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Abstract: In this paper, new types of retractions on ruled surfaces and parallel ruled
surfaces as directrix retraction and ruling retraction in Minkowski 3-space has been presented.
The topological folding of surfaces is deduced. The limit of these retractions and foldings
have been obtained. The relations between the fundamental forms, Gaussian and mean

curvatures before and after folding are discussed.
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81. Introduction

Parallel surface something like that a surface M", whose points are at a constant distance along
the normal from another surface M is said to be parallel to M. In theory of surfaces. There
are some special surfaces such as ruled surfaces, minimal surfaces, and surfaces of constant
curvatures. So, there are infinite numbers of surfaces because we choose the constant distance
along the normal arbitrarily. Parallel surface can be regarded as the locus of a point which are
on the normals to M at a non-zero constant distance r from M. A surface M is ruled if through
every point of M there is a straight line that lies on M. The most familiar examples are the
plane and the curved surface of a cylinder or cone. A ruled surface can always be described
(at least locally) as the set of points swept by a moving straight line. For example, a cone
is formed by keeping one point of a line fixed whilst moving another point along a circle. A
surface that can be (locally) unrolled onto a flat plane without tearing or stretching it is called
a developable surface [8-16].

§2. Preliminary Notes

The Minkowski 3-space E3 is the Euclidean space E? provided with the Lorentzian inner product

1Received September 13, 2021, Accepted November 26, 2021.
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(U, v) = u1v1 + Ugv2 — UgVs,

where u = (u1,uz,u3) and v = (vy,vs,v3) € E}.
We say that a vector v in E} is space-like if (v,v) > 0, time like if (v,v) < 0 and light-like
(null) if (v,v) = 0 and v # 0. The norm of the vector v € E$ is defined [12,17] by

[0l = v/ (v, ).

A subset A of a topological space X is called retract of X if there exists a continuous map
r: X — A called a retraction [5, 6] such that r(a) = a for any a € A.

Let M and N be two smooth manifolds of dimensions m and n respectively. A map
f: M — N is said to be an isometric folding of M into N if and only if for every piecewise
geodesic path v : I — M the induced path fo~y: I — N is piecewise geodesic and of the same
length as v if f does not preserve the length it is called topological folding [1-4].

Definition 2.1([12,17]) A surface M in the Minkowski 3-space E3 is said to be space-like, time-
like surface if, respectively the induced metric on the surface is a positive definite Riemannian
metric, Lorentz metric. In other words, the normal vector on the space like (time like) surface

is a time- like (space like) vector.

Definition 2.2 Let M be a surface. An immersion x : M — E$ is called space-like (resp.

timelike, light-like) if all tangent planes (TpM, x* (( , >p)

light-like). A non-degenerate surface is a space like or time-like surface.

) are space-like (resp. time-like,

An immersion X : M — L? from a connected surface M into L is said to be a time-like
surface If the induced metric via v is a Lorentzian metric on M, which will be also denoted by

(,)orbyl.

Definition 2.3 A ruled surface is a surface that can be swept out by moving a line in space if

therefor has a parameterization of the form
c(u,v) = b(u) + vé(u),

where b(u) is called the ruled surface directriz or the base curve and §(u) is the director curve.
Alternatively, the surface can be represented a ruling joining corresponding points on two
space curves. This is represented by

c(u,v) = (1 —v)ea(u) +vep(u), 0 <wu,v <1,
where ca(u) and cp(u) are directrices. The two representations are identical if
b(u) = ca(u) and d(u) = cp(u) — ca(u).
The straight lines themselves are called rulings.

Definition 2.4 A surface M in E} is constant mean curvature if and only if g(H, H) = c,
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where ¢ € R, g is the standard metric in and H the mean curvature vector field. If ¢ =0 then

H =0, which means that M is a minimal surface.

Let S be an orientable surface and let n be the unit normal vector field of S, the surface S
is parallel to S at distance ¢ if the point p(u,v) are defined by

Tj(u’ ’U) = p(u, v) + 577’(“? U)v

where § is constant positive real number and n is the unit normal vector field on M.

§3. Folding of Parallel Surfaces in Minkowski 3-Space E?}

Theorem 3.1 Let M and M?° are space-like surfaces in Minkowski 3-space and let h be a
topological folding of M and M?, then, h(M) and h (M5) are space-like surfaces in E3 and,
the folded surface h (M5) is parallel to the surface h(M) if and only if M? is a parallel surface
of M.

Proof Let h be a topological folding of the space-like surfaces M and M?, where M? is
parallel to M in E$ and
h(M) = h(M (u,v))

for any space-like curve 1 on the space-like surface M. We have a curve h(v¢) on the folded
surface h(M), where h/(1)) satisfies

(B (), b () = h(M (u,v))

since M is a space-like surface (¢, ¢") > 0.

Also, this hold for any curve psi® on M? then h(M) and h (M ‘S) are space-like surfaces in
E3. Since
2.

M, N M,
N=———
| M, A M,|’
then , ,
M)y NW(M)y  h?(M)(My Ah(M),  h*(M, A (M),
Nf = = 7 = 7 = N
[R(M)u AR(M),| — [W2(M) M, AR(M),| — [W2M, A R(M),|
and

h(M®) = h(M) + 3Ny = h(M) + 6;N.

We can choose §; < 6. Then, the folded surface h (M?) is parallel to the surface h(M). O

Corollary 3.1 Let M be a space-like surface in E} and h(M) be a topological folding of M.
Then, the fundamental forms and the Gaussian and mean curvatures of h(M) can be formed

by the fundamental forms and the Gaussian and mean curvatures of M.

Proof Let M be space-like surface in Minkowski 3-space and h(M) be a topological folding
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of M. Then, by definition

h(M) = h(M(u,v)),
In = (dh(M),dh(M)),
I, = <8h8(iw) : 8h8(i\/[) > (du)® +2 <aha(i‘/[) , %> dudv + <8h(§vM) , 6h(§1])\4) > (dv)>.
Hence, we get the first fundamental form of the folded surface to be
I, = E"(du)? 4+ 2F"dudv + G"(dv)? = h'*I.
By definition,
II, = (—dh(M),N"),
i, = - <8ha(24)’ agij> —2 <ah6(£4), aa’;‘}h > dudv — <ahgi\4) : %T> (dv)?.
So, we get that the second fundamental form
IT, = e"(du)® + 2f"dudv + g"(dv)? = h2I1.
Similarly, by definition
IIT, = (dN",dN"),
I, = <6§Z, aaz\:> +2 <68]ih, aa]\:l> dudv + <aa]zh, 68]\?> (dv)?.

Notice that N* = N, we get that

ON" 9N ON" ONh ON" 9N 5
Hh = < du ' Ou >+2< du ' v >dudv+< dv v >(dv)

= (dN,dN) = III

and also, we have that

E, = h2(M)(M,, M,)=h>*M)E,
Gn = h2M)(M,, M, =h?M)G,
Fp, = h2M)(M,, M, =h>MF
and
en = —(Nu, M) = —h2(M)(N,, M) = h*(M)e;
fo = —(Nu, M) =—h>(M)(Ny, M,) =h>(M)f;

gn = —(Ny, My) = —h'>(M) (N,, M,) = h'*>(M)g,
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where the Gaussian curvature of the folded surface can be calculated by

oo engn— Iy Weg—[?)  eg—f*
" T EwGh,—F2  WY(EG-F?) EG-F?

and the mean curvature of the folded surface

Guen + Engn — 2Fnfn _ h'* (Ge+ Eg — 2Ff)
H = = = H
n(p) 2(EG — F?) 20"t (EG — F2) ()

at a point p € h(M). O

Example 3.1 Consider M = M (u,v) be a surface in Minkowski 3-space and h(M (u,v)) be a
topological folding of m defined as h(M) : M(u,v) — M(u,)

m

,m € N. Then, we get

h(M)u h/(M)Mu, h(M)U = h/(M)Mv,
<huv hU> = hl(M) <MmMu> ) <hv7hv> = hI(M) <Mvan>

and the normal vector of the folded surface is

ho, (M) N hy (M)

Nu®) = R G0 Ay (D]

= N(p).
We get that

Ih = Eh(du)2 —+ 2thudv + Gh(dv)2
1 1
= W (Eh(du)z + 2thudv + Gh(dv)2) _ WI,

I, = e"(du)?+2f"dudv + g"(dv)?

1
= e(du)? + 2fdudv + g(dv)? = —I1I,

m2

111, = 1III.
The Gaussian and mean curvatures of the folded surface can be calculated by

o - engn — fiy _ eg—f?
" ENGL—F  EG-F?

=K and H, = H.

Theorem 3.2 Let M and M?° be two parallel surfaces in E} and h(u,v) be a topological folding
on M and M?. Then, the fundamental forms of h(M?) can be formed by the fundamental forms
of h(M) and we have Kj, = Kg and Hp = H,‘i, where Ky, K}‘i, Hy, and Hg are the Gaussian
and mean curvatures of the folded surfaces h(M) and h(M?).

Definition 3.1([15]) A surface is called Weingarten surface or w-surface in E? if there is
a nontrivial relation ®(K,H) = 0 or equivalently if the gradients of K and H are linearly
dependent. In terms of the partial derivatives concerning u and v this is the equation K, H, —

K,H, =0, where K and H are Gaussian and mean curvatures of surface, respectively.
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Corollary 3.2 Let M be a ruled surface in E} and h(u,v) be an isometric folding of M. Then,
h(M) be a ruled surface and h(M) can not be a developable surface.

84. Retraction of Ruled Surfaces in Minkowski 3-Space

Definition 4.1 Let X (u,v) = b(u) + vd(u) be a ruled surface in Minkowski 3-space with a
retraction r defined by r : X (u,v) = X (u,v) — {l(u)}, where l(u) be the ruled surface directriz
or the base curve which is called directriz retraction and the limit of this retraction be the base

curve.

Definition 4.2 Let X (u,v) = b(u) + vé(u), be a ruled surface in Minkowski 3-space with a
retraction v defined by r : X(u,v) = X(u,v) — {l(u)}, where l(u) be a one of their rulings,

which is called ruling retraction, and the limit of this retraction of X be a one of their rulings.

Theorem 4.1 The retraction of a ruled surface in E3 is a ruled surface that can be swept out

by moving a line in space if therefor has a parameterization of the form
X (u,v) = b(u) + vé(u),
where b(u) is called the ruled surface directriz or the base curve and §(u) is the director curve.

Theorem 4.2 The limit of retractions of a ruled surface in E3 is a curve on the ruled surface.

Proof Let X (u,v) = b(u) + vé(u) be a ruled surface in E} and let r = r(X(u,v)) be a
retraction of X (u,v), where r(u,v) : X(u,v) = X(u,v) — {l(u)} with I(u) being a curve on
X (u,v). Then, the limit of retractions of X (u,v) is a curve on the surface X (u,v) in E and
r = r(X(u,v)) satisfies

=
=
N
fa
e
=Y
1

X(u,v) = {li(u)},
71(X) — {l2(u)},
r3(u,v) 12 (11 (X)) = r2(r(X)) = {ls(w)},

oo (Tpez (or(X)) o) = rna (raa (- m(X) -+ ) = {ln (W)}

<
&)
—~
£
<
~
=
—~
s
~
1

Then lim r,(X) = m(u), which is a curve on the surface X (u,v). O
n—o0

Corollary 4.1 The limit of retractions of a non-developable ruled surface in E3 is a curve on

the ruled surface.

Corollary 4.2 The limit of retractions of the helicoid X (u,v) = (ucosv,usinv,v) in Minkowski

3-space be either a heliz or a one of its rulings.

Proof Let X(u,v) = (ucosv,usinv,v) be a helicoid which is a non-developable surface
in Minkowski 3-space and r(u,v) : X(u,v) = X(u,v) — {l(u)} be a retraction of X (u,v). We
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discuss two cases following.

Case 1. The directrex retraction defined as
T(u,v) : X(u,’u) - X(’LL, U) - {l(u)}a
where the curve {l;(u)} is a helix on the surface. In this case, we get

r1(u,v) s X(u,v) —  X(u,v) = {lhi(v)} = X1(u,v),
ro(u,v) : Xi(u,v) —  Xy(u,v) — {l2(uw)} = Xa(u,v),
ra(u,v) : Xo(u,v) —  Xo(u,v) —{l3(u)} = Xs(u,v),
Tn—1(u,v) 1 Xp_o(u,v) —  Xp_o(u,v) = {ln—1(v)} = Xp1(u,v),
nh—>H;c rn (Xn(u,v)) = l(u)

where [(u) is a helix in E3.

Case 2. The ruling retraction defined as
T(U,U) : X(U,U) - X(U7U) - {l*(u)}7

where the curve {I}(u)} is a one of its rulings of the surface by using a sequence of retractions
then we have that the limit of ruling retractions of the helicoid is one of its rulings. O

Theorem 4.3 The limit of retractions of the developable X (u,v) in Minkowski 3-space be either
a heliz or a one of its rulings.

Proof The proof is similar to the proof of Corollary 4.2. O

Corollary 4.3 The limit of directriz retractions of the double cone X (u,v) in Minkowski 3-
space be a cone in E} and the limit of directriz retractions of this cone is a point which all

rulings meeting.

Proof Let X(u,v) be a double cone in E} which is developable ruled surface with the
property that all rulings meet in a point p € X (u,v), the directrix retraction of the upper
nappe of X (u,v) can be defined as

) = X(u,0) = {s1},
(u,v)) : X(u,v) —  X(u,v) — {s3},
(u,v)) : X(u,v) —  X(u,v) — {s3},

and we have the limit of directrix retractions of X (u,v) to be a cone X*(u,v). We therefore
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get that the directrix retraction of a cone X*(u,v) can be defined as
r (X (u,0) s X(u,v) — X*(u,v) — {571},

X*(u,v) = {3},
r3 (X*(u,0)) : X(u,v) —  X*(u,v) — {s3'},

3
N
>
*
s
=
Ja
£
<
1

lim ry, (X, (u,0)) = p
n—oo
Then the limit of directrix retractions of a cone X*(u,v) is meeting the ruling point. O

§5. Parallel Ruled Surfaces in E} and Their Retractions

Theorem 5.1([15]) Let M be a time like surface and let M® be a parallel surface of M in E3.
Then, we get

— K
K= 1—26H + 62K
and H— 6K
) R
1—-20H + 52K

where the Gaussian and mean curvatures of M and M?® are denoted by K, H and K, H, respec-
tively.

Theorem 5.2 Let X (u,v) and Y (u,v) = X (u,v)+ 0N (u,v) be parallel time like ruled surfaces
with time-like rulings in Minkowski 3-space E} with Gaussian and mean curvatures K, H and
K, H, respectively. Then, X (u,v) and Y (u,v) are time-like developable surface with time-like

rulings if
H

K=K=0 d H=——.
o 1-25H

Proof Let X (u,v) and Y (u,v) = X (u,v)+dN (u,v) be parallel ruled surfaces in Minkowski

3-space with Gaussian and mean curvatures K, H and K, H, respectively. We find from the

relation between the Gaussian and mean curvatures of the surfaces X (u,v) and Y (u, v) that

— K
K= 1—25H + 62K
and
7 H+ 60K
T 1—26H + 82K’

If K =0 we get that K = K = 0, and then Y (u,v) are developable surfaces in E3 and

1—2H¢§ = ¢*, where ¢* be constant. And then, we have

1—c¢*
H:
20
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The relation between the mean curvatures of the surfaces X (u,v) and Y (u,v) is

— H

b=
Consequently, we know that o
H

1+25H

Theorem 5.3([15]) Let M be a space like surface and M° be a parallel surface of M in E3.

Then, the parallel surface of a space-like developable ruled surface is a space-like ruled surface.

Theorem 5.4 Let M be a developable space like ruled surface in E3. Then, the ruling retraction
r(M) = M, is a developable space like ruled surface, and the parallel surface M° of M is a

space-like ruled Weingarten surface.

Proof Since M, is a ruled retraction of a developable space-like ruled surface M, M, is
a developable space-like ruled surface in E}. From Theorem 3.1, the parallel surface M? of
the developable space-like ruled surface M,. is a developable space-like ruled surface. Notice
that Mf and M, both are developable surfaces. The Gaussian curvature of Mf and M, satisfy
K;f = K, = 0. We therefore get that ¥ (Kf, H,‘f) = 0. Thus, the parallel surface Mf of M, is

a Weingarten surface. O

Corollary 5.1 Let r(M) = M, be the directriz retraction of the space-like ruled surface M and
let M? be a parallel ruled surface of a directriz retraction ruled surface M, in E?. Then the

parallel surface M? is a Weingarten surface if M, is a Weingarten surface.

Theorem 5.5 Let M and M?® be two parallel surfaces in E3 and h(u,v) be a topological folding

on M and M? if h(M) is a minimal surface, then M? is a minimal surface also.

Proof Let M and M? be two parallel surfaces in E$. If M is a minimal surface, H = 0

and from

H

H=1—m

we get H = 0 and so, M? is a minimal surface. O

Corollary 5.2 The directriz retraction r(X (u,v)) of the ruled surface X (u,v) in Minkowski
3-space Ef’ 1s a minimal surface if k1 = —ko, where k1 and ko are the principal curvatures of

the retracted ruled curve.

Corollary 5.3 Under the directriz retraction of the helicoid X (u,v) in a Minkowski 3-space,

the first fundamental forms, Gaussian and mean curvatures are invariant.
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§1. Introduction

The classic Backlund transformations are used to construct constant negative Gaussian curva-
ture surfaces. It is used to obtain new pseudospherical surfaces using solution of an integrable
partial differential equation.

In the last years Backlund transformations have been studied by many authors [1-9].
Nemeth studied Backlund transformations of constant torsion curves in 3-dimensional con-
stant curvature spaces in Euclidean 3-space [5]. Palmer studied Backlund Transformations for
surfaces in Minkowski Space [6]. Giirbiiz extended Backlund transformations of constant torsion
curves n dimensional Lorenzian space [7]. Abdel-Baky showed that the Minkowski versions of
the Backlund’s theorem and its application by using the method of moving frames [8]. Bracken
studied Backlund transformations for several cases of a generalized KdV equation in Euclidean
space [9]. Grbovic and Nesovic studied Backlund transformation and vortex filament equation
for pseudo null curves in Minkowski 3-space [10]

The connection between moving curves and integrable systems has been studied by nu-
merous authors [11-23]. If the position vector of a vortex filament is 8(c,u), the following
equation

ﬂu = 60 X Baa

is called the Da Rios equation [11]. Hasimoto discovered the connection between the motion
of vortex filament in an incompressible, inviscid three-dimensional fluid and solutions of the
Nonlinear Schrédinger NLS equation in Euclidean 3-space [12]. Lakshamanan et al. presented
motion of curves and surfaces and nonlinear evolution equations in (2+1) dimensions [13].

1Received October 25, 2021, Accepted December 5, 2021.
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Barros et al. found out explicit solutions of the Betchov-Da Rios soliton equation in three-
dimensional Lorentzian space forms [14].

Murugesh and Balakrishnan presented three classes of curve evolution associated with
numerous soliton equations with respect to Frenet frame in Euclidean 3-space [24]. Giirbiiz
obtained three classes of curve evolution connected with the nonlinear Schrodinger equation
according to Frenet frame in Minkowski 3-space [25].

The case when viscosity effects on a fluid dynamic, the following equation is

5u = ﬂa’ X 60 + gﬂa (1)

is called the visco-Da Rios equation [26]. Here ¢ denotes viscosity and non-negatif constant.
Glirbiiz and Yoon presented the visco modified Heisenberg magnet model and physical appli-
cations with respect to the Frenet frame in Minkowski 3-space [27].

Qu and Kang studied Béacklund transformations for integrable geometric curve flows in
Euclidean 3-space [28]. In this paper, one give three classes of curve evolution connected with
the visco Da Rios equation with respect to the Frenet frame in Minkowski 3-space are presented.
Later Backlund transformations of three classes of the curve evolution connected with the
generalized nonlinear heat flow and the repulsive type generalized nonlinear Schrédinger flow

with respect to Frenet frame in Minkowski 3-space are studied.

§2. Backlund Transformations of the GNLS~ and GNLH Flows in R}

Let the 8 be a non-null curve with the arc length o in 3 dimensional Minkowski space RS.

Formulae of derivative of the Frenet frame {T, N, B} have the following form [29]

T, = EQHN,
N, = —e1kT+e37B,
Bg = —€2TN
satisfying
<T,T>L = 51,<N,N>L:€2, <B,:B>L:f‘:37
Tx N = €3, Nx.B :ElT, Bx,T :€2N, g = :tl,i = 1,2,3

where x is cross product. The T, N and B are tangent, normal and binormal vectors. The
K, T are curvatures and torsion of the 3.

In this section one present Backlund transformations of three classes of curve evolution
connected with the generalized nonlinear heat GNLH flow and the repulsive type generalized

nonlinear Schrédinger GN LS~ flow in Minkowski 3-space R3.

Class I. Let 1 be spacelike curve with timelike binormal according to the Frenet frame
in R}. Assume that

ﬁlo =T. (2)
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The visco-Da Rios equation associated with the generalized nonlinear heat system is given
by
Blu = Bla X 5100 + gﬁla (3)

where ¢ is the viscosity and non-negatif constant.

The general time evolution according to the Frenet frame of the spacelike curve §; with

timelike binormal for first class in R3 is given by

T, = mN+n7.B (4)
N, = —-mT+1B (5)
B, = nT+nN (6)
where 71,72 and 77 are smooth functions. Using Egs.(2) and (3) one obtain
Ty =T xTs; +T =T-+xB (7)
The compatibility conditions £15y, = S1ue and Ty, = T, the followings are obtained
mo = K(T+<), N2 = ke (8)
KJUU
n o= (T tr(r ) )
ku = (K(T+9))o + KoT (10)

respectively, the second frame {¢1, 2, ¢3} and Hasimoto-like transformation p; using visco-Da

Rios equation with respect to Frenet frame for the first class in Minkowski 3-space are given by

¢1 = T7 (11)
by = NjiBefﬁ (12)
by = NJiBe-f: (13)

Bl (14)

mo= 5

From Eqgs.(11), (12) (13)and (14), the spatial variation of the frame {¢1, 2, ¢3} associated
with the generalized nonlinear heat system for first class is given by

Ol = H202 + 13
P20 = —pd1
P30 = —padi,
where po = 2o~ )T The temporal variation of the frame {1, @2, 3} associated with the

V2
generalized nonlinear heat system for first class is given by

H1w = (Mo +sp1)ps — (Hoe — Sh2) P2,
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P20 = —(p1o +Sp1)d1 + Ri¢o,
b3 = (2o —sp2)p1 — Rios.

From ¢9,, = ¢4, one obtain the generalized nonlinear heat GNLH system for spacelike

curve with timelike binormal with respect to Frenet frame for first class in Minkowski 3-space:

Hiuw = Hloo + SHi1o + Rl,ul
Hou = —MH2oo + Shoe — Ripa, Ri = pyps.

3.1 Backlund Transformation of the Generalized Nonlinear Heat Flow with Respect
to Frenet Frame for First Class in R}

Backlund transformation of the generalized nonlinear heat flow with respect to Frenet frame

for first class is constructed: Let 51 be another curve associated with the spacelike curve [7.
Bi(o,u) = Bi(o,u) + fi(o,u)T + fa(a,u)N — f3(o,u)B, (15)

where f1, fo and f3 are functions of u and o. Respectively, the derivative of according o and u
of Eq.(15) are obtained by

Bre = (1 + fio — f2r)T+(fao + f1ri + fs7)N—=(fso + for)B, (16)

5111, = (C + flu - f2’€(7- + C) + f3HU)T (17)
+(fou + fir(T +) — fs(% +7(T+¢))N

+(f1ko — fz(% +7(T+¢9)) + fau —x)B

Let o be the arclength parameter of the curve Bl. Via Eq.(16), one derive

46 = /(1 + fis = Jor)? + (foo + fik + [37)2 = (f30 + f27)?do = Odo. (18)

The tangent vector of 51 is derived by

T 9147 5 5,N+aB, (19)
do do
where
61 = O 1+ fie — f2k), 62 = O (fag + fik + f37), 03 = —O"'(f35 + for)

From Eq.(19),

d251 01e — 02K 025 + 01Kk — 03T 035 — 0T
52 o o A

B. (20)
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From Eq.(20), the curvature % of the curve 51 is derived by

- \/((510 — (52/@)2 =+ ((52g + 01k — (537‘)2 — ((530 — 527’)2 A
K o 5 (21)
The principal normal vector N of the curve 51 is obtained by
S 015 — 02K 025 + 01K — 03T 035 — 02T
N = A T+ A N + A B. (22)
The binormal vector of B of the curve El is found in the following
]§ = w1 TH+wsN 4+ w3B, (23)

where

(53(520 + 01k — (537’) — 52((530 — (527')

w1 = —

A
53(610- — 52%2) — (Sl ((530- — 52T)
%) = A
01 (51/% + 0oy — 537’) — 52(510 — 52%)
w3y = — A

Since El and f; have with same integrable systems, the curve 51 satisfies the generalized
nonlinear heat flow Blu of the visco Da Rios equation for the first class in Minkowski 3-space
following.

Bru = —FB +¢T. (24)

Theorem 3.1 The generalized nonlinear heat flow Eq.(24) is invariant according to Back-
lund transformation Eq.(15) for second class in Minkowski 3-space if f1, fo and f3 satisfy the

following system

S+ fru = fok(T +¢) + fako = —%m + 601 (25)

Jou + fi6(T +<) + f3 (%a +7(1+ §)) = *%wz + 602 (26)
—fike — f2 (I%U +T(T+<)) —fau—K = —%w3+<53 (27)
Proof Via Eqgs.(17), (19), (21), (23), (24) one obtain Eqs.(25), (26) and (27). O

Class II. Let (35 be a spacelike curve with timelike binormal according to Frenet frame in R3.

Assume that
/820' =B. (28)

The modified visco-Da Rios equation associated with the repulsive type generalized non-
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linear Schrodinger GN LS~ equation is given by

Bou = Bac X Bago + $P20s (29)
where ¢ is the viscosity and non-negative constant.
The general time evolution of the Frenet frame for the second class in R} is given by
T, = 72N+GB, (30)
N, = —T+EB, (31)
B, = GT+GN. (32)
Via Eqgs.(28) and (29) it is derived by
B2y, = B2y X Bagy +¢Bay = 7T+cB (33)
From B2y = Pous and B, = B,y via Eq.(29), Eq.(32) and Eq.(33) one can derive
Cl Tos <2 = T(KJ - g)7 (34)
TG’U
72 - - K(K - §)7 (35)
Tu —kTy — (T(k = ¢))o (36)

The second frame {1, &2, &5} connected with the repulsive type GNLS™ equation Eq.(28)
and Hasimoto-like transformation 19 are given by

& = B, (37)
T + 4N .
& = — 5l (38)
T —iN .
&G = ﬂ et (39)
and
Wy = —='d ", (40)

V2
where &5 is the complex conjugate of &;. Using Eqs.(37), (38), (39) and (40), the spatial and

time evolutions of the frame {&1, &2, &5} connected with the GNLS™ equation for second class,

respectively are given by

§1o0 = —ithals +ih3&a,

S0 = —1&y,

§o = Wik

§ru = (V3 +is¥3)&2 + (Y20 — ict2)E3,
bou = (P20 —ict2)&1 + iR26,
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f;u = (¢§a + Zgw;)fl - lRQf;

From &5, = &254 One can obtain the repulsive type GINLS™ equation for second class in
in R}
1p2u = inUU + ileZ + §¢2a, R2 = —¢2¢§

3.2 Backlund Transformation of the GNLS~ Flow with Respect to Frenet Frame

for Second Class in Rj

Backlund transformation of the GNLS™ flow of spacelike curve o with timelike binormal is

constructed as the following.

Let Eg be another curve associated with the spacelike curve S5 with timelike binormal B

for second class in R, it can be expressed
EQ (O-a u) = 52(0-7 U) + g1 (Ua U)T+92 (07 U)N - 93(07 U)B, (41)

where g1, go and g3 are the smooth functions of u and ¢. By differentiating of according ¢ and
u of Eq.(41), the following are obtained by

9B,  ~
% = a2 = (910 — 928) T+ (915 + gao + g3T)N+(1 — goT — g35)B, (42)
Bou = (74 91— g2(" = ik — <)) = ga7o)T (43)

TO'O'
+(91(T — k(K =<)) + gou — 937(k — <))N
+(S+ 9170 + g27(k — <) — g34)B.

For the arclength parameter & is of the curve S in R3 one can obtains

5 = (910 — 92k)% + (920 + g1k + g37)2 — (1 — goT — g3,)%do (44)
= Ido

The tangent vector T of the curve 32 for the second class in R$ is obtained by

~ dBydo
T="22 = 5, T+ N+p3B, 45
do ds %1 +p2lN+3 (45)
where
e1 = I g0 — 920)T, 2 =T""(g20 + g1 + g37)
03 = —T7Y1—gor — g30).

Using Eq.(45), one can obtains

BB Pro — P2k, Pas + PIE — PaT P30 — PaT
Sl T N B. 46
d52 T + T T (46)
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Using Egs.(46) the curvature & of the curve 52 is obtained by

_ 2 _ 2 _ _ 2 )
%:\/(Sﬁla P2K) +(902o+<;1:1ff ©37)% — (P30 — PaT) =2 (47)

With aid of Eqs.(46) and (47), the principal normal vector N of the curve (3 is obtained

by
S Plo — P2k P20 + P1K — P3T P30 — P2T
N = T N B. 4
P + P + P (48)
From Eqgs.(46), (47) and (48), the binormal vector of B of the curve 52 can be obtained by
B = p; T+p2N + p3B, (49)
where
_ (P30 — a7) — p3(p20 + 16 — P3T7)
o= o
= p1(p30 — 027) + p3(P15 — P2K)
p2 = P
_ —1(p1k + pac — @3T) + 02(P10 — P2k)
p3 = .
P
The torsion vector 7 of the curve 35 using Eqgs.(48) and (49) in Minkowski 3-space is derived
by
~ v
- 50
e (50)
where
U = (pio — p2r)(p10 — p2k) + (p20 + P16 — p37) (P20 + P15 — @3T)

— (030 — 027) (P35 — p2T).

Since the curve Eg and the curve (5 are expressed with same integrable systems, the curve
(B2 satisfies the following generalized nonlinear Schrodinger flow of the visco Da Rios equation
connected with the second class in Minkowski 3-space:

Bow = 7T + ¢B. (51)
Theorem 3.2 The generalized Schrodinger flow Eq.(51) is invariant according to Backlund

transformation Eq.(41) for second class in Minkowski 3-space if g1, g2 and gs satisfies the

following system

Too v
T+ g1 = g2(- = — k(6 =) = gsTy = —prertom (52)
(27— k(5= )+ g2~ go7(5 <) = —reert (53)
g1 pu S G2u — 93T ) = To¥2 TP
v
S+ G1Te + g2T(k—¢) —gsu = ——p3+Sps. (54)

re
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Proof Via Egs.(43), (48), (49), (50), (51) one can obtain Egs.(52), (53) and (54). O

Class 3 Let 33 be spacelike curve with timelike binormal according to the Frenet frame in R3.
Assume that

B3y = N. (55)

The modified visco-Da Rios equation associated with the repulsive type generalized non-
linear Schrodinger GN LS~ equation is given by

BSu = 630' X 6300’ + §63<77 (56)

where ¢ is the viscosity and non-negative constant. The general time evolution of the Frenet

frame

T, = —mN+7;B (57)
N, = mhT+hB (58)

Via Egs.(55) and (56) it is found
B3, = —7T + <N—kB. (60)

From 340 = 8304 and N3,s = N3y, the following are obtained by

1
hi=—Ts —GK, ho = _(Ka + (T), V3 = 5(7—2 - 52) ) (61)
_ 1 9
Ky = Too+Ske+ 27(/{ ),
1
Tu = Koo +ST,+ 5/1(!{2 — 72).

The third frame {m,mo, 73} connected with the generalized nonlinear heat system and
Hasimoto-like transformation §2; for the spacelike curve with timelike binormal are given by:

T1 = N, (62)
1
1
m o= BT (64)
and L
lei(H—FT). (65)

V2
Using Egs.(62), (63), (64) and (65), the spatial evolution of the frame {7, 2, 75} connected
with the generalized nonlinear heat equation of the spacelike curve with timelike binormal for
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third class, respectively are given by

Tie = —$hma+ Qams
Toe = $lom
T3 = —{hmy.
where )
QQ = 7(& — ’7').

V2

The time evolution of the frame {7, w2, 75} connected with the generalized nonlinear heat
equation of the spacelike curve with timelike binormal for the third class, respectively are given
by

Tiw = —(Qio —Qi)ma — (Qao + Q)73
Tou = —(Qas +sQ2)m + R3ma
T3y = —(Qie —<Qi)m — Rams

From 7y,, = 72,4, One obtains the generalized nonlinear heat system for the spacelike curve

with timelike binormal with respect to Frenet frame for third class in Minkowski 3-space:

Qo = —Qogo + Q26 + R382, Rz = Q10
Dy = Qoo +5Q16 — R38, Rz = —Q18

3.3 Backlund Transformation Connected with visco-Da Rios Equation for Third
Class in R}

Backlund transformation of the generalized Schrodinger flow for the spacelike curve (3 with

timelike binormal for the third class is constructed as the following:
Consider other nonnul curve 53 connected with (33,
B3(o,u) = B3(0,u) + h1 (0, u) T+ha (o, u)N — hz(o,u)B, (66)

where hq, ho and hg are functions of u and o. If the derivatives of according o and u of Eq.(66)

are taken, one can obtain

530 = (hh; — th)T—i—(l + ik + hoy + h3T)N—(h3g + hQT)B, (67)
_ 222
B3 = (=T +hiy — ha(1s +sK) — hs( 5 NT (68)
+(s + h1 (7o + k) + houy — h3(ko +<T)N
722
+(ha( ) = ha(ky +<7) = h3y — #)B

2
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Let o be the arc length parameter of the curve 53, in this case

do = \/(hla - h2/€)2 + (1 + h1k + hoy + h37')2 — (hSJ + h27—)2d0'
= xdo

The tangent vector of the curve 33 is obtained by

~  dpsd
do do
From Eq.(70),

d2~§3 _ Mg — m2nT+m20 —miK + mgTN n MaT + M3y
do? X X X

B.

From Eq.(70), the curvature & of 52 is given by

K = =

X

~ /g —mar)? + (Moo + mak —ma7)? — (M3o —me7)?2 T
X

The normal vector N of the curve 53 is given by

~ Mis — Mok Moy — M1K + M3T moT + M3,

N = T N B.
Y + Y Ty
The vector of B of the curve 53 is given by
ﬁ = an-I-TLQN + TLgB,
where

mz(mgg —+ mQT) — mg(mgg — mik + m37')

ni1 =
T

mz(mi, — mok) — my(Mzy + Mma7)

ng =
T

ma(mie — mak) — my(may — M1k + maT)

nyg =
T
The torsion vector 7 of the curve Eg is obtained by
~ @
T=_—
Ty’
where
a = —(niy —n2k)(Mie — mak) — (Nay + N1k — n37)(May — M1k + M3T)

+(n30 — 77,27') (TI’L30- + mQ’T)

21

(72)

(73)

(74)

Since the curve 53 and the curve 3 have with same integrable systems, the curve 53 yields
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the following generalized nonlinear heat GN LH flow of the visco Da Rios equation for the third
class in Minkowski 3-space
Byu = —7T — RB+<N. (76)

Theorem 3.3 The generalized nonlinear heat flow Eq.(76) is invariant according to Back-
lund transformation Eq.(66) for third class in Minkowski 3-space if hy, ha and hs satisfies the

following system:

72 — K2 « T
—T+h1u—h2(Tg+§I€)—h3( D) ) = —T—Xml—;nl (77)
Mic — MoK
+< T
(o 4 k)t how — hy(o +o7) = —Smy— L (78)
S 1\To SK 2u 3\KRo ST = TXm2 X”?
Moy — M1k + M3T
+< T
72— K2 « T
hl( 5 ) — hQ(I{U + §T) — hgu — K = —Txmg — ;ng (79)
moT + mses
+< T

Proof Via Egs.(68), (70), (72), (73), (74), (76) one can obtain Eqs.(77), (78) and (79). O

84. Conclusions

In this paper one obtained the first class connected with the generalized nonlinear heat GN LH
system to the spacelike curve evolution with timelike binormal according to Frenet frame in
R3. Later, one presented Backlund transformation of GNLH flow with the Frenet frame in
Minkowski 3-space. We gave the second class connected with generalized nonlinear Schrodinger
equation GN LS~ of spacelike curve evolution with timelike binormal according to Frenet frame
in R} and obtained Backlund transformation of GNLS flow with Frenet frame in Minkowski
3-space in R3. Finally, one presented the third class connected with the generalized nonlinear
Schrédinger equation GN LH of spacelike curve evolution with timelike binormal according to
Frenet frame in R} and obtained Backlund transformation of GNLH flow with Frenet frame

in Minkowski 3-space in Rj.
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§1. Introduction

Classical differential geometry began with the emergence of derivative and integral calculus,
which helped solve geometric problems such as determining the tangents and curvatures of a
curve.

Richard L. Bishop [1] brought forward the best answer to this as ”there are 3 more than one
way to crack a curve”. Bishop observed that parallel vector fields on a C? regular curve form a
3-dimensional vector space. He clarified the equations of the Bishop roof, which is named after
him; hence it is sometimes referred to as the Relatively Parallel Adapted Frame, Bishop, [1].
Fenchel W. [7] stated that a point v (¢) on a curve, when plotting the curve, the Frenet vectors
{T, N, B} change and thus spherical signs are formed.

Thorpe J.A. [4], together with the geodesic spray concepts, gave the theorem that ”for a
curve vy to be an integral curve for the geodesic spray X of the natural lift v, and only if v is
a geodesic over ”M.Caligkan, Sivridag and Hacisalihoglu [5], using these concepts and theorem

given by Thorpe [4] in E3.

82. Preliminaries

Let v : I — R? be a parameterized curve. We denote by {7 (s), N (s), B (s)} the moving
Frenet frame along the curve 7, where T, N and B are the tangent, the principal normal and

the binormal vector fields of the curve ~, respectively.

1Received November 5, 2021, Accepted December 10, 2021.
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Let v be a reguler curve in R3. Then ([6])

’

/>< 1"
=) _ N=BxT, B=_L"7_
[od! 7" <7
and if v is a unit speed curve, then
_ N p_
T=~,N , B=TxN
v

Let v be a unit speed space curve with curvature x and torsion 7. Let Frenet vector fields
of v be {T, N, B}. Then, Frenet formulas are given ([6]) by

/ ’

T =kN, N = —xkT+7B, B = —7N,

where Kk = <TI,N> and 7 = <NI,B>.

Definition 2.1 Let v : I — R3 be a unit speed spacelike or timelik space curve. Let T =~
be the tangent vector defined at each point of the curve. In this case, M1 and Ms vectors are
perpendicular to the tangent vector T at each point and any two vector fields in the normal
plane, on the curve v, {T, N, B}, there is always a frame {T, My, M>},as an alternative to the

moving frame. {T, My, Ms} is Bishop frame to this alternative frame

Then, Frenet formulas are given by [1]

T = kM + koM,

M, = kT,

My = koT,

k(t) = y/k?+ k3, ¢(t)=arctan <Z;> , T(t) = o,
k1 = Kcosy, ko =kKsing,
T = T,

M; = cospN —sinpB,

My = sinpN 4 cospB

where the differentiable functions k1 and ko are the Bishop curvatures.

Definition 2.2([1]) Let M be a hypersurface in R and let o : I — M be a parameterized

curve. 7y is called an integral curve of X if

—(7(8)) =X (v(s)) (foralltel),
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where X is a smooth tangent vector field on M. We have

T™M = | ) TpM = x (M)
PeM

where TpM is the tangent space of M at P and x (M) is the space of vector fields on M.
Definition 2.3([4]) For any parameterized curve v : I — M ;75 :1 — TM given by
7(5) = (107 () =7 () o
is called the natural lift of v on TM. Thus, we can write
T = 2 (v Do) = Dyt (),
where D is the Levi-Civita connection on R3 .

Definition 2.4([4]) A X € x (T'M) is called a geodesic spray if for V.€ TM

X (V) =—(S(V),V)N. (1)

Theorem 2.5([4]) The natural lift 5 of the curve « is an integral curve of geodesic spray X
if and only if v is a geodesic on M.

83 The Natural Lift Curve of the Spherical Indicatrix of a Curve According to
Bishop Frame

Let V, V be Levi-Civita connections on R3 and S? and ¢ be a unit normal vector field of S2.

Then Gauss equations are given by the followings
VxY = VxY + (S (X),Y)§,

where S is the shape operator of S? and

Let vp be the spherical indicatrix of tangent vectors of v and 7, be the natural lift of the
curve yr. In this case the equation for vp is v = T. If 71 is an integral curve of the geodesic

spray, then from Theorem 2.5 we have
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that is,

Vo Te = Vi 1 = (8 (32) 7 ¢

Vs, be = =(8 (i) 42) T

v%% =— (ki +k3)T

om (kiMy + koMo) = — (kI +k3) T

d ds
- (k1 My + ko M) . + (K +k3)T=0

: : d
<k1M1 — kT + koM — k%T) ﬁ + (k% + k%) T=0
T
—MJF(HH#) T+ L M, + L My =0
VE+R NCEY: NCEY:

Since {T, My, M>} bishop frame is linearly independent system, we have

ki + k3 2, g2
(Vi eem) - o

s

2 2 0,
VY + k3

ko _ 0

Hence, we have

ki 4+ks = 1,
Nk = 1, ky=0
i)k = 0, kg=1

Proposition 3.1 If the natural lift ¥p of vy is an integral curve of the geodesic on the tangent
bundle T (52), then there is a relationship between frames {T, N, B} and {T, My, Mx} as follows,

T=T, Mi=N, My=B, (k1=1, ko =0)
T=T, My=-B, My=N,(k =0, k =1)

Let var, be the spherical indicatrix of v relative to My and 7,,, be the natural lift of the
curve ypr, . In this case the equation for yas, is v, = My. If 7, is an integral curve of the
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geodesic spray, then from Theorem 2.5 we have

v’;’/M1 ’YMI - 07
that is,
VAI/Ml Yy VA/Ml Vg — < (71\/11 ) Vg > 3
Vi Ton =~ (5 (900 ) o) M

d
—kT) = —k*M
. (k1 T) 1My
d ds
— (~kyT) —— + k2M; =0
ds( ! )dle + R
) 2 ds 2
—k1T — ki My — kiko My +kiM; =0
CZS]W1
kl —k1 —l—k% ko
w2 + ( w2 1+ by 2

Since {T, My, M>} bishop frame is linearly independent system, we have

I

gt
(—kl—‘rk%) = 07
ky = 0.

Hence, we have
k1 = constant (k1 #0), ko =0

Proposition 3.2 If the natural lift 7y, of va, is an integral curve of the geodesic on the
tangent bundle T (S?), then there is a relationship between frames {T,N, B} and {T, My, M>}
as follows,

T=T, Mi=N, M;=B8B.

Let vy, be the spherical indicatrix of v relative to Ma and 7%,,, be the natural lift of the
curve 7yuz,. In this case the equation for vaz, is var, = Ma. If 7y, is an integral curve of the
geodesic spray, then from Theorem 2.5 we have

V. 4, =0,

N M
T, 2
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that is,
v'.YMQ 7M2 - V’;/]M2 ’YMQ B <S (f}/MZ) ,f}/MZ > f

Vi, e = (8 (1) Ao ) Mo

. 2
’YMZ’VMQ = _kQMQ
d
—koT) = —k2 M.
dsM2( 2T') 5 M>
d ds
— (=koT) —— + k2M5 =0
ds( 2 )dsM2+ 272
: 2 ds 2
—koT — kykoMy — k2My | —— + k2My =0
dSM2
k k
2T (=) My (<14 ED) My =0
ko ko

Since {T', My, M} Bishop frame is linearly independent system, we have

kg kil 2
=0 =0 +k2=0

Hence, we have
k1 =0, ko = +£1

Proposition 3.3 If the natural lift 7y, of v, is an integral curve of the geodesic on the
tangent bundle T (S?), then there is a relationship between frames {T, N, B} and {T, My, M}
as follows
T = T, M{=—-B, Ms;=N,
= T7 M1:B7 MQZ_Na
ki = 0, kg ==£1.

V5

Example 3.4 Given the arclength timelike curve 7 (s) = ( s, % cos 3s, % sin 38) In this tri-
hedron, it is easy to show that its Frenet apparatus are

T(s) = <\/5,—2sin3s,§cos?>s>,

3 3
N(s) = (0,—cos3s,—sin3s),
2
B(s) = (3, ? sin 3s, 7? cos35> ,

If the natural lift ., of 7 is an integral curve of the geodesic on the tangent bundle T' (5?),
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then there is a relationship between frames {T', N, B} and {T, M7, M>} as follows

T=T, Mi=N, My=DB, (k1 =1, k2 =0)
T:T7 Ml:_37 M2:N7(k1:05 k2:1)

with

5 2 2
T(s) = ({,—gsin?)s,gcosBs),

M (s) = (0,—cos3s,—sin3s),
2 V5 5
M, (s) = (3,\3[811135,—\3[ cos&s) ,

(k1 =1, k2 =0)

P (s,t) = (sin 3s cos 3t, sin 3s sin 3¢, cos 3s)

¥Yr = (f =—%sin3s=%cos3s> and 7 = (0.—2cos3s,—2sin3s)

If the natural lift %,, of vz, is an integral curve of the geodesic on the tangent bundle
T (5?), then there is a relationship between frames {T, N, B} and {T, My, M5} as follows

T=T, Mi =N, M;=B.

with

5 2 2
T(s) = <\3f,—3sin35,3c0535>,

=
-
VA
©
I

(0, — cos 3s, —sin 3s) ,

2 V5 5
M, (s) = (3,\3fsin33,—\3f00533>,

P (s,t) = (cos3ssin3t,cos3scos3t,sin3s) .
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yin = (0.—cos3s,—sin3s) and Fa, = (0.3 sin3s5,—3 cos3s)

If the natural lift %,,, of vz, is an integral curve of the geodesic on the tangent bundle
T (5?), then there is a relationship between frames {T, N, B} and {T', My, M5} as follows

T = T, My=-B, M,=N,
T = T, My=B, M,=—N,
ki = 0, kg = +1,
5 2 2
T(s) = <\3[,—Ssin33,3cos3s>,
2 V5 . V5
M (s) = <—37—3sm3s7300535>,
Ms(s) = (0,—cos3s,—sin3s).

P (s,t) = (cos 3ssin 3t, cos 3s cos 3t, sin 3s)

rir = (0.—cos3s,—sin3s) and Fat, = (0.3sin3s5.—3 cos3s)
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Abstract: A map M is called an almost semi-equivelar if all the vertices of M have same
type face-cycle except one. The maps on the surfaces of square pyramid and the pentagonal
pyramid (2 out of 92 Johnson solids) provide almost semi-equivelar maps on the sphere. In
this paper, for the first time, we study and classify an almost semi-equivelar map on close

surfaces, other than sphere, particularly on torus and Klein bottle on at most 15 vertices.
Key Words: Semi-equivelar map, almost semi-equivelar map, torus, Klein bottle.

AMS(2010): 52B70, 57M20

§81. Introduction

For the topological graph theory related terms, we refer to [7]. A surface (closed) F is a
connected, compact 2-dimensional manifold without boundary. An embedding of a connected,
simple graph G into F' is called a map M on F if the closure of each connected component of
F\ G is a p-gonal 2-disk D,, also called face of the map, such that the non-empty intersection
of any two faces is either a vertex or an edge, see [1]. The vertices and edges of the underlying
graph G are called the vertices and edges of M. In this paper, we deal with the maps on
torus and Klein bottle. Let M; and Ms be two maps with vertex sets V(M;) and V(M)
respectively. Then Mj is isomorphic to Ms, denoted as M; =2 My, if there is a bijective map
f: V(M) — V(Ms) that preserves the incidence of edges and faces.

In a map M, a cycle of consecutive faces (D,,, - D,,) around a vertex v such that D,, N
Dp,,...,Dp, N D,, are edges, is called the face-cycle of v. A map is called semi-equivelar of
type (Dp,.--- .Dp,) if the face-cycle of each vertex is same and of the type (Dp,, Dp,,--- Dp,)
up to a cyclic permutation. The well known five Platonic solids and thirteen Archimedean
solids provide all possible types semi-equivelar maps on the sphere, i.e., the surface of Euler
characteristic 2. Such maps have been studied extensively by many researchers for the surfaces
other than the sphere. For a recent progress on such maps for the surfaces of Euler characteristic
0, i.e., on torus and Klein bottle, see ([4], [5], [3], [13], [11]), for the surface of Euler characteristic
—1, see ([13], [14]) and for the surfaces of Euler characteristic —2, see ([6], [10], [9]).

A map M is called an almost semi-equivelar map, briefly ASEM, if all the vertices have

1Received November 10, 2021, Accepted December 12, 2021.
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same face-cycle except one vertex. If M has one vertex with face-cycle (fi) and remaining
vertices with face-cycle (f2), we say that M is ASEM of the type [(f1)1 : (f2)]. The surfaces
of the square pyramid and pentagonal pyramid (2 of the 92 Johnson solids) provide ASEMs of
types [(3,3,3,3)1 : (3,3,4)] and [(3,3,3,3,3)1 : (3,3,4)] respectively on sphere, see [8]. In this
paper, we study and classify ASEMs on torus and Klein bottle.

The article is organized as follows:, we describe almost semi-equivelar map of the type
[(3,3,3,3,3,3)1 : (3,3,4,3,4)] for the surfaces of Euler characteristic x = 0 and give a method-
ology to enumerate this type maps in Section 2. In Section 3, we present the results obtained
during the enumeration. In Section 4, we illustrate the methodology and prove the result.
We conclude the article by presenting some observations related to such almost semi-equivelar

maps.

§2. Methodology

Let M be an ASEM of the type [(3,3,3,3,3,3)1 : (3,3,4,3,4)]. Let v be a vertex in M with
the face-cycle (D,,, Dp,, -+ , Dy, ). Then the union of these disks, i.e., U_, D, is a 2-disk D,
with the boundary cycle C,,, where n = (p1 + p2 + ... + pr) — 2k. Let us call this cycle C), as
the link of v and denote it as lk(v). Thus lk(v) is a six or seven length cycle if the face-cycle
of vis (3,3,3,3,3,3) or (3,3,4,3,4) respectively. We use the following notations to represent
these links.

The notation lk(v) = Cg(v1, v2, v3, V4, U5, vg) means that the face-cycle of v is (3,3, 3, 3,3, 3),
i.e., triangular faces [v, v1, v2], [V, v2, V3], [V, v3,v4], [V, V4, V5], [V, V5, U] and [v, ve, v1] are incident
at v.

The notation lk(v) = Cr(v1,ve,v3, V4, U5, Ug, V7) means that the face-cycle of v is (3, 3,4, 3,4),
i.e., triangular faces [v, v1,v2], [v, v2, v3], [V, V5, V6] and quadrangular faces [v, v3, vy, V5], [V, Vg, V7,
v1] are incident at v. Note that, here bold symbols v; shows that v; is not adjacent to v.

Let V(M) = {u,v1,...,v,} be the vertex set of M. Here the vertex u has the face-cycle
(3,3,3,3,3,3) and the remaining have (3,3,4,3,4). Let lk(u) = Cg(v1,va, vs, v4, v5,06). Now,
we use the following steps to enumerate the ASEMs.

Step 1. Without loss of generality, choose v; (one can choose any v; for 1 < i < 6) such
that lk(vi) = C7(ve, u, vs, 1, a2, i3, o), Where a;, for 1 < ¢ < 4, is some v; € V.

Step 2. For each choice of (aq, g, az, aq) in V(M) x V(M) x V(M) xV (M), we construct
k(wvy).

Step 3. For each possibility of lk(v;) obtained from Step 2, we repeat Step 1 and Step 2
until we do not get links of remaining vertices.

Step 4. Define an isomorphism (if possible) between the maps, which will lead to the

enumeration of the maps.

Applying the above methodology for [V| < 15, we obtain the following result.

83. Result

Theorem 3.1 Let M be an ASEM of type [(3,3,3,3,3,3)1 : (3,3,4,3,4)] with the vertex set
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V(M). Then

(1) M does not exist for |[V(M)| <9;

(2) A unique M exists for |V (M)| < 12, this is K1[(3,3,3,3,3,3)1 : (3,3,4,3,4)] on Kelin
bottle with 11 vertices;

(3) There exist exactly three such maps for |V (M)| < 15 on the surfaces of Euler character-
istic x = 0. The other two maps are K3[(3,3,3,3,3,3)1 : (3,3,4,3,4)] and T1[(3,3,3,3,3,3)1 :
(3,3,4,3,4)] on torus and Klein bottle, respectively, with |V (M)| = 13.

vy v7

X

vg i vs A U11 Us
vg vg
vg Uy Uyq
V12 12
u u
U8\ U3 V3
vr vy
v1 v2 vl v
vg vg T
v11 gLl b
vg V10 Vg 10
U2 12
K1[(3,3,3,3,3,3);:(3,3,4,3,4)] K2[(3,3,3,3,3,3);:(3,3,4,3,4))] T1[(3,3,3,3,3,3);:(3,3,4,3,4)]

Figure 3.1 ASEMs on Klein bottle

§4. Proof: Classification of ASEMs of Type [(3,3,3,3,3,3); : (3,3,4,3,4)]

Let M be an ASEM of type [(3,3,3,3,3,3)1 : (3,3,4,3,4)] with the vertex set V(M) =
Vi3,3,3,3,3,3) U V(3,3,4,3,4), Where V(33333 3) and V(334 34) denote the sets of vertices with face-
cycles (3,3,3,3,3,3) and (3,3,4,3,4) respectively. Thus for [V/| < 15, we let V(333333 = {0}
and V(3 3434) = {1,2,--- ,n}, where n < 14.

Let 1k(0) = Cg(1,2,3,4,5,6). This implies k(1) = C7(2,0,6,a,b,c,d), where a,b,c,d €
Vi3,3,4,3,4)- It is easy to see that (a,b,c,d) € {(3,4,7,8),(4,3,7,8),(7,8,4,5),(7,8,5,4), (7,8,
9,10)}. Observe that, (3,4,7,8) = (7,8,4,5) and (4,3,7,8) = (7,8,5,4) by the map (2,6)(3,5)
(7,8). Thus, we search for (a,b,c,d) € {(4,3,7,8),(3,4,7,8),(7,8,9,10) }.

Case 1. In the case (a,b,¢,d) = (4,3,7,8), k(1) = C7(2,0,6,4,3,7,8). This implies 1k(3) =
C7(2,0,4, 6,1,7, e) and we see that two distinct quadrangular faces share more than one vertex.
This is not allowed. Thus (a, b, c,d) # (4,3, 7,8)

Case 2. In case (a,b,c,d) = (3,4,7,8), we get 1k(1) = C7(2,0,6,3,4,7,8). Now considering
1k(), for 1 <14 < 6 and the fact that two distinct quadrangular faces share at most one vertex,
we see easily that lk(4) = C7(5,0,3,6,1,7,9). This implies lk(7) = C7(8,10,9,5,4,1,2) and
1k(2) = C7(3,0,1,7,8, ¢, f). Observe that (e, f) € {(9,10), (11,9), (11,10), (11,12)}.

Subcase 2.1. When (e, f) = (11,), for i € {9,10}, then Ik(2) = C+(3,0,1,7,8,11,4) and
1k(3) = C7(2,0,4,1,6,i,11). This implies, deg(i) > 5. Hence (e, f) # (11,9) or (11,10).
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Subcase 2.2. When (e, f) = (11,12), then 1k(2) = C7(3,0,1,7,8,11,12). This implies
Ik(3) = C7(2,0,4,1,6,12,11). Then 1k(6) = C+(5,0,1,4,3,12,13), 1k(5) = C+(4,0,6,12,13,
9,7) and 1k(9) = Cy(14,13,5,4, 7,10,15), 1k(10) = C+(8,7,9,14,15, j, k), now we see that j
and k have no admissible values in V{3 3.4.34). Thus (e, f) # (11,12)

Subcase 2.3 When (e, f) = (9, 10) then successively we get 1k(2) = C7(3,0,1,7,8,9,10),
k(3) = C7(2,0,4,1,6,10,9). This implies 1k(6) = C7(5,0,1,4, 3,10, g), where g € {8,11}. If
g = 11, deg(10) > 5, a contradiction. On the other hand when g = 8, completing successively,
we get 1k(6) = C+(5,0,1,4,3,10,8), 1k(5) = C+(4,0,6,10,8,9,7), 1k(9) = C+(2,8,5,4,7,10,3),
1k(8) = C+(2,8,5,6,10,7,1) and 1k(10) = C+(8,7,9,2,3,6,5). Then, M = K;[(3,3,3,3,3,3); :
(3,3,4,3,4)] by the map 0 — u, i — v; for 1 < i < 10.

Case 3. In case (a,b,¢,d) = (7,8,9,10), k(1) = C7(2,0,6,7,8,9,10). This implies 1k(2) =
C7(3,0,1,9,10,¢, f). Tt is easy to see that (e, f) € {(5,6),(7,11),(11,7),(11,8),(11,12)}. Ob-
serve that, (7,11) 2 (11, 8) by the map (1,2)(3,6)(4,5)(7,8,11)(9, 10). Therefore, we search for
(e, f) € {(5,6), (11,7), (11,8), (11,12)}.

Subcase 3.1. If (¢, f) = (5,6), 1k(2) = C¢(3,0,1,9,10,5,6) and 1k(6) = C7(1,0,5,2,3,7,8).
This implies 1k(5) = C7(4,0,6,3,2,10,g), where g € {7,8,11}. If g = 7 successively we get
Ik(5) = C7(4,0,6,3,2,10,7), Ik(10) = C+(7,11,9,1, 2,5,4), k(7) = C(8, 11, 10, 5,4, 6,1). This
implies C5(0,1,8,7,5) C 1k(6). If g = 11, 1k(5) = C7(4,0,6,3,2,10,11), successively, we get
1k(10) = C7(9,12,11,4,5, 2,1), Ik(4) = C+(3,0,5,10,11,13,7), 1k(3) = C7(2,0,4,13,7,6,5)
and 1k(7) = C7(8,14,13, 4,3,6,1). Now a small computation shows that 1k(8) can not be com-
pleted for the given V(3 3.434). If g = 8, 1k(5) = C7(4,0,6,3,2,10,8). This implies 1k(10)
C7(8,h,9,1,2,5,4). Clearly h = 7, completing successively, we get 1k(8) = C7(1,9,4,5,10,7,6
Ik(3) = C+(2,0, 4,9,7,6,5), 1k(9) = C+(1,8,4,3,7,10,2), k(7) = C+(8,10,9,4,3,6,1), lk(4)
C7(3,0,5,10, 8,9,7). This gives a map M = K;[(3,3,3,3,3,3)1 : (3,3,4,3,4)] by the map
0 u, 1 —= vy, 2+— vy, 3 vg, 41— vs, D= vy, 6 v3, 7T+ v19, 8 vg, 9+ vg, 10 — v7.

~—

)

Subcase 3.2. When (e, f) = (11,7) then 1k(2) = C7(1,0,3,7,11,10,9). This implies
Ik(3) = C7(4,0,2,11,7, g, h), where (g, h) € {(8,12), (12,9), (12, 10), (12,13)}.

If (g, h) = (8,12), 1k(8) = C+(1,9,12,4,3,7,6). This implies 1k(9) = C7(12,8,1,2,10,i, j).
Observe that, (i,7) € {(5,6),(13,11),(13,14)}. If (i,5) = (5,6), considering 1k(6), we see that
the degree of 7 is more than 5. If (¢, j) = (13,11) or (13, 14), we see 1k(12) can not be completed.
Thus (g, h) # (8,12)

If (g,h) = (12,9), 1k(4) = C7(5,0,3,12,9,4,7), where (i,5) € {(8,11),(10,13)}. In case
(i,7) = (10,13), Ik(10) = C7(2,11,13,5,4,9,1) and lk(11) = C7(13,10,2,3,7,k,1), where
(k,1) € {(6,5),(8,12),(8,14)}. When (k,1) = (6,5) then C5(0,4,10,13,11,6) C Ik(5). When
(k,1) = (8,12) then, successively, considering 1k(8), 1k(9), 1k(12), we see that deg(7) > 5.
When (k,1) = (8,14) then considering 1k(8), we see that deg(9) > 5. On the other hand
when (i,7) = (8,11), completing successively we get 1k(8) = Cv(1,9,4,5,11,7,6), 1k(9) =
C+(1,8,4,3,12,10,2), Ik(11) = C7(2,10,5,4,8,7,3), 1k(10) = C7(2,11,5,6,12,9,1), 1k(5) =
C+(4,0,6,12,10,11,8), 1k(6) = C+(1, 0,5,10,12,7,8), k(7) = C7(3,12,6,1,8,11,2). This
gives M =2 T1((3,3,3,3,3,3)1 : (3,3,4,3,4)] by the map 0+ wu, i — v; for 1 <4 < 12.

If (g,h) = (12,10), Ik(3) = C7(2,0,4,10,12,7,11). This implies 1k(10) = C+(2,11,12, 3,
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4,9,1) or 1k(10) = C7(2,11,4,3,12,9,1). In the first case, i.e., when 1k(10) = C(2,11,12, 3,
4,9,1) we get 1k(4) = C7(3,0,5,13,9,10,12), 1k(9) = C(1,8,13,5,4,10,2), now observe
that, 1k(7) = C7(3,12,8,1,6,11,2) or 1k(7) = C7(3,12,6,1,8,11,2). When 1k(7) = C7(3,12,
8,1,6,11,2) then, successively considering 1k(8) and 1k(12), we see deg(10) > 5, while for
Ik(7) = C7(3,12,6,1,8, 11, 2), considering 1k(8), we see three quadrangular faces incident at 11.
Thus 1k(10) # C+(2,11, 12,3,4,9,1). On the other hand when 1k(10) = C7(2,11,4,3,12,9,1)
then 1k(4) = C7(5,0,3,12, 10,11, 1), clearly i = 8, now completing successively we get lk(11) =
C7(2,10,4,5,8,7,3), 1k(7) = C7(3,12,6,1,8,11,2), k(12) = C7(3,7.6,5,9,10,4), 1k(6) =
C+(1,0,5,9,12,7,8), 1k(5) = Cr(4, 0,6,12,9,8,11), 1k(8) = C+(1,9,5,4,11,7,6), 1k(9) =
C7(1,8,5,6,12,10,2). This gives M = K5[(3,3,3,3,3,3)1 : (3,3,4,3,4)] by the map 0 — u,
i—; for 1 < <12.

When (g,h) = (12,13), then 1k(7) = C7(3,12,6,1,8,11,2) or 1k(7) = C7(3,12,8,1,6, 11,
2). In the first case when 1k(7) = C7(3,12,6,1,8,11,2), we get 1k(6) = C7(5,0,1,8,7,12,1),
where i € {9,10,14}. If ¢ = 9 and 10, considering 1k(12), we see deg(9) > 5 and 1k(10) > 5 re-
spectively. If i = 14, Ik(12) = C7(3,7, 6,5, 14, 13, 4). This implies 1k(5) = C7(4,0, 6,12, 14, j, k)
and lk(4) = C7(5,0,3,12,13,k, 7). Observe that j and k£ have no admissible values from V. On
the other hand when 1k(7) = C7(3,12,8,1,6,11,2) then 1k(12) = C%(8,7,3,4,13,4,j), where
(i,7) € {(10,11),(14,9),(14,10)}. If (¢,5) = (10,11), successively considering 1k(12), 1k(10),
Ik(11), we see that deg(6) > 5. If (¢,j) = (14,9), k(9) = C7(10,k,14,12,8,1,2) and we
get no value for k from V. If (i,5) = (14,10), 1k(8) = C7(1,9,10,14,12,7,6), this implies
Cu(1,2,10,8) C 1k(9). So (g, h) # (12,13)

Subcase 3.3. When (e, f) = (11,8) then 1k(8) = (C7(1,9,3,2,11,7,6) or k(8) =
C7(1,9,11,2,3,7, 6). In case, k(8) = Cy(1,9,11,2,3,7,6), we have lk(9) = Cy(11,8,1,
2,10,4,7), for (i,) € {(4,5),(5,4),(12,13)}. If (i,5) = (4,5), Ik(11) = C+(2,10,5,4,9,8,3),
now considering 1k(10), we see that the set {4,5} is an edge and non-edge both. If (i, j) = (5,4),
Ik(11) = C7(2,10,4,5,9,8,3), now considering lk(10) we see that the set {4,5} is an edge
and non-edge both. If (4,7) = (12,13), 1k(11) = C7(2,10,13,12,9,8,3), now considering
1k(10), we see that the set {12,13} is an edge and non-edge both. On the other hand when
1k(8) = C7(1,9,3,2,11,7,6) then 1k(9) = C7(1,8,3,4,12,10,2), 1k(3) = C+(2,0,4,12,9,8,11).
This implies k(4) = C7(5,0,3,9,12, g, h), where (g, h) € {(7,11), (13,14)}. If (g, k) = (13, 14),
Ik(5) = C7(6,0,4,13,14,4,5) and 1k(6) = C7(5,0,1,8,7,7,%), but we see that ¢ and j have
no admissible value from V. If (g,h) = (7,11), k(7)) = C7(4,12,6,1,8,11,5), this implies
k(6) = C7(5,0,1,8,7,12,4). Observe that ¢ = 10, now completing successively we get 1k(6) =
C+(1,0,5, 10,12, 7,8), Ik(5) = Cy(4,0,6,12,10, 11, 7), Ik(10) = C7(2,11,5,6,12,9, 1), Ik(11) =
C+(2,10,5, 4,7,8,3), k(12) = C+(4,7,6,5,10,9,3). This gives M = K>[(3,3,3,3,3,3);
(3,3,4,3,4)] via 0 — u, 1 — vg, 2 — v3, 3+ v, 4 = v1, 5 — vg, 6 — v5, 7 — vg, 8 — v11,
9 — v1g, 10 = v12, 11 = v7, 12 — vg.

Subcase 3.4. When (e, f) = (11,12) then 1k(3) = C7(4,0,2,11,12,g,h). It is easy to
see that (g, h) € {(7,13),(8,9), (9,8), (13,7), (13,8), (13,9), (13, 10), (13, 14)}.

If (g,h) = (7,13), then 1k(7) = C7(6,12,3,4,13,8,1) or 1k(7) = C+(8,12,3,4,13,6,1). In
case 1k(7) = C7(6,12,3,4,13,8,1), 1k(6) = C7(5,0,1,8,7,12,2). Observe that 7 € {9,10,13}.



Almost Semi-Equivalent Maps on Torus and Klein Bottle 39

Ifi =9, k(9) = C7(1,8,5,6,12,10,2) or 1k(9) = C(1,8,12,6,5,10,2), but for both the
cases of 1k(9), we see deg(12) > 5. If ¢ = 10 then 1k(12) = C7(3,7,6,5,10,11,2) and we get
C4(2,3,12,10) C lk(11). If i = 13, 1k(12) = C7(3,7,6,5,13,11,2) and we get deg(13) > 5.
Thus 1k(7) # C7(6,12,3,4,13,8,1) On the other hand when 1k(7) = C7(8,12,3,4,13,6,1)
then 1k(6) = C7(5,0, 1,8,7,13,4). Observe that ¢ € {9,10,11,14}. If i = 9, considering
successively 1k(13), 1k(10), 1k(5), we get deg(9) > 5. If ¢ = 10, k(13) = C7(4,4,10,5,6,7,3),
where j € {9,11}. If j = 9, considering successively 1k(10), 1k(9) and 1k(5), we get deg(10) > 5
and if j = 11, we get three consecutive triangular faces incident at 11. When ¢ = 11, three
consecutive triangular faces at 10. When ¢ = 14, 1k(13) = C7(4,4,14,5,6,7,3) and we get no
value for j in V. So (g,h) # (7,13)

If (g,h) = (8,9), successively we get 1k(8) = C7(3,12,7,6,1,9,4), 1k(9) = C7(4,13,10,2,
1,8, 3). This implies 1k(4) = C%(5,0,3,8,9,13,5), where ¢ € {7,11,14}. When i = 7,
Ik(7) = C7(5,12,8,1,6,13,4), now considering 1k(4) and 1k(6), we see that two distinct quad-
rangular faces share more than one vertex. When ¢ = 11 then successively we get lk(11) =
C7(5,10,2,3,12,13,4), 1k(10) = C7(2,11,5,6,13,9,1). But deg(13) > 5. If ¢ = 14, succes-
sively, we get 1k(13) = C7(4,9,10,12,7,14,5), 1k(7) = C(6,14,13,10,12,8,1) and 1k(6) =
C7(5,0,1,8,7,14, j), now observe that the set {5,14} forms an edge and non-edge both. So,
(g.h) # (8,9)

Computing similarly for (g, h) € {(8,9),(9,8), (13,7),(13,8),(13,9),(13,10), (13,14)}, one
can see easily that no map exists and therefore (e, f) # (11,12). This completes the exhaustive

search and thus the proof. O

85. Discussion

Note that ASEMs are a generalization of maps on Johnson solids to the close surfaces other
than the 2-sphere. One can construct infinitely many types ASEMs on the sphere as follows:
consider an n-gonal disk D,,, n > 4, with vertex set V(D,,) = {a1,a2, -+ ,a,} and a vertex a
out side this disk, now join a to each a;, 1 < ¢ < n, by an edge. This gives ASEMs of type
[(3.3..... 3(n-times)); : (3.3.n)] for each n > 4. In the present work, existence of ASEMs is
shown for the surfaces of Euler characteristic 0, that is, for the torus and Klein bottle. This
study motivates us to explore other types of ASEMs on the torus and Klein bottle including

other closed surfaces. As a consequence, the following natural question occurs.
Question 5.1 Can we construct ASEMs of types, other than [(3,3,3,3,3,3)1 : (3,3,4,3,4)],

on the torus or Klein bottle?
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planar graphs of order n that minimize the absolute values of coefficients of the chromatic
polynomials. Moreover, we also present a sufficient condition that a graph is planar in term
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§1. Introduction

In this article, all graphs considered are finite, simple and connected. Throughout this article,
n and m will always denote, respectively, the number of vertices and the number of edges in a
graph G. Terminologies and notations not explained here can be found in [1,2].

Let G be a graph. We use V(G) and F(G) to denote the sets of vertices and edges of G,
respectively. A A-coloring of G is a function ¢ : V(G) — {1,2,---, A} such that ¢(u) # ¢(v)
for any uv € E(G). In fact, a A-coloring of G is also a partition of the vertex set V(G) into A
classes where each class is exactly an independent set of vertices. The chromatic number x(G)
is the smallest A for which G has a A-coloring.

Let P(G, ) denote the chromatic polynomial of G. Whitney [10] showed that

n

PG N) = 3 (~1)" a0 (G)N, 1)

i=1
where a;(G) counts the number of spanning subgraphs of G' that has exactly n — i edges and
that contain no broken cycles. The coefficient a;(G) in (1) is interesting in its own right. Read

[6] first observed that G is connected iff a1(G) > 1. Eisenberg [4] noted that G is a tree iff
a1(G) = 1. More than ten years later, Hong [5] proved that
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(1) if G is connected, then a;(G) is divisible by (x(G) — 1)! and
(2) G is connected and bipartite iff a;(G) is odd.

Let |2 be the largest integer not exceeding the real x. For any integers k and 7 with k& > 0
and ¢ > 0, define

okiy={ o ke )
kJillb(k — /il i) if k> 2.

Recently, Dong obtained some results on the divisibility of certain a,;(G) as follows:

Lemma 1.1([3]) For any graph G, a;(G) is divisible by ¢(x(G)—1,1) for eachi=1,2,--- ,x(G)—
1.

Lemma 1.2([3]) Let G be a uniquely k-colorable graph. If k = ip for some prime p and positive
integer i, then a;(G) is not divisible by p.

Lemma 1.3([3]) For any uniquely k-colorable graph G, where k > 2, a1(G) is not divisible by
k!

Obviously, they are an extension of Hong’s results mentioned above. And by Lemma 1.1,
if one may find the value of ¢(x(G) —1,14), the divisibility of a;(G) will be a better understand.
But it is very difficult for us.

Let ©(n,m) be the family of all connected graphs with n vertices and m edges. For a given
i, we say that a graph G € Q(n, m) is a;-minimum if a;(G) < a;(G’) for all G’ € Q(n, m). Since
an(G) =1 and a,—1(G) = m for each G € Q(n,m), all graphs in Q(n, m) are both a,-minimum
and a,_1-minimum. For any a;-minimum (1 < i < n — 2), results on this subject can be found
in [7-9)].

Here we focus on the divisibility of certain a;(G) and a;-minimum (1 < i <n — 2).

In section 2 we prove that for any graph G with x(G) = k > 2, a1(G) is divisible by k!
iff by, is divisible by &, where by is the number of ways of partitioning V(G) into k non-empty
color classes (or independent sets); for any two positive integers k and i, if x(G) > ki + 1, then
a;(Q) is divisible by k!.

In section 3 we prove that for the family Q; (or Qs) of all non-planar connected graphs
of order n containing K5 (or K3 3), if G is a graph obtained from K5 (or K3 3) by recursively
attaching n — 5 (or n — 6) leaves, then G is a;-minimum for each 1 <i <n —1. And it is also
shown that if G is a connected graph with a1(G) < 24 or a3(G) < 50, then G is a planar graph.

§2. Divisibility of Certain Coefficients

Based on Dong’s results we now deal with the divisibility of certain coefficients of the chromatic
polynomials.
Although it is difficult from (2) to determine the value of ¢(k, i), we have the following.

Theorem 2.1 For any graph G, if x(G) = 2i + 1, then a;(G) is divisible by 2.
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Proof Since x(G) = 2i + 1, [X9=1 |1 = 2 and ¢(2i,i) = 2¢(2i — 2,7). By (2) we have
6(2i — 2,i) = 1.
Thus, ¢(2i,7) = 2. By Lemma 1.1, the theorem follows. O

In what follows we present a more general result.

Theorem 2.2 For any graph G and any two positive integers k and i, if x(G) > ki + 1, then
a;(Q) is divisible by k.

Proof Since x(G) > ki + 1, X9=L > k. Tt is clear that | XL |1 is divisible by k!. By
Lemma 1.1 and (2), the theorem holds. O

If i = 1 in Theorem 2.2, then we have

Corollary 2.1. For any graph G with x(G) > k, a1(G) is divisible by (k — 1)!.

It is easy to see that Hong’s result (1) follows immediately from Corollary 2.1.

In addition, if ¢ = k = 2 in Theorem 2.2, then we get

Corollary 2.2. For any graph G with x(G) > 5, a2(G) is even.

Since x(K35) = 5, we yield the following result.

Corollary 2.3. If G is a non-planar graph containing Ky, then as(QG) is even.

It is well known that the chromatic polynomial P(G, A) can also be expressed in factorial

form as follows:

P(GA) = Y bV, (3)

J=x(G)

where n is the order of G,
(A =AA=1)---(A=j+1)=P(K;,A)

and b; is the number of ways of partitioning V' (G) into j non-empty color classes (or independent

sets).

Theorem 2.3 For any graph G with x(G) =4, a2(G) = by (mod 2).

Proof Let G be a graph of order n with x(G) = 4. Combining (1) with (3), we have

n

(@)= Y (1" Ibjai(k;). (4)

J=x(G)
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Thus,

:Z 1) bjas(K;).

Jj=4

Observe that x(K;) = j, by Corollary 2.2, as(kK;) is divisible by 2 for j > 5. Therefore as(G)
and byas(K4) have the same parity.
One may find that P(Ky, \) = A* — 63 + 11A\2 — 6. Hence ap(K4) = 11. It means that
byas(K4) and by have the same parity. So have as(G) and by. The theorem follows. O
A graph G is called uniquely k-colorable if x(G) = k and there exists a unique way of
partitioning V(G) into k color class. We now have the following.

Corollary 2.4 For any uniquely 4-colorable graph G, az(G) is odd.

Proof Since G is uniquely 4-colorable, we yield that by = 1. It is clear that b4 is odd.
Combining this with Theorem 2.3, the corollary holds. O

Theorem 2.4 For any graph G with x(G) = k > 2, a1(G) is divisible by k! iff by, is divisible
by k.

Proof By (4) we have

n

a1(G) =) _(~1)"bja(K;).

=k

Consider that P(K;,A) = (A); and a1(K;) = (j — 1)!. Thus, a1(K;) is divisible by k! if
and only if j > k.

If by, is divisible by k, then (k—1)!by is divisible by k!. It is equivalent to bya; (Kj) divisible
by k!. Consider that a;(K}) is divisible by k! for j > k, this results in a;(G) being divisible by
k!. And it is clear that the process is reversible. Hence the theorem holds. O

For any uniquely k-colorable graph G, obviously by = 1 and x(G) = k. Thus, we have the
following.

Corollary 2.5([3]) For any uniquely k-colorable graph G, where k > 2, a1(G) is not divisible
by k!.

By Corollaries 2.1 and 2.5, we get

Corollary 2.6([3]) If G is a uniquely k-colorable graph, where k > 2, then a1(G) is divisible
by (k —1)! but not by k!.

If kK > 3 in Corollary 2.6, then a;(G) is divisible by 2. Hence we have the following.
Corollary 2.7 For any uniquely k-colorable graph G, where k > 3, a1(G) is even.

Remark. One may construct a graph G with x(G) = k such that a1 (G) is even, but G is not



Coefficients of the Chromatic Polynomials of Connected Graphs 45

uniquely k-colorable. As shown in Fig.1, we have x(G) = 3 and a;1(G) = 2. Obviously it is not

uniquely 3-colorable.

AN

AN
N

Fig. 1 (P(G,A) = A* — 4)3 4+ 5)% — 2)\)

83. Least coefficients

We now concentrate on non-planar graph with least coefficients. For convenience, here we agree
that

i€

Let H be a graph of order r and &7 denote the set of graphs obtained from H by recursively

attaching n — r leaves. Then we have

Theorem 3.1 For any graph G € o, a;(G) = Zi;é ("7 ai—e(H) (i=1,2,--- ,n).

Proof It is clear that P(G,\) = (A — 1)" "P(H,)\). Combining this with (1), one may
find that

S (1 GN == 1) S (1) T ()Y
_ —~— n—(+5) (V=T a t+j
PG ("] " Jastn

Thus, we obtain that

fori=1,2,---,n, as required. d

It follows immediately from Theorem 3.1 that

Corollary 3.1 If G is a graph obtained from H by recursively attaching n — r leaves, then
a;(G) > a;(H) for 1 <i<r.
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In addition, it is easy to see that a1(G) = a1(H) and a2(G) = as(H) + (n —r)a1(H).

For any graph G and e = uwv € E(G), let G — e denote the graph obtained from G by
deleting the edge e and G - e denote the graph obtained from G by identifying u and v and
replacing all multi-edges by single ones. The following fundamental reduction formula is well
known.

Lemma 3.1([6]) Let G be a graph and e € E(G). Then

P(G,\) = P(G —e,\) — P(G - e, \). (5)

It follows from (5) that
a;(G) = a;(G —e) +a;(G - e) (6)

for any integer ¢ > 1.
It is clear that a;(G) > a;(G — e) and a;(G) > a;(G - e) for each i = 1,2,--- ,n. Thus, we
have the following.

Corollary 3.2 Let G’ be a connected subgraph of G. Then a;(G') < a;(G) fori=1,2,--- [|[V(G")],
where |V(G")| is the number of vertices of G'.

Proof Let n’ be the order of G’. Assume that H is the spanning subgraph of G obtained
from G’ by recursively attaching n — n’ leaves. It is clear that H can be obtained from G by
recursively deleting all edges e € E(G) — E(H). By repeatedly applying (6), we obtain that
a;(G) > a;(H) for all integer 7 > 1. Again by Corollary 3.1, we yield that a;(H) > a;(G’) for
1 <4 < |V(G")]. Therefore a;(G) > a;(G’) for i =1,2,--- ,|V(G")], as desired. O

The following two results can be obtained immediately from (6).

Corollary 3.3 Let H be a graph obtained from G by subdividing an edge e of G. Then
a;(H) > a;(G) fori=1,2,--- ,n. Specially, a1(H) > a1(G), and equality holds iff G — e is
disconnected.

Corollary 3.4 If H be a subdivision of G, then a;(H) > a;(G) fori=1,2,--- n.

Corollary 3.5 Let G be a non-planar graph. Then

(1) If G has a subgraph which is a subdivision of Ky, a1(G) > 24 and az(G) > 50;
(2) If G has a subgraph which is a subdivision of K33, a1(G) > 31 and az(G) > 78.

Proof Let H be the subgraph of G which is a subdivision of K5. Obviously, H is connected.
By Corollary 3.4, we yield that a;(H) > a;(K5) for ¢ = 1,2. Again by Corollary 3.2, we
obtained a;(G) > a;(H) for i = 1,2. Thus, a;(G) > a;(Ks) for i = 1,2. Observe that
P(K5,\) = A% — 102" + 353 — 50\2 + 24\. Hence a1 (G) > 24 and a(G) > 50, as required.

Similarly, one can prove that (2) is true. This completes the proof of the corollary. O

Let # be the family of all connected graph with n vertices. For a given i, a graph G € £
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is called a;-minimum if a;(G) < a;(G’) for all G’ € Z. It is clear that any tree of order n is
a;-minimum.

Let Q1 (or Q2) be the family of all non-planar graphs of order n containing K5 (or K3 3),
and let Ry (or R2) be the family of graphs obtained from K5 (or K3 3) by recursively attaching
n—5 (or n — 6) leaves. By the proof of Theorem 3.1, it is easy to see that the graphs from R4

(or Ry) are x-equivalence.

Theorem 3.2 Let G be a graph in Ri. Then G is a;-minimum in Qy, (k=1,2).

Proof Assume that graph G € R;. For any H € Qy, since H is connected and contains
K, there must be a connected generating subgraph H' € Ry of H. By Corollary 3.2, we have
a;(H') < a;(H). Observe that the graphs from R; are x-equivalence and G, H' € R;. Thus,
a;(G) = a;(H'") < a;(H). It means that G is a;-minimum in Q;.

Similarly, one may prove that if G € Ro, G is g¢;-minimum in Qs. O

Corollary 3.6 Let G be a non-planar graph. Then

(1) if G contains K5, a1(G) > 24 and as(G) > 50;
(2) if G contains K3 3, a1(G) > 31 and ax(G) > 78.

Proof Let G be a non-planar graph of order n. If G contains K33, then G € Qy. By
Theorem 3.2, there is a graph H € Ry such that a;(H) < a;(G) for i = 1,2. By Corollary
3.1, one may find that a;(H) > a;(K33) for ¢ = 1,2. It is well known that P(K33,\) =
A6 — 9% +36A% — 7502 + 7802 — 31\. Thus, a1(G) > 31 and az(G) > 78.

A similar argument can be used to establish (1). O

By Corollary 3.6, one may obtain a sufficient condition that a graph is a planar graph in

terms of coeflicients of its chromatic polynomial.

Corollary 3.7 If G is a connected graph with a1(G) < 24 or az(G) < 50, then G is a planar
graph.
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§1. Introduction

Let G be a finite, undirected and simple graph with vertex set V(G) and edge set E(G). Let
A(G) be the maximum degree of vertex among the set V(G). The degree of the vertex v is
denoted by d,. In Chemical Science, a molecular graph is a graph in which atoms are taken as
vertices and bonds as edges.Topological index is used to characterize some property of molecular

graphs and those are used in theoretical Chemistry [1].

Forty years ago Gutman and Trinajestic [2], in which they defined first and second Zagreb

indices as,
My =M(G)= > d (1)
veV(G)
and
uveE(G)

respectively, where uv denotes an edge connecting the vetices u and v. Before we move to main
results, first look to the know definitions which is in [3].

Definition 1.1 Let G be a simple connected graph and v be a verter of G. Then, the reverse
vertex degree C,, of the vertex v is defined as C, = A(G) — d, + 1.

Definition 1.2 Let G be a simple connected graph and v be a vertex of G.Then, the total reverse

verter degree T R(G) of the graph G is the sum of the reverse vertezx degree of the vertices of G.

1Received November 10, 2021, Accepted December 14, 2021.
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That 1is,

TR(G)= > C,

ueV(G)

Definition 1.3 Let G be a simple connected graph and v be a vertex of G. Then, the first
reverse Zagreb alpha index of G defined as

CMpG)= > C2
veV(G)

Definition 1.4 Let G be a simple connected graph and v be a vertex of G. Then, the first

reverse Zagreb beta index of G defined as

CMP(G)= Y (Cu+Cy)
uwveE(G)

Definition 1.5 Let G be a simple connected graph and v be a vertex of G. Then, the second

reverse Zagreb index of G defined as

CMy(G) = D (CuCy)
wvEE(G)

Definition 1.6([6]) The first and second reverse hyper-Zagreb indices of a simple graph G is
defined as

HCMy(G)= Y (Cu+Cy)* and HCMy(G)= > (CuCy)?
wEE(G) weEE(G)

Definition 1.7[7] The F-reverse index FC(G) and F1C(G) index of a graph G is defined as,

FC(G)= > (d+c) and RCG)= > d.

weE(G) ueV(G)

Definition 1.8 The Cartesian product G x H of graph G and H is a graph such that,

(1) the vertex set of G x H s the Cartesian product V(G) x V(H);
(2) (a,b)(c,d) is an edge of G x H if a = ¢ and bd € E(G), orb=d and ac € E(G).

In [5] first and second Zagreb indices of the Cartesian product of graphs are computed and
other topological indices of the product of graphs are found in [8], [9] and [10]. Further, in
[3] S. Ediz found expressions for the reverse Zagreb indices of cartesian product of two simple
connected graphs. By the motivation of [3] in this paper, Reverse hyper-Zagreb indices and
forgotten reverse index of cartesian product of two simple connected graphs are determined.
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§2. Preliminarily

The following are the preliminarily that have helped in our results and those are found in [3].

Lemma 2.1 Let G and H be two simple connected graphs and (a,b) € E(G x H).Then
(a) V(G x H)| = [V(G)[|V(H)];
(0) |E(G x H)| = [V(G|[E(H)| + [E(G)|[V(H)|;
(¢) dexu((a,b)) =dg + dp.

Corollary 2.2 Let G and H be two simple connected graphs.Then Agxg = Ag + Ap.

Proof Let d, = Ag and d, = Ag.Then V(G x H). Clearly from above lemma,we have
the result. 0

Proposition 2.3 Let (a,b) € V(G x H).Then C(4p) = Cq 4+ Cp — 1.

83. Reverse Hyper-Zagreb Indices of Cartesian Product of Graphs

In this section, we found reverse hyper-Zagreb indices of Cartesian product of two simply

connected graph.
Theorem 3.1 If G and H be two connected simple graphs then,

HCM, (G x H) =4|E(H)|CM{(G) — 8|E(H)|TR(G) + 4|E(H)||V(G)| + |V(G)|[HC M, (H)
+4[ TR(G) — |V(G)| |CM{ (H) + 4|E(G)|CM{ (H) — 8| E(G)|TR(H)
+A4[E(G)||V(H)| + |V(H)[HCM(G) + 4] TR(H) — |V (H)| ]CM{(G).

Proof By Proposition 2.3, C(, ) = Co + Cp — 1. So

HCM,(G x H) = Z [Clap) + C(c,d)]2
(a,b)(c,d)eE(GXH)

= > > [(CutCh—1)+(Cu+Ca—1)

ueV(G) bde E(H)

+ 3 Y G+ Ca—1)+(Cy+ Ce— 1)

veEV (H) ace E(G)

= > > RC-D+(C+ )P

w€EV(G) bde E(H)

+ > > +(Co + C)J?

veEV (H) aceE(G)

4y Y@y Y gy Y

wEV(G) bd€E(H) wEV(G) bdeE(H) wEV(G) bdeE(H)
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+4Z Z —10b+4z Z

weV(G) bde E(H) weV(G) bde E( H)

+ Y Y aa+ > Y (©
uweV (G) bde E(H) vEV (H) ace E(G)

+ Y D> a+ Y > c2+a > ) (C
veV (H) ace E(G) veV (H) ace E(G) veV(H) ace E(G)

+4 > D (Co—1Cet+ Y. D CuC
veEV (H) ace E(G) veEV(H) aceE(G)

=4 > Y (Cr-20, 41+ D Y [CF+CI+2G,C]

u€eV(G) bde E(H) uweV(G) bde E(H)

+4 ) Y (Cu-D(C+Ca)+4 Y D [C2 20, +1]
w€EV(G) bde E(H) vEV(H) ac€ E(G)

+ Y ) O CEH2C.Cl+4 Y Y (Co—1)(Ca+C)
veEV(H) ac€ E(G) vEV(H) ac€ B(G)

—A| E(H)|CM{ (G) — 8| E(H)|TR(G) + 4| E(H)||V ()] + |V (G)|HCM, (H)
+4[ TR(G) — |V(G)| |CM{(H) + 4|E(G)|CM{ (H) — 8|E(G)| TR(H)
+4[E(G)|[V(H)| + |V (H) HOM,(G) + 4] TR(H) — |V (H)| |CM(G)

This completes the proof. O

Theorem 3.2 If G and H be two connected simple graphs then,

HCOM(G x H) =|E(H)|[CM}(G))* — A|E(H)|TR(G)CM; (G) + 6| E(H)|CMF (G)
—ATR(G)|E(H)| + |E(H)||V(G)| + (CM}(G) — 2TR(G)
+ V(@) (HCM, (H) + 2CMs(H)) + 2C M, (G)CM{ (H) (TR(G) — [V(G)))
— 6C MY (G)CM{ (H) + 6TR(G)CMP (G) — 2|V(G)|CMP (H)
+ HCM(G)|V(H)| + |E(G)|[CM; (H))* - 4|E(G)|TR(H)C M7 (H)
+6|E(G)|CM{(H) — ATR(H)|E(G)| + |E(G)||V (H)| + (CM{(H) — 2T R(H)
+|V(H)|) (HCM\(G) + 2CM;(G)) + 2C Mz (H)CM{ (G) (TR(H) — |V (H)))
— 6C M (H)CM{(G) + 6TR(H)CM? (H) — 2|V (H)|CMZ(G) + HCMa(H) |V (G)|

Proof By Proposition 2.3, C(a,b) = Cq +Cy — 1. So

HCM>(G x H) = Z (Clan)Clea))”
(a,b)(c,d)e E(GXH)

SN (Cu+C—1)(Cu+ Ca— 1)

w€V(G) bde E(H)

+ > > (Cy+Ca—1)(Cy+Ce— 1)

veEV(H) ace E(G)

= > > +(Cy+ Ca)(C — 1) + CuCa)?

w€EV(G) bdeE(H)
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+ > Y +(Cy + C)(Cy — 1) + C,CJ2
veEV (H) acGE(G)
= > > [Ch—4CE+6C7 —AC, +1]

ueV (G) bde E(H)

+ [(Ch + Ca)? +2C,Cq)(C2 - 2C, + 1)

+2C,Ca(Cy + Ca)(Cy — 1) — 6C2(Cy + Cy) + 6C, (Cy + Cy)
—2(Cy+Ca) + C3CT+ D> Y [Co—4C3 +6C7 —4C, +1]

VeV (H) aceE(G)
+ [(C4Ce)® +2C,Ce](CF = 2Cy + 1) + 2C4Ce(Ca + Ce)(Cy — 1)
—6C%(Cy + C.) +6C,(Cy + C.) —2(Cy + C.) + C2C2

S Y [Ch—4CE+6CE - 4C, +1]
weV(G) bde E(H)

+ > ) (Co+Ca)® +2C,Ca)(CF — 2Cu + 1)
weV(Q) bde E(H)

+2 > Y GCu(Cr+Ca)(Cu—1) =6 > > C2(Cy+ Cy)

weV(G) bde E(H) weV(G) bde E(H)
+6 Y > CuC+C) =2 Y D (Ch+Ca)
u€V(G) bd€ E(H) u€V(G) bd€ E(H)
+ >y cbcd+ > D [Cr—4CE +6C2 —4C, +1]
uweV (G) bde E(H veV (H) ace E(G)

+ Z Z + c + QCaCC](Cg - 20@ + ]')

veV(H) ace E(G)

+2 3 > CuCe(Cat CHCr—1)=6 Y > C2Ca+Ce)

veV(H) aceE(G) vEV(H) aceE(G)
+6 Y > Cul(CatC) =2 > D (CatCl)
veV (H) aceE(G) veV (H) aceE(G)
+ Y. Y, cic

vEV(H) ace E(G)
=|E(H)|[[CM(G)]* — 4|E(H)|TR(G)COM (G) + 6| E(H)|CM{ (G) — AT R(G)|E(H)|
+|EH)||V(G)] + (CME(G) = 2TR(G) + [V(G)]) (HCM:(H) + 2C M2 (H))
+ 20 My (Q)CME (H) (TR(G) — [V(G)|) — 6C M (G)C M (H)
+6TR(G)CM{(G) — 2|V (G)|CMY{ (H) + HCM(G)|V(H)| + |E(G)|[C M} (H))?
— 4|B(G)|TR(H)CM{(H) + 6|E(G)|[CM(H) — ATR(H)|E(G)| + |B(G)||V (H)|
+ (CM}(H) = 2TR(H) + |V (H)|) (HCMy(G) + 2CMy(G))
+ 20 My (H)CMP (G) (TR(H) — |V (H)|) — 6CM{(H)CM(G) + 6TR(H)CM? (H)
— 2|V (H)|CM{(G) + HCMy(H) |V (G)|.

This completes the proof.

53
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Theorem 3.3 If G and H be two connected molecular graphs then,

FC(G x H) =2|E(H)|CM(G) + |V(G)|FC(H) + 2T R(G)C M/ (H) — 4|E(H)|TR(G)
—2V(@)|CM{ (H) +2|V(G)||E(H)| + 2|E(G)|CM{(H) + |V (H)|FC(G)
+2TR(H)CM{ (G) — A|E(G)|TR(H) — 2|V (H)|CM{ (G) + 2|V (H)||E(G)|

Proof By Proposition 2.3, C(a,b) = Cq + Cy — 1. So

FC(GxH) = Z (C(Qa’b) + C(%:,d))
(a,b)(c,d)€E(GxH)

Y (Cu+Cr—1)+(Cut Ca—1)7]

w€EV (G) bde E(H)

+ 3 Y (Co+Ca—1)2+(Cy + Ce = 1)7]

veEV(H) ace E(G)

= > > 2AC+ Y Y G+

weV(G) bde E(H) weV(Q) bde E(H)
+ Y > 220G+ Ca)— > > 4G,
weV(Q) bde E(H) weV(G) bde E(H)
-2 > AG+Co+ Y Z 2
ueV(G) bdeE(H) weV (G) bde E(H
YD e+ Y > 03+C§
veV (H) ace E(G) veV(H) ace E(G)
+ > > 20,(CatCo)— > > 4G,
veV (H) ace E(G) veEV (H) ace E(G)
= > Y 2ACH+C)+ D D> 2
vEV (H) ace E(G) UEV(H)CLCEE(G)

=2|E(H)|CM{(G) + |V (G)|FC(H) + 2T R(G)CM{ (H)
—4|E(H)|TR(G) — 2|V(G)|C M (H)
+2(V(G)||E(H)| +2|E(G)|C MY (H)
+|V(H)|FC(G) + 2TR(H)CMP (G)

—4|E(G)|TR(H) — 2|V (H)|CM{(G) + 2|V (H)|| E(G)|

This completes the proof. O

Theorem 3.4 If G and H be two connected molecular graphs then,

FLO(G x H) =|V(H)|FL.C(G) + |V(G)| FLC(H) — 3STR(G)TR(H)[TR(G) + TR(H))]
=3|V(H)|[CMP(G) — 3|V (H)|CM{(G) = 3|V(G)|CM{'(H) — 6TR(G)TR(H)
+3|[V(H)|TR(G) + 3|V(G)|TR(H) — [V(G)||[V(H)|.
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Proof By Proposition 2.3, C(a,b) = Cq +Cy — 1. So

C(GxH)= > > (Cat+C—1)°

a€V(G) beV (H)

= > > [(Ca+tCh)?=3(Ca+Ch)*+3(Ca+Cy) — 1]

a€V(G) beV (H)

=¥ ch+z SoCi— > Y 3C.Cy(Ca+ Ch)

acV(G) beV (H a€V(G) beV (H) a€V(G) beV (H)
-3 > Z C2+CH—= D D> 6C.C
acV (@) beV (H) a€V (@) beV (H)
2 2 GrG)- 3, )1
a€V(G) beV (H) a€V(G) beV (H)

=[VH)|F1C(G) + [V(G) | C(H) = 3TR(G)TR(H)[TR(G) + TR(H)]
—3|V(H)|CM{(G) — 3|V (G)|CM{*(H) — 6TR(G)TR(H)
+3|V(H)|ITR(G) +3|V(G)|TR(H) = [V(G)]||V(H)]

This completes the proof. O

84. Conclusions

In this paper, we have obtained the exact values of the first and second reverse hyper Zagreb
indices of Cartesian product of two simple connected graphs. And repeated same for the F' and
Iy reverse index of a molecular graphs. It would be useful to study mathematical properties
and formulas for some important graphs families. Same can be done with other operations
(such as the composition, join, disjunction and symmetric difference of graphs, bridge graphs

and Kronecker product of graphs) can be derived similarly.
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§1. Introduction

The Sturm-Liouville theory is used in mathematical physics [1,2]. Sturm-Liouville fuzzy prob-
lems with reel and fuzzy coefficients were studied by Giiltekin Citil and Altimgik [3,4,5]. Also,
fuzzy eigenvalue problems were investigated under the approach of generalized differentiability
[6,7] and the fuzzy problem with eigenvalue parameter in the boundary condition was studied
[8,9]. On the other hand, Giiltekin Citil investigated the problem with fuzzy eigenvalue pa-
rameter and she studied the problem with fuzzy eigenvalue parameter in one of the boundary
conditions [10,11].

The aim of this study is to investigate the solution of a nonhomogeneous Sturm-Liouville

fuzzy problem with fuzzy forcing function by a different solution method.

82. Preliminaries

Definition 2.1([12]) A fuzzy number is a mapping w:R — [0, 1] with the following properties:

1) w is normal;

2) u is convex fuzzy set;

3)
)

4) cl{z € Rlu(z) >0} is compact where cl denotes the closure of a subset.

u s upper semi-continuous on R;

(
(
(
(

1Received November 16, 2021, Accepted December 15, 2021.
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Definition 2.2([13]) Let U = R (where R is the set of real numbers). Let a, b and c real

numbers such that a < ¢ <b. A set @ with membership function

e g<x<c

c
1, r=c
b

—z c<xz<b

0, otherwise
is a called a triangular fuzzy number and is denoted by 4 = (a,c,b).

Definition 2.3([13]) The classical set Ao={x € Ulpu; (z) > a},0 < a <1 is called the a-cut
of A.
Definition 2.4([13]) For a triangular fuzzy number @ = (a,c,b) the a-cuts are intervals

Ua= Uy, Uq], where

u, =at+a(c—a), U, =b+a(c—"0).

Definition 2.5([13]) Let F,(.), F.(.), Fp(.) be continuous functions on an interval I. The fuzzy

set F' determined by the membership function

a, y=F,+a(F.—F,) and 0 <a <1
pp(W()=94 a y=F+a(F.—F) and 0<a <1

0, otherwise

is called a triangular fuzzy function and is denoted by F = (Fo, Fe, F).

83. A Nonhomogeneous Sturm-Liouville Fuzzy Problem

Consider the nonhomogeneous Sturm-Liouville fuzzy problem with fuzzy forcing function

Ty = y +q(z)y,

TytAy = f (2), =€ (0,0) (3.1)
Ay (0)+By (0) = B (3.2)
Cy (¢) +Dy’ (¢)=3, (33)

where q (z) is positive and continuous function, A, B,C,D >0, A2 + B? # 0,0% + D? #
0, A= (A, A\A) is positive fuzzy eigenvalue, f(z)=(f(x),f(x),f(x)) fuzzy forcing function,
b= (ﬁ,ﬁ,B) , 0= (é, 5,3) are symmetric triangular fuzzy numbers and y(x) is positive fuzzy

function.
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3.1 Solution Method
Let’s divide the problem (3.1)-(3.3) three problems following.

(7) The first problem is

Ty+Ay = f(2), (3.4)
Ay (0)+By (0)=5, (3.5)
Cy (0)+Dy (6) =4, (3.6)

(ii) The second problem is
Ty =0, (3.7)
Ay (0)+By (0)=(8—5,0,B-8), (3.8)
Cy (£)+Dy (£)= (8 —5,0,5 —4), (3.9)

(iii) The third problem is

Tyt (A=A 0,A =Ny = (f(z) - f(2),0, ] (z) - f(2)), (3.10)
Ay (0)+By (0)=0, (3.11)
Cy (¢) +Dy’ (£) =0. (3.12)

We discuss the three problems respectively in the following cases.

Case 1. For the problem (i), consider the boundary value problem

TYy+Ay =0 (3.13)
Ay (0)+By (0) =0, (3.14)
Cy (¢)+Dy (¢) = 0. (3.15)

Let @y () be the solution of differential equation (3.13) satisfying the conditions y (0) = B,
y (0) = —A and x, (z) be the solution of differential equation (3.13) satisfying the conditions
y(¢) =D, y (¢) = —C. The eigenvalues of the boundary value problem (3.13) — (3.15) are the
zeros of the Wronskian function

W (A) =W (x,x0) (@) = 9 (2) X» () — xa (2) @5 (@) -

Then, if A is not the eigenvalue of the fuzzy boundary value problem (3.13) — (3.15), since
W (A) # 0, the solutions ¢, () and x» () will be linear independent. According to this, the
general solution of the fuzzy differential equation (3.13) is

yx (x) = ciapa () + caaxan () -

Using the method variation of parameters, we can search for the general solution of the
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differential equation (3.4) as

ya () = e () a () + can () X (2) - (3.16)

Choosing the functions @) (z) and x (x) that
cix (@) @a (2) + chy () xa () =0,

cix (@) o () + chrxw (2) = f(2).

From this,

i (2) =~ 0 (0] @) (@) = Gy (@) @)

are obtained. Thus, we have

L T
0 (0= 0 07 Ot e, @)= g [ ea o) f0dt - en

Substituing these equations in (3.16), the general solution of the differential equation (3.4)
is obtained as

L T
@) = 0 {w @ [ o070+ 0@ [ e f(t)dt} e (1) + ena (@)

Using the boundary condition (3.5), we have
ean (A (0) + BX, (0)) = .

Also, Axy (0) + By, (0) = W (\) and since A is not eigenvalue, W (\) # 0. Thus,

_ B
~ Axa (0) + BX, (0)

Cax

Similarly,
)

~ Con () + D)\ (£)
is obtained. Then, the solution of the boundary value problem (3.4) — (3.6) is

Cix

£ T
i) = Wlw{mw [ n010da [ a0 f(t)dt} (317)

8
" <Cw (0 +Dg, <f>> ) <A><A (0) + Bx, <o)> )

Case 2. For the problem (i7), let y; (x) and ys (z) be linear independent solutions of the



A New Approach to the Nonhomogeneous Sturm-Liouville Fuzzy Problem with Fuzzy Forcing Function 61

differential equation 7y = 0. The solution of fuzzy boundary value problem (3.7) — (3.9) is
Yl (SU) = (é_ Baoag_ B) w1 (1') + (é_ 6a073_ 5) w2 (:L') ’ (318)

where

y2 (D)1 () —y1 (O) y2 () ws (z) = L (0) y2 (z) —y2 (0) y1 ()
? Y1 (0)y2 (£) —y1 (€) y2 (0)

Case 3. For the problem (iii), let § (x) be the solution of differential equation Ty+ (A — )y =

f(x)—f(z) and y () be the solution of differential equation Ty-+ (A=A)y =F (z)— f(z). Then,
the solution of fuzzy boundary value problem (3.10) — (3.12) is

(o) = (min {3005 @)} 0.mas {5100, 0.5 )} ) (3.19)
From (3.17), (3.18) and (3.19), fuzzy solution of fuzzy boundary value problem (3.1)-(3.3)
is

y () =ux () + Y1 (2) + Y2 (2).

Example 3.1 Consider the fuzzy problem

Y +hy = f(x), z€(0,1) (3.20)
y(0)=1, (3.21)
y(1)=2, (3.22)

where A= (A4 1, A\, A+ 3) is positive fuzzy eigenvalue, f(x)=(x —2,x,x+2) fuzzy forcing
function, 1=(0,1,2),2=(1,2,3) are symmetric triangular fuzzy numbers and y (x) is positive

fuzzy function.

(i) The first problem is

y Ay =z, (3.23)
y(0)=1, (3.24)
y(l)=2. (3.25)
Consider the boundary value problem
y '+l =0 (3.26)
y(0)=0, (3.27)
y(1)=0. (3.28)

Let

o (z) = sin (ﬁx)



62 Hiilya GULTEKIN CITIL

be the solution of differential equation (3.26) satisfying the conditions y (0) = 0 and
xx (z) = sin (\ﬁ) cos (ﬁx) — cos (\f)\) sin (\F)\x)

be the solution of differential equation (3.26)satisfying the conditions y (1) = 0. From this,
making the necessary operations, W (¢x, x») () = W ()\) is obtained as

W (\) = —Vsin (\F)\) :
From (3.17), the solution of the problem (3.23)-(3.25) is obtained as

@) - 1 sin (\ﬁx)
” - —V/Asin (ﬁ) VA

(1 — T coS (\A(l —x)) - \%sin (\/X(l _9C)>)

cos (V) z ) sin (V) sin (VA

+ ( s ( ) xcos(ﬁ)—i—\(a )

cos (V) sin (VI

—\% (a: sin (ﬁ) cos> (\[\x) + ( )ﬁ ( >) }
Jrsin (\ﬁ\) cos (ﬁx) + (2 — cos (ﬁ)) sin (\F)\m) |
(74) The second problem is

y” =0, (3.29)
y(0)=(-1,0,1), (3.30)
y(1)=(-1,0,1). (3.31)

Let y1 (x) = 2 and ys (x) = 1 be linear independent solutions of the differential equation
y" = 0. Then, from (3.18) the solution of fuzzy boundary value problem (3.29) — (3.31) is

Vi (z) = (=1,0,1) (1 — ) + (=1,0,1) = (3.32)

(#i7) The third problem is

y +(1,0,3)y = (—2,0,2), (3.33)
y (0) =0, (3.34)
y (1) =0. (3.35)

The solution of the boundary value problem y”—i—y: -2, y(0)=0, y (1) =0 is

2(1—cos(1))
sin (1)

g (x) = 2cos (z) + sin (x) — 2,
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and the solution of the boundary value problem " +3y= 2, y (0) =0, y (1) =0 is

Z(z) = —2cos (\/§x> + Q(C:;((\/\i)):)_l) sin (\/gx) + 2.

Then, the solution of fuzzy boundary value problem (3.33)-(3.35) is

Ys (2) = (mind§(2).0,5 () b, 0,maz {§(2),0,5 () b ). (3.36)
(min{ fro.maz })

Figure 1 Graphic of (3.36) for & = 0 cut (blue and red lines) and oo =1 cut (green line)

Consequently, the fuzzy solution of fuzzy boundary value problem (3.20) — (3.22) is

y (%) =y (2) + Y1 (z) + Y2 (2).

84. Conclusions

In this study, a nonhomogeneous Sturm-Liouville fuzzy problem with fuzzy forcing function
is investigated. The problem is solved by a different solution method. Example is solved on

studied problem. Examples can be multiplied.

This paper is a new approach to the studied problem.
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§1. Introduction

In this paper, we consider only finite, simple, connected graphs. We denote the vertex set
and the edge set of a graph G by V (G) and E(G) respectively. The degree of a vertex v is
the number of edges incident at v, and it is denoted by d(v). A graph G is regular if all its
vertices have the same degree. The notion of fuzzy sets was introduced by Zadeh as a way of
representing uncertainity and vagueness [29]. The first definition of fuzzy graph was introduced
by Haufmann in 1973. In 1975, A. Rosenfeld introduced the concept of fuzzy graphs [9]. The
theory of graph is an extremely useful tool for solving combinatorial problems in different areas.
Irregular fuzzy graphs play a central role in combinatorics and theoretical computer science.In
1975, Zadeh introduced the notion of interval-valued fuzzy sets as an extension of fuzzy set [30]
in which the values of the membership degree are intervals of numbers instead of the numbers.
In 2011, Akram and Dudek [1] defined interval-valued fuzzy graphs and give some operations
on them.

82. Review of Literatures

Nagoorgani and Radha introduced the concept of degree, total degree, regular fuzzy graphs in

2008 [6]. Nagoorgani and Latha introduced the concept of irregular fuzzy graphs, neighbourly

1Received October 25, 2021, Accepted December 18, 2021.
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irregular fuzzy graphs and highly irregular fuzzy graphs in 2012 [7]. N.R.Santhi Maheswari and
C.Sekar introduced (2, k)-regular fuzzy graphs and totally (2, k)-regular fuzzy graphs, (r,2, k)-
regular fuzzy graphs, (m, k)-regular fuzzy graphs and (r, m, k)-regular fuzzy graphs [10, 14, 15,
16]. N.R.Santhi Maheswari and C. Sekar introduced 2-neighbourly irregular fuzzy graphs and
m-neighbourly irregular fuzzy graphs [21, 13]. N.R.Santhi Maheswari and C.Sekar introduced
an edge irregular fuzzy graphs, neighbourly edge irregular fuzzy graphs and strongly edge
irregular fuzzy graph [17, 11, 18]. D.S.Cao, introduced 2-degree of vertex v is the the sum of
the degrees of the vertices adjacent to v and it is denoted by t(v) [3]. A.Yu, M.Lu and F.Tian,
introduced pseudo degree (average degree) of a vertex v is (t(v))/d(v), where d(v) is the number
of edges incident at the vertex v [2]. N.R.Santhi Maheswari and C.Sekar introduced 2-degree
of a vertex in fuzzy graphs , pseudo degree of a vertex in fuzzy graph and pseudo regular fuzzy
graphs [12]. N.R Santhi Maheswari and M.Sutha introduced concept of pseudo irregular fuzzy
graphs and highly pseudo irregular fuzzy graphs [19]. N.R.Santhi Maheswari and M.Rajeswari
introduced the concept of strongly pseudo irregular fuzzy graphs [20]. N.R.Santhi Maheswari
and V.Jeyapratha introduced the concept of neighbourly pseudo irregular fuzzy graphs [22].
N.R.Santhi Maheswari and K.Amutha introduced support neighbourly edge irregular graphs
and 1-neighbourly edge irregular graphs, Pseudo Edge Regular and Pseudo Neighbourly edge
irregular graphs [23, 24, 25]. J.Krishnaveni and N.R.Santhi Maheswari introduced support and
total support of a vertex in fuzzy graphs, support neighbourly irregular fuzzy graphs and support
neighbourly totally irregular fuzzy graphs []4. N.R.Santhi Maheswari and K.Priyadharshini
introduced support highly irregular fuzzy graphs [26]. These motivate us to introduce support
regular interval-valued fuzzy graphs and support totally regular interval-valued fuzzy graphs
and discussed some of its properties.

83. Preliminaries

We present some known definitions and results for ready reference to go through the work
presented in this paper. By graph, we mean a pair G* = (V, E), where V is the set and FE is a
relation on V. The elements of V' are vertices of G* and the elements of E are edges of G*.

Definition 3.1([3]) The 2-degree (support) of v is defined as the sum of the degrees of the

vertices adjacent to v and it is denoted by t(v).

Definition 3.2([2]) The average (pseudo) degree of v is defined as t(v))/(d(v), where t(v) is
the 2-degree of v and d(v) is the degree of v and it is denoted by da(v).

Definition 3.3([2]) A graph is called pseudo-regular if every vertex of G has equal (pseudo)
average-degree.

Definition 3.4([6]) A fuzzy graph G : (o, ) is a pair of functions (o, ), where o : V- — [0, 1]
is a fuzzy subset of a non-empty set V and p: VXV — [0,1] is a symmetric fuzzy relation on
o such that for all u,v in V, the relation o(uv) < o(u)Ao(v) is satisfied. A fuzzy graph G is
called complete fuzzy graph if the relation o(uv) = o(u)Ao(v) is satisfied.
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Definition 3.5([6]) Let G : (o, u) be a fuzzy graph on G*(V, E). The degree of a vertex u in G
is denoted by d(u) and is defined as d(u) = p(uwv), for all uv € E.

Definition 3.6([6]) Let G : (o, 1) be a fuzzy graph on G*(V, E). The total degree of a vertex u
in G is denoted by td(u) and is defined as td(u) = d(u) + o(u), for allu € V.

Definition 3.7([7]) Let G : (o,u) be a fuzzy graph on G*(V,E). Then G is said to be an

irreqular fuzzy graph, if there is a vertex which is adjacent to the vertices with distinct degrees.

Definition 3.8([7]) Let G : (o, 1) be a fuzzy graph on G*(V, E). Then G is said to be a totally
irreqular fuzzy graph if there is a vertex which is adjacent to the vertices with distinct total

degrees.

Definition 3.9([7]) Let G : (o,pu) be a fuzzy graph on G*(V,E). Then G is said to be a

neighbourly irregular fuzzy graph if every two adjacent vertices of G have distinct degrees.

Definition 3.10([7]) Let G : (o,p) be a fuzzy graph on G*(V,E). Then G is said to be a

neighbourly totally irreqular fuzzy graph if every two adjacent vertices have distinct total degrees.

Definition 3.11([7]) Let G : (o, 1) be a fuzzy graph on G*(V, E). Then G is said to be a highly

irreqular fuzzy graph if every vertex of G is adjacent to vertices with distinct degrees.

Definition 3.12([7]) Let G : (o,u) be a fuzzy graph on G*(V,E). Then G is said to be a
highly totally irregular fuzzy graph if every vertex of G is adjacent to vertices with distinct total

degrees.

Definition 3.13([6]) Let G : (o, 1) be a fuzzy graph on G*(V, E). Then G is said to be a regular
fuzzy graph if all the vertices of G have same degree.

Definition 3.14([6]) Let G : (o, i) be a fuzzy graph on G*(V, E). Then G is said to be a totally

reqular fuzzy graph if all the vertices of G have same total degree.

Definition 3.15([4]) Let G : (o,u) be a fuzzy graph on G* : (V,E). The support (2-degree)
of a vertex v in G is defined as the sum of degrees of the vertices adjacent to v and is denoted
by s(v). That is, s(v) =Y dG(u), where dG(u) is the degree of the vertex u which is adjacent
with the verter v.

Definition 3.16([4]) Let G : (o, i) be a fuzzy graph on G*(V, E). The total support of a vertex
v in G is denoted by ts(v) and is defined as ts(v) = s(v) + o (v), for allv € V.

Definition 3.17([4]) A graph G is said to be a support neighbourly irreqular fuzzy graph if
every two adjacent vertices of G have distinct supports.

Definition 3.18([4]) A graph G is said to be a support neighbourly totally irreqular graph if

every two adjacent vertices of G have distinct total supports.

Definition 3.19([4]) A graph G is said to be a support highly irregular fuzzy graph if every
vertex of G is adjacent to the vertices having distinct supports.
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Definition 3.20([26]) A graph G is said to be a support highly totally irreqular graph if every

vertex of G is adjacent to the vertices having distinct total supports.

Definition 3.21 An interval-valued fuzzy graph with an underlying set V is defined to be the
pair (A, B), where A = (uy, ) is an interval-valued fuzzy set on'V such that p;(z) < ph(z),
for all x € V and B = (ug, u}) is an interval-valued fuzzy set on E such that ug(x,y) <
min((uy (z), 14 (v))) and ph(z,y) < min((ph(z), i (y))), for all edge zy € E. Hence A is
called an interval-valued fuzzy vertex set on 'V and B is called an interval-valued fuzzy edge set
on E.

Definition 3.22 Let G : (A, B) be an interval-valued fuzzy graph. The negative degree of a
vertex u € G is defined as dg(u) = > pg(u,v), for ww € E. The positive degree of a vertex
u € G is defined as d5(u) =Y uh(u,v), for uv € E and ph(uv) = pg(uv) =0 if uv not in E.
The degree of a vertex u is defined as dg(u) = (dg(u), d5(u)).

Definition 3.23 Let G : (A, B) be an interval-valued fuzzy graph on G*(V, E). The total degree
of a vertex uw € V is denoted by tdg(u) and is defined as tdg(u) = (tdg(u),tds(u)), where

tdg(u) = 3 pup(u,v) + (i (w) and tdf(u) = 37 pif (u, v) + (u (u)).

Definition 3.24 Let G : (A, B) be an interval-valued fuzzy graph on G*(V,E), where A =
(1, 1}) and B = (ug, u}) be two interval-valued fuzzy sets on a non-empty set V and E C
V x V respectively. Then G is said to be regular interval-valued fuzzy graph if all the vertices

of G has same degree (c1,¢3).

Definition 3.25 Let G : (A, B) be an interval-valued fuzzy graph on G*(V, E), then G is said
to be totally regular interval-valued fuzzy graph if all the vertices of G has same total degree

(61,02).

84. Support Regular Interval-Valued Fuzzy Graphs and the Totally Support
Regular Interval-Valued Fuzzy Graphs

In this section, we define support regular interval-valued fuzzy graph and totally support regular
interval-valued fuzzy graph and discussed about its properties.

Definition 4.1 Let G : (A, B) be an interval-valued fuzzy graph on G* : (V, E). The support

of a vertez a in G is denoted by sg(a) and is defined as sg(a) = (sg(a), s&(a)), where sg(a) =

ZueN(a) dg(a) and s&(a) = EueN(a) d&(a), forallaeV.

Definition 4.2 Let G : (A, B) be an interval-valued fuzzy graph on G* : (V,E). If sg(v) =
(k1,k2), for all v in V; then G is called (ki,ks) - support reqular interval-valued fuzzy graph.

Example 4.3 Consider a fuzzy graph on graph on G*(V, E) following.
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d(0.3,0.5) (0.2,0.4) ¢(0.3,0.4)
Figure 1

Here, dg(a) = (0.3,0.6) = dg(b) = dg(c) = dg(d). And, sg(a) = sq(b) = sa(c) = sg(d) =
(0.9,1.8), for all @ € V. Hence G is (0.9, 1.8)- support regular interval-valued fuzzy graph.

Definition 4.3 Let G : (A, B) be an interval-valued fuzzy graph on G*(V,E). The total support
of a vertex a in G is denoted by tsg(a) and is defined as tsg(a) = (tsg(a), tsf(a)) = (sgla) +
pa(a), s&(a) + pi(a)) for alla € V.

Definition 4.4 Let G : (A, B) be an interval-valued fuzzy graph on G*(V,E). If all the vertices
of G have the same total support (k1,kz), then G is said to be a (ki,ka)- support totally reqular
interval-valued fuzzy graph.

Example 4.6 Consider an interval-valued fuzzy graph G : (A, B) on graph on G*(V, E)
following.

(0.2,0.2)

(0.2,0.3) 0.1,0.2
a(0.4,0.5) b(0.3,0.5) ¢(0.3,0.4)

Figure 2

Here, tsg(a) = tsq(b) = tsg(c) = (1,1.4). Hence G is a (1,1.4)- totally support regular
interval-valued fuzzy graph.

Remark 4.7 A support reqular interval-valued fuzzy graph need not be totally support reqular

interval-valued fuzzy graph.

Example 4.8 Consider an interval-valued fuzzy graph G : (A, B) on a crisp graph G*(V, E).
Notice that in Figure 1, sg(a) = sq(b) = sq(c) = sq(d) = (0.9,1.8). But tsg(a) =

(1.3,2.3),tsq(b) = (1.1,2.4),tsg(c) = (1.2,2.2),tsg(d) = (1.2,2.3). Hence support regular

interval-valued fuzzy graph need not be totally support regular interval-valued fuzzy graph.

Remark 4.9 A totally support regular interval-valued fuzzy need mot be a support reqular

interval-valued fuzzy graph.

Example 4.10 Counsider an interval-valued fuzzy graph G : (A, B) on graph G*(V, E).

Notice that in Figure 2, s¢(a) = (0.6,0.9), s¢(b) = (0.7,0.9), s¢(c) = (0.7,1). But tsg(a) =
tsg(b) = tsg(c) = (1,1.4). Hence totally support regular interval-valued fuzzy graph need not
be support regular interval-valued fuzzy graph.
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Example 4.11 A graph which is both support regular interval-valued fuzzy graph and support

totally regular interval-valued fuzzy graph is given below.

Consider an interval-valued fuzzy graph G : (A, B) on graph G*(V, E) following.

d(0.4,0.5) (0.2,0.4) ¢(0.4,0.5)
Figure 3

Here, the graph is (0.6, 1.2)- support regular interval-valued fuzzy graph and (1,1.7)-totally
support regular interval-valued fuzzy graph.

Theorem 4.12 Let G : (A, B) be an interval-valued fuzzy graph on G = (V, E). Then A(u) =
(ny(w), ph(u)), for allu € V is a constant function if and only if the following are equivalent:

(1) G is a support reqular interval-valued fuzzy graph;

(i) G is a support totally regular interval-valued fuzzy graph.

Proof Assume that A(u) = (5 (u), ufi(u)) = (c1,c2), for all u € V, where ¢; and ¢y are
constant. Suppose G is a support regular interval-valued fuzzy graph. Then sg(u) = (k1, k2),
for all u € V. Now, tsg(u) = sg(u) + (u;‘(u),uﬁ(u)) = (k1,k2) + (c1,¢2) = (k1 + 1, k2 + ¢2),
for all w € V. Hence G is a support totally regular fuzzy graph. Thus (i) = (i9) is proved.
Suppose G is a support totally regular fuzzy graph. Then tsg(u) = (ki,ko) for all u € V
= sg(u)+ (uy(w), ph(w) = (k1, ko), for allu € V = sg(u) + (c1,c2) = (k1,k2), for all u € V
= sg(u) = (k1 — c1, k2 — ¢2), for all w € V. Hence G is a support regular fuzzy graph. Thus
(i4) = (4) is proved. Hence (i) and (i7) are equivalent.

Conversely, suppose (i) and (i7) are equivalent. Let G be a support regular interval-valued
fuzzy graph and a support totally regular interval-valued fuzzy graph. Then sg(u) = (k1, k2)
and tsg(u) = (c1,¢2) , for all w € V. Now tsg(u) = (c1,¢c2) for all w € V = sg(u) +

(,u:\(u),uj;(u)) = (c1,¢2), for all u € V = (ky, ko) + (u;(u),,uj(u)) = (¢1,¢), forallu e V =
(pa (w), i (W) = (c1,c2) = (k1, k2) = (c1 — k1, c2— k), for allu € V. Hence A = (uy (u), ph(u))
is a constant function. O

Theorem 4.13 Let G : (A, B) be an interval-valued fuzzy graph on G*(V, E). If G is both sup-
port reqular and support totally regular interval-valued fuzzy graph then A(u) = (py (u), ph(uw)),
for all uw € V is a constant function.

Proof Assume that G is both support regular and support totally regular interval-valued
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fuzzy graph. Then sg(u) = (¢1,c¢2) and tsg(u) = (k1, ke) , for all u € V. Now,

tsa(u) = (ki,k2) = sq(u) + (s (u), ph(w) = (ki k)
+ (ux (w), ph () = (K, k2)
I (

X(u) = (k1,k2) — (c1,¢2) = (k1 — ¢1, k2 — ¢2) = constant.

= (Cl, Co

)
= (pa(w),
Hence, (p;(u), i (u)) is a constant function. O

Remark 4.14 The converse of the theorem 4.13 need not be true.

a(0.6,0.7)

(0.2,0.3) (0.3,0.4)

Figure 4

Here,sg(a) = (0.7,1.1),s¢(b) = (0.8,1.2),sq(c) = (0.9,1.3), tsg(a) = (1.3,1.8),tsq(b) =
(1.4,1.9),tsg(c) = (1.5,2) and A = (uy(u),u}(u)), for all u € V is a constant function.
But G is neither support regular interval-valued fuzzy graph nor a support totally regular
interval-valued fuzzy graph.

Theorem 4.15 Let G : (A, B) be an interval-valued fuzzy graph on G*(V, E), a cycle of length
n. If B = (pg(uwv), ps(uv)), for alluv € E, is a constant function, then G is a support reqular

interval-valued fuzzy graph.

Proof If B = (g (uv), pf(uv)),for alluv € E, is a constant function say (ug(uv), uh(uv)) =
(c1,¢2) ; for all uv € E. Then sg(u) = 4(c1,c2), for all w € V: Hence G is 4(eqp, c2)- support
regular interval-valued fuzzy graph. O

Remark 4.16 The converse of Theorem 4.15 needs not be true.
Example 4.17 Consider an interval-valued fuzzy graph G : (4, B) on G* : (V, E) following.

d(03,04) (92,03 (0204

(0.3,0.5) (0.2,0.2)

a(0.5,0.7) (0.3,0.4) b(0.8,0.9)

Figure 5
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Here, B is not constant. But sg(a) = sg(b) = sg(c) = sq(d) = (1,1.4), for all u € V. Therefore
the graph is (1,1.4)- support regular interval-valued fuzzy graph.

Theorem 4.18 Let G : (A, B) be an interval-valued fuzzy graph on G*(V, E), an even cycle
of length n. If the alternate edges have same membership values, then G is a support regular

interval-valued fuzzy graph.

Proof If the alternate edges have the same membership values, then

) (c1,¢2), 1if 4is odd;
plei) = L
(k1, ko), if 7 is even.

Now, if (c1,c2) = (k1,k2), then B is a constant function. So, by above theorem G is a
support regular fuzzy graph. If (c1, ca) # (k1, k2); then dG(v) = (c1, co)+(k1, k2) = (c1+k1, co+
kz) for all v € V. So, s(v) = 2(c1,c2) + 2(k1,k2) . Hence, G is a 2(c1 + k1,2 + k2)-support
regular interval-valued fuzzy graph. O

Remark 4.19 The above theorem does not hold for a support totally reqular interval-valued
fuzzy graph.

Example 4.20 Consider an interval-valued fuzzy graph on G*(V, E) following.

w0405 P 0506
(0.3,0.4) (0.3,0.4)
2(0.9,0.9) w(0.6,0.7)
(0.2,0.3) (0.2,0.3)

y(0.8,0.9) (0.3,0.4)  2(0.7,0.8)

Figure 6

Here, sg(u) = (1,1.4) for all uw € V, tsg(u) = (1.4,1.9) # (1.5,2) = tsg(v) and the alternate
edges have the same membership values, but G is not a support totally regular fuzzy graph.

Proposition 4.21 If v is a pendant vertex, then support of a vertexr v is the degree of the
vertex which is adjacent with v. (or) If v is a pendant vertex then sg(v) = dG(u), where u is

the vertex adjacent with v.

Theorem 4.22 If G is a (ki1, ka)-regular interval-valued fuzzy graph on G*(V, E), an r-regular
graph then sg(v) = rdg(v), for allv € G.

Proof Let G be a (ki, k2) - regular interval valued fuzzy graph on G*(V, E), an r-regular
graph. Then dg(v) = (k1,ke), for all v € G and dG*(v) = r, for all v € G. So, sg(v) =
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> da(v;), where each v; (for i = 1,2,--- ,r) is adjacent with vertex v = sg(v) = > dg(vi) =
r(k1, k2) = rdg(v). O

Theorem 4.23 Let G be an interval-valued fuzzy graph on G*(V, E), an r-reqular graph. Then

G is support reqular interval-valued fuzzy graph if G is a reqular interval-valued fuzzy graph.

Proof Let G be a (ki, ks) - regular interval-valued fuzzy graph on G*(V, E), an r-regular
graph. Then,
= sqg(v) =rdG(v), for allv € G
= s(v) = r(ki, ko), forallv e G

= all the vertices have same support r(ky, k).

Hence G is an r(k1, ko) - support regular interval-valued fuzzy graph. O
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Abstract: Clearly, the excess carbon emission is a natural accumulating of 300 years of
humans’ industrial activities that released carbon dioxide, also with other greenhouse gases.
The main objective of carbon neutralization is to correct human’s wanton interference to
the nature, realize self-absorption of carbon emissions from human activities and then, only
zero emissions to the nature so as to achieve the harmony and symbiosis of humans with the
nature. In fact, this is to regard the humans and the nature consist of a binary system in
biology and to re-understand the nature according to the principle of everything mutually
reinforcing. But then, how to achieve carbon peak and then, carbon neutrality and what
is the underlying logic of its impact on economic development? Taking carbon dioxide as
a single substance flow, a particular case of continuity flow or mathematical combinatorics,
this paper analyzes the way to achieve carbon neutrality and its impact on energy, industry
and transportation industries according to the binary system, which points out that the
Chinese civilization is the only possible way for humans to achieve carbon neutrality and

return to the beautiful picture of green mountains with clear waters.

Key Words: Continuity flow, mathematical combinatorics, substance flow, carbon emis-
sion, carbon neutralization, natural circulation, conservation law on node, binary system,
Chinese civilization.
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§81. Introduction

The notion of harmonious coexistence and symbiosis of humans with all living things is a philo-
sophical proposition that regards the universe as a biological system and realizes the sustainable
development of humans ourselves. Carbon neutralization refers to the balance between the to-
tal amount of carbon of human activities emitted to the nature and the amount of natural
consumption. It is a reflection of the philosophical proposition of “the harmony of humans
with the nature” in the Chinese culture. It is a reflection of scientific civilization and human
industrialization activities as well as the adjustment of industry and industrial layout, to guide

a civilized consumption direction in the mark. During the general debate of 75th Session of the

1Received October 5, 2021, Accepted December 20, 2021.
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United Nations General Assembly, September 22, 2020, China pledged to improve the country’s
independent innovation capacity and strive to peak its carbon emissions by 2030 and achieve
carbon neutrality by 2060, which is an arduous, also a complex systematic work. According
to the statistics, China’s carbon emissions accounted for 30.7% of the global carbon emissions
in 2020, accounting for 9.899 billion tons, ranking first in the world statistics, with a gap of
5.442 billion tons between China and the United States, which ranked second with 4.457 billion
tons of emissions. It should be noted that to close the gap on the second place the target of
carbon emission should be reduced with 5.442 million tons, without mention the gap of carbon

neutrality.

Then, what is the carbon emission? The carbon emission is a general term or abbreviation
of greenhouse gas emission, refers to human activities or naturally formed greenhouse gases
such as water vapor (H20), freon, carbon dioxide (COz), nitrous oxide (N20), methane (C'Hy),
ozone (O3), organofluorines, perfluorocarbons, etc. However, the carbon dioxide is the main
contributor, contributing about 60% to greenhouse gases, which is the governance priorities
of abatement and control. Certainly, the economic development satisfies the people’s ever-
growing material and cultural needs but the energy conservation and emission reduction bring
benefits also to the people. In this situation, as a whole for the contradictory relationship
in the production with consumption, it is a very important thing of humans. Therefore, it
is necessary to scientifically analyze the connotation of carbon neutrality, analyze the excess
carbon emission of existing industrial production layout, reflect also on the human civilization
formed over thousands years, and explore the coordinated development, namely the humans in

harmony with the nature advocated by the traditional Chinese culture.

§2. Carbon Balance of Substance Flow

All things in the universe form a whole, an organic system that is complementary to each other,
and led to a naturally series forms of combination mechanisms such as those of matter made up
of molecules, molecules made up of atoms, and atoms made up of elementary particles. Among
them, atoms cannot be born and cannot be perished also, can only be converted from one form
to another, i.e., matter is immortal or conserved. This fact is reflected in carbon emissions,
i.e., the total amount of six greenhouse gases discharged is equal to the total amount of natural
consumption and floating in the air, which forms a natural conservation mechanism, namely the
carbon emission equivalent to the natural consumption. What the emissions can’t absorbed by
the nature are floating in the air, form the greenhouse gases and cause the global temperatures

to rise.

The substance flow analysis (SFA) is a method to describe the flow status of a specific
substance (element or compound) in a specific system [11], and the conservation relationship
among the inflow I, inventory R and outflow O on each node of the system follows a conserved
equation

I=R+0. (1)

Here, the carbon dioxide is taken as a substance flow [11] to analyze the circulating pro-



Economic Logic in the Carbon Neutrality with Reflection on Human Civilization 77

cess of carbon dioxide in the nature, including the subjects of carbon emission and the way of
absorption to maintain the balance mechanism. As we known, the carbon C and water HyO
are the main elements of livings in the earth. The carbon dioxide COs is a molecule composed
of carbon C' and oxygen O and has three forms, namely the gaseous, liquid and solid. Here,
its gaseous is commonly known as carbon dioxide, the liquid carbon dioxide is gaseous lique-
faction under high pressure and low temperature and its solid carbon dioxide is liquid rapid
coagulation under low pressure, also known as dry ice. The main origins of carbon emissions
includes: (D3;:breathing of living animals and plants; 2)X5:decomposing, fermenting, decay-
ing and deteriorating of the carcasses of animals and plants; (3)X3:ordinary consumption of
residents for survival needs; @X4:coal, petroleum, paraffin, natural gas, wood and other fu-
els burning; (5)X5:coal, petroleum and other production of chemical products; 6)3¢g:industrial
production, especially energy consuming industrial production; (7)37:transportation, especially
energy-consuming transportation; ®Xg:residents consumption; (9)3g: waste disposal, especially

waste disposal that consumes a certain amount of energy.

Then, how are these carbon emissions absorbed? There are four main types of consumption

on carbon emissions that are known in the following.

Type 1. Ry: photosynthesis. The photosynthesis refers to the process in which green
plants absorb light energy, synthesize carbon dioxide and water into energy-rich organic matter,
and release oxygen at the same time including the absorption, transmission and conversion of
light energy to electrical energy and electrical en-
ergy to chemical energy, as shown in Figure 1. The
photosynthesis is the most common and largest
natural reaction process on the earth. It plays a
natural regulatory role in the synthesis of organ-
ic matter, solar energy storage and air purification

and it is mainly realized by green plants, includ-

ing green plants and algae in waters which convert

carbon dioxide and water into oxygen and organic

Figure 1. Photosynthesis

matter through photosynthesis. By the respiration,

oxygen and organic matter decomposition into carbon dioxide, water in the nature which plays
an irreplaceable role in maintaining the natural carbon-oxygen balance. At the same time,
plants constantly release oxygen to enrich animal breathing, combustion and other consumption
caused by oxygen deficiency in the process of photosynthesis, maintain the balance of oxygen
in the nature for humans and other creatures to coexist peacefully to provide material security.

Type 2. Ry: water absorption. The carbon dioxide dissolved in water will react chemi-
cally to form carbonic acid, which is usually applied to make carbonated drinks. The chemical
equation is COy + HoO — H5COs3. Notice that the carbon dioxide dissolved in water forms
carbonic acid is unstable, easy to decompose and reduce to carbon dioxide and water, i.e.,
HyCO3 — COy + H50 floating in water. Certainly, the water absorption of carbon dioxide
does not means that carbon dioxide is dissolved in water but that the water, including seawater
contains a large number of green unicellular or multicellular plants which absorb carbon dioxide
through photosynthesis similar to that of terrestrial green plants.
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Type 3. R3: soil absorption. The respiration of microorganisms and plant roots in
soil emits a certain amount of carbon dioxide, resulting in a higher concentration of carbon
dioxide in soil than in air. The absorption of carbon dioxide in soil mainly occurs in arid
and semi-arid regions. Most of these soils are alkaline, containing calcium ions, which react
with carbon dioxide to form calcium carbonate. Notice that this consumption eventually forms
calcium carbonate, which can lead to soil calcification or desertification, which is not conducive
to humans survival.

Type 4. Ry: humans disposal. The carbon dioxide produced by industrial production
is purposefully collected and sequestered to prevent it from being released into the air.

Figure 2. Carbon dioxide flow

The 87ﬂ0w of carbon dioxide is shown in Figure 3, which is in fact a particular case of
continuity flow with all end-operators 14 of Banach space %, a globally mathematical element
on non-living body introduced in [8] and [9] or mathematical combinatorics. Here, the vertex v;
refers to the breathing of living animals and plants; vy refers to the decomposition, fermentation,
decay and deterioration of animals and plant corpses; vs refers to the ordinary consumption
of residents for survival; vs refers to the combustion of coal, petroleum, paraffin, natural gas,
wood and other fuels; V5 refers to the production of chemical products of coal and petroleum,
etc.; vg is the industrial production, especially energy consuming industrial production; v; is
the transportation industry, especially energy consuming transportation; vg is the residential
consumption; vg is the waste disposal, especially energy consuming waste disposal and the
vertex v; is the consumption by photosynthesis; v, is the water consumption, v5 is the soil
absorption, v, is the human disposal on carbon dioxide. The input flow of the node O is
3,1 <14 <9, the output flow is Rg,1 < k < 4 and the node inventory is Ry, the amount of
carbon dioxide in the air.

Thus, the conservation equation of carbon dioxide flow at node O is ([8-9])

9 4
Z Ez = Z Rz + Rair' (2)
i=1 i=1

In general, the amount of carbon dioxide in the air satisfies the condition of Ry; < Ruuman,
where Rpuman 18 the threshold of the allowable amount of carbon dioxide in air for human
survival. When land, water, soil and human disposal are insufficient to absorb carbon dioxide

emissions, resulting in Ry > Ruuman, 1.€

9 4
Z Ez > Z Rz + Rhuman (3)
=1 =1
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and once the R, exceeds Rpyuman 1S no longer suitable for human survival. Even R, is less
than Rpuman, it can also induce the extreme natural disasters. For example, Ry;,. > 2% is
thought to cause the destruction of the atmospheric ozone layer, global temperature rise, ice
sheet melting, sea level rise, extreme weather, drought and virus mutations such as SARS and
novel Coronavirus (COVID-19) have caused attrition of humans worldwide. A few international
public organizations estimate that 5 million people die every year from air pollution, famine and
disease caused by climate change and excessive carbon emissions, and this number is expected

to rise to 6 million on 2030 if the current patterns of fossil fuel consumption remain unchanged.

Figure 3. Negative consequences of carbon overshoot

§3. Carbon Imbalance Caused by Humans Industrialization

Then, what is the carbon neutralization? The carbon neutralization refers to the greenhouse gas
emissions directly or indirectly generated by enterprises, organizations or individuals within a
certain period of time are all offset to achieve 0 emissions to nature through by the afforestation,
soil organic carbon, carbon sequestration and other forms. That is,

9
> % < Ry, (4)

=4

which is a human initiative to return to the natural carbon equilibrium
Y1+ Y2+ 33 =Ry + Ry + Rz + Rar, (5)

at the vertex O in Figure 2.

First, the carbon emissions are balanced in the farming societies. At that time, carbon
emissions consisted of animal and plant respiration, decomposition, fermentation, decay, dete-
rioration of animal and plant carcasses, and common consumption for survival, namely 3,3,
and X3. After 13.8 billion years of evolution, the earth became a cyclic ecosystem, meet the

basic requirements of carbon and other harmful elements absorption balance.

And then, when does the carbon balance start to get out of balance? Due to the large-
scale industrial production, carbon emissions increase sharply, which destructed the earth’s
green vegetation, reduce the ability of natural carbon absorption and damage to the ecological
environment. This is expressed in the Kyoto Protocol and the Paris Agreement under the United
Nations Framework Convention on Climate Change. For example, the Article 2 of the Paris

Agreement explicitly requires all signatories to strengthen the global response to the threat of
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climate change by holding the increase in global average temperature below 2°C' above the pre-
industrial levels and striving to limit the increase in temperature to 1.5°C above pre-industrial
levels, recognizing that this will significantly reduce the risks and impacts of climate change.
Here, the pre-industrial level refers to the farming society (manual workshop) era, that is, to

the carbon emission balance at that time as the standard.

The large-scale industrial production is the main cause of natural carbon imbalance, while
excessive humans consumption is the effect of carbon imbalance. Industrial production comes
from the development of science and technology, that is, science’s cognition of nature is applied
in the scope of humans activities, forming large-scale production and especially, the result of
money directed by the logic of capital. In this production process, those beneficial to consump-
tion and also beneficial to big money by a large number of mining, processing and manufacturing
for people’s consumption but the products that seem to have no value for consumption such as
waste residue, waste gas, waste water and solid waste are consciously or unconsciously thrown
to the nature in the belief that it can tolerates all the evil consequences of human actions.
And is the earth’s environment still suitable for human life as a result of this natural regression
to the carbon imbalance? The answer is not necessarily! The humans ourselves do not know
whether the period of this natural return will be past years, decades or hundreds of years, but
it is certain that the return process will be accompanied with frequently natural disasters and
the loss or destruction of humans and animals, because the nature treats everything as mere

nothing without particularly generous to humans.
Here, the carbon emission sources of industrialization processes are analyzed as follows:

(1) Energy production. Energy is the basis of large-scale industrial production, including
energy development and production, such as coal, oil, natural gas extraction, storage and
electricity production. No matter the energy consumption is primary or secondary, the source
is combustion. The chemical reaction equation such as C' 4+ Oy — CO4, 2C + 20 — 2CO,
2C0 4 O3 — 2C O, is accompanied by a large amount of carbon dioxide emissions, consumes
lots of oxygen. At the same time, there is a lack of research on whether the massive development
of coal, oil and natural gas will upset the earth’s other ecological balance in addition to the
carbon imbalance. As we know, water is the source of life, water shortage on earth is like
human body water loss, lack of oil, lack of gas human body shrivel and even death. Similarly,
the existence of things is the reason, the massive exploitation of the earth’s coal, oil, natural
gas and other fossil energy would result in the imbalance of materials that currently maybe

unknown.

(2) Industrial production. Industrial processing, manufacturing and production based on
energy consumption with carbon emissions in the process, also with harmful substances. The
processes include: (Dthe produce cement, lime, molten steel, coke, clay brick and other furnace
firing; @the process steel rolling, alloy, metal surface coating; @)the machinery manufacturing;
@the produce chemical fertilizer, medicine, pesticide and paint, food additives refining or pro-
duction, etc. Among these processes, unless the physical deformation of industrial products
such as forging and pressing, a large number of industrial processes involve chemical reactions.
The most basic question is whether these processes are reversible. The answer is that a large

number of industrial processes are irreversible! Therefore, using industrial reverse processes to
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deal with waste including carbon emissions is not feasible for humans. Even if a small amount of
industrial process is reversible, according to the law of substance conservation the consumption
of material is the same as that of production but the energy required is far greater than that
of a production, and it is impossible to produce economic benefits. At this point, the economic
benefits obtained by human industrialization are essentially at the cost of the earth’s ecological

environment.

(3) Construction. The production of building materials production of finished products
or semi-finished products such as fire, precast concrete components made of cement, sand and
water, the condensation and the chemical reaction, condensation, concrete, mortar, and energy
consumption in the process of construction such as construction machinery, electric welding,
spray gun, etc., there are carbon dioxide emissions. At the same time, a large number of high-
rise buildings, residential pavement and road hardening as well as river hardening, crowded into
the living space of green vegetation, carbon dioxide emissions to the upper air but artificially
blocked the flow of atmosphere, water and stratum, broke the natural absorption of carbon
dioxide process.

(4) Transportation. The fossil-based transportation such as cars, trains, ships and airplanes
releases carbon dioxide into the air when coal, oil and natural gas are burned.

(5) Light industry and food processing industry. The light industry and food processing
that are based on refining, burning or consuming energy release carbon dioxide in the process.

(6) Agricultural production and household consumption. The agriculture is the produc-
tion process of green vegetation on earth, theoretically there should be no carbon emissions
to the ecological environment pollution. However, accompanying with the industrialization of
agriculture, large-scale mechanized operations and product processing, there are also emit pol-
lutants including waste gas, waste water, animal excrement, dust and smoke, including carbon
emissions while releasing productivity. In addition, in order to satisfy some people’s pursuit of
off-season fruits and vegetables, the widespread implementation of plastic greenhouses in agri-
cultural production consumes water and electricity and other resources and at the same time,
the man-made discarded plastic film is not degraded by the nature, forming the earth white
pollution. On the other hand, the planting of green plants such as fruits and vegetables can ab-
sorb carbon dioxide from the atmosphere during photosynthesis nature, release oxygen required
to human survival but the existence of greenhouses artificially cut off their photosynthesis and
oxygen release, this fact reflects also the human’s activity is causing the carbon imbalance in
the nature.

Here, we take a few data from Chinese carbon emission database in 2019 as an example
to show the proportion of carbon emissions from human industrialization activities in the total
carbon emissions: () Power and heat production accounted for 50%; 2) Non-metallic mineral
products, black metal smelting, processing and other heavy industry accounted for 33%; (3
Transportation, storage and postal service accounted for 8%; @ Light industry production
accounted for 1%; () Service industry accounted for 2%; ® Agriculture, construction and
residential carbon emissions accounted for 6%.

Even so, stop the industrialization of human activities can return to the natural balance

of carbon? Up to now, the simple industrialization of humans cannot return to the natural
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carbon balance state because over the past 300 years, the population continues to increase,
human’s construction land continues to expand, forest and green vegetation reduction, land
desertification, water and green plants reduction. In stark contrast, human industrialization
has been disturbing the nature for more than 300 years. The continuous increase in the stock
of supernaturally absorbed carbon emissions has been broken the carbon balance. The natural
restoration needs to last for hundreds or thousands of years, and it is impossible to return to
the carbon balance in a short period of time. At the same time, the cessation of industrial
production will certainly affect the survival and development of humans and it is impossible to
reverse back to the agricultural era. In this case, humans need to decide their own survival,
whether to let go, continue to destroy the earth, destroy humans themselves or humans and the
nature coordinated development? The answer is self-evident because we have only one earth.
The hope of finding another planet to live on can only be an illusion because humans and the
nature live in symbiosis. What is needed is the self-restraint of humans, including the change
of consumption pattern and the realization of zero emissions of pollutants caused by human

activities, and the carbon neutrality is humans initiative actions.

84. Economic Logic in Carbon neutrality

The ultimate goal of carbon neutrality is to achieve carbon zero emission through the transition
of energy conservation and emission reduction, which is a coordinated development between
humans and the nature. The Guidance of Accelerating the Development of Establishing and
Perfecting the Green Low Carbon Circular Economy System by the State Council of China
explicitly proposes that, to implement the carbon amount to ensure peak carbon neutral goal
under the premise of full the whole process of implementation, namely the all-directions, the
whole process of planning, investment, design, construction, production, circulation, life, green
consumption, and the development should be based on efficient use of resources, strict protection
of the ecological environment and effective control of greenhouse gas emissions.

Certainly, the key to peaking carbon emissions by 2030 is to adjust the energy arrange and
industrial distribution and to conserve energy, reduce emissions and consume green energy [3-4].
It plans to reduce carbon emissions every year from 2035 and become carbon neutral at 2060.
The carbon neutral core lies in the fact that after 2035 to green energy as the main power supply,
with carbon neutral technology development as the breakthrough, eliminate those industries
and enterprises that can’t carry out carbon zero emissions, and on the basis of organizational
economic benefits to the people, this is a new concept of economic development. It is estimated
that 86% of global COs emissions come from fossil fuel use and 14% from land use. Of this,
about 46% is retained in the atmosphere, 23% is absorbed by the ocean and about 31% is
absorbed by the land. According to the commitment of the Paris Agreement signed by China,
the carbon peak is to ensure that the rise of carbon emissions in global average temperature is
limited to 1.5°C above pre-industrial level and to control the growth of carbon emissions so as
to achieve a steady decline in carbon emissions after 2035.

4.1. Energy Restructuring. Energy industry is the power base of industrial development
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and the energy distribution is related to industrial adjustment and industrial distribution, also
the residents’ life. According to official data released by the National Bureau of Statistics of
China, energy output will be 3.9 billion tons of raw coal, 1.947.69 million tons of crude oil,
1919.25 billion cubic meters of natural gas, and 7.779.06 billion kilowatt-hours of electricity in
2020. For example, according to the statistics of China Energy Big Data Report (2021), the
installed capacity of domestic thermal power will be 1.25 billion kW, accounting for 56.07%;
Hydropower 370 million kw, accounting for 16.6%; Nuclear power 0.4989 billion kW, 2.24%;
Grid-connected wind power 280 million kw, accounting for 12.56%; Grid-connected solar pow-
er 250 million kW, accounting for 11.21%; Biomass power generation is 0.2952 billion kW,
accounting for 1.32 % until 2020. Among them, thermal power accounted for 56.07%.

Then, how does the domestic energy distribution need to be adjusted before carbon peak
20307 First, the existing thermal power projects should be maintained and no new projects
should be added. We will improve and supervise the environmental protection of existing
thermal power projects, urge them to upgrade their technologies, gradually replace coal with gas
and reduce pollutant emission targets to meet the needs. At the same time, we will significantly
increase the grid connection of hydropower, wind power and photovoltaic power generation
and develop clean energy technologies such as hydropower, geothermal energy, marine energy,
hydrogen energy, biomass energy and photovoltaic power generation in light on local conditions
S0 as to increase their share in the energy distribution. As mentioned above, thermal power
accounts for 56.07% of the installed power generation capacity alone. The replacement of fossil

energy and emission reduction tasks are quite heavy.

After 2035, it needs to reduce the use of fossil energy every year. The clean energy technolo-
gies such as those of hydropower, geothermal energy, ocean energy, hydrogen, biomass energy
and thermal power generation gradually as the main energy supplies in the market and the
proportion of fossil energy such as coal, oil, natural gas and other fossil energy reduced year by
year, gradually out of the energy market for using clean energy or carbon dioxide emissions of
fossil fuels were completely disposed by humans until 2060. It is necessary to change the power
configuration mode, adjust or dismantle some power generation and distribution facilities. This
means that to achieve carbon neutrality by 2060, the first is to promote the replacement of fos-
sil fuels with clean energy; the second is to develop carbon sequestration technology to collect
carbon emissions from fossil energy and sequestration or utilization and the third is to promote
the natural absorption of carbon emissions by photosynthesis, restore green plants in land and
water including the sides and roofs of buildings and structures built by humans. If necessary, it
needs to demolish redundant buildings and structures for planting green plants and open fruit
and vegetable greenhouses to absorb carbon emissions from human activities.

4.2. Industrial Layout Adjustment. Energy is the power source of modern industry.
Industrial production is realized by energy supply. The adjustment of energy structure will
inevitably affect the industrial layout. Therefore, the core of industrial layout adjustment is
energy conservation and emission reduction before carbon peak in 2030. On the basis of the
existing industrial layout, limit and reduce the energy consumption of heavily polluting and
energy-intensive industrial projects such as petrochemical, chemical, iron and steel, smelting,
building materials and other industries is the key to achieve carbon peak, whose carbon emis-
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sions account for more than 70% of the country’s total emissions. After a smooth transition
period of carbon peak after 2030, the petrochemical, chemical, iron and steel, smelting and
building materials industries will be urged to introduce environmental protection technologies
or devices into their projects to carry out technological transformation, so as to realize artificial
carbon absorption or storage. If necessary, the production of national defense and necessities
shall be maintained while all other projects shall be shut down. At the same time, restore
the green living space occupied by these industrial projects, remove or plant green plants on
their sides and roofs to absorb carbon dioxide. The core of this period lies in the practical
implementation of the Circular Economy Promotion Law of China, the implementation of e-
cological economic transformation of industrial projects, that is the output of one project is
the raw material or semi-finished product of the next or several projects, the establishment of
waste disposal centers and the implementation of zero emission of harmful substances including
carbon dioxide [5] as shown in Figure 4. At the same time, the closed buildings and structures
still need to carry out environmental protection, the demolition of all kinds of items to clean

up and resources integration, recycling, in order to build a domestic circular economy system.

productl product2

materials —— producel produce2 produce3t+—— product3

s s waste disposal

Figure 4. Circular model of economy

It should be noted that the traditional industry is based on fossil energy and a large amount
of carbon is emitted in the industrial production, that is, the combustion process of fossil energy.
After 2035, to achieve carbon neutrality by 2060, a fundamental question is whether clean
energy can replace industrial production from fossil fuels. If not, it is necessary to propose new
alternative energy schemes or research carbon absorption or carbon sequestration technologies
to achieve zero emissions of carbon from industrial production. If not, the industrial production
needs to be scaled down. Let’s take the domestic power production as an example, clean energy
such as hydropower, wind power and photovoltaic power only accounts for 43.93%, which is a
large gap. Moreover, the wind power, photovoltaic power and tidal power are greatly affected
by the nature and their power supply is unstable. So few of them can meet the requirements
of grid-connection. If there are no new energy alternatives that rely on industrial projects of
power supply in order to eliminate, ensure the livelihood of the people power or green electricity
can’t supply, it should construct the sort of small wind or solar power stations for replacing the
gap. However, this way is bound to affect the industrial production, also affect the change of
residents’ consumption structure, namely driving less or not driving.

4.3. Transportation Restructuring. Under the existing road network it is necessary to
develop new energy vehicles. Before the carbon peak in 2030, the electricity, gas or hydrogen
can be used as the alternative energy for transportation. Although the electricity and gas still
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have certain carbon emissions, their emissions are small compared with oil. After 2035, the
clean energy should be adopted to gradually replace petroleum-based or electricity-consuming
vehicles. Among them, some breakthroughs have been made in using hydrogen energy to
replace fuel oil on ships but it will take some time to complete. The core of using electricity
to replace fuel lies in whether clean energy can meet the electricity demand of vehicles after a
large number of thermal power plants shut down. Notice that the most need to pay attention
to the first is the aircraft, the second is high-speed rail because the aircraft use so much fuel,
there is no consensus on which energy source to replace them. In the experiment, people hope
to use solar energy instead but whether it can meet aviation needs time to test. As we known,
the high-speed trains consume electricity directly. It will also take time to test whether the

electricity generation can meet the demand of high-speed trains after adopting clean energy.

4.4. Adjustment of Consumption Structure. In the dual relationship of produc-
tion with consumption, the consumption decides the production and the production promotes
consumption. The scale of production and construction content are determined by the basic
necessities of life. At the same time, it guides the development of industries that produce for
free consumption. According to Maslow’s hierarchy of needs, a human first meets the physi-
ological needs such as food and water, and then the safety needs such as personal safety, life
stability, freedom from pain and disease were followed by social contact,namely the respect and

self-fulfillment. So, how does carbon peak and carbon neutrality affect consumption structure?

First of all, in order to achieve the goal of peaking carbon emissions by 2030, consumers
need to consciously comply with energy conservation and emission reduction and reduce the
consumption of products with high energy consumption in production. For example, O) Dress
in accordance with the norms of social behavior, natural and simple prevail, do not pursue too
fancy, luxury or strange and let the light textile industry do not pursue too printing and dyeing
colors or strange, do not artificially discharge harmful chemicals to nature; 2) Take “eat all off

”

in the plate” as the standard for food, avoid extravagance and waste or excessive consumption
because more and more research makes clear that the rich disease of a person such as those of
wait like fat of 3 high disease, coronary heart disease, diabetes, obesity, alcohol liver accompany
by the person overeat, eat too good and too fine. Return to the diet to satisfy the stomach, can
effectively reduce the rich disease, put an end to the phenomenon of excessive medical treatment
in hospitals and return to the way of Chinese traditional medicine; 3) Home decoration and
home appliances are both with green environmental protection products, do not pursue luxury
and the building materials comply with green environmental protection from the procurement
of raw materials to the processing and use of finished or semi-finished building materials and
then guide home appliances to save energy, environmental protection, do not emit harmful
substances to nature; @) Advocate green travel, do not drive or buy green vehicles for travelling

such as gas vehicles, electric vehicles, etc..

Secondly, after 2035, in order to achieve carbon neutrality by 2060, households need to
promote the role of solar energy, biomass energy and other clean energy in using electricity,
water, heating and cooking, consciously implement green consumption and carry out carbon
recovery or storage so as to achieve zero carbon emissions. Among them, clean energy such

as hydropower, solar energy and biomass energy can effectively guarantee family life but the
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problem of family car is similar to that of the above transportation structure adjustment, that
is, whether clean energy can completely replace fossil energy. If not completely replaced, one
is to solve the problem of carbon emission recovery consumption and storage in the use of
household cars; another is to drive less, do not drive, which presents a challenge for energy

storage technology such as the hydrogen cell with long duration.

4.5. Carbon Sequestration Technology. Return to the natural balance of carbon diox-
ide, namely the equation (2) to achieve carbon neutrality, i.e., the amount of carbon dioxide
floating in the air is basically the same as before the industrial activities of humans, the premise
is to carry out harmless sequestration and disposal of carbon dioxide emitted by industrial activ-
ities of humans. One is the energy conservation and emission reduction, led to change the layout
of human production and consumption; another is the developing of carbon dioxide harmless
sequestration and disposal technology, including geological sequestration, marine sequestration,
mineral sequestration and ecological sequestration.

(1) Geological storage technology. The geological sequestration of carbon dioxide is to
inject carbon dioxide as a substance flow into deep underground suitable places for storage
through pipeline technology and make use of the gas tightness of geological structures such
as oil fields, natural gas storage, salt formations and unrecoverable coal seams, abandoned
mines and so on. In special cases, some of the carbon dioxide reacts with the surrounding
material to form carbonate minerals. There have been some engineering examples of geological
sequestration of carbon dioxide but it is not determined whether the formation structure will
be unstable after injection. At the same time, when natural disasters such as earthquakes occur
in the region, they can cause massive eruptions of carbon dioxide that can kill people also. For
example, when a natural disaster occurred in the crater of a volcano in Cameroon in 1996, the
release of carbon dioxide killed more than 1,500 persons, animals living within 14 kilometers
are all killed.

(2) Marine storage. The idea of marine sequestration is to use the pipeline technology
to transport liquid carbon dioxide to a depth of 1000m-3000m in the sea and use seawater
to sequestration carbon dioxide. It is known that the carbon dioxide is normally denser than
seawater, would react with seabed material to form a solid or liquid paste of carbon dioxide,
slowing its decomposition into the above-ground environment. The problem of carbon dioxide
sequestration in the sea is that there is no conclusion on the impact of such sequestration on
the marine ecological environment. Would humans destroy the marine ecological environment
while they protect the ground ecological environment? The answer is certainly not because this

would be also a crisis of humans survival.

(3) Mineral storage. The mineral sequestration of carbon dioxide involves the acidification
of various naturally occurring minerals with carbon dioxide to obtain stable carbonates, includ-
ing alkaline and alkaline earth oxides. This is a permanent sequestration method that will not
cause harm to humans. It is theoretically feasible but how to make the carbon dioxide emitted
by humans react with such minerals has not been solved technically and if just by its natural
reaction, the process is very slow and the hardening rate artificially needs to consume a lot of
energy, which is not economical.

(4) Ecological conservation. The ecological sequestration refers to the use of plants, green
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algae and other autotrophic microorganisms in land and water to photosynthesize with carbon
dioxide to realize the conversion to organic carbon under certain conditions, the purpose of
storing carbon dioxide, which is actually the nature’s way of storing carbon dioxide, an ecological
way. Correspondingly, it is necessary to increase the forests, vegetation, land microorganisms,
grasslands, crops, tundra and swamps on the land and remove plastic greenhouses so that green
crops can photosynthesize with the carbon dioxide, and then promote the natural mechanism
of carbon reduction.

85. Chinese Civilization for Achieving Carbon Neutrality

As the imbalance of carbon balance is caused by the large-scale industrialization of humans, it

is necessary to further analyze its underlying reasons so as to realize the carbon neutralization.

5.1. Reflections on Science with Applications. Notice that the large-scale industrial
production is based on scientific cognition of nature. However, does science know things in
the nature as a whole or as a part? The answer is certainly as a partial cognition! Why local
cognition? Because people’s cognition of thing in the nature depends on the six of humans,
namely the vision, hearing, smell, touch, taste and consciousness because humans can perceive
things but their scope are limited, too large or too small cognition is not clear for humans. For
example, we will never know whether the universe is spherical or circular in shape because we
cannot fly out of it and whether or not parallel universes are useful in explaining some natural
phenomena. Another example is why there is uncertainty principle in quantum mechanics.
It is because humans cannot observe the behavior of particles in the microscopic world but
can only discover the laws of particles in the range that humans can observe. That is why
quantum mechanics uses probability statistics as a tool to study the wide range of possibilities
of particles rather than certainty. This confirms from one side that human beings are only
knowing the objective existence that can be observed, that is, humans are partially but not

completely knowable to natural things ([6-10]).

5.2. Chinese Civilization to Carbon Neutrality. The humans and the nature consti-
tute a binary system which is similar to the predator-prey model in biological world, i.e. they
interact and influence each other. In this binary system, human activities on the natural too
intrusive result in the nature adjusting the universe to follow the natural laws, including global
warming, drought, severe weather, floods, virus and other natural phenomena, the essence of
which is natural in the adjustment, adapt to the universe of conservation of mass, the natural
reaction of the nature to human activities including cutting human to return to a new balance.
In this case, what needs to be changed is for humans to correctly understand the relationship
of humans with the nature and change themselves actively because humans can never compete

with nature.

The view that human’s cognition of the nature is a partial cognition has existed in the

middle ages of Chinese culture. For example, Laozi said at the beginning of his Tao Te Ching:

R

“Tao that experienced is not the eternal Tao; Name named is not the eternal name ” is to

indicate this point ([1-2]). A few of humans think that there are no science in ancient China.
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This claim is sure if you think science is the local recognition on natural things and did not
develop science in ancient China. However, it is a systemic recognition on the nature by Chinese
because the Chinese know that our understanding of the universe is local, the application of
science must include two aspects, i.e., one is beneficial to human society and meets the needs
of human survival; another, it should not destroys the ecological environment of the earth and
even the nature. In other words, science and application also constitute a binary system. They
complement each other and are a kind of unity of opposites. That is, there are indeed sciences

in ancient China, a system science in the eyes of today’s human.

The carbon imbalance is the result of economic development without acknowledging the
limitations of scientific cognition and unilaterally exaggerating the role of science. Because
in the economic society, especially in the era that pursuit of profits by capital, most humans
pursue selfish interests. In this situation, it is easy to exaggerate a scientific achievement that
is beneficial to human society while ignoring its harmful side to the nature, which led lots of

humans in the pursuit of economic benefits under the premise of unrestrained abuse.

Notice that the human science is a partial knowledge of nature, how to use scientific results
is the correct application? Laozi pointed out “the human follows the earth, the earth follows
the universe, the universe follows the Tao and the Tao follows only itself ” in Chapter 25 of
Tao Te Ching, as a way of survival for humans on the partial cognition, which requires human
self-restraint. The word follows is generally interpreted as imitation. That is, to live on the
earth, people need to follow the living rules of things on the earth, the earth needs to follow
the rules of heaven, the heaven needs to follow the rules of Tao, and the Tao needs to follow the
rules of the nature. In this way, the universal things can live altogether. However, according
to the viewpoint that humans with the nature constitute a binary system, the follow besides
imitation, also means controlled or restricted in fact, i.e., humans’ behavior is restricted by the
earth, and the movement of the earth is restricted by the heaven, the movement of heaven is
limited by Tao, which derives from nature. Just imagine, the excess carbon emissions caused
by human industrialization is due to the misunderstanding of the relationship of humans with
the nature, believing that science, the partial knowledge of the nature can control the universe
for humans’ selfish interests. 1 think this is the top issue that needs to review for thousands

years of human civilization in the carbon emissions!

Then, how should humans consume in harmony with nature? The answer is implied in the
sentence of Tao Te Ching: “the five colors blind the eye, the five sounds deafen the ear, the five
flavors numb the taste, the maddening to ride the field and the desires wither the heart.” That
is to say, all things in the world are dazzling and easy to arouse people’s private desires and go
astray, and urge human to follow the “saints ” because saint’s eating is “for the belly but not
for the eyes 7. By contrast today’s excess emissions of carbon is just the result of the pursuit

of the blind, deaf, taste or crazy in the human civilization, stated in the Tao Te Ching [1].

Human civilization is not the resource plunder or war between humans or between humans
and other creatures. Conservation is the premise of sustainable development of humans, and
the nature will never allow any single creature to dominate the universe. For example, the
unexplained destruction of dinosaurs. Chinese culture holds with the theory that “humans

are an integral part of the nature” because the ancient Chinese realized that humans and the
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nature consist of a system. The standing of humans in the universe is insignificant, which
requires humans’ excellent virtue in living and hold with “virtues the same as the heaven and
the earth, appearing or showing the same as the sun and the moon, order the same as the four
seasons and well or evil the same as the ghosts or the god” [12]. The idea of carbon neutrality
is nothing more than a retelling of the ancient Chinese notion of the harmony in humans with
the nature. Consequently, to achieve the goal of carbon peak, the reduction of energy and
carbon emission is needed. However, the fundamental way to achieve the carbon neutrality
lies in the harmony of humans with the nature, advocated by Chinese civilization because the

carbon neutrality can be only truly realized on the earth in this way.
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