be written as a sum of two squares in the following ways
( (=2)* +(1)?
=27+ (-1 =27+ 1)
( (—1)*+(2)?
( )2+ (2)%

So, r2(5) = 8.

The generating function for ri(n) is given by

0(@)" => (~1)"rx(n) q", (1.1)

1Received September 30, 2023, Accepted December 11, 2023.
ICorresponding author: pskreddy@jssstuniv.in; pskreddy@sjce.ac.in
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where

0g) =Y (D¢ (gl <1).

By Gauss’s formula [1, formula 7.324], we know that

o0

0@ =[[—L = [[0 -0 - (g <1). (1.2)

1+q] n>1

Jj=1

For any positive integer n, the numbers n(n + 1)/2 are the triangular numbers. The sum
of triangular numbers function, denoted by tx(n), gives the number of representations of n as a
sum of 7 triangular numbers where representations with different orders are counted as unique.
For instance, t3(7) =2 since 7=1+6 =6+ 1.

The generating function for ¢x(n) is given by
U (q) =) t(n)q", (1.3)
n=0

where

U(g) =Y "2 =14q+++-  (ld <)
n=0

By Gauss’s formula [1, Eq.7. 321 on p.6], we have

v = [[5CF =T[0+@70-0) h<t (1.9

o U=a) s

2. Some Congruences for ri(n) and t;(n)

Lemma 2.1 Let Si(n) =) .4 din %, where Y~ .4 dn denotes the sum over all odd divisors d
of n. Then

() = Y VS — i) (k1) (21)

Proof Taking logarithm on both sides of equation (1.2), we have

logf(q) = > log(1—¢’) = > log(1+¢’)
j=1 =1
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From the equation (1.1), we get

log {Z(—l)" ri(n) q”} =k Z Si(n)q".

n=0

Differentiating the preceding equation with respect to g gives

DY g ==k Y Sim)ng" Tt Y (1" ri(n)q"
n=1 n=1 n=0

Comparing coefficients of ¢™ on both sides of the above equation we get equation (2.1). O

Lemma 2.2 Let S3(n) = >y, W, where ,,, denotes sum over all divisors d of n.

Then .
)= E S S n ) (kn> 1),
j=1

Proof Taking logarithm on both sides of equation (1.4), we have

log(¥(q)) = Z 2 log(1+¢’) + Z log(1 —¢7)

Then, we proceed as in the proof of the preceding lemma to arrive at equation (2.2).

From equations (2.1) and (2.2), we deduce the following theorem.

Theorem 2.3 Let n and k be integers such that (n,k) = 1. Then
re(n) =0 (mod k),
and

tr(n) =0 (mod k).

From equations (1.2) and (1.4), we deduce the following theorem.

Theorem 2.4 For all primes p, we have

rip(np) = ri(n) (mod p),

(2.2)
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and
tip(np) =tr(n) (mod p). (2.6)

Theorem 2.5 If p is a prime number, then

rpy1(n) = Z r1(t) (mod p), (2.7)

j
where j is an integer and t = (n — j2)/p is integer.

Proof Using

0q):== > (-1)"¢"  (lal <1),
we have - - -
ST D) () gt = > (D) () gt D (1)
n=0 n=0 n=—oo

Comparing coefficients of ¢" on both sides in the above equation, we have
rpy1(n er n— j%)

Now from equation (2.3), we know that r,(n—3?) =0 (mod p) if p and n— j* are co-prime.
Also, from equation (2.5), when (n — j2) is divisible by p, we have

rp(n = 5%) = r1(t) (mod p),

where t = (n — j2)/p. O

Proceeding as in the proof of above theorem, we deduce the following theorem.

Theorem 2.6 If p is a prime number, then

tpt1(n Z t1(t) (mod p), (2.8)
where j is positive integer and t = (n - w) /p is integer.
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81. Introduction

In this paper we consider only finite, undirected and simple graphs. Cordial labeling was
introduced by Cachit [1] in the year 1987. Also cordial related labeling technique was studied
in [1,2,3,4,5,6,7,8,9,10,11]. In this sequal the notion of pair difference cordial labeling of a graph

was introduced in [14], which is defined as follows:

Let G = (V,E) be a (p,q) graph and let

» e
5, ifpiseven

=L if pis odd

and L = {£1,42,43,--- ,+p} be the set of labels. Consider a mapping f : V — L by
assigning different labels in L to the different elements of V' when p is even and different labels
in L to p— 1 elements of V and repeating a label for the remaining one vertex when p is odd.
Such a labeling is said to be a pair difference cordial labeling if for each edge uv of G there exists
a labeling | f(u) — f(v)| such that ‘Afl — Ay
number of edges labeled with 1 and number of edges not labeled with 1. A graph G for which

<1, where Ay, and Aj. respectively denote the

there exists a pair difference cordial labeling is called a pair difference cordial graph.

IReceived April 28, 2023, Accepted December 12, 2023.
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Generally, let H < G be a typical subgraph of G. If there is a pair difference cordial
labeling on graph G — H. Then, we say G is Smarandachely pair difference cordial labeling on
H and G is called a Smarandachely pair difference cordial labeling graph on H. Particularly, if
H = () such a Smarandachely pair difference cordial labeling is nothing else but a pair difference
cordial labeling on G.

The pair difference cordial labeling behavior of several graphs like path, cycle, star, wheel,
triangular snake, alternate triangular snake, butterfly etc have been investigated in [14-24]. In
this paper we investigate the pair difference cordial labeling behavior of double cone,double
step grid,sun flower, shell graph and double arrow graph. Terms not defined here are follow
from Gallian [12] and Harary [13].

§2. Preliminaries

Definition 2.1([13]) The subdivision graph S(G) of a graph G is obtained by replacing each
edge uv by a path uvw.

Definition 2.2([12]) Take the tha paths P, P, Py,_1,- - ,Ps on n,n,n —2,n —4,--- 4,2
vertices and arrange them centrally horizontal where n is even and n # 2. A graph obtained by

joining vertical vertices of given successive paths is known as a double step grid of size n. It is
denoted by DSt,,.

For illustration, DSt,, is shown in Figure 1.

—9 Py(H)

Py(H)

- -
---9

Ps(H)
9 P,—2(H)
Pu(H)
_____ P.(H)
Py(V) Ba(V) P(V)
P;(H) — i'" path horizontal wise P;(V) — i"" path vertical wise
Figure 1

Definition 2.3([13]) Double arrow graphs obtained from P, x P, by joinin two vertices u,v

with first and last copy of the path P,.Let a; ; be the vertices of prism P, X P,.
Definition 2.4([12]) The graph C,, + 2K, is called the double cone graph.

Definition 2.5([12]) The sunflower graph SF, is obtained by taking a wheel W,, = C,, + K;
where Cy, is the cycle ayasas - - - anay , V(K1) = {a} and the new vertices by, by, bs, - -+ , b, where

b; is join by the vertices b;b; 1 (modn).

Definition 2.6([12]) A shell graph is defined as a cycle Cy, : ayazas - - - apay with (n—3) chords
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sharing a common end point called the apex. Shell graph are denoted as Cy ,—3). A shell S,

is also called fan F,_1.

Definition 2.7([25]) An ice cream graph is obtained by combining a shell graph and a path
P, graaph keeping a1 and a,, common where n > 3 sharing common end point called the apex

vertez ag. It is denoted by I1C,,.

83. Main Results

Theorem 3.1 A double step grid DSt,, is pair difference cordial for all even values of n > 4.

Proof First we consider the paths P, P3, Py, -+, Pz from left to right. Assign the labels
1,2 respectively to the vertices of the path P, from top to bottom and assign the labels 3,4, 5
respectively to the vertices of the path P; from bottom to top. Now assign the labels 6,7,8,9
to the vertices of the path P, from top to bottom and assign the labels 10,11,12, 13,14 to the
vertices of the path P5 from bottom to top. Proceeding like this until we reach the path Pn.

Next, we consider the paths Py, P3, Py,---, Pz from right to left. Assign the labels
—1, —2 respectively to the vertices of the path P, from top to bottom and assign the label-
s —3,—4,—b5 respectively to the vertices of the path P3 from bottom to top. Now assign the
labels —6, -7, —8, —9 to the vertices of the path P, from top to bottom and assign the labels
—10,—-11,—-12, —13,—14 to the vertices of the path P5; from bottom to top. Proceeding like
this until we reach the path Px.

For illustration, DStg is shown in Figure 2.

] BENYS AR SERN B¢
T 1]
1
*
I Y 1
2 (’ 18
Figure 2
This completes the proof. O

Theorem 3.2 A double cone graph DC,, is not pair difference cordial for all values of n > 3.

Proof There are two cases arises.
Case 1. n is even.

The maximum possible number of edges get the label 1is Af; = 5 + 2+ 2 where 5 edges
from cycle, 2 edges from edges end with K7 and next 2 edges from edges end with another K;.
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Therefore Af; =
Hence |Af1 — Af1°| = 2n > 1, which is a contradiction.

+ 4 and |E(DC,)| = 3n. This implies that Af,® = 3n — 2 +4 = 528,

w[3

Case 2. nis odd.

The maximum possible number of edges get the label 1 is Af; = ”TH + 2 4+ 2 where ”7“

edges from cycle, 2 edges from edges end with K7 and next 2 edges from edges end with another
K. Therefore Af; = 44 and |[E(DC,,)| = 3n. This gives that Af¢ = 3n— % 44 = 5289,
Hence |Af; — Afi1°| = 2n > 1, which is a contradiction.

Hence, a double cone graph DC,, is not pair difference cordial for all values of n > 3. O

Theorem 3.3 A double arrow graph DA, is pair difference cordial for all values of n > 2.

Proof Take the vertex set and edge set from Definition 2.3. There are two cases arises.

Case 1. n is even.

Consider the %th

the labels 1,2,3,--- ,n to the vertices az 1, az 2, an 3, ,az , respectively and next consider

row. That is consider the vertices an 1, an s, an 3, ,an . Assign

the "7*2% row. Assign the labels n + 1,7+ 2,n 4+ 3,---,2n to the vertices Gnsz .y, Gn2 9,
Un2 g, " ;Qn_2 . Now assign the labels 2n 4+ 1,2n + 2,2n + 3,--- ,3n to the vertices Gns

Un s gy Gn_s g3, ,An_s respectively. Proceeding like this until we reach the first row. Note

n
that the vertices a11, a1,2, a13, -+ ,a1,, gets the labels § + 1,5 +2,5 +3,---, 5 +n.
. h . . .

Consider the %Ht row. That is consider the vertices Ang2 g, Gng2 5, Gng2 g5, Gng2 .
Assign the labels —1, -2, -3, -- -t;L—n to the vertices @nt2 p, Ang2 5, Gniz g, ", Ang2 , TESPEC-
tively and next consider the 24" row. Assign the labels —(n+1), —(n+2), —(n+3), -+, —2n
to the vertices Ungs g, Qngd g, Gngs g0 Qngd Now assign the labels —(2n 4+ 1), —(2n +
2),—(2n+3),--- ,—3n to the vertices Angs 15 Gngs o5y Ange 3,7, Angs respectively. Proceed-
ing like this until we reach the nt" row. Note that the vertices Gn,1, n,2, Qp3,- " 0y pn gets
the labels

7(% + 1)7 7(3 + 2)a 7(% + 3)7 e ﬂi(g + TL),

and finally assign the labels § 4 n,—(% 4 n) to the vertices u, v respectively.

Case 2. n is odd.

. _1th . . .
Consider the ”Tl row. That is consider the vertices an—1 1, @n-1 5, @n-1 5,-++ ,@n-1 .
2 2 2 2
Assign the labels 1,2,3,--- ,n to the vertices Ani g, Gnotg, Gnotgs- -, Gnot g, respectively
. _3th . .
and next consider the ”73 row. Assign the labels n+1,n+2,n+ 3, -+ ,2n to the vertices
(n-3 1, An-3 o, An-3 4, ,Gn-3 .. Now assign the labels 2n 4 1,2n +2,2n + 3,--- ,3n to the
2 2 7 3
vertices Un s 1, An_s 5, An5 3, ,An_s respectively. Proceeding like this until we reach the
first row. Note that the vertices aj 1, a1,2, a1,3,- - , a1, gets the labels
n n n n
§+1,§+2,§+3, 75"‘71
. th . . .
Consider the ”T'H row. That is consider the vertices ant1 |, ant1 5, Gng1 5,0+ ,Angr .
2 2 2 2

Assign the labels —1, -2, -3, .- | —n to the vertices @ntl g, Gngl 5, Gngd g, 0 5 A1, TESPEC-
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tively and next consider the %th row. Assign the labels —(n+1), —(n+2), —(n+3),--- ,—2n
to the vertices Ungs 1, Qngs o, Gngs 3,00 5 Qngs . Now assign the labels —(2n + 1), —(2n +
2),—(2n + 3),--- ,—3n to the vertices Ungs g, Gngs o, Gngs g, -, Gngs respectively. Pro-
ceeding like this until we reach the (n — 1)** row. Note that the vertices Ap—11, An-1,2,
An—13,""" ,an_1,, gets the labels— (251 +1), — (251 +2), — (252 +3), -+, —(%5* +n). Finally
assign the labels

n—1 n—1 n—1 n—1 n-1

( +n+1),(——+n+2),(—5—+n+3), - ,( + ),

2 2 2 2
n—1 n—1 n—1 n—1 n-3
O ) O ), ), (e

respectively and assign the labels 5 +n — 1, 7(%_1 + "7_1) to the vertices u, v.

Table 1 given below establishes that this vertex labeling is a pair difference cordial labeling
of DA,, for all values of n > 2.

Nature of n Ay, Age
n is even n? n?
n is odd n? n?

Table 1

For illustration, DAjs is shown in Figure 3.

10 9 8 7 6
1 2 3 4 5
1 2 -3 4 5
-10 -9 -8 -7 -6
1 12 -13 11 12
13
Figure 3
This completes the proof. O

Theorem 3.4 A sunflower graph SF, is pair difference cordial for all values of n > 3.

Proof Take the vertex set and edge set from Definition 2.5. There are two cases arises.
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Case 1. n is even.

Assign the label 2 to the vertex a. Next assign the labels 1,3,5,--- ,n — 1 to the vertices

ai,az,as, -+ ,az respectively and assign the labels 2,4,6,---,n respectively to the vertices
b1,ba, b3, ,bn.

Now we assign the labels —1, -3, —5,--- | —(n — 1) to the vertices Ung2,Gnga,Gngo, -, An
respectively and assign the labels —2, —4, —6,--- , —n respectively to the vertices bnT+27 b%j,
b%s, o by

Case 2. nis odd.

Assign the label 2 to the vertex a. Next assign the labels 1,3,5,---  n to the vertices

a1,a2,az, , Angl respectively and assign the labels 2,4, 6, - - - , n—1 respectively to the vertices
b1,ba,bs, - - ,banl.

Now we assign the labels —1,—3,—5,--- ,—(n) to the vertices Ungs, Gnis, Gngr, -+, On
respectively and assign the labels —2,—4, —6,--- , —(n — 1) respectively to the vertices anLl,
bn%s, bnT+5,--~ , b

Notices that Table 2 given below establishes that this vertex labeling is a pair difference

cordial labeling of SF;, for all values of n > 3.

Nature of n Ay, Age
n is even 2n 2n
n is odd 2n 2n
Table 2
This completes the proof. O

Theorem 3.5 A shell graph C, ,,—3) is pair difference cordial for all values of n > 3.

Proof Let us take vertex set and edge set from Definition 2.6 Assign the labels 1,2,3,---, 5
respectively to the vertices aq,az,as, -+ ,az and assign the labels —1,-2,-3,--- ,—5 to the
vertices Ant2,Qnid,Angs, 5 An respectively. |

Theorem 3.6 A butterfly graph with shell order m,m is pair difference cordial for all values
of m > 3.

Proof Assign the labels 1,2,3,--- ,n respectively to the vertices a1, as,as, - ,a, and

assign the labels —1, -2, —3,--- | —n to the vertices a1, as, as, - - - , a, respectively. O

Theorem 3.7 A graph obtained by joining two copies of shell graph by a path of arbitrary
length is pair difference cordial.

Proof Let G be the graph obtained by joining two copies of shell graph by a path of length.
Let a1, ag,as, -+ ,ay, be the successive vertices of 15¢ copy of shell graph and let by, bo, b3, - - , by,
be the successive vertices of 2% copy of shell graph. Let ci,ca,c3, -+, ¢, be the successive

vertices of path P, with ¢; = a; and ¢ = b;.
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There are two cases arises.
Case 1. kis odd.

Assign the labels 1,2, —1,—2 respectively to the vertices ¢y, ¢o,c3,¢q4 and assign the la-
bels 3,4, —3, —4 to the vertices cs, cg, c7, cg respectively. Next assign the labels 1,2, —1,—2
respectively to the vertices cg, c10,c11,c12 and assign the labels 5,6, —5,—6 to the vertices
C13, C14, C15, C16 respectively. Proceeding like this until we reach ¢, _1.

Now, we assign the labels

E+1 kE+3 k+5 2n+k—1

2 2 2
respectively to these vertices ao, a3, aq, -+ ,a,—1 and
k+1 k+3 k+5 2n+k -1
T2 2 T2 T
respectively to the vertices by, b3, by, -+ ,b,_1. Finally assign the label f% to the vertex c,.

Case 2. k is even.

Assign the labels 1,2, —1, —2 respectively to the vertices ¢, co,c3,¢4 and assign the la-
bels 3,4, —3,—4 to the vertices cs, cg, c7, cs respectively. Next assign the labels 1,2, —1, -2
respectively to the vertices cg, c19,c11,c12 and assign the labels 5,6, —5,—6 to the vertices
13, C14, C15, C16 respectively. Proceeding like this until we reach c¢,,.

Now, we assign the labels

E+2 kE+4 kE+6 2n+k—2

2 0 2 7 2 2
respectively to these vertices as,as, a4, -+ ,a,_1 and
k+2 k44 k+6 2n+ k-2
2 2 7 2 77 2
respectively to the vertices by, b3, by, -+ ,b,—1 and get the result. O

Theorem 3.8 An ice cream graph IC,, is pair difference cordial for n > 3.

Proof Take the vertex set and edge set from Definition 2.5. There are two cases arises.
Case 1. n is even.

Assign the labels

n
1,2,3,--, =
2
to the vertices aj, a2, a3, -+ ,az and assign the labels
—1,-2,-3,--- ,——

to the vertices an+2, Gn+4,Gn+6, -+ ,a,. Finally assign the labels "7”,—”7“ to the vertices
2 2 2
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Vo, V.
Case 2. n is odd.

Assign the labels

n+1
1,2,3,---
) 9 ) ) 2
to the vertices a1, as,as, - - - »@ng1 and assign the labels
n—1
_17_2a_37"'7_ 2
to the vertices Unts ,Ongs Angt, <+, G- Finally assign the labels ”TH,l to the vertices vy, v.

For illustration, ICy is shown in Figure 4.

1

Figure 4

This completes the proof. O
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Abstract: The stenosis and non-Newtonian property of the fluid in the blood flow represent
the behavior of Herschel- Buckley fluid. In a tapered tube model all the vessels which
carry blood towards the tissues are considered as long, slowly tapering cones rather than
cylinders. Since the blood flow consist of two regions in which one is central region, consist
of concentrated blood cells and its behavior is non-Newtonian and other region is peripheral
layer of plasma which represent the Newtonian behavior of fluid motion. In present paper, we
have considered the flow of blood through a uniform tapered tube which obeys the Bingham
fluid model and obtained the condition for the wall shear stress and pressure gradient.
Further in various graphs we represent the variation of shear stress at the wall and pressure
gradient with respect to suspension concentration and tapered angle over the flow rate range
0.01 to 0.1 cc/sec.

Key Words: Newtonian fluid, blood flow, wall shear stress, tapered vessel, stenosis, Bing-

ham model.
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§1. Introduction

Womersley [14] introduced the concept of a tapered tube model for blood vessel and considered
that all the vessels which carry blood towards the tissues should be long, slowly tapering cones
rather than cylinders. Further Charm and Kurland [4] have examined the nature of blood
flow in non-uniform capillary tubes which are relatively large diameter where the influence of
a marginal gap is negligible, experimental values agree well with the anticipated value. But
in cylindrical tubes where the influence of a marginal gap becomes important, the calculated
and anticipated values diverge unless the probable gap width based on formulas validated in
straight tubes. This conditions strongly suggests that marginal layers develop in tapered tubes

similar to those in straight tubes.

Oka [9] has calculated the pressure development in a non-Newtonian flow through a tapered
tube and obtained the distribution of pressure through tapered tube for Power law, Bingham

1Received July 1, 2023, Accepted December 14, 2023.
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body and Casson fluids. Chaturani and Pralhad [5] and Kumar and Kumar [5] have studied
a steady laminar flow of blood in a uniform tapered tube by assuming blood as a polar fluid
and obtained the analytical expressions for wall shear stress, pressure drop, total angular and
axial velocities. Bagchi [1], Bugliarello and Sevilla [2], Chan [3], Chaturani and Palanisamy [6],
Jianncing [7], Pappu and Bagchi [10], Pries and Secomb [11], Sakamoto et al. [12] and Singh
and Kumar [13] have discussed the role of plasma peripheral layer on blood flow in capillaries.

In the present paper we have considered an anomalous behavior of blood flow through
uniform tapered tubes and to understanding the complex rheological characteristics of blood
flow we also considered Bingham blood model and obtained the expressions for the wall shear
stress and pressure gradient. Further in various graphs we represent the variation of shear stress
at the wall and pressure gradient with respect to suspension concentration and tapered angle

over the flow rate range 0.01 to 0.1 cc/sec.

82. The Mathematical Model

We considered a steady laminar flow of incompressible viscous non-Newtonian fluid model in a
uniformly tapered tube of circular cross-section and the problem investigated under following

assumptions:

(i) Taper angle is very small;

(#) The motion is steady axisymmetric and in the z-direction;
(#i1) No body forces act in the fluid;

(iv) The motion is so slow that inertia term can be neglected;
(

v) Pressure gradient is a function of axial co-ordinates only.

Further a section of tapered vessel is shown in Figure 1.

Ry R(z)

Figure 1. Geometry of the vessel

The radius of the tapered tube R(z) is given by
R(z) = Rp — ztan¢

where Ry is the tube radius at z = 0, ¢ is the tapered angle and z the axis of the tapered tube.
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2.1. Governing Equations. The governing equations in cylindrical co-ordinate system
(r, z,0), which mathematically describe the laminar flow problem of an incomressible fluid are
given by the continuity equation

ov, oV, V. 10V

2 Tt trae =0 1)

and the momentum equations

DV. o 9, 0V. 19 19V, oV

"Dr = e o) e G e It
8. v, aV.. u, V. vV,
S5+ 5o+ (G + 50, (2.2)

D _ 0 9 9 4 Vo O
where 57 = 5 +Vigr + Voo + 755

Making use of the assumptions (i7), we have

0 0

a = O7 % = 0, ‘/7‘ = VQ = 0, ‘/z = V(?”) (23)

Using equation (2.3) in equation (2.2), we find the equations of motion and continuity for

fully developed steady viscous incompressible laminar flow under no-body forces as

_Op 10
0=-%. "7, 24
_op
0=2L, (2.5)
oV
E — 07 (2.6)

where p is the pressure, V is the axial velocity and 7,., = (u%—‘:) the shear stress normal to r in

z-direction.

2.2. Constitutive Equation. The constitutive equation for the shear stress 7 and strain
rate 7y is given by
T=To+py; T>7, and §=0; T <7, (2.7)

where 7 is the yield stress, u the coefficient of viscosity and  the shear strain rate.

2.3. Boundary Conditions. The appropriate boundary conditions are given by

V=0 at r=R(z), (2.8)
Trz =Tw at 1= R(z), (2.9)
V=V, at r=R, (2.10)
Tr. 45 finite at r =0, (2.11)

where R, is the plug radius and V,, the plug velocity.
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2.4. Solution for Velocities, Volume Flow Rate and Wall Shear Stress.

(1) Velocities. Integrating equation (2.4) with the boundary condition (2.11), we get

r Op
=L 2.12
i 20z (2.12)
Making use of the equation (7) in equation (12), we have velocity equations as
dv 1, 0pr
— =—(=—=-7); R, <r<R 2.13
dr ,u(82’2 7—0)7 p ST (Z)7 ( )
v,
d—r”:o; 0<r<R,. (2.14)

The plug flow exists whenever the shear stress does not exceed yield stress. Solving equa-
tions (2.13) and (2.14) with boundary conditions (2.8) to (2.10), we get

Tw(2) r2 T

V= o R(Z)[l_RTz)_%(l_m)]’ (2.15)
_ T (2)
Vo= o R(2)(1 - B)?, (2.16)
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where 8 = IR

(2) Volume Flow Rate and Wall Shear Stress. The volume flow rate @ is given by

Q=Q1+ Q2 (2.17)
where (1 and @9 are given by
Ry

Q1 = / 27 Vprdr = TV, R2, (2.18)

0

R(z)
Q2 :/ 2rVordr. (2.19)
Ry

Now substituting the values of V,, and V from equations (2.15) and (2.16) in equations
(2.18) and (2.19), we obtain

@ = T gy -y (2.20)
@ = gl IR G5 — 55— 2+ 287 - 267). (2:21)

Using equations (2.20) and (2.21) in equation (2.17), we have

™

4
Q= LR ()1~ 56) (222

in where higher order of 5 are neglected.

Now from equation (2.12) and (2.22) with boundary condition (2.9), the pressure gradient
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is obtained as

op  8u@ 4
0z wRA(2) (1+ gﬂ) (2.23)

From equation (2.22) we have the shear stress at the wall as

n(e) = s+ 30) (2.21)

Now using equations (2.23) and (2.24), we have

Tw(z) = Rgz) %. (2.25)

Therefore, by the equations (2.23) and (2.24) we obtain that the pressure and the shear

stress at the wall increases when R(z) decreases.

83. Results and Discussion

The pressure gradient and shear stress at the wall are given by the equation (2.23) and (2.25)
respectively in which we observe that 7,z and 9p/0z changes with z (along the tube axis),
i.e. pressure gradient and wall shear stress increases with decrease in the radius of the tapered
tube. Therefore we should not take the pressure gradient to be constant. Some authors have
proposed a micro polar fluid model for blood flow through a small tapered tube and have
assumed pressure gradient to be constant throughout the investigation, which is not true.

We consider the radius of tapered vessel Ry = 100um. The variation of pressure gradient
and shear stress at the wall are calculated, with the help of equations (2.23) and (2.24) for the
flow rate over the range 0.02 to 0.10 cc/sec, for different tapered angles (1° < 6 < 2°) and the
suspension concentrations 20%, 30% and 40% .

] 4.0
H= 40%
s
s 3.0
g H= 30%
]
>
] 3
e 2.0
= = 208
x
(§
& 1.
<
[0]
(8] 0.02 0.06 0.10
Q (cc/sec) —_—

Figure 2. Variation of pressure gradient with flow rate for different suspension concentrations
(Z =0.10cm, ¢ = 1.4°, Ry = 0.01cm)
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Figures 2, 3 and 4 show the variation of pressure gradient with flow rate for different sus-
pension concentration, different tapered angle and different axial distance. From these Figures
it is clear that pressure gradient increases with increase in axial distance, tapered angle and
suspension concentration.

(@p/dz) x 10° (dynes/cm®)
- 2 &) >
5 5 o >
\“
. I " n I
5 b kS o

Q (cc/sec) —_ >

Figure 3. Variation of pressure gradient with flow rate for different tapered angles
(H = 4%, Ry = 0.01cm, z = 0.10cm)
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<
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-
X
N
<
&
[©
<
g Q= 0.02
0.05 0.10 0.15 0.20
Z (cm) _—

Figure 4. Variation of pressure gradient with axial distance for different flow rates
(Rp = 0.01cm, H = 40%, ¢ = 1.49)

Now, Figures 5, 6 and 7 show the variation of shear stress at the wall with flow rate @ for

different angles, axial distances and concentrations.
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Figure 5. Variation of wall shear stress with flow rate for different tapered angles
(H = 40%, Ry = 0.01cm, z = 0.10cm)
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Figure 6. Variation of wall shear stress with axial distance for different flow rates
(H = 40%, ¢ = 1.4°, Ry = 0.01cm)
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Figure 7. Variation of wall shear stress with flow rate for different hematocrit
(¢ =1.4°% 2z = 0.1cm, Ry = 0.01cm)



102 Arun Kumar Pandey and V. K. Chaubey

From the above figures, it is clear that shear stress at wall increases with suspension
concentration and tapered angles. 7,2 is an increasing function of axial distance. Thus, for
known flow rate, the shear stress can be calculated at any point of the tapered tube. These
fluid dynamics results could be very useful in understanding the vascular fluid mechanics. Now
from Figures 8, 9 and 10 we have, for Newtonian fluid 8 = 0, the variation of pressure gradient
with flow rate Q for different suspension concentrations, tapered angles and axial distances.
We observe that the values of pressure gradient are less than those for Bingham fluid model.

From these Figures, the same trends for pressure gradient are obtained as for Bingham fluids.

H= 40%

= 30%

= 20%

(Op/dz) x 10° (dynes/cm®)
= I\
0 w
. b2 g
o o)

0 0.02 0.06 0.10

Q (cc/sec) e

Figure 8. Variation of pressure gradient with flow rate different suspension concentration
(Newtonian fluid with ¢ = 1.4° 2z = 0.10cm, Rg = 0.01cm, 8 = 0.0)
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- © o
o o o
e v e
" n I
o b b

0 0.04 0.C8 0.12
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Figure 9. Variation of pressure gradient with flow rate for different tapered angles
(Newtonian fluid with H = 40%, Ry = 0.01em, z = 0.10cm, 8 = 0.0)
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Figure 10. Variation of pressure gradient with axial distance for different flow rates
(Newtonian fluid with H = 40%, Ry = 0.01cm, ¢ = 1.4°, 3 = 0.0)
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Famous Words

The combinatorial conjecture for mathematical science is not so much a mathematical
conjecture name as a philosophical thought corresponding to the combinatorial notion of things,

aiming at promoting human recognition of things in the universe and developing science.

By Linfan MAQO, a Chinese mathematician, philosophical critic.
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