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§81. Introduction

Let G = (V, E) be a connected simple graph. The distance between two vertices u and v in
G, denoted by d_ (u,v) is the length of a shortest path between u and v in G. The degree of
a vertex u in G, denoted by d (u) is the number of vertices that are adjacent to v in G. The
Wiener index W (G) of a graph G is a distance based graph invariant introduced by H. Wiener
[18] in order to determine the boiling point of paraffin. It is defined as the sum of distance
between all pairs of vertices in G. i.e., W(G) = Z{u,u}gv(c)
DD(G) and Gutman index Gut(G) of a graph are weighted versions of Wiener index, which

d,, (u,v). The degree distance index

are defined as follows:

DD(G)= Y (da(u)+de(v))da(u,v)
{u,v}CV(G)

and

Gut(G) = Z de(u) dg(v) dg(u,v).
{uv}CV(G)

The degree distance index which is a degree distance based graph invariant, was introduced
independently by A. A. Dobrynin, A. A. Kochetova [6] and I. Gutman [10]. The Gutman
index, earlier known as Schultz index of the second kind was introduced in 1994 by Gutman
[10]. Tt may be noted that if G is a tree on n vertices, then the Wiener index, degree distance
index and Gutman index are closely related by the identities DD(G) = 4W(G) —n(n — 1) and
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Gut(G) =4W(G) — (2n — 1)(n — 1). More details about Wiener index and its variants can be
found in [2, 3, 4, 5, 6, 7, 12, 14, 17] and the references cited therein.

The corona [9] of two graphs G and G5 is the graph obtained by taking one copy of Gy,
|[V(G1)| copies of G2 and joining each i-th vertex of Gy to every vertex in the i-th copy of
G2. The neighborhood corona [13] of two graphs G; and Gy denoted by G; * Ga, is a variant
of corona of two graphs and is defined as the graph obtained by taking one copy of G; and
|[V(G1)| copies of Gg, and joining every neighbour of the i-th vertex of G; to every vertex in
the i-th copy of G5. Recently, various graph invariants of corona product of two graphs have

been studied, for example, see [1, 15, 19].

Example 1.1 The neighborhood corona P5 x Ps.

In this paper, we compute Wiener index, degree distance index and Gutman index of
G1 * GQ.

82. Main Results

Let Gy be a graph with vertex set V(G1) = {v1,v2, -+ ,Un, }, edge E(G1) = {e1,e2, - ,em, }
and let G2 be a graph with vertex set V(Ga) = {ui,us, - ,un,} and edge set E(G2) =

/

{e, ey, -+ e, }. We denote the vertex set of the i-th copy of G2 by Vi(G2) = {ui1, w2, , Uin, }-

To prove our main results we need the following definitions and two lemmas whose proofs

follows directly by the definition of neighborhood corona.



On Wiener and Weighted Wiener Indices of Neighborhood Corona of Two Graphs 99

Definition 2.1 For a graph G, we define

EA(G) :={e € E(G) : e is contained in a triangle of G},

Ty(G):= > dw) +d(v) and To(G):= > d(u)d(v).

wweEA(G) wveEA(G)

Clearly, if G has a vertex v of degree of |[V(G)| — 1 and G — v is connected graph with at
least two vertices, then Fa(G) = E(G), T1(G) = M1(G) and T>(G) = M2(G).

Lemma 2.2 Let G = G1 * Go. Then

(ng +1)dg, (x), ifzeV(G),
dc (IE) -
dG2 (JJ) + d01 (’Ui), Zfi[: S ‘/;(GQ)

Lemma 2.3 If G = Gy * G, then
(1) dG(viv vj) - dG1 (’Ui’ vj)) v v, vj € V(G1)7
1, if ujur € E(Ga),
(2) de(uij, wir) = ;
2, Zf UjUE ¢ E(Gg)

3, if vivg € E(G1) and v;ur, & Ea(Gh),
(3) fori #k, dG(uija Ukm) = 2, if viv, € EA(Gl), ;
de, (vi,vg), if vivg ¢ E(Gy).

da, (vi,vx), if vi # v,
(4) dG (uijvvk) =

2, if v = vg.
Theorem 2.4 The Wiener index of G = G1 * G2 is given by

W(G) = (712 + 1)2W(G1) + nl(ng(ng - 1) - m2) + n§(2m1 - |EA(G1)|) + 2711712.

Proof We know that

W(G) = Y d(z, y) = A+ As + A + Ay, (2.1)
{z, y}CV(G)
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where

Al = Z dG(’UZ‘, ’Uj),

{viv;}CV(Gy)

Z Z dG (uij7 uik)’

vi€V(G1) {uy;,u,, FEVi(G2)

Az = Z Z de (g, ujm)

{viv}CV(GL) w,, €V;(G2)
Uim €V, (G2)

and Ay = Z Z de(u,;, vi).

v; EV(Gy) u,;; €Vi(G2)
v €VI(G1)

Ay

By Lemma 2.3, we have

Ar= Y dglvn v = Y dg, (v, vy) = W(Gh),

{vi» vj}ICEVI(G1) {vi,v;}CV(G1)

A2 - Z Z dG (uij7 um)

vi €V(G1) {uy;,u,, YEVi(G2)

SR D SEEECD SR

v €V(G1) \ {uy;u,y, }EVi(Ga) ujuy €E(G2)
= Y (na(ng — 1) = my) = ny(na(ny — 1) — my),
v, €V (G1)

Az = Z Z dG (Uik, ujm)

{vi, v;}CV(G1) w,pevi(Ga)
ujim €V;(G2)

=n3 Z dg, (viy, v;) + Z 2 — Z 1

{'Ui, ’UJ}QV(Gl) ’Ui'U]‘GE(Gl) 'Ui’UjGEA(Gl)
n3(W(G1) +2m1 — |Ea(Gh)))

and

A4 = Z Z dg(’Uk, uij) + Z 2

v; €V (G5) u;j €V;(Ga) ui; €Vi(G2)
v €V (G1)
UV F V4

= N9y Z Z dG1 (vi, vE)+ 2n1n2

V4 EV(Gl) Vi EV(Gl)

= 2”2W(G1) + 2n1ns.

(2.5)
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Applying (2.2), (2.3), (2.4) and (2.5) in (2.1), we obtain the desired result. O
Corollary 2.5 If Gy is a triangle free graph, then the Wiener index of G = G1* G is given by

W(G) = (na + 1)2W(G1) +n1(n2(ng — 1) —me) + 2n§m1 + 2n1ns.

Corollary 2.6 If Gy = Hy V Hy (join of two connected graphs Hy and Hoy with |V (Hy)| > 2),
then the Wiener index of G = Gy * Go is given by

W(G) = (ng + 1)2°W(G1) + ni(nz(ng — 1) — ma) + nimy + 2n1ns.

Lemma 2.7([4]) Let P, and C,, denote the path and cycle on n vertices, respectively. Then

n(n? —1)

W(Pn) = 6

and

n3/8, if n is even,
n(n?—1)/8, if nis odd.

Applying the above lemma in Theorem 2.4, we obtain the following corollary.

Corollary 2.8 (1) W(P, = Py,) = =((m + 1)?n® + (17m? — 2m + 5)n) — 2m?;
(2) W(Cay, % Cpy) = ((m + 1)*n% + 6m?)n;
3) For n # 1, W(Capnt1 % Cp) = (2n + 1)(m?n? + m?n + 2mn? + 6m? + 2mn +n? +n)/2;
4) Forn # 1, W(Capi1%Pp) = (2n+1)(m*n? +m?n+2mn? +6m?+2mn+n?+n+2)/2;
)
)

| =

5) W(Cay * Py,) = m?n® 4+ 2mn3 + 6m?2n + n® + 2n;

6) W(P,xCp,) = é((m +1)2n2 + (17m? — 2m — 1)n) — 2m>.

The first and second Zagreb indices of a graph denoted by M;(G) and Mz (G), respectively,
are degree based topological indices introduced by Gutman and N. Trinajsti¢ ([11]). These two

(
(
(5) W
(6) W

indices are defined as

M(G) = Y de(v)+da(vm) = dg(v)

ei=vvm €EE(G) v, €G

and

MQ(G) = Z dg(’l}l)dg(’vm).

e;=vvm €E(G)
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Now, we derive a formula for DD(G1 % G3) in terms of degree distance of G1, Wiener index
of (G; and first Zagreb index of G; and Gs.

Theorem 2.9 The degree distance index of G = G1 * Gy is given by

DD(G) = (2n3 + 3ny 4+ 1)DD(G1) + 4ma(ng + D)W (Gy) + n3(2M1(G1) — T1(Gh))
—n1 My (Gz) + (Sng + (sz + 4)n2 — 4m2)m1 + 4m2n2(n1 — |EA(G1)|)

Proof We know that

DD(G)= ) (dg(2) +de(y)) do(z,y) = A+ Az + Az + Ay, (2.6)
{z,y}CV(G)
where
Ay = Z (dc(vi)+dc(vj)) de (vis v5),
{vi, v;}CV(G1)
A=Y > [de (uiz) +dg (wik)] dg (uij, wik),
vi€V(G1) {uij,uin}CVi(Ga)
Ag= > > [de(wik) + dg (ujm)] de (win, wm)
{vi,v; }CV(G1) wip€Vi(G2)
ujm €V;(G2)
and Ay =3 vy 2ougevian e (Uig) + de (vk)]dg (uiz, vi).
'U;CGV(Gl)

Applying Lemmas 2.2 and 2.3, we compute Ay, Ao, A3 and A, as follows:

A = Z (dc(vi) + dc(vj)) dc(viv Uj)

{vi, v;}CV(G1)
=(n2+1) S (de, () +dg, (v) dg, (vi, v))
{vi, v;}CV(G1)
= (n2 + 1)DD(Gh). (2.7)

A=Y >, [da (uij) + dg (wir)] dg (uig, wir)

v €V (G1) {uij,uir } CVi(G2)

Yoo > 2de, (0) F de, (wy) + de, (w)]

v, €V (G1) {wij uin } CVi(G2)

Z [2dG (Ul) + dG2 (u]) + dG2 (uk)]
ujur €EE(G2)

> {2(na(ng — 1)dg, (v:) + 2(ng — 1)my) — 2mad,, (vi) — Mi(Ga2)}
v, €V (G1)

= 4(TL2(TL2 — 1) — mg)ml + 4n1m2(n2 — 1) — n1M1 (Gg) (28)



On Wiener and Weighted Wiener Indices of Neighborhood Corona of Two Graphs 103

Az = > > ldg(uin) +dg (wim)] de (win, wjm)
{vi, v;}CV(G1) u;p€V;(Ga)
ujm €V (G2)

= Z dcl (vi, v;) Z [dcl (vi) + dG1 (v;) + dG2 (uir) + d02 (wjm)]

{viv;}CV(G1) uil €Vi(G2)
uijVj(G2)
+2 Z Z [dcl (vi) + de, (v;) + de, (uir) + de, (wjm)]

vivj EE(G1) u;p€V;(Ga)
Ujm EVj(G2)

- Z Z [dcl (vi) + dg, (v;) + de, (uir) + de, (wjm)]
’Uz"UjEEA(Gl) w;k €Vi(Ga)
ujm €V;(Gz)

= > dg, (i, vy) [M3(dg, (v3) + g, (v))) + dnamo)]
{vi,v;}CV(G1)

+2 Y [n3(dg, (i) +dg, (v7)) + 4nams]
UivjEE(Gl)

- Y [n3(dg, (i) +dg, (v)) + dnamo]
v;v; EEA(G1)

= ngDD(Gl) + 4n2m2W(G1) + n§(2M1 (Gl) — Tl(Gl)) + 4n2m2(2m1 — |EA(G1)|) (2.9)

Ac= >0 Y ldg(uy) + dg (vn))dg (i, i)
v, €V(G1) uj; €V;(Ga)
v €V (G1)

> > lde(ui) + do(wi)ldg (wig, vi) +2 Y (dg(uij) +dg (vi))
v; €V(G1) | u;j€V;(Ga) wui; €Vi(Ga)
v, EV(G)
Vi FVg

= Z { Z (ngdG1 (vi)+"2("2+l)dcl ('U;C)Jr27n2)dc1 (vi, vk) +2[2m2+n2(n2+2)dc(vi)]}

v eV(Gy) | vpeviay)
= (n3 +2n2)DD(G1) + 4maW(G1) + 4nima + 4my (na + 2)na. (2.10)
Applying (2.7), (2.8), (2.9) and (2.10) in (2.6), we obtain the desired result. O

Corollary 2.10 If Gy is a triangle free graph, then the degree distance index of G = G1 * G2

is given by

DD(G) = (2n3 + 3n2 + 1)DD(G1) + 4ma(na + 1)W(G1) + 2n3M1(G1)
- n1M1 (GQ) + (871% + (8m2 + 4)7’1,2 - 4m2)m1 + 4m2n2n1.

Corollary 2.11 If Gy = Hy V Hy (join of two connected graphs Hy and Hy with |V (Hy)| = 2),
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then the degree distance index of G = G1 * Ga is given by

DD(G) = (2n3 + 3n2 + 1)DD(G1) + 4ma(na + 1)W(G1) + n3 M (Gh)
—n1 My (Gz) + (2n§ + (ma2 + 1)ng — ma)dmq + dmanan;.

Lemma 2.12([7,16]) Let P, and C,, denote the path and cycle on n vertices, respectively. Then

n(n—1)(2n —1)

DD(P,) = .

and
n3/2, if n is even,
DD(C,) =
n(n?—1)/2, ifnis odd.

Using Lemmas 2.7, 2.12 and also the facts that My1(P,) = 4n — 6 (n > 2), Ma(P,) =
dn —8 (n = 3), My(C,) = M2(C},) = 4n in Theorem 2.9, we obtain the following corollary.

Corollary 2.13 (1) DD(P, x P,,) = (2n3 — 2n? + 28n — 28)m? + (2n® — 3n? — 15n + 8)m —
n? +11n —4;

(2) DD(Cyy, * Cp) = 4n(3m?*n? + 4mn? + 14m? + n? — 2m);

(3) forn # 1, DD(Copi1 % Cry) = 2(2n 4+ 1)(3m?n? + 3m?2n + 4mn? + 14m? + dmn +n? —
2m +n);

(4) forn # 1, DD(Copy1%Pp) = 2(2n+1)(3m2n2 +3m2n+3mn?+14m?+3mn—8m+5);
(5) DD(Cay, * Py) = 4n(3m>n? + 3mn? + 14m? — 8m + 5);

1
(6) DD(P, +C,,) = g((6m?+8m+2)n3 —(6m2+9m+3)n?+ (84m? — 11m+1)n) — 28m>.

Now, we derive a formula for Gut(Gy * G2) in terms of degree distance of G, Gutman
index of GGy, Wiener index of G; and Zagreb indices of G; and Gbs.

Theorem 2.14 The Gutman index of G = G1 * Gy is given by

Gut(G) = (2n2 + 1)*Gut(G1) + 2ma(2n2 + 1)DD(Gy) + 4m3aW (G1) — (n1 + 2my ) My (G2)
— nle(Gg) + (TLQ(?)?’LQ + dmo + 1) - mg)Ml (Gl) + n§(2M2(G1) - TQ(Gl))
- 2n2m2T1 (Gl) - 4m§|EA(G1)| + 8m1m2[2n2 + mg] + 47’1,177’1,3

Proof Notice that

Gut(G) = Y (ds(2) ds(y)) d(x, y) = A1 + A + Az + Ay, (2.11)
{z.y}CV(Q)
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where
A= Y o) dg(vy)) do (v, vy),
{vi,v;}CV(G1)
Az = Z Z de (wiz) dg (uir) de (wij, wik),
v €V(G1) {uiz,uik }CVi(G2)
A3 = > S dg(uik) dg (wim) dg (ik, wjm)
{vi,v; }CV(G1) wuip€Vi(G2)
ujm €V;(G2)
and A4 = Z'UZEV(GQ % E“i]‘EVi(Gz) dG (ulj) dG (’Uk) dG (Uij, ’Uk).
v €V (G1)

Applying Lemmas 2.2 and 2.3, A;(i = 1,2, 3,4) can be computed as follows:

A= Yo do(wi) do(v)) dg(vi, v5)
{vi, v;}CV(G1)
= (n2 +1)° Yo e, (vi) dg, (v)] dg, (vi, vj) = (n2 +1)*Gut(Gh), (2.12)

{vi, v;}CV(G1)

A2 = Z Z dg (uiz) dg (uik) dg(wij, wir)

v €V(G1) {uij, uirp}CVi(G2)

> <2 > de (uij) de(uin) — Y dg(uij) dg (ui)

v €V(G1) {uij, wir}CVi(G2) ujur EE(G2)

o2 > [dg, (wij) dg, (wix) + dg, (vi) (dg, (uij) + dg, (wir)) + dg(vi)]
v; €V (G1) {uij, win}CVi(G2)

= Y (g, (W) de, (wik) + dg, (03) [de, (uig) + de, (wir)] + d&(v:))

ujup€E(G2)
3 {4m§ — Mi(Ga) +4(n2 — Dymadg, (vi) + na(na — 1)d% (v;)
v; EV(G1)
_MQ(GQ) — dc (U@)Ml (Gz) — mzdz (’U,)}
= n1(4m§ — MQ(GQ)) — (n1 + 2m1)M1 (Gz) + 8m1m2(n2 — 1) + (nz(nz — 1) — mz)Ml(Gl),
(2.13)

As = > > dg(ui) dg(ugm) dg ik, tm)
{vi, v;}CV(G1) u;p,€V;(Ga)
ujm€V;(G2)

= ) N de (uik) de (ujm) de, (vis v5)
{vi, v;}CV(G1) €V, (Ga)
ujwnEVj(G2)

+2 ) S dglum) dg(umm) — Y > dg(uik) dg(ujm)

v;v; €E(G1) i €V;(Ga) viv; EEA(G1) u;p€Vi(Ga)
ujm €V;(Ga) wjm €V;(G2)
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= Z dcl (vi, vk) Z [dcl (vi) + d02 (ur)] [dG1 (v5) + dG2 (um)]
{vi,v;}CV(G1) u;ik €Vi(G2)
ujm €V (G2)

+2 Z Z [dG1 (1)1) + dG2 (uk)] [dcl (vj) + d02 (um)]
R A
- Z Z [dGl (vi) + dG2 (ur)] [dcl (v;) + dc;2 (um)]

vivj EEA(G1) u;p €V, (Ga)
Ujm EVj(G2)

= > g, (i, ve) {n3dg, (0)dg, (0)) + 2nama(dg, (v:) + dg, (v5)) + 4m3 }
{vi,v; }CV(G1)

w2 3 e, (), (v5) + 2nama (dg, (v0) + dg, (v;)) + 4m3 |
viv; EE(GY)

= > e, (w)de, (v) + 2nama (de, (v1) + do, (4)) +4m3 |

v;v; EEA(G1)
= n3Gut(G1) + 2namaDD(Gy) + 4m3W (G1) + na(2Ma(Gy) — Ta(G1))
+ 2n2ma(2M1(G1) — Th(G1)) + 4m3(2m1 — |Ea(G1))). (2.14)

A= ) D7 dg(uiy) dg(vr) dg, (vi, ve) 2 Y dg(uy) de (v)
vi€VI(G1) | u;j€V;(Ga) u;; €V;(G2)
v EV(G1)
Vi FEVE

v, €V(G1) v €EVI(G1)

=(n2+1) Y { > dg, (i, w) dg, (k) (2mz2 + 2 dg, (vi))

+2 (nad?, (v) + 2ms dg, (v:)) }

= 2(712 + 1)(m2DD(G1) + nzGUt(Gl) =+ nle(Gl) =+ 4m1m2). (2.15)

Using (2.12), (2.13), (2.14) and (2.15) in (2.11), we obtain the required result. m

Corollary 2.15 If G is a triangle free graph, then the Gutman index of G = G1 * Ga is given
by

Gut(G) = (2ng + 1)2Gut(G1) + 2ma(2n2 + 1)DD(G) + 4m3aW (G1)
—(n1 + 2m1)M1 (Gg) — nlMg(Gg) + (TLQ(?)?’LQ +4my+1) — mz)Ml (Gl)
+ 2n2 Mo (G1) + 8myma[2ns + ma) + 4nym3.

Corollary 2.16 If Gy = H,V Hs (join of two connected graphs Hy and Ho with |V (Hy)| = 2),
then the Gutman index of G = Gy x Go is given by
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Gut(G) = (2n2 + 1)*Gut(G1) + 2ma2(2ny + 1)DD(Gy) + 4m3W (Gy)
—(n1 + 2m1)M1 (Gg) — nlMg(Gg) + (TLQ(?)?’LQ +2mgy+1) — mg)Ml (Gl)
+n2My(G1) + dmyma[dng + ms] + 4nym3.

Lemma 2.17([8]) Let P, and C,, denote the path and the cycle on n vertices, respectively.
Then

Gut(P,) = (n—1)(2n* —4n + 3)/3
and

n?/2, if n is even,
Gut(C,) =
n(n? —1)/2, if n is odd.

Applying Lemmas 2.7, 2.12 and 2.17 in Theorem 2.14, we obtain the following corollary.

Corollary 2.18 (1) For n,m > 3, Gut(P, * P,,) = (6n® — 12n% + 74n — 86)m? — (6n? + 62n —
60)m + 43n — 27;

(2) Gut(Cap * Cpy) = 4n(9Mm3n? + 6mn? + 32m? + n? — 8m);

(3) Forn # 1, Gut(Cany1 % Cpy) = 2(2n+ 1)(9m3n2 + 9m?n + 6mn? + 32m?2 + 6mn +n? —
8m +n);

(4) Forn # 1, Gut(Copni1 * Pp) = 2(2n + 1)(9m2n? + 9m?n + 32m?2 — 36m + 21);

(5) Gut(Cay, x Pp) = 4n(9m3n? + 32m? — 36m + 21);

1

(6) Gut(Pn # Cm) = 6(m +1/3)°n® — 2((36m? + 30m + 6)n” + (222m® — 18m + T)n) —

86m? 4 4m — 1.
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