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Abstract: The K-Banhatti indices was introduced by Kulli in 2016, defined as

Bi(G) = [da(u) +da(e)] and Ba(G) = da(u).da(e),
where ue means that the vertex u and edge e are incident and dg(e) denotes the degree of

the edge e in G. In this paper, we formulate general formula for certain graphs.
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81. Introduction

Topological indices is an useful tool to model physical and chemical properties of molecules to
design pharmacologically active compounds, to recognize environmentally hazardous materials
[1]. Applications see [7, 9, 10, 4].

Let G(V, E) be a connected graph with |V (G)| = n vertices and |E(G)| = m edges. The
degree di(u) of a vertex u is the number of vertices adjacent to u. The edge connecting the
vertices u and v will be denoted by uv. Let dg(e) denote the degree of an edge e = uv in G,
which is defined by dg(e) = dg(u) 4+ dg(v) — 2. The vertices and edges of a graph are said to
be its elements [3].

The first and second Banhatti index were introduced by Kulli [2, 5] and are defined as

below

By(G) = [da(u) +da(e)] and By(G) =Y da(u).da(e).

ue
where ue means that the vertex u and edge e are incident in G.
In this paper, we studied the K-Banhatti indices of some special graphs as well as a vertex

gluing of graphs by establishing general formula.

§2. Basic Definitions

A Ky—homeomorphic graph/K4-homeomorph as Ky(e1, es, €3, €4, €5, €6) is the graph obtained

1Received August 20, 2020, Accepted November 25, 2020.



90 Harisha, Ranjini.P.S and V.Lokesha

when the six edges of a complete graph with four vertices of (K4) are subdivided edge is called

a path and its length is the number of resulting segments (see Fig.1 for details).

U1 | I7
2
el
Ui 5 13

Fig.1 K4-homeomorphic graph

A complete bipartite graph is a simple bipartite graph with partite sets U; and Us, where
every vertex in U; is adjacent with all the vertices in Us. If |U1| = m and |Us| = n, then such
complete bipartite graph is denoted by K, ,, [or K(m,n) ]. So K, has order m + n and size
mn (see Fig.2 for details).

" Uz U3 Ux

Vi V2 V3 Vy

Fig.2 A complete bipartite K, ,

A graph consisting of r paths joining two vertices is called an r-bridge graph, which is
denoted by T'(ey, e, - ,e.), where ej,es, -+ e, are the lengths of r paths. Clearly, an r-

bridge graph is a generalized polygon tree (see Fig.3 following).

Fig.3 An r-bridge graph

A web graph Web(r, s) is the graph obtained from the Cartesian product of the cycle C,
and the path P, (see Fig.4).
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Fig.4 A web graph Web(z,y)

§3. K-Banhatti Indices of Some Special Graphs

This section demonstrates general formulas obtained for some special graphs.

Theorem 3.1 Let eq,e0,€e3,e4,€5,€66 be positive integers, then the K-Banhatti indices of a

Ky-homeomorphism graph denoted by K4(e1, e, €3, €4, €5,¢e5) will be as follows:

(1) Ifey or/and es or/and es or/and eq or/and e5 or/and eg = 1, then the first and second
Banhatti index to any one of them is, 14 and 24 respectively;

(i) If e; or/and ey or/and es or/and ey or/and es or/and eg # 1 then the first and
second Banhatti index to any one of them is, (number of edges) 11 and (number of edges) 15

respectively.

Proof (i) If e; or/and es or/and es or/and e4 or/and es or/and eg = 1, then any one of
them will have one edge and two vertices with the same degree three. Thus the first and second
Banhatti index to any one of them is 14 and 24 respectively.

(#3) If e; or/and ey or/and e3 or/and ey or/and es or/and eg, then any one of them will
have two or more edges and each of them will have two vertices in which at least one of the
vertices is of degree two. Thus, the first and second Banhatti index to any one of them is

(number of edges) 11 and (number of edges) 15 respectively. O

Example 3.2 Let e1,eq,e3,€e4,€e5,e5 be positive integers, the K-Banhatti indices of a Kjy-
homeomorphism graph denoted by Ky4(eq, €2, e3, €4, €5, €6) is,

1Y e ife; £1,1<i<6
=1
BI[K4(61762763764765766)} = 84 if i €; = 1 (31)
=1

52+ (ea+es5+e5)ll ifer=ex=es=1,ea =e5 =g # 1.
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153 e ife; #1,1<i<6
Bs[Ka(e1, ez, €3, €4, €5,66)] = 144 ife; #1,1<i<6=1 (32)

72+(64+65+66)15 if€1:€2:63:1,64:65:€65£1.

Theorem 3.3 Let m,n be positive integers. The first and second Banhatti index of a complete
bipartite graph denoted by K, », is,

B1[Kmn] =mnBm+3n—4], Bs[K, ] =mn(m+n)(m+n-—2).

Proof In complete bipartite graph having mn number of edges each one of them has two
vertices that have same degree which has the first vertex of degree m and the second vertex of
degree n. Hence by the definitions of first and second Banhatti index, we get that

Bi[Kmn] =mnB3m+3n—4|, B[K,, ] =mn(m+n)(m+n-—2).
This completes the proof. O

Theorem 3.4 Let k be a positive integer, The first and second Banhatti index of a k-bridge
graph denoted by T'(e1,ea, - ,ex) is,

Bi[T(e1, ez, ,ex)] = (e1 + ez + -+ +ep)8, By[T(e1,e2, -+ ,ex)] = (e1 +e2+ - +ex)8.

Proof This result is proving by mathematical induction. Let K = 2, then G = T'(eq, e2),
whose graph is shown in Fig.5.

U1 . . ......... .. X

Fig.b

Thus,

B4 [T(el, 62)] = (61 + 62)[3(2) + 3(2) — 4] = (61 + 62)8,
Bs[T(e1,e2)] = (e1 +e2)[(2+2)? —2(2+2)] = (e1 + €2)8.

Hence, it is true for k = 2.
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Let us assume that the result is true for k = r.

BI[T(615627 tee 767’)]

(61+€2+...+er)7
Bs[T(e1,e2 + - +er)]

=8
=8(e1 +ex+--+ep).

Now, to prove that the result is true for K = r + 1. Let us consider a graph with r + 1
bridges such as those shown in Fig.6

el
e2
. ..........
ul i X
er-1
. ..........
er

Fig.6

where e; denotes the position of the edges of graph T'(eq, ea,

- ,e,) at the " position. The
graph H is the path which contains endings V7 and V5 and e,y is the number of edges in H
as follows (see Fig.7 for details).

er+1
e L

®
®
=

Fig.7

Connect the graph T'(ej,eq, - ,,e,) with the graph H such that V; = U; and Vo = Us.
the vertices V7, = Uy and V5 = Us are of degree r + 1, as shown in Fig.8 following.

ul : Ux

Thus,

Bi(Ty41) = B1(T) + B1(H)

=8(e1+ex+es+eqs+es+es)+ 841 =(e1+ea+

o4 6T+1)8.
By(Ty11) = Ba(T}) + Ba(H)

=8(e1+ext+estestes+eg)+8e11=(e1+es+ - +8e41).
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Therefore, the result is also true for k = r + 1.

Hence, the result is true for all k by the induction principle.

Bl(T7-+1) :8(61 +€+2+"'+€7-) :BQ(T7-+1). Il

§84. K.Banhatti Indices of Certain Vertex Gluing Graphs

This section contains the general formulas for first and second Banhatti index of certain ver-
tex gluing graphs. Let K?— homeomorphism be a graph obtained from two different K,—
homeomorphism graphs Ky(eq, e, €3, €4, €5,e5) and Ky(e7,es, eg, e10,€11, €12) with one com-

mon vertex Up (vertex gluing of graph) (see Fig.9 for details).
uz V2

Uk Vb

Fig.9 A graph K? - homeomorphism

Theorem 4.1 If e; is a positive integer for integers 1 < i < 12, then the first and second

Banhatti index of K2-homeomorphism graph are respectively

(1) If e; =1 then By(e;) = 14, Ba(e;) = 24 fori=1,4,5,8,9,11;
(2) If e; > 2 then By(e;) =11, Ba(e;) =15 for 1 < i <12;
(3) If e; = 1 then By(e;) = 23, Ba(e;) = 63 fori=2,3,6,7,10,12,

then,
12
B1 (K2 — homeomorphism) = Z Bi(e;)
i=1
12
By(K3 — homeomorphism) = Z Bs(e;)
i=1

Proof The proof is divided into three cases following.

Case 1. If e; = 1 then By(e;) = 14 and Bs(e;) = 24, ¢ = 1,4,5,8,9,11 and any edge e; has
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two vertices having the same degree three, then

Bl (61)
BQ(CZ‘)

3(3) +3(3) — 4 = 14,
(3+3)2-2(3+3) =24.

Case 2. Ife; > 2, then
Bl(ei) =11 and BQ(@,‘) = 15, 1 S ) S 12

and all edges in this case has at least one vertex of degree two, then

Bl (GZ)
Bg(ei)

33) +3(2) —4=1
(3+2)2—2(3+2)=15.

Case 3. Ife; =1 then Bj(e;) = 23 and Bs(e;) = 63,7 = 2,3,6,7,10,12, and all edges in this
case have two vertices, the first one of degree three and second one of degree six. Then

By (e;)
By (e;)

3(3) +3(6) —4 =23
(3+6)% —2(3+6)=63.

This completes the proof. O

Let ui-gluing of complete bipartite graph be a graph obtained from two different complete
bipartite graphs K, , and K,, with common one vertex u; denoted by KZ:(u1), a vertex

gluing of graph (see Fig.10 for details).

Fig.10 A w; - gluing of complete bipartite graph K1 (u;)

Theorem 4.2 Let x,y,p and q be positive integers. The first and second Banhatti index of the
u1— gluing of complete bipartite graph Kg;g(ul) 18

(1) Bi[KDd(u1)] = y(x —1)Br +3y —4) +y(Bz + 3y + 3¢ —4) + ¢(3p + 3y + 3¢ — 4) +
a(p—1)Bp+ 3¢ —4);

(1) Bo[KDf(w)] = yle =Dz +y)(e+y—-2)+ylz+y+a(z+y+q—-2)+aqly+p+
Dy+p+a—2)+ap-1p+alp+q-2)

Proof We consider two cases following.

Case 1. In complete bipartite graph K, , there are zy edges. y(z — 1) of them are incident
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on two vertices of degree x and y. The remaining y will incidents on two vertices of degree x
and (y + q).

Case 2. In complete bipartite graph K, , there are pq edges. ¢(p — 1) of them will incidents
on two vertices of degree p and ¢q. The remaining ¢ will incidents on two vertices of degree p
and (y + q).

From Cases 1 and 2 we get that

Bi[KPi(u1)] = y(x—1)(B3z+3y—4)
+y(Bx+3y+3¢—4)+q(B8p+3y+3¢g—4)+qlp—1)(3p+ 3¢ —4),
Bo[Kd(ur)] = yle—D+y)lz+y—-2)+ylr+y+g(r+y+q—2)

+ay+p+dy+r+a—2)+ap—-Dp+a)p+q-2).
This completes the proof. O

Let uy—gluing of x,y— bridge graph be a graph obtained from two different k—bridge
graphs 77 and T with common one vertex u; denoted by K¥(uq), a vertex gluing of graph (see
Fig.11 for details).

U1

Fig.11 A u;- gluing of z, y—bridge graph TY (u;)

Theorem 4.3 Let x and y be positive integers. The first and second Banhatti index of the ui—
bridge graph TY(uq) is

T Y

Bi[TY (u1)] = Z ei(8) + Y £5(8) = Ba[T¥(ua)].

i=1 =1

Proof We have e;,7=1,2,3---2z and f;, j =1,2,3---y, the numbers of edges, all of them

have atleast one vertex of degree two, then

x Y

By[TY(ur)] =) ei(8) + Y f;(8) = Ba[T¥(uy)]. O

i=1 j=1

Let u;-gluing of web graph be a graph obtained from two different web graphs. Web(x,p)
and web(y,q) with one common vertex u; denoted by W¥(uy), a vertex gluing of graph (see
Fig.12 for details).
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Fig.12 A U, gluing of web graph W:7(u;)

Theorem 4.4 Let x,p,y and q be positive integers. Then the first and second Banhatti index
of the ui- gluing of Web graph Wi (uy) is

a ifpqg=2
Bi[Wli(u1)] =14 b if p=2 (4.1)
c if pq#2.

where a = 52(x +y —2) + 138, b = 14(3x + 2y — 5) + 17(2y — 1) + 20y(2¢ — 5) + 141, ¢ =
28(z +y — 2) + 34(z +y — 1) + 20[z(2p — 5) + y(2q — 5)] + 144 and

d if pg=2
Bo[WYil(u)] =1 e ifp=2 (4.2)

foif p,g#2.

where d = 72(x +y — 2) + 378, e = 24(3x + 2y — 5) + 35(2y — 1) + 48y(29 — 5) + 395 and
f=88x+y—2)+70(x+y—1)+48[z(2p — 5) + y(2¢ — 5)] + 412.
Proof We consider three cases and their edge and vertex partition of above web graph as

follow.

Case 1. If

(3,3) (3,6)
3(x+y-2) | 6

Then, by definitions of K.Banhatti indices, we get

B WY (u1)] = 52(x+y—2)+138 and
72(x +y — 2) + 378,

o)
[\
3
)
—~
£
[y
=
|

Case 2. If
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(3,3) (3,4) | (3,6) (4,4) (4,6)
(3x+2y-5) | (2y-1) 5 v(24-5) 1

Then, by definitions of K.Banhatti indices, we get

Bi[WYi(u1)] = 14(3z 42y —5) +17(2y — 1) 4 20y(2q — 5) + 141,
Bo[WYH(uy)] = 24(3x+ 2y —5)+35(2y — 1) + 48y(2g — 5) + 395
Case 3. If
(3,3) (3,4) (3,6) (4,4) (4,6)

2(x+y-2) | 2(x+y-1) 4 | x(2p-5)+y(2g-5) 2

Then, by definitions of K.Banhatti indices, we get

BiWYi(u1)] = 28(x+y—2)+34(z+y—1)+20[z(2p — 5) + y(2g — 5)] + 144,
By [WY i (uy)] 48(x+y—2) +70(x +y — 1) +48[x(2p — 5) + y(2q — 5)] + 412.

Hence, by combining all the three cases we get
a ifp,g=2
BiWYl(ui)] = b ifp=2
c if p,q # 2.

where a = 52(z +y — 2) + 138, b = 14(3z + 2y — 5) + 17(2y — 1) + 20y(2q — 5) + 141, ¢ =
28(x+y—2)+34(x+y—1)+20[z(2p — 5) + y(2¢ — 5)] + 144 and

d ifpg=2
Bo[Wip(uw)] =4 e ifp=2
[ oifpg#2.

where d = 72(x +y —2) + 378, e = 24(3z + 2y — 5) + 35(2y — 1) + 48y(2¢ — 5) + 395 and
=48z +y—2)+70(x+y — 1)+ 48[z(2p — 5) + y(2q — 5)] + 412. O

85. Conclusions

Here, the general formula for K.Banhatti indices of certain graphs namely K,- homeomorphism,

complete bipartite, k-bridge graphs and vertex gluing of graphs are established.
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