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On the Eccentric Sequence of Composite Graphs
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Abstract: The eccentric sequence of a graph is defined as list of eccentricity of its vertices.
Eccentric sequence of composite graphs under seven graph products: line graph, sum, carte-
sian product, disjunction, symmetric difference, lexicographic product and corona product
is investigated. Also some family of non vertex transitive graphs that are self centered are
determined as product of graphs. It is proved that for any positive integer d, there is an
infinite family of non-vertex transitive self centered graphs with diameter d. The relation

between total eccentricity of a tree and total eccentricity of its line graph is given.
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81. Introduction

We consider only simple connected graphs in this paper. Let G = (V(G), E(G)) be a graph and
u, v be two vertices of G. The distance between u and v, dg(u,v) (simply d(u,v)) is the length
of shortest path connecting u and v. For a vertex v € V(G), the eccentricity of v, eg(v) is the
maximum distance from v to other vertices in G. The maximum and the minimum eccentricity
among all vertices of G are called diameter diam(G) and radius rad(G) of G respectively. The
center of G, C(G) is the set of vertices whose eccentricity is equal to rad(G). A graph G is
called self centered if all of its vertices have a same eccentricity. Let V(G) = {v1, ve, -+ ,v,}
be the vertex set of G. Fccentric sequence of G is the sequence €1, €9, -+ ,&, where &; is
the eccentricity of vertex v;. The minimum eccentric sequence of G, es(G) is the sequence
{5’_{1, 532, cee sfj} where €1, €9 --- , ¢y are the different eccentricities of vertices and ¢; denotes
the number of vertices with eccentricity ; and more over €;417 = ¢, +1 for 1 < ¢ < k — 1.
Note that 1 = rad(G) and ¢, = diam(G). Eccentric sequence is interesting since it provides
information on the vertex eccentricities and some structural properties of the graph such as
diameter, radius and variability of vertex eccentricities. Call a sequence of positive integer
eccentric if it is eccentric sequence of a graph. In a series of papers several properties of
eccentric sequences are studied. For instance see surveys [3, 7, 11, 14, 17]. Characterization of
eccentric sequences of graphs was first considered by Lesniak [11] who characterized sequences

which are the eccentricity sequences of trees.
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Study of graph invariants specially topological indices under graph products is very in-
terested in mathematical literature. Some properties and application are reported in surveys
[1, 2,4 C6,8C 10, 12, 15, 18]. In this paper, we study the eccentric sequence of composite
graphs. We obtain explicit formulas of eccentric sequence for some graph product such as: line
graph, sum, cartesian product, disjunction, symmetric difference, lexicographic product and
corona product. Two important topological indices based on eccentricity of vertices are the
total eccentricity and eccentric connectivity index. The total eccentricity of a graph G, £(G) is
the sum of eccentricities of its vertices. Clearly, if

es(G) = {el' - ey

then,
k
€G) = tie(v).
i=1

The eccentric connectivity index of graph G, ECI(G), introduced by Sharma et al. [16], is
defined as
ECI(G) = Z e(v)deg(v),
veV(G)

where deg(v) denotes degree of vertex v. These topological indices have been used as mathe-
matical models for the prediction of biological activities of diverse nature. The automorphism
group of G is denoted with Aut(G). A graph is called vertex transitive if for any pair of vertices
u and v, there is an automorphism « such that a(u) = v. It is known that an automorphism
of a graph preserve the distance function. It follows that vertex-transitive graphs are always

regular and self centered graph.

In this paper we construct an infinite family of non-vertex transitive graphs which are
self centered. In the rest of the section, some standard graph products are introduced, then
eccentric sequence of graphs under these graph products is verified. First, we start with line
graph. Line graph of G, L(G) is a graph which each vertex of L(G) is associated with an edge
of G and two vertices in L(G) is adjacent if and only if the corresponding edges of G have
an end vertex in common. The sum of two graphs G; and G2, G; + G2 is defined as the
graph with the vertex set V (G1) UV (G2) and the edge set E (G + G2) = E(G1) UE (G2) U
{urug |us € V(G1),uz € V(G2) }. The next binary graph product is cartesian product. The
Cartesian product G100G> is the graph with vertex set V(G1) x V(G2) and (u1, uz) is adjacent
to (v1,v2) if ug = vy and (ugv2) € E(G2), or us = ve and (ujv1) € E(Gy).

The disjunction Gy V G is the graph with vertex set V/(G1) x V(G2) and
FE (Gl \Y Gg) = {(ul, U2)(U1,U2) |U1’U1 S E(Gl) Or UV € E(Gg) }

For given graphs Gy and Gz, their symmetric difference G1 @ G2 is the graph with vertex
set V(G1)x V(G2) and two vertices (u1,us2) and (v1, v2) are adjacent if and only if uyv; € E(G1)
or ugvy € E(G2)

The diameter of disjunction and symmetric difference of two graphs when both of them
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contain more than one vertex do not exceed of 2. The next binary operation is the lexicographic
product. The lexicographic product of two graphs G and G, G1 [G2] is the graph with vertex
set V(G1) x V(G2) and two vertices u = (u1,uz) and v = (vi,v2) are adjacent if (up is
adjacent with v1) or (u3 = v1 and ug and vy are adjacent).The operations sum, disjunction and
symmetric difference are symmetric operation and this fact implies that they have symmetric
eccentric sequence. But the lexicographic product do not have such property. Let n;, i = 1,2
denotes the order of G;. The corona product of two graphs is denoted by (G1 0G5 and is obtained
from one copy of G; and n; copies of G2, and then joining all vertices of the i-th copy of G4 to
the i-th vertex of G; for i = 1,2,--- ,ny. In [13], application of coronas in chemical modeling

was reported.

§2. Main Result

In this section, explicit formulas for eccentric sequence of some composite graphs is given.

2.1 Line Graph of Trees

Eccentric sequence of line graph of a tree can be determined by its eccentric sequence. We

present a relation between of total eccentricity of a tree and total eccentricity of its line graph.

Theorem 2.1 Let T be a tree with rad(T) =r. If es(T) = {r"™, (r+1)™,--- ,(2r)""}, then

eccentric sequence of L(T') is obtained as

0™ (r 1), (20 — 1)) if O(T) = K,

es(L(T)) =
( ( )) {(r—l)l,Tnl,"'7(2T—2)7“*1} ZfC(T):Kg

where n. > 0 and for 0 < i <r—1,n; > 1.

Proof We must to consider two cases.
Case 1. C(T)=K;.

Let p be the unique central vertex. Let N;(p) = {v € V(T')|d(p,v) = i}. Since T is a tree,
for a vertex u € N;(p), er(u) = i+r. Also there is a unique vertex v € N;_1(p) that is adjacent
to u. Now consider the bijection f : V(T) — {p} — E(T), if u € N;(p), i > 1, then f(u) = uv
where v € N;_1(p). For a vertex u € N;(p), we have er(u) = +1i and erp)(f(u)) =r+i—1.
Thus if

GS(T) = {7,1’ (T‘ + 1)n17 B (2T)RT}7

the eccentric sequence of L(T) is obtained as

es(L(T)) ={r", (r+1)",...,(2r — )" }.

Case 2. (C(T) = K.
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Let p; and po be two adjacent central vertices of T'. It is easy to see e (p)(p1p2) =7 — 1.
Let T—{p1p2} = T1UT, which p; € T for j = 1,2. Clearly if u € T}, clearly e(u) = r+d(u, p;).
By a similar argument to Case 1, if u € N;(P;) NTj, j = 1,2, then there is a unique vertex v €
N;_1(P;) that wv € E(T). Thus we get again a bijection f : V(T') — {p1,p2} — E(T) — {p1p2}.
Also if uw € N;(P;) NTj, then epry(f(u)) = er(u) — 1. This implies that if

es(T) = {12, (r+ 1) -+, (2 — )"},

then
es(L(T)) = {(r — DY, ()™, - (2r — 2)" 1}, -

Corollary 2.2 Let T be a tree. L(T) is self centered graph if and only if T is a star graph.

Proof Clearly the line graph of a star graph is complete graph and then is self centered.
Let T be a tree of order n and rad(T) = r. If L(T) is self center graph, by Theorem 2.1,
eccentric sequence of T has form es(T) = {(r — 1)~} or {r!, (r + 1)"~2}. This means that
the variability of eccentricity in T" is 1 or 2. Since T is a tree, this implies that rad(T) = 1 and
the proof is completed. O

Corollary 2.3 Let T be a tree of order n and radius r. Then

ET)=¢&¢L(T))+n+r—1.

Proof We consider two cases with respect to es(T) and es(L(T)).
Case 1. GS(T) = {Tlv (T + 1)77,17 Tty (27«)7%} and SS(L(T)) = {Tnlv (T + 1)77,27 Tty (2T - 1)nT}
By a straight calculation we get

g(T)—g(L(T)):T—FZni:r—l—n—l.

i=1
Case 2. es(T)={r?, (r+1)™,---,(2r—1)"1} and es(L(T)) = {r — 1}, (r)", -+, (2r—
2)nr-1y,
Again, in this case a same result is obtained as well.

r—1
f(T)—f(L(T)):27”—(7"—1)4—2711-:T+1—|—n—2:n—|—r—1. |
i=1

2.2 Sum

Theorem 2.4 Let Gy and G2 be simple connected graphs. Then,

es(G1 +G2) — {101-‘:-02727114-"2—01—02}7
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where ¢; is the number of vertices of eccentricity 1 in G; and n; is the number of vertices of
Gy 1=1,2.

Proof It is not difficult to see that diam(G; + G2) < 2. For vertex x € V(G;) we have
€ac,+6,(x) = 1 if and only if eg,(z) = 1. Let ¢; denotes the number vertices of eccentricity

1in Gy, i = 1,2. Then the eccentric sequence of G + Gs is obtained as es(G1 + G3) =
{161+62, 2n1+n2761762}. O

The eccentric sequence of sum of more than two graphs can be obtained by a reasoning

similar to the above.

Corollary 2.5 Let G1,Gs, - ,Gy be simple connected graphs. Then
es(G1 + G2 4+ .. 4 Gk) — {125:1 C'L, 22?:1 m—cl'},

where ¢; is the number of vertices of eccentricity 1 (or 0) in G; and n; is the number of vertices

of Gi; 1=1,2,---n.

Corollary 2.6 For any integer n > b, there is a self centered graph and non vertexr transitive

of diameter 2 and order n.

Proof Tt is sufficient to consider the complete bipartite graph Ky ,,—o = Ko+ K, _o. O

2.3 Cartesian Product

Theorem 2.7 Let es(G1) = {111, e2%2,--+, g%} and es(Ga) = {6:°, 62°%,--+, ,°"}.
Then,
68(G1|:|G2) = {(El + 5j)tisj}

1<igk, 1<5<m.

Proof It is known that dg,ng, ((z,v), (v,v)) = dg,(z,u) + dg,(y,v), this implies that
€G,0G» (‘Tv y) = &G (‘T) +e€a, (y)
Let m; and n; be the number of vertices of eccentricity e; and 6; in G; and G re-

spectively. Then, m;n; vertices of Gi0G> have eccentricity ¢; + d;. Therefore es(G10G2) =
{(Ei + 5j)tisj} . O
1<i<k, 1<j<m

Corollary 2.8 There are infinite family of non-vertex transitive self centered graph.

Proof 1t is sufficient to consider the powers of a non-vertex transitive self centered graph

such as K, , where m # n and m,n > 2. O

2.4 Disjunction

First note that if G = K7 then GV H = H and G & H = H as well. Therefore the considered
graph for these two graph products are except Kj.
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Theorem 2.9 Let Gy # K1 # Gs. Then
es(Gl V Gg) = {1‘31627 2”1712*61@}

where c; is the number of vertices of eccentricity 1 in G; and n; is the number of vertices of

Gi; i=1,2.

Proof Let (x,y) and (u,v) be two vertices of G1 VGs and zz’ € E(G;) and vv’ € E(G»).
Since (z,y) and (u,v) both are adjacent to (z’,v’) then d((z,y), (u,v)) < 2. Therefore for each
vertex (z,y) € Gy V Gz, we have eg,va,(@,y) < 2. If e, (x) > 1, and dg, (z,y) > 2 then
d((z,u), (y,u)) = 2. Hence, eg,va,(x,y) = 1 if and only if e, () = 1 = e¢,(y). Let ¢; vertices
of GG; are of eccentricity 1 for ¢ = 1,2. Then c;co vertices of (G1 V G5 have eccentricity 1 and the
other vertices are of eccentricity 2. This implies that es(G1 V Gg) = {191¢2,2mn2—c1c2 O

Corollary 2.10 Let G1 and G2 be two graphs of radius at least 2. Then Gy V G2 is a self
centered graph and es(G1 V Gg) = {2™"2},

2.5 Symmetric Difference

Lemma 2.11(]9]) Let G1 and G2 be two simple connected graphs. The number of vertices
of G; is denoted by n; for i = 1,2. Then dege,ec,((u,v)) = nadega, (u) + nidega,(v) —
2dega, (u)dega, (v).

Theorem 2.12 Let Gy # Ky # Ga2. Then es(G1 & Gy) = {2M"2}.

Proof Let (x,y) and (u,v) be two vertices of G1 V Gz and z2’ € E(G;) and vv' € E(Ga2).
Since (z,y) and (u,v) are adjacent to (x,v") then d((x,y), (u,v)) < 2. On the other hand,
(z,y) and (2',v") are not adjacent in G1 ® G3. Therefore each vertex (z,y) € G1 ® G2 we have
€G,06,(¢,y) = 2. This concludes that es(Gy @ G2) = {2™"2}. 0

Corollary 2.13 For any positive integer d there is an infinite family of non vertex transitive

graphs which are self centered with diameter d.

Proof Let @leGi =G ®G2® - ®Gy. For any positive integers n, k > 3, let G, =
@F | P,. Using Lemma 2.11 and Theorem 2.12 we get that G, ) is a self centered graph of
diameter 2 and it is non vertex transitive because it is not regular. Now consider the graph
Hy kg = Gn kOC34—2) which is self center graph of diameter d. Since G, is not regular
graph then H, j 4 is not regular and consequently is not vertex transitive graph as well. Clearly
diameter of Hy, 4 is d and the proof is completed. O

2.6 Lexicographic Product

For the lexicographic product of graphs, the distance of pair vertices is determined by the

following lemma.
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Lemma 2.14([9]) The distance of pair vertices in G1[G2] is

dGI(U17U2) U1 = V2
dG1[Gz] ((ulvvl)a (U‘Qa UQ)) = 1 Ul = U2,V102 € E(GQ)

2 otherwise

Therefore, the eccentricity of vertex (u,v) € V(G1[Gz]) is determined by

1 if £G4 (’U,) = €@, (1)) =1
e(u,v) =42 ifeg,(u) =1 and eg,(v) > 2

eq,(u) ife(u) =2
Now, all conditions are ready to obtain the eccentric sequence of G1[G2].

Theorem 2.15 Let es(Gy) = {e¥',...,el¥} and n; and c;, i = 1,2 be the order and the number

of vertices of eccentricity 1 of G; respectively. Then

es(Gl[Gg]) — {10102, 2C1(n2—02)+t2n2,€g3n2, . ,&_anz .

2.7 Corona
Remark 2.16 If Gy = K1, then G10Gy = K1 + G5 and

es(G10Gy) = {1112 gna—ez}

Theorem 2.17 Let G1 # K1 and es(G1) = {afi}le. Then

_ t1 _to+noty _tz+nots tptnatp—1 _noty
es(G10Gsy) = {52 ,E5 €4 et S Epas s
where ng = |V(G2)| and €41 = &; + 1.

Proof Let V(G1) = {v1, v2,..., v} and Gg; be the copy of Gy associated to v;. From
the structure of corona product of graphs one can see that eg,0G,(vi) = €, (vi) + 1 and if
x € V(G2i), €Gi065(T) =g, (v;) +2,1 < i< n. Then for x € V(G10G3),

ea=ec1+1<e(x) <ep+2=ckio.

Let v be a central vertex of G; and e¢, (v) = €1, then ¢, 06, (v) = €1+ 1 = e2. This follows that
center of (G coincides center of G10G>. For i > 2, the set of vertices of G; having eccentricity
¢; and the vertices of G, which e(V}) = &;_1 are of eccentricity ;41 in G10G2. Thus for i > 2,

the number of vertices that have eccentricity ;41 is t; + nat;—1. The proof is completed. O
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§3. Examples and Concluding Remarks

In this section, our theorems for eccentric sequence are illustrated for several more particular

composite graphs. We first give the expressions for suspensions.
Corollary 2.18 Let G be a graph on n vertices. Then

es(Ky 4+ G) = {1¢1 2n=c1,
where ¢ is the number of vertices of eccentricity 1 in G.

Next, the eccentric sequence for the fan graph K; + P, and the wheel graph W,, = K1 +C,

are presented by

Corollary 2.19 For the fan graph K1 + P, and the wheel graph W, = K1 + C,,

{17} ifn=1,

3 I
es(Ky + P,) = {r} ifn=2
{12,22}  ifn=3,
12"} ifn>4

and
4 e
es(W,) = {1} ifn=3

{11,2"}  ifn>4.

By composing paths and cycles with various small graphs, we can obtain different classes
of polymer like graphs. For example, we state the eccentric sequence for the fence graph P, [K3]

and the closed fence C,,[K>3] in the following conclusion.

Corollary 2.20 For the fence graph P,[Ks] and the closed fence Cy,[Ks],

{17} ifn=1,
{11} ifn =2,

P,|Ks5)|) =
es(FnlHz]) (12,24 ifn=3,

{221527 32753, . kztk} ifn >4,

where es(Py,) = {2%2,3% ... k'x} forn >4 and

{1%} ifn =3,
es(Cr[Ka]) =
{5}y ifn>4

The t-thorny graph of a given graph G is obtained as GoK,,, where K,, denotes the empty

graph on n vertices. For the t-thorny path and t-thorny cycle we get the following eccentric
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sequence.

Corollary 2.21 For the t-thorny graph P,oK;,
{1124} n=1,

es(PpoK,) = ¢ {22,320} n=2,
(21,3042 420} =3,

If n > 4 and it is even

eS(PnOKt) _ {(g + 1)2, (g + 2)2t+2, . ,n2t+27 (n+ 1)215}

and if n =5 and it is odd then

n+1
2

n+1
2

_ +1
es(PnoKt) _ {( 1)t+2, (nT + 2)2154r27 . 7n2t+2, (n 4 1)21&}.

) (
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