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§81. Introduction and Preliminaries

A real-valued function w is said to be harmonic in a domain ® C C if it has continuous second

order partial derivatives in ©, which satisfy the Laplace equation

0%u  O%u

Au: =22 420
b 8:r2+8y2

0.

We say that a complex-valued continuous function f : ® — C is harmonic in ® if both functions
u : = Ref and v : = Imf are real-valued harmonic functions in ©. We note that every

complex-valued function f harmonic in ® with 0 € ©, can be uniquely represented as
f =h+ g,

where h, g are analytic functions in ® with g(0) = 0. Then we call h the analytic part and g
the co-analytic part of f (see [6]). The Jacobian of f is given by

Jp(z) = W)~ |d' (=) (z €9).

The mapping f is locally univalent if J¢(z) # 0 in ©. A result of Lewy [16] shows that the
converse is true for harmonic mappings. Therefore, f is locally univalent and sense-preserving
if and only if

()] > |g'(2)] (z€9D).

Duren [12] also Ahuja [1] and Ponnusamy and Rasila [24, 25].
For p > 1, denote by £(p) the set of all multivalent harmonic functions f = h + g defined
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in the open unit disc U, where h and g defined by

h(z)=2"+ ) apz", g(z)= Y bp2", |bp—a| <1, teN={1,2--} (L1
n=p+t n=p+t—1

are analytic functions in U.

Let F(z) = 9(2) + ¢(z) be a fixed multivalent harmonic function, where

1/)(2) =2+ Z |An‘ Zna (p(Z) = Z ‘Bn| va ‘Bp+t*1| <1, teN= {1a27 e } (12)
n=p+t n=p+t—1

The Hadamard product ( or convolution) of functions f(z) and F(z) of the form

(f*F)z) =27+ Y lanAn2"+ Y [baBn|Z" (1.3)

n=p+t n=p+t—1

Studies of convolution play an serious role in geometric function theory. It has a several re-
searchers of this field. In 1975, Schild and Silverman [28] studied the diverse interesting results
on the convolution of analytic functions. Later on, Choi et al. [5], Darwish [7], Darwish and
Aouf [8], Domokos [11], Nishiwaki and Owa [20], Nishiwaki et al. [2], Owa [23] and Srivastava
et al. [31] studied the generalized convolution for analytic functions only. For detailed study
see the excellent text book by Ruscheweyh [27], see also [4], [9], [10], [13], [14], [15], [22], [26],
[29], [30].
A function f(z) € £(p) is said to be in the class £x(p, 5, p, T) if

SEEET S E A

2f* F)"(2) + (f * F)'(2) (1.4)

FaE) @)+ F) () = Fe Py () +relf = )G TP

where 0 < <1, p>0,0<7<1 and z € U.
Finally, denote by T&(p) the subclass of functions f(z) = h(z) + g(z) in &(p) where

h(z) = 2P — Z lan| 2", g(z)=— Z |bn] 2™, bpyi—1 < 1. (1.5)
n=p-+t n=p+t—1
Let Tgf(pv 7, P, T) = Tg(p) N gf(pv >, P, T)'
We note that
(1) &(1, 5, p,7) = KMpg(a, 8,7)
zf"(2) + f'(2) } z2f"(z) + f'(2) '
e 2o e Y e el

(“) 51(1,0Z,0,7') = C()‘a a)

M @ see
gce{f'(z)Jr)\zf”(,z)} - (see [19]).
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In this paper, we obtained the coefficient bounds for the classes £x(p, 5, p, 7) and TEx(p, 3¢, p, 7).
Further distortion theorem, extreme points, convex compinations and integral operator for the
classe TEx(p, 5, p, 7).

82. Coefficient Bounds

Now, we begin with a sufficient condition for functions in £x(p, s, p, 7).
Theorem 2.1 Let f = h+ g with h and g given by (1.1). If

= nn(l+p) —pr(n—1)+1)(p+ )
n:Zert p2(1—%—7‘(p— 1)(p_|_%)) |anAn|

B S et A Uk Vet | P Y (2.1)

n=p+t—1 1—%—7'(]) 1)(10+%))

where 0 < 3¢ <1, p>0, 0 <7 <1, then the harmonic function f is orientation preserving in
U and f € Ex(p, #,p, 7).

Proof To verify that f is orientation preserving, we show

o0
‘(h(z)*w(z))/’ = |pzP7t 4 Z nlanAn,| 2"t
n=p-+t
> p‘z|p71 - Z n|anAn||Z|n71
n=p+t

vV
]
~
S
—
|
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=S
B
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s
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nn(+p) = (pn=1) + D(p+ )] lap A |
P(1=sx—7(p—1)(p+ ) !

IV
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3
| | I
_
—_—— ————
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| I
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I
]
A

vt [ = (4 p) — (p(n—1) + 1)(p + #)
2 PETN 2 TR ) 'b”B”'}
>l S ”|ann|}
4 nzgflp
> | S0 DpaBal 2 = [(9(2) 2 0(2)) |
n:p+t—1p

Then, if ¥(z) = 0 and ¢(z) = 0, we have |h'(2)| = |¢'(2)] .
Next, we prove f(z) € Ex(p, », p, T) by establishing condition (1.4). It is sufficient to show
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that

SEL ORISR0
(7« FY @) + 7o f+ F)

or equivalently

o { (1+ pe”) (2(f * F)"(2) + (f * F)'(2)) = ppe” ((f * F)'(2) + 72(f * F)"(2)) }
(f = F)(2) +72(f * F)"(2) -

If we put

A(z) = (14 pe”) (2(f % F)"(2) + (f * F)'(2)) = ppe ((f * F)'(2) + 72(f % F)"(2))
and
B(2) = (f * F)'(2) + m2(f * F)"(2).

Since, R (w) > pse if and only if |A(2) + p(1 — »)B(2)| > |A(2) — p(1 + »)B(z)|, it suffices to
show

[A(2) +p(1 = ) B(2)| — [A(z) — p(1 + ) B(z)| = 0.
But

[A(2) +p(1 = %) B(2)]

(1 + pe'?) [z(( —1)2P 2% 4 Z (n—1)|anA,| 2" 2

n=p+t

+ Z n(n—1) |ann|z"_2> + Pt 4 Z n|anAy| 2"t

n=p+t—1 n=p-+t

+ Z n by Bp| 2" | — ppe®® |p2Pt 4 Z n|anAy| 2"t
n=p+t—1 n=p-+t

+ Z n|ann|z”_1+7'z<( —1)zP 7% 4 Z (n—1)|ap,A,| 2" 2
n=p+t—1 n=p+t

+ Z n(n —1) b, B,|Z"~ 2) +p(1 — ) lpzler Z nlanAn| 2"t
n=p+t—1 n=p+t

+ Z n|ann|z”_1+Tz<( —1)2P72 Z (n—1)|apA,| 2" 2
n=p+t—1 n=p+t

+ Z n(n —1) |bpBp|Z"~ 2)”
n=p+t—1

= ’pQ (2+7'( —1)(1 — 3¢ — pe'®) — 5¢) 2P

+ Z n(1+ pe?) + p(r(n —1) +1)(1 — » — peie)] lanAy| 2"t
n=p+t

+ Z n(1+ pe®) + p(r(n — 1) + 1)(1 — e — pe'®)] [b,Ba| 2" .

n=p+t—1
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Also
[A(2) = p(1 + ) B(2)]|
:(1+pei9)lz<( —1zp2+z (n—1)]anA,| 2" 2
_p-',-t
+ Z n(n —1) |b,By| 2"~ 2>—|—pzp1+ Zn\anA|z"1
n=p+t—1 n=p+t
+ Z n by Bp| 2" | — ppe®? |p2Pt 4 Z n|anAy| 2"t
n=p+t—1 n=p+t
o0
+ Z n|ann|z"_1+7'z<( —1)zP 2% 4 Z (n—1)|a,A,| 2" 2
n=p+t—1 n=p+t
bY = 1) bB )] —p(145) [pP 4 Y nag A,
n=p+t—1 n=p-+t
+ Z n|ann|z"_1+7'z<( —1)zP% 4 Z (n—1)|a,A,| 2" 2
n=p+t—1 n=p+t
+ Z n(n —1)|b,Bn|z"~ 2)”
n=p+t—1
=|-p’ [(pew ++1)7(p—1) 4 3] 277"
+ Z 1+ pe’®) = p(r(n = 1) + 1)(pe” + 34+ 1)] |an Ay | 2"
n=p-+t
£ 3 a1+ pe) —p(r(n = 1)+ (e + 50+ 1] b Bl
n=p+t—1
Then

| A(2) + p(1 = 3)B(2)] = |A(2) = p(L + ) B(2)] = 29 [1 = e — 7(p = 1) (pe”’ + )] |2

+ Z 2n [p(r(n—1) + 1)(pe? + 5) —n(1 + pew)] lan Ay 2"

+ Z 2n [p(r(n — 1) + 1)(pe + 3) — n(1 + pe'®)] [b,Bn| |2["~"

n=p+t—1
> 2{}92 [L=s—7p=D(p+2)] = Y nlnl+p)—pr(n—1)+1)(p+ )]
n=p+t

oo

IR n[nmp)p(f(n1>+1)<p+z>]bn3n}>o

n=p+t—1
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The last expression is non-negative by (2.1), thus f € &x(p, 5, p, 7).

[e.e] (oo}
For > |zu|+ >. |yn| =1, the function
n=p+t n=p+t—1
0 2
prll—sx—7(p—1)(p+ )
flz) = 2P+ Tp 2"
n:zp:ﬂﬂ (1 +p) = p(r(n = 1) +1)(p+ )] "
0 2
pPll-x—1p-—Dlp+x)] __.
+ YnZ -
_Z; L+ ) = p(r(n—1) + )(p+ )
This completes the proof. O

In the following theorem, it is shown that the condition (2.1) is also necessary for function
f=h+7g, where h and g are of the form (1.5) and belongs to the class T¢x(p, >, p, 7).

Theorem 2.2 Let the function f = h + G be so that h and g are given by (??). Then
f(2) € T&F(p, 2, p,7) if and only if

oo

n[n(1+ p) —pl(r(n = 1) + 1)(p+ )]
2 Pl

n=p-+t

Ly 1+p p(r(n—1) + 1)(p + )]

1 — i — T(p _ 1)(p_|_ %)] |ann| < 1; (23)

n=p+t—1

where 0 <2 <1, p>0,0<7<1, z€U.

Proof Since TEx(p, »,p,7) C Cx(p, s, p,7), we need only to prove the only if part of the
theorem.

Assume that f(z) € T{x(p, 5, p, 7). Then by (1.4), we have

A F)Y) 4 F) ()
%{(f CFVE) 2 (f = P )

(14 pe?) — ppe“)} > pr.

This is equivalent to

PP [L=7(p=1)pe?] 2271 = 3 nln+(n—p(r(n—1)+1))pe’]
n=p+t
lanAy| 2" = > nn+ (n—p(r(n—1)+1))pe?] |b,B,|z"
R A —apy >0. (24)
p(l+71(p—1))P"t = 3 n(l+7(n—1))|a,A,| 2"t
n=p+t
— Y n(l+7(n-1))b,By,|z" !
n=p+t—1

This condition must hold for all values of z, such that |z| = r < 1. Choosing the values of z on
the positive specific values, 0 < z = r < 1 and noting that R(—¢’) > —|e’| = —1, the above
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inequality reduces to

oo

Pll=sx—1p-Dp+2)] — 3 nn+p) —prhn—1)+1)(p+2)] |an Al
n=p+t

oo

— Y nhl+p) —pr(n—1)+1)(p+ )] [buBa| > 0.

n=p+t—1

This gives (2.3) and the proof is complete. d

§3. Distortion Bounds

Theorem 3.1 Let f(z) € TEx(p, 3¢, p,7). Then for |z| =r < 1, we have

prt1 p>(1—71(p—1)(p+ ») — »)
I < @B+ (e T =
_ et D[4t D 4p) —pA 4Tkt =2)Ce ko) |y t1|)7,p+t (3.1)
P+t [(p+t) 1 +p) —p(L+7(p—t— 1)+ p)] pre e '
and
prt_1 p’(1—71(p—1)(p+ ) — »)
@Iz (= lbpriaBprmahr™ *((p+t)[(p+t)(1+p)_p<1+7<p_t_1>><%+p)}

_ =D+t D0+ —p( TRt = D)k | t1|)rp+t (3.2)
P+ [+t +p) —p(L+7(p—t— 1))+ p)] prt—1Apti— S

Proof Assume that f(z) € T¢x(p, 3¢, p,7). Then by (2.3), we get

oo oo
f()] = |F - Z |anAp| 2" — Z by By | 2"
n=p-+t n=p+t—1

< (L [bpre1 By P+ i (lanAn| + [bn By ) 17+
n=p-+t
p’(L—7(p—1)(p+ 2) — )
(p+t)[(p+t)(L+p) —p(A+7(p—1t—1))(5+ p)]
y i p+0)lp+t)A+p) —pA+7(p—t—1))(3x+p)]
P*(L=7(p—1)(p+ ) — )

p’(L—7(p—1)(p+ 2) — )
(p+t)[(p+t)(L+p) —p(A+7(p—1t—1))(5+ p)]

o nn(l+p) —p(l+7(n—1))(+p)] Dt
P s iy e e e LRl

< (1 bppt—1Bppea )P+

(lanAn| + [bn B ) 1P+

n=p-+t

< (1 bppt—1Bppea )P+

n=p+t
p’(L—7(p—1)(p+ 2) — )
(p+t)[p+t)(1+p) —p(l+71(p—1t—1))(3+ p)]

= (14 [bpse—1Bprea )P +
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y {1 (p+t=1p+t-1(A+p) —pA+7(p—t—2))(x+p)] layer 1A, _1|}T;D+t
PP(1=7(p—1)(p+ ) — ) prim e
PPA—7(p—1)(p+ ) — »)
(p+t)[(p+t)1+p) —p(L+71(p—t—1))(+p)]
(ptt-—1Dp+t—1)1+p) —p(l+7(p—1t—2))(¢+p)]

— — —— |ap+t—1Ap+t—1|}rp+t-
(p+)[p+t)(1+p) —p(l+71(p—1t—1))(5+p)]

= (1 + |bpt—1Bpe—a)rPT 1 + {

The relation (3.2) can be proved by using similar statements. So the proof is complete. O

84. Extreme Points

In this section we determine the extreme points of the closed convex hull of the class TEx(p, 5, p, 7).

Theorem 4.1 Let f(z) given by (1.5). Then f(z) € T¢x(p, »,p,7T) if and only if f(z) can be
expressed in the form

oo

n=p+t—1

P’A—7(p=1(p+ ) = )
nn(l+p) =p(l+7(n—1))0<+p)]

Z2n=p+tp+t+1,---

and

R (R e R
92 = T ) p e b ] P b

/’Lp—i-t—lEMp:l_(ZMn"' Z 571)7 Mn,5n20-

n=p+t n=p+t—1

Particularly, the extreme points of TEx(p, >, p,7) are {h,} and {g,}.

Proof Assume that f(z) can be expressed by (4.1). Then, we have

- s S P—t— (et x) - %) .
f6) = 2 mtd) = D SR g o (a1 A

o0

. Pt -Vt -2
I PR ey e e ey

n=p+t—1

oo

_ e PL—7(p—1)(p+ ) — »)
flz) = Z nn(l+p) —p(l+7(n—1))(+ p)]

n
finZ
n=p-+t
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oo

) POt -Dptn) -
)3y PR e g T Ll

n=p+t—1

Therefore

in[n(1+p)—p(1+7(n—1))(%+p)] P’ —7(p—1)(p+ ) — x)
S PA=Tl=Dlp+x) =) nn(l+p)—pl+7(n—1))0+p)]

N i nnd+p) —pd+7n—1)+p)]  pA-71(p—1)(p+ ) — )
PA=7lp=Dlp+x2) =)  nnl+p)—pl+7(n—1)0+p)]

n

n

n=p+t—1
o0 o0 o0
= Z,Un+ Z Oy = Z (ﬂn+5n)*ﬂp+t—1:1*/4p§1~
n=p-+t n=p+t—1 n=p+t—1

So f(2) € T¢x(p, %, p, 7).

Conversely, let f(z) € TEx(p, », p,T), by putting

_nn(+p) —p(l+7(n—=1))0+p)]
PA=7p—1Dlp+ ) — )

lanAnl,n=p+t,p+t+1, -

and nn(l+p) —p(l+7(n—1))(3+ p)]

P =7p=1Dp+ ) — )

Op = [bnBn|l,n=p+t—1,p+t,- -

We define pp = ppyi—1 = (1 - > pn— > 5n> .

n=p-+t n=p+t—1

Then, note that 0 < p,, <1 (n=p+t,p+t+1,--+), 0<6, <1 (n=p+t—1,p+t,---).
Hence

oo oo

flz) = 2P— Z |anAp| 2™ — Z |bn Br| Z"
n=p-+t n=p+t—1

I P21 —7(p— 1)(p+ 3) — )
nn

T+ p) —ptrn— D))t )]

n=p+t
0o

B pP*(A—7(p—1(p+ ) — ) n
)3 R e e e ey

n=p+t—1
= = Y @) - Y (P gu(2)6n
n=p+t n=p+t—1
- (1_ Z i — Z 5n> zP 4+ Z tnhy(2) + Z Ongn(2)
n=p+t n=p+t—1 n=p+t n=p+i
= pphyp(z) + Z pnhn(2) + Z Ongn(z) = Z (pin P (2) + Ongn(2))
n=p+t n=p+t—1 n=p+t—1

that is the required representation. O
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85. Convolution and Convex Combination

In this section, we determine the convolution properties and convex combination.

For harmonic function

) =2P — Z lannlz" = D |balZ (k=1,2), (5.1)
n=p-+t n=p+t—1

are in the class T¢x(p, s, p, 7), we denote by (f1 * f2)(z) the Hadamard product or (the convo-
lution) of the functions f1(z) and fa(z), that is,

(fix f2)(2) = 2" — Z |an1|]an,2] 2" Z |bn,1] [bn,2| 2" (52)
n=p+t n=p+t—1

Using this definition, we show that the class TE¢x(p, 5, p, 7) is closed under convolution.

Theorem 5.1 For(0 <n < 3 < 1, let the function f1 € T{xF(p, 3, p,7) and fo € TEx(p,n, p, 7).
Then

(fl * fg)(Z) S T{]:(p, , p7T) - Tf]:(p,n,p, T)' (53)

Proof Since f1 be in the class T¢x(p, 3¢, p,7) and fo be in the class TEx(p,n, p, 7) and
lan 2] <1 and |b, 2] < 1. We need to prove the coefficients of (f * f2)(2) satisfy the condition
given by (2.1), we obtain

i": nn(l+p) —p(r(n—1)+ 1)(p+n)]
WS PPll=n—7lp=1)(p+n)

— n[n(l+p)— p( (n=1)+1)(p+n)
+n:;-:t—1 pPl=n—7(p—1)(p+n)

i nn(l+p) —p(r(n—1)+1)(p+n)]
pP*l—=n—7p—1)(p+n)]

|an ] |an,2

|bn,1| |bn’2|

‘an,1|
n=p-+t
00 nn(l+p)—prn—1)+1)(p+n)]
+n=;;t_1 p*[l—n—7(p—1)(p+n) [bn,1 ]

o~ (1 +p) = p(r(n—1) +1)(p + )]
2 PPl —x—7(p—1)(p+ )]

|an,1|
n=p+t

= nn(l+p) —p(r(n—1)+1)(p+ )]
MDD =2 oy e

n=p+t—1
Therefore (f1 + f2)(2) € TE(p, ,p,7) C TEx(p, 1, p,7) for 0 <y < 3¢ < 1. O

Next, we show that TEx(p, 7, p, 7) is closed under convex combinations of its members.

Theorem 5.2 The class TEx(p, 5, p,7) is closed under convex combinations.
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Proof For j =1,2,3,---, vLet f; € T&x(p, ¢, p, T), where f; is given by

oo oo
- Z |an7jAn’j| Z" - Z |bn,jBn,j| z".
n=p+t n=p+t—1

Then, by (2.3)

i nln(1+p) —p(1 +7(n —1))(>+ p)]

n=p+t p2(1—7(p—1)(p+ ») — ) |an,j An
5 +1p— (v = B?ﬁi;i”_(’;f LBl <1 (5.4)
n=p+t—1

o0
For ) t; =1,0 <t; <1, the convex combination of f;’s can be written as

j=1

o oo oo oo oo

S tifi(x) =2 = > D tilanAngl | 2= D> | Dt lbniBayl | 2"
j=1 n=p+t \ j=1 n=p+t—1 \ j=1

Then by (5.4), we have

i nn(l+p) —p(l+7(n—1)) %+p Zt A

n,"|
T POt Dt ) - :

nn(l+p) —p(l+7(n—1)) %—|—p
+ E t; |bn,j Bn.jl
B D s ey e,

vy, { 3 nn(+p) = pQ trin = 1)(x o+ p)

lan,j An
P [ R N

= nln(1+ p) = p(1+ 70— D)o+ )
D P (e T T ) 'b”’jB’j'}

Therefore Y t,fi(z) € T{x(p, 5, p,T).
=1

This complete the proof. O

86. Integral Operator

Finally, we examine a closure property of the class T¢x(p, s, p, 7) under the generalized Bernardi-
Livingston integral operator (see [3, 17, 18]).
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Definition 6.1 The Bernardi operator is defined by

oo

Lopf(z) = C:p/tc Lp)dt, > 1. (6.1)
0
If f(z) = 2P + § anz"™, then
n=p+t
Lepf(z) =27 2" (6.2)

n= p+t

Remark 6.2 If f = h+ g, where

— i anz”, g(z) =— i bnz",  (an, b, >0).

n=p+t n=p+t—1

Then
Lepf(2) = Lep(h(2)) + Lep(9(2))- (6.3)

Theorem 6.3 If f(z) € T¢x(p, 5, p,7), then L. p,f(2) (¢ > —1) is also in TExF(p, 5, p, T).

Proof By (6.2) and (6.3), we get

Lepf(z) = Leyp (zp— Z lanAn| 2" — Z |ann|z">

n=p-+t n=p+t—1
00 oo
R D= P P s T N
n:p-i—tn +e n=p+t—1 n+c
0o )
= P Z T |anAn| 2" — Z Yn |bnBn| Z".
n=p-+t n=p+t—1

Therefore,

S~ nlnll+p) =1+ 7l = )+ p) (52 tanita])

S PU-Tl=1Dlp+x) ) n+c

p(1+7(n—1))c+p)] (c+p
Y 1—r< Dt -9 (n bB)

n=p+t—1

. nn(1+ p) - p(1 + 7(n — D)(o2 4 p)]
D e i s s R L

n=p+t
1+p p(1+7(n—1))(5¢+ p)]
" ; 1 Dt st

Since f(z) € T&x(p, 5, p,7), by using Theorem 2.2, then L., f(z) € TEx(p, >, p, 7). This
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complete the proof of Theorem 6.3. O
References
[1] O. P. Ahuja, Planar harmonic univalent and related mappings, J. Inequal. Pure Appl.

[15]
[16]
[17]
[18]

[19]

Math., 6(4) (2005), 1-18.

W. G. Atshan and A. K. Wanas, On a new class of harmonic univalent functions, Matematicki
Vesnik, 65(4), 2013, 555-564.

S. D. Bernardi, Convex and starlike univalent functions, Trans. Amer. Math. Soc., 135
(1969),429-446.

R. W. Barnard and C. Kellog, Applications of convolution operators to problems in uni-
valent function theory, Michigan Math. J., 27 (1980), 81-94.

J. H. Choi, Y. C. Kim and S. Owa, Generalizations of Hadamard products of functions
with negative coeflicients, J. Math. Anal. Appl., 199 (1996), 495-501.

J. Clunie and T. Sheil-Small, Harmonic univalent functions, Ann. Acad. Sci. Fenn. Ser.
A I Math., 9 (1984), 3-25.

H. E. Darwish, On generalizations of Hadamard products of functions with negative coef-
ficients, Proc. Pakistan Acad. Sci., 43(4) (2006), 269-273.

H. E. Darwish and M. K. Aouf, Generalizations of modified-Hadamard products of pvalent
functions with negative coefficients, Math. Comput. Modelling, 49 (2009), 38—45.

K. K. Dixit and S. Porwal, A convolution approach on partial sums of certain analytic and
univalent functions, J. Inequal. Pure Appl. Math., 10(4) (2009), 1-17.

K. K. Dixit and S. Porwal, Some properties of harmonic functions defined by convolution,
Kyungpook Math. J. , 49(4) (2009), 751-761.

T. Domokos, On a subclass of certain starlike functions with negative coefficients, Studia
Univ. Babes-Bolyai Math., (1999), 29-36.

P. L. Duren, Harmonic Mappings in the Plane, Cambridge University Press, (2004).

B. A. Frasin, Comprehensive family of harmonic univalent functions, SUT J. Math., 42(1)
(2006), 145-155.

S. P. Goyal, P. Goswami and N. E. Cho, Argument estimates for certain analytic functions
associated with the convolution structure, J. Inequal. Pure Appl. Math., 10(1) (2009),
1-13.

O. P. Juneja, T. R. Reddy and M. L. Mogra, A convolution approach for analytic functions
with negative coefficients, Soochow J. Math., 11 (1985), 69-81.

H. Lewy, On the non-vanishing of the Jacobian in certain one-to-one mappings, Bull. Amer.
Math. Soc., 42 (1936), 689-692.

R. J. Libera, Some classes of regular univalent functions, Proc. Amer. Math. Soc., 16
(1965),755-758.

A. E. Livingston, On the radius of univalence of certain analytic functions, Proc. Amer.
Math.Soc., 17 (1966), 352-357.

A. O. Mostafa, A study on starlike and convex properties for hypergeometric functions, J.
Inequal. Pure Appl. Math., 10(3)(2009), 1-16.



2]
[21]
[22]

[23]

On a New Class of Harmonic p-Valent Functions Defined by Convolution Structure 79

J. Nishiwaki and S. Owa, An application of Holder’s inequality for convolutions, J. Inequal.
Pure Appl. Math., 10(4) (2009), 1-14.

J. Nishiwaki, S. Owa and H. M. Srivastava, Convolution and Holder type inequalities for
a certain class of analytic functions, Math. Inequal. Appl., 11 (2008), 717-727.

K. I. Noor, Convolution techniques for certain classes of analytic functions, Panamer.
Math. J., 2(3)(1992), 73-82.

S. Owa, The Quasi-Hadamard products of certain analytic functions, in: H. M. Srivastava,
S. Owa (Eds.), Current Topics in Analytic Function Theory, World Scientific Publishing
Company, Singapore, New Jersey, London, Hong Kong, (1992), 234-251.

S. Ponnusamy and A. Rasila, Planar harmonic mappings, Ramanujan Mathematical Society
Mathematics Newsletters, 17(2) (2007), 40-57.

S. Ponnusamy and A. Rasila, Planar harmonic and quasi-conformal mappings, Ramanujan
Mathematical Society Mathematics Newsletters, 17(3) (2007), 85-101.

R. K. Raina and D. Bansal, Some properties of a new class of analytic functions defined
in terms of a Hadamard product, J. Inequal. Pure Appl. Math., 9(1) (2008), 1-20.

S. Ruscheweyh, Convolutions in Geometric Function Theory, Sem. Math. Sup., Presses
Univ. de Montreal, (1982).

A. Schild and H. Silverman, Convolution of univalent functions with negative coefficients,
Ann. Univ. Mariae Curie-Sklodowska, Sect. A 29 (1975), 99-107.

R. Singh and S. Singh, Convolution properties of a class of starlike functions, Proc. Amer.
Math. Soc., 106(1) (1989), 145-152.

J. Stankiewicz and Z. Stankiewicz, Some applications of the Hadamard convolution in the
theory of functions, Ann. Univ. Mariae Curie-Sklodowska, Sect. A 40 (1986), 251-265.
H. M. Srivastava, S. Owa and S. K. Chatterjea, A note on certain classes of starlike
functions, Rend. Sem. Mat. Univ. Padova, 77(1987), 115-124.



