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Abstract: In this paper, we study the curvature properties of the special («, 3)- metric
2

F=a+ef+ kﬂ— (where €,k # 0 are constants). We find the expressions for Riemann
o

curvature and Ricci curvature of the special («, 8)-metric, when (3 the 1- form is a killing

form of constant length. We give a characterization of the projective flatness for the special

(a, B)- metric.
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81. Introduction

A Finsler metric F(x, y) on an n-dimensional manifold M™ is called an («a, 8)-metric ([4]) F(x,y),
if F is positively homogeneous function of o and 3 of degree one, where o = a;;(z)y'y’ is a
Riemannian metric and 8 = b;(z)y’ is a 1-form on M™. The (a, 3)-metrics form an important
class of Finsler metrics appearing iteratively in formulating physics, mechanics, Seismology,
Biology, control theory, etc ([1], [6]). There are several interesting curvatures in Finsler geometry
(2], [5]), among them two important curvatures are Riemann curvature and Ricci curvature.

Riemannian metrics on a manifold are quadratic metrics, while Finsler metrics are those
without restriction on the quadratic property. The Riemannian curvature in Riemannian ge-
ometry can be extended to Finsler metrics as a family of linear transformations on the tangent
spaces. The Ricci curvature plays an important role in the geometry of Finsler manifolds and
is defined as the trace of the Riemannian curvature on each tangent space.

Consider the Finsler space F™ = (M", F) that is equipped with the special (a, §)-metric
2

F=a+ef+k— (e #0, k #0 are constants), where o = a;;(x)y'y’ is a Riemannian metric
a
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and 3 = b;(z)y’ is a 1-form on an n-dimensional manifold M™. Then the space R" = (M", )
is called the associated Riemannian space with F = (M™, F). The covariant differentiation
with respect to the Levi Civita connection 7}, (z) of R™ is denoted by (:). We put @ = (a;;)~"

The main purpose of the current paper is to investigate the curvature properties of the
2

special (a, 8)-metric o + €5 + k— (e,k # 0). The paper is organized as follows: Starting
@
with literature survey in section one, we find the Riemann curvature and Ricci curvature of
2
the Finsler space with special («, 3)- metric « + €6 + k% in section two (see Theorem 2.1).
In section three, we obtain the necessary and sufficient conditions for a Finsler space with

(c, B)-metric to be locally projectively flat (see Theorem 3.1 ).
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§2. Riemann curvature and Ricci curvature of special («, §)-metric o + ¢ + k—
@

Let F be a Finsler metric on an n-dimensional manifold M and G* be the geodesic coefficient
of F, which is defined by

G = 20 I g™ — (2], 1)

For any z € M and y € T, M\ {0}, the Riemann curvature R, = R}, 22 @ dz™ : T,M™ —
T,M™ is defined by

, oG" 092Gt 0*Gt oG OG™
Rl e 2— I — 2Gm — .
m ox™ 8xm8ymy + Aymoy™  Oy™ dy™

(2)

The Ricci curvature is the trace of the Riemann curvature, and the Ricci scalar is defined
by
. ; 1 .
Ric=R;, R= me' (3)
By definition, an (a, 8)-metric on M is expressed in the form F = a¢(s),s = g, where
a = +/a;j(x)y'y™ is a positive definite Riemannian metric, 8 = b;(z)y’ is a 1-form. It is known

that («, §)-metric with [|f;]la < bo is a Finsler metric if and only if ¢ = ¢(s) is a positive

smooth function on an open interval (—by, by) satisfying the following conditions:
p(s) — s¢' + (b* — )¢ (s) >0, V |s| <b < by. (4)
For a special (a, §)-metric a + €5 + k%, we have

B) = (1 +es+hs?); 5= 2. (5)
Let G'(z,y) and G (x,y) denote the spray coefficients of ' and « respectively. To express

formula for the spray coefficients G* of F in terms of a and /3, we need to introduce some
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notations. Let b;.; be a covariant derivative of b; with respect to y7. Denote

1 1

rij = 5y + 05, sy = 5(big; — byja),
2 2

Sj— = aihshj, S5 = bisj- = Sijbi, r; = Tijbi,

ro =1y, So=s;y’, Too =i Y'Yy’ .

Lemma 2.1([3]) For an («, 8)-metric F = ad(s), s = g, the geodesic coefficients G are
given by

G' =G, + aQsh + O(—2aQso + roo)ygZ + ¢(—2aQso + roo) (b° — yEZ)a (6)
where
B ¢
Q - QI) _ ng)/’
o (6~ 56)0
20((¢p — s¢') + (b2 — s2)¢"’
\Ij B (b//

2((¢ — 5¢/) + (b° — 5%))9"

Here b' = a'b;, and b* = a"b;b; = b;b7.

Lemma 2.2 For a special (o, 3)-metric F = a+ €8 + k%z, the geodesic coefficients G* are
given by

i i (€ +2ks)
¢ = GatagTas
(€ + 2ks — eks? — 2k?s?) [ (e + 2ks)
— 2 S
2(1 + 2kb? — 3ks?)(1 + es + ks?) 1— ks ?

y’ k [ (€ + 2ks) } ;Y
¥y -2 p— L 7
o "1 R kst L YT —ks? so+ 700 (" = ) (7)

+T00:|
Proof By a direct computation, we get (7) from (6) O

Theorem 2.1 For a Finsler space with special (o, 3)- metric F = o + €8 + k%z, the Ricci
curvature of F is given by

Ric = Ric+T, (8)

where Ric(= ®Ric) denotes the Ricci curvature of o, and

4kFa? 2 2k
T = @ — kP ]?52)2 50550 + o T 1) ciza—+k626) 50+
2(ea? + 2kafB){eat — eka?B? + 2ka’ B — 2k*a 3 + 2ska®F} m
+ (a? —kp2)3 om0

—a? (6042 + 2kaﬁ)2 sMgl
(a2 _ k52)2 Jj °m
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Proof Consider the Finsler space with special («, 3)- metric F = o + €8 + k%z on an
n-dimensional manifold M™. From Lemma 2.2, the geodesic coefficients G* of F are related to

the coefficients G?, of a by

G'=Gi + Py + T, (9)
where
— 2k + 2k(1 — — 2k)ks? — 2k2s3 2k

TN .

2a(1 4 2kb? — 3ks?)(1 + es + ks?) 1—ks?

; ale + 2ks) k —2a(e + 2ks)sg ;
T — i [ I3 10
T—ks? O TromZ—30s2l  1—ksz (10)

In this section, we assume that g is a killing form of constant length i. e., 3 satisfies

ri; =0, and bbj., =0, (11)
Equation (11) implies that
Sij = bij, 8 = bisij =0, blsz =blsa’" = —bls;rad" = 0. (12)
Thus P = 0 and (9) reduces to
G'=Gl+ T, (13)
where  ale+2ks)
T=— e (14)

Now from (2) and (13), we obtain ([7])

Ry, =Ry, + 205, —y' T}, =TT, +21°T} (15)
where Tl] = g—gj. Thus the Ricci curvature of F is related to the Ricci curvature of a by
Ric = Ric+ 217, — T}y, — T7T4, + 27977, (16)
where “: 7and “. ”denotes the horizontal covariant derivative and vertical covariant derivative
with respect to the Berwald connection determined by G* respectively.
Note that
Om =0, Ym =0, Bun =Tom + Som, b:2m =2(rm + Sm), bfm = T:n + S:n
bi sy 50i (bjyi + biy;) Yiyi Qi
ST T ar ST SaiT g T ey
2 2 2
We have F,,, = (o + ¢3 + kﬁ—);m = (e + —ﬁ)bo;m and Fym = (a + €0+ kﬁ_)y”l = Im
@ @ @ @
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2
by, + kﬁ %m. Thus from (14), we have
!
2kFso;sy e+ 2ks)
" = -0 m.
J (1 —ks?)a i 1— ks2 04
2kFa? m (e +2kB) .

8044 (17)

(a2 — £B2)2 070 T g k52

Using bisy = 0, bish = 0, wish = 0 & yisj,; = 0, we obtain T, = 0 and T}%,37 = 0.

m

Consequently, we obtain the following

2 2 3
i (ea” 4+ 2kap) & 2kFa ;
TJTj,k = mskoso — Smsjﬂs%
(ea® +2kaf)? ; |  2ka®F(ea® +2kaf) ;
i = 505;-

I R e

(ea? + 2ka3)? 2ka® F(ea? + 2kaf3) m , olea® +2kaf)® .

TyT], = 2

(a? — k3?)2 Somsy — 28 (a? — k32)3 Som$So + (a% — k32)2 55 Sm-
Plugging these values into (16), we get
Ric = Ric+2T0 — /T2, — 7T, + 20977,
S 4kFa? a?(ea + 2kf) (ea? + 2ka3)?
ot (a% —kp2)2 %0 e ko0 (a2 — k22 "% ’
4ska’F(ea® + 2k 2 4 2kaf)? » 2 4+ 2kafB)?
s a(az(e_ak;;p af) somsT — a2 (5(22"; k—BO;)BQ) s's], + 2(6((22t kﬁoé—)@ Sm0S4"
2kFa? - (ea® + 2kafB)? kol F(ea? + 2kaf)
25— _sigs) +2—— L )50 —4s 5250, 18
(a2 — kp2)2 7070 (a® — kp2)2 079 (a2 — kB?)3 075 (18)
Since $,,0 = —Som and 39 = —sjo, equation (18) becomes
) S 4kFa3 m oa?(ea + 2kp) (ea? + 2ka3)? m
R'LC = RZC+ mswso + 2WSOJ + 2m50m50 +
4skal F(ea? + 2kaf3) s g o2 (ea? + 2kaf3)? g g
(a% — k32)3 0m=0 (a2 —kp2)2 7 °m
— 4kFa? a0 (ea+2kB) .
= Ric+ WSOJ‘SO + 2W80:j +
2(ea? + 2kafB){ea* — eka?B? + 2kaB — 2k%aB® + 2ska’F} m
(o — kp?)3 womto
2 2
o (ea® + 2kaf)® (19)

YT —kp)2 ™

This completes the proof. O
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§3. Projectively Flat (o, 8)-metric

A Finsler metric F = F(x,y) on an open subset U C R" is projectively flat [3] if and only if
Fzmyzym - sz =0. (20)

By (20), we have the following lemma ([8]).

Lemma 3.1 An (a, 8)- metric F = a¢(s), where s = g, 1s projectively flat on an open subset
U C R" if and only if
(ami0® = Ymuy))G™ + &> Qs10 4+ Yo —2aQso + o0 ) (o — sy;) = 0. (21)

ﬁQ

In this section, we consider the Finsler space with special («, 3)- metric F = a+ef+k—,
«

where €, k £ 0 are constants. We have
F=ad(s), ¢(s)=(1+es+ks?). (22)

Let by > 0 be the largest number such that

¢(s) = 5¢/(s) + (b° — s%)¢"(5) > 0, (|s| <b < bo). (23)
That is,
1+ 2kb?* — 4ks® >0, (|s| <b < by). (24)
62

Lemma 3.2 F = a+¢f + k— is a Finsler metric iff |6l < 1.

«

2
Proof f F=a+ €8+ kﬁ— is a Finsler metric, then
o
1+ 2kb?* — 4ks® >0, (|s| <b < by). (25)
Let s = b, then we get b < ! ¥V b < by. Let b — by, then by < = So |I8lla <1. No
= b, then w —, . — bg, then — o <1. Now,
’ g 5k 0 0 0 ok
i
1
s|<b< — 26
<< (26)
then
1+ 2kb?* — 4ks® >0, (|s| <b < by). (27)

2
Thus F =a+ €6+ kﬁ— is a Finsler metric. O
@
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By Lemma 2.2, the spray coeflicients are given by

0 - ea® + 2kaf
a2 —kp2
o — ea® — 2ka’ B — ekaf? — 2k%33
2{(1 4+ 2kb?)a? — 3k32}Ha? + e + kB2’
ka?
/(Z) =

(1 + 2kb%)a2 — 3kB%

Equation (21) is reduced to the following form:

(GmIOéQ — Yott)G™ + QB(M)SZO + a(( ko )

a? — k32 1+ 2kb2)a? — 3k32
[20( 2 4] (e~ Z1) =0, 28)

Lemma 3.3 If (4,102 — yny1)G™ = 0, then « is projectively flat.

«

Proof If (amia® — ymy)G™ = 0, then
amia® = Yy Gy,
then there is a n = n(x, y) such that y,,G™ = o7, we get
amiGy = Ny
Contracting with a’ yields G?, = ny?, and thus « is projectively flat. O

Theorem 3.1 A Finsler space with special (o, 3)-metric F = o+ €5 + k%z (where €, k # 0

are constants) is locally projectively flat iff

(1) B is parallel with respect to «;
(2) « is locally projectively flat, i. e., of constant curvature.

Proof Suppose that F is locally projectively flat. First, we rewrite (28) as a polynomial in
y® and a. This gives,

(ami0® = ymi) G [{(1 + 2k0%)0? = 3k} a2 — %} + 2hka B{(1 +
2kb?)a? — 3kB*}s10 + krooa®(a? — kB%)(bia® — Byi) — 4k*a’*Bso(bja® —
Byi) + a{ea4{(1 + 2kb?)a? — 3kB% ) s10 — 2ekatso(ba? — 5yl)} =0. (29)

or
U+aV =0, (30)
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where
U = (amo® = ym) Gir [{(1+ 2k6%)0® = 3k2Ha® — k3%}| + 2k’ B{(1 +
2kb?)a® — 3kB%*Ys10 + krooa®(a? — kB%)(bia® — By) — 4k*a’Bsg
(blO&2 - 6yl)7
and
Vo= ea{(1+2kb?)a? — 3kB}s10 — 2eka’tso (b’ — Byy).

Now, (30) is a polynomial in (y*), such that U and V are rational in y* and « is irrational.
Therefore, we must have
U=0andV =0, (31)

which implies that

(am10® — Ymy))G™ | {(1 + 2kb?) o — 3kB%*}{a? — k62}} +2ka’p{(1
+2kbH)a? — 3kB%}s10 + krooa® (o — kB%) (b — By;) — 4k*a’ Bso
(bie® — By) =0 (32)

and
ea*{(1+ 2kb?)a? — 3kB?}s19 — 2ekaso(bia® — Byi) = 0. (33)

From (30), considering only terms which do not contain 3. There exists a homogenous

polynomial V7 of degree seven in y® such that
{(1 + 2kb?)esiy — 2keblso}a7 = V. (34)
Since a? % o(modf3), we must have a function u' = u!(z) satisfying
(1 + 2kb%)esio — 2kebysg = u'p. (35)
Transvecting (35) by b;, we have
(1 + 2kb%)eso — 2keb®sy = ul Bbl. (36)

That is,
es; = u'bb;. (37)
Further transvecting by &’, we have u’b;b> = 0, which implies u‘b; = 0. Substituting this
equation into (36), we get so = 0. Now, from (32), by contracting with b, we get
(bno® = ym G [{(1+ 2k0%)0? = 3kF7Ha® — kG%}| + 2ka’B{(1 +
2kb?)a? — 3kB%}Yso + krooa? (o — kB%) (Va2 — 5%) — 4k?a* Bso (b — By;) = 0. (38)
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Since sp = 0, we get
(bm® — Yy B)G™ [ {(1 +2kb*)a? — 3kB*Ha? — kB%}| + krooa(a® — kB%) (b?a® — %) = 0. (39)

Contracting (39) by y™, we get
oo = 0. (40)

From (33), we get
S0 = 0. (41)

Then by (40) and Lemma 3.3, « is projectively flat. From (40) and (41), b;;; = 0, i. e., B is
parallel to .

Conversely, if [ is parallel with respect to « and « is locally projectively flat, then by
Lemma 3.3, we can easily see that F is locally projectively flat. a
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