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Abstract: The duplication graph D¢ (G) of a graph G is obtained by inserting new vertices
corresponding to each vertex of G and making the vertex adjacent to the neighborhood of
the corresponding vertex of GG and deleting the edges of G. Let G1 and G2 be two graph with
vertex sets V(G1) and V(Gz2) respectively. The Dg-vertez join of G1 and G2 is denoted by
G1 U G2 and it is the graph obtained from D¢ (G1) and G2 by joining every vertex of V(G1)
to every vertex of V(G2). The DG-add vertez join of G1 and G2 is denoted by G1 <1 G2 and
is the graph obtained from D¢ (G1) and G2 by joining every additional vertex of Dg(G1) to
every vertex of V(G2). In this paper we determine the A-spectra and L-spectra of the two
new joins of graphs G1 and G2 when G is a regular graph and G2 is an arbitrary graph. As
an application we give the number of spanning tree, the Kirchhoff index and Laplace energy
like invariant of the new join. Also we obtain some infinite family of new class of integral

graphs.
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81. Introduction

All graphs described in this paper are simple and undirected. Let G be a graph with vertex set
V(G1) = {v1,v2, - v, }. The adjacency matrix of G, denoted by A(G) = (aij)nxn IS an n xn
symmetric matrix with

1 if v; and v; are adjacent
Q;i =

’ 0 otherwise
Let d; be the degree of the vertex v; in G and D(G) = diag(dy, da, - - - d,) be the diagonal
matrix of G. The Laplacian matrix is defined as L(G) = D(G) — A(G). The characteristic
polynomial of A(G) is defined as fg(A : x) = det(zl, — A), where I, is the identity matrix of

order n. The roots of the characteristic equation of A(G) are called the eigenvalues of G. Tt is
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denoted by A1 (G) > A2(G) > -+ > A\, (G). Tt is called the A - Spectrum of G. The eigen values
of L(G) is denoted by 0 = 11 (G) < p2(G), -+ < un(G) and it is called the L - Spectrum of G.
Since A(G) and L(G) are real and symmetric, their eigen values are all real numbers. A graph
is A - integral, if the A - spectrum consists only of integers [4,14]. Two graphs are said to be
A - Cospectral if they have the same A - spectrum.

The characteristic polynomial and spectra of graphs help to investigate some properties of
graphs such as energy [8,16], number of spanning trees [18, 9,1], the Kirchhoff index [2, 5, 11],

Laplace energy like invariants [7] etc.

The first result on Laplacian matrix, which was discovered by Kirchhoff, appeared in a
paper published in the year 1847 is related to electrical network. There exists a vast literature
that studies the Laplacian eigen values and their relationship with various properties of graphs
[12,13]. Most of the studies of the Laplacian eigen values has naturally concentrated on external
non trivial eigen values. Gutman et al. [16] discovered the connection between photoelectron
spectra of standard hydrocarbons and the Laplacian eigen values of the underlying molecular

graphs.
In a recent paper Reji Kumar and Renny P. Varghese [18] introduced subdivision graph

vertex join of two given graphs and studies its spectral properties. They also studied [19] the

spectral properties of some classes of hypergraphs.

In the next section we define DG - vertex join and DG - add vertex join of two graphs
and discuss some important results, which are found essential to prove the results given in the
subsequent sections. In the third section we find the A - spectrum and the L - spectrum of the
new join and prove some related results. As an application, we find the number of spanning
trees, Kirchhoff index and Laplacian - energy like invariant. Fourth section contains a discussion

on some infinite family of integral graphs.

§2. Preliminaries

In a paper published in 1973 on duplicate graphs, which appeared in the Journal of Indian
Mathematical Society, Sampathkumar [10] defined duplicate graphs. Let G be a graph with
vertex set V(G) = {v1,v2, -+ , v, }. Take another set U = {u1, ug, -+ ,u,}. Make u; adjacent to
all the vertices in N (v;), the neighbourhood set of v;, in G for each i and remove all edges of G.
The resulting graph is called the duplication graph of G and is denoted by D(G). The following
result tells us an easy way to find the determinant of a bigger matrix using the determinant of

relatively smaller matrices.

Proposition 2.1 Let My, My, M3, My be respectively p X p,p X q,q X p,q X q matriz with M;

and My are invertible then

My M, 1
det = det(Ml)det(M4 — Mng MQ)
Ms M,y

= det(My)det(M; — MyMy ' Ms3),
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where My — M3Mf1M2 and My — M2M471M3 are called the Schur complements of My and M,
respectively.

Let G be a graph on n vertices, with the adjacency matrix A. The characteristic matrix
xl — A of A has determinant det(x] — A) = fo(A : ) # 0, so is invertible. The A - coronal
([6]), Ta(z) of G is defined to be the sum of the entries of the matrix (x1 — A)~!. This can be
calculated as

Ta(z) =15 (2l — A)711,.

The A - coronal of some classes of graphs are given here.

Lemma 2.2([6]) Let G be r - reqular on n vertices. Then

n

Ta(x) = o

Since for any graph G with n vertices, each row sum of the Laplacian matrix L(G) is equal
to 0, we have I'r(z) = o
x

Lemma 2.3([6]) Let G be the bipartite graph Kp,, where p+q =n. Then

nx + 2pq

FA(x) = 72 —pq

The following results on an n x n real matrix is useful in this context.

Proposition 2.4([15]) Let A be an n x n real matriz, and Jsx; denote the s X t matriz with

all entries equal to one. Then
det(A + aJ, x n) = det(A) + a1t adj(A)1™.
Here « is a real number and adj(A) is the adjugate matriz of A.

Corollary2.5([15]) Let A be an n x n real matriz. Then

det(xl, — A — aJyxn) = (1 — al' g(x)) det(zl, — A).

Next we proceed to define the DG - vertex join and the DG - advertex join of two graphs.

Definition 2.6 Let Gy be a graph on ny vertices and my edges. G2 be an arbitrary graph on ns
vertices The DG — vertex join of G1 and Gg is denoted by G1 U Go and is the graph obtained
from D(G1) and Ga by joining every vertex of V(G1) to every vertex of V(Gz). Where D(G1)
is the duplication graph of G1.

In Figure 1 an example of DG - vertex join of the graphs Cy and K5 is given.
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Figure 1 C; U K>

Definition 2.7 The DG — addvertex join of G1 and G2 is denoted by G1 <1 G2 and is the
graph obtained from D(G1) and Ga by joining the additional vertices of D(G1) corresponding
to the vertices of G1 with every vertex of V(Ga).

In Figure 2 an example of DG - advertex join of the graphs C; and K5 is given.

Figure 2 C) <1 K>

83. Spectrum of GG; U G, for Some Classes of Graphs GG; and Gy

In this section we study the spectrum of DG - vertex join of some classes of graphs G; and Gs.

We prove the following results in this connection.

Theorem 3.1 Let Gy be an r1 - reqular graph on nq vertices and my edges. Gy be an arbitrary

graph on ng vertices. Then, the Characteristic polynomial of G1 U Gy is

n2 ni

fae (A x) = (2 —nyala, (@) — r}) [ [ (2 = M(G2)) [ [ (2% = Mi(Gh)?).

=2 1=2
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Proof The adjacency matrix of Gy U Gy is

0 Al Jn1 XMno
A = Al On1 Onl Xno
J’ﬂg Xni O’ﬂg Xni A2

where A; and As are the adjacency matrix of G; and G5 respectively and J is a matrix with

each entries 1.

The characteristic polynomial of G; LI G is

:EInl 7A1 —J
fG1UG2 (A : I) = | ~A alny 0
—J 0 z]n27A2

= det(zl,, — A2) det S,

where
IInl —Al _Jm Xng2 —1
5 = —Ay zly, - 0 (w1, = 42) ( ~nam 0 )
. IInl —A; _ FAz (x)‘]nl Xny 0
—Al LL‘Inl 0 0
B I =T a,(2)n,xn, —A1
—Al xl
Whence,
A2
det S = det(zI) det ((x] — Ty, (x)J — —1>
T
A2
= z™ det (wl — Ty, (2)J — —1))
T

A2
= z™ det (wl -1 FAZ(,T)J>
x

_ et (wl - Ag) (1 @)L (x)) ,

Notice that G is r1 - regular and the row sum of A? is 72. We get

T ni1 nix
AT T 2 T T3 p)

= n s =Ty
T
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and
" A3 niT
21t —mala,(2)
- e (£ mT o))
2 —r?
Hence . .
det(xl — A) = (2% — niaT 4, (x) — r3) H(:v - Xi(G2)) 1_[(:102 —Xi(Gh)?). |
i=1 i=2

Corollary 3.2 Let G1 be an ry - regular graph on ny vertices, Go be ro - regular graph on no
vertices. Then the A — Spectrum of G, U Gs consists of

(Z) AZ(CJQ) ’ fOT 1= 2537 T, N2y
(”’) :l:)"t(Gl) ’ fO’I’?;: 2537" TNy

(iit) Three roots of the equation

2 2 2
23— rox? — (nyng + ri)x 4+ rire.

Proof If Go is o - regular then

La,(z) = - i2r2-
We get
det(zl — A) = (2° —ro2® — (nano + 12)z + 12r2)
Tl - n@ [[e - n@. o
1=2 1=2

Corollary 3.3 Let Gy be an 1 - regular graph on n, vertices, A — Spectrum of Gy U K,
consists of

(1) 0, repeats ny times;

(”’) :l:)"t(Gl) ’ fO’I’ 1= 2537 e, Ny

(i17) £+/ning + e
Corollary 3.4 Let Gy be an r1 - regular graph on ni wvertices. A — Spectrum of G1 U Kpq
consists of

(1) 0, repeats p+ q — 2 times;

(”’) :l:)"t(Gl) ’ fO’I’ 1= 2537 e, Ny

(#i7) Four roots of the equation

a* — (pg +r? + nip + niq)x? — 2pgnax + ripg.
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3.1 Laplacian Spectrum of G; U G5 for Some Classes of Graphs G; and G4

Theorem 3.5 Let Gy be an r1 - reqular graph on ny vertices and my edges. Gy be an arbitrary

graph on ns vertices. then,

faiug, (L:x) = z(z® — (ny +no 4+ 2r1)z + 11 (201 +n2))
X H(:v —ny — pi(G2)) H(x2 — (2r1 +n2)z + nory + 71 — XNi(G1)?).
i=2 i=2

Proof The Laplace adjacency matrix of G; U Gy is

(r+mn2)l -4 Iy xms
L = _Al Tll Onl XMno
_J’ﬂg Xnq O’ﬂl Xnq nl—[ng + L2

where Ly is the Laplacian adjacency matrix of Ga

The Laplacian characteristic polynomial of G; U Gy is

(x—r1—n2)ln, Ay J
feiug,(L:z) = Ay (@—r1)Tn, 0
J 0 (1—77,1)1712—[/2

Using proposition 2.2 we get

ferua, (L x) = det((x — n1) 1, — L) detS,

where
T —r1 —n2)l, A J
g - ( 1 —n2)In, 1 B ((iv—m)InI—Lz)_l(J 0)
Al (:v — Tl)Inl 0
(@ rm—n)l A Tz =n1)Jnxn, 0
Aq (x —r1)I 0 0
7 (x —r1—na)l —Tp,(x —n1)J Ay
Al (LL' — T‘1)I
Therefore,

2
det S = (x —ry)" det <(:17 —ry —n2)l =T, (x —n1)J — A > .
r—Tr
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By Corollary 2.7

A2
det S = (x—ri)"det ((x —r1 —ng)l — L )

xr—Tr

x <1 —Tp(@—n)l a2 (2—r — m))

T —7rq

= det ((x —ry —na)(z —r)I — A?) (1 T, (@ =n)l .2 (z—7 —ng)) .

T—1rq

Since G is ry regular graph, the row sum of m‘ﬁl is mil Therefore,
ny(z —ry)
r rT—ri—n ,
Ii‘il ( ! 2) 22 — (2r1 + n2)x + naory
(2% — (n1 + ng + 2r1)x + r1(2n1 + n2))
1-Tp,(x —ny)T rT—ri—n =
2 ) A ( 1= m2) (z —n1)(x? — (2r1 + n2)z + nory)
Hence
fG1uG2 (L : JJ) = JJ(,TQ - (nl + no + 2T1)£L' —+7r (2”1 + ng))
na ni
X H(x —ny — Mz’(G2)) H($2 — (27‘1 + TLQ)CC + nory + T‘f - )\i(Gl)2). O
i=2 i=2

Let t(G) denote the number of spanning tree of the graph G, the total number of distinct
spanning subgraphs of G that are trees. The number of spanning trees of the graph describe
the network which is one of the natural characteristics of its reliability. If G is a connected
graph with n vertices and the Laplacian spectrum 0 = p1(G) < pa2(G), - -+ <, pin(G) then ([17])

HG) = p2(Gps(G) - - - pin (G)

n

Corollary 3.6 Let Gy be an r1 - reqular graph on ni vertices and Go be an arbitrary graph on
no vertices. Then

r1(2ny +n ™ o(ny + (G "2 (1 nar — AHG
H(G1 U Ga) = 1(2n1 + n9) [[i25(m /;751?3112_[1_2(1 o1 — A2(Gh))

Proof By Theorem 3.5 the roots of fg,uc, (L : x) are as follows:
(i) 0;

(13) n1 4 pi(Ge) for i = 2,3, ,ng;

(iii) Two roots say o1 and 3 of the equation 22 — (n1 + ng + 2r1)x + 71 (2n1 + n2);

(iv) Two roots say x;1 and z;o of the equation x? — (2r; + n2)z + nary +r7 — X\;(G1)? for

i=2,3, .

For Case (iii), x179 = 71(2n1 + ng), and for Case (iv), zi1mi2 = nary + 13 — \(G1)2,
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1 =2,3,---,n2. Then, we get that

mni X 7_12 2 _ 2
HG L1 Gy = 12t me) Ty (m + /;:ﬁ(blGi)Ll;L:z(ﬁ +ngm — AM(G)) O

Another Laplacian spectrum based on graph invariant was defined by Liu and Liu [3] called
the Laplacian - energy - like invariant. The Laplacian - energy - like invariant(LEL) of a graph

G of n vertices is defined as
n

LEL(G) = /.

=2

Corollary 3.7 Let G1 be an ry - reqular graph on ny vertices and Gy be an arbitrary graph on

ng vertices. Then Laplace - energy - like invariant

ny

1/2
LEL = (n1 o+ 2r + 2/ (21 + ng)) +3° (1 + ma(Gr)?)

=2

1/2
+§: <2T1+n2+\/7"%+712’l”1 —)\i(Gl)2> / '
=2

T‘% + nory — )\l(Gl)z

Proof Using Theorem 3.5 and Corollary 3.6 we have

VI + /T2 = (J:l +$2+2\/$1£L‘2)1/2
1/2
= (nl + no + 24/71 (2”1 + ng)) s
1 N 1 VT + T
VTl /T2 2\/T;1T42
_ (Il + 1z + \/x1x2>1/2

Ti1Tq2

1/2
_ 2T1+n2+\/rf+n2r1—)\i(G1)2
- T% + Nnory — )\1(G1)2 ’

Hence the required result is obtained using the formula for LEL. O

Klein [5] propounder of resistance distance defined electric resistance in network corre-
sponding to the considered graph as the resistance distance between any two adjacent nodes is
1 ohm. The sum of the resistance distance between all pairs of the vertices of a graph is con-
ceived as a new graph invariant. The electric resistance is calculated by means of the Kirchhoff
laws called kirchhoff index.

Kirchhoff index of a connected graph G with n(n > 2) vertices is defined as

n—1
KJ(@) =nY —

=1

Corollary 3.8 Let G1 be an 1 - regular graph on ny vertices. Go be an arbitrary graph on no
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vertices. Then

no n

7’L1—|—TL2+27’1 Z 1

+ 27’1 + no
r1(2n1 + ng) n1 + pi(Ga)

1
5 T‘% —+ nory — )\i(Gl)Q ’

=

Kf(Gl LJ Gg) = (2”1 + ng)

=2

Proof Using Theorem 3.5, Corollary 3.7 and the formula for Kirchhoff index we obtain the

required result. O
3.2 Spectra of DG - add Vertex Graph of Some Classes of Graphs
Next we discuss some spectral properties of the DG - add vertex graph of some classes of graphs.

Proposition 3.9 Let Gy be an 1 - regular graph on ny vertices and Go be an arbitrary graph

on no vertices. Then Gy U Gs and G1 <1 G are A - cospectral

Proof Notice that the characteristic polynomials of G; LIG2 and G <1 G2 are same. Hence
we get the result. O

Proposition 3.10 Let G1 be an 1 - regular graph on ni vertices and Ga be an arbitrary graph

on ny vertices then G1 U Gy and Gy <t G are L - cospectral.

84. Infinite Families of Integral Graphs

The following properties give a necessary and sufficient condition for DG - vertex join and DG

- add vertex join of G; and G2 to be integral.

Proposition 4.1 Let Gy be ry - regular graph on ny vertices and Gs be ro - reqular graph on

ng vertices. G1 UGy ( respectively G1 <1t Ga ) is an integral graph if and only if G1 and G4 are

2

integral graphs and the roots of x® — rox? — (nina + r?)x + r2ry are integers.

In particular if Go = K,, (totally disconnected) then ro = 0 then G U G (respectively
G4 1 Go) is integral iff Gy is an integral graph and ning + r? is a perfect square.

Figure 3 K, U K4 with spectrum {—5, —13,0% 13,5}
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Proposition 4.2 Let Gy be r1 - regular graph on n1. G1 U Kpq ( respectively G1 <1 Kpq ) is
an integral graph if and only if Gy is an integral graph and the roots of z* — (pq + r? + n1p +
n1q)x? — 2pqnix + 12pq are integers.
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