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§1. Introduction and Preliminaries

Let (X, d) be a metric space and let f: X — X be a self-mapping. Then,

(i) A point x € X is called a fixed point of f if z = fx;

(#9) f is called contraction if there exists a fixed constant 0 < ¢ < 1 such that

d(f(z), f(y)) < cd(z,y) (L.1)

for all z,y € X. If X is complete, then every contraction has a unique fixed point and that point
can be obtained as a limit of repeated iteration of the mapping at any point of X (the Banach
contraction principle). Obviously, every contraction is a continuous function. The Banach
contraction mappings principle is the opening and vital result in the direction of fixed point
theory. In this theory, contraction is one of the main tools to prove the existence and uniqueness
of a fixed point. Banach’s contraction principle which gives an answer to the existence and
uniqueness of a solution of an operator equation Tz = x, is the most widely used fixed point
theorem in all of analysis. This principle is constructive in nature and is one of the most useful
techniques in the study of nonlinear equations. Subsequently, several authors have devoted
their concentration to expanding and improving this theory (see, e.g., [3, 4, 9, 10, 12, 13, 19,
20]).
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Partial metric spaces, introduced by Matthews ([16, 17]) are a generalizations of the notion
of metric space in which, in definition of metric the condition d(x,x) = 0 is replaced by the
condition d(z,z) < d(z,y). In [17], Matthews discussed some properties of convergence of
sequences and proved the fixed point theorem for contraction mapping on partial metric spaces:
any mapping T of a complete partial metric space X onto itself that satisfies, where 0 < b < 1,
the inequality p(T'(x),T(y)) < bp(z,y) for all z,y € X, has a unique fixed point. Also, the
concept of PMS provides to study denotational semantics of dataflow networks [16, 17, 21, 23].

The definition of partial metric space is given by Matthews ([16]) as follows:

Definition 1.1([16]) Let X be a nonempty set and let p: X x X — R be a function satisfy
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(pmd) p(z,y) < p(z,z) +p(2,y) — p(2,2),
for all z,y,z € X. Then p is called partial metric on X and the pair (X,p) is called partial
metric space (in short PMS).

It is clear that if p(x,y) = 0, then from (pml) and (pm2) we obtain = = y. But if z =y,
p(z,y) may not be zero. Various applications of this space has been extensively investigated by

many authors (see [15], [22] for details).

Remark 1.2([11]) Let (X,p) be a partial metric space.

(r1) The function d,: X x X — RT defined as d,(z,y) = 2p(x,y) — p(z,x) — p(y,y) is a
(usual) metric on X and (X,d,) is a (usual) metric space;
(r2) The function d,,: X x X — RT defined as d,,,(z,y) = max{p(z,y) — p(z,z),p(z,y) —

p(y,y)} is a (usual) metric on X and (X, d,,) is a (usual) metric space.

It is clear that d, and d,, are equivalent. Each partial metric p on X generates a Tj
topology 7, on X with a base of the family of open p-balls {B,(z,¢) : * € X,e > 0} where
By(z,e) ={y € X : p(z,y) < p(z,z)+c} forall z € X and ¢ > 0.

Example 1.3([6]) Let X = R" and p: X x X — RT given by p(z,y) = max{z,y} for all
x,y € RT. Then (RT,p) is a partial metric space.

Example 1.4([6]) Let X = {[a,b] : a,b € R,a < b}. Then p([mb],[c,d]) = max{b,d} —
min{a, c} defines a partial metric p on X.

On a partial metric space the notions of convergence, the Cauchy sequence, completeness

and continuity are defined as follows ([16]).

Definition 1.5([16]) Let (X,p) be a partial metric space. Then,
(al) A sequence {x,} in (X,p) is said to be convergent to a point x € X if and only if
p(z,x) = lim p(z,,x);
n—oo

(a2) A sequence {x,} is called a Cauchy sequence if lim  p(x,,x,) erists and finite;
m,n— oo
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(a3) (X,p) is said to be complete if every Cauchy sequence {x,} in X converges to a point

x € X with respect to 7,. Furthermore,

m}grgoop(wm,wn) = lim p(a,, ) = p(z, v);

(ad) A mapping G: X — X is said to be continuous at xo € X if for every e > 0, there
exists 6 > 0 such that G(Bp(xo, 5)) C By (G(mo), 8).

Definition 1.6([18]) Let (X,p) be a partial metric space. Then,

(bl) A sequence {x,} in (X,p) is called 0-Cauchy if lig (T, xn) = 0;

(b2) (X,p) is said to be 0-complete if every 0-Cauchy sequence {x,,} in X converges to a
point x € X, such that p(z,z) = 0.

Definition 1.7([1], Weak Contraction Mapping) Let (X,d) be a complete metric space. A
mapping f: X — X is said to be weakly contractive if

d(f(x), f(y)) < d(z,y) — ¢ (d(x,y)), (1.2)

where z,y € X, ¢: [0,00) — [0,00) is continuous and non-decreasing, ¥(x) = 0 if and only if
x=0 and 1Lm () = 0.

If we take 9(z) = cx where 0 < ¢ < 1 then (1.2) reduces to (1.1).

Definition 1.8 Let (X, p) be a partial metric space. A pointy € X is called point of coincidence
of two self mappings T and f on X if there exists a point x € X such that y =Tx = fx.

In 2014, Ansari [5] introduced and study C-class function and proved some fixed point
theorems.

Definition 1.9([5]) A mapping F: [0,00) X [0,00) — R is called a C-class function if it is

continuous and satisfies the following axioms:

(i) F(s,t) <s;
(i7) F(s,t) = s implies that either s =0 ort =0, for all s,t € [0, 00).

An extra condition on F' is that F'(0,0) = 0 could be imposed in some cases if required.
The letter C denotes the set of all C-class functions. The following example shows that C is
nonempty.

Example 1.10([5]) Define a function F': [0, 00) x [0,00) — R by

(1) F(s,t)=s—t, F(s,t) =s=1=0;

(i) F(s,t) = ms,0 <m < 1, F(s,t) = s = s =0, ; (i) F(s,t) = (EORE (0, 00),
F(s,t)=s=s=0ort =0;

(1v) F(s,t):%,a>l, F(s,t)=s=s=0ort=0;

(v) F(s,t)zln(l;a),a>e, F(s,1) =5 = 5= 0;
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(vi) F(s,t) = (s + DM 11> 1, r € (0,00), F(s,t) =5 =t =0;,

(vii) F(s,t) = slogiyqa, a > 1, F(s,t) =s=s=0ort = 0;

(viii) F(s,t) =s— (%ii)(l%rt), F(s,t)=s=1t=0;

(iz) F(s,t) = sf(s), where 8: [0,00) — [0,00) and is continuous, F(s,t) = s = s = 0;,
(

(

x) F(s,t)=s— (k%rt% F(s,t) =s=t=0;

xi) F(s,t) = s — ¢(s), F(s,t) = s = s = 0, here ¢: [0,00) — [0,00) is a continuous
function such that ¢(¢) = 0 if and only if ¢ = 0;

(xii) F(s,t) = sh(s,t), F(s,t) = s = s =0, here h: [0,00)%[0,00) — [0, 00) is a continuous
function such that h(s,t) < 1 for all ¢, s > 0;

(ziit) F(s,t) =s— (?—1"; ), F(s,t) =s=t=0;

(ziv) F(s,t) = ¥/In(1+ s™), F(s,t) =s = s = 0;

(xv) F(s,t) = ¢(s), F(s,t) = s = s = 0, here ¢: [0,00) — [0,00) is a upper semi-
continuous function such that ¢(0) = 0 and ¢(¢) < ¢ for all ¢ > 0;

(zvi) F(s,t) = i T € (0,00), F(s,t) =s=s=0;

(zvid) F(s,t) = NYE) OOO %:_tdx, where T is the Euler gamma function.

Then F' are elements of C.

Definition 1.11([5]) A function 1: [0,00) — [0,00) is called an altering distance function if

the following properties are satisfied

(1) v is non-decreasing and continuous function
(2) ¥(t) =0 if and only if t = 0.

Remark 1.12([5]) We denote ¥ the class of all altering distance functions.
Lemma 1.13([16, 17]) Let (X,p) be a partial metric space. Then,

(cl) A sequence {z,} in (X,p) is a Cauchy sequence if and only if it is a Cauchy sequence
in the metric space (X, dp);

(c2) (X,p) is complete if and only if the metric space (X,d,) is complete;

(c3) A subset E of a partial metric space (X,p) is closed if a sequence {x,,} in E such that

{zn} converges to some x € X, then x € E.

Lemma 1.14([2]) Assume that x, — z as n — oo in a partial metric space (X,p) such that
p(z,2) =0. Then lim, oo p(xn,y) = p(2,y) for every y € X.

The purpose of this paper is to prove a unique fixed point theorem and a coincidence point
theorem under generalized i-weak contraction in the setting of partial metric spaces using
C-class function. Our results extend, generalize and improve several results from the existing

literatures.

82. Main Results

In this section, we shall establish a unique fixed point theorem and a coincidence point theorem

in a complete partial metric space. We begin with the following.
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Let (X, p) be a partial metric space and 7: X — X be a mapping. We set
1
01(w,y) = max {p(e,y), p(a. Ta), 7 [p(x. Ty) + ply. To)] }. (2.1)

b (w,y) = min {p(e, T2),ply, Ty) }. (2:2)

With the above setting, we introduce the following definition.

Definition 2.1 Let (X,p) be a partial metric space. A mapping T: X — X is called a

generalized Y-weak contraction if

o (p(T2, Ty)) < F(4(0:(2.9)), (02, 1))). (2.3)

for all x,y € X, where F is a C-class function, that is, F € C, ¥: [0,00) — [0,00) is nonde-

creasing and continuous function with ¥(t) = 0 if and only if t = 0.

Now, we are in a position to prove our main result.

Theorem 2.2 Let (X,p) be a complete partial metric space. Let T: X — X be a generalized
Y-weak contraction mapping, that is, satisfying condition (2.3). Then T has a unique fized

point.

Proof Let g € X and {z,} be a sequence defined as z,; = Tx, for any n € N. If for
some n € N, x,, = 41 = T x,, then x,, is a fixed point of 7. So, we assume that z,, # x,41.
It follows from (2.3) and (pm4) that

(0 (p(xn, xn-i-l)) = ¢(p(TJ3n_1, Txn))
F((01 (@1, 20)), 0 (021, 20) ) (2.4)

IN

where
01(xp_1,2,) = max {p(mn,l, Zn)s P(@n—1, TTpn_1), i[p(mn,l, Txn) + p(an, ’T:rn,l)]}
= max {p(xn,l, Zn)s P(Tn—1,Zn), i[p(mn,h ZTpt1) + p(@n, xn)]}
= max {p(xn,l, Zn)s P(Tn—1,Zn), i[p(mn,l, Zn) + P(Tpy Tpy1)

(@0, a) + P 20)] | = Pl@n-1,20), (2.5)
and

92((1)»”71737”) = min {p(mnthxnfl)ap(xnaTxn)}

= min {p(xn_l,xn),p(xn, $n+1)} =p(®pn-1,%n)- (2.6)
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From equations (2.4)-(2.6), we obtain

IN

(0 (p(xn, xn+1)) F<¢ (p(xn,l, wn)) ) 1/}(17(3%*1’ xn)))

< Y(p(@n—1,2)). (2.7)
Hence, we have
P(@n; Tny1) < plTn-1,Tn).
It follows that the sequence {p(zn,Zn+1)} is monotonically decreasing. Hence
p(Tp, Tpy1) = 0asn — oo. (2.8)

Now, we shall show that {z,,} is a Cauchy sequence in X. Suppose on the contrary that
the sequence {z,} is not Cauchy. Then there exists € > 0 and increasing sequences of integers
{m(k)} and {n(k)} such that for all integers k,

n(k) > m(k) > k, (2.9)

P(Ton (k) T(k)) > €. (2.10)

Further corresponding to m(k), we can choose n(k) in such a way that it is the smallest
integer with n(k) > m(k) and satisfying (2.10). Then

P(Tm(k), Tn(k)—-1) < €. (2.11)

Now, we have

e < p(@mk)s Tnkr))
< (@) Tk —1) T P(Tn(k)—1> Tnk)) — P(Trk)—15 Tn(k)—1)
< P @m(k)s Tnk)—1) + P(Tn(k)y—15 Tr(k))
< e+ p(Trir)—1, Tn) (by (2.11)). (2.12)

Letting £ — 400 in equation (2.12) and using (2.8), we get
li =e. 2.13
0 (T k), Tn(r)) = € (2.13)
Again

P(Tnk)s Tmk)) < P(Tn)s Tnk)—1) T P(Tn(k)=15 Tm(k)—1)
(T (k) =1 Tm(k)) — P(Tn(k)—1> Tn(k)—1)

—P(T (k)15 Trm(k)—1)

IN

P(Tr(k), T(k)y—1) + P(Tr(k)—1> Tm(k)—1)
(T (k)—1> Tm(k) ) (2.14)
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whereas

P(Tn)—1, Tmk)—1) < P(@nk)—15 Tnk)) + P(Tnk)s Tmk))
FP(Zm(k)s Trm(k)—1) = P(Tn(k)> Tn(k))
—P(Tm (k) Tm(k))
< P(@nk) -1 Tnk)) + P(Tnk), Tm(k))

FP(Tm(k)s Tm(k)—1)- (2.15)

Now, on letting k — 400 in (2.14), (2.15), using (2.8) and (2.13), we obtain

klln;o P(Tm(k)—1, Tn(k)—1) = €

93

(2.16)

Now setting x = ()1 and y = T, r)—1 in inequality (2.3) and using (pm4), we obtain

(0 (P(wm(k), xn(k))> = 9 (p(TfEm(k)_l, Txn(k)_ﬂ)

< F<¢(91(l’m(k)—17xn(k)—1)),1/1(92($m(k)—17xn(k)—ﬁ)),

where

01(Tim(k)—15 Tn(k)—1) = maX{p(xm(k)fhxn(k)fl)ap(mm(k:)flvTxm(k)71)>
1

1 [P(@m) -1 Ton)—1) + (@) -1, T Ty —1)] }

= max {p(xm(k)flawn(k)71)7p(xm(k)717xm(k))z
1
1 [p(xm(k)—l, Tp(k)) + P(Tnk)-1, S'Jm(k)ﬂ }

= maX{p(xm(k)—hxn(k)—l)ap(xm(k)—lvxm(k))a

[P(Zm (k)15 Tim(k)) + P(Zm(k) Tn(k))

| =

P(Tm(k)s Tm(k)) + P(Tnk) =1 Tnk)) + P(Tn(k)> Tm(k))
P(Tr(k)s Tn())] }

IA

max {p(xm(k)—l, xn(k)—l)a p(xm(k)—lv l'm(k))v
1
1 [P(Zm (k)15 Tim(k)) + P( @ (k) Tn(k))

+P(Zn (k) =1 Tnk)) + P(Tn (k) (k)] }

On letting k — +o00 and using (2.8), (2.13) and (2.16), we get

01 (T (k)y—15 Tr(k)—1) — €5

(2.17)

(2.18)
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and
O2(Zm(k)—1) Tn(k)—1) = min {P(ffm(k)—h Txm(k)—l)ap(xn(k)—laTxn(k)—l)}
= min {p(ﬁﬂm(k)q,xm(k)),p(ﬂfn(k)q,xn(k))}-
On letting k — +o00 and using (2.8), we get
02(Tm(k)—1, Tn(k)—1) — 0. (2.19)
Thus, using equation (2.17), (2.18) and (2.19), we obtain
U(e) < F(¥(e),1(0) <v(e),

which implies ¢(¢) = 0. That is € = 0, which is a contradiction. Thus the sequence {x,} is a
Cauchy sequence and hence convergent. Thus by Lemma 1.13 this sequence will also Cauchy in
(X,dp). In addition, since (X, p) is complete, (X, d,) is also complete. Thus there exists z € X
such that xz,, — z as n — co. Moreover by Lemma 1.14,

p(z,2) = lim p(z,2,) = lim  p(zn, 2m) =0, (2:20)
implies
li_>m dp(z,z,) = 0. (2.21)

Now, we show that z is a fixed point of 7. Notice that due to (2.20), we have p(z, z) = 0.
Putting = z,_; and y = z in equation (2.3), we obtain

(P T2) = 6 (p(Twn1,T2))

F (601 (201, 2)), ¥(O2(@01,2)))
V(01 (2n-1,2)), (2.22)

IN

IN

where

1
O1(@n-1,2) = max {p@n-1,2).p(@n1, Tano1), 7 [p(en-1.T2)

(= Ton-1)]}

1
11, 72)

+p(z, xn)]}. (2.23)

= Inax {p(xnfla Z)vp(xnfla xn)v

On letting n — 400 in (2.23), using (2.20) and Lemma 1.14, we get

Hl(xn,l,z) — @ (224)
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On letting n — +o00 in (2.22), using (2.24) and continuity of ¢, we get

2, Tz
v (ple2) <u (P2,
The above inequality is possible only if p(z,7z) = 0. Thus z = Tz. This shows that z is
a fixed point of 7. Now to prove the uniqueness of the fixed point of 7. For this, assume that
z' be another fixed point of 7 such that 2z’ = 72" with 2’ # z. Now, using (2.3), (2.20) and

condition (pm3), we have

b)) = o(p(T=T2))

< F(0(01(22)),0(02(2,2) ) <w(1(2,2), (2.25)
where
0.1(z,2) = ax{p p(z,T2), [p(z,Tz')+p(z',Tz)]}
= max{p(=,2),0(22), 1[p(z #) + 0l 2)] }
= p(z2). (2.26)

From (2.25) and (2.26), we get

¥(p(2,2') < ¥(p(z,2")).

The above inequality is possible only if p(z, 2’) = 0. Thus z = 2’. This shows the fixed point of
T is unique. This completes the proof. O

If we take max {p(:ﬂ,y),p(x,ﬁ), ilp(e, Tyl+ply, Ta)) } =p(x,y), F(s,t) =ks, 0 <k <1
and ¥(t) =t for all ¢ > 0 in the Theorem 2.2, then we obtain the following result in the form

of a Banach contraction principle ([7]).

Corollary 2.3 Let (X,p) be a complete partial metric space. Let T: X — X be a mapping
satisfying the inequality
p(Tz, Ty) < kp(z,y)

for all x,y € X, where 0 < k < 1 is a constant. Then T has a unique fixed point in X .

Remark 2.4 Corollary 2.3 extends Banach fixed point theorem from complete metric space to

the setting of complete partial metric space.

If we take F(s,t) = ks, 0 < k <1 and ¢(t) = ¢ for all ¢ > 0 in the Theorem 2.2, then we

obtain the following result.

Corollary 2.5 Let (X,p) be a complete partial metric space. Let T: X — X be a mapping
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satisfying the inequality

[p(@, Ty) +ply. To)] },

B~ =

p(Te, Ty) < k max {p(z.y), plz, Ta),
for all z,y € X, where 0 < k < 1 is a constant. Then T has a unique fixed point in X .

The following result is obtain from Corollary 2.5.

Corollary 2.6 Let (X,p) be a complete partial metric space. Let T: X — X be a mapping
satisfying the inequality
a
p(Tz, Ty) < avp(a,y) + azp(z, Tx) + Z?’ [p(z, Ty) +ply, Tz)]

for all x,y € X, where a1,as,a3 > 0 are constants such that ay + as +az < 1. Then T has a

unique fized point in X.
Proof Follows from Corollary 2.5, by noting that

a
a1 p(z,y) + a2 p(z, Tx) + f [p(z, Ty) + p(y, Tx)]
1
< (a1 + az + a3) max {p(af, y),p(e, Tw), 7 [p(x, Ty) +ply, Tx)] } O
If we take F'(s,t) = s — ¢ in the Theorem 2.2, then we obtain the following result.

Corollary 2.7 Let (X,p) be a complete partial metric space. Let T: X — X be a mapping
satisfying the inequality

6 (p(T2, Ty)) < 0 (01(0y)) = ¥ (0a.9) )

for all x,y € X, where 01(x,y), 02(x,y) and b are as in Theorem 2.2. Then T has a unique
fixed point in X.

If we take max {p(m, y),p(x, Tx), i [p(x, Tyl+p(y, 7'33)} } =p(z,y), F(s,t) =ks,0< k<1
and 9(t) = ¢t for all ¢ > 0 in the Theorem 2.2, then we obtain the following result due to
Matthews [17].

Corollary 2.8([17], Theorem 5.3) Let (X,p) be a complete partial metric space. Suppose that
T: X — X be a mapping satisfying the condition

(T, Ty) < kp(z,y), (2.27)
forallx,y € X and 0 < k < 1 is a constant. Then T has a unique fixed point.

If we take F'(s,t) = s and

(o, Ty) + ply, To)] } = pla,y)

| =

max {p(x, y).p(z, Tx),
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in the Theorem 2.2, then we obtain the following result.

Corollary 2.9 Let (X,p) be a complete partial metric space. Let T: X — X be a mapping
satisfying the inequality:

z/}(p(’fw, Ty)) <Y (p(z,y)),

for all x,y € X, where ¢ is as in Theorem 2.2. Then T has a unique fized point in X .

Remark 2.10 If we take ¢(¢t) = ¢ for all ¢ > 0 in Corollary 2.9, then we obtain Theorem 5.3
of Matthews [17].

If we take F(s,t) = ﬁ for » > 0 in the Theorem 2.2, then we obtain the following

result.

Corollary 2.11 Let (X,p) be a complete partial metric space. Let T: X — X be a mapping
satisfying the inequality

2! (J), y)

(0 (p(Tl"’ TZ/)) < m’

for all z,y € X, where r > 0 and 01(x,y) and 1 are as in Theorem 2.2. Then T has a unique
fixed point in X.

Theorem 2.12 Let T and f be two self-maps on a complete partial metric space X satisfying
the inequality

o (p(T2, 7)) < F(v (Mi(z.p)), 0 (M(e,)) ). (2.28)
where

M (a,) = max {p(fz. fu). (. Ta), Zp(F To) + w9, T},

and

My(a,y) = min {p(f, Tx).p(Fy, Ty) |

forall z,y € X, where F € C and ¢ € V. If T(X) C f(X) and f(X) is a complete subspace of
X, then T and f have a coincidence fized point.

Proof Let zg € X and choose a point z; in X such that Txg = fx1,...,Txn = fTnt1.
Then, from (2.28) and (pm4), we get

U(plfan ) = O (p(Tano1 Tan)
F(u) (Ml(xn_l, xn)) : ¢(M2(xn_1, :cn))) (2.29)

IN
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where
My r,z) = mas {p(Fan 1, foa) p(fons, Ton ), g P01, o)
+p(fn Tan-1)]}
= s { (a1, fra) p(Fan 1, F0), 301, fns)
+p(fan, foa)l |
= max {p(fra 1, fra) p(Fn s, Fn), GIp(Fan 1, f)
+D(f s fni1) = PUfns Fon) + p(Fan, foa)]}
= p(fon-1, fzn), (2.30)
and

MQ(xnfla xn) = min {p(fxnfla Txn71)>p(fxn7 Tmn)}

= min {p(fa 1, f20), p(F0, frnin) |
= p(frn-1,fzn). (2.31)

From equation (2.29)-(2.31), we get

U(plfan frar)) < F(0(pUramss f2n) 0 (p(Fraos, f20))
"/J(p(fxnfhfxn))- (2.32)

IN

Hence, we have
p(fn, fnt1) < p(fon—1, fon).
It follows that the sequence {p(fzn, fxn+1)} is monotonically decreasing. Hence
p(fTn, frni1) = 0asn — oo. (2.33)

Now, we shall show that {fz,} is a Cauchy sequence in X. As in Theorem 2.2, we can
easily show that {fz,} is a Cauchy sequence in X. Thus, by Lemma 1.13 this sequence will also
Cauchy in (X,dp). In addition, since (X, p) is complete, (X,d,) is also complete. Thus there
exists u € X such that z, - u = fz, — fuas n — oo, since f(X) is a complete subspace of
X. Moreover, by Lemma 1.14

p(fu, fu) = nh_{gop(fua fan) = n}'ilrgoop(fxna frm) =0, (2.34)

implies
nh_}n;o dp(fu, fx,) =0. (2.35)
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Now, we show that u is a coincidence point of 7 and f. Notice that due to (2.34), we have

p(fu, fu) = 0. Putting = x,,—1 and y = u in equation (2.28), we obtain

U(p(fanTw)) = ¥ (p(Tanor, Tu))
< (000 (01, 0) 0 (Ma(wnor, ) ) GO (@ar ), (236)

where

Mi(zp—1,u) = max {p(fxn—h fu),p(frn—1,Twn-1), i[p(fl“n—la Tu) + p(fu, Tﬂ?n—l)]}

[p(f2n-1,Tu) +p(fu, faa)] ). (2:37)

= max{p(fxn_1,fU),p(fmn—l»fl’n)’i

On letting n — 400 in equation (2.37), using (2.34) and Lemma 1.14, we obtain

My (21, u) — M. (2.38)

On letting n — 400 in equation (2.36), using (2.38) and Lemma 1.14, we obtain

p(fu, T“)). (2.39)

o (p(fu, Tu)) < v (B

The above inequality is possible only if p(fu, Tu) = 0. Thus fu = Tu. This shows that u is a
coincidence point of 7 and f, that is, fu = u = Tu. This completes the proof. O

§3. Illustrations

Example 3.1 Let X = R and defined p: X? — R* by p(x,y) = max{x,y} for all x,y € X.
Then p is a partial metric on X and (X,p) is a partial metric space. Let 7: X — X be
defined by 7(z) = % and ¢(t) = t for all ¢ > 0, where 1: [0,00) — [0,00) is continuous and
non-decreasing function. Without loss of generality we assume that > y. Then, choosing

Jc:landy:%,wehave

p(z,y) = max{z,y} = =,
Wra T - (32} %
P, T2) = max{z,2}=u,
Py, Ty) = maX{y,%}:y,
P, Ty) = max{e,Z} =z,
ply, Te) = maX{y,$}=y,
O(e,y) = max {p(e, ), 9, To), 7lp(e, Ty) +plo, To)]}
_ max{x,x,i(x-i-y)}:x,



60 G. S. Saluja

O2(x,y) = min{p(z,Tz),p(y, Ty)} = min{z,y} =y
Result Analysis

(1) Now, consider the equation (2.27), we have

o(p(T@), Tw)) = (%)=

IA
=
&

|
=
s

I
8

|
&

or

RS
IN
8
I
<

Putting x =1 and y = %, we have

1

1 1
S<1-Z=2,
7S 2 2

which is true. Thus T satisfies all the hypothesis of Corollary 2.7. Hence, by applying Corollary
2.7, T has a unique fixed point. It is seen that 0 € X is the unique fixed point of T.

(2) Consider the inequality (2.27), we have

<kz

~| 8

or

k>

| =

If we take 0 < k < 1, then T satisfies all the hypothesis of Corollary 2.3 or Corollary 2.8. Hence,
by applying Corollary 2.3, T has a unique fixed point. It is seen that 0 € X is the unique fixed
point of 7.

(3) Consider the inequality (2.27), we have

<kz

|8

or
1
k>—.
-7

If we take 0 < k < 1, then T satisfies all the hypothesis of Corollary 2.5. Hence, by applying
Corollary 2.5, 7 has a unique fixed point. It is seen that 0 € X is the unique fixed point of 7.

(4) Consider the inequality (2.28), we have

0(3) =2 <v@) =o
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or

<1

~|

which is true. Thus, 7 satisfies all the hypothesis of Corollary 2.9. Hence, by applying Corollary
2.9, T has a unique fixed point. It is seen that 0 € X is the unique fixed point of 7.

(5) Consider the inequality (2.28) and taking r = 1, we have

¢(;):§S 1—518—30'

Putting x = 1, we get

1 1
< ==
141

)

ENTIe

which is true. Thus, 7 satisfies all the hypothesis of Corollary 2.11. Hence, by applying
Corollary 2.11, 7 has a unique fixed point. It is seen that 0 € X is the unique fixed point of T.

Example 3.2 Let X ={1,2,3,4} and p: X x X — R be defined by

|$ - y| + max{a:,y}, if 7é Y,
p(z,y) = z, ifr=y#1,
0, ifr=y=1,

for all ,y € X. Then (X,p) is a complete partial metric space.
Define the mapping 7: X — X by

TA)=1,T@2) =1, T(3) =2, TA4) =2.

Now, we have

PT(),T(2) =p(1,1) =0 < 5.3 = (1,2,
P(T(),T@) =p(1,2) =3 < 55 = 2p(1,3),
P(T(), T(1) = p(1,2) =3 < 5.7 = p(1,),
PT(E),T(3) =p(1,2) =3 < 54 = 5p(2.3),
PT(),T() = p(1,2) =3 < 1.6 = 5p(2,4),
PTE),T(1) = p(2,2) =2 < 5.5 = 5p(3,0).

Thus, T satisfies all the conditions of Corollary 2.3 and Corollary 2.8 with k = % < 1. Now, by
applying Corollary 2.3, 7 has a unique fixed point, which in this case is 1.

Example 3.3 Let X = {0,1,2,3,...}. Define p: X x X — R as p(x,y) = max{z,y} with
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T,f: X = X be defined respectively as follows: f(x) =z for all x € X and

x—1, if z#0,

T(x) =
0, ifx=0.

Clearly (X,p) is a partial metric space. Define the mapping : [0,4+0c0) — [0,+00) by
Y(t) =t for all ¢ > 0 and taking F(s,t) = s —t. Now, let z < y. Then choose = = % and

y =1, we have p(Txz, Ty) =y—1, p(fz, fy) =y, o(fz, Tx) =z, p(fy, Ty) =y, p(fz, Ty) = x,
p(fy, Tx) =y and

M(z,y) = maX{p(frc,fy),p(fxyTx)»i[p(fxfy)+p(fy7Tfr)]}

1
= max{%m,z(x—i—y)}:y,

My(z,y) = min {p(fw,Tw)m(fy,Ty)}

= min {x,y} = .
Now, we have

p(Tx, Ty)=y—1<y—ux.

Putting = = § and y = 1 in the above inequality, we get

0<1 1_1
= 22

The above inequality holds good. Thus 7 and f have the properties mentioned in Theorem
2.12. Hence the conditions of Theorem 2.12 are satisfied. Here it is seen that 0 is the point of
coincidence of 7 and f, that is, f(z) = 0= T'(x).

84. Applications

As an application of our results, we introduce some fixed point theorems of integral type. Denote
® the set of functions ¢: [0,4+00) — [0, +00) satisfying the following hypothesis

(H1) ¢ is a Lebesgue-integrable mapping on each compact subset of [0, 4+00);

(H2) for any & > 0 we have [ ¢(s)ds > 0.

Now, we have the following results.

Corollary 4.1 Let (X,p) be a complete partial metric space. Let T: X — X be a mapping.
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Suppose that there exists 0 < k < 1 such that for ¢ € ®, we have

p(Tz,Ty) p(z,y)
/ o(s)ds <k / ¢(s)ds (4.1)
0 0

forall x,y € X. Then T has a unique fixed point.

Proof Follows from Corollary 2.3 or Corollary 2.8 by taking

t:/o o(s)ds. (4.2)

This completes the proof. O

Remark 4.2 Corollary 4.1 extends Theorem 2.1 of Branciari [8] from complete metric space

to the setting of complete partial metric space.

Corollary 4.3 Let (X,p) be a complete partial metric space. Let T: X — X be a mapping.
Suppose that there exists 0 < k < 1 such that for ¢ € ®, we have

1

p(T=,Ty) max {p(my),p(r»’fr),z [p(ryTpr(y,Tr)] }
/ o(s)ds <k /
0 0

o(s)ds (4.3)
for allz,y € X. Then T has a unique fized point.

Proof Follows from Corollary 2.5 by taking

t:/o o(s)ds. (4.4)

This completes the proof. O

85. Conclusion

In this article, we establish a unique fixed point theorem and a coincidence point theorem under
generalized 1-weak contractive mappings in the framework of complete partial metric spaces
and give some examples in support of our results. As application of our results, we obtain some
fixed point theorems for mappings satisfying contractive condition of integral type. Our results

extend, generalize and modify several results from the existing literature.
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