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Abstract: Molecular descriptor are major in the study of QSAR/QSPR. There are numer-
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study the Gourava index of four operation on graphs.
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81. Introduction

Let ¥ denotes the collection entire graphs. A mapping 7" : 9 — R is called a topological index, if
for every graph H isomorphic to G, T(G) = T'(H). In chemical graph theory, topological indices
have several applications in isomer discrimination, QSAR/QSPR investigation, pharmaceutical
drug design and many more [5]. There are few important class of topological indices that
are extensively studied by a number of researchers. Out of these topological indices, the first
and second Zagreb indices, first appeared in a topological structure for the total 7 -energy of

conjugated molecules, were introduced by Gutman et.al., in [8].

The first and second Zagreb indices [3] of a molecular graph G are defined as

Mi(G)= Y [d(u)+d(v)].

weEE(G)

and

uwveE(G)
Motivated by the definitions of the Zagreb indices and their wide applications, V. R. Kulli
[10], introduced the first Gourava index of a molecular graph as follows.

The first Gourava index of a graph G is defined as

GO (G)= > [d(u)+d(v)+ d(u)d(v)].
weEE(G)
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Figure 1: Graph G, H and G+r H

The cartesian product is an important method to construct a ample graph and play vital
role in the design and analysis the network. The cartesian product of two connected graphs G
and H, which is denoted by GOH, is a graph such that the set of vertices is V(G)OV (H) and
two vertices (p1,¢1) and (p2,q2) of GOH are adjacent if and only if p; = po and ¢ is adjacent
with g2 in H otherwise g1 = g2 and p; is adjacent with ps in G. Let G be a graph with vertex
set V(G) and edge set E(G), there are four related graphs as follows:

For any connected graph G, define four operator graphs S(G), T(G), Q(G) = T1(G) and
R(G) = T5(G) as follows:

e S(G) is the graph obtained by inserting an additional vertex in each edge of G, i.e.,
replacing each edge of G by a path of length 2 ([1, 18]).

e The total graph T'(G) of a graph G is the graph whose vertex set V' | F, with two vertices
of T(G) being adjacent if and only if the corresponding elements of G are adjacent or incident
([14]).

e (@) is the graph obtained by inserting a new vertex into each edge of G, then joining
with edges those pairs of new vertices on adjacent edges of G, by a new edge ([15]).

e R(G) is the graph obtained by adding a new vertex corresponding to each edge of G,

then joining each new vertex to the end vertices of the corresponding edge ([15]).

Suppose that G and H are two connected graphs. M. Eliasi, B. Taeri [6] introduced four
new operations named as F-sum graphs, on these graphs that are based on S, T, T3, T as follows.
Let F be one of the symbols S, T5,T; or ,T. The F-sum denoted by G +r H of graphs G
and H, is a graph with the set of vertices V(G +r H) = (V(G)|J E(G)) x V(H) and (p1,p2)
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(g1,92) € E(G +F H), if and only if p; = ps € V(G) and quq2 € E(H) or ¢1 = g2 and
(p1,p2) € E(F(G)).
Throughout this paper, we consider only simple, connected, finite and undirected graphs.

For a graph G, the order and the size of graph are denoted as ng and eqg respectively.

In mathematical chemistry, graph operations act as a very essential role, viz., as some

chemically interesting graphs can be derived from some simpler graphs by operations on graphs.

In [4], H. Deng et al. computed the first and second Zagreb indices for graph operations
S(G), R(G), Q(G) and T(G). Here, we extend this study by investigate the Gourava index of
four operation on graphs. Investigators need to study more details on calculating topological

indices of graph operations can be refer [2, 7, 9, 11, 12, 16, 17, 19].

§2. The Gourava Index of F-Sum of Graphs

In this section, we discuss main results of Gourava index of F-sum of graphs.

Theorem 2.1 Let G and H be two connected graphs. Then,

GOl (G +s H) = nHG01 (G) + TLGGOl (H) + eHMl(G) + 2egM1 (H) + STLHGG + 126[{6@.

Proof From the definition of Gourava index,

GOIG+: H) = > ldav.m(p1,q1) + dav. m5 (P2, G2)
(p1,91)(p2,92)EE(G+:H)

+dat.m1(p1, q1)da+. 1 (P2, ¢2)]

= > ldet.ulpra) +day,u(p1,¢2)

p1€V(G) q1q2€E(H)

+dat.m1(p1, q1)da+. 1 (p1, g2)]

+ > > ldes.u(pra) +dar,m(p1,a2)
@€V (H) p1p2€E(S(G))

+dat v (p1, q1)de+. 1 (1, G2)]
= L +1, (1)

where Iy, Iy are the sums of the above terms, in order.

For vertex Vp; € V(G) and ¢1g2 € E(H) we get

I, = Z Z [da(p1) +du(q1) + da(p1) + du(ge)
p1€V(G) q1q2€E(H)

+lda(p1) + du(g1)][dc (p1) + du(g2)]]

= > > [2da(p) + du(ar) + du(ge) + d(p1) + da(py)ldu (1) + dir(g2)]
p1€V(G) q1q2€E(H)
+dr(q1)dn(g2)]
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= Y [2enda(p1) + Mi(H) + endg;(p1) + da(py) My (H) + My (H))
1€V (G)

= degeg + ngGol(H) + €HM1(G) +2eqMq(H).

For edge Vpips € E(S(G), where the vertex p1 € V(G), p2 € V(S(G)) — V(G) and
q € V(H), since |E(S(GQ)| = 2|E(G)],

L = ) Y [ds (1) + du @) + dscy(p2)
q1 €V (H) p1p2€E(S(Q))

+lds(a)(p1) + du(q1)]ds(c) (p2)]
= Z [GOl (S(G)) + 2egdH(q1) + 2egdH(q1)]

@€V (H)
= nHGOl(S(G)) + 8egeq
We know that, M;S(G) = M1(G) + 4eq and M2S(G) = M2(G) + 4ec. Therefore,
GO1(S(G)) = GO1(G) +8e¢ and I = ngGO1(G) + 8npeg + 8emeq.

Substituting I; and I3 in (1) we get required result

GOl (G +s H) = nHG01 (G) + ngGOl (H) + €HM1 (G) + 260M1(H) + 87’LH€G + 126Heg. O

Theorem 2.2 Let G and H be two connected graphs. Then,

GOl(G +7, H) = ngGO, (H) + 56HM1(G) + 36GM1(H) + QHHMl(G) + 2€GTLHM1(G)
+10emgeq + ng Z [da(ui)[1 + da(ur)] + da(ur)[1 + da(uj)]

u;u; €EE(G),
ujur €EE(G)

+da(uj)[de(ui) + da(uy)]]

Proof Consider

GO, (G +1 H)

> [desr,11(p1,01) + dGyr, 11 (D2, 42)
(p1,91)(p2,92) EE(G+m, H)

+dc v, 5 (P1, 1) dG 47, 1 (D25 42)]

= > > ldavrnm(p,1) + deir, 1 (p1,02)
P1EV(G) 12 €E(H)

+dc i, 5 (P1, 1) dG 47, 1 (D15 42)]

+ Z Z [dat e, 1 (p1,@1) + dr, 1 (P2, 1)
1€V (H) p1p2€E(T1(G))

+dayr 1 (P1, 01)dG1r 1 (P2, q1)] -

The edge set E(T1(G)) split in to E(S(G)) and E(L(G)). Let E(Ti(G)) = aq, V(G) = B,
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V(T1(G)) - V(G) = 7. Then,

GO(G+n H) = Z Z ldatr, 1 (p1, @) + dyr, 1 (D1, G2)

p1€V(G) q1q2€E(H)

+ datr, 5 (1, 1)dG o 1 (D1, G2)]

+ Z Z [dG 47, 1 (P15 @1) + dGiog, 1 (P2, 1)

q €V (H)p1p2€Q1,
p1E€LS,
P2EY1L

+ datr, 5 (P1, 1) G4, 1 (P2, q1)]

+ Z Z dG+T1 pl7 (J1) + dG+T1 (p?a (J1)

€V (H) P1ip2€Q1,
P1,P2€71

+dc v, 1 (P15 01)dG 47, 1 (D2, 01)]
= Ji+Jo+ J3,

where Ji, Ja, J3 are the sums of the above terms, in order

Joo= Y > Rdneom) +da(a) + di(a2)

p1EV(G) q1q2€E(H)
+ldr, (@) (p1) + da(q)[dr, (@) (p1) + dr(g2)]]

= > Y [2dT1(G)(pl) +dp (@) + du(a2) + d7, ) (P1) + dry () (p1)dir (g2)

p1EV(G) q1q2€E(H)
+du(q1)du (g2) + dry (@) (p1)dr (q1)]

= Y [2enda(p) + GOL(H) + endg(p) + da(pr)dr(a2) + do(p)di ()]

p1EV(G)
= negGO:.(H) + GHMl(G) + eng(H) + 2egeg.

Jo = Z Z [[dr, () (p1) + 2dm (q1) + dry () (p2)]

q €V (H) P1ip2€Qi,
pP1€
P2€’)’1

+dr, () (1) + du(q))ldr, (@) (p2) + dr(q1)]]
= Z Z [lde (p1) + 2du (q1) + dry () (p2))]

1€V (H)p1p2€Q1,
P1E
P2€’)’1

+lda(p1) + du (q)|ldry (@) (p2) + di (q1)]]

= Z Z [da(p1) + 2du (1) + dry ¢y (p2) + da(p1)dr () (p2)

€V (H)p1p2€Q1,
P1E
P2€’)’1

+da(p1)du(q1) + du(q1)dr, ) (p2) + df (q1)]

69
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= Z Z [de(p1)[da(pr) + 2du(q1) + da(p)da (@) + dF (q1)]]
@€V (H) p1€V(G)

+ > Y dne)(p2) + da(pr)dr @) (p2) + da (a1)dry ) (p2)] -

€V (H) pip2€Q1,
P1ED,
P2EY1

We observe that for po € V(T1(G)) — V(G), dr,(a)(p2) = da(w;i) + dg(w;), where py =
w;w; € E(G). Hence,

J2 TLHMl(G)+8€HGG+2€HM1(G)+260M1(H)

+ > > lda(w) + da(w)) + da(p1)da (wi) + da(w;)]
g€V (H) wiw; EE(G)
+ du(q1)[de (w;) + da(w;)]]

2TLHM1 (G) + 86H60 + 46HM1(G) + 260M1(H) + 2eGnHM1(G).

Jy = Z Z [[dr, (@) (p1) + dry (@) (P2)] + [d1y () (P1)dy (6 (p2)]]

q1 €V (H) p1p2€Q1,p1,p2€71

= g Y, lde(w) +da(u;) + de(uj) + de(up)]
u;u; EE(G),
ujukEE(G)

+lda(ui) + da(u))]lde (us) + da (ur)]]

= g Y e[l +da(u)] + da(w) 1+ da(uy)] + de (uy)[de (w) + da (uy)]
uiu]-EE(G),
ujur €E(G)

Adding Jy, J2, J3 in (2) we get desired result. m

Theorem 2.3 Let G and H be two connected graphs. Then,

GOl(G +1, H) = 4TLHG01(G) + GO,y (H) + 86HM1(G) + 5egM1(H) + 6nHM1(G)
—|—4nHM2(G) + 24egeq + dngea

Proof We know that,

GOl (G +T2 H) - Z [dGJrTzH(pl’ ql) + dG+T2H(p2) q2)
(P1,91)(p2,92)EE(G+r, H)

+dc g, 1 (P15, 01)dG 41y 1 (P15 G2)]

= Z Z (Gt p, 1 (P15 01) + gy 1 (P15 G2)
P1€V(G) q1q2€E(H)
+de sy 1 (P15 01)dG 47y 1 (D1, 42)]

+ Y > [dG+2, 1 (P1,@1) + A6ty 11 (D25 1)

1€V (H) pip2€E(T1(GQ))

+de 1 (P15 61)dG 40y 1 (P2, 01)]
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= K+ K, (3)
where K and K are the sums of the above terms, in order

K o= > > [2dne)(p) + du(q) + du(ge)

p1€V(G) qrq2€E(H)

) (P1) + s () i () + i (92)] + di (1) (o)
- Z Z [4d(c)(p1) + du(q1) + du(g2)

p1E€V(G) q1q2€E(H)

+4dZ,(p1) + 2d(cy(p)[du (1) + dr (g2)] + du(q1)du (g2)]

= Z [4enda(p1) + GOL(H) + depdg(pr) + 2dc(p1) M1 (H))
p1EV(G)

= 86H€G + GOl (H) + 4€HM1 (G) + 46@M1 (H) (3@)

for edge Vp1p2 € E(T2(G)) and vertex ¢1 € V(H). Here we denote E(T2(G)) = ae, V(G) = 0,
V(T2(G)) = V(G) = e

Ky = Y > [da .z, 1 (P1, @1) + Gy, 1 (P2, 1)
@€V (H) p1p2€E(T2(G))

+dc sy 1 (P15, 61)dG 47, 1 (D2, 01)]

+ > > darna(pr, @) + Ao 1 (2, 01) + deyr, 501, 61)dG 4 1 (P2, 01)]

q €V (H) P1p2€Q2,
P1EQG,
P2E7Y2

= K3+ K4 (3()).
for Vg1 € V(H) and edge p1p2 € E(T2(G)) if and only if p1ps € E(G).

Ky = Z Z [dG+T2(G)H(p17 q1) + dG+ g,y oy (P2, 01)
@ €V(H) p1p2€E(G)

+dGt gy ) H (D1, 41)AG 41y ) H (P25 Ch)}

= Z Z [dry () (p1) + du (1) + drye) (p2) + da(q1)
@€V (H) p1p2€E(G)
+drye)(p1) + da(q)][dry @) (p2) + dr(q1)]]

= > > [2de(p1) + 2du(qr) + 2da(p2) + 4da(p1)da (p2)
@€V (H) p1p2€E(G)

+2d(p1)du (q1) + 2du (q1)da (p2) + d3(q1)]
= 4TLHG01 (G) + 4€HM1 (G) + €GM1 (H) + 4TLHM2(G) + 4€Heg.

Since we have dr, () (p1) = 2da(P1) for each vertex p; € V(G) and dr,(p2) = 2 for each
vertex po € V(T2(G)) — V(G),
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Ko = Y Y [dne()+dula) + drye)(p2)
q €V (H) P1p2€Q2,
p1ERB,
P2E€7Y2

+dry(c)(p1) + du(q1)]dr, ) (p2)]
= Z Z [z, () (p1) + dr (1) + dry() (p2)

€V (H) P1p2€Q2,
p1EB,
P2E7Y2

+dry (@) (P1)dry @) (P2) + du (q1)dry @) (P2)]
= Z Z [6dG(p1) + 3dm(q1) + 2]

q €V (H) P1p2€Q2,
P1EPB,
P2E€7Y2

= Z Z da(p1) [6da(p1) + 3dr(q1) + 2]

@€V (H) p1eV(G)
= 67”LHM1(G) + 12egey + dngeq.
Adding K3 and K, and substitute in (3b) we get
4TLHG01 (G) + 16€H€G + 6TLHM1 (G) + 4€HM1(G) + eGMl (H) + 4TLHM2(G) + 47’LHeg. (30)

Substitute (3a) and (3c) in (3) we get desired results.

GOl (G +T2 H) = 47’LHG01 (G) + GOl (H) + SGHMl(G) + 5egM1 (H) + 6TLHM1 (G)
—|—4nHM2(G) + 24egeq + dngeg.

This completes the proof. O

Theorem 2.4 Let G and H be two connected graphs. Then,

GOl (G +7 H) = 47’LHG01 (G) + ngGOl (H) + 12€HM1(G) + 66@M1 (H)
F2ngMi(G) + e Ma(H) + 8eaM1(G) 4 20emeq
tng Y lda(a) +2de(q;) + da(ar)

qiq; €E(G),
29k €EE(G)

+lde(qi) + da(g5)][da(g5) + da(ar)]]

Proof Let

GO(G+r H) = > [detrm(p1, 1) + detr 1 (D2, G2)
(p1,91)(p2,92)€EE(G+71H)

+dctrm(P1,q1)dG 4, H(D2, G2)]



The Gourava Index of Four Operations on Graphs 73

= Z Z [dG 4,11, q1) + detrm(P1,q2)
p1€V(G) q1q2€E(H)

+deirm(P1,q1)dG 47 H(P1, G2)]

+ Z Z lda+rm(P1,q1) + dyru (P2, 1)
@€V (H) p1p2€E(T(G))

+deirm5(P1, 1)dG+rm(P2,q1)] -

Note that E(T(G)) = E(G)|J E(S(G)) U E(L(G)). We get that

GOq (G +7 H)

= Y Y ldorrupra) +dorrm(pr, @) + da o (01, 0)da o m (p1) g2)]
p1€V(G) qq2€E(H)

+ ) > [d+ru (1, 1) + dera (P2, 1) + detr 1 (1, @1)dG 4o H (P2, 01)]
@ €V (H) (p1p2)€EE(T(G)),
(p1,p2)€V(G)
+ Z Z [dG+,0(P1,q1) + detrm (P2, 1) + dG 471 (P1, q1)dG 171 (D2, 1))
@ €V (H) (p1p2)€as,
p1EB,
P2€73
+ ) > ldorra(pr @) + dayrm (P2, @) + dav o (01, 01)da 1o m (P2, @)

1€V (H) (p1p2)€as,
(p1,p2)€E7s

= L1+ Lo+ L3 + Ly, (4)

where Ly, Lo, L3, L4 are the sums of the above terms, in order

L= Y > [2dr)(pr) + du(@) + du(g2)

p1E€V(G) q1q2€E(H)
+dre) (p1) + du(qu)][dre) (p1)dE (2)]]

= > > [de() +dula) +du(e) +4dg (1) + 2dc (pr)da ()]
P1EV(G) q1q2€E(H)

+2dc(p1)du (92) + dr(q1)du (g2)
= ngGO; (H) + 4€HM1(G) + 46@M1(H) + 8egen.

Ly = > > [dr(c)(p1) + 2dm(q1) + dpe) (p2)

q1 €V (H) pip2€as,p1,p2€8
+ldr(c)(p1) + du (q))[drc) (p2)du (q1)]]

= D DL [2de() +2d6(p2) + 2dm(a) + diy (ar) + 2de (p2)dn (1)
@€V (H) p1p2€E(G)

+4dc(p1)da(p2) + 2da(p1)dm (q1)]
= 2ngGOq (G) + dey M, (G) + GGMQ(H) + QHHMQ(G) + degeq.
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Ly = E E y(p1) + dr(y (p2) + 2dm (q1)
q16V(H);D1P2€a3
P1EQS,
P2E€7Y3

+ldre) (p1) + du(q)]ldre) (p2)dm (¢1)]]

Z Z [da(p1)2da(py) + du(q) + du (@) + da(p1)du (q1) + dF (q)]
qeV(H) (p1eV(G)

+ > Y dre (p2) + 2da(pr)dre) (p2) + du (@) drc) (p2)] -
q1€V(H)P1P2€O¢37

P1EDS,

P2€73

Note that p2 € V(T'(G)) — V(G), drc)(p2) = da(p) + da(q) where p2 = pg € E(G), we
further get that

L3 = 2TLHM1(G)+46HM1(G)+2egM1(H)+86H€G
+ DY [(dalp) +da(q) + 2da(p1)(da (p) + d(q) + du(q1)(da (p) + da(q))]

@€V (H) p1€B,
P2€73

= 2TLHM1 (G) + 4€HM1 (G) + 260M1(H) + 27’LHM1(G) + 86@M1 (G) + 4€HM1(G)
= 4nHM1(G) + 46HM1(G) + 86GM1(G) + 2€GM1(H) + 8egeq.

Ly = Z Z lda+rm(P1,q1) + dayr a1 (P2, 1) + derr v (P1, 1)dG 4, H(P2, 1))
@1 €V (H) (p1,p2)€73

= Z Z [dr(c) (1) + dre) (p2) + dr(e) (p1)dr(c) (p2)]

€V(H) P,
a“ ( )P2€V3

= nu > [(de(ai) + dala;)) + (da(as) + dalar))
3:q; €E(G),qjqx€E(G)
+lde(qi) + da(g5)][da(g5) + da(qr)]]

Adding Ly, Lo, L3, Ly in (4) we get required result. |

§3. Conclusion

In this paper, we obtain explicit expression for the Gourava index of four operation on graphs
in terms of first Zagreb and second Zagreb index.
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