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Abstract: We introduce a new concept called E-Super arithmetic graceful graphs.A

(p, q) - graph G is said to be E -Super arithmetic graceful if there exists a bijection f

from V (G) ∪ E(G) to {1, 2, · · · , p+ q} such that f(E(G)) = {1, 2, · · · , q}, f(V (G)) =

{q + 1, q + 2, · · · , q + p} and the induced mapping f∗ given by f∗(uv) = f(u)+f(v)−f(uv)

for uv ∈ E(G) has the range {p+ q + 1, p+ q + 2, · · · , p+ 2q} . In this paper we prove that

W (Cn),D(C2n), D1(C2n), D2(C4n) are E-Super arithmetic graceful.
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§1. Introduction

Acharya and Hegde [1] have defined (k, d)− arithmetic graphs. Let G be a graph with q edges

and let k and d be positive integers.A labelling f of G is said to be (k, d)− arithmetic if the

vertex labels are distinct nonnegative integers and the edge labels induced by f(x) + f(y) for

each edge xy are k, k + d, k + 2d, · · · , k + (q − 1)d. The case where k = 1 and d = 1 was called

additively graceful by Hegde [3].

A labelling of G(V,E) is said to be E-Super if f(E(G)) = {1, 2, 3, · · · , |E(G)|}. A labelling

of G(V,E) is said to be E-Super if f(E(G)) = {1, 2, 3, · · · , |E(G)|}. Marimuthu and Balakrish-

nan [5] defined a graph G(V,E) to be edge magic graceful if there exists a bijection f from V (G)∪
E(G) to {1, 2, · · · , p + q} such that |f(u)+f(v)−f(uv)| is a constant for all edges uv of G. Oth-

erwise, it is said to be Smarandachely edge magic, i.e., |{|f(u) + f(v)− f(uv)|, uv ∈ E(G)}| ≥ 2.

We introduce a new concept called E-Super arithmetic graceful graphs. We define a graph

G(p, q) to be E-Super arithmetic graceful if there exists a bijection f from V (G) ∪ E(G) to

{1, 2, · · · , p + q} such that f(E(G)) = {1, 2, · · · , q}, f(V (G)) = {q + 1, q + 2, · · · , q + p} and

the induced mapping f∗ given by f∗(uv) = f(u) + f(v) − f(uv) for uv ∈ E(G) has the

range {p + q + 1, p + q + 2, · · · , p + 2q} . In this paper, we prove that graphs W (Cn),D(C2n),

D1(C2n), D2(C4n) are E-Super arithmetic graceful.
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§2. Preliminaries

Definition 2.1 Let Cn denote the cycle for n ≥ 3. Let W (Cn) denote the graph with vertices

{u1, u2, · · · , un} and {v1, v2, · · · , vn} and edges {uiui+1},{uivi} and {vivi+1} where addition is

modulo n.

W (Cn) is a cubic graph.

Illustration 2.1 The cubic graph W (C4) is shown in Fig.2.1.
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Fig.2.1

Definition 2.2 Let C2n, n ≥ 2 denote the even cycle with 2n vertices {u1, u2, · · · , u2n}. By

drawing n diagonals suitably we obtain cubic graphs related to even cycles. D(C2n) denotes the

cubic graph with vertices {u1, u2, · · · , u2n} and edges {uiui+1|i = 1, 2, · · · , 2n, where u2n+1 =

u1} and {uiun+i|i = 1, 2, · · · , n}, D(C2n) has 2n vertices and 3n edges. Particularly, D(C4) is

the complete graph K4.

Illustration 2.2 The cubic graph D(C8) is shown in Fig.2.2.
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Fig.2.2

Definition 2.3 D1(C2n) denotes the cubic graph with vertices {u1, u2, · · · , u2n} and edges

{uiui+1|i = 1, 2, · · · , 2n where u2n+1 = u1}, u1un+1 and {uiu2n+2−i|i = 2, 3, · · · , n}. D1(C2n)

is a cubic graph with 2n vertices and 3n edges.

Illustration 2.3 The cubic graph D1(C6) is shown in Fig.2.3.
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Fig.2.3

Definition 2.4 D2(C4n) denotes the cubic graph with vertices {u1, u2, · · · , u4n} and edges

{uiui+1|i = 1, 2, · · · , 4n where un+1 = u1},{uiu3n+1+i|i = 1, 2, · · · , n} and {uiu5n+1−i|i =

n + 1, n + 2, · · · , 2n}. D2(C4n) has 4n vertices and 6n edges.

Illustration 2.4 The cubic graph D2(C12) is shown in Fig.2.4.
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§3. Main Results

Theorem 3.1 W (Cn) is E-Super arithmetic graceful for all n ≥ 3.

Proof W (Cn) has 2n vertices and 3n edges. Define f : V ∪E −→ {1, 2, . . . , 5n} as follows:

f(ui) = 3n + i, i = 1, 2, · · · , n,
f(vi) = 4n + i, i = 1, 2, · · · , n,
f(uiui+1) = n + i, i = 1, 2, · · · , n where un+1 = u1,

f(uivi) = i, i = 1, 2, · · · , n,

f(vivi+1) = 2n + i, i = 1, 2, · · · , n where vn+1 = v1.

Clearly, f is a bijection and f∗(E(W (Cn))) = {5n + 1, · · · , 8n}. Therefore, W (Cn) is

E-Super arithmetic graceful for n ≥ 3. �

Example 3.2 A E-Super arithmetic graceful labelling of W (C5) is shown in Fig.3.1.
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Fig.3.1

Theorem 3.3 D(C2n) is E-Super arithmetic graceful for all n ≥ 2.

Proof Let {u1, u2, . . . , u2n} be the vertices of D(Cn). Define f : V ∪E −→ {1, 2, · · · , 5n}
as follows:

f(ui) = 3n + i, i = 1, 2, · · · , 2n,

f(uiui+1) = i, i = 1, 2, · · · , 2n where u2n+1 = u1,

f(uiun+i) = 2n + i, i = 1, 2, · · · , n.

Clearly, f is a bijection and f∗(E(D(C2n))) = {5n + 1, · · · , 8n}. Therefore D(C2n) is

E-Super arithmetic graceful for n ≥ 2. �

Example 3.4 An E-Super arithmetic graceful labelling of D(C6) is shown in Fig.3.2.
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Theorem 3.5 D1(C2n) for n ≥ 3 is E-Super arithmetic graceful.

Proof Let u1, u2, · · · , u2n be the vertices of D1(C2n). Define f : V ∪ E −→ {1, 2, . . . , 5n}
as follows:

f(ui) = 3n + i, i = 1, 2, · · · , 2n,

f(uiui+1) = i, i = 1, 2, · · · , 2n where u2n+1 = u1,

f(u1un+1) = 2n + 1,

f(uiu2n+2−i) = 2n + i, i = 2, 3, · · · , n.

Clearly, f is a bijection and

f∗(E(D1(C2n))) = {5n + 1, · · · , 8n}.

Therefore, E(D1(C2n)) is E-Super arithmetic graceful for n ≥ 3. �
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Example 3.6 An E-Super arithmetic graceful labelling of D1(C8) is shown in Fig.3.3.
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Theorem 3.7 D2(C4n) for n ≥ 2 is E-Super arithmetic graceful.

Proof Define f : V ∪ E −→ {1, 2, · · · , 10n} as follows:

f(ui) = 6n + i, i = 1, 2, · · · , 4n,

f(uiui+1) = i, i = 1, 2, · · · , 4n where u4n+1 = u1,

f(uiu3n+1−i) = 4n + i, i = 1, 2, · · · , n,

f(uiu5n+1−i) = 4n + i, i = n + 1, · · · , 2n.

Clearly, f is a bijection and

f∗(E(D2(C4n))) = {10n + 1, 10n + 2, · · · , 16n}.

Therefore D2(C4n) is E-Super arithmetic graceful for n ≥ 2. �

Example 3.8 An E-Super arithmetic graceful labelling of D2(C16) is shown in Fig.3.4.
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