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§1. Introduction and Preliminaries

A real-valued function u is said to be harmonic in a domain D ⊂ C if it has continuous second

order partial derivatives in D, which satisfy the Laplace equation

∆u : =
∂2u

∂x2
+
∂2u

∂y2
= 0.

We say that a complex-valued continuous function f : D→ C is harmonic in D if both functions

u : = Ref and v : = Imf are real-valued harmonic functions in D. We note that every

complex-valued function f harmonic in D with 0 ∈ D, can be uniquely represented as

f = h+ g,

where h, g are analytic functions in D with g(0) = 0. Then we call h the analytic part and g

the co-analytic part of f (see [6]). The Jacobian of f is given by

Jf (z) = |h′(z)|2 − |g′(z)|2 (z ∈ D).

The mapping f is locally univalent if Jf (z) 6= 0 in D. A result of Lewy [16] shows that the

converse is true for harmonic mappings. Therefore, f is locally univalent and sense-preserving

if and only if

|h′(z)| > |g′(z)| (z ∈ D).

Duren [12] also Ahuja [1] and Ponnusamy and Rasila [24, 25].

For p ≥ 1, denote by ξ(p) the set of all multivalent harmonic functions f = h + g defined
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in the open unit disc U , where h and g defined by

h(z) = zp +

∞∑
n=p+t

anz
n, g(z) =

∞∑
n=p+t−1

bnz
n, |bp+t−1| < 1, t ∈ N = {1, 2, · · · } (1.1)

are analytic functions in U .

Let F(z) = ψ(z) + ϕ(z) be a fixed multivalent harmonic function, where

ψ(z) = zp +

∞∑
n=p+t

|An| zn, ϕ(z) =

∞∑
n=p+t−1

|Bn| zn, |Bp+t−1| < 1, t ∈ N = {1, 2, · · · }. (1.2)

The Hadamard product ( or convolution) of functions f(z) and F(z) of the form

(f ∗ F)(z) = zp +

∞∑
n=p+t

|anAn| zn +

∞∑
n=p+t−1

|bnBn| zn. (1.3)

Studies of convolution play an serious role in geometric function theory. It has a several re-

searchers of this field. In 1975, Schild and Silverman [28] studied the diverse interesting results

on the convolution of analytic functions. Later on, Choi et al. [5], Darwish [7], Darwish and

Aouf [8], Domokos [11], Nishiwaki and Owa [20], Nishiwaki et al. [2], Owa [23] and Srivastava

et al. [31] studied the generalized convolution for analytic functions only. For detailed study

see the excellent text book by Ruscheweyh [27], see also [4], [9], [10], [13], [14], [15], [22], [26],

[29], [30].

A function f(z) ∈ ξ(p) is said to be in the class ξF (p,κ, ρ, τ) if

<
{
z(f ∗ F)′′(z) + (f ∗ F)′(z)

(f ∗ F)′(z) + τz(f ∗ F)′′(z)

}
≥ ρ

∣∣∣∣ z(f ∗ F)′′(z) + (f ∗ F)′(z)

(f ∗ F)′(z) + τz(f ∗ F)′′(z)
− p
∣∣∣∣+ pκ (1.4)

where 0 ≤ κ < 1, ρ ≥ 0, 0 ≤ τ < 1 and z ∈ U .

Finally, denote by T ξ(p) the subclass of functions f(z) = h(z) + g(z) in ξ(p) where

h(z) = zp −
∞∑

n=p+t

|an| zn, g(z) = −
∞∑

n=p+t−1
|bn| zn, bp+t−1 < 1. (1.5)

Let T ξF (p,κ, ρ, τ) = T ξ(p) ∩ ξF (p,κ, ρ, τ).

We note that

(i) ξ1(1,κ, ρ, τ) = KMH(α, β, γ)

<
{
zf ′′(z) + f ′(z)

f ′(z) + γzf ′′(z)

}
≥ β

∣∣∣∣ zf ′′(z) + f ′(z)

f ′(z) + γzf ′′(z)
− 1

∣∣∣∣+ α (see [2]).

(ii) ξ1(1, α, 0, τ) = C(λ, α)

<
{
zf ′′(z) + f ′(z)

f ′(z) + λzf ′′(z)

}
> α (see [19]).
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In this paper, we obtained the coefficient bounds for the classes ξF (p,κ, ρ, τ) and T ξF (p,κ, ρ, τ).

Further distortion theorem, extreme points, convex compinations and integral operator for the

classe T ξF (p,κ, ρ, τ).

§2. Coefficient Bounds

Now, we begin with a sufficient condition for functions in ξF (p,κ, ρ, τ).

Theorem 2.1 Let f = h+ g with h and g given by (1.1). If

∞∑
n=p+t

n [n(1 + ρ)− p(τ(n− 1) + 1)(ρ+ κ)]

p2(1− κ − τ(p− 1)(ρ+ κ))
|anAn|

+

∞∑
n=p+t−1

n [n(1 + ρ)− p(τ(n− 1) + 1)(ρ+ κ)]

p2(1− κ − τ(p− 1)(ρ+ κ))
|bnBn| ≤ 1, (2.1)

where 0 ≤ κ < 1, ρ ≥ 0, 0 ≤ τ < 1, then the harmonic function f is orientation preserving in

U and f ∈ ξF (p,κ, ρ, τ).

Proof To verify that f is orientation preserving, we show

∣∣(h(z) ∗ ψ(z))
′∣∣ =

∣∣∣∣∣pzp−1 +

∞∑
n=p+t

n |anAn| zn−1
∣∣∣∣∣

≥ p |z|p−1 −
∞∑

n=p+t

n |anAn| |z|n−1

= p |z|p−1
(

1−
∞∑

n=p+t

n

p
|anAn| |z|n−p

)

≥ p |z|p−1
(

1−
∞∑

n=p+t

n

p
|anAn|

)

≥ p |z|p−1
{

1−
∞∑

n=p+t

n [n(1 + ρ)− (p(n− 1) + 1)(ρ+ κ)]

p2(1− κ − τ(p− 1)(ρ+ κ))
|anAn|

}

≥ p |z|p−1
{ ∞∑
n=p+t−1

n [n(1 + ρ)− (p(n− 1) + 1)(ρ+ κ)]

p2(1− κ − τ(p− 1)(ρ+ κ))
|bnBn|

}

≥ p |z|p−1
{ ∞∑
n=p+t−1

n

p
|bnBn|

}

≥

∣∣∣∣∣
∞∑

n=p+t−1

n

p
|bnBn| zn−1

∣∣∣∣∣ =
∣∣(g(z) ∗ ϕ(z))

′∣∣ .
Then, if ψ(z) = 0 and ϕ(z) = 0, we have |h′(z)| = |g′(z)| .

Next, we prove f(z) ∈ ξF (p,κ, ρ, τ) by establishing condition (1.4). It is sufficient to show
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that

<
{
z(f ∗ F)′′(z) + (f ∗ F)′(z)

(f ∗ F)′(z) + τz(f ∗ F)′′(z)
(1 + ρeiθ)− pρeiθ

}
≥ pκ (−π ≤ θ ≤ π),

or equivalently

<
{

(1 + ρeiθ) (z(f ∗ F)′′(z) + (f ∗ F)′(z))− pρeiθ ((f ∗ F)′(z) + τz(f ∗ F)′′(z))

(f ∗ F)′(z) + τz(f ∗ F)′′(z)

}
≥ pκ. (2.2)

If we put

A(z) = (1 + ρeiθ) (z(f ∗ F)′′(z) + (f ∗ F)′(z))− pρeiθ ((f ∗ F)′(z) + τz(f ∗ F)′′(z))

and

B(z) = (f ∗ F)′(z) + τz(f ∗ F)′′(z).

Since, < (w) ≥ pκ if and only if |A(z) + p(1− κ)B(z)| ≥ |A(z)− p(1 + κ)B(z)| , it suffices to

show

|A(z) + p(1− κ)B(z)| − |A(z)− p(1 + κ)B(z)| ≥ 0.

But

|A(z) + p(1− κ)B(z)|

=

∣∣∣∣∣(1 + ρeiθ)

[
z

(
p(p− 1)zp−2 +

∞∑
n=p+t

n(n− 1) |anAn| zn−2

+

∞∑
n=p+t−1

n(n− 1) |bnBn| zn−2
)

+ pzp−1 +

∞∑
n=p+t

n |anAn| zn−1

+

∞∑
n=p+t−1

n |bnBn| zn−1
]
− pρeiθ

[
pzp−1 +

∞∑
n=p+t

n |anAn| zn−1

+

∞∑
n=p+t−1

n |bnBn| zn−1 + τz

(
p(p− 1)zp−2 +

∞∑
n=p+t

n(n− 1) |anAn| zn−2

+

∞∑
n=p+t−1

n(n− 1) |bnBn| zn−2
)]

+ p(1− κ)

[
pzp−1 +

∞∑
n=p+t

n |anAn| zn−1

+

∞∑
n=p+t−1

n |bnBn| zn−1 + τz

(
p(p− 1)zp−2 +

∞∑
n=p+t

n(n− 1) |anAn| zn−2

+

∞∑
n=p+t−1

n(n− 1) |bnBn| zn−2
)]∣∣∣∣∣

=
∣∣p2 (2 + τ(p− 1)(1− κ − ρeiθ)− κ

)
zp−1

+

∞∑
n=p+t

n
[
n(1 + ρeiθ) + p(τ(n− 1) + 1)(1− κ − ρeiθ)

]
|anAn| zn−1

+

∞∑
n=p+t−1

n
[
n(1 + ρeiθ) + p(τ(n− 1) + 1)(1− κ − ρeiθ)

]
|bnBn| zn−1

∣∣∣∣∣ .
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Also

|A(z)− p(1 + κ)B(z)|

=

∣∣∣∣∣(1 + ρeiθ)

[
z

(
p(p− 1)zp−2 +

∞∑
n=p+t

n(n− 1) |anAn| zn−2

+

∞∑
n=p+t−1

n(n− 1) |bnBn| zn−2
)

+ pzp−1 +

∞∑
n=p+t

n |anAn| zn−1

+

∞∑
n=p+t−1

n |bnBn| zn−1
]
− pρeiθ

[
pzp−1 +

∞∑
n=p+t

n |anAn| zn−1

+

∞∑
n=p+t−1

n |bnBn| zn−1 + τz

(
p(p− 1)zp−2 +

∞∑
n=p+t

n(n− 1) |anAn| zn−2

+

∞∑
n=p+t−1

n(n− 1) |bnBn| zn−2
)]
− p(1 + κ)

[
pzp−1 +

∞∑
n=p+t

n |anAn| zn−1

+

∞∑
n=p+t−1

n |bnBn| zn−1 + τz

(
p(p− 1)zp−2 +

∞∑
n=p+t

n(n− 1) |anAn| zn−2

+

∞∑
n=p+t−1

n(n− 1) |bnBn| zn−2
)]∣∣∣∣∣

=
∣∣−p2 [(ρeiθ + κ + 1)τ(p− 1) + κ

]
zp−1

+

∞∑
n=p+t

n
[
n(1 + ρeiθ)− p(τ(n− 1) + 1)(ρeiθ + κ + 1)

]
|anAn| zn−1

+

∞∑
n=p+t−1

n
[
n(1 + ρeiθ)− p(τ(n− 1) + 1)(ρeiθ + κ + 1)

]
|bnBn| zn−1

∣∣∣∣∣ .
Then

|A(z) + p(1− κ)B(z)| − |A(z)− p(1 + κ)B(z)| ≥ 2p2
[
1− κ − τ(p− 1)(ρeiθ + κ)

]
|z|p−1

+

∞∑
n=p+t

2n
[
p(τ(n− 1) + 1)(ρeiθ + κ)− n(1 + ρeiθ)

]
|anAn| |z|n−1

+

∞∑
n=p+t−1

2n
[
p(τ(n− 1) + 1)(ρeiθ + κ)− n(1 + ρeiθ)

]
|bnBn| |z|n−1

> 2

{
p2 [1− κ − τ(p− 1)(ρ+ κ)]−

∞∑
n=p+t

n [n(1 + ρ)− p(τ(n− 1) + 1)(ρ+ κ)]

|anAn| −
∞∑

n=p+t−1
n [n(1 + ρ)− p(τ(n− 1) + 1)(ρ+ κ)] |bnBn|

}
> 0.
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The last expression is non-negative by (2.1), thus f ∈ ξF (p,κ, ρ, τ).

For
∞∑

n=p+t
|xn|+

∞∑
n=p+t−1

|yn| = 1, the function

f(z) = zp +

∞∑
n=p+t

p2 [1− κ − τ(p− 1)(ρ+ κ)]

n [n(1 + ρ)− p(τ(n− 1) + 1)(ρ+ κ)]
xnz

n

+

∞∑
n=p+t−1

p2 [1− κ − τ(p− 1)(ρ+ κ)]

n [n(1 + ρ)− p(τ(n− 1) + 1)(ρ+ κ)]
ynz

n.

This completes the proof. �

In the following theorem, it is shown that the condition (2.1) is also necessary for function

f = h+ g, where h and g are of the form (1.5) and belongs to the class T ξF (p,κ, ρ, τ).

Theorem 2.2 Let the function f = h + g be so that h and g are given by (??). Then

f(z) ∈ T ξF (p,κ, ρ, τ) if and only if

∞∑
n=p+t

n [n(1 + ρ)− p(τ(n− 1) + 1)(ρ+ κ)]

p2 [1− κ − τ(p− 1)(ρ+ κ)]
|anAn|

+

∞∑
n=p+t−1

n [n(1 + ρ)− p(τ(n− 1) + 1)(ρ+ κ)]

p2 [1− κ − τ(p− 1)(ρ+ κ)]
|bnBn| ≤ 1, (2.3)

where 0 ≤ κ < 1, ρ ≥ 0, 0 ≤ τ < 1, z ∈ U .

Proof Since T ξF (p,κ, ρ, τ) ⊂ ζF (p,κ, ρ, τ), we need only to prove the only if part of the

theorem.

Assume that f(z) ∈ T ξF (p,κ, ρ, τ). Then by (1.4), we have

<
{
z(f ∗ F)′′(z) + (f ∗ F)′(z)

(f ∗ F)′(z) + τz(f ∗ F)′′(z)
(1 + ρeiθ)− pρeiθ

}
≥ pκ.

This is equivalent to

<



p2
[
1− τ(p− 1)ρeiθ

]
zp−1 −

∞∑
n=p+t

n
[
n+ (n− p(τ(n− 1) + 1))ρeiθ

]
|anAn| zn−1 −

∞∑
n=p+t−1

n
[
n+ (n− p(τ(n− 1) + 1))ρeiθ

]
|bnBn| zn−1

p(1 + τ(p− 1))zp−1 −
∞∑

n=p+t
n(1 + τ(n− 1)) |anAn| zn−1

−
∞∑

n=p+t−1
n(1 + τ(n− 1)) |bnBn| zn−1

− αp


≥ 0. (2.4)

This condition must hold for all values of z, such that |z| = r < 1. Choosing the values of z on

the positive specific values, 0 ≤ z = r < 1 and noting that <(−eiθ) ≥ −
∣∣eiθ∣∣ = −1, the above
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inequality reduces to

p2 [1− κ − τ(p− 1)(ρ+ κ)] −
∞∑

n=p+t

n [n(1 + ρ)− p(τ(n− 1) + 1)(ρ+ κ)] |anAn|

−
∞∑

n=p+t−1
n [n(1 + ρ)− p(τ(n− 1) + 1)(ρ+ κ)] |bnBn| ≥ 0.

This gives (2.3) and the proof is complete. �

§3. Distortion Bounds

Theorem 3.1 Let f(z) ∈ T ξF (p,κ, ρ, τ). Then for |z| = r < 1, we have

|f(z)| ≤ (1 + |bp+t−1Bp+t−1|)rp+t−1 +

(
p2(1− τ(p− 1)(ρ+ κ)− κ)

(p+ t) [(p+ t)(1 + ρ)− p(1 + τ(p− t− 1))(κ + ρ)]

− (p+ t− 1) [(p+ t− 1)(1 + ρ)− p(1 + τ(p+ t− 2))(κ + ρ)]

(p+ t) [(p+ t)(1 + ρ)− p(1 + τ(p− t− 1))(κ + ρ)]
|ap+t−1Ap+t−1|

)
rp+t (3.1)

and

|f(z)| ≥ (1− |bp+t−1Bp+t−1|)rp+t−1 −
(

p2(1− τ(p− 1)(ρ+ κ)− κ)

(p+ t) [(p+ t)(1 + ρ)− p(1 + τ(p− t− 1))(κ + ρ)]

− (p+ t− 1) [(p+ t− 1)(1 + ρ)− p(1 + τ(p+ t− 2))(κ + ρ)]

(p+ t) [(p+ t)(1 + ρ)− p(1 + τ(p− t− 1))(κ + ρ)]
|ap+t−1Ap+t−1|

)
rp+t. (3.2)

Proof Assume that f(z) ∈ T ξF (p,κ, ρ, τ). Then by (2.3), we get

|f(z)| =

∣∣∣∣∣zp −
∞∑

n=p+t

|anAn| zn −
∞∑

n=p+t−1
|bnBn| zn

∣∣∣∣∣
≤ (1 + |bp+t−1Bp+t−1|)rp+t−1 +

∞∑
n=p+t

(|anAn|+ |bnBn|) rp+t

≤ (1 + |bp+t−1Bp+t−1|)rp+t−1 +
p2(1− τ(p− 1)(ρ+ κ)− κ)

(p+ t) [(p+ t)(1 + ρ)− p(1 + τ(p− t− 1))(κ + ρ)]

×
∞∑

n=p+t

(p+ t) [(p+ t)(1 + ρ)− p(1 + τ(p− t− 1))(κ + ρ)]

p2(1− τ(p− 1)(ρ+ κ)− κ)
(|anAn|+ |bnBn|) rp+t

≤ (1 + |bp+t−1Bp+t−1|)rp+t−1 +
p2(1− τ(p− 1)(ρ+ κ)− κ)

(p+ t) [(p+ t)(1 + ρ)− p(1 + τ(p− t− 1))(κ + ρ)]

×
∞∑

n=p+t

n [n(1 + ρ)− p(1 + τ(n− 1))(κ + ρ)]

p2(1− τ(p− 1)(ρ+ κ)− κ)
(|anAn|+ |bnBn|) rp+t

= (1 + |bp+t−1Bp+t−1|)rp+t−1 +
p2(1− τ(p− 1)(ρ+ κ)− κ)

(p+ t) [(p+ t)(1 + ρ)− p(1 + τ(p− t− 1))(κ + ρ)]
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×
{

1− (p+ t− 1) [(p+ t− 1)(1 + ρ)− p(1 + τ(p− t− 2))(κ + ρ)]

p2(1− τ(p− 1)(ρ+ κ)− κ)
|ap+t−1Ap+t−1|

}
rp+t

= (1 + |bp+t−1Bp+t−1|)rp+t−1 +

{
p2(1− τ(p− 1)(ρ+ κ)− κ)

(p+ t) [(p+ t)(1 + ρ)− p(1 + τ(p− t− 1))(κ + ρ)]

− (p+ t− 1) [(p+ t− 1)(1 + ρ)− p(1 + τ(p− t− 2))(κ + ρ)]

(p+ t) [(p+ t)(1 + ρ)− p(1 + τ(p− t− 1))(κ + ρ)]
|ap+t−1Ap+t−1|

}
rp+t.

The relation (3.2) can be proved by using similar statements. So the proof is complete. �

§4. Extreme Points

In this section we determine the extreme points of the closed convex hull of the class T ξF (p,κ, ρ, τ).

Theorem 4.1 Let f(z) given by (1.5). Then f(z) ∈ T ξF (p,κ, ρ, τ) if and only if f(z) can be

expressed in the form

f(z) =

∞∑
n=p+t−1

(µnhn(z) + δngn(z)) , z ∈ U , (4.1)

where hp(z) = zp,

hn(z) = zp − p2(1− τ(p− 1)(ρ+ κ)− κ)

n [n(1 + ρ)− p(1 + τ(n− 1))(κ + ρ)]
zn, n = p+ t, p+ t+ 1, · · ·

and

gn(z) = zp − p2(1− τ(p− 1)(ρ+ κ)− κ)

n [n(1 + ρ)− p(1 + τ(n− 1))(κ + ρ)]
zn, n = p+ t− 1, p+ t · · · ,

µp+t−1 ≡ µp = 1−

( ∞∑
n=p+t

µn +

∞∑
n=p+t−1

δn

)
, µn, δn ≥ 0.

Particularly, the extreme points of T ξF (p,κ, ρ, τ) are {hn} and {gn}.

Proof Assume that f(z) can be expressed by (4.1). Then, we have

f(z) =

∞∑
n=p+t−1

(µn + δn)zp −
∞∑

n=p+t

p2(1− τ(p− 1)(ρ+ κ)− κ)

n [n(1 + ρ)− p(1 + τ(n− 1))(κ + ρ)]
µnz

n

−
∞∑

n=p+t−1

p2(1− τ(p− 1)(ρ+ κ)− κ)

n [n(1 + ρ)− p(1 + τ(n− 1))(κ + ρ)]
δnz

n

f(z) = zp −
∞∑

n=p+t

p2(1− τ(p− 1)(ρ+ κ)− κ)

n [n(1 + ρ)− p(1 + τ(n− 1))(κ + ρ)]
µnz

n
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−
∞∑

n=p+t−1

p2(1− τ(p− 1)(ρ+ κ)− κ)

n [n(1 + ρ)− p(1 + τ(n− 1))(κ + ρ)]
δnz

n.

Therefore

∞∑
n=p+t

n [n(1 + ρ)− p(1 + τ(n− 1))(κ + ρ)]

p2(1− τ(p− 1)(ρ+ κ)− κ)

p2(1− τ(p− 1)(ρ+ κ)− κ)

n [n(1 + ρ)− p(1 + τ(n− 1))(κ + ρ)]
µn

+

∞∑
n=p+t−1

n [n(1 + ρ)− p(1 + τ(n− 1))(κ + ρ)]

p2(1− τ(p− 1)(ρ+ κ)− κ)

p2(1− τ(p− 1)(ρ+ κ)− κ)

n [n(1 + ρ)− p(1 + τ(n− 1))(κ + ρ)]
δn

=

∞∑
n=p+t

µn +

∞∑
n=p+t−1

δn =

∞∑
n=p+t−1

(µn + δn)− µp+t−1 = 1− µp ≤ 1.

So f(z) ∈ T ξF (p,κ, ρ, τ).

Conversely, let f(z) ∈ T ξF (p,κ, ρ, τ), by putting

µn =
n [n(1 + ρ)− p(1 + τ(n− 1))(κ + ρ)]

p2(1− τ(p− 1)(ρ+ κ)− κ)
|anAn| , n = p+ t, p+ t+ 1, · · ·

and

δn =
n [n(1 + ρ)− p(1 + τ(n− 1))(κ + ρ)]

p2(1− τ(p− 1)(ρ+ κ)− κ)
|bnBn| , n = p+ t− 1, p+ t, · · ·

We define µp ≡ µp+t−1 =

(
1−

∞∑
n=p+t

µn −
∞∑

n=p+t−1
δn

)
.

Then, note that 0 ≤ µn ≤ 1 (n = p+ t, p+ t+ 1, · · · ), 0 ≤ δn ≤ 1 (n = p+ t− 1, p+ t, · · · ).
Hence

f(z) = zp −
∞∑

n=p+t

|anAn| zn −
∞∑

n=p+t−1
|bnBn| zn

= zp −
∞∑

n=p+t

p2(1− τ(p− 1)(ρ+ κ)− κ)

n [n(1 + ρ)− p(1 + τ(n− 1))(κ + ρ)]
µnz

n

−
∞∑

n=p+t−1

p2(1− τ(p− 1)(ρ+ κ)− κ)

n [n(1 + ρ)− p(1 + τ(n− 1))(κ + ρ)]
δnz

n

= zp −
∞∑

n=p+t

(zp − hn(z))µn −
∞∑

n=p+t−1
(zp − gn(z)) δn

=

(
1−

∞∑
n=p+t

µn −
∞∑

n=p+t−1
δn

)
zp +

∞∑
n=p+t

µnhn(z) +

∞∑
n=p+t

δngn(z)

= µphp(z) +

∞∑
n=p+t

µnhn(z) +

∞∑
n=p+t−1

δngn(z) =

∞∑
n=p+t−1

(µnhn(z) + δngn(z)) ,

that is the required representation. �
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§5. Convolution and Convex Combination

In this section, we determine the convolution properties and convex combination.

For harmonic function

fk(z) = zp −
∞∑

n=p+t

|an,k| zn −
∞∑

n=p+t−1
|bn,k| zn (k = 1, 2), (5.1)

are in the class T ξF (p,κ, ρ, τ), we denote by (f1 ∗ f2)(z) the Hadamard product or (the convo-

lution) of the functions f1(z) and f2(z), that is,

(f1 ∗ f2)(z) = zp −
∞∑

n=p+t

|an,1| |an,2| zn −
∞∑

n=p+t−1
|bn,1| |bn,2| zn. (5.2)

Using this definition, we show that the class T ξF (p,κ, ρ, τ) is closed under convolution.

Theorem 5.1 For 0 ≤ η ≤ κ < 1, let the function f1 ∈ T ξF (p,κ, ρ, τ) and f2 ∈ T ξF (p, η, ρ, τ).

Then

(f1 ∗ f2)(z) ∈ T ξF (p,κ, ρ, τ) ⊂ T ξF (p, η, ρ, τ). (5.3)

Proof Since f1 be in the class T ξF (p,κ, ρ, τ) and f2 be in the class T ξF (p, η, ρ, τ) and

|an,2| < 1 and |bn,2| < 1. We need to prove the coefficients of (f1 ∗ f2)(z) satisfy the condition

given by (2.1), we obtain

∞∑
n=p+t

n [n(1 + ρ)− p(τ(n− 1) + 1)(ρ+ η)]

p2 [1− η − τ(p− 1)(ρ+ η)]
|an,1| |an,2|

+

∞∑
n=p+t−1

n [n(1 + ρ)− p(τ(n− 1) + 1)(ρ+ η)]

p2 [1− η − τ(p− 1)(ρ+ η)]
|bn,1| |bn,2|

≤
∞∑

n=p+t

n [n(1 + ρ)− p(τ(n− 1) + 1)(ρ+ η)]

p2 [1− η − τ(p− 1)(ρ+ η)]
|an,1|

+

∞∑
n=p+t−1

n [n(1 + ρ)− p(τ(n− 1) + 1)(ρ+ η)]

p2 [1− η − τ(p− 1)(ρ+ η)]
|bn,1|

≤
∞∑

n=p+t

n [n(1 + ρ)− p(τ(n− 1) + 1)(ρ+ κ)]

p2 [1− κ − τ(p− 1)(ρ+ κ)]
|an,1|

+

∞∑
n=p+t−1

n [n(1 + ρ)− p(τ(n− 1) + 1)(ρ+ κ)]

p2 [1− κ − τ(p− 1)(ρ+ κ)]
|bn,1| ≤ 1.

Therefore (f1 ∗ f2)(z) ∈ T ξF (p,κ, ρ, τ) ⊂ T ξF (p, η, ρ, τ) for 0 ≤ η ≤ κ < 1. �

Next, we show that T ξF (p,κ, ρ, τ) is closed under convex combinations of its members.

Theorem 5.2 The class T ξF (p,κ, ρ, τ) is closed under convex combinations.
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Proof For j = 1, 2, 3, · · · , vLet fj ∈ T ξF (p,κ, ρ, τ), where fj is given by

fj(z) = zp −
∞∑

n=p+t

|an,jAn,j | zn −
∞∑

n=p+t−1
|bn,jBn,j | zn.

Then, by (2.3)

∞∑
n=p+t

n [n(1 + ρ)− p(1 + τ(n− 1))(κ + ρ)]

p2(1− τ(p− 1)(ρ+ κ)− κ)
|an,jAn,j |

+

∞∑
n=p+t−1

n [n(1 + ρ)− p(1 + τ(n− 1))(κ + ρ)]

p2(1− τ(p− 1)(ρ+ κ)− κ)
|bn,jBn,j | ≤ 1. (5.4)

For
∞∑
j=1

tj = 1, 0 ≤ tj ≤ 1, the convex combination of fj ’s can be written as

∞∑
j=1

tjfj(z) = zp −
∞∑

n=p+t

 ∞∑
j=1

tj |an,jAn,j |

 zn −
∞∑

n=p+t−1

 ∞∑
j=1

tj |bn,jBn,j |

 zn.

Then by (5.4), we have

∞∑
n=p+t

n [n(1 + ρ)− p(1 + τ(n− 1))(κ + ρ)]

p2(1− τ(p− 1)(ρ+ κ)− κ)

 ∞∑
j=1

tj |an,jAn,j |


+

∞∑
n=p+t−1

n [n(1 + ρ)− p(1 + τ(n− 1))(κ + ρ)]

p2(1− τ(p− 1)(ρ+ κ)− κ)

 ∞∑
j=1

tj |bn,jBn,j |


=

∞∑
j=1

tj

{ ∞∑
n=p+t

n [n(1 + ρ)− p(1 + τ(n− 1))(κ + ρ)]

p2(1− τ(p− 1)(ρ+ κ)− κ)
|an,jAn,j |

+

∞∑
n=p+t−1

n [n(1 + ρ)− p(1 + τ(n− 1))(κ + ρ)]

p2(1− τ(p− 1)(ρ+ κ)− κ)
|bn,jBn,j |

}

≤
∞∑
j=1

tj = 1.

Therefore
∞∑
j=1

tjfj(z) ∈ T ξF (p,κ, ρ, τ).

This complete the proof. �

§6. Integral Operator

Finally, we examine a closure property of the class T ξF (p,κ, ρ, τ) under the generalized Bernardi-

Livingston integral operator (see [3, 17, 18]).
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Definition 6.1 The Bernardi operator is defined by

Lc,pf(z) =
c+ p

zc

∞∫
0

tc−1f(t)dt, c > −1. (6.1)

If f(z) = zp +
∞∑

n=p+t
anz

n, then

Lc,pf(z) = zp +

∞∑
n=p+t

c+ p

n+ c
anz

n. (6.2)

Remark 6.2 If f = h+ g, where

h(z) = zp −
∞∑

n=p+t

anz
n, g(z) = −

∞∑
n=p+t−1

bnz
n, (an, bn ≥ 0).

Then

Lc,pf(z) = Lc,p(h(z)) + Lc,p(g(z)). (6.3)

Theorem 6.3 If f(z) ∈ T ξF (p,κ, ρ, τ), then Lc,pf(z) (c > −1) is also in T ξF (p,κ, ρ, τ).

Proof By (6.2) and (6.3), we get

Lc,pf(z) = Lc,p

(
zp −

∞∑
n=p+t

|anAn| zn −
∞∑

n=p+t−1
|bnBn| zn

)

= zp −
∞∑

n=p+t

c+ p

n+ c
|anAn| zn −

∞∑
n=p+t−1

c+ p

n+ c
|bnBn| zn

= zp −
∞∑

n=p+t

xn |anAn| zn −
∞∑

n=p+t−1
yn |bnBn| zn.

Therefore,

∞∑
n=p+t

n [n(1 + ρ)− p(1 + τ(n− 1))(κ + ρ)]

p2(1− τ(p− 1)(ρ+ κ)− κ)

(
c+ p

n+ c
|anAn|

)

+

∞∑
n=p+t−1

n [n(1 + ρ)− p(1 + τ(n− 1))(κ + ρ)]

p2(1− τ(p− 1)(ρ+ κ)− κ)

(
c+ p

n+ c
|bnBn|

)

≤
∞∑

n=p+t

n [n(1 + ρ)− p(1 + τ(n− 1))(κ + ρ)]

p2(1− τ(p− 1)(ρ+ κ)− κ)
|anAn|

+

∞∑
n=p+t−1

n [n(1 + ρ)− p(1 + τ(n− 1))(κ + ρ)]

p2(1− τ(p− 1)(ρ+ κ)− κ)
|bnBn| ≤ 1.

Since f(z) ∈ T ξF (p,κ, ρ, τ), by using Theorem 2.2, then Lc,pf(z) ∈ T ξF (p,κ, ρ, τ). This



78 G. E. Abo Elyazyd, H. E. Darwish and A. M. Shahin

complete the proof of Theorem 6.3. �
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Vesnik, 65(4), 2013, 555-564.

[3] S. D. Bernardi, Convex and starlike univalent functions, Trans. Amer. Math. Soc., 135

(1969),429-446.

[4] R. W. Barnard and C. Kellog, Applications of convolution operators to problems in uni-

valent function theory, Michigan Math. J., 27 (1980), 81–94.

[5] J. H. Choi, Y. C. Kim and S. Owa, Generalizations of Hadamard products of functions

with negative coefficients, J. Math. Anal. Appl., 199 (1996), 495–501.

[6] J. Clunie and T. Sheil-Small, Harmonic univalent functions, Ann. Acad. Sci. Fenn. Ser.

A I Math., 9 (1984), 3–25.

[7] H. E. Darwish, On generalizations of Hadamard products of functions with negative coef-

ficients, Proc. Pakistan Acad. Sci., 43(4) (2006), 269–273.

[8] H. E. Darwish and M. K. Aouf, Generalizations of modified-Hadamard products of pvalent

functions with negative coefficients, Math. Comput. Modelling, 49 (2009), 38–45.

[9] K. K. Dixit and S. Porwal, A convolution approach on partial sums of certain analytic and

univalent functions, J. Inequal. Pure Appl. Math., 10(4) (2009), 1–17.

[10] K. K. Dixit and S. Porwal, Some properties of harmonic functions defined by convolution,

Kyungpook Math. J. , 49(4) (2009), 751–761.

[11] T. Domokos, On a subclass of certain starlike functions with negative coefficients, Studia

Univ. Babes-Bolyai Math., (1999), 29–36.

[12] P. L. Duren, Harmonic Mappings in the Plane, Cambridge University Press, (2004).

[13] B. A. Frasin, Comprehensive family of harmonic univalent functions, SUT J. Math., 42(1)

(2006), 145–155.

[14] S. P. Goyal, P. Goswami and N. E. Cho, Argument estimates for certain analytic functions

associated with the convolution structure, J. Inequal. Pure Appl. Math., 10(1) (2009),

1–13.

[15] O. P. Juneja, T. R. Reddy and M. L. Mogra, A convolution approach for analytic functions

with negative coefficients, Soochow J. Math., 11 (1985), 69–81.

[16] H. Lewy, On the non-vanishing of the Jacobian in certain one-to-one mappings, Bull. Amer.

Math. Soc., 42 (1936), 689–692.

[17] R. J. Libera, Some classes of regular univalent functions, Proc. Amer. Math. Soc., 16

(1965),755–758.

[18] A. E. Livingston, On the radius of univalence of certain analytic functions, Proc. Amer.

Math.Soc., 17 (1966), 352-357.

[19] A. O. Mostafa, A study on starlike and convex properties for hypergeometric functions, J.

Inequal. Pure Appl. Math., 10(3)(2009), 1-16.



On a New Class of Harmonic p-Valent Functions Defined by Convolution Structure 79

[2] J. Nishiwaki and S. Owa, An application of Hölder’s inequality for convolutions, J. Inequal.

Pure Appl. Math., 10(4) (2009), 1–14.

[21] J. Nishiwaki, S. Owa and H. M. Srivastava, Convolution and Hölder type inequalities for

a certain class of analytic functions, Math. Inequal. Appl., 11 (2008), 717–727.

[22] K. I. Noor, Convolution techniques for certain classes of analytic functions, Panamer.

Math. J., 2(3)(1992), 73–82.

[23] S. Owa, The Quasi-Hadamard products of certain analytic functions, in: H. M. Srivastava,

S. Owa (Eds.), Current Topics in Analytic Function Theory, World Scientific Publishing

Company, Singapore, New Jersey, London, Hong Kong, (1992), 234–251.

[24] S. Ponnusamy and A. Rasila, Planar harmonic mappings, Ramanujan Mathematical Society

Mathematics Newsletters, 17(2) (2007), 40–57.

[25] S. Ponnusamy and A. Rasila, Planar harmonic and quasi-conformal mappings, Ramanujan

Mathematical Society Mathematics Newsletters, 17(3) (2007), 85–101.

[26] R. K. Raina and D. Bansal, Some properties of a new class of analytic functions defined

in terms of a Hadamard product, J. Inequal. Pure Appl. Math., 9(1) (2008), 1–20.

[27] S. Ruscheweyh, Convolutions in Geometric Function Theory, Sem. Math. Sup., Presses

Univ. de Montreal, (1982).

[28] A. Schild and H. Silverman, Convolution of univalent functions with negative coefficients,

Ann. Univ. Mariae Curie-Sklodowska, Sect. A 29 (1975), 99–107.

[29] R. Singh and S. Singh, Convolution properties of a class of starlike functions, Proc. Amer.

Math. Soc., 106(1) (1989), 145–152.

[30] J. Stankiewicz and Z. Stankiewicz, Some applications of the Hadamard convolution in the

theory of functions, Ann. Univ. Mariae Curie-Sklodowska, Sect. A 40 (1986), 251–265.

[31] H. M. Srivastava, S. Owa and S. K. Chatterjea, A note on certain classes of starlike

functions, Rend. Sem. Mat. Univ. Padova, 77(1987), 115–124.


