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Abstract: The main objective of this work is shown that: if R is a 2-torsion free semiprime
ring, consider that T = (t:;),cy a family of additive mappings of R onto R, such that
2n(zyz) = >0 ti(x)tic1(y)tic1 (@) + tica(x)ti—1 (y)ti(x), holds for all z,y € R and n € N,
then T is Jordan higher centralizer of R.
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§81. Introduction

Let R be a ring. An additive mapping T : R — R is called a left (right) centralizer of
R if T(zy) = T(2)y (T(zy) = 2T (y)),is called a left (right) Jordan centralizer of R in case
T (2?) = T(x)z(T (x*) = 2T(z)), holds for all z,y € R. We follow Zalar [7] and call T a
centralizer in case T is both a left and a right centralizer. Vukman [5] proved that if T: R — R
is an additive mapping such that 2T (22) = T'(z)x 4+ 2T'(z) holds for all # € R then T is a
centralizer. In [1] and [2] A.M. Ibraheem and S.M. Salih presented and studied the concepts of
higher triple left (resp. right) centralizer and Jordan higher triple left (resp. right) centralizer
of rings and T'-ring, and in [3] they provide that: if M is a 2-torsion free semiprime I'-ring
satisfying the assumption parfBq = pfSraq, for all p,r,q € M and o, € T, F € (f;)ien is a
family of additive mapping associated with a Jordan higher triple centralizer T' = (¢;);en of M
such that

2 fn(parBq) = Z filp)ati—1(r)Bti—1(p) + ti—1(p)at,—1(pr) fi(p)

hold for all p,r € M and «o,8 € T, and n € N of M, then F is Jordan generalized high-
er triple centralizer of M. In this paper we prove that: if R is a 2-torsion free semiprime
ring and T € (¢;)ien & family of additive mappings of R onto R, such that 2t,(xyz) =
S ti(@)tici(y)tizi (z) + tizi(z)ti—1(y)ti(z), holds for all z,y € R and n € N, then T is
Jordan higher centralizer of R.

1Received September 22, 2022, Accepted December 2, 2022.
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§2. Main Results

For proving our main results, we need the following Lemmas:

Lemma 2.1([6]) Let R be a 2-torsion free semiprime ring. Suppose that the identity axb+ bxc
holds for all x € R and for some a,b,c € R, then (a 4+ ¢)xb =0 for all x € R.

Lemma 2.2 Let R be a semiprime ring, and T = (t;)ien be a family of an additive mappings
of R onto R, such that

n

2ty (zyz) = Zti(m)tz’—l(y)ti—l(x) +tio1(@)ti-1(y)ti(x)

forallz,y € R and n € N, then

n

(i) 2tn(vyz + zyz) = ;ti(x)tifl(y)tifl(z) +ti(2)ti—1(y)tio1(z) + tici(@)ti—1 (y)ti(2) +
tic1(2)tic1(Y)ti(z);

(i) <tn (22-) é ti(x)ti_l(:c)) ti 1 ()1 (2) i ()i (3) (tn (?) i:l ti_l(:n)ti(x)> _
0;
(#i1) If R is a 2-torsion free ring, then

2, (2%) =Y ti(@)tio1 (@) + i (2)ti(2);
i=1

() In particular if R is a 2-torsion free commutative ring, then

n

2, (zyz) = Y ti(@)tio (Y)tio1(2) + tioa (@)t (Y)ti(2).
=1

Proof (i) Linearizing the hypothesis on z, we get
2, (x4 2)y(x +2) = D> _ti(w+ 2)tia(W)tia (@ +2) +tia (@ + 2)tia (Yt + 2),
i=1

= Z ti(@)ti—1 (Y)tim1 () + ti(@)tim1 (Y)tiz1(2) + ti(2)ti-1 (Y)tio1(2)

+ti(2)tim1()ti-1(2) + tic1 (@)1 ()t (@) + tima (@) tim1 (y)t(2)
+tic1(2)tica(W)ti(z) + tica(2)ti—1(y)ti(z) - (1)

On the other hand

2t, ((z + 2)y(z + 2)) = 2t, (vyz + Yz + 2yx + 2y2)
= 2tn(zyz) 4 2tn (2y2) + 2tn(2yz + 2yz). (2)
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Comparing (1), (2) and with the hypothesis, we get

2t, ((z + 2)y(z + 2)) Zt —1(2)

+t (2)tici(W)ti—i(z) +timi(2)timi () ti(2) + timi(2)tim1 (y)ti ().

(ii) Putting 22 for z in part (i), we get
2ty (5623/37 + xya:Q) = Zti(x)tifl(y)tifl (SBZ) +1; (3?2) ti—1(y)ti—1 ()
+ ti_l(z)ti_l(y)ti_l (LE2) + ti—l (.T2) ti—l(y)ti—l (II?) ce (3)
Replacing t;—1 (2?) by t;—1(x)t;—1(z) in (3), we get
2t (2?ya + wya?) = Zti(m)tifl( i—1ti—1(@)ti—1(2) + tic1(@)tio1(2)ti-1 (y)ti-1 (2)
+tici (@)t ()tic (@)t (@) + tia (@)t (@)t (Y)tioa () - (4)
Replacing y by yx + zy in the hypothesis, we get
2ty (2(yz + zy)w Zt tio1(ya)tio1 (@) + ti(@)ti—1 (zy)ti1 (@)
ot (@)t (g) () + b (@)t (g)a(a) (5)
Replacing t;—1(yz) in (5) by t;—1(x)t;—1(y), and t;_1(xy) by t;—1(y)ti—1(x), we get
2t, (2?ya + wya?) = Z ti(@)tio1 (@)tio1(Y)ti-1(2) + ti(@)tioa (Y)ti—1 (@)ti—1 (v)

+ ti1 (@)t (Y)ti-1 (@)t (@) + iy (@)t (@)tio1 (y)ts(@) - . (6)

Comparing (4) and (6), we get

(tn (z*) - Zti(ac)til(x)> tici(y)tiz1(z) + timr (2)ti—q < th 1 ) =0.
i=1

(iii) Taking a = t,, (2%) — 31 t(2)tim1(x), b= t,, (2?) — i g tim1(@)ti(2), ¢ = ti—1(y)
and d = t;_1(z) in (i7) we find that acd 4+ dcb = 0 for all ¢ € R. Then, by Lemma 2.1, we have

(tn (z?) — Zti(x)ti,l(x) +tn (%) — Ztil(x)ti(x)> ti1(y)tii(x) =0,

<2tn (1;2) _ Zti(:p)tifl(l‘) - Ztil(x)ti(x)> tifl(y)tifl(w) =0 (7)
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for all z,y € R and n € N. Let

then (7) becomes
Ap () tp—1(y)tn—1(x) =0.

Replacing t,,—1(y) by tn_1(z)tn_1(y)A,(x) in (8), we get
An(@)tn 1 (2)tn—1(y) An(2)tn-1(z) = 0
Since t,—1(y) is onto and R is semiprime, we have
Ap(z)tn_1(x) =0, for all x € R.
Left multiplying (8) by ¢,,—1(z) and right multiplying by A, (z), we get
tn—1(2)Ap(2)tn—1(y)tn_1(x)An(z) = 0.
Since t,—1(y) is onto and R is semiprime, we have
tn—1(x)Ap(z) =0, for all x € R.
Linearizing (9), we get
Ap(z+y)tn—1(z+y) =0, forallz e R

that leads to
(An(z) + An(y) + Bu(z,y)) (ta—1(z) + ta-1(y)),

where

Bu(w,y) = 2n(ey+yz) = 3 ti(@)tia(y)
- Zt (Wti1(z) — Zti—1($)ti(y) - Ztifl(y)ti(x) =0
=1 =1 i=1

This yields that

Ap(X)tn—1() + Ap(Y)tn-1(z) + Ap(2)tn—1(x) + Bp(z,y)tn_1(x)
+ An(‘T)tnfl(y) + An(y)tnfl(?» + Bn(m? y)tn71<y) =0.

Using (9) in (11), we get

An (y)tnfl(x) + An(x)tnfl(y) + Bn(xv y)tnfl(lv + Bn ({177 y)tnfl(y) =0.

(10)

(11)
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Replacing « by —z in (12), we get

An(2)tn-1(y) = An(Y)tn-1(2) + Bn (2, y)tn—1(2) = Bu(z,y)tn-1(y) = 0. (13)
Comparing (13) with (12), and since R is 2-torsion free, we arrive at
A (@)tn-1(y) + Bn(,y)tn1(z) = 0. (14)
Right multiplying (14) by A, (z) and using (10), we get
A (2)tn-1(y)An(z) = 0.

Since t,—1(y) is onto and R is semiprime, we have A, () = 0 for all x € R. That is,
2t, (2%) = zn:ti(x)ti,l(x) +ti1(z)ti(x).
i=1
(iv) By using (i), and since R is commutative, we have
2ty (zyz + 2yz) = 2(2t, (zyz)) = 2 <i ti(x)ti1(y)ti—1(z) + ti_l(x)ti_l(y)ti(z)>
i=1

for all z,y € R and n € N. Since R is a 2-torsion free we get the require result. O

Theorem 2.3 Let R be a 2-torsion free semiprime ring, and T = (t;);en be a family of additive
mappings of R onto R such that

2t, (ryz) = Z ti(x)tici(y)ti—i(z) + tio1(x)ti—1 (y)ti(x)

i=1

holds for all z,y € R and n € N, then T is Jordan higher centralizer of R.

Proof Taking (iii) of Lemma 2.2 and linearizing it, we have
2, ((x +y)(z +y)) = 2t, (z2) + 2t, (zy + ya) + 2tn (v7)
= zn:ti(:r)tm(x) +ti(y)tioa(y) + ti(@)ti-1(y) + ti(Y)ti-1(z)
Zi tic(@)ti(@) +tic (i) + tima (@)t (y) + tioa (y)ti()

By applying (ii7), we get

n

2ty (zvy +yx) = Zti(x)tifl(y) +ti(y)ti—i(z) +tim1(2)ti(y) + tic1(y)ti(x) (15)
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for all z,y € R. Replacing y by 2zyx in (15), we get

2(2t,, (z(zyz) + zyz)x)) = Z ti(x)t;_1 (zyT)

+ti(zyx)ti—1(x) + timq ()t (zyx) + tio1 (zyz)t; (x).  (16)

Now, replacing t;—1(zyz) by t;—1(x)t;—1(y)t;i—1(z) in (16) and applying the condition of
the theorem, we ge

n

Aty (yx + zya®) =2 Z ti(z)ti—1(z)tiz1(y)ti-a(z)
i=1

+ti(@)tici ()t (2)tio1(2) + tica ()1 (Y)tio1 ()t ()
+tic1(@)ti(@)ti—1 (Y)ti-1 (@) + i1 (@)ti—1 (@) tim1 (Y)ti-1 (2)
+ 2t (2)ti—1 (Y)ti-1 (2)ti(2). (17)

Comparing (17) with equation (6), we have

n

D @)t W)t (@)1 (@) + Lo (@) (@)t (Yt ()

i=1
— ti (@)t (@)t (Y)ti-1(z) — tima (2)ts(2)ti-a (y)ti(z) = 0. (18)

Replacing t;_1(y) by t;—1(y)t;—1(z) in (18), we get

D (@)t (W)t (@)tioa (@)t (@) + tioa (@)t (@) ()t ()1 ()

=1
—tica(@)ti(@)tio1 (Y)tio1 (@)1 (x) — tica (@)t (2)tioa (y)ti-1 (@)t (x) = 0. (19)
Right multiplying (18) by ¢;_1(z), we get

Z ti(x)tica (Wt (@)t (@)tioa (@) + tioa (@)t (@)tima ()t (2)ti-1 (2)

—tica(@)ti(@)tica(Y)tio1 (@)tio1 (x) — tima (@)t (2)tioa (y)ti(@)ti—1 (x) = 0. (20)

Subtracting (19) from (20), we get
Zti—l(w)ti—l(ﬂf)ti—l(y) [ti(2), tia (2)] = tica(@)tioa(y) [ti(2), tia (2)] tia (2) = (21)

for all 2,y € R. Replacing ¢;_1(y) by t;(y)ti—1(y) in (21), we get

D tica (@1 (@)t ()t () [ti(@), ti1 (2)] — ti1 (@)t (W)t () [ti(2), L1 (2)] tioa () = 0. (22)

1=1
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Left multiplying (21) by t;, we get

n

> ti(@)tia(@)tio1 (@)t (y) [ti(@), tia (2)] — ti(@)tioa (@)t (y) [t (2), tia (2)] i (z) = 0.

=1
Subtracting (22) from (23), we get

n

> i), i (@)tioa (@)] tioa (y) (@), tioa (@)

i=1
—[ti(x), tic1 (@) tic1 (y) [ti(w), tica (z)] ti1(z) = 0.

Now, in (24) if we take

a = [ti(z),tioa(x)tioi(x)],
b = [ti(z),ti1(x)],
c = [ti(z),tic1(2)]ti1(x)

n

Y ([ti@), tima (@)tima (@)] = [ti(@), tima ()] tima (2)) tima (y) [ti(@), timr (2)] = O

i=1

This implies that,

Zti—l(I) [ti(x),tim1(x)] tic1(y) [ti(2), tica(z)] =0

for all z,y € R. Replacing t;_1(y) by t;—1(y)t;—1(z) in (25), we get

th‘—l(@") ti(@), ti1(2)] tim1(y)tiz1(2) [ti(z), tic1(z)] =0

for all z,y € R. Since t;_1(y) is onto, and R is semiprime ring, we have

Zti—l(ﬂi) ti(x),ti-1(z)] =0

for all 2,y € R. Replacing ¢;_1(y) by t;i—1(x)t;—1(y) in (18), we get

n

D til@)tica (@)t (W)t (@)tioa (@) + tioa ()t (@)t ()t (y) i (@)

—tia(@)ti(@)tio1 (@)t (Y)tio1(x) — tica (@)t (2)tioa (2)ti-1 (y)ts(x) = 0.

Left multiplying (18) by t;_1(x), we get

(23)

and d = t;_1(z). Hence, we have adb + bdc = 0 implies that (a 4+ ¢)db = 0, by Lemma 2.1 and

so we get

(25)

(27)
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D tia@)ti@)tioa (Y)tioa (@)t (@) + tioa (@)t (@)t (@)1 (Yt ()
=1
—ti(@)ti(@)ti(@)tic1(Y)ti-1 (@) — tic (@)ti-1 (@)t (2)ti-1 (y)ti(x) = 0.

Subtracting (27) from (28), we get

n

Z [ti(z), i1 (@) tici (Y)tia (2)ti1(z) — tia (@) [ti(@), tim1(2)] tic1 (y)ti1(z) = 0,

i=1
for all z,y € R. Using (26) in (29), we get

n

Z [ti(z), ti—1(2)] ti1 (y)ti—1 (2)ti—1(2) = 0.

K2

Replacing t;—1(y) by t;—1(y)t;(x) in (30), we get

> (@) tica (@) i (W)t (@)tioa ()1 (x) = 0.

i=1
Right multiplying (30) by ¢;(z), we get

n

D [ti@) tim (@)t ()t (@)t (@)t (2) = 0.

Subtracting (31) from (32), we get
[ti(@), ti—1 ()] ti1 (y) [ti(@), tima (2)ti—1(2)] = 0.

(3

Now, we can rewritten (33) and using the relation (26), we get

n

D [ti@) tica (@) tia () [ti(2), tima (@)] tima (@) = 0.

i=1
Replacing ¢;—1(y) by t;—1(x)t;—1(y) in (34), we get

[ti(x), ti1(2)] tic1(x)tioa(y) [ti(z), tica (x)] tim1 (x) = 0.

n

(2

Since t;-1(y) is onto, and R is semiprime ring, we have

[ti(z),ti—1(x)] ti—1(x) = 0, for all z,y € R.
1

n

7

(28)

(30)

(33)

(35)
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Linearizing (26) and using (26) again, we have

Z ti—1(y) [ti(2), tic1 ()] + tiz1 (@) [ti(y), tim1 ()] + tica(y) [ti(y), tiz1(2)]
+ti1 (@) [ti(2), tica(y)] + tica(y) [ti(2), tica (y)] + tioa (@) [ti(y), tio1(y)] = 0. (36)

Replacing x by —z in (36), we get

Z tic1(y) [ti(2), tio1(2)] + tica (@) [ti(y), tiz1 (@)] + tica () [ti(), tim1 (v)]
=ti—1(y) [ti(y), tim1 (2)] + tica (y) [ti (@), tica (v)] + tia(2) [ti(y), tio1(y)] = 0. (37)

Putting (37) in (36) and since R is 2-torsion free, we have
n
D i) [ti(@), tioa ()] + tia (@) [t (y), i (@)] + tioa (2) [ti(2), tioa ()] = 0. (38)
i=1
Left multiplying (38) by [t;(x), t;—1(2)], and using (35), we get
[ti(x), ti_l(x)] ti—l(y) [ti(l‘), ti_l(x)] = 0, for all X,y € R.
i=1
Since t;—1(y) is onto, and R is semiprime ring, we have
Z [ti(ac), ti,l(m)] =0. (39)
i=1
Comparing (39) with part (éi7) of Lemma 2.2, we get
tn(z?) = Zti(x)ti,l(m) and t,(z?) = Zti,l(m)ti(x)
i=1 i=1

That is, T is a Jordan higher left and right centralizer of R, hold for all x € R, and n € N.
Therefore, T' is Jordan higher centralizer of R. U

Proposition 2.4 Let R be a 2-torsion free semiprime ring, and T = (t;); € N be a family of
additive mappings of R onto R, such that

2 (wyx) = > ti(@)tia (y)tioa (@) + tia ()t (y)ti()
i=1
for all z,y € R and n € N,then T is Jordan higher triple centralizer of R.

Proof From [2] we have T is Jordan higher left and right centralizer of R, and by [4] we
get, T is a Jordan higher triple left centralizer of R.
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Similarly, we can prove that T is a Jordan higher triple right centralizer of R, Therefore,

we have T is Jordan higher triple centralizer of R.
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Abstract: In this paper, we introduce support edge regular neutrosophic fuzzy graph,
support totally edge regular neutrosophic fuzzy graphs and investigate some theorems and
results of these graphs. Also the comparative study between edge regular neutrosophic fuzzy

graph and support edge regular neutrosophic fuzzy graph are done here.
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§1. Introduction

Prof.Smarandache [20] introduced notion of neutrosophic set which is useful for dealing real
life problems having imprecise, indeterminacy and inconsistent data. They are generalization
of the theory of fuzzy sets, intuitionistics fuzzy set, interval valued fuzzy set, and interval
valued intuitionistic fuzzy sets. Nagoor Gani and Radha [4] introduced regular fuzzy graphs,
total degree and totally regular fuzzy graphs. Irregular fuzzy graphs are introduced by Nagoor
Gani, S. R. Latha [3]. Azriel Rosenfeld introduced fuzzy graphs in 1975 [5]. N. Shah [19]
introduced the notion of neutrosophic graphs and different operations like union, intersection
and complement in his work. A neutrosophic set is characterized by a truth membership
degree (t), an indeterminacy membership degree(i), falsity membership degree(f) independently,
which are with in the real standard or non standard unit interval |~0,17[. Divya and Dr. J.
Malarvizhi introduced the notion of neutrosophic fuzzy graph and few fundamental operation
on neutrosophic fuzzy graph [1]. N. R. Santhi Maheswari and C. Sekar introduced Neighbourly
irregular graphs and semi neighbourly irregular graphs, m-neighbourly irregular Fuzzy graphs,
m-neighbourly irregular intuitionistic Fuzzy Graph [7, 8, 9].

N. R. Santhi Maheswari and C. Sekar introduced edge irregular fuzzy graphs, neighbourly
edge irregular fuzzy graphs, strongly edge irregular fuzzy graphs [10, 11, 12]. N. R. Santhi Ma-

1Received August 21, 2021, Accepted December 3, 2022.
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heswari and C. Sekar introduced edge irregular bipolar fuzzy graphs, neighbourly edge irregular
bipolar fuzzy graphs, strongly edge irregular bipolar fuzzy graphs [13, 14, 15]. N. R. Santhi
Maheswari, M. Sudha and Durga introduced edge irregularity intuitionistic fuzzy graph [16].
R. Muneeswari and N. R. Santhi Maheswari introduced support edge regular fuzzy graph [6].

N. R. Santhi Maheswari and K. Amutha introduced support neighbourly edge irregular
graphs and 1-neighbourly edge irregular graphs [17, 18]. S. Sivabala and N. R. Santhi Maheswari
introduced support edge irregular neutrosophic fuzzy graphs, neighbourly and highly irregular
neutrosophic fuzzy graphs and highly edge irregular neutrosophic fuzzy graphs [21, 22, 23].

These ideas motivate us to introduce support edge regular and support totally edge regular
neutrosophic fuzzy graphs.

82. Preliminaries

In this section, we mainly recall the notions related to neutrosophic set, fuzzy graph, neutro-

sophic fuzzy set and neutrosophic fuzzy graph.

Definition 2.1([20]) Let X be a space of points with generic elements in X denoted by x. A
neutrosophic set A(NSA) is an object having the form

A={<z:Ts(x),Ia(z),Fa(z) >z € X},

where the functions T, I, F —]~0,17[ define respectively a truth membership function, an inde-
terminacy membership function and a falsity membership function of the element x € X to the
set A with the condition

0L TA(?L’) + IA(CL') + FA(x) <3t

The functions Ta(z),Ia(x), Fa(z) are real standard or non standard subsets of |~0,17].

Definition 2.2([3]) A fuzzy graph is a pair of functions G = (o, 1), where o is a fuzzy subset
of a non-empty set V and is a symmetric fuzzy relation of o i.e o : V — [0,1] and p: VXV —
[0,1] such that p(uv) < o(u)Ao(v),Yu,v € V where uv denote the edge between u and v, and
o(u)Ao(v) denotes the minimum of o(u) and o(v), o is called the fuzzy vertex set of V and u
is called the fuzzy edge set of E.

Definition 2.3([1]) Let X be a space of points with generic elements in X denoted by x.
A neutrosophic fuzzy setA(NFSA) is characterized by truth membership function Ta(x), an
indeterminacy membership functions I4(x) and a falsity membership function Fa(x).
For each point © € X, Ta(x),Ia(z), Fa(z) € [0,1]. A neutrosophic fuzzy set A can be
written as
A={<z:Ta(z),Ia(x),Fa(x) >z € X}

Definition 2.4([1]) Let A = (Ta,Ia,Fa) and B = (T, Ip, Fp) be neutrosophic fuzzy sets on
a set X. If A = (Ta,Ia,Fa) is a neutrosophic fuzzy relation on a set X, then A = (Ta,la, Fa)
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is called a neutrosophic fuzzy relation on B = (Tg, I, Fg) if
Tp(x,y) < Ta(z).Ta(y),
Ip(z,y) < Ta(x).Ia(y),
Fp(z,y) < Fa(z).Fa(y),

for all x,y € X, where . means the ordinary multiplication.

Definition 2.5([1]) A neutrosophic fuzzy graph (N Fgraph) with underlying set V is defined
to be a pair N = (A, B), where

(i) The functions Ta,Ia,Fa:V — [0,1] denote the degree of truth membership, degree of
indeterminacy membership and the degree of falsity membership of the element v; € V respec-
tively and 0 < Ta(v;) +I1a(vi) + Fa(vi) <3;

(i1) E CV x V where the functions Tg,Ig,Fp : V x V — [0,1] are defined by

Tg(vi,vj) < Ta(v;).Ta(vy)
Ip(vi,v;) < Ia(vi).Ia(vy)
Fp(vi,v;) < Fa(vi)-Fa(vj)
forallv;,v; € V, where . means ordinary multiplication denotes the degrees of truth membership,

indeterminacy membership and falsity membership of the edge (v;,v;) € E respectively, where
0< TB(UZ‘,’UJ‘) + IB(’UZ‘,UJ‘) + FB(UZ‘,’UJ‘) <3 fOT‘ all (Ui,’l}j) cF (Z,j =1,2,--- ,n).

Definition 2.6([23]) Let Ng = (A, B) be a neutrosophic fuzzy graph. The degree of an edge
uwv in Ng defined by dy,(uv) = dyg(u) + dn. (v) — 2(Tp(uv), Ig(uww), Fp(uwv)), dy.(u) =
(degr (), degi (u), degr(w)), dng (v) = (degr(v), degs (v), degp(v)), where

degr(u) = Z Ts(uwv), degr(u) = Z Ig(uv),

uwek uwvekl
degp(u) = Z Fg(uv), degr(v) = Z Tp(uv),
uwek uwveE
degi(v) = > Ip(w), degr(v)= > Fg(uv).
uwek weE

The minimum degree of an edge is dg(Ng) = NMdn, (uv)/uv € E}. The mazimum degree of
an edge is Ag(Ng) = V{dn, (uv)/uv € E}.

Definition 2.7([23]) Let Ng = (A, B) be a neutrosophic fuzzy graph. The total degree of an
edge wv in Ng defined by tdn, (uv) = dy, (w) + (T (uv), Ig(uv), Fp(uv)). The minimum total
degree of an edge is 6,5(Ng) = MNMtdng (uwv)/uv € E}. The mazimum total degree of an edge is
Aig(Ng) = V{tdn, (uv)/uv € E}. 2z

Definition 2.8([23]) Let N¢ be a neutrosophic fuzzy graph on G(V, E). Then Ng is said to be

an edge regular neutrosophic fuzzy graph if all edges having same edge degree.

Definition 2.9([23]) Let N¢ be a neutrosophic fuzzy graph on G(V, E). Then Ng is said to be
an edge totally reqular neutrosophic fuzzy graph if all edges having same edge total degree.
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Definition 2.10([21]) Let Ng = (A, B) be a neutrosophic fuzzy graph. The support of an edge
e in Ng is the sum of edge degree of its neighbour edges. That is

sna(e) = > dng(ei), dng(es)

e€N(e;)

is the degree of an edge e;, where

ch(e) - ch(u) + ch(U) - 2(TB(6)7IB(6)7FB(€))7 e=uwv € E,
dng (u) (degr (u), degr(u),degr(u)), dng(v) = (degr(v),degr(v), degr(v))

with

degr(u) = Y Tgp(uww), degi(u)= Y Ip(uv),

uveE uveE

degr(u) = Y Fp(w), degr(v) = Tp(uww),

uwveE wveE
degr(v) = > Ip(w), degr(v)= > Fg(uv).
uwveE uveE

Definition 2.11([21]) Let Ng = (A, B) be a neutrosophic fuzzy graph. The total support of an
edge e in N¢ defined by tsy,(e) = sy, (e) + (T, I, F)(e).

83. Support Edge Regular Neutrosophic Fuzzy Graphs

In this section, we have defined support edge regular and support totally edge regular neutro-

sophic fuzzy graphs and discuss some properties.

Definition 3.1 Let Ng be a neutrosophic fuzzy graph on G(V, E). Then N¢g is said to be an
support edge regular if all the edges having same edge support or sy (e) = (k1,ka, k3) for all
edges in Ng.

Definition 3.2 Let Ng be a neutrosophic fuzzy graph on G(V,E). Then Ng is said to be
an support totally edge regular if all the edges having same total edge support or tsy.(e) =
(tky,tko,tks) for all edges in Ng.

Example 3.3 Let Ng be a neutrosophic fuzzy graph. Consider the neutrosophic fuzzy graph
given in Figure 1. We calculated support of an edge and total support of an edge are as follows:
dng (e1) = dng (v1v2) = dng (v1) + ding (v2) = 2(T(v1v2), Ip(v1v2), Fp(v1v2)).
dn (v1v2) = (0.04,0.08,0.12) 4 (0.04,0.08,0.12) — 2(0.02,0.04, 0.06).
dn, (v1v2) = (0.04,0.08,0.12) = dp,, (e1).

Similarly, dy,, (e2) = (0.04,0.08,0.12); dy,(es) = (0.04,0.08,0.12); sy (e1) = dng(e2) +
dn (e3) = (0.08,0.16,0.24) and sy, (e2) = sy, (e3).
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01(0.1,0.2,0.3)

e3(0.02,0.04,0.06) e1(0.02,0.04,0.06)

v3(0.3,0.4,0.5) v2(0.2,0.3,0.4)
€2(0.02,0.04,0.06)
Figure 1

and tsy,(e1) = sng(e1) + (Ts, I, F)(e1) = (0.10,0.20,0.30).

Similarly, tsy,(e2) = (0.10,0.20,0.30) = tsy,(e3). Here every edges having same edge
support and same total edge support. Hence this graph is support edge regular neutrosophic
fuzzy graph and support totally edge regular neutrosophic fuzzy graph.

Remark 3.4 Every support edge regular neutrosophic fuzzy graph need not be support totally
edge regular neutrosophic fuzzy graph.

Example 3.5 Let Ng be a neutrosophic fuzzy graph. Consider the neutrosophic fuzzy graph

given in Figure.2. We calculated support of an edge and total support of an edge are as follows:
SN¢g (61) = (0.06, 0.10, 014) = SN¢g (62) = SN¢g (63) = SN¢g (64).
tsn,(e1) = (0.07,0.12,0.17), tsn, (e2) = (0.08,0.13,0.18).
tsne(e3) = (0.07,0.12,0.17), tsn. (eq) = (0.08,0.13,0.18).

01(0.1,0.2,0.3) 02(0.2,0.3,0.4)

€1(0.01,0.02,0.03)

€4(0.01,0.02,0.03) €2(0.02,0.03,0.04)

0v4(0.4,0.5,0.6) €3(0.02,0.03,0.04)  4,(0.3,0.4,0.5)

Figure.2

Here every edge has same edge support. Therefore this graph is support edge regular neutro-
sophic fuzzy graph. But total edge support of all edges are not same. Therefore this graph is
not a support totally edge regular neutrosophic fuzzy graph.

Theorem 3.6 Let Ng be neutrosophic fuzzy graph on G(V,E) and (Tg,Ig,Fg) is constant
function. Then, the following conditions are equivalent:
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(i) Ng 1is support edge reqular neutrosophic fuzzy graph;
(i) Ng is support totally edge regular neutrosophic fuzzy graph.

Proof Let Ng be neutrosophic fuzzy graph with (Tz, g, Fg) is constant function . i.e.
(Ts,Ip,FB)(e) = (x,y, z), where (x,y, z) is constant for all e € E. Suppose Ng is support
edge regular neutrosophic fuzzy graph. Then all the edges have same edge support. Let e; and
e2 be two edges having same edge support. i.e. sy, (e1) = sy, (e2).

Since (T, Ip, Fp)(e) = (z,y, z), where (z,y, z) is constant for all e € E, we have sy (e1)+
(x,y,2) = sng(e2) + (x,y,2). This implies that sy.(e1) + (T, I, Fg)(e1) = sng(e2) +
(TB,Ip, Fp)(e2), which implies that tsy.(e1) = tsnyo(e2), where e; and ey be two edges.
Therefore all the edges having same total edge support.

Hence Ng is support totally edge regular neutrosophic fuzzy graph and (i) = (4¢) hold.

Suppose N¢ is support totally edge regular neutrosophic fuzzy graph. Then all the edges
having same total edge support. Without loss of generality, let e; and es be two edges having
same total edge supports, i.e. tsy.(e1) = tsng(e2). This implies that sy, (e1) + (z,y,2) =
sng (€2) + (7,9, 2).

Since (T, Ip, Fp)(e) = (x,y, z), where (x,y, z) is constant for all e € E, we have sy (e1) =
SNg(€2), where e; and ez be two edges. Therefore all the edges having same edge support.
Hence, N¢ is support edge regular neutrosophic fuzzy graph and (ii) = (4¢) hold. O

Theorem 3.7 Let Ng be neutrosophic fuzzy graph on G(V,E) and (Tg,Ig,Fg) is constant

function. Then the following conditions are equivalent:

(i) Ng is edge regqular neutrosophic fuzzy graph;
(i) Ng is support edge regular neutrosophic fuzzy graph.

Proof Let Ng be neutrosophic fuzzy graph on G(V,E) and (Ts,Ig,Fp) is constant
function. Suppose we take Ng is edge regular neutrosophic fuzzy graph. Then, dy,(e;) =

(21,9, 23), where (21, xo,23) is constant for all e; in Ng. We know that

snole) = Y dng(e) = Y dngler) = snole))

e; €N (es) er€N(e;)

since dn, (e;) = (z1, %2, x3), is constant for all e; in Ng. Therefore edge support of all edges are
same. Hence this graph is support edge regular neutrosophic fuzzy graph. Hence (i) = (i1)
hold.

Suppose we take Ng is support edge regular neutrosophic fuzzy graph. Then the edge
support of all edges are same. Now, To prove that the graph is edge regular neutrosophic
fuzzy graph. Suppose we take the graph is not edge regular neutrosophic fuzzy graph. That
is, dng (ei) # dng (e;) for some integers 4, j. This implies that sy, (es) # sn. (e;) for some s, ¢,
where dy,(e;) € sng(es) and dng(ej) € sy (er). This is contradiction. Therefore dy, (e;) =
dng (ej). Hence this graph is edge regular neutrosophic fuzzy graph and (i) = (4¢) hold. O

Theorem 3.8 Let Ng be neutrosophic fuzzy graph, where N¢ is cycle with (Tg,Ip, Fg) is a

constant function. Then N¢ is support edge reqular and support totally edge regular neutrosophic



Support Edge Regular Neutrosophic Fuzzy Graphs 17

fuzzy graph.

Proof Let Ng be neutrosophic fuzzy graph, a cycle of length n. Suppose (Ts, I, F)(e;) =
(x,y,2), where (z,y, z) is constant for all e € E. Then we know that

snole) = Y dng(e)).

;€N (e;)
Now,
dng(e2) +dng(en)if i =1
sng(€i) = § dng(eim1) +dng(eipr) if i =2,3,--- n—1
dng (ei—1) + dng(er) if i =n,
where

(TB7IBuFB)(62) + (TB7IBuFB)(en) lf Z = 1
dng(€ei) = § (T, I, Fp)(ei—1) + (T, Ip, Fp)(eiy1) if i =2,3,-++ ,n—1
)+

(TB,IB,FB)(ei_l (TB,IB,FB)(Bl) if i =n.

Since (T, I, F)(ei) = (z,y, z), where (x,y, z) is constant for all e; € E, we have all the
edges having same edge support. Hence this graph is support edge regular neutrosophic fuzzy
graph.

Since the graph is support edge regular neutrosophic fuzzy graph with (T, Ig, F) is a
constant function, then by Theorem 3.6, the graph is suppor totally edge regular neutrosophic

fuzzy graph. O

Theorem 3.9 Let Ng be neutrosophic fuzzy graph, a star Ky, with (T'g,Ip, Fp) is a constant
function. Then Ng is support edge regular and support edge totally reqular neutrosophic fuzzy

graph.

Proof Let vy, v, v3, -+ , v, be the vertices of Ng adjacent to the vertex x. Let ey, eq, -+ , e,

be the edges of a star Ng with (Ts, I, Fp) constant and
dNG(ei) = ((xlvylazl) et (xn,yn,zn)) - (Iiayivzi)7 (1 <1< n)

Therefore all the edges e;,1 < i < n having same edge degrees. Therefore the graph is edge
regular neutrosophic fuzzy graph. By theorem 3.7, the graph is support edge regular neutro-
sophic fuzzy graph. By theorem 3.6, the graph is support edge totally regular neutrosophic
fuzzy graph. O

84. Comparative Study Between Support Edge Regular N and Edge Regular Ng

Remark 4.1 Every support edge regular neutrosophic fuzzy graph need not be an edge regular
neutrosophic fuzzy graph.
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Example 4.2 Let Ng be neutrosophic fuzzy graph.

v1(0.1,0.2,0.3)  v2(0.2,0.3,0.4)  4,(0.3,0.4,0.5)  ©v4(0.4,0.5,0.6)
" €1(0.01,0.02,0.03) e2(0.02,0.03,0.04) e5(0.01,0.02,0.03)

Figure 3

Consider the neutrosophic fuzzy graph given in Figure 3. We calculated degree of an edge

and support of an edge are as follows:
dn.(e1) = (0.02,0.03,0.04), dn.(e2) = (0.04,0.06,0.08),
dn (e3) = (0.02,0.03,0.04), sy, (e1) = (0.04,0.06,0.08),
SN (e2) = (0.04,0.06,0.08), sy (e3) = (0.04,0.06,0.08).
Here all the edges having same edge support but the edge degree of an edge es which is distinct

from the edges e; and e3. Therefore this graph is support edge regular neutrosophic fuzzy graph

but not a edge regular neutrosophic fuzzy graph.

Remark 4.3 Every edge totally regular neturosophic fuzzy graph need not be an support
totally edge regular neutrosophic fuzzy graph.

Example 4.4 Let Ng be a neutrosophic fuzzy graph.

01(0.4,0.5,0.6)

e5(0.03,0.04, 0.05)

€1(0.01,0.02,0.03)

ea(D. ,0.04)

v3(0.2,0.3,0.4)
Figure 4

15(0.1,0.2,0.3) v4(0.3,0.4,0.5)

Consider the neutrosophic fuzzy graph given in Figure 4, we calculated
degree of an edge, total degree of an edge, support of an edge and total support of an edge are
as follows:

dng(e1) = (0.05,0.07,0.09), dn, (e2) = (0.04,0.06,0.08), dn, (e3) = (0.03,0.05,0.07);
tdng (e1) = (0.06,0.09,0.12) = tdn, (e2) = tdn, (e3);

sne(e1) = (0.07,0.11,0.15), sy, (e2) = (0.08,0.12,0.16), sy, (e3) = (0.09,0.13,0.17).;
tsne(e1) = (0.08,0.13,0.18), tsny (e2) = (0.10,0.15,0.20), tsy, (e3) = (0.12,0.17,0.22).

Here every edges having same edge total degree but all the edges having distinct total edge
support. Therefore, this graph is edge totally regular neutrosophic fuzzy graph but not a
support totally edge regular neutrosophic fuzzy graph.
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§1. Preliminaries and Fundamentals

Throughout the paper I is a non-empty interval in R. A function f : I — R is said to be convex
if the inequality
fltz+ (1 —=t)y) <tf(x)+(1-1t)f(y)

is valid for all z,y € I and t € [0,1]. If this inequality reverses, then f is said to be concave on
interval I # ().

Convexity theory has appeared as a powerful technique to study a wide class of unrelated
problems in pure and applied sciences. One of the most famous inequality for the class of convex
functions is so called Hermite-Hadamard inequality, which states that: For a convex mapping
f: I CR — R be a convex mapping defined on the interval I of real numbers and a,b € I with
a < b. Then the following inequality

(") < bia/abf(x)dx<f(a)2+f(b)

1Received November 4, 2022, Accepted December 4, 2022.
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is known as the Hermite-Hadamard integral inequality (for more information, see [5]). Since
then, some refinements of the Hermite-Hadamard inequality for convex functions have been
obtained [2, 3, 4, 11].

Definition 1.1([10]) Let h: J — R be a non-negative function, h # 0. We say that f : I — R
is an h-convex function, or that [ belongs to the class SX (h,I), if f is non-negative and for
all x,y € I, a € (0,1) we have

floz+ (1 —a)y) <h(a)f (z) +h(1—a)f (y).
If this inequality is reversed, then f is said to be h-concave, i.e. f € SV (h,I).
Definition 1.2([7]) A non-negative function f : I — R is called trigonometrically convex
function on interval [a,b], if for each x,y € [a,b] and t € [0, 1],

Tt

flt+ (1= t)y) < (n”;) J@) + (2) 7).

We will denote by T'C' (I) the class of all trigonometrically convex functions on interval I.

For h(t) = sin%t, every trigonometrically convex function is also h-convex function.

Theorem 1.1(Hélder Inequality for Integrals, [9]) Letp > 1 and %—I—% =1. If f and g are real

functions defined on interval [a,b] and if |f|?, |g|® are integrable functions on interval [a,b],

q > 1 then ) )
b b P b q
/ F(@)g(x)] da < < / If(m)l”dz> ( / |g<x>|"dx>

with equality holding if and only if A|f(x)|” = B|g(z)|?, almost everywhere, where A and B
are constants.

Theorem 1.2(Power-mean Integral Inequality) Let ¢ > 1. If f and g are real functions defined

on interval [a,b] and if |f|, |f]|g|? are integrable functions on interval [a,b], then
b b 1-2 b I
[ 1#@g@)ds < ( [ s dx) ( [ 15 g<:c>|qu> .

In [6], Iscan achieved the following integral inequality which gives better approach than
the classical Holder integral inequality:

Theorem 1.3(H61der—1§can Inequality for Integrals) Let p > 1 and % + % =1. If fandg

are real functions defined on interval [a,b] and |f|and |g|? are integrable functions on interval
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[a,b], then

b b % b %
[ i@t < = (/ (b—w)lf(:v)lpdx> (/ <b—x>|g<x>|wx)
b 1
+< / (wa)lf(w)l”daf>

In [8], a different representation of the Hélder—Ecan inequality is given as follows:

=

b q
( / (z— a) |g<x>|qd:c>

Theorem 1.4(Improved power-Mean Integral Inequality) Let p > 1 and % + % =1. If f and
g are real functions defined on interval [a,b] and |f| and |f||g|? are integrable functions on

interval [a,b], then

b 1-3 b 3
[ 1w < (/ <b—w>|f<x>dx> (/ (b—x>f<x>||g<x>|wx>

b q b é
+< / <x—a>|f<x>dx) ( / <x—a>|f<x>|g<x>|qclx>

82. Some Integral Inequalities for Trigonometrically p-Convexity

The main purpose of this section is to establish new estimates that refine Hermite-Hadamard
type integral inequalities for functions whose first derivative in absolute value, raised to a
certain power which is greater than one, respectively at least one, is trigonometrically p-convex.
Alomari and Darus [1] used the following lemma.

Lemma 2.1([1]) Let f : I C R — R be a differentiable mapping on I° where a,b € I with
a<b. If f' € L|a,b], then the following equality holds:

f<a+b>
el (t”

Note that we will use the followings in this section:

! 4
/ |t] bln—dt / [t — 1] COb—dt o
4
/ [t — 1] sm—dt / |t] cos—dt
/ [t|Pdt = / |t71|pdt:—
0 0

(1-— t)a) dt + /Ol(t— 1)f (tb+ (1 —t)a;b) dt} .
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1 1
/ sinw—tdt = / cosw—tdt = 2
0 2 0 2 U
1 1 1
[t|dt = [t —1|dt = =
0 0 2

ut+v .
A = A(u,v) = 5 arithmetic mean

Theorem 2.1 Let f: I — R be a continuously differentiable function, let a < b in I and

assume that ' € Lla,b]. If |f'| is trigonometrically p-convex function on interval [a,b], then
the following inequality

|f(a+b>
b<4

/<a;b)’+ (27;) (@170

holds for t € [0,1].

Proof Using Lemma 2.1 and the inequalities

b b
P+ - d sl (50 [+ o )
and b " ot b
f’(tb+(1—t)(a; >'<sin7;f()+c =\ (a; )‘
we have

P<a+b> _a/“f
S‘b;auj tf’(t“;bJr(l—t) )dt+/1(t—1)f<
Sb;a[Al jVGa;b (1t )
gb;“/1|t|[an7;tf(“;")‘mb|f<>|]

o o ()]
{ C””N/|mmﬁ+wmméﬁmmg@
Pt (o [ - asnTa | (S| [ aeosal
b4a f(a+b)‘+wf ”<2W >++f(”(2:;4)+tﬂ<a;b>

)
)]

dt +

<w+41—ﬂ

T2
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b—a (4|, a+b 2r — 4\ |f'(a)| + /()]
< (e ()] () )
b—al 4 a+b 21 — 4
St ()] ¢ () A iron]
This completes the proof of theorem. O

Theorem 2.2 Let f: I — R be a continuously differentiable function, let a < b in I assume

that ¢ > 1. If the mapping |f'|? is trigonometrically p-convex function on interval [a,b], then
the following inequality

a+b
(5) ke
b—a
b 1 27 ¢ .
10—aQ P q
< 24 [ = / q
<5 (51) (7) {(Af wr))
1b—a 1 g 2 v a+b\|? 0
P - “ / q (4T 0
25t () Q) ol (52))]
holds for t € [0,1], where % + % =1.
Proof Using Lemma 2.1, Holder’s integral inequality and inequalities
,(a+b\]|?
()
t

mt
< sin— 'bq —
<sing | (D) +cos

Q

a+b a .ot
< sin—

e ;

+(1—-t)a

t
+cos T |f (@)’

L (a+Db\|?
(%)

and

b+ (1 —1¢) <a;b) '

which is the trigonometrically p-convexity of |f/|?, we get
‘f(a+b>
S‘b;a UO o (a+b 1-ta )dt+/1(t—1)f (
an f’(ta;—b (1-1) )dt+/
J;a(/uﬂpdt)i(/; P (o))’
(/ |t1|pdt> (/Olf (tb+(1t) ;rb>
)
+b;“(pi1>;</ol(sm7;t| )" + cosy

)
)]

bh—
4

<%+%1—ﬂ

<

)’ |
Tir@r)a)’
()
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f (“;b) q/olsingtdt+f’(a)|q/01 cosgtdtr
+b;a (pil)i [|f’(b)|q/01sin7;tdt+ ’(a;b> ! O mdt}l
ot (L () [(alr () )]
() ) (o (5]

This completes the proof of theorem. O

Q

Theorem 2.3 Let f: I C R — R be a continuously differentiable function, let a < b in I
such that 0 < p(b—a) < m and assume that ¢ > 1. If the mapping |f'|? is trigonometrically

p-convex function on interval [a,b], then the following inequality
a+b
()5
b—a (1\'7% a+b\|? 4 or — 4\ ¥
< + / = / q
= (3) ( ( 2 ) )

boa (N[, a2m—4 |, fa+b\|T 4\7
20 (5) (ror =2 () 2)"

holds fort € [0,1].

Proof Firstly, let ¢ > 1. From Lemma 2.1, well known Power-mean integral inequality and

the following inequalities

q

q
f’(ta+b+(1—t)a < sin ™ f’(a+b) —i—cosﬂ-—t|f’(a)\q
2 2 2
a q
-0 (50 < sirorwed]r (0]

()
<2l /01| "
() ()
a(/01|t—1|dt) (

t| f’<ta;b+(lt)a> dt+/01 I <tb+(1t) ;b)‘dt}
f (t_2|—b+(1—t)a> th)q
dt>q

(tb+ (1—1) ;rb)

IN




Some Hermite-Hadamard Type Inequalities for Trigonometrically p-Convex Functions via by an Identity 27

L )
(/ t—1dt) (/ =11 (s 17O +cosTy
K
)

+ Cos%t |f’(a)|q> dt> !
()
/m sin i + | o /t|cosdt>

I (a—i—b)

e
+b;a< It —1|dt < l\t—l\sm—dH
:b—a<) ( (“‘2”’) (O 7;4);
; (2) (ot (‘2”’):)

1
For ¢ = 1 we use the estimates from the proof of Theorem 2.1, which also follow step by

1
[t — 1] cosdt>

step the above estimates. This completes the proof of theorem. O
Corollary 2.1 Under the assumption of Theorem 2.3 with ¢ = 1, we have the following
inequality:

‘f(‘”b) (G ()] @)

This inequality coincides with inequality in Theorem 2.1.

Theorem 2.4 Let f : I — R be a continuously differentiable function, let a < b in I assume
that ¢ > 1. If the mapping |f'|? is trigonometrically p-convex function on interval [a,b], then
the following inequality

‘f (“50) -5 /| s
- b;a {((p+1)1(p+2)) (27;;4
' <p‘1”) <7f 4 (;b> q* . f’(a)q)j
i (pi2)p (27;;? |f/(b)|* ;12 /(a—2|—b> Q)q
' (W)p <7:12 [F O + 2’:;4 I (a;b)

holds fort € [0,1], where % + % =1.

1
q

@)

=

,(a+b
(%)
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Proof Using Lemma 2.1, Holder-Iscan integral inequality and inequalities

q

f/(ta;_b“v‘(l—t)a < sin%t f’(a;_b> %t|f/(a)|q
fltb+ (=) (a;b> q S Sin%t|f/(b)|q+cos%t I (a;—b) !

|7, we obtain

|f “+b>bia/bf<x>dx
([l ()

dt+/ | (tb+ 1_t)a—2|—b>‘dt}
bza{</;<1—t>w> (ool (o) w)
() ([ et o))
+< (1-1t) t—1|Pdt>‘1’</01(1_t) ’(tb+(1_t)<a;—b)
( t“l'pdt) (/Oltf’(tb+(1t)(a;b)thy}
<5 {(/01(1 Y 't'pdt>p (/01(1 -1 (Smgt f (ﬁ) oot |f’<a>|"> dt>q
y t't'pdt> ( JRIC: f’(agb)q+cos7;t|f’<a>Q)dt)‘l’
( (1—-1) |t—1|Pdt>’1’ </01(1—t) (Sing|f’(b)|q+cos7;t f,<a—2kb>
+</0 t|t1|Pdt>'1](/01t<sin7;tf’(b)|‘1+COS7T2t f,<a42rb> 4>dt>é}
= {(erires) (5 (57 o)
() (F () 2”7;4|f’<a>|Q)1
1)?(2#—4f,(b)q+;12f,<a—2|—b> q>q

1 )>é (4|f/(b)|q+27rﬂ-24 f,<a42rb>

IA

+

a N\
dt>

+

+

+

q> dt)é

b

q

=
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where

1 1
1
1—t)[tPdt = /tt—lpdt:77
/o‘ )l , tE (p+1)(p+2)

1 1
/ t|t|” dt /(1—t)|t—1|pdt:
0 0

1 1
t t 2 —4
/ (lft)sinw—dt / teos—dt = “&
0 2 0 2

w2
1 1
t t 4
/ (1- t)cosﬂ-—dt / tsin—dt = —-

+2’

This completes the proof.

29

Theorem 2.5 Let f: I — R be a continuously differentiable function, let a < b in I assume

that ¢ > 1. If the mapping |f'|? is trigonometrically p-convex function on interval |a,b], then

the following inequality
‘f<a+b)
_b-af(1 =3 /16— dn
- 4 6 3

Q=

,(a+b
f<2>

f L f’(a)q)

3

N7 /8T —16,, (a+b)|? 2n? 716
() (Rl () )
NI 20216, 8116 |, (a+b
(3) 7 (e = (1))
N7 (16—4n . 16—4 +b
() (o (1))

holds for t € [0,1], where % + % =1.

Proof Using Lemma 2.1, Improved power-mean integral inequality and inequalities

q

retva-od < el lr (S0 s i
frtb+ (1 1) (a;b>q < sin%t|f’(b)|q+008%t f,<a;b)q

which is the trigonometrically p-convexity of |f’|?, we obtain

|f<a+b>
Sb;a[A

f (ta;—b—l—(l—t)a)’dt—i—

I (tb+(1—t) ;b)’dt]
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b—a -

<
- 4

{(/Oluw )
(L)L
o)
() ([
{(/01(1 1t> |t|dt)1_q
(fee)
([
([r-1e

1—

b—a
<
!

1—

a+b
2

(f o (sin

1
q 1
g t t
(/ (1-t)|t—1] <sm” 1/ (B)]? + cos—
0 2 2
: 1
(/ t|t—1] (sin
0
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(fo-s
(e
(fo-s

1
q 1
)

f <taz+b +(1- t)a>
)| a)’

ftb+(1—t) (a;rb> '
Fltb+(1—1) (a;b) th);}
()

7t

2 @)

7t

+ cos

)4

L (a+b\|?
(%)

t t
PO + cos

,(a+b\]|?
(%)

Q=

:b;a{((15>1_<11<16;347r f,<a-2u)>q 16 — 4wf<)|)
. (;)13 <8wﬂ—316 o <a42rb> "o2m?—16 —16 )
. (;)1—2 (27#7; 16 iy 87r7r—316 (a+b) )
+<é>1—é (16;347r O+ 167T347r (a+b> ) }
where

1
/(1—t)\t|dt _
0
1
/ tildt =
0
1
t
/(1—t)|t|sm1dt _
O 2
1
t
/t|t—1|sin7r—dt -
0 2
1
t
/t|t|sin1dt =
O 2
1
t
/t|t|cos7r—dt =
0 2

1
/ tlt—1]dt = =
0

/1(1—t)|t—1|dt:
0

1
Tt 16 — 4m
1—1¢t)|t —dt =
| a=oeos -2
1
t 16 — 4
/t|t71|cos7r—dt: 37r
0 2 T
1
mt 8m — 16
1— 1)t —1|cos —dt = ———
| a=om-1jcs >
1 2
mt 2me — 16
1—t)|t—1|sin —dt = ———.
JREIE T

q 7
+ Cos%t |f’(a)|q> dt>
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This completes the proof. O

Corollary 2.2 If we choose ¢ =1 in Theorem 2.5, we get the following inequality:

|f (“5) -5t [ rwa] <25 (S (50| () aasariron).

2 \n2
This inequality coincides with the inequality in Theorem 2.1.
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§1. Introduction

All groups are finite throughout this paper.For a given group G, the lattice of subgroups is
(L(G), <) here by L(G) mean all subgroups of G and the partial order < works as set inclusion.
If chain of subgroups of G contains G then it is called rooted (more precisely G-rooted) otherwise
it is known as unrooted.

In this paper the study of chains of subgroups describes the set containing all chains
of subgroups of G, which ends in with G.A formula of lattice of a finite cyclic group, for
number of chains of subgroups was given by Tarnauceanu and Bentea [1] by giving its one
variable generating function. J.M. Oh in his paper [2] determined the number of subgroups of
a finite cyclic group of 4n by giving its multi variables generating function. The problem of
counting chains of subgroups in the lattice of subgroups of for any given group G got attention
of researchers specially classifying fuzzy subgroups of G under a specific type of equivalence
relation (see [3], [4]).

§2. Preliminaries

A set of subgroups of G fully ordered by set inclusion is a chain of subgroups of group G. In
this paper, the chain of subgroups of G which end in G.

1Received November 15, 2022, Accepted December 6, 2022.
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Let us suppose a finite group G and u: G — [0, 1] be its fuzzy subgroup of G. By Putting
w(@) ={aq, g, ,a,} where ay<as< - <a,. Then, u determines the chain of subgroups of
G which ends in group G:

uGay C pGag C --- C pGay, = G
Also for any element z of group G and i = 1,7, we get
pz) = o & i =max{jlz € pGo,} © x € pGq, \ pGoy—y

The authors of [7] identified the necessary and sufficient condition for equivalence of two
fuzzy subgroups p, 7 of G with respect to ~, which is u ~ 7 if and only if set of level subgroups
of u and n are same.For a fuzzy subgroup of group G, the corresponding equivalence classes are
closely connected to the chains of subgroups in group G in this case.To determine these classes,

we calculate the number of all chains of subgroups of G that terminate in G.

Let G be a finite group and §(G) be the number of chains of subgroups of G that terminate

in G. We have two kind of subgroup chains following:
(1) Gy c Gy C -+ C G, = G with Gy # {e};
(2){e}CcGyC---C G =0G.
It is clear that the numbers of chains of types (1) and (2) are equal. So,

Obviously, this problem of counting all chains of subgroups of G depends entirely on the
lattice of subgroups of G and not on the group itself. This leads to a more general problem.

Theorem 2.1 Let §(G) be the number of subgroup chains of group G that terminates in G.
Then

5(@) = > §(H) x n(H),

distictHeIso(G)

where Iso(G) is the set of representatives of isomorphism classes of subgroups of G, n(H)

denotes the size of the isomorphism class with representative H.

Proof Let fixes 6(Hy) = 6(H,) = 1, for which H; is the trivial group of and H, is the
improper subgroup of G for any H; € Iso(G) and i = 1, . Then
0(G) =n(Hy) * 6(Hy) +n(Hy) * 6(Ha) + n(H3)d(Hs) + -+ -+ n(Hy)d(Hy)

= Y 0(H) xn(H)

H;elso(G)

=2+ > §(H;) x n(H;)

distictH; €Iso(G)

This completes the proof. O
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In this work, Theorem 2.1 is used to obtain the number of chains of subgroups of G that
terminates in G. It also follows that
1) 6(Z,) = 2, where p is prime;
1) o
i11) 0(Z,2) = 4, where p is any prime;

p
Zpq) = 6, where p and ¢ are distinct prime;

w) §(Z, x Zp) = 2p + 4, where p is any prime;
v) 8(Z, x Z, X Zp) = 2p* + 8p* + 8p + 8, where p is any prime;

(
(
(
(
(
(

vi) 0(Zpq X Zp) = 16 + 10p, where p and ¢ are distinct primes.

Above result are special cases of Theorems or Corollaries 5.1,5.2,5.4,5.5,5.6 of [6] and
Section 3 of [7].

Lemma 2.1([3]) For groups Ss, A4 and Sy, we have 6(S3) = 10, §(A4) = 24 and 5(Sy) = 232

respectively.

Lemma 2.2([8]) Let G be Dihedral group of order 2p, where p is any prime then , 6(G) = 4+2p

§3. The Number of Chains of Subgroups of Z; x A,,,n <6

Theorem 3.1 The number of chains of subgroups of Zy X As is 6

Proof The direct product A3z and Zs is isomorphic to a cyclic group of order 6. Then,
5(Z2 X Ag) = 6. O

Theorem 3.2 The number of chains of subgroups of Zy x A4 is 200.

Proof Notice that Zs x A4 is a non-Abelian group of order 24, it has the following set of
representatives of isomorphism classes of subgroups with their sizes:

[67 1]7 [Z277]7 [ZBa4]7 [ZQ X Z2a7]a [2674]7 [(ZQ X Z2 X 22)7 1]’ [A47 1] and [(Z2 X A4)7 1]

So,

(S(ZQ XA4) = 1+(S(H€)+7><5(Z2)+4X(5(Zg)+7><5(Z2 XZQ)
+4 x 6(Z6) + 6(Z2 X Ao X ZQ) + 6(144) = 200.

This completes the proof. O

Theorem 3.3 The number of chains of subgroups of group Zs x As is 3292.

Proof Notice that Zo x As is non-Abelian of order 120, it has the following set of repre-

sentatives of isomorphism classes of subgroups with their sizes:

[6, ].], [22,31], [Zg, ].0]7 [ZQ X 22,35], [25,6], [ZG, ].(:”7 [(Zz X ZQ X ZQ),5], [210,6],
[53,20}, [D5,12], [D6,10], [D1076], [ZQ X A4,5], [A4,5], [A571] and [(Z2 X A5),1]
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So,
6(22 XA5) = 1+5(H€)+31 X5(ZQ)+1OX(S(Z3)+35X (5(22 X Z2)+6X(5(Z5)
+10 x J(Zﬁ) +5 x 5(Z2 X ZQ X Zg) +6 x 5(210) + 20 x 5(53)
+12 X 6(D5) + 10 x §(Dg) + 6 x 6(D19) + 5 x 6(Ag) + §(As) = 3292.
This completes the proof. O

Proposition 3.1(By Proposition 3 of [8]) Let the wreath product of the cyclic groups : (Z3 X
Zg) X Zg and (S(Zg X Z3) X Z4) Then, (5(Z3 X Z3) X Zg) = 158 and (5(Z3 X Zg) X ZQ) = 352.

Theorem 3.4 Suppose that G be the Cartesian product of group D, x Z,, where p, q are distinct
prime numbers, then
16p+20 ifg=2
0(G)=14 14p+12 ifp=gq
10p+16 ifp#q,q#2

Proof Our proof is divided into 3 cases following;:
Case 1. ¢=2.

Notice that D, x Z, has the following set of representatives of isomorphism classes of

subgroups with their sizes:
H., Zy(2p + 1 times), Z,, Z,q, D,y (2 times), Zs x Zy and D, x Z,.
Then,
0(Dp x Zy) = 1+8(He)+ (2p+1)x(Z2)+(Z,p)
+0(Zpq) + 0 % 6(Z2 X Zy) + 2 x 6(D,, = 16p + 20.
Case 2. p=q.

Notice that D, x Z, has the following set of representatives of isomorphism classes of

subgroups with their sizes:
H., Zy (p times), Z, (p+ 1 times),Z,, (p times), Dy, Z, x Z, and D, x Z,.
Then,

6(Dp x Zg) = 1+6(He)+px6(Z2)+(p+1)x65(Z)
+p X 0(Zpy) + 6(Z, x Z,) + §(D, = 14p + 12.

Case 3. p+#q, q+#2.

Notice that D, x Z, has the following set of representatives of isomorphism classes of

subgroups with their sizes:
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H., Zy (p times), Z,, Zy, Zyq, Z2p (p times), D, and D, x Z,.
Then,

0(Dp x Zg) = 1+46(He)+pxd(Z2)+0(Zp)
+8(Zy) + 6(Zpg) + p x 6(Zap) + 8(D,) = 10p + 16.

This completes the proof. O

Theorem 3.5 Let G be the direct product of Zs and Z3 x Zs, then, §(G) = 1572.
Proof Notice that Zy x (Z3 x Z3) X Z5 has the following set of representatives of isomorphism
classes of subgroups with their sizes:
[ea 1]a [Z2a 19]7 [ZQ X ZQa9]7 [Z?) X Z3a 1]a [Z374]7 [Z6,4]7 [Zﬁ X Z?n 1],
[53,24}, [D6,12], [(Zg X Zg) X 22,2] and [ZQ X (Zg X Z3) X ZQ, 1].

So,
0(G) = 146(H)+19x%x6(Z3)+4%x6(Z3)+9 % §(Za X Zs)
—|—5(Z3 X Zg) + 4 % 6(26) + 5(26 X Z3) + 24 X 5(53)
+12 x 6(D6) + 2 X (S((Zg X Zg) X Zg) = 1572.
This completes the proof. O

Theorem 3.6 Let G be the direct product of Zo and Z3 x Zy ,then, §(G) = 4136.

Proof Notice that Zs x (Z3 X Z3) X Z, is a non-Abelian, A-group of order 72. It has the
following set of representatives of isomorphism classes of subgroups with their sizes:
[6;1]3 [22719]3 [ZQ X ZQ,Q]? [Z?) X ZSal]v [2374]3 [Z4718]; [Z674L
[Z4 X Z279]7 [ZG X Z3, 1]5 [S3a24]7 [Dﬁv 12}7 [(Z3 X Z3) X Z272]7
[(Zg X Zg) X Z472], [Z2 X (Z3 X Zg) X Z271] and [ZQ X (Z3 X Zg) X Z471].

So,
0(G) = 1406(He)+19%x6(Z2)+4%x06(Z3)+18 X 6(Zy) +9 % 6(Za x Z3)
-I-(s(Zg X Zg) + 9 % 5(Z4 X ZQ) +4 X 5(Z6) + (S(Zg X Zg) + 24 X 5(53)
+12 % 0(Dg) +2 x 6((Z3 X Z3) X Zo) +2 X 6((Z3 x Z3) X Zy4)
+5(Z2 X (Zg X Z3) X ZQ) = 4136.
This completes the proof. O

Theorem 3.7 The number of chains of subgroups of Zs X Ag is 301320.

Proof Notice that Zs x Ag is non-Abelian of order 720. It has the following set of repre-
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sentatives of isomorphism classes of subgroups with their sizes:
e, 1], [Z2,91], [Z2 x Z3,165], [Z3,40], [Z4,90], [Z5,36], [Zs,40], [Z10,36],
[Z2 X Zy X Z9,30], [Z3 x Z3,10], [Za X Dy4,45], [Z2 x S4,30], [Z4 x Z2,45],
[(Zs x Z3),10], [Za X (Z3 X Z3) X Z4,10], [(Z3 X Z3) X Zo,20], [Z3 X Z3 X Zy4,20],
[Z2 % (Z3 x Z3) x Z2,10], [Z10,6], [S3,240], [S4,60], [Dy4, 180], [Ds, 72], [De, 120],
[D10,36], [Z2 x A4, 30], [A4,30], [A5,12], [As, 1], [(Z2 x A5),12] and [(Z2 x Ag), 1].

So,

0(Zy x Ag) = 14 6(H:)+91 x6(Z2)+40 x 6(Z3) + 90 x 6(Z4)
+36 x 0(Zs) +40 x 6(Zs) + 36 x 0(Z10) + 165 x §(Z2 % Z3)
+20 X §(Zy X Zy X Z3) + 30 X §(Z3 x Ay) + 10 x §(Zy x (Z3 X Z3) X Z3)
+10 X §(Zo X (Z3 X Z3) X Zy) + 12 x §(Zs x Ag) +45 x 6(Z2 x Dy)
+30 X §(Z3 x S4) + 10 X §(Z3 x Z3) + 45 x 6(Z4 X Z3) + 10 x §(Zg x Z3)
+20 X 6((Z3 x Z3) X Za) +20 x 6((Z3 x Z3) X Z4) + 30 x 6(As)
+12 x 6(A5) + 6(Ag) + 240 x §(S3) 4+ 60 x §(Sy) + 180 x 6(Dy)
172 x §(Ds) + 120 x 6(Dg) + 36 x 6(D1o) = 301320.

This completes the proof. O

Then, we get the following theorem.

Theorem 3.8 The number of chains of subgroups Zs x A,,n < 6, then

6 n=3

200 n=4
6(Z2 X An) =

3292 n =

301320 n =

84. The Number of Chains of Subgroups of Z3 x A,,,n <6

Theorem 4.1 The number of chains of subgroups of Z3 x Az is 10.

Proof The direct product Az and Z3 is isomorphic to Z5 x Z3. So, 6(Z3 x A3) =10. O

Theorem 4.2 The number of chains of subgroups of Z3 x Ay is 208.

Proof Notice that Z3 x A4 is a non-Abelian group of order 36. It has the following set of

representatives of isomorphism classes of subgroups with their sizes:

[67 1]5 [2233]a [ZQ X Z27 1]7 [Z3 X ZSa4]7 [Z37 13]3 [Zﬁag]v [ZG X Z27 1]a [A4a3] and [Z3 X A4a 1]
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So,
(5(23 XA4) = 1+5(He)+3X5(Z2)+13X5(Z3)+3X($(ZG)
+5(Z2 X ZQ) + 4 % 5(Z3 X Z3) + 5(Z6 X ZQ) + 3 x 5(144) = 208.
This completes the proof. O

Theorem 4.3 The number of Chains of Subgroups of Z3 x As is 3440.

Proof Notice that Z3 x As is non-Abelian group of order 180. It is isomorphic to the
general linear group (2,4). The group has the following set of representatives of isomorphism
classes of subgroups with their sizes:

[6, 1], [ZQ, 15]7 [ZQ X ZQ,S], [Zg X Zg, 10]7 [Zg7 11], [Z3 X 1)57 10]7 [Zg X Sg, 10]7

[Zg X A4,5], [Z5,6}7 [267 15], [Z15,6], [53, 10}, [A4, 15], [A5, 1] and [(Zg X 145)7 1]

So,
0(Zs x As) = 1+ 0(He)+15%x0(Z2)+ 11 x 6(Z3) +6 x 6(Z5)
+15 x 5(Z6) + 5 X 5(22 X Z2) + 10 x (S(Zg X Z3)
+10 x (S(Z3 X D5) + 10 x (S(Zg X 53) + 5 X (S(Zg X A4)
+10 x §(S3) + 6 x 6(Z15) + 15 x 8(Ag) + 6(A5) = 3440.
This completes the proof. O

Theorem 4.4 Let G be the direct product of Zs and Z3 x Zy ,then, §(G) = 1314.
Proof Notice that Z3 x (Z5x Z3) X Zs has the following set of representatives of isomorphism
classes of subgroups with their sizes:

[6, 1]a [Z279]7 [ZS X Z37 13]7 [Z3a 13}, [Zﬁag]v [ZS X S3,12]7 [537 12]a
[Zg X Zg X Z3, 1], [<Z3 X Zg) X 2271] and [Z3 X (Zg X Zg) X Zg,l].

So,
5(G> = 14+ (5(H6) +9 x (S(ZQ) + 13 x (5(23) + (S(Zg X Z3 X Zg)
+13 X 8(Z3 x Z3) + 9 x 6(Zs) + 12 x §(Z3 x S3)
+12 x 5(S3) + 5((23 X Zg) X ZQ) = 1314.
This completes the proof. O

Theorem 4.5 Let G be the direct product of Z3 and Z2 x Zy ,then, 6(G) = 3160.

Proof Notice that Zs x (Z3 x Z3) X Z4 is a non-Abelian group of order 108. It has the

following set of representatives of isomorphism classes of subgroups with their sizes:

le, 1], [Z2,9], [Z3 x Z3,13], [Z3,13], [Z4,9], [Zs,9], [Z12,9],
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[Z3 X S3, 12}, [53, 12}7 [Zg X Zg X Z3, 1], [(Z3 X Z3) X ZQ, 1],
[(Zg X Zg) X Z4, 1], [Zg X (Zg X Zg) X ZQ, 1] and [Zg X (Zg X Zg) X Z4, 1]

So,
5(G) = 146(H.)+9x8(Zs) +13 % 6(Zs) +9 % 6(Za)
+9 x (S(Z6) + 9 x (5(212) + 5(Z3 X Z3 X Zg)
+13 x 6(Z3 X Z3) + 12 x (S(Zg X 53) + 12 x (5(53)
+5((Z3 X Zg) X ZQ) + 5((23 X Zg) X Z4) + (S(Zd X (Zd X Zg) X ZQ) = 3160.
This completes the proof. O

Theorem 4.6 The number of Chains of Subgroups of Zs x Ag is 212848.

Proof Notice that Z3 x Ag is non-Abelian of order 1080. It has the following set of
representatives of isomorphism classes of subgroups with their sizes:
le, 1], [Z2,45], [Z2 x Z3,30), [Z3,121], [Z4,45], [Z5, 36, [Zg,45], [Z12,45], [Z15,36],
[Z3 X Z3 x Z3,10], [Z3 x Z3,130], [Z3 x D4,45], [Z3 x Ds,36], [Z5 x S3,120],
[Z3 x 54,30], [(Z3 x A4),30], [(Zs x Z3) x Z4,10], [(Z5 x Z3) x Z3,10],
[Z3 x (Z3 x Z3) X Z4,10], [Z3 x (Z3 x Z3) X Z3,10], [Zs x Z2,30], [Ss,120],
[S4,30], [D4,45] , [Ds, 36], [A4,90], [A5,12], [A6, 1], [GL(2,4),12] and [(Z5 x Ag), 1]

from the isomorphism class. So,

8(Z3 x Ag) = 1+ 8(H.)+45x6(Z2) 4+ 121 x 6(Z3) + 45 X §(Z4)
136 % 6(Z5) + 45 x 6(Zg) + 45 x 6(Z12) + 36 x §(Z15)
+30 X §(Za X Zo) + 10 x 6(Z3 x Z3 x Z3) + 130 x 6(Z3 X Z3)
+30 X §(Z3 x Ay) + 10 x §(Zy x (Z3 X Z3) X Z3)
+10 X 0(Za X (Z3 X Z3) X Zy) + 12 x 6(Z3 x As)
+45 x §(Z3 x Dg) + 120 x §(Z3 x S3) + 30 X §(Z3 x Sy)
+30 X §(Zs x Zo) + 10 x 6((Z3 x Z3) X Z) + 10 x 6((Z5 x Z3) X Zy4)
+10 X §(Z3 X (Z5 x Z3) X Z3) + 10 x §(Z5 x (Z3 X Z3) X Zy)
+90 X §(A4) + 12 x 6(As) + 0(As) + 120 x §(S3) + 30 x 6(S4)
+45 x §(Dg) + 36 x §(D1o) = 212848.

This completes the proof. O

Then, we get the following theorem.
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Theorem 4.7 The number of chains of subgroups Zs x A,,n <6 , then

10 n=23

208 n=4
6(Z2 X An) =

3440 n=>5

212848 n==6

85. Conclusion

The study of the number of chains of subgroups in the lattice of subgroups for larger groups
are interesting and give rise to potential applications to quantum computing and coding. In
this paper, it is clearly observed from the results that the number of chains of subgroups of G
do not depend on the order of G but the lattice of subgroups of G as in Theorems 3.8 and 4.7.
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Abstract: The discussions on support strongly edge irregular fuzzy soft graph(FSG), sup-
port strongly totally edge irregular FSG is made. Necessary condition for a FSG to be
both support strongly and support strongly totally edge irregular is given. We also derive
the conditions, the FSG satisfies, if it is support strongly and support strongly totally edge

irregular.
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§1. Introduction

The soft set theory expanded by Molodtstov dealt with uncertainity and unclear objects, and
the notion of soft set theory was given by him in 1999 [8]. Maji.et al [7] evolved a new set with
soft sets and fuzzy which proved much effective and defined basic operations on them with some
applications to it. Akram and Nawaz looked into properties of fuzzy soft graphs [9]. Santhi and
Sekar discussed edge irregular fuzzy graphs in [6]. They also worked on strongly edge irregular
fuzzy graphs in [5]. Akilandeswari introduced and discussed properties of edge degree in a fuzzy
soft graph and edge regular FSG [11]. Somasundari introduced support of a vertex in FSG [13]
and discussed support neighbourly irregular FSG. Subha Lakshmi and Santhi Maheswari dealt
with support strongly irregular FSG [17]. The support and total support of edge in FSG was
introduced by Subha Lakshmi and NRS [18] and some properties of neighbourly edge irregular
FSG was also discussed. These promoted the idea to develop support-SEI and support- STEI
FSGs.

82. Preliminaries

Definition 2.1 A fuzzy graph G is a nonempty set V with functions o : V. — [0,1] and

1Received October 26, 2022, Accepted December 8, 2022.
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w:VxV—=[0,1]:VuwveV, uuv) <o(u) Ao(v), where o is fuzzy verter set and p is fuzzy
edge set in G.

Definition 2.2 A pair (F, A) is soft set over the universal set U, where A C E and F : a —
P(U). That is a soft set over U is parameterized collection of subsets of U.

Definition 2.3 An FSG G = (9*,.F, 4, ) is a f-tuple:

1) 4* is crisp graph;

(1)

(2) o is the parameter set;

(3) F, o is fuzzy soft set over vertex set V;
(4) A, o is fuzzy soft set over edge set E.

The pair (;(a),ﬁa» is fuzzy (sub)graph of * ¥ a € .
The membership value of the edge in an FSG is given as

A (@)(wy) < min { F (a)(2), F(a) (9) }

and a FSG (Qo:(a), l/}/(a)) is denoted as #(a).
Definition 2.4 Ifé is an FSG, then the degree of a verter u is given as

dg(w) = 3" (O A (a;) ().

a; €A u#v

Definition 2.5 Ifé is an FSG, then degree of edge uv is given as

dg(w) = dg(u) + dg(v) — 20> Ao, (w)).

a; €A
Definition 2.6 If(N? is an FSG, then total degree of edge uv is given as

tdg(uv) = dg(uv) + Z %Z(uv)

a; €A
Certainly, it can be also expressed as
tdg(uww) = dz(u) + dg(v) — (Z Ha, (uv)) .
a; €A
Definition 2.7 An FSG G is irreqular if j%;(e) is irreqular for all a € <.

Definition 2.8 The support (2 — degree) of a vertex u in an FSG G is the addition of degrees

of its adjacent vertices and denoted as sz(u), whereas its total support is given as

tsg(u) = sg(w) + > F(ai)(w).

a; €A
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Definition 2.9 The support (2 — degree) of an edge in a FSG is the sum of edge degrees of

edges which are adjacent to given edge and can be defined as

sa(uv) = Z H(a;)(uv).

e;EN(uv),a; €A

Definition 2.10 The total support of an edge in an FSG is found as

tsg(uv) = sz (uv) + Z H(a;)(uv).
a; €A

§3. Support Strongly EI (s-SEI) and Support Strongly Totally EI (s-STEI) FSG

Definition 3.1 A FSG is support-SEI if all the edges in the graph are adjacent to edges with
distinct edge supports,i.e., all the edges in the FSG have different edge supports.

Example 3.2 Consider the below example G, where V = {u,v,w,z,y, 2z} and E = {uv, vw, vz,
xy,xz}, the parameter set &/ = ay, az, where a; = {uv,vw, vz, zy} and as = {vw,vx,zy, vz},
H(a) = (F(a),H (a)) be the fuzzy soft subgraph of G.

u(0.4) w((.5) w(0.6)

z(0.5)

H{ay)

Figure 3.1

F u V| w X y Z uv | Vvw | VX | Xy | Xz

K
(a1) |04 03]05|04| 0[05]| (ay)|01]02]03| 004
(@) | 0 [07]06](07]03]04]| (a)

Table 3.1

The degree of vertices are respectively given as dz(u) = 0.1, dz(v) = 1.7, dz(w) = 0.7,
de(x) = 1.7, d5(y) = 0.3, dz(z) = 0.5, the degree of the edges are respectively dg(uv) =
0.1 +1.7—-2(0.1) = 1.6, dz(vw) = 1.0, dz(vz) = 1.6, dz(zy) = 1.4, dz(rz) = 1.2 and the
support of the edges are given as sz(uv) = 2.6, sz(vw) = 3.2, sz(vx) = 5.2, sz(zy) = 2.8,

sa(wz) = 3.0. The support of all the edges in the FSG are different, so it is support SEL
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Definition 3.3 A FSG is support-STEI when no edge in the graph is adjacent to edges with
same total edge support. In other words, all the edges in the FSG have different total edge

support.

Example 3.4 Consider the example, with parameters & = {a1, as}, where a1 = {uv, vw,wz},

as = {uv, vw, wx}.

u(0.4) x(0.6) u(0.7 x(0.1)
0.2 0.4 0.5 0.1
0.3 0.3
v(0.5) w03 L0 w(0.4)
H(ay) H(asz)

Figure 3.2
ﬁ u v A% X uv VW WX

K
a;) | 04 05]03 |06 (a) | 02] 03] 0.4
as) | 0.7 105 ( 04|01 | (az) | 05] 03| 0.1

Table 3.2

The degree of vertices and edges are found respectively to be dz(u) = 0.7, dz(v) = 1.3,
dg(w) = 1.1, dz(z) = 0.5, dz(uv) = 0.6, dz(vw) = 1.2, dz(wx) = 0.6. And the support
of the above edges are sz(uv) = 1.2, sz(vw) = 1.2, sz(wz) = 1.2. Thus, the total support
of the above edges tsz(uv) = 1.9, tsg(vw) = 1.8, tsz(wxr) = 1.7 are all not same, so it is

support-STEI.

Remark 3.5 A support-SEI FSG need not be support-STEI, and vice versa.

Example 3.6 Consider below example, with parameters &/ = {aj,a2,a3}, where a; =

{uv, vw}, as = {uwv,uw}, az = {uv, vw, vw}.

:3 0.1
. s 0.3
VV(O?)) VV(O()) W’(O())
H{ay) H{as) H(as)
Figure 3.3
F u vV | w A | uv | vw | wu
(a1) | 04 | 05| 0.3 (a1) | 0.1 01 0.3
(a2) | 0.7 1 05|06 | (az2) | 04 0| 0.6
(ag) | 0.7 | 05| 0.6 | (az) | 04 | 0.3 | 0.1
3

Table 3
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The support of the edges are distinct here, and consider the total support of the edges
given as tsz(uv) = 4.0, tsz(vw) = 4.5 , tsz(wu) = 4.5, where the edges vw and uw have same

total edge support, so it is not support-STEI, but support-SEI.

Example 3.7 Consider the example 3.4, which is support-STEI, but not support-SEI.

Example 3.8 Consider the below example which is both support-SEI and support-STEIL. The

FSG is with the parameters A = {a1, a2}, where a1 = {uv, vw, wu}, ag = {uv, vw, wu}.

u(0.4) u(0.5)
02 0.1
v(0.5) 0.2 w(0.3) V(04 0.4 w(0.5)
H(ay) H(as)
Figure 3.4
F" u A% W I? uv VW wu
(a;) [ 04|05 ]03]| (a) |01] 03] 03
(a) | 0504 |05 | (a2) | 02| 04 | 0.1
4

Table 3.

The degree of vertices are given as dgz(u) = 0.3+ 0.4 = 0.7, dz(v) =0
the edge degrees are given as dg(uv) = 0.74+0.9-0.6 = 1.0, dz(vw) = 0.7
support of the edges are sz (uv) = 1.6, s5z(vw) = 1.9, s5(wu) = 1.7.

The total support of the edges are tsz(uv) = 1.9, tsz(vw) = 2.5, ts5(wu) = 2.1 and they

are all different so it is support-STEL

84. Properties of Support-SEI and Support-STEI FSGs
Theorem 4.1 A FSG é, is support-SEI, if its fuzzy soft (sub)graph I;T(a) = (f‘(a),f{(a)) 18
support-SEI, for all a € A.

Remark 4.2 The converse of Theorem 4.1, namely if G, is support-SEI, then its fuzzy subgraphs
need not be s-SEI.

Example 4.3 Examine Example 3.2, which is support-SEI, while taking H (a1), the support
of the edges are sg, \(wv) = 22, sg (vw) = 2.8, sﬁ(al)(vx) = 4.8, sﬁ(al)(xy) = 24,

sﬁ(al)(xz) = 2.2 are all not distinct, so H(a;) is not support-SEL

Theorem 4.4 A FSG G, is support-STEI, if its fuzzy soft (sub)graphs H(a) = (F(a), K (a)) is
support-STEI, for all a € A.

Remark 4.5 The converse need not be true.
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Example 4.6 Given a FSG as below.

u(0.4) v(0.5) u(0.4) v(0.5)

x(0.1)
H(ay)

Figure 4.1
This FSG is support-STEI, but while considering fI(al), the total support of the edges vw

and vz are same, so it is not support-STEI.

Theorem 4.7 Ifé is support-SEI FSG, then it is support-EL

Proof Given the FSG G is support-SEI, = the support of all the edges in the graph are
distinct, = there exist at least one edge with edge support different from others, thus it is
support-EI FSG. d

Theorem 4.8 Ifé 1s support-STEI FSG, then it is support-TEIL

Proof Given the FSG G is support-STEI, = the total support of all the edges in the graph
are distinct, = there exist atleast one edge with total edge support different from others, thus
it is support-TEI FSG. O

Remark 4.9 It is not necessary for a FSG, which is support-EI, to be support-SEI.

Remark 4.10 It is not necessary for a FSG, which is support-TEI, to be support-STEI.

Theorem 4.11 Ifé s support-SEI FSG, then it is support edge neighbourly irreqular.

Proof Consider the given FSG, G is support-SEIL. Then the support of all the edges are
different, = no two adjacent edges in G have same edge support. Therefore, it is support NEI
FSG. O

Theorem 4.12 Ifé is support-STEI FSG, then it is support edge totally neighbourly irreqular.

Proof Consider the given FSG, G is support-STEI. Then the total support of all the edges
are distinct, = no two adjacent edges in G have same total edge support. Therefore, it is
support edge totally neighbourly irregular FSG. g

Remark 4.13 A support edge neighbourly EI FSG, not necesaarily be support-SEI.

Remark 4.14 A support edge totally neighbourly irregular FSG, not necesaarily be support-
STEI.

Example 4.15 Consider the below example with parameters A = {aj,as}, where a1 =
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{uv, vw,va}, ag = {vw, vz, vy, r2}.

u(0.4) w(0.3)

x(0.1)
Hiay)

Figure 4.2

The support of the edges are given as sg(uv) = 2.2, sg(vw) = 2.8, sg(vr) = 4.8, sg(zy) =
2.4, sg(rz) = 2.2. Whereas the total support of the edges are tsg(uv) = 2.3, tsg(vw) = 3.5,
tsg(vx) = 5.7, tsg(xy) = 2.7, tsg(xz) = 2.3. The given example is support edge NI, and
support edge totally NI, but not support-SEI and support-STEIL.

Theorem 4.16 A FSG, whose edges have same support, then it is support-STEI iff >~ . (a)(e;)
are all different, Va; € A and e; € E.

Proof Suppose é, a FSG in which the support of all the edges are same, let that be
sa(ei) =m, for all e; € E. Given é, is support-STEI, = all the edges have different total edge
support. = no edges which are adjacent have same total edge support. Let e; and e;j;q be
adjacent edges, = tsx(e;) # tsz(ejr1).

And so,

= sg(e;) + Y K(ai)(e;) # sglejrn) + > K(ai)(ejn)
=m+ Y Ka)(e;) #m+ > K(ai)(ej):

This implies

> K(ai)(e) # Y K(ai)(ej1),

this holds for all the edges in G.

Conversely assume »_ K (a;)(e;) are all distinct Ve; € E. Suppose G is not support-STEI,
= there is at least a pair of edges with same total edge support. Let e, and e, 41 be such edges,
then

tsglen) = tsglentr) = sglen) + > K(ai)(en) = sglen) + Y K(ai)(entr),

implies that
m+ Y K(a)(en) =m+ Y K(a)(ens1) = Y K(ai)(en) = Y K(ai)(ensr),
which <, thus G is support-STEI. g

Theorem 4.17 A FSG, G, in which 3 K(a;)(e;) are same for all e; € E, then G is not
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support-EI and support-edge totally irregular FSG.

Proof Let G be a FSG, where
> K(a;)(e;) =k, Yei€E.

Let us consider a path in the graph uvwz, such that we have edges uv, vw, wz, where

> K(ai)(ww) = > K(a;)(vw) = > K(a;)(wa) = k.

The degree of the edges are dg(uv) = dz(vw) = dz(wx) = k. Then the support of these
edges are sz(uv) = sz(vw) = sz(wx) = k, hence it is not support EI, also the total support of
the edges are also same, hence not support edge totally irregular also. O

Theorem 4.18 If a FSG, G is support-SEI and Zf?(ai)(ei) are different for all edges in F,
then the given FSG is support-STEL

Proof Given that G is support-SEI, then no edge in the FSG has same support, i.e., s5(e;)
are distinct for all e; € E. Let us consider the edges e and ey 1 having different edge supports.
The support total of these edges are

sger + Z}?(ai)(ek) and szepy1 + Zf((ai)(ekﬂ),

respectively. It is given that 3 K (a;)(e;) are different for all the edges, so tsger # tsgertt,
this holds for all pairs of edges in the given FSG. Thus we conclude that G is support-STEI[

Theorem 4.19 A FSG G is suppport-STEI, and 3" K (a;)(e;) is same for all the edges, then
it is support-SEI, when sz(e;) are all distinct.

Proof Given a FSG, G which is support-STEL = tsz(e;) are different Ve; € E. Given
that

Zl?(ai)(ei) =k, Ve, €FE,
consider any pair of edges (say) e, and e,,, then
tsglen) # tsglem) = sglen) + D K(ai)(en) # sglem) + > K(a:)(em),
salen) +k# sglem) +k = szlen) # salem).

This implies support of any pair of edges are distinct, thus G is support-SEI. 0
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Abstract: In this work, a generalization of a new class of fractional order optimal control
problems with Caputo-Katugampola derivative of order «, 8 € (0,1) and p > 0 was studied
and considers the final time t; is free. The necessary optimality conditions with Lagrange
multipliers A(t) € R of fractional order optimal control problems were derived in case t €
[A,ts] and a < A. The formula for the integral by parts has been proven for the left Caputo-
Katugampola fractional derivative that contributes to the finding and deriving the necessary

optimality conditions.

Key Words: Fractional calculus, Caputo-Katugampola derivative, necessary optimality

conditions, hamiltonian system.

AMS(2010): 49C20.

§1. Introduction

Fractional calculus contributes to many important aspects and fields of life such as science,
engineering and physical applications, since the fractional order models gives an accurate de-
scription of non-linear and complex natural systems than integer order models , which prompted
researchers to interest in studying these systems in advanced methods and in more than one
way.

We mention some of its applications with optimal fractional control (FOCP) that are sub-
ject to dynamic constraints with the objective function problems, chaotic systems [1], bioscience
[2], conformable to the FOCP [3], aecrospace [4], economic [5] and so on [6-8]. The reader can
refer to the books [9-12] for more details on fractional calculus.

Agrawal O. P. [13] is using Riemann-Liouville (R-LFD) to provide a general formulation
and find an approximate solution for a class of (FOCPs).

Study of the necessary and sufficient optimality conditions for fractional optimal control
problems for one-dimensional with Caputo fractional derivative by Pooseh S., et al. [14] and
for system with JiHuan He’s fractional derivative by Sayevand K., et al. [15] and for composi-
tion(FOCPs) by QasimHasan S., and Abbas Holel M. [16].

New types of fractional operators were introduced by U. Katugampola [17], These are

done by generalizing the (R-L) and Hadamard fractional integrals, same author, introduce a

1Received November 15, 2022, Accepted December 9, 2022.
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new fractional derivative [18], and see [19]. Almeida R., et al. [20] proves the existence and
uniqueness theorem by using the Caputo-Katugampola derivative for a fractional Cauchy type
problem.A definition has been given with some properties of generalized fractional derivatives
by Jarad F., et al. [21].

This paper aims to study a generalization of a new class of (FOCPs) with left (C-KD) of
order a, 3 € (0,1) and p > 0,let F, g are two differentiable functions with domain [a, +00) x R?
and ¥ : [a,+00) X R — R is a differentiable function. And considering (R1, R2) # (0,0), x4 is
a fixed real number ¢ € [A,tf] and a < A, as follows:

ty
minimize J(z,u,ty) = / F (z(t), u(t), t)dt + ¥ (tr,xz(ty)), (1)
A
subject to dynamic control system
Ri & DY a(t) + ReE DY a(t) = g ((t), u(t), ) (2)

z(A) =z4. (3)

This paper contains four sections: in Section 2, preliminaries and prove integration by parts
formula for (C-KFD). The necessary optimality conditions are studied for a generalization class

of (C-K FOCPs) in details in Section 3. The conclusions are introduced in Section 4.

§2. Preliminaries

The basic definitions of (FDs) and (FIs) are presented with proof of theorems are used in work.

Definition 2.1([18, 20]) Let a > 0, p > 0 and an interval [a,b] of R, where 0 < a < b The left
and right (R-KFI) and (R-KFD) of a function f € L*([a,b]) are defined by

D) = s | (tp;”flfmjf,,, 0
R )
o) = s (105 [ e i ©)
D10 = s (1705 [ gy ™

Definition 2.2([18, 20]) Let a € (0,1), p > 0 and an interval [a,b] of R, where 0 < a <b. The
left and right (C-KFD) are defined by

D S0) = R DR - F0)] = i (7705 ) [ e ) - Sl
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PRt b Fr—1
DR S6) = KD ~ 10 = e (07 5) | el )~ 0. 9)

Theorem 2.1 Let o € (0,1), p > 0, then left and right (C-KFD) of a function f € C'{a,b] is
given by

(0%

CEDYI0) = iy | =) (10)

(e%

b
CK o, p _ _p P p)— !
D t) = ———— —1 dr. 11
K10 = e [ =) 1 )
Proof We are proving the left (C-KFD) in (10) using Definition 2.2 in Eq. (8) and let

CK povp f(p) — r(1p7ia) <t1—pjt> /t udv. (12)

Now, using integration by part, derive relative to and substitute the result of Eq. (12), to get

D I0) = gt [ =)o) [0

(0%

R tprpfa/TT
i [ -

This completes the proof. O
Theorem 2.2 Let f(t) € Cla,b] and g(t) € C*a,b] be two functions and o € (0,1), p > 0.
Then

b b t=b
| rarg<pregar = [ (ot EDy - so)ie (o0 Dy (0)

t=a
Proof By using Theorem 2.1 to obtain:

b «

[ so-csperga= [ g0 [cs [ o L a )

By using the Dirichlet’s formula for Eq. (13), to get

b

b « b =P f(r
[ 5w cxpprgwa= [ Lo [F(”) [ f”d] a(4)

11—«

Using definition of the right (R-KFI) of (t'7#f(t)) with order (1 — «, p) in Eq. (14) to get

b Ca by . - by
[ - eKDr0Agar = [ LoDy o= [ Lo,

where h(t) = R{(Db_(l_a’p) (t=rf(t)).
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Now, using integration by parts of above equation to obtain:

t=b

g(t). b B lja HL=pdy
~ | rx —(1—067(/))) 1— _/ (g(t)tl p) (=1) b o (—a 'rlih;zc(f) dt.
t Db (t Pf(t)) —a a ft (Tp — tp) 7_li_K,dT
(15)

Using definition of right (R-KFD) of (¢'=7f(t)) with order (1 — a, p) in Eq. (7) to get

b b t=b
[ roepprgae = [ (gn-) KDy (0 5(0) div [ 900" Dy O (0 10|

t=a

83. Studying the Necessary Optimality Conditions of the Generalization a Class
of (C-K)FOCPs

We study and derive the necessary optimality conditions the left (C-KFD) of order «, 5 € (0, 1),
p > 0 in the following theorem.

Theorem 3.1 If (z,u,ty) is a minimizer of (1) under the sum of two (C-K) FD of dynamic
constraint (2), and the condition (3), then a function A(t) € R, for (z,u,\) satisfies:

1.Hamiltonian system

10 [RAPE DR (1A (1) + Ra DL (1PA(1) ] = 92 (a(t), u(), A1), ).

(16)
RIBE DI Pa(t) + Rngfo’px(t) = %—&I (x(t), u(t), N(t),t), forallt € [A, tf],
and
FEDEP ($17PA () — FEDYP ($17P (1) = 0,
t tﬂf ( (£) — 2 ( ®) for all t € [a, 4]
FEDP (EPA() = FRDRP (1P M) =0,
2.The stationary condition
% (x(t),u(t),A(t),t) =0, forallte|[Aty]. (17)

3.The transversality conditions

H (2(t), ut), A(t), £) + Rz’ (t) B D U= o\ (2)
~Roa! ()R Dy TPPH0N () — RINEOE DY P a(t) = 0. (18)

“RaABCK D x(t) + B (1, 2(1) -

ov

RyMED TN + R DA ) — S

(tvx(t)) =0, (19)

R{Z{D;f(l*avp)al—p)\(a) _ Ri(Dz(l*awP)al—pA(a) -0,

R{L(D;f(lfﬂﬁp)al—p)\(a) _ R{l(DX(l*B,P)al—p)\m) 0.
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Proof Constructing the problem as minimizing and by define the Hamiltonian function
H (z(t), u(t), \(t)), as follows:

H((t), ult), A(t), ) = F (2(t), u(t)t) + A(t)g (x(t), u(t), 1), (20)

I (2t ) = /

A

ts [ H (x(t), u(t), A1), 1)

M) {RiCE D} (t) + RO D] Par(t) | } dt + ¥ (tr, 2 (ty)). (21)

Using variations « + 0z, A+ 6 Au+ du, ,ty + 6ty and (6J* = 0), we conclude that

OH (x(t), u( t),t)

tf
0 = R CKD“P (1) dt
A —OA(t
+R20KD5P ( )

H (z(t) t),t)
5t RchDW (t) W (7,2 (t)) (22)
_|_R2CKD/3 P ( ) .

Thus,

¢ a?cHt) oz (t) + u,}(-i Su(t) + a?\Ht) IA(t)
=/ —5A(){R105D” (t) + RoCE D Pa(t ()} dt
A
—RAAHCE DX PSa(t) — RoA(t)CEDPPo(t)
st H (@(t), u(t), A(t), t)
Y {RlefD;‘%(t) —I—Rgchf’pm(t)} .

Jr%(tfa (t ))&fﬂLaa\Il (tf, (tf))(x/(tf)(sthr(;x(tf)), (23)

Now, integration by part the relation in Eq. (23) by using Theorem 2.2 in the form

ty
:/ M) SE DM s (t)dt

A
tf A
- / AOCE DO S(t)dt — / NOCE DO st dt

ty
= Sz(t)tP~ HEDEP (H17PA(E)) dit + [M(t)RfD;_“’a’”)tl—/’)\(t)}

a

t=ty

t=a

t=A
- /5m(t)tp_1fKD2"p (t'=PAt) dt — [&c(t)RfD;“‘a*’))tl—P)\(t)}

t=a

A ty
:/ Sx(t)tr EDRP (#17PA(1)) dt+/A Sx(t)tr~ EDYP (#17PA(t)) dt
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t=t
+[ax(t)R{(D;(l—a’p)tlfﬂA(t)} !

t=a
t=A

t=a

A
—/ Sx(t)tP T EE DG (#17PA (1)) dit — {&c(t)Rf{D;(l_a”’)tl’p)\(t)}
A
:/ Sz(t)tr! [Rfof"’ (t'=PA(t)) — *EDG” (tl_p/\(t))} dt

ty
+/A Sx(t)tr~ D ($17PA(t)) dt

t=ts t=A

+ [se@ ™D eaw] T = [ee)RE DL A

t=a t=a

A
:/ st [FEDE (177A®) = REDY? (1PAW)) | e
ty
+/A Sx(t)tr~ TEDP ($17PA () dt

+ [se@ ™D eaw] = [ee)RE Dy A

t=ty

= [se@®E DO oA = [er)RE DL A

t=A

Since (dz(A) = 0), we get
A
_ / S ()t [RfD;“;P (t-PA(t)) — BE DY” (tl—PA(t))} dt

ty
+/A Sz()tr~ FEDRP (£ 7PA()) dt + da(ty) [RfD;(l‘o"”tl*P/\(t)}

t=ty

—dz(a) [RfD;(lfa’p)al_px\(a) — RfDZ(lfa’p)al_p/\(a)} . (24)

Also, in the same way we have

= [ satop (KDY (20w ~ DG (1-0Aw)

tf
+/, Sa(t)t~ P DI (£PA(t)) dt + ba(ty) [RfD;“*ﬁ”’)tl—pA(t)}

— du(a) M DTl A (@) - BE DOl A a). (25)

t=ty

Substitute the results of Eq. (24) and Eq. (25), into Eq. (23) as follows

73% sx(t) + 73% dul(t) + —af;ﬁ) SA(t)

ty
- / —OA(t) {Rlcff Dy Pr(t) + RO Df*’x(t)} dt
A
—dx(t)tP~t {RlR{(D?J;" (tPA@)) + RzRfof”’ (tlﬂ(t))}

A
—Rl/ S ()P [RfD,?f’” (tPA(1)) — BE DY? (tl_p)\(t))} dt

A
~ Ry / sa(t)tr=t [REDLP (170A®) = REDL? (#177Aw) | de
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— 8z (t5) {Rl D]+ R [FED )| J

t=ty
+ R1dz(a) [RfD;(lfa’p)al_”)\(a) - RfDZ(lfa’p)al_p)\(a)}
+ Rada(a) [ Dyl A(@) = FE DLl a)]

+ ot H (a(t), u(t), A1), t)
f A {Rlchta’px(t) + R2C§Dtﬁ’p$(t)} t=t

+%(tf7 (¢ ))5tf+‘2‘1’ (tr,a (tp)) (& (t7) Sty + 6z (ty)),

Thus,

-/ [ su(t) (825 — =t [RaPE DR (P=0M0) + RoPE DL (1-0N0)]) } "
A | )2 + oA (5% — RO DI a(t) - RaCK D a(t))

—Rl/ Sx(t)tP~! RKD""’(tl PA(t)) — DG’ (tl’p)\(t))} dt
—RQ/ S ()t [R{(DE;P (tPA(t)) — BE DB (tl_”)\(t))} dt

— 8z (ty) {RlRf D TP RN () + R D, T A ) —

o [ H (2(t), u(t), A1), 1) = A1) { Ry CE DI 7n(t) + RaCE D] () } ]
+9L (t,2(t) + Z2 (¢, (1) 2/ (1) .,
+ Rada(a) [FE D, 1Pl =0 A(a) — BE DLl A a)
+ Rodz(a) [Pf D, 0 P\ (a) — BE D;“*B’P)al—px(a)} . (26)

Now, we rewrite the transversality conditions in Eq. (26) by using the Taylor series for
f = (z + 0x) about the point z =ty can be given as

(x4 6x) (tg + 0ty) = = + 0x) (tg) + 2’ (ty) 6ty + O (5t7)
(x4 6x) (tg + 0tg) — x (tf) —bx (tg) = o’ (tf) 5ty + O (6tF)

x(ty) —bx(ty) = a' (tf) oty + O (6t%),

Sz (tg) — 6y, = —a’ (ty) Oty + O (6t7), (27)
8 (tg) = Oy, — ' (ty) 6ty + O (6t2) (28)

where 6x;, = (z + 0x) (ty + 0ty) —  (ty) and lim, o0 ﬁ is finite.
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Substitute the Eq. (27) and Eq. (28), into Eq. (26), we have

dt

/tf Sx(t) (887(3) — 1 [RlRKDW’ (t1=P (1)) +R2R§fo’” (tlfp)\(t))})
4 +ou(t) 224 + SA(1) (W) RaCE D (1) — RCK va%(t))

A
- Rl/ S ()t [Rfo‘f”’ (t-PA(t)) — BE DY? (tl_”)\(t))} dt

[ antapet [FEDE (2ox0) REDY (0w e

~Ry (62 — 2’ (t)3t) BE D, 1P e (1)

—Ry (6, — 2/ (t)5t) BE Dy a- BP)pi=p \(t)

(t, (1)) + otH(z(t), u(t), A(t), t)

KD a(t) — RaStA(t) K D) Pa(t)
9

)-
| HOtBHEa0) + St a(0) Go - da®) ],

+ R1dz(a) [RfD;(lfa’p)al_p)\(a) — RfDZ(lfa’p)al_p/\(a)}

+ Radz(a) [RfD;(lfﬁ’p)al_pA(a) — RffD;l(l*ﬁ’p)al_”)\(a)} +0 (6t?) =0,

) / da(t) (4 — =" [RaE DG (0M0) + RoBEDE? (A@)]) |
A +3u(t) 1225 + OA(E) (B2 — RaCK D} Pa(t) — RaCK DY *a(t) )
A
le/ Sx(t)tr—! [R;KD?J;P (t'PA@)) — DY (tl’p)\(t))} dt
aA
—RQ/ Sz(t)tr! [R{‘fo’" (B=PA(t)) — BE DG (tl_p/\(t))} dt

H(w(t), u(t), A(t), 1) + Raa! ()R Dy =P g1=rA(1)
+0ty | +Roa! (£)RE Dy PP = N (1) — Rl)\( )CE D (1)
~RoAB)CE D] a(t) + DL (8, x(t))

e B ov
—64, [RlthKth(l Pyl P/\(t)+R2R{(th(1 B:p)y1 p)\(t)ax(t’x(t))]
t=ty
+Rida(a) [ D Pl 0N(a) - PR DLl A )]
+R26(a) [RfD;(l_B’p)al’P/\( ) — REp0=80)g1=p)(q )] +0 (5t2) = 0. (29)

Since the variation functions were chosen arbitrarily, we get the necessary optimality con-
ditions from Eq. (29) for sum two C-KFOCPs. O
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§4.

Moataz Abbas Holel and Sameer Qasim Hasan

Conclusion

In this paper, a new system for the generalization a class of (FOCPs) with Caputo-Katugampola

derivativesin the case where the lower bound of the integral of J is greater than of a of
CKD*Py(t) + OK DEPx(t) has been studied and derived. We are assuming that the end time

ty free. The necessary optimality conditions for the system are obtained when «, 8 € (0,1)

and p > 0 and a € R and consist of a Hamiltonian system, stationary condition and transver-

sality conditions,which contributes to solving non-linear dynamical control systems with FDs

to obtain approximate solutions for state and control variables with the help of the proposed

numerical methods.
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Abstract: In this brief paper, the stress-sum index of molecular graphs and the physical
characteristics of lower alkanes are analysed using QSPR, and linear regression models for
boiling points, molar volumes, molar refractions, heats of vaporisation and critical temper-

atures are presented.
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§1. Introduction

Let G = (V, E) be a graph (finite, simple, connected and undirected). A geodesic between two
vertices w and v in G is a shortest path between u and v. The molecular graph of a chemical
compound is a simple connected graph considering atoms of chemical compounds as vertices
and the chemical bonds between them as edges. For definitions in graph theory, the textbook
of Harary [2] has been cited. As and when necessary, the non-standard notions will be provided
in this article.

The topological indices are graph invariants (theoretical molecular descriptors) that play
an important role in chemistry (See [3-14]). There are many important degree/distance based
topological indices defined for graphs having numerous applications in chemistry [13] like Zagreb
index, Wiener index, Harary index etc.

The concept of stress of a vertex in a network (graph) has been introduced by Shimbel [15]
as a centrality measure in 1953. The concepts of stress number of a graph and stress regular
graphs have been studied by K. Bhargava, N. N. Dattatreya, and R. Rajendra in [1]. The stress
of a vertex v in a graph G, denoted by strg(v) or briefly by str(v), is the number of geodesics

1Received November 18, 2022, Accepted December 10, 2022.
2Corresponding author: Dr.P.Siva Kota Reddy, Email: pskreddy@jssstuniv.in
3This joint work is dedicated to the memory of Shree K. Jagan Mohan Reddy, father-in-law of third author.



A QSPR Analysis for Stress-Sum Index 61

passing through it. The stress-sum index SS(G) of a simple graph G is defined (see [6]) by

SS(G)= Y str(u)+str(v). (1)

weE(G)

the quantitative structure-property relationship (QSPR) studies translate quantitative
physical properties of chemical compounds into numerical data which helps to study corre-
lation between properties of chemical compounds, their structure and simultaneously develop
regression models. QSPR analysis for many topological indices can be found in literature. In
this short paper, by a QSPR analysis for physical properties of lower alkanes involving stress-
sum index of molecular graphs, we present best linear regression models for boiling points, molar

volumes, molar refractions, heats of vaporization and critical temperatures of low alkanes.

82. A QSPR Analysis

We carry a QSPR analysis for the physical properties - boiling points, molar volumes, molar
refractions, heats of vaporization, critical temperatures, critical pressures and surface tensions

of lower alkanes with stress-sum index of molecular graphs.

Table 1 gives the stress-sum index SS(G) of molecular graphs and the experimental values

3, molar refrac-

for the physical properties - Boiling points (bp) °C, molar volumes (mv) cm
tions (mr) em?, heats of vaporization (hv) k.J, critical temperatures (ct) °C, critical pressures
(cp) atm, and surface tensions(st) dyne cm~! of considered alkanes. The values given in the
columns 3 to 9 in the Table 1 are taken from Needham et al. [4] (the same values can be found
in [14]).

Table 1. Stress sum index, boiling points, molar volumes, molar refractions, heats of

vaporization, critical temperatures, critical pressures and surface tensions of low alkanes

Alkane SS(G) & dm BE B & i G
Pentane 20 36.1 115.2 2527 26.4 196.6 33.3 16
2-Methylbutane 21 279 1164 25.29 246 187.8 32.9 15
2,2-Dimethylpropane 24 9.5 122.1 25.72 21.8 160.6 31.6
Hexane 40 68.7 130.7 29.91 31.6 234.7 299 18.42
2-Methylpentane 41 60.3 131.9 29.95 299 2249 30 17.38
3-Methylpentane 40 63.3 129.7 29.8 30.3 231.2 30.8 18.12

2,2-Dimethylbutane 44 49.7 1327 2993 27.7 216.2 30.7 16.3
2,3-Dimethylbutane 42 58 130.2 29.81 29.1 227.1 31 17.37

Heptane 70 98.4 146.5 34.55 36.6 267 27 20.26
2-Methylhexane 71 90.1 147.7 34.59 34.8 2579 272 19.29
3-Methylhexane 69 91.9 145.8 3446 351 2624 281 19.79

3-Ethylhexane 104 93.5 1435 3428 352 2676 28.6 20.44
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(Table continues)

Alkane SS(G) <& GE s L e
2,2-Dimethylpentane 74 79.2  148.7 34.62 324 2477 284 18.02
2,3-Dimethylpentane 70 89.8 144.2 34.32 34.2 2646 29.2 19.96
2,4-Dimethylpentane 72 80.5 148.9 34.62 329 2471 274 18.15
3,3-Dimethylpentane 59 86.1 144.5 3433 33 263 30 19.59
2,3,3-Trimethylbutane 75 80.9 145.2 3437 32 2583 29.8 18.76

Octane 112 125.7 162.6 39.19 41.5 296.2 24.64 21.76

2-Methylheptane 113 117.6 163.7 39.23 39.7 288 24.8 20.6
3-Methylheptane 110 1189 161.8 39.1 39.8 292 25.6 21.17
4-Methylheptane 109 117.7 162.1 39.12 39.7 290 25.6 21
3-Ethylhexane 104 118.5 160.1 38.94 394 292 25.74 21.51
2,2-Dimethylhexane 116 106.8 164.3 39.25 37.3 279 25.6 19.6
2,3-Dimethylhexane 110 115.6 160.4 38.98 38.8 293 26.6 20.99
2,4-Dimethylhexane 111 109.4 163.1 39.13 37.8 282 25.8 20.05
2,5-Dimethylhexane 114 109.1 164.7 39.26 379 279 25 19.73
3,3-Dimethylhexane 112 112 160.9 39.01 37.9 290.8 27.2 20.63
3,4-Dimethylhexane 108 117.7 158.8 38.85 39 298 274 21.62

3-Ethyl-2-methylpentane 105 115.7 158.8 38.84 385 295 27.4 21.52
3-Ethyl-3-methylpentane 108 118.3 157 38.72 38 305 28.9 21.99
2,2 3-Trimethylpentane 105 109.8 159.5 38.92 36.9 294 28.2 20.67
2,2 4-Trimethylpentane 117 99.2 165.1 39.26 36.1 271.2 25.5 18.77

2,3,3-Trimethylpentane 129 114.8 157.3 38.76 37.2 303 29 21.56
2,3,4-Trimethylpentane 111 113.5 158.9 38.87 37.6 295 27.6 21.14
Nonane 168 150.8 178.7 43.84 46.4 322 2274 22.92
2-Methyloctane 169 143.3 179.8 43.88 44.7 315 23.6 21.88
3-Methyloctane 175 144.2 178  43.73 44.8 318 23.7 22.34
4-Methyloctane 163 142.5 178.2 43.77 44.8 318.3 23.06 22.34
3-Ethylheptane 156 143  176.4 43.64 44.8 318 23.98 22.81
4-Ethylheptane 138 141.2  175.7 43.49 44.8 318.3 23.98 22.81
2,2-Dimethylheptane 172 1327 180.5 43.91 423 302 22.8 20.8
2,3-Dimethylheptane 164 140.5 176.7 43.63 43.8 315 23.79 22.34
2,4-Dimethylheptane 164 133.5 179.1 43.74 429 306 22.7 21.3
2,5-Dimethylheptane 166 136 179.4 43.85 429 307.8 22.7 21.3

2,6-Dimethylheptane 170 135.2 180.9 43.93 428 306 23.7 20.83
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(Table continues)
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Alkane SS(G) & Em o MmN % amm meeT
3,3-Dimethylheptane 166 137.3 176.9 43.69 42,7 314 24.19 22.01
3,4-Dimethylheptane 160 140.6  175.3 43.55 43.8 322.7 24.77 22.8
3,5-Dimethylheptane 162 136 1774 43.64 43 3123 23.59 21.77
4,4-Dimethylheptane 164 135.2 176.9 43.6 42.7 317.8 24.18 22.01

3-Ethyl-2-methylhexane 154 138 175.4 43.66 43.8 322.7 24.77 22.8
4-Ethyl-2-methylhexane 157 133.8 1774 43.65 43 330.3 25.56 21.77
3-Ethyl-3-methylhexane 158 140.6  173.1 43.27 43  327.2 25.66 23.22
3-Ethyl-4-methylhexane 153 140.46 172.8 43.37 44  312.3 23.59 23.27
2,2,3-Trimethylhexane 167 133.6 1759 43.62 41.9 318.1 25.07 21.86
2,2 4-Trimethylhexane 169 126.5 179.2 43.76 40.6 301  23.39 20.51
2,2 5-Trimethylhexane 173 124.1  181.3 4394 40.2 296.6 2241 20.04
2,3,3-Trimethylhexane 165 137.7 173.8 43.43 422 326.1 25.56 22.41
2,3,4-Trimethylhexane 161 139 173.5 43.39 429 324.2 25.46 22.8
2,3,5-Trimethylpentane 165 131.3 1777 43.65 414 309.4 23.49 21.27
2,4,4-Trimethylhexane 167 130.6  177.2 43.66 40.8 309.1 23.79 21.17
3,3,4-Trimethylhexane 163 140.5 172.1 43.34 42.3 330.6 26.45 23.27
3,3-Diethylpentane 152 146.2 170.2 43.11 434 342.8 26.94 23.75
2,2-Dimethyl-3-ethylpentane 160 133.8 1745 43.46 42 338.6 25.96 22.38
2,3-Dimethyl-3-ethylpentane 159 142 170.1 4295 42.6 322.6 26.94 23.87
2,4-Dimethyl-3-ethylpentane 155 136.7 173.8 434 429 3242 25.46 22.8
2,2,3,3-Tetramethylpentane 170 140.3 169.5 43.21 41 3345 27.04 23.38
2,2,3,4-Tetramethylpentane 156 133 173.6 4344 41  319.6 25.66 21.98
2,2,4,4-Tetramethylpentane 176 122.3 178.3 43.87 38.1 301.6 24.58 20.37
2,3,3,4-Tetramethylpentane 166 141.6  169.9 43.2 41.8 3345 26.85 23.31

83. Regression Models

Using Table 1, a study was carried out with a linear regression model

P=A+B-85G)

where P = Physical property and SS(G) = stress-sum index. The correlation coefficient r,

its square r2, standard error (se), t-value and p-value are computed and tabulated in Table 2

followed by linear regression models.
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Table 2. 7,72, se, t and p for the physical properties (P) and stress-sum index

P T r? se t p

bp 0.9351 0.8744 (3.8323) (0.0290) (9.6718) (21.6046) (2.4333E — 14) (6.6517TE — 32)
muv 0.9716 0.9440 (1.4125) (0.0106) (83.6459) (33.6272) (1.6608E — 69) (1.1145E — 43)
mr 0.9774 0.9553 (0.3838) (0.0029) (67.3975) (37.8821) (2.702E — 63) (5.6412E — 47)
hv 0.9210 0.8484 (0.7220) (0.0054) (35.5945) (19.3642) (3.0145E — 45) (3.7544F — 29)
ct 0.9155 0.8381 (5.2891) (0.0400) (37.6222) (18.6270) (8.7678E — 47) (3.3851F — 28)
cp —0.8672  0.7520 (0.4510) (0.0034) (71.6614) (—14.257) (4.686FE — 65) (5.6973FE — 22)
st 0.7855 0.6170 (0.4216) (0.00312) (40.3860) (10.1551) (2.9465E — 47) (5.7316E — 15)

The linear regression models for boiling points, molar volumes, molar refractions, heats of

vaporization, critical temperatures, critical pressures and surface tensions of low alkanes are as

follows:
bp = 37.0657 4 0.6270 - SS(G) (2)
mv = 118.1525 4 0.3597 - SS(G) (3)
mr = 258679+ 0.1101 - SS(G) (4)

hv = 25.6994 4 0.1058 - SS(G) 5

ct = 198.9881 4 0.7461 - SS(G) 6

cp = 32.32099 — 0.04870 - SS(G) 7

(5)
(6)
(7)
st = 17.0280 +0.0317 - SS(G) (8)

The values of 7,72, se, t and p in Table 2 for the physical properties are good except for
critical pressures and surface tensions. As a result the linear regression models (2)-(6) can be

employed as predictive tools.

84. Conclusion

The physical properties of low alkanes - boiling points, molar volumes, molar refractions, heats
of vaporisation, and critical temperatures, can be predicted using the linear regression models
(2)-(6), as shown in Table 2. It demonstrates that stress-sum index can be used as predictive

means in QSPR researches.
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Abstract: A Stacked-book graph G, results from the Cartesian product of a star graph
Sm and path P,, where m and n are the orders of S,, and P,, respectively. A radio labeling
problem of a simple and connected graph, G, involves a non-negative integer function f :
V(G) — Z* on the vertex set V(G) of G, such that for all u,v € V(G), |f(v) — f(v)| >
diam(G)+1—d(u,v), where diam(G) is the diameter of G and d(u, v) is the shortest distance
between u and v. Suppose that fiin and fma.. are the respective least and largest values
of f on V(G), then, spanf, the absolute difference of fimin and fimaa, is the span of f while
the radio number rn(G) of G is the least value of spanf over all the possible radio labels on
V(G). In this paper, we obtain the radio number for the stacked-book graph G, » where
m > 4 and n is even, and obtain bounds for m = 3 which improves existing upper and lower

bounds for G, where m = 3.
Key Words: Radio number, Cartesian product of graphs, stacked-book graph.
AMS(2010): 05C15, 05C12.

§1. Introduction

The graph G considered in this paper is simple and undirected. The vertex and edge sets of
G are V(G) and E(G). For e = uv € E(G), e connects two vertices v and v while d(u,v) is
the distance between u,v and diam(G) is the diameter of G. Radio number labeling problem,
which is mostly applied in frequency assignment for signal transmission, where it mitigates the
problems of signal interference. It was first suggested in 1980 by Hale [6].

Let f be a non negative integer function on V(G) such that the radio labeling condition,
|f(u) — f(v)] > diamG + 1 — d(u,v) is satisfied for every pair u,v € V(G). The span of f,
spanf, is the difference between f,,;,, and fqe, the minimum and the maximum radio label on
G respectively. Thus the smallest possible value of span f is the radio number, rn(G), of G. The
radio labeling condition guarantees that every vertex on G has unique radio label. Therefore,
rn(G) > |[V(G)| — 1 is trivially true. However, establishing the radio number of graphs has

proved to be quite tedious. Even so, such numbers have been completely determined for some

1Received November 2, 2022, Accepted December 12, 2022.
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graphs. Liu and Zhu [10] showed that for path, P,, n > 3,

2k(k—1)+1 if n=2k;
rn(P,) =
2k% + 2 if n=2k+1.
This improves results in [5] and [4] by Chatrand, et. al. where the upper and lower bounds
for the same class of graph are obtained. Furthermore, Liu and Xie [9], found the radio number

for the square of a path, P2 as:

5 k?+2 if n=1(mod 4),n > 9;
rn(Py) =
k? +1 if otherwise.

Similar results are obtained in [8] for square of cycles. Jiang [7] completely solved the
radio number problem for the grid graph (P,,0P,), where for m,n > 2, it is noted that
rn(Pn0PR,) = W —mn —m + 2, for m-odd and n even. Saha and Panigrahi [12]
and Ajayi and Adefokun [1] obtained results on the radio numbers of Cartesian products of
two cycles (toroidal grid) and of path and star graph (stacked-book graph) respectively. In the
case of stacked-book graph G = S,00P,,, rn(G) < n?m + 1, which the authors noted is not
tight. Recent results on radio number include those on middle graph of path [2], trees, [3] and
edge-joint graphs [11].

In this paper, for even positive integer n, we consider the stacked-book graph G, , and
derive the rn(Gy, ) for the case m > 4. Furthermore, new lower and upper bounds of the

number are obtained for m = 3, which improve similar results in [1].

§2. Preliminaries

Let S,, be a star of order m > 3 and for each vertex v; € V(Sp,), 2 < i < m, v; is adjacent
to vy, the center vertex of S,,. Also, let P, be a path such that |V(P,)| = n. The Graph
Gum,n = SnOP,, is obtained by the Cartesian product of Sy, and P,,. The vertex set V(Gp,.rn)
is the Cartesian product V(S,,) x V(P,), such that for any u,v; € V(Gm ), then, u; € V(Sy,)
and v; € E(P,). For E(Gp ), uv; ugv; is contained in E(Gp, ) for uvj, upvy € V(Gmn),
then either u; = uy and vjv; € E(Py,) or uux € E(S,,) and v; = v;. Geometrically, V(G,.1)
contains n number of Sy, stars, namely Sy, (1), Sim(2), "+ s Sm(n), such that for every pair v; €
Sm(i) and vi11 € Spy(it1)s Vivigr € E(Gmn). These are, in fact, the only type of edges on Gy,
apart from those on its S, stars. This geometry fetched G, , the name stacked-book graph.

Remark 2.1 It is easy to see that diam(G,, ) = n + 1, being the number of edges from

U;V1 —> ULV —> ULV2 —> + - ° —> ULVp —> UjUp, where i # j.

Remark 2.2 For convenience, we write u;v; as u;; in certain cases and u; jux; is the edge

induced by u;v; and uv;.

Definition 2.1 Let Gy, n = SnOP,. The vertex set Vi) C V(G n) is the set of vertices on
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star Sy iy, defined by the set {u1vi, ugvy, -+, Umv;}.

We introduce the following definition:
Definition 2.2 Let G, ,, = S,,0P,. Then, the pair {Sm(i),Sm(H%)} is a subgraph G(i) C
G induced by Vi;) and Vi;4n).

Remark 2.3 The maximum number of G(i) subgraph in a G,, ,, graph, n even, is 2 and the

diam(G(i)) = § + 2. :

Remark 2.4 Let {V(,;), V(H_%)} induce G(i), such that Vi;) = {u1,,uz,i, -+ , Um,; } and Viign) =

{u17H—Tn,u2’i+Tn,"' ,U,m’i-l—Tn}. Then, for u € V(;), v € V(;32) and d(u,v) = p, where p €
5,5 +1,5+ 2} and for ug,;, vt,it 2,
5 if k=t
p=4 5+1 if t=1k#t

D42 ift# L kAL kAL

83. Results

In this section, we investigate the radio number of stacked-book graphs and obtain the exact

radio number for G,, ,, for m > 4, n even.

Lemma 3.1 Let Sy, be a star on Gy, 5, and f, a radio label function on G, . Then spanf on
Sm isn(m—1)+ 1.

Proof Let the center vertex of S, be vy and let f(v1) be the radio label on v;. There exists
some vy € V(S,,) such that d(vy,v2) = 1. Therefore, by the definition, f(vs) > f(v1) + n+ 1.
Suppose that k ¢ {1,2}, then d(vy, vg) = 2, for all v, € V(S,,,). Thus, without loss of generality,
suppose that v, is the last vertex on V(Sy,), then f(vy,,) > f(vo) + (n+1) + n(m — 2) and the

claim follows. O
Remark 3.1 It is easy to confirm that given a star S,, with center vertex v, if for a positive
integer a, rn(Sy,) = a, then either f(v1) i8S fiin OF fimas-

Now we establish lower bound for G (7).

Lemma 3.2 Let G(i) be a subgraph of Gy, and let f be the radio label on V(Gp, n). Then,
(G (i) > f(v1) +mn — § + 2, where vy is the center vertex of Sp(itn).

Proof Let Sp,;) and S,(;) be the stars on G(i) C Gy,n, where j = i + 5. By Lemma
3.1, f(vm) = f(v1) +mn—n+1, with f(v,,) = max {f(vs) : v; € V(Sin(5))}, and vy the center
of Sp(j)- Now, let uy be the center vertex of Sy,(;). It is clear that d(uy,v1) = 232, Thus,
flur) > f(v1) +mn—n+1+ 282 = f(u)) + mn — 2 +2.
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Claim. For optimal radio labeling of G(i), maximum label on S, ;) is at least f(u;).

Consider some u,, € V(Sp), such that m # 1 and d(um,vm) = § + 2. Then f(u,) =
f(v1) +mn — 5 + 1. By Lemma 3.1, the spanf of f for a star S,, is mn —n + 1. Now,
fum) — (mn —n+1) = f(v;)) + 5. Thus, by Remark 3.1, f(u1) = f(v1 + §). This is a
contradiction, considering that d(u,v1) = 3. O

Lemma 3.3 Let G* (i) C G,n be G(i) Uwi, where wy is the center vertex of Sy,(j41) and let
[ be a radio labeling on G, ,,, where n is even. Then, the spanf of f on G*(i) > mn + 3.

Proof Let uy be the center vertex of Sy,(;y. It can be verified that d(uy,w;) = 5. By the
proof of Lemma 3.1, f(u1) > f(v1) +mn — § + 2, where v; is the center vertex of S, ;). Thus
by definition, f(w1) > f(v1) +mn— % +2+ 22 = f(v1)+mn+3. Since f(vy) is the minimum
label on G(7), the result follows. O

Now we present the lower bound for stacked-book graph G, ,, where n is an even integer
and m > 3.

Theorem 3.1 Let G = Gy, be a stacked-book graph with m > 3 and n an even integer.

Furthermore, let f be the radio labeling on G. Then, rn(G) > an2 +n—1.

n

Proof From the definition of G(i), graph Gy, contains § number of G(i) subgraphs.
Likewise, it can be seen that Gy, ,, contains 5+ number of G* (i) subgraphs. Now, let G(%), in-
duced by S,,(ny and S,y be the last G(i) subgraphs on Gy, , and G* (1), G*(2), - -- LG
be the 27! number of G¥ (i) graphs. By the earlier result, if f(vi) = 0, then rn(Gp, )

("T_l)(mn+3)+mn—%+2:#+n—l.

0w

In what follows, we examine the upper bound of the stacked-book graph G, ;.

Lemma 3.4 Let G(i) be a subgraph of G, n induced by {‘/(i)7‘/'(i+g)}. Then for any pair
v € Viiy and u € V(4 ny, such that d(u,v) > 5 + 1, [f(v) = f(u)] > 5.

Proof Let u = uy; € V(s and v = uyiyz € V(jyn). Since d(u,v) > 3, then by Remark
2.4, k # t. Suppose that neither u nor v is the center vertex of their respective stars Sy,
and Sp(iyn). Then, d(u,v) = diam(G(i)). Now, let the radio label on u and v be f(u)
and f(v) respectively. Suppose, without loss of generality, that f(v) > f(u). Then f(v) >
fu) + diam(Gy,,n) + 1 — diam(G(i)), which implies that
n
W) =+
This implies that f(v) — f(u) > §. Similarly, if f(u) > f(v), then f(u) — f(v) > % and thus,
the claim follows. g

The following remarks can be confirmed by applying similar methods as in the proof of

Lemma 3.4.

Remark 3.2 Suppose that either of u,v in Lemma 3.4, say u, is such that for any v’ € V{3,
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wu' € E(Sp(i)). Then d(u,uw’) = § +1 and |f(u) — f(v)| 2 § + 1.

Remark 3.3 Let u,u’ € Vi). If d(u,u') = 1, then |f(u) — f(u/)] > n+1 and |f(u) — f(u')| > n
for d(u,u’) = 2.

Theorem 3.2 Let m > 3 be odd and G(i) C G pn, be induced by {V(i),V(i_,_%)}. then,
(G (i) < f(v1) +mn — 5§ + 2, where vy is the center star Sy, (14 n).

Proof Let Vi) = {u14,u2i, -+ s Umi} and Vi) = {urs,ue,- - U ¢}, where t = i+ 3.
For r € [1,m], set u,; € V(;) as a, and u,; € Viy) as B,. From earlier remark, d(3,,a,) €
{g+1,g+2} for r # s. Now, for every pair as, 3., where as € V), and B, € V),
let » # s except otherwise stated. Let a7 and (; be the respective centers of the stars
Sm(i) and Sy, induced by V(;) and V{4 and let the radio label on ;1 be f(8:1) such that
J(B1) =min{f(B;): 1 <i <mj}. Since By is the center of S,,;), then given ay € V{;y, d(B1, a2) =
2 + 1. Now set p = diam(Gpn) +1—d(B1,ar), 7 # 1. Hence, p=n+2— (2 +1) =2 +1.
Suppose that a; € V(;) and By € V{4, such that 1 # j # k # 1. Then, d(a;, Br) = 5 +2. So we
set ¢ = diam(Gm,n)+1—d(a;, fr) = 5. For f(51) and some ap € Vi, f(ao) = f(B1)+p. Also,
for By € Vigy, f(Bs) = f(az) + g = f(B) +p+qand f(as) = f(Br) + 2q + p. We continue to
label the vertices on both V(;) and V(;) alternatively based on the last value attained. Therefore,

for m odd,

fBu) = flam-1)+5

f(Br) +(m = 2)g +p.

It can be seen that there does not exist agq € V;), such that d > m. So, we reverse the order of
labeling, such that for S3,,,as, f(as) = f(Bm) +q = f(B1) + (m — 2)q + 2p. Also, for the pair
asg, B, f(B2) = f(B1) + (m — 2)q + 2¢ + p. This continues until we reach the pair ay,, Bm-1,
and obtain

flam—1) = f(B1)+(2m —3)q +p.

Finally, we consider the pair f,,_1 and a;. Since o, is the center of S(;), then d(a1, B-1) =

5 + 1 and hence,

f(al) = f(am—l) +p
f(Br) + (2m —3)q +2p

f(/)’l)—i—mn—g—i—l

Hence, rn(G (7)) < f(v1) +mn — 5 + 2, where m is odd and n even. O

Next, we directly apply Theorem 3.2 to get results following.

Lemma 3.5 Let G(i) be induced by {Sm(i),Sm(iJr%),fyl}, where 1 is the center of star
Sm(itn1), induced by Viiyn 1y Then, f(v1) < f(B1) +mn + 3.
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Proof For ay and B centers of stars Sy and S(;1n) respectively, let flan) = f(B1) +
mn — § + 2, as established in Theorem 3.2. Then, d(a1,v:) = § + 1. Therefore,

fn) = fla)+p
= f(B1) +mn+3.

This completes the proof. O

Now, for 31, the center of Sy,(14 ), induced by V(14 z). By setting f(B1) = 0, we establish
an upper bound for the radio number of a stacked-book graph G,, , in the next results.

2

Theorem 3.3 For a graph G, , with m odd and n even, rn(Gpm ) < ™5~ +n — 1.

Proof Let {vl(l),vg(l),vg(l), e ,vn(l)} be the set of the respective centers of stars Sy, (1),
Sm(2), Sm(3)s = Sm(n) in Gm,n. Also, suppose that f(v%H(l)) = 0. From the Lemma 3.5,
f(vn o)) =mn+3; f(vny301)) = 2(mn+3) and so on. In the end, f(v,1)) = (5 —1)(mn+3).
Also, let v,_n (1) = vz (1) be the center of Sy, (z) C G n and let Sy, (n), Spy(n) induce the graph
G(5) C G- By Theorem 3.2,

n (G (g)) < flvnay) +mn — g +2

an

< —1.
S 5 +n

This completes the proof. O

Theorem 3.4 Let m,n be even. Then rn(Gy, ) < m2"2 +n—1.

Proof The proof follows similar argument and technique as in Theorems 3.2, 3.3 and
Lemma 3.5. g

Notice that Theorems 3.1,3.3 and 3.4 establish the radio number of G, ,, where m > 4
and n is even, as recapped in the next theorem.

Theorem 3.5 Let Gy, be a stacked-book graph with m > 4 and n even, then, rn(Gpn) =
mn? +n—1.
2

Next we consider the case where m = 3. First we present a result that is equivalent to

Theorem 3.2 with respect to m = 3.

Theorem 3.6 Let G3, be a stacked-book graph, where n is even. Suppose that the pair
{53(i)753(¢+g)} form a subgraph G(i) of Gs,n. Then, rn(G(i)) < f(u1) + 57” + 3, where uy 18
the center vertex of Ss(itn)-

Proof Let Vi;y = {v1,v2,v3} and Viign) = {u1,u2,u3} where V{;) and Viigyn) are vertex
sets of stars S3(;) and 5’3(i+%) in G3 y, respectively. Also, let v; and u; be the respective center

vertices of S3(;) and S3(;4n). From earlier remark, d(vi,u1) = § + 1. Suppose that f(uy), the
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radio label of u; is the smallest possible radio label on G(3), then,

flv2) = f(v1) +diam(Gsp) + 1 —d(vi,uq)
= flw)+ g +1.

For vo,us, d(va,us) = 5§ + 2, f(uz) = f(u1) +n + 1; For ug,v1, d(us,v1) = § + 1,
f(vl):f(u1)+37"+2' For vy, ug, d(vy,uz2) = § +1, f(uz2) = f(u1)+2n+ 3 and finally, for the
pair vs, ug, d(vs,uz) = % +2 and f(ug) = f(u1) + 2% + 3. Hence, rn(G(i)) < f(u1) + 5+ + 3.0

Next, we obtain the following result.

Lemma 3.6 Let k1 be the center of star Sziyz)11 € Gan and let H(1) be a subgraph of G(3,m)
induced by {Sg(i), Sg(H%)m}. Then f(k1) < 3n + 1.

Proof The vertex with the maximum value of radio label in Theorem 3.6 is ug. Let us adopt
this, with f(u3) = f(u1) + 2 + 3. Now, d(ug,r1) = % + 2. Therefore, f(k1) = f(u1) + 3n+ 3.
This completes the proof. O

In the final result here, we set f(u1) = 0, for u;, the center of star Sz(14n).

Theorem 3.7 Let n be an even positive integer. Then, rn(Gs.,) < % +n.

Proof The proof follows similar technique adopted in Theorem 3.4. O
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Figure 1. A G3g graph with mn(Gs ) < 60.
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Notice that the radio numberings for G4 and G5 are shown in Figures 1 and 2. They
demonstrate that that the radio numbers of the graphs can not be more than 77 and 60 respec-

tively.

84. Conclusion

It is noteworthy to look at some of the results in [7]. A G3, is a 3 x n grid. By [7], it is seen
that rn(Gs,6) = 59, which is better than the result in Figure 2 above by 1. But this is still a
considerable improvement compared with a upper bound of 109 suggested in [1]. In establishing
the upper bound for Gj ., it is observed that the number of the pair u,v € V(Gs,,) for which
d(u,v) = % is more than the case where d(u,v) = 4 in each of the segments of radio
labeling of the stacked-graph. However, the reverse proves to be the case in Gy, ,, m > 4.
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Abstract: Let G = (V, E) be a (p,q) graph. Define

£, if piseven

%71, if p is odd

p=

and L = {£1,42,43, .-, £p} called the set of labels. Consider a mapping f : V — L
by assigning different labels in L to the different elements of V when p is even and different
labels in L to p-1 elements of V and repeating a label for the remaining one vertex when
p is odd.The labeling as defined above is said to be a pair difference cordial labeling if for
each edge uv of G there exists a labeling |f(u) — f(v)| such that |Ay, — Age| < 1, where
Ay and Aje respectively denote the number of edges labeled with 1 and number of edges

not labeled with 1. A graph G for which there exists a pair difference cordial labeling is
called a pair difference cordial graph. In this paper we investigate the pair difference cordial
labeling behavior of Pair Difference Cordial Labeling of Franklin graph, Heawood graph,
Tietze graph and Durer graph.

Key Words: Path, cycle, wheel, gear graph, ladder.
AMS(2010): 05C78.

§1. Introduction

In this paper we consider only finite, undirected and simple graphs. Cordial labeling was
introduced in [2] by Cahit. Also cordial related labeling was studied in [15,16]. In [7] the notion
of pair difference cordial labeling of a graph was introduced and also the pair difference cordial
labeling behaviour of path, cycle, star, ladder have been studied. In [8,9,10,11,12,13,14], the
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pair difference cordial labeling behaviour of snake related graph and butterfly graph have been
investigated. In this paper we have study about the pair difference cordiality of some named
graphs like Franklin graph, Heawood graph, Tietze graph and Durer graph.

82. Preliminaries

Definition 2.1([3]) The corona graph G1 ® Gy is the graph obtained by taking one copy of Gy
and n copies of Go and joining the it" vertex of G1 with an edge to every vertex in the it" copy

G2, where G is graph of order n.

Definition 2.2([4]) Let C,, be the cycle aiasas - - - anay where n = 0(mod12). Then FG,, is the
graph with the vertex set V(FG,) = V(C,) and E(FG,) = E(Cy,) U{asi+1a4i44: 0 < i < 274}
U{a4i+3a4i+10 : 0 < i < ”T_S}U{agan_g,,an_la@}. FG,, has n vertices and 37" edges. Note that
FG1g is called the Franklin graph.

Definition 2.3([3]) Let C,, be the cycle aiazas - - - anay where n = 0(modl4). Then HG),, is the
graph with the vertez set V(HG,) = V(Cy,) and E(HG,,) = E(Cy,) U{azi11a2i46 : 0 < i < 254}
U{azan—3,an-1a4}. HG, has n vertices and 37" edges. The graph HG14 is called the Heawood
graph which is given in Figure 1.

ay
as

ag
a1z

410
ag

Figure 1

Definition 2.4([3]) Let C, be the cycle vivavs - - -v,v1 where n = 0(mod9). Then TG, is
the graph with the vertex set V(TG,) = V(Cp) Wugi—2 : 1 <i < 2} and BE(TG,) = E(Cy)
U{uszi—2vsi—2 0 1 <i < ZHU{ugi1uzipz 1 1 <0 < "T_?’} U{up—1us}. TG, has %" vertices and
2n edges. Note that TGy is called the Tietze graph.

Definition 2.5([3]) Let C,, be the cycle vivavs - --vyv1 where n = 0(mod6). Then DG, is
the graph with the vertex set V(DG,) = V(Cy) UW{g; : 1 < i < n} and E(DG,) = E(C,)
U{givi : 1 <@ < n}U{gigit2 : 1 <i <n—2} UWgng2,gn-191}.- DG, has 2n vertices and 3n
edges. The graph DGy is called the Durer graph.
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83. Main Results

Theorem 3.1 FG,, is pair difference cordial for all values of n = 0(modl12).

Proof Take the vertex set and edge set from definition 2.2.
Assign the labels 1,2,3,---, 3 to the vertices a1,a2,as3, -+ ,az respectively and assign

2
labels —4, —6, —5, —7 respectively to the vertices Ants,Ant10,Ant12,0ni1s and assign the labels

the labels —1,—-2,—-3,,--- , —2 respectively to the vertices Ant2,0nta,Anie. Next assign the

—8,—10,—9, —11 respectively to the vertices Ant16,0 418,020 ,Ani22 . Proceeding like this

until we reach the vertex a,. Here Aye = Ay = ‘%”. O

Theorem 3.2 HG,, is pair difference cordial for all values of n = 0(modl14).

Proof Take the vertex set and edge set from Definition 2.3.

Assign the labels 1,2,3,---, % to the vertices ai,az,as, - ;az respectively and assign

2
labels —4, —6, —5, —7 respectively to the vertices an+s,@n+10,an+12,an+14 and assign the labels
2 2 2 2

the labels —1,—-2,—-3,,---, —2 respectively to the vertices Ung2,Gnts A . Next assign the

—8,—10,—9, —11 respectively to the vertices An416,0 nt18 A 420 ,0 ng22 . Proceeding like this
until we reach the vertex a,,.

The Table 1 given below establish that this vertex labeling f is a pair difference cordial of
HG,, for n = 0(modl4).

Nature of n = 14k Age Ay,
n = 14k, k is odd % ?mff
n = 14k, k is even 3; ST”
Table 1
This completes the proof. O

Theorem 3.3 TG, is pair difference cordial for all values of n = 0(mod9).

Proof Take the vertex set and edge set from Definition 2.4.

Assign the labels 1,2,3,--- ,%" respectively to the vertices vy, vq,vs, - - - CE and assign
the labels —1,-2,-3,--- , =% to the vertices Vzngs, Vznts, Uznto, ~* -, Up respectively. Next

assign the labels to the vertices u;, 1 < i < n. There are two cases arises.

Case 1. n is even.

Assign the labels f”T'H)’,f"T'H), 7%15,. o ,7(%" — 3) respectively to the vertices uq, us, us,
yUns and assign the labels —%‘6,—%12, —%,- . ,—(2?” — 2) to the vertices ux=, Ungs,
Unie, -+ ,Un—2 Tespectively. Finally assign the labels —(&* — 1),— (%) respectively to the
3
vertices Uy, _1, Up.
Case 2. n is odd.
Assign the labels —%‘67— "'*:'312, —%18,- o ,—(%" —3) respectively to the vertices uy, us, us,
i Unos and assign the labels _%_3’_,%9, —%15,- .- 7—(2?" — 2) to the vertices Unigs, Unis,
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Ungo, - 5 Un—3 respectively. Lastly assign the labels — (2 — 1),—(2%) respectively to the

vertices u,_1,Un. In both cases, we get Aff = Ay =n. O

Theorem 3.4 DG,, is pair difference cordial for all values of n = 0(mod6).

Proof Take the vertex set and edge set from Definition 2.5.

Assign the labels 1,2,3, - ,n to the vertices vy, va,v3, - , v, respectively and assign the
labels —1, -2, -3, -+, —§ respectively to the vertices g1,93, g5, - - ,gn—1. Now assign the labels
—"7%,—”7”,—%12, -+« ,—(n — 3) respectively to the vertices g2,94, g5, - - - s and assign the
labels —”T“,—”T%,—”ng, -+« ,—(n — 2) respectively to the vertices gn2,gniz,guie, - s Gno2-

Finally assign the labels —(n — 1), —n respectively to the vertices g,—_1, gn.

Clearly Afe = Ay, = 37” A pair difference cordial labeling of DGg is given in Figure 2.

Figure 2

Theorem 3.5 FG,, © K is pair difference cordial for all values of n = 0(modl12).

Proof Let V(FG,0K;) = V(FG,)U{x; : 1 <i<n}and E(FG,0K,) = E(FG,)U{a;x; :
1 <4 <n}. Note that FG,, ® K; has 2n vertices and 57" edges.

Assign the labels 1,5,9,--- ,n — 3 respectively to the vertices x1,z3, 25, -+ , 2,1 and
assign the labels 4,8,12,--- . n to the vertices zs, x4, xg, - , T, respectively. Next assign the
labels 2,6,10,--- ,n — 2 respectively to the vertices a1, as,as, -+ ,a,—1 and assign the labels
3,7,11,--- ,n — 1 to the vertices as, a4, ag, - - - , a, respectively.

Now assign the labels —1,—3, —5,--- , —(n — 1) respectively to the vertices x1, xa, 23,

-, &, and assign the labels —2, —4, —6,--- , —(n) to the vertices a1, as,as, - - , a, respectively.

Clearly Aye = Ay, = 5n O

Theorem 3.6 HG, ® K is pair difference cordial for all values of n = 0(mod14).

Proof Let V(HG, ® K1) =V(HG,)U{z;:1<i<n}and E(HG, ®© K,) = E(HG,)U
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{a;z; : 1 <i < n}. Note that HG,, ©® K has 2n vertices and 57" edges.

There are two cases arises.

Case 1. n = 14k where k is odd.

Assign the labels 1,5,9, - - - , n—>5 respectively to the vertices x1, z3, x5, - - - s Tn_a and assign
the labels 4,8,12,--- ,n — 2 to the vertices xa, x4, g, - s Tn_z respectively. Next assign the
labels —1, —3, =5, - - - , —(n— 3) respectively to the vertices T, Tng2,Tnta, o, Tnog and assign
the labels —2, —4,—6,--- , —(n — 2) to the vertices an, Ang2,Qng, - an_2 respectively.

Now assign the labels 2,6, 10, - - - , n—4 respectively to the vertices a1, a3, as, - - s Qs and
assign the labels 3,7,11, - ,n—3 to the vertices as, aq, ag, - - ;@n_2 respectively. Lastly assign

the labels n — 1,n, —(n — 1), —n respectively to the vertices a,—1, an, Tn—1,Tn.
Case 2. n = 14k where k is even.

Assign the labels 1,5,9, - - - , n—3 respectively to the vertices x1, x3, x5, - - s Loz and assign
the labels 4,8,12,--- ,n to the vertices 2,4, s, - , Tz respectively. Next assign the labels
—1,-3,-5,--+,—(n — 1) respectively to the vertices Tz, Tnga,Tnto, -, In and assign the
labels —2,—4, —6,--- , —(n) to the vertices Ung2, Gngs,Gnge, - 5 An respectively.

Now assign the labels 2, 6, 10, - - - , n— 2 respectively to the vertices aq, as, as, - - y@n_2 and
assign the labels 3,7,11,--- ,n — 1 to the vertices ag, a4, ag, -+ ,az respectively. Lastly assign
the labels n — 1,n, —(n — 1), —n respectively to the vertices an—_1, an, Tn_1, Tn.

The Table 2 given below establish that this vertex labeling f is a pair difference cordial of
HG, © Ky, n =0(modl4).

Nature of n Age Ay,
n = 14k, k is odd % #
n = 14k, k is even 5n bn
Table 2
This completes the proof. O

Theorem 3.7 DG, ® K is pair difference cordial for all values of n = 0(mod6).

Proof Let V(DG,, ®© K1) = V(DG,)U{z;y;: 1 <i<n}and (DG, ®K;) = E(DG,)U
{gizi,v;y; : 1 <i < n}. Note that HG,, ® K7 has 4n vertices and 5n edges.

Assign the labels 1,5,9,---,2n — 3 respectively to the vertices y1,ys3,¥s5, - ,Yn—1 and
assign the labels 4,8,12,--- 2n to the vertices y2,v4,¥s, " - - , Yn respectively. Next assign the
labels 2,6,10,--- ,2n — 2 respectively to the vertices v, vs,vs, - ,v,—1 and assign the labels
3,7,11,--- ,2n — 1 to the vertices vs, vy4,vg, - - - , Uy, respectively.

Now assign the labels —1, —3, =5, - - , —(2n—1) respectively to the vertices x1, xa, T3, , Ty
and assign the labels —2, —4, —6,--- , —(2n) to the vertices g1, g2, g3,

-+, gn respectively.
Obviously Age = Ay, = 5n O

Theorem 3.8 TG,, ® K is pair difference cordial for all values of n = 0(mod9).
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Proof Let V(TG, © K1) =V(TG,)U{zsy;:1<i<n,1<j<2}and E(TG, © K;) =
E(TG,)U{viz;,ujy; 1 <i<n,1<j< ”} Note that T'G,, ©® K; has 8—" vertices and 107"

edges. Our proof is divided into three cases.
Case 1. n = 0(mod36).

Assign the labels 1,5,9,--- ,n — 3 respectively to the vertices x1,xs, x5, - - yTn2 and
assign the labels 4,8,12,--- ,n to the vertices x2,z4, %6, -+ ,xz respectively. Next assign the
labels 2,6,10,--- ,n — 2 respectively to the vertices vy, vs, vs, - - s Un_2 and assign the labels
3,7,11,- -+ ,n —1 to the vertices vz, vy, vs, -+ , vz respectively.

Assign the labels —1,—5,—9,--- , —(n — 3) respectively to the vertices Tng2, Tnts,

Tnt10, -0, Ty and assign the labels —4, —8, —12,--- , —n to the vertices Tngs, Tnis,
Tngiz, -, Tp respectively. Next assign the labels —2, —6, —10, - - - , —(n —2) respectively to the
vertices Ung2, Ungs, Untlo, "« Up—1 and assign the labels —3, -7, —11
— (n —1) to the vertices Ungd, Ungs, Ungiz, -+, Un respectively.
Now we assign the labels (n + 1), (n + 3), (n + 5),--- , 223 respectively to the vertices

3
u1,ug,ug, -+ ,un and assign the labels (n+2), (n+4), (n+6), -, %" to the vertices y1, y2, y3,

,y= respectively. Next assign the labels —(n+1), —(n+5), —(n+9), - - - , —(#22) respectively

to the vertices Unto,Untiz, Untis, -, Usy and assign the labels —(n + 3),—(n+7),—(n+

11),-- -, 7(4”373) respectively to the vertices Ynio,Yniiz, Ynsis, o, Ysn. Now assign the labels

—(n+2), —(n+6), —(n+10), - - -, —(429) respectlvely to the vertlces Usng12, Usngad, Usnise, -

u,, and assign the labels —(n +4), —(n + 8), —(n + 12),--- , —(4*) respectlvely to the vertices

y3n1<;l2 5 y3n1§24 5 y3n14536 syt s Yn-

Case 2. n = 9(mod36).

Assign the labels 1,5,9, - - - , n—4 respectively to the vertices x1, z3, x5, - - - yTn_s and assign
the labels 4,8,12,--- ,n — 1 to the vertices x5, x4, ¢, - - - Lot respectively. Next assign the
labels 2,6,10,--- ,n — 3 respectively to the vertices vy, vs,vs, - »Un_s and assign the labels
3,7,11,--- ,n — 2 to the vertices vy, v4,vg, - - ,

CESST respectively.

Assign the labels —1, —5, =9, - - - | —(n—4) respectively to the vertices Tngt, Tots, Toto, -+,
Zn—o and assign the labels —4, —8,—12,--- | —(n—1) to the vertices Tongs, Togt, Trgit, oo, Tn)
respectively. Next assign the labels —2,—6,—10,--- ,—(n — 3) respectively to the vertices
Uit Ungs, Vngo,*++ 5 Un—2 and assign the labels —3,—7,—11,---,—(n — 2) to the vertices
Ungs, Ungt, Unigii, © o Un—1 respectively. Assign the labels n, —n respectively to the vertices

Uy Ty

Now we assign the labels (n + 1), (n 4 3),(n + 5),- -+, 255 respectively to the vertices
Uy, Ug, Uz, Unzs and assign the labels (n + 2),(n +4),(n + 6),--- , 4%=2 to the vertices
Y1,Y2,Y3, -+, Yn=s respectively. Next assign the labels —(n+1), —(n+5), —(n+9), - - -, —(42512)
respectively to the vertices Unts, Unto, Untis, -+, Uns and assign the labels —(n + 3), —(n +
7), —(n+11),- -+, —(42512) respectively to the vertices Ynis,Ynso,Yniis, -, Ynos. Now assign
the labels —(n +2), —(n +6), —(n 4 10), - - - , —(42512) respectively to the vertices Un_1,Unts,
Ungz, -, Uns and assign the labels —(n+4), —(n+8), —(n+12),--- , —(*%=2) respectively to

the vertices yn 1, Ynss, Yntr, oo+, Yno. Now assign the labels —(4n53), —(4255), —(4), (&)
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respectively to the vertices Un_s,Yn_s,Un, Yz
Case 3.n = 18(mod36).

Assign the labels 1, 5,9, - -+ ,n—5 respectively to the vertices x1, z3, x5, - - - ) Tnd2 and assign
the labels 4,8,12,--- ;n — 3 to the vertices xa, x4, xg, - s Tn_2 respectively. Next assign the
labels 2,6,10,--- ,n — 4 respectively to the vertices vy, vs,vs, - s Uns and assign the labels
3,7,11,--- ,n — 2 to the vertices vy, v4,vg, - - -,

Un_z respectively.

Assign the labels —1, -5, —9,--- , —(n — 5) respectively to the vertices Lo, Tngs, Tngs,

-, Tp—3 and assign the labels —4, —8 —12,--- . —(n — 3) to the vertices Tugz,Tugs,
Tng10, -, Tpg respectively. Next assign the labels —2, —6, —10,--- , —(n — 4) respectively to
the vertices U, Untd, Ungs, oo, Un—3 and assign the labels —3, -7, —11,

-, —(n—2) to the vertices Unt2,Unt6, Untlo, U3 respectively. Next we assign the labels

n—1,n,—(n — 1), —n respectively to the vertices x,_1,Vn_1,Tn, Up.

Now we assign the labels (n + 1), (n + 3),(n 4+ 5),--- , 223 respectively to the vertices
U1, Uz, u3, -+ ,un and assign the labels (n+2), (n+4), (n+6),-- -, %" to the vertices y1, vz, y3,
-++,yn respectively. Next assign the labels —(n+1), —(n+5), —=(n +9),- - , —(*2512) respec-

tively to the vertices Unto,Untiz, Untis, -, Un=2 and assign the labels —(n+3), —(n+7), —(n+

11),--- 7—(4"3_6) respectively to the vertices Ynio, Ynitz, Ynits, -, Ynz. Now assign the la-

bels —(n+2), —(n+6), —(n+10),- -, —(22515) respectively to the vertices Unt2, Unto, Untio,
Sy Unos and assign the labels —(n+4), —(n + 8), —(n + 12), -+ , —(4%=2) respectively to the

Vertices Ynta,Ynto,Yntio, -, Yn_s. Finally assign the labels 7(4"373), 7(4?”) to the vertices
4 3

Un,Vn.
3773
In all the three cases, Aje = Ay = —1%”. O
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§1. Introduction

The classification of the fuzzy subgroups, most especially the finite p-groups cannot be under-
estimated. This aspect of pure mathematics has undergone a dynamic developments over the
years. For instance, many researchers have treated cases of finite Abelian groups. Since then,
the study has been extended to some other important classes of finite Abelian and non-Abelian

groups such as the dihedral, quaternion, semidihedral, and hamiltonian groups.

82. Methodology

The method that will be used in counting the chains of fuzzy subgroups of an arbitrary finite
p-group G is described. Suppose that M;, Ms, ..., M; are the maximal subgroups of GG, and
denote by h(G) the number of chains of subgroups of G which ends in G. By simply applying
the technique of computing h(G), using the application of the Inclusion-Exclusion Principle,

we have that:

WGy =2(> hM)— > WM, NM,,) +--~+(—1)t‘1h<ﬂ M)) (2.1)

1<r;<ry<t

1Received August 31, 2022, Accepted December 16, 2022.
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In [2], (2.1) was used to obtain the explicit formulas for some positive integers n.

Theorem 2.1(Marius) The number of distinct fuzzy subgroups of a finite p-group of order p™

which have a cyclic maximal subgroup is

(&) W(Zpn) =2";

(i) M(Zy X Zyp1) = h(Myn) = 27742 + (n — 1)p).

§83. The number of Fuzzy Subgroups for Zg x Zg

Lemma 3.1 Let G be abelian such that G = Zy X Zy. Then, h(G) = 2h(Zy X Zy2) = 48.

Proof By the use of GAP (Group Algorithms and Programming), G has three maximal
subgroups in which each of them is isomorphic to Zs x Zs2. Hence, we have that: $h(G) =
3W(Zo X Zg2) — 3W(ZZa X Zg2) + h(Zo X Zg2) = h(Zs x Z4). And by Theorem 2.1, h(Zo X Zo2) =
24 = h(Zy x L4) = 48.

O

Corollary 3.2 Following the last lemma, h(Z4 X Zios), h(Z4 X Zgs ), h(Z4 X Za7) and h(Z4 X Zas)
= 1536, 4096, 10496 and 26112 respectively.

Theorem 3.3 Let G = Zgn x Zs. Then, h(G) = £(2"T1)(n® 4 12n + 17n — 24).

Proof Notice that there are three maximal subgroups of G, i.e., one is isomorphic to
Zg X Zyn—1), while two are isomorphic to Z4 X Zan). We have

1
ih(G) = 2h(Z4 X Zzn) + h(ZS X ZQn—l) — 3h(Z4 X ZQn—l) + ]’L(Z4 X ZQH—I)
= 2h(Z4 X Zgn) + h(Zg X Zgn—l) — 2h(Z4 X Zgn—l)
= h(Zg X ZQn—l) + 2h(Z4 X ZQn) — h(Z4 X ZQn—l)
Hence
h(G) = 4h(Z4 X Zgn) — 4h(Z4 X Zgn—l) + Qh(Zg X Z2n 1)

= 4h(Zy X Zan) + 4h(Zy X Zgn—1) + 8h(Zy X ZLign-2) — 16h(Z4 X Zn-3)
+32h(Z4 X Zon-3) — 32h(Z4 X Zgn-1) + 16h(Zs X Zgn-1)

= Ah(Zy X Lon) + AW(Zy X Ly ) + 8h(Zg X Liyu—2) + 160(Zy X Zigns)
+32h(Z4 X Tgn-s) — 64R(Zg X Ligns) + 32h(Zg X Logn—s) + -+ — 2T W(Zy X Lign—y)
+27W(Zg X Lign—;).
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Forn—j53=3
n—3
= Ah(Zy X Dgn) + 2" 3h(Zg X Zigs) — 2" h(Zy X Zogs) + Z[2k+1h(Z4 X Lign— )
k=1
n—3
= 2"[n® 450+ 3]+ > W(Zy X Zou-r)
k=1
1
= 2""2((n® +5n+3) + gn— 3)(n? 4+ 9n + 14))
1
= 5(2”“)(713 + 1202 + 17n — 24)
for n > 2. g
Theorem 3.4 Suppose that G = Dgs X Cg. Then, h(G) = 5376.
Proof Notice that
1
ih(G) = h(Das X Zy) + 2h(Zas X Za X Zs) — 4h(Za2 X Zy X Zs)

+h(ZS X Z4) — Gh(Zg X ZQ) — 2h(Z4 X Z4) + 8h(Z4 X ZQ) + h(Z23) = 2688.

Therefore h(G) = 2 x 2688 = 5376 . O
Theorem 3.5 Let G = Dys X Zg. Then, h(G) = 111136.
Proof Notice that

1
§h(G) = h(DQS X Z22) + 2h(D24 X ZQS) — 4h(D24 X ZQQ) —+ h(ZQ4 X ZQB)
—2]’L(Z24 X Z22) — 2h(ZQ3 X Z23) + 8h(Z23 X ZQQ) + h(Z24) — 4h(ZQS) = 55568.

Therefore, h(G) = 2 x 55568 = 111136. O
Theorem 3.6 Suppose that G = Das X Zg. Then, h(G) = 492864.

Proof Certainly,

1
§h(G) = h(D26 X Z4) + 2]’L(D25 X ZQZS) — 4h(D25 X Z4) + h(ZQES X Z23)
—Qh(ng X 222) — Qh(ZQAL X ZQS) + 8h(ZQ4 X ZQZ) —+ h(ZQS) — 4h(Z24) = 246432.

Therefore, h(G) = 2 x 246432 = 492864. O

Theorem 3.7 Let G = Don x Cq, the nilpotent group formed by the cartesian product of the
dihedral group of order 2™ and a cyclic group of order 2. Then, the number of distinct fuzzy
subgroups of G is given by : h(G) = 2?"(2n + 1) — 2"t n > 3.
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84. The Number of Fuzzy Subgroups forDs-» x Cg

Proposition 4.1 Suppose that G = Don x Cg. Then, the number of distinct fuzzy subgroups of
G is given by

n—3
22" (6n + 113) + 2" |13 — 6n — 20> +3 > 2079 (2n 4 1 - 2j)
j=1
1
+ 5(2”“) [(n — 1% 4 (n —2)% +24n? — 38n — 30

5
+Y 2K[(n—2-k)P+12(n -2 k)2 +17(n — k) — 58]| .

3
|

=~
Il
—

Proof Notice that

B(Dgn x Cg) = 2h(Zgn-1) + 2h(Dan x Zs) + 2h(Dgn-1 x Cg)
+4h(Zgn—2 x Cg) 4+ 2*1(Zyn—s x Cg) + 2°h(Zgn—1 x Cg) — 28h(Zgn—5 x Zgs)
—4h(Zgn—1 X Lg2) + 2 °0(Zgn—35) x Zg> — 2°W(Zgn—5) — 2°h(Dgn-1 x Cy2)
+28h(Dgn—1 x Cos)
= 2" £ 2h(Dan x Cy) + 2h(Zgn—1 X Lgs) + 22h(Zgn—2 X L)
—22 ) (Zgs X ZLiys) + 22D W (Zigz X Tigz — 22W(Zgn—1 X Tig2) — 22" O h(Zy2)

n—>5

—22""5h(Das X Zo2) + 22" h(Dys X Zys) + 3> 229 h(Zigu-2-1 X Lys)
i=1

as required. 0

Proposition 4.2 ( see [16]) Suppose that G = Dan x Cs. Then, the number of distinct fuzzy
subgroups of G is given by

n—3
220" (6n 4 113) + 2" |13 — 60 — 20 + 33 20719 (20 + 1 - 2j)
j=1

1
+§(2”+2) [(n— 1)+ (n—2)° + 24n* — 38n — 30

n—>5
+3 2F[(n—2— k) +12(n —2— k) +17(n — k) — 58] | .
k=1

Proof Calculation shows that

h(DQn X Cg) = 2h(ZQn—1) + 2h(D2n X Z4) + Qh(DQn—l X Cg)
+4h(Zgn—2 x Cg) 4+ 2 (Zyn—s x Cg) + 2°h(Zgn-1 x Cg) — 28h(Zgn—5 x Zys)
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—4h(Zgn—1 X Lg2) 4+ 2 0 (Zgn—35) X Zg> — 2°W(Zgn—5) — 2°h(Dgn-1 x Cy2)
+28h(Dgn—1 x Cos)

= 2"+ 2h(Dan x Cy) + 2h(Zgn-—1 X Lgs) + 22W(Zgn—> X Lys)
—22 N (Zgs X Liys) + 22D W (Zige X Tigz — 22W(Zgn—1 X Tig2) — 22" O h(Zy2)

—22""5h(Dgs X Za2) + 22" (Dgs X Zos) +3 Y 229 h(Zigu-2-1 X Lys)
i=1

as required. O

Theorem 4.3 Let G = D1 x Coa. Then , h(G) = 61384.

Proof There exist seven maximal subgroups. Among them, two isomorphic to Dgs X Cas,
two isomorphic to Doz X Caa, two isomorphic to Das X Coz while the seventh is isomorphic to
Zos. Hence , we have that

%h(G) = 2h(Dos X Zoz) + 2h(Das x Zos) + 2h(Das X Zos)
—6h(Das X L) — 6h(Zos X Lye) — 3h(Zgs X Ligs) — 6h(Zos)
+2h(Daos X Zs) + 28h(Zos % Zoz) + 2h(Zos X Zoz) + 2h(Zas)
T h(Zos X Zos) — 350(Zas X Lz ) + 21h(Zos X Lz) — Th(ZgsZoz) + h(Zgs X Zoz)
= 2[h(Da1 X Z2) + h(Dga X Za3) + h(Das X Zga) — 2h(Das X Zos) — 2h(Zoa X Zy2)
—h(Zgs X Zg3) + 4h(Dgs X Zo2) — 3h(Zos) + %h(Z%)].

And therefore,

h(G) = 4[700 + 8416 + 10744 — 10752C'1088 + 162 + 704C40] = 4 x 15346 = 61384. O
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81. Introduction

In 1965, Zadeh [12] proposed the concept of fuzzy sets. Fuzzy set theory is a useful tool for
describing situations involving imprecise or ambiguous data. Fuzzy sets deal with situations
like these by assigning a degree of belonging to a set to each object. Since then, it has become
a burgeoning field of study in engineering, medicine, social science, graph theory, metric space
theory, and complex analysis, among other fields. Kramosil and Michalek [6] introduced fuzzy
metric spaces in a variety of ways in 1975. With the help of continuous t-norms, George and
Veermani [4] improved the concept of fuzzy metric spaces in 1994.

Buckley [3] was the one who originally established the concept of fuzzy complex numbers
and fuzzy complex analysis. 1987. Some authors were influenced by Buckley’s work. Re-
examination of fuzzy complex numbers continues. The year was 2002, and Fuzzy sets were
extended to complicated fuzzy sets by Ramot et al. [8]. as though it were a blanket statement
Ramot et al. claim that a membership function defines a sophisticated fuzzy set. function with
a range that extends beyond [0, 1] the complicated plane’s unit circle Singh was born in the year
2016. The concept of complex valued fuzzy was introduced by et al.[10]. Using complex valued
continuous to create metric spaces t -norm as well as the concept of convergent convergence. In
a complex valued fuzzy sequence, Cauchy sequence in complex valued fuzzy metric spaces. By
introducing the concept of non-membership grade to fuzzy set theory, Atanassov [1] created a
stir in 1983.

In the complex valued intuitionistic fuzzy metric spaces, this work gives some common
fixed point theorems for pairs of occasionally weakly compatible mappings satisfying various

requirements.

1Received December 8, 2022, Accepted December 18, 2022.
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§82. Preliminaries

Definition 2.1 A binary operation * : rs(cos @ +isin ) x ry(cosf+isin @) — r,(cos 0+ isin ),
where rs € [0,1] and a fizx 0 € [0, g], is called complex valued continuous t-norm if it satisfies

the followings:

) * is associative and commutative;

) * is contmuous

) axe =a,Va € ry(cos +isinf);

4) ax b <cxd whenever a < c and b < d,Va,b,c,d € rs(cosf + isinh).

Definition 2.2 A binary operation : rs(cos 0+isin 0) xrs(cos 0+isin ) — rq(cos 6+ isin @), where
€ [0,1] and a fiz 0 € [07 g] is called complex valued continuous t-co norm if it satisfies the

followings:

(1)

(2) is continuous;

(3) ac0=a,Va € rs(cosf +isind);

(4) aob < cod whenever a < c and b < d,Va,b,c,d € rs(cosf +isinf ).

is associative and commutative;

Definition 2.3 The following are examples for complex valued continuous t-norm:

(1) a*b=min{a,b},Va,b € rs(cosf + isinh) and a fix 0 € [0, g],
(#3) a x b = max(a + b — (cos@ + isinh),0), for all a,b € rs(cos@ + isinf) and a fir 0 €

Definition 2.4 The following are examples for complex valued continuous t-conorm:

(i) aob=max{a,b},Va,b€ ry(cosf +isinb) and a fix € [0,Z];
(ii) aob =min(a +b,1), for all a,b € ry(cosd + isind) and a fix 0 € [0,3].

Definition 2.5 The 5-triplet ( X, M, N, *,0) is said to be complex valued intuitionistic fuzzy
metric space if X is an arbitrary non empty set, * is a complex valued continuous t-norm,
o is a complex valued continuous t-conorm and M,N : X x X x (0,00) — 7s(cosf+ isin6)
are complex valued fuzzy sets, where rs € [0,1],75(cos0 4+ isin ) are complex valued fuzzy sets,
where rs € and 0 € [0, g], satisfying the following conditions:

for allx,y,z € X,t,s € (0,00),75 €[0,1] and 6 € [0, %],
M(a,b,p) + M(a, b,p) < (cosf +isinf);
a,b,p) >
a,b,p) = (0059 +isind), for all p € (0,00) if and only ifa =D
a,b,p) = M(b, a,p);
a,b,p+s) > M(a,c,p)*x M(c,b,s);
a,b,p) : (0,00) = rs(cosf + isinh) is continuous;
(a,b,p) < (cosf +isind);
(a,b,p) =0 for all p € (0,00) if and only ifa="b

~ I~ o~



Some Generalized Result on Fixed Point Theorem in Complex Valued Intuitionistic Fuzzy Metric Space &9

(cf9) N(a'a bap) = N(bv ayp);

(¢f10) N(a,b,p+ s) < N(a,c,p) o N(c,b,s);

(cf11) N(a,b,p) : (0,00) = rs(cos @ + isinb) is continuous.

The pair (M, N) is called a complex valued intuitionistic fuzzy metric space. The functions
M (a,b,p) and N(a,b,p) denotes the degree of nearness and non-nearness between a and b with

respect to t. It is noted that if we take 6 = 0, then complex valued intuitionistic fuzzy metric
simply goes to real valued intuitionistic fuzzy metric.

83. Main Results

Theorem 3.1 Let (X, M, N,x*,0) be a complex valued intuitionistic fuzzy metric space with

lim M(a,b,p) = (cosf +isinf) and lim N(a,b,p)=0
p—00

p—o0

for alla,b € X and let P,Q, A and B be self - mappings on X. Let the pairs { P, A} and {Q, B}
be occasionally weakly compatible. If there exists d € (0,1) such that

M (Aa, Bb, p) *+ M(Pa, Ab,
M(Pa,Qbydp) > | A4 Bhp)# M(Pa, 4b.p)e | (3.1)
M(Qb, Bb, p) + M(Ps, Bb, p)

N(Aa, Bb, p) o N(Pa, Ab,
N(Pa, By k) < | (A® Bop) o N(Pa, Ab.p) (3.2)
N(Qb, Bb,p) o N(Ps, Bb, p)

for alla,b € X and for allp > 0. Then P,Q, A and B have a unique common fixed point in X.

Proof The pairs { P, A} and {Q, B} be occasionally compatible, so there are points a,b € X
such that Aa and Qb = Bb. Now, from (3.1) and (3.2) we have

M (Aa, Bb,p) * M(Pa, Ab, p)*
M(Pa,Qb,dp) >
M(Qb, Bb, p) = M(Ps, Bb,p)
N(Aa, Bb,p) © N(Pa, Ab, p)o
N(Qb, Bb,p) o N(Ps, Bb, p)

N(Pz, By, kt) < {
{ M(Pa, Qb, p) * M(Pa, Pa,p)*

M(Pa,Qb,dp) —
@ M(Qb. Qb.p) * M(Pa,Qb.p)
N(Pa,Qb,p) o N(Pa, Pa,p)o

N(Pz, By, kt) =
(P By, k) N(Qb,Qb,p) o N(Pa, Qb p)
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M (Pa,Qb,dp) = { M(Pa,Qb,p) * (cos 0 + isin §)= }

(cos@ + isin@) x M(Pa,Qb,p)

N(Pa, Qb,p) © 00

N(Pz, By, kt) =

00 N(Pa,Qb,p)
M(Pa,Qb,dp) = M(Pa,Qb,p)
N(Pz,By,kt) = N(Pa,Qb,p)

but {a,} be a sequence in a complex valued intuitionistic fuzzy metric space (X, M, N, *,¢)
with lim,_, o M(a,b,p) = cosf + isinf and lim,_, ., N(a,b,p) =0,Va,b € X.

Iflim,_0 N(a, b,p) = 0, there exists d € (0, 1) such that M (an41,@nt2,dp) = M (an, an1,p)
and N (an41,@nt2,dp) < (an, any1p), for all p > 0, then {a, } is a cauchy sequence in X. Then
Pc = Qb and consequently

Pa = Aa = Qb = Bb. (3.3)

Now suppose that the pair P, A have another coincidence point Pc = Ac.

M(Pe,Qb.dp) > { M(Ac, Bb,p) * M (Pc, Ac, p)*

M(Qb, Bb,p) x M(Pc, Bb, p)

N(Pe,Qb,dp)

IN

N(Qb, Bb,p) o N(Pc, Bb,p)

M(Pc,Qb,p) x M(Pc, Pe,p)x*

M(Pec,Qb,dp) =
(Pe, @b, dp) M(Qb,Qb,p) x M(Pc,Qb,p)

N(Pc,Qb,p) o N(Pc, Pc,p)o
N(QDb, Qb,p) o N(Pc,Qb,p)

N(Ac, Bb,p) o N(Pc, Ac, p)o }

M(Pc,Qb,p) * (cos @ + isin 0)x*

M(Pc,Qb,dp) =
(cos@ + isin@) x M (Pc,Qb, p)

E
|
N(Pe,Qb,dp) = {
|
|

N(Pe,Qb,dp) = N(Pc,Qb,mooQ}
OVN(PC,Qb,p)

M(Pc,Qb,dp) = M(Pc,Qb,p)

N(Pe,Qb.dp) = N(Pe,Qb,p)

but {a,} be a sequence in a complex valued intuitionistic fuzzy metric space (X, M, N, x,0)
with lim,,_, o M(a,b,p) = cos@ +isinf and lim,_,. N(a,b,p) =0,Va,b € X.



Some Generalized Result on Fixed Point Theorem in Complex Valued Intuitionistic Fuzzy Metric Space 91

Iflim,_,o N(a,b,p) = 0, there exists d € (0, 1) such that M (ap+1, @nt2,dp) = M (an, an+t1,p)
and N (ap41, ant2,dp) < (an, ant1,p), for all p > 0, then {a,} is a cauchy sequence in X. Then
Pc = Qb and consequently

Pc= Ac = Qb= Bb. (3.4)

From (3.3) and (3.4) we have Pa = Pc and therefore the pair {P, A} have a unique point of
coincidence v = Pa = Aa, v is the common fixed point of {P,A}.

But, {a,} be a sequence in a complex valued intuitionistic fuzzy metric space (X, M, N,
%, 0) with lim, ,oo M(a,b,p) = cosf +isinf and lim, ,o N(a,b,p) =0,Va,b e X.

Iflim,_,o N(a,b,p) = 0, there exists d € (0, 1) such that M (ap+1, @nt2,dp) = M (an, an+t1,p)
and N (an+1, Gny2,dp) < (an, @ny1,p), for all p > 0, then {a,} is a cauchy sequence in X.Then
we have v = w and v is the common fixed point of P, Q, A and B. For uniqueness, let u is an

another common fixed point of P, @, A and B.

Therefore,

Mv,w,dp) = M(Pv,Qu,dp)
M (Av, Bu,p) * M (Pv, Av, p)*
M(Qu, Bu,p) x M (Pv, Bu, p)
M(v,u,p) * M(v,v,p)
M(v,v,p) * M(v,u,p)
M (v, u,p) * (cos 0 + isin )
*(cos@ +isind) x M (v, u,p)

- M(’U,’U/7p)

N(v,w,dp) = N(Pv,Qu,dp)

N(Av, Bu,p) o N(Pv, Av, p)o

N(Qu, Bu, p) o N(Pv, Bu, p)

N(v,u,p) o N(v,v,p)o
N(v,v,p) o N(v,u,p)
N(v,u,p) 00000
_ ] Nwr) _ N(w.up)
N(v,u,p)
M(v,w,dp) = M(Pv,Qu,dp)

M(Av, Bw,p) x M(Pv, Av, p)x*
= {M(Pv,Quw,p) * M(Pv, Pv, p)+}
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= {M(Qw,Qu,p)* M(Pv, Bw,p)}
M(Pv, Qu, p) * (cos 0 + isin )
«(cos 0 + isin 0) * M(Pv, Qu, p)
= M(Pv,Qu,p) = M(v,w,p)
N(v,w,dp) = N(Pv,Qu,dp)
N(Av, Bw,p) o N(Pv, Av, p)o
N(Qw, Bw, p) o N(Pv, Bw, p)
= {N(Pv,Qw,p) o N(Pv,Pv,p)o
= {N(Pv,Qu,p)c 000}
N(Pv,Quw,p) o 0000
N(Pv,Qu,p)
= N(Pv,Qw,p) = N(v,w,p)

Consequently, v = u and P, @, A and B have a unique common fixed point. O
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Famous Words

Nothing else but Smarandache multispacesthe multilateral property of a particle P and the
mathematical consistence determine that such an understanding is only local, not the whole

reality on P, which leads to a central thesis for knowing the nature.

By Linfan MAQO, a Chinese mathematician, philosophical critic.
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