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Abstract: In this paper, we study the curvature properties of the special (α, β)- metric

F = α + ǫβ + k
β2

α
(where ǫ, k 6= 0 are constants). We find the expressions for Riemann

curvature and Ricci curvature of the special (α, β)-metric, when β the 1- form is a killing

form of constant length. We give a characterization of the projective flatness for the special

(α, β)- metric.
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§1. Introduction

A Finsler metric F(x, y) on an n-dimensional manifoldMn is called an (α, β)-metric ([4]) F(x,y),

if F is positively homogeneous function of α and β of degree one, where α2 = aij(x)y
iyj is a

Riemannian metric and β = bi(x)y
i is a 1-form on Mn. The (α, β)-metrics form an important

class of Finsler metrics appearing iteratively in formulating physics, mechanics, Seismology,

Biology, control theory, etc ([1], [6]). There are several interesting curvatures in Finsler geometry

([2], [5]), among them two important curvatures are Riemann curvature and Ricci curvature.

Riemannian metrics on a manifold are quadratic metrics, while Finsler metrics are those

without restriction on the quadratic property. The Riemannian curvature in Riemannian ge-

ometry can be extended to Finsler metrics as a family of linear transformations on the tangent

spaces. The Ricci curvature plays an important role in the geometry of Finsler manifolds and

is defined as the trace of the Riemannian curvature on each tangent space.

Consider the Finsler space Fn = (Mn, F ) that is equipped with the special (α, β)-metric

F = α+ ǫβ + k
β2

α
(ǫ 6= 0, k 6= 0 are constants), where α2 = aij(x)y

iyj is a Riemannian metric
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and β = bi(x)y
i is a 1-form on an n-dimensional manifold Mn. Then the space Rn = (Mn, α)

is called the associated Riemannian space with Fn = (Mn, F ). The covariant differentiation

with respect to the Levi Civita connection γi
jk(x) of Rn is denoted by (:). We put aij = (aij)

−1

The main purpose of the current paper is to investigate the curvature properties of the

special (α, β)-metric α + ǫβ + k
β2

α
(ǫ, k 6= 0). The paper is organized as follows: Starting

with literature survey in section one, we find the Riemann curvature and Ricci curvature of

the Finsler space with special (α, β)- metric α + ǫβ + k β2

α in section two (see Theorem 2.1).

In section three, we obtain the necessary and sufficient conditions for a Finsler space with

(α, β)-metric to be locally projectively flat (see Theorem 3.1 ).

§2. Riemann curvature and Ricci curvature of special (α, β)-metric α+ ǫβ + k
β2

α

Let F be a Finsler metric on an n-dimensional manifold M and Gi be the geodesic coefficient

of F, which is defined by

Gi =
1

4
gil{[F 2]xmylym − [F 2]xl}. (1)

For any x ∈M and y ∈ TxM�{0}, the Riemann curvature Ry = Ri
m

∂
∂xi ⊗dxm : TxM

n →
TxM

n is defined by

Ri
m = 2

∂Gi

∂xm
− ∂2Gi

∂xm∂ym
ym + 2Gm ∂2Gi

∂ym∂ym
− ∂Gi

∂ym

∂Gm

∂ym
. (2)

The Ricci curvature is the trace of the Riemann curvature, and the Ricci scalar is defined

by

Ric = Ri
i, R =

1

n− 1
Ric. (3)

By definition, an (α, β)-metric on M is expressed in the form F = αφ(s), s = β
α , where

α =
√
aij(x)yiym is a positive definite Riemannian metric, β = bi(x)y

i is a 1-form. It is known

that (α, β)-metric with ‖βx‖α < b0 is a Finsler metric if and only if φ = φ(s) is a positive

smooth function on an open interval (−b0, b0) satisfying the following conditions:

φ(s) − sφ′ + (b2 − s2)φ′′(s) > 0, ∀ |s| ≤ b < b0. (4)

For a special (α, β)-metric α+ ǫβ + k β2

α , we have

φ(s) = (1 + ǫs+ ks2); s =
β

α
. (5)

Let Gi(x, y) and Gi
α(x, y) denote the spray coefficients of F and α respectively. To express

formula for the spray coefficients Gi of F in terms of α and β, we need to introduce some
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notations. Let bi:j be a covariant derivative of bi with respect to yj . Denote

rij =
1

2
(bi|j + bj|i), sij =

1

2
(bi|j − bj|i),

si
j = aihshj , sj = bis

i
j = sijb

i, rj = rijb
i,

r0 = rjy
j, s0 = sjy

j , r00 = rijy
iyj .

Lemma 2.1([3]) For an (α, β)-metric F = αφ(s), s = β
α , the geodesic coefficients Gi are

given by

Gi = Gi
α + αQsi

0 + Θ(−2αQs0 + r00)
yi

α
+ ψ(−2αQs0 + r00)

(
bi − yi

α

)
, (6)

where

Q =
φ

φ− sφ′
,

Θ =
(φ − sφ′)φ′

2φ((φ− sφ′) + (b2 − s2)φ′′
,

Ψ =
φ′′

2((φ− sφ′) + (b2 − s2))φ′′
.

Here bi = aijbj, and b2 = aijbibj = bjb
j.

Lemma 2.2 For a special (α, β)-metric F = α + ǫβ + k β2

α , the geodesic coefficients Gi are

given by

Gi = Gi
α + α

(ǫ+ 2ks)

1 − ks2
si
0

+
(ǫ+ 2ks− ǫks2 − 2k2s3)

2(1 + 2kb2 − 3ks2)(1 + ǫs+ ks2)

[
−2α

(ǫ+ 2ks)

1 − ks2
s0

+r00

]yi

α
+

k

1 + 2kb2 − 3ks2

[
−2α

(ǫ+ 2ks)

1 − ks2
s0 + r00

](
bi − yi

α

)
(7)

Proof By a direct computation, we get (7) from (6) 2
Theorem 2.1 For a Finsler space with special (α, β)- metric F = α + ǫβ + k β2

α , the Ricci

curvature of F is given by

Ric = Ric+ T, (8)

where Ric(= αRic) denotes the Ricci curvature of α, and

T =
4kFα3

(α2 − kβ2)2
s0js

m
0 + 2

α2(ǫα+ 2kβ)

α2 − kβ2
sm
0:j

+
2(ǫα2 + 2kαβ){ǫα4 − ǫkα2β2 + 2kα3β − 2k2αβ3 + 2skα3F}

(α2 − kβ2)3
s0ms

m
0

−α2 (ǫα2 + 2kαβ)2

(α2 − kβ2)2
sm

j s
j
m
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Proof Consider the Finsler space with special (α, β)- metric F = α + ǫβ + k β2

α on an

n-dimensional manifold Mn. From Lemma 2.2, the geodesic coefficients Gi of F are related to

the coefficients Gi
α of α by

Gi = Gi
α + Pyi + T i, (9)

where

P =
[ǫ− 2k + 2k(1 − ǫ)s− (ǫ+ 2k)ks2 − 2k2s3]

2α(1 + 2kb2 − 3ks2)(1 + ǫs+ ks2)

[
−2α

(ǫ+ 2ks)

1 − ks2
s0 + r00

]
,

T i =
α(ǫ+ 2ks)

1 − ks2
si
0 +

k

1 + 2kb2 − 3δs2

[−2α(ǫ+ 2ks)s0
1 − ks2

+ r00

]
bi. (10)

In this section, we assume that β is a killing form of constant length i. e., β satisfies

rij = 0, and bjbj:m = 0. (11)

Equation (11) implies that

sij = bi:j , sj = bisij = 0, bisj
i = bisria

jr = −bisira
jr = 0. (12)

Thus P = 0 and (9) reduces to

Gi = Gi
α + T i, (13)

where

T i =
α(ǫ+ 2ks)

1 − ks2
si
0, (14)

Now from (2) and (13), we obtain ([7])

Ri
m = αRi

m + 2T i
:m − yjT i

:j.m − T i
.jT

j
.m + 2T jT i

j.m, (15)

where T i
.j = ∂T i

∂yj . Thus the Ricci curvature of F is related to the Ricci curvature of α by

Ric = Ric+ 2Tm
:m − yjTm

:j.m − Tm
.j T

j
.m + 2T jTm

j.m, (16)

where “ : ”and “ . ”denotes the horizontal covariant derivative and vertical covariant derivative

with respect to the Berwald connection determined by Ḡi respectively.

Note that

α:m = 0, y:m = 0, β:m = r0m + som, b2:m = 2(rm + sm), bi:m = ri
m + si

m.

s.i =
bi
α

− syi

α2
, s:i =

s0i

α
, s.j.i =

(bjyi + biyj)

α3
+ 3s

yiyj

α4
− s

aji

α2

We have F:m = (α + ǫβ + k
β2

α
):m =

(
ǫ +

2kβ

α

)
b0:m and Fym = (α + ǫβ + k

β2

α
)ym =

ym

α
+
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ǫbm + k
β2ym

α3
. Thus from (14), we have

Tm
:j =

2kFs0js
m
0

(1 − ks2)2α
+
α(ǫ+ 2ks)

1 − ks2
sm
0:j

=
2kFα3

(α2 − kβ2)2
s0js

m
0 +

α2(ǫα+ 2kβ)

α2 − kβ2
sm
0:j . (17)

Using bis
i
0 = 0, bis

i
j = 0, yis

i
0 = 0 & yis

i
0:j = 0, we obtain Tm

j.m = 0 and Tm
j.my

j = 0.

Consequently, we obtain the following

T jT k
.j.k =

(ǫα2 + 2kαβ)2

(α2 − kβ2)2
sk0s

k
0 − s

2kFα3

(α2 − kβ2)2
sj0s

j
0

+
(ǫα2 + 2kαβ)2

(α2 − kβ2)2
sj
0s

0
j − s

2kα3F (ǫα2 + 2kαβ)

(α2 − kβ2)3
sj
0s

0
j .

Tm
.j T

j
.m = 2

(ǫα2 + 2kαβ)2

(α2 − kβ2)2
s0ms

m
0 − 2s

2kα3F (ǫα2 + 2kαβ)

(α2 − kβ2)3
s0ms

m
0 + α2 (ǫα2 + 2kαβ)2

(α2 − kβ2)2
sm

j s
j
m.

Plugging these values into (16), we get

Ric = Ric+ 2Tm
:m − yjTm

:j.m − Tm
.j T

j
.m + 2T jTm

.j.m

= Ric+
4kFα3

(α2 − kβ2)2
s0js

m
0 + 2

α2(ǫα+ 2kβ)

α2 − kβ2
sm
0:j + 2

(ǫα2 + 2kαβ)2

(α2 − kβ2)2
s0ms

m
0 +

4skα3F (ǫα2 + 2kαβ)

(α2 − kβ2)3
s0ms

m
0 − α2 (ǫα2 + 2kαβ)2

(α2 − kβ2)2
sm

j s
j
m + 2

(ǫα2 + 2kαβ)2

(α2 − kβ2)2
sm0s

m
0

−2s
2kFα3

(α2 − kβ2)2
sj0s

j
0 + 2

(ǫα2 + 2kαβ)2

(α2 − kβ2)2
sj
0s

0
j − 4s

kα3F (ǫα2 + 2kαβ)

(α2 − kβ2)3
sj
0s

0
j . (18)

Since sm0 = −s0m and s0j = −sj0, equation (18) becomes

Ric = Ric+
4kFα3

(α2 − kβ2)2
s0js

m
0 + 2

α2(ǫα+ 2kβ)

α2 − kβ2
sm
0:j + 2

(ǫα2 + 2kαβ)2

(α2 − kβ2)2
s0ms

m
0 +

4skα3F (ǫα2 + 2kαβ)

(α2 − kβ2)3
s0ms

m
0 − α2 (ǫα2 + 2kαβ)2

(α2 − kβ2)2
sm

j s
j
m

= Ric+
4kFα3

(α2 − kβ2)2
s0js

m
0 + 2

α2(ǫα+ 2kβ)

α2 − kβ2
sm
0:j +

2(ǫα2 + 2kαβ){ǫα4 − ǫkα2β2 + 2kα3β − 2k2αβ3 + 2skα3F}
(α2 − kβ2)3

s0ms
m
0 −

α2 (ǫα2 + 2kαβ)2

(α2 − kβ2)2
sm

j s
j
m. (19)

This completes the proof. 2
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§3. Projectively Flat (α, β)-metric

A Finsler metric F = F(x,y) on an open subset U ⊂ Rn is projectively flat [3] if and only if

Fxmylym − Fxl = 0. (20)

By (20), we have the following lemma ([8]).

Lemma 3.1 An (α, β)- metric F = αφ(s), where s = β
α , is projectively flat on an open subset

U ⊂ Rn if and only if

(amlα
2 − ymyl)G

m
α + α3Qsl0 + ψα(−2αQs0 + r00)(blα− syl) = 0. (21)

In this section, we consider the Finsler space with special (α, β)- metric F = α+ ǫβ+k
β2

α
,

where ǫ, k 6= 0 are constants. We have

F = αφ(s), φ(s) = (1 + ǫs+ ks2). (22)

Let b0 > 0 be the largest number such that

φ(s) − sφ′(s) + (b2 − s2)φ′′(s) > 0, (|s| ≤ b < b0). (23)

That is,

1 + 2kb2 − 4ks2 > 0, (|s| ≤ b < b0). (24)

Lemma 3.2 F = α+ ǫβ + k
β2

α
is a Finsler metric iff ‖β‖α < 1.

Proof If F = α+ ǫβ + k
β2

α
is a Finsler metric, then

1 + 2kb2 − 4ks2 > 0, (|s| ≤ b < b0). (25)

Let s = b, then we get b <
1√
2k

, ∀ b < b0. Let b→ b0, then b0 <
1√
2k

. So ‖β‖α <1. Now,

if

|s| ≤ b <
1√
2k

(26)

then

1 + 2kb2 − 4ks2 > 0, (|s| ≤ b < b0). (27)

Thus F = α+ ǫβ + k
β2

α
is a Finsler metric. 2
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By Lemma 2.2, the spray coefficients are given by

Q =
ǫα2 + 2kαβ

α2 − kβ2
,

Θ =
ǫα3 − 2kα2β − ǫkαβ2 − 2k2β3

2{(1 + 2kb2)α2 − 3kβ2}{α2 + ǫαβ + kβ2
,

ψ =
kα2

(1 + 2kb2)α2 − 3kβ2
.

Equation (21) is reduced to the following form:

(amlα
2 − ymyl)G

m
α + α3

(ǫα2 + 2kαβ

α2 − kβ2

)
sl0 + α

( kα2

(1 + 2kb2)α2 − 3kβ2

)

[
−2α

(ǫα2 + 2kαβ

α2 − kβ2

)
s0 + r00

](
blα− β

α
yl

)
= 0. (28)

Lemma 3.3 If (amlα
2 − ymyl)G

m
α = 0, then α is projectively flat.

Proof If (amlα
2 − ymyl)G

m
α = 0, then

amlα
2 = ymylG

m
α ,

then there is a η = η(x, y) such that ymG
m
α = α2η, we get

amlG
m
α = ηyl.

Contracting with ail yields Gi
α = ηyi, and thus α is projectively flat. 2

Theorem 3.1 A Finsler space with special (α, β)-metric F = α + ǫβ + k β2

α (where ǫ, k 6= 0

are constants) is locally projectively flat iff

(1) β is parallel with respect to α;

(2) α is locally projectively flat, i. e., of constant curvature.

Proof Suppose that F is locally projectively flat. First, we rewrite (28) as a polynomial in

yi and α. This gives,

(amlα
2 − ymyl)G

m
α

[
{(1 + 2kb2)α2 − 3kβ2}{α2 − kβ2}

]
+ 2kα4β{(1 +

2kb2)α2 − 3kβ2}sl0 + kr00α
2(α2 − kβ2)(blα

2 − βyl) − 4k2α4βs0(blα
2 −

βyl) + α
{
ǫα4{(1 + 2kb2)α2 − 3kβ2}sl0 − 2ǫkα4s0(blα

2 − βyl)
}

= 0. (29)

or

U + αV = 0, (30)
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where

U = (amlα
2 − ymyl)G

m
α

[
{(1 + 2kb2)α2 − 3kβ2}{α2 − kβ2}

]
+ 2kα4β{(1 +

2kb2)α2 − 3kβ2}sl0 + kr00α
2(α2 − kβ2)(blα

2 − βyl) − 4k2α4βs0

(blα
2 − βyl),

and

V = ǫα4{(1 + 2kb2)α2 − 3kβ2}sl0 − 2ǫkα4s0(blα
2 − βyl).

Now, (30) is a polynomial in (yi), such that U and V are rational in yi and α is irrational.

Therefore, we must have

U = 0 and V = 0, (31)

which implies that

(amlα
2 − ymyl)G

m
α

[
{(1 + 2kb2)α2 − 3kβ2}{α2 − kβ2}

]
+ 2kα4β{(1

+2kb2)α2 − 3kβ2}sl0 + kr00α
2(α2 − kβ2)(blα

2 − βyl) − 4k2α4βs0

(blα
2 − βyl) = 0 (32)

and

ǫα4{(1 + 2kb2)α2 − 3kβ2}sl0 − 2ǫkα4s0(blα
2 − βyl) = 0. (33)

From (30), considering only terms which do not contain β. There exists a homogenous

polynomial V7 of degree seven in yi such that

{
(1 + 2kb2)ǫsl0 − 2kǫbls0

}
α7 = βV7. (34)

Since α2 ≇ o(modβ), we must have a function ul = ul(x) satisfying

(1 + 2kb2)ǫsl0 − 2kǫbls0 = ulβ. (35)

Transvecting (35) by bl, we have

(1 + 2kb2)ǫs0 − 2kǫb2s0 = ulβbl. (36)

That is,

ǫsj = ulblbj . (37)

Further transvecting by bj, we have uibib
2 = 0, which implies ulbl = 0. Substituting this

equation into (36), we get s0 = 0. Now, from (32), by contracting with bl, we get

(bmα
2 − ymβ)Gm

α

[
{(1 + 2kb2)α2 − 3kβ2}{α2 − kβ2}

]
+ 2kα4β{(1 +

2kb2)α2 − 3kβ2}s0 + kr00α
2(α2 − kβ2)(b2α2 − β2) − 4k2α4βs0(blα

2 − βyl) = 0. (38)
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Since s0 = 0, we get

(bmα
2 − ymβ)Gm

α

[
{(1+2kb2)α2 − 3kβ2}{α2− kβ2}

]
+ kr00α

2(α2 − kβ2)(b2α2 −β2) = 0. (39)

Contracting (39) by ym, we get

r00 = 0. (40)

From (33), we get

sl0 = 0. (41)

Then by (40) and Lemma 3.3, α is projectively flat. From (40) and (41), bi;j = 0, i. e., β is

parallel to α.

Conversely, if β is parallel with respect to α and α is locally projectively flat, then by

Lemma 3.3, we can easily see that F is locally projectively flat. 2
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