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Abstract: A function f is called an F-centroidal mean labeling of a graph G(V, E) with p

vertices and ¢ edges if f: V(G) — {1,2,3,--- ,q + 1} is injective and the induced function
i E(G) —{1,2,3,--- ,q} defined as

2 [f()? + f(u)f(v) + f(v)2]J
3 [f(u) + f(v)] ’

for all wv € E(G), is bijective. A graph that admits an F-centroidal mean labeling is called

F) = |

an F-centroidal mean graph. In this paper, we have discussed the F-centroidal meanness of
the graph P, (X1, X2, - X»), the twig graph TW (Py), the graph P, oSy, for m < 4, planar
grid Py, x P, for m < 3, the ladder graph L., the graph P, o Ko, the graph P’ for a > 2
and b < 3, the middle graph of the path, total graph of the path and the square graph of
the path, the splitting graph of the path and the graph P(1,2,--- ,n —1).

Key Words: Labeling, F-centroidal mean labeling, F-centroidal mean graph, Smaran-

dachely F-centroidal mean labeling.
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§1. Introduction

Throughout this paper, by a graph we mean a finite, undirected and simple graph. Let G(V, E)
be a graph with p vertices and ¢ edges. For notations and terminology, we follow [8]. For a
detailed survey on graph labeling, we refer [7].

Path on n vertices is denoted by P,. The graph P, (X1, Xs,...X,,), is a tree obtained
from a path on n vertices by attaching X; pendent vertices at each i*" vertex of the path, for
1 <i<n. A Twig TW(P,),n > 4 is a graph obtained from a path by attaching exactly two
pendant vertices to each internal vertices of the path P,. The graph G o S, is obtained from G
by attaching m pendant vertices to each vertex of G. Let G; and G2 be any two graphs with
p1 and po vertices respectively. Then the Cartesian product G; X G2 has pips vertices which
are {(u,v) : u € G1,v € G2} and the edges are obtained as follows: (u1,v1) and (ug,v2) are

adjacent in GG1 X G4 if either u; = us and vy and v are adjacent in G5 or u; and us are adjacent
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in G; and v; = vy. The product P, x P, and is called a planar grid and P, x P, is called a
ladder, denoted by L,,.

Let a and b be integers such that ¢ > 2 and b > 2. Let y1,¥2,...y, be the 'a’ fixed
vertices. Connect y; and y;4+1 by means of b internally disjoint paths Pz-j of length i + 1’ each,
for 1 <i<a—1and1<j<b. The resulting graph embedded in the plane is denoted by P?.
The middle graph M (G) of a graph G is the graph whose vertex set is {v : v € V(G)} U {e :
e € E(G)} and the edge set is {ejes : e1,e2 € E(G) and e; and ey are adjacent edges of
G}U{ve:v € V(GQ),e € E(G) and e is incident with v}. The total graph T(G) of a graph G is
the graph whose vertex set is V(G) U E(G) and two vertices are adjacent if and only if either
they are adjacent vertices of G or adjacent edges of G or one is a vertex of G and the other
one is an edge incident on it. Square of a graph G, denoted by G2, has the vertex set as in G
and two vertices are adjacent in G? if they are at a distance either 1 or 2 apart in G. For each
vertex v of the graph G, take a new vertex v’ to these vertices of G adjacent to v. The graph
thus obtained is called the splitting graph G and it is denoted by S’'(G). An arbitrary super
subdivision P(my,ms,--- ,m,_1) of a path P, is a graph obtained by replacing each i*" edge
of P, by identifying its end vertices of the edge with a partition of K> ,,, having 2 elements,
where m; is any positive integer.

Durai Baskar and Arockiaraj defined the F-harmonic mean labeling [6] and discussed its
meanness of some standard graphs. The concept of F-geometric mean labeling was introduced
by Durai Baskar and Arockiaraj [5] and it was developed [4]. The concept of F-root square
mean labeling was introduced by Arockiaraj et al., [1] and they studied the F-root square
mean labeling of some standard graphs [2]. Durai Baskar and Manivannan were introduced
F-heronian mean labeling [3]. Motivated by the works of so many authors in the area of graph
labeling, we introduced a new type of labeling called an F-centroidal mean labeling.

A function f is called an F-centroidal mean labeling of a graph G(V, E) with p vertices
and q edges if f: V(G) — {1,2,3,---,¢+ 1} is injective and the induced function f* : E(G) —
{1,2,3,--- ,q} defined by

RO O LT OLORICal )

3 [f(w) + f(v)]

for all wv € E(G), is bijective. Otherwise, it is called a Smarandachely F-centroidal mean
labeling of G if there is a number k € {1,2,3,- -, ¢} such that the inverse f~* of f* holds with
|f~*(k)] > 2. A graph that admits an F-centroidal mean labeling is called an F-centroidal
mean graph.

An F-centroidal mean labeling of cycle Cy is given in Figure 1.

2 3 )

1 2 4

Figure 1 An F-centroidal mean labeling labeling of C}
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In this paper, we have discussed the F-centroidal meanness of the graph P, (X1, Xa,--- X,,),
the twig graph TW(P,), the graph P, o S,, for m < 4, planar grid P,, x P, for m < 3, the
ladder graph L,, the graph P, o Ko, the graph P? for a > 2 and b < 3, the middle graph of the
path, total graph of the path and the square graph of the path, the splitting graph of the path
and the graph P(1,2,--- ,n —1).

82. Main Results

Theorem 2.1 The graph P, (X1, Xs, -+ X,,) is an F-centroidal mean graph, for 1 < X; <3
and | X; — Xi1| <1, for 1 <i<n-—1.

Proof Let uy,us, -+ ,u, be the vertices of the path P,. Let vgl),vZ@, e ,vgxi) be the
pendant vertices attached at u;, for 1 <7 < n.

Define f: V(P (X1, X2, -+ Xy)) — {1,2,3,---, > X, + n} as follows:
i=1

f(v(l)) _ 27 Xl - 17
’ 1, Xi#1.
For 2 <i <mn,
i—1
ZXk+i7 Xi:2737

1)y _ -
f(v; ) = 5_11
S Xk +i+1, X, =

k=1

For 1 <i<n,
PR RGO
' FOM)+3, X, =3andj=3
and
f( ) f(v'L(l))+15 X’Li2537
;) =
fe)—1, X, =

Then the induced edge labeling f* is obtained as follows:

For1<i<n-—1,

and f*(v§1)u1) =1.
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For 1 <i <n,

f*(vgl)u ) = f(vl(l)) + 1’ XZ = 27 37
' f(vgl)) -1, X; =
and
f*(vgj)u )= flus), X, =23 and j =2,

flu) +1, X;=3and j=3.

Hence f is an F-centroidal mean labeling of P, (X1, Xa, - - - X},). Thus the graph P, (X1, Xa, -+ X,,)
is an F-centroidal mean graph, for 1 < X; <3 and |X; — X;11| < 1,for 1 <i<n-—1. O

2 3 5 ¢ [ g 10 11 13 15 17 19 21

—
w
W~

=

11 12 14 15 16 18 19 20 22

Figure 2 An F-centroidal mean labeling of P,(2,2,1,2,3,3,2)

Corollary 2.2 The twig graph TW (P,) of the path P, is an F-centroidal mean graph, for
n > 4.

Theorem 2.3 The graph P, oSy, is an F-centroidal mean graph, for n > 1 and m < 4.

Proof Let vy,v2,v3, -+ ,v, be the vertices of the path P, and ugi),uéi),ug), . ,usy? be
the pendant vertices at each v;, for 1 <7 < n.

Case 1. m =4.

Define f : V(P, 0Sy) — {1,2,3,...,5n} as follows:

flv1) =2,

fv;)) =5i—2, for 1 <i<n,
f’)y =1,
Fl?y =5i -5, for2 <i<n,
Flug) =3,
Fs?)y =5i -3, for 2 <i<n,
Ful?) =5i—1, for 1 <i<n,
FWSy=5i41, for1<i<n-—1,
fuf) = 5n.
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Then the induced edge labeling f* is obtained as follows:

fr(vivigr) = 5i, for 1 <i<n-—1,
f*(viugi)) =5i—4, for1 <i<n,
f*(viuéi)) =5i—3, for1 <i<n,
f*(viugi)) =5i—2, for1<i<n
f*(viuff)) =5i—1, for1 <i<n.

Case 2. 1<m<3.

By Theorem 2.1, the results follows in this case.

Hence f is an F-centroidal mean labeling of P, 0 S;,, for n > 1 and m < 4. Thus the graph
P, 0 S, is an F-centroidal mean graph, for n > 1 and m < 4. O

2 5 8 10 13 15 18
16 19
6 9 11 14 f
2 7/ 8 12/ \i3 1
L sy 65 - 9 11 10 12 14 16 5 17 19 20

Figure 3 An F-centroidal mean labeling of Py o .Sy

Theorem 2.4 The planar grid P, x P,, is an F-centroidal mean graph, for m < 3 and n > 2.

Proof Let V(P x Pp) ={vi; : 1 <i<m, 1 <j <n}and E(Py x P,) = {vijvi41); :
1<i<m—1, 1<j <npU{vj vy 1 <i<m, 1 <j <n—1} be the vertex set and edge
set of the graph P, x P,.

Case 1. m=2.
Define f : V(P x P,) — {1,2,3,---,3n — 1} as follows:
fuij)=i4+3(G—1), for1<i<2and1<j<n.
Then the induced edge labeling f* is obtained as follows:

[*(vijvej) =35 =2, for 1 <i<mn,
F (ijvig4n) =i+3j—2, for 1<i<2and 1< j<n-—1.

Case 2. m = 3.
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Define f: V(P x P,) — {1,2,3,---,5n — 2} as follows:

f(vi) =1, for 1 <i<3,
144, i=1,
fvi2) = ) .
i+ 9, 2<i <3,

fvij)=i4+5(G—1), for1<i<3and 3<j<n.
Then the induced edge labeling f* is obtained as follows:

frwavipy) =i, for 1 <i <2,
f*(vﬂvig) = Z+ 2, fOI‘ 1 S 7 S 3,

2 +3(j — 1),

1+5(—1),

1<i<2andj=2,
[T (vijvirny;) =
1<i<2and3<j<mn,

[ (vijvig41)) =1+5j =3, for 1 <i<3and2<j<n-—1

Hence the graph P,, x P, admits an F-centroidal mean labeling. Thus the graph P,, x P, is
an F-centroidal meangraph for m < 3.

For n = 2, an F-centroidal mean labeling of P, x Py is as shown in Figure 4. a
2 4 5 T 8 10
1
1 4 7 10
2 3 5 6 8 9 11

Figure 4 An F-centroidal mean labeling of Py x Py

1 5 11 16 21 26 31
® L 2 L ]
3 8 13 18 23 28
1 6 11 16 21 2 31
, bt L 9 [ u ! 19 I 29 9
7 12 17 29 27

2 7 12 17 22 27 32
. 5 . 10 : 15 )\ 20 " 25 . 30
3 13 18 23 28 33

Figure 5 An F-centroidal mean labeling of P3 x P;

Corollary 2.5 FEvery Ladder graph L, = P> X P, is an F-centroidal mean graph for n > 2.

Theorem 2.6 The graph P, o K5 is an F-centroidal mean graph for n > 1.



128 S. Arockiaraj, A. Rajesh Kannan and A. Durai Baskar

Proof Let vy,vs,v3, -+ ,v, be the vertices of the path P, and ul(-l), u§2) be the vertices of

it" copy of K attached with v;, for 1 < i < n. Define f : V(P, o K3) — {1,2,3,--- ,4n} as
follows:

flo) =4i—2, for 1 <i<mn,
f(ugl))=4i—3, for 1 <i<n,
f(ul

2)):41', for1 <i<n.

Then the induced edge labeling f* is obtained as follows:

fr(vvipr) = 4i, for 1 <i<n-—1,
f*(ul(-l)uiz) =4i—-2 for1<i<n

Hence f is an F-centroidal mean labeling of P, o K5 for n > 1. Thus the graph P, o K5 is an
F-centroidal mean graph, for n > 1. O

/\ AAA&

12 13 18 20

Figure 6 An F-centroidal mean labeling of P5 o K>

Theorem 2.7 The graph PP is an F-centroidal mean graph, for a > 2 and b < 3.

Proof Let y;, xij1,Tijo2, . . . Tiji, Yi+1 De the vertices of the path Pij, where 1 <7 <a—1and

a—1 b a—1
1<j<bLetV(P)={yi:1<i<a}u U U{wij:1<k<i}and E(P?) = U{yixijl :
=1 j=1

a—1 b
1<i<blu U U {Zijrrijerny 1 <k <i—1}U U {Ziji¥i+1 : 1 < j < b} be the vertex set
=1 j— =1

and edge set of the graph P?.
Case 1. b=2.
Define f: V(P?) — {1,2,3,---,(a — 1)(a + 2) + 1} as follows:
fy) =1,

fly) =G -1 +2)+1, for2<i<a,
fmij1)=j+1 for1<j<2andfor2<i<a-1,
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flrir)=0E—-1)G+2)+2k+j—1, for1<k<iand1<j<2.

Then the induced edge labeling f* is obtained as follows:

(y117131)

[ (z11y2)

[ (yizizn)

S (@ijntijne))
)

(xZJ’L Yi+1

Case 2. b=3.

Define f: V(P3) — {1,2,3,--,

fy) =1, f(y2
3(i— 1)(i + 2)

flyi) =

f(x22r) =

For3<i<a-1,

f(xijr) =

for1 <j <2

j+2, for1 <j <2,

(z—l)(z+2)—|—j, for2<i<a—1land1<j<2,
)

-1 +2)+j+2k for2<i<a—-1,1<k<i—land1<j<2
+3)+j—2 for2<i<a—land1<;j<2

2

Tk+6, k=1,
Tk — 4,

f(x23r) =

k=2,

f(fﬂijl) =

WD) 4 9y 3)
3(i—1)(i+2)
e
M=V | 954 31 3,

3(1'71%(“2) 13k 1
3(1'71%(#2) F3k4j—1,
3(1’—1;(1'4-2) + 3k + 7,
3(1’—1;(1'4-2) + 3k + 7,

3(i—1)(i+2)

w + 1} as follows:

) =5, f(z111) =2, f(z1;1) =4j =5, for 2 <j <3,

4k +5, k=1,
4k + 4,

+1, for3<i<a, f(rar)=

5k+6, k=1,
5k+4, k=2

3(i—1)(i+2) . .

41, 1< <2,
3(i—1)(i+2) .
s +2j

7 =3 and

1<j<2,2<k<i-1,
and k is even,
ji=3,2<k<i-1
and k is even,
1<5j<3,2<k<i—-1
and k is odd,
j=1,k=1and k is odd,
7 =2,k=1and k is odd,
7 =3,k=1and k is odd,
1<j<2k=i,

and k is even,

j=3,k=1and k is even.
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Then the induced edge labeling f* is obtained as follows:

Js l<j<2,

[ (yrzen) = .
5,  j=3,
864 | g j=land2<i<a-—1,
3(i—1)(i+2) . - -
Plgwg) =4 2 Tdth o j=2andi=2,
J 3G-1)(+2) | 5 i—3andi=2
5 j , J and ¢ ,
864 g j=23and3<i<a-—1,
. o 14, j=1,
* ) .7 =1, * .
[ (w1j1y2) = _ , [f(xojeys) =4 13, j=2,
25, 2<j<3, .
15, j=3,

fH(mojizeje) =7+ 9for1<j<3and3<i<a-1,

BG4 3ky 23— 1) +1, 1<k<i-1,
) and 1 <j <2,
F (@ijemijesn)) = 3(1-71%(”2) +3k42, 1<k<i-1,
and j = 3,
&;3)4_]'_3’ 1< j<3andiis odd,
and f*(zijiyip1) = &;3) +j-2, 1<j<2andiis even,
&;3)_2, j =3 and i is even.

Hence f is an F-centroidal mean labeling of P? for @ > 2 and b < 3. Thus the graph P’ is an
F-centroidal mean graph, for a > 2 and b < 3. 14 O

28

7 11 4 21 g9 27
Figure 7 An F-centroidal mean labeling of P? and P}
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Theorem 2.8 The middle graph M(P,) of a path P, is an F-centroidal mean graph.

Proof Let V(P,) = {v1,v9,v3, - ,v,} and E(P,) = {e; = v;v;41 : 1 <i < n — 1} be the
vertex set and edge set of the path P,. Then,

V(M(Pn)) = {1}1,1}2,1}37 -ee3Un,€1,€2,€3," " ;enfl}a
E(M(P,)) = {vies,eivip1 : 1 <i<n—1}U{ejeir1: 1 <i<n-—2}.

Define f: V(M (P,)) — {1,2,3,---,3n — 3} as follows:

1, fori=1,
fv) = _ _
31 — 3, for 2 <i <n,
fle;))=3i—1, for 1 <i<n-—1.
Then the induced edge labeling f* is obtained as follows:

ffvie)) =3i—2, for 1 <i<n-—1,
fr(evig1) =3i—1, for 1 <i<n-—1,
f(eeip1) =3i, for 1 <i<n-—2.

Hence f is an F-centroidal mean labeling of the graph M (P,). Thus the graph M(P,) is an

F-centroidal mean graph. a

1 3 6 9 12

Figure 8 An F-centroidal mean labeling of M (Ps)

Theorem 2.9 The total graph T'(P,,) of a path P, is an F-centroidal mean graph for n > 1.

Proof Let V(P,) = {v1,v2,v3, -+ ,v,} and E(P,) = {e; = v;v;41 : 1 <i < n — 1} be the
vertex set and edge set of the path P,. Then V(T(P,,)) = {v1,v2,v3,- - ,Upn,€1,€2,€3, * ,€n_1}
and E(T(P,)) = {vivit1, €V, €041 : 1 <i<nm—1}U{eei11: 1 <i<n-—2}.

Define f: V(T (P,)) — {1,2,3,...,4(n — 1)} as follows:

flv1) =1,
f(vi) =4i—4, for 2<i<n,
fle))=4i—2, for1 <i<n-—1.
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Then the induced edge labeling f* is obtained as follows:

i—2, for1<i<n-—1,

)=4
)=4

fr(vie;))=4i—3, for 1 <i<n-—1,
)=4 forl1<i<n-—1.

Hence f is an F-centroidal mean labeling of the graph T(P,). Thus the graph T(P,) is an

F-centroidal mean graph. O

12 20
Lo, 4 6 8 4 16 ¢

18

Figure 9 An F-centroidal mean labeling of T'(FPs)

Theorem 2.10 The square graph P? of the path P, is an F-centroidal mean graph for n > 1.
Proof Let vy,v9,vs, - , v, be the vertices of the path P,. Define f : V (Pﬁ) —{1,2,3,--- ,2(n—
1)} as follows:

flu) =1,

flu,) =2t -2, for2 <i<n.
Then the induced edge labeling f* is obtained as follows:

i) =2i—1, for 1 <i<n-—1,

ff(ivige) = 2i, for 1 <i<n-—2.

Hence f is an F-centroidal mean labeling of the graph P2. Thus the graph P2 is an F-centroidal

mean graph. O

12

2 6 10

Figure 10 An F-centroidal mean labeling of P?
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Theorem 2.11 The splitting graph S'(P,,) is an F-centroidal mean graph for n > 2.

Proof Let vi,va,--- ,v, be the vertices of the path P,. Let vi,ve, -+ v, 0,05, -, v,
be the vertices of the graph S’(P,). Let V(S'(P,)) = {v;,v} : 1 < i < n} and E(S'(P,)) =
{vivig1, vivj 1, vjvig1r 1 1 < i < n— 1} be the vertex set and edge set of the splitting graph
S'(Py).

Case 1. nis odd.

Define f: V(S'(P,)) — {1,2,3,---,3n — 2} as follows:

4i — 3, 1<i<2,
3, =3,

flo)=q . .
31— 4, 4 <i<mn andiis odd,
3, 4 <¢<mnandiis even,
6, 1=1,

fi) =4 2 i=2,
3i— 2, 3<i<n.

Then the induced edge labeling f* is obtained as follows:

. i+ 2, 1<i<2,

[rovip) =9 ,
3t —1, 3<i<n—1,
5i — 4, 1<i<2,

[fovi) =14 3i—2, 3<i<n—1andiisodd,
3, 3<i1<n-—1and7is even,
5, =1,
2, =2,

[rWivig1) =
3, 3<i1<n-—1and¢1is odd,
31— 2, 3<i<n-—1and71is even.

Case 2. n is even.
Define f: V(S'(P,)) — {1,2,3,---,3n — 2} as follows:

4 —uq, 1<4 <2,
fvi) =19 3i—1, 3 <i<mnandiisodd,

31— 3, 3 <i<nandiis even,
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1, i=1,
f) =14 3i—3, 2 <i<mnandiis odd,
31— 2, 2 <i<n and iis even.

Then the induced edge labeling f* is obtained as follows:

ffwivigr)=3i—1, for 1 <i<n-1,

. , 31, 3<i1<n-—1and¢1is odd,
f (UiUi-l-l) =

31 — 2, 3<i<n-—1andiis even,

f(/ ) 31— 2, 1<i<n-—1and:iis odd,
V;Vi4+1) =

31, 1<i<n-—1andiis even.

Hence f is an F-centroidal mean labeling of S’(P,). Thus the splitting graph S’(P,) is an
F-centroidal mean graph for n > 2. O

Figure 11 An F-centroidal mean labeling of S'(P;) and S’(Fg)

Theorem 2.12 The graph P(1,2,--- ,n—1) is an F-centroidal mean graph for n > 2.

Proof Let vi,v9,---,v, be the vertices of the path P, and let u;; be the vertices of
the partition of K ,,, with cardinality m;, 1 < ¢ < mn—1and 1 < j < m;. Define f :
V(P(1,2,---,n—1)) —{1,2,3,--- ,n(n—1) + 1} as follows:

flv))=i(i—1)+1, for 1 <i<n,
fluij) =i(i—1)+2j, for 1 <j<i, and1<j<n-—1.
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Then the induced edge labeling f* is obtained as follows:

o) =it —1)+j, for1<j<iand1<i<n-1,
fluijvigr) =i 44, for 1 <j<iand1<i<n—1.

Hence f is an F-centroidal mean labeling of P(1,2,...,n—1). Thus the graph P(1,2,...,n—1)

is an F-centroidal mean graph for n > 2. 99 |

Figure 12 An F-centroidal mean labeling of P(1,2,3,4,5)
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