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Abstract: A labeling or numbering of a graph G is an assignment of labels to the vertices
of G that induces for each edge uv a labeling depending on the vertex labels f(u) and f(v).
In this paper, we investigate neighborhood prime labeling of graph obtained by identifying
any two vertices of path P,. We also discuss neighborhood prime labeling in some graph

operations on the cycle C),.
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81. Introduction

All graphs in this paper are finite, simple, undirected and having no isolated vertices. For
all terminology and notations in graph theory, we follow [2] and for all terminology regarding
graceful labeling,we follow [3]. The field of graph theory plays vital role in various fields.Graph
labeling is one of the important area in graph theory. Graph labelings where the vertices are as-
signed values subject to certain conditions have been motivated by practical problems.Labeled
graphs serves as useful mathematical models for a broad range of applications such as com-
munication network addressing system,data base management, circuit designs, coding theory,
X-ray crystallography, the design of good radar type codes, synch-set codes,missile guidance
codes and radio astronomy problems etc. The detailed description of the applications of graph
labelings can be seen in [1].

Definition 1.1 Let G = (V(G),E(G)) be a graph with p vertices. A bijection f: V(G) —
{1,2,3,--- ,p} is called prime labeling if for each edge e = uv, ged(f(u), f(v)) = 1. A graph

which admits prime labeling is called a prime graph.

The notion of prime labeling was introduced by Roger Entringer and was discussed in a
paper by [4]. In [5] the author proved that the path P, on n vertices is a prime graph. In [6]
the author proved that the graph obtained by identifying any two vertices of path P, is a prime
graph. The prime labeling of some cycle related graphs were discussed in [7]. In [9] it is shown
that Cp, X Py; C,UK1 i, CoU Py, K1 U Py, Olive trees, P, ® K1,n > 2, PL|JP.U---U P, have
a prime labeling.
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§2. Neighborhood Prime Labeling

Definition 2.1 ([8]) Let G = (V(G), E(G)) be a graph with p vertices. A bijection [ : V(G) —
{1,2,3,---,p} is called neighborhood prime labeling if for each vertez v € V(G) with deg(v) > 1,
ged{f(u) : w € N(v)} = 1. A graph which admits neighborhood prime labeling is called a
neighborhood prime graph.

For a vertex v € V(G), the neighborhood of v is the set of all vertices in G which are
adjacent to v and is denoted by N(v). If in a graph G, every vertex is of degree at most 1,
then such a graph is neighborhood prime. S.K.Pater,N.P.Shrimali [8] proved that the path P,
is neighborhood prime graph for every n. They also proved that the cycle C,, is neighborhood
prime if n 2 2(mod4).We consider some results on neighborhood prime labeling of path P, and
cycle C,,.

Definition 2.2 Let u and v be two distinct vertices of a graph G. A new graph G, , is con-
structed by identifying (fusing) two vertices u and v by a single new vertex x such that every

edge which was incident with either w or v in G is now incident with x in Gy .

Definition 2.3 A wvertex switching G, of a graph G is obtained by taking a vertex v of
G,removing all the edges incident with v and adding edges joining v to every vertex which

are not adjacent to G.

Definition 2.4 Let G1,Ga, - ,Gp,n > 2 be n copies of a fized graph G. The graph obtained
by adding an edge between G; and G411 fori=1,2,--- ,n—1 is called the path union of G.

Theorem 2.1 The graph obtained by identifying any two vertices of P, is a neighborhood prime
graph if n 2 3(mod4).

Proof Let vy,vs, -+ ,v, be the vertices of P,. Let u be the new vertex of the graph
G obtained by identifying two distinct vertices v; and ve of P,. Then G is a loop with a
path in n-1 vertices.Since the path P, is neighborhood prime for every n, G is neighborhood
prime. Let u be the new vertex of G obtained by identifying two distinct vertices v, and vy
of P,. Then G is a cycle (possibly loop) with at most two paths attached at u. The graph
G is the disjoint union of cycle C], and the path P .Consider the consecutive vertices of CJ,
are u = uj,us, - ,u, and the consecutive vertices of P! are vy = u,v1,v2, -+ ,vs. Define a

function f: V(G) — {1,2,3,--- ,n— 1} as follows.

Case 1. If r and s are both even, define

-1
f(u2i71)—n2 +Z;1§i§gv f(UZi):ZJSZng
n+r—1 S r . s
f(v2j—1) 5 ]alSJSEa f(v2j):§+Ja1§]§§
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Case 2. If r is even but s is odd, define

-2
Fluzia) = 5= +i1<i< 5, fluz) =i, 1 <i <5,
n—+r . . _s+1 r .o s—1
flvgj—1) = tihlsis ——, f(v2j)=§+371§3§ 5
Case 3. If r is odd but s is even, define
-2 1 -1
f(u2i71):n +i71§i§%, f(uQi):i,1§i§T2 )
n+r—1 . .S r—1 R
flogj1) = ——5—+7,1<j< 5, flve)= +4,1<j< 5.
2 2 2 2
Case 4. If r and s are both odd, define
1 1
) =" +it<i< o, flw)=i1<is?
r— . s+ n+ . —
flvgj—1) = +5,1<j < ——, fluy)= +5,1<j < ——

Clearly, f is an injective map. We claim f is neighborhood prime labeling due to the

following;:
(1) If v; is a vertex of P,; and 1 < j < s—1, the proof is divided into cases following:

Case 1. If r and s are both even, the neighborhood vertices of each vertex v; are either
("_21'” + 7, "_21+T +j+1)or (547, 5+ j+1). These are consecutive integers. So the ged of

the neighborhood vertices of v; is 1.

Case 2. If r is even but s is odd, the neighborhood vertices of each vertex v; are either

(ME+ 4,2 +j+1)or (54 J,5+j+1). These are consecutive integers. So the ged of the

neighborhood vertices of v; is 1.

Case 3. If r is odd but s is even, the neighborhood vertices of each vertex v; are either
("*21” + 7, "*21” +j+1)or (% + 7, % +j+1). These are consecutive integers. So the ged
of the neighborhood vertices of v; is 1.

Case 4. If r and s are both odd the neighborhood vertices of each vertex v; are either

(";” + 4, ”;” +j7+1)or (Tgl + 4, T—gl + 7+ 1). These are consecutive integers. So the ged of

the neighborhood vertices of v; is 1.

(2) If w; is a vertex of C;N 2 < i <r, the proof is divided into cases following:

Case 1. If r and s are both even, the neighborhood vertices of each vertex u; are either
(%5 +4, %L +i+1) or (i,i+1). These are consecutive integers. So the ged of the neighborhood

vertices of u; is 1.

Case 2. If r is even but s is odd, the neighborhood vertices of each vertex wu; are either
("T_2 +1, "T_2 +i+1) or (i,i+1). These are consecutive integers. So the ged of the neighborhood

vertices of u; is 1.
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Case 3. If r is odd but s is even, the neighborhood vertices of each vertex u; are either
(%5244, %2 +i+1) or (i,i+1). These are consecutive integers. So the ged of the neighborhood
vertices of u; is 1.

Case 4. If r and s are both odd, the neighborhood vertices of each vertex w, are either
("T_l +1, "T_l +i+1) or (i,i+1). These are consecutive integers. So the ged of the neighborhood

vertices of u; is 1.
(3) For the vertex u = u; in C,,, the labeling of one of the neighborhood vertex is one. So
the ged is one.

Finally if we identifying the vertices v; and v,, of the path P,,, then the graph G is a cycle
with n — 1 vertices. The cycle C,, is neighborhood prime for n % 2(mod4), G is neighborhood
prime if n 2 3(mod4). O

83. Neighborhood Prime Labeling on Cycle Related Graphs

In this section we consider neighborhood prime labeling on cycle with chords,cycle with switch-
ing a vertex,path union of cycles and join of two cycles with a path. In [10] Mathew Varkey
T.K and Sunoj B.S proved that, every cycle C,, with a chord is prime for n > 4 and every cycle
C,, with [252] — 1 chords from a vertex is prime for n > 5. We have the following theorems.

Theorem 3.1 Every cycle C,, with a chord is neighborhood prime for all n > 4.

Proof Let G be a graph such that G = (), with a chord joining two non-adjacent vertices
of Cy,for all n > 4. Let {vy,va, - ,v,} be the vertex set of G. Let the number of vertices of
G be n and number of edges of G be n + 1.

(1) If n 2 2(mod4), define a function f: V(G) — {1,2,---,n} as follows:
Case 1. If nis odd, let

1 -1
nt andf(v2j)=j,1§j§n2

n—1 .
flvzj—1) = T""]JSJ <
Case 2. If n is even, let

flvgj—1) =

|3

+J,1§J§§andf(vzj)=y,1§3§

|3

The neighborhood vertices of each vertex v; except vy, is {v;—1,v;41} and they are consec-
utive integers, so it is neighborhood prime. The neighborhood vertices of v, is {v,—1,v1} and
the corresponding labels are consecutive integers "T_l and "T“ if nis odd, n and 5 + 1 if n is
even.Now select the vertex v; and join this to any vertex of G which is not adjacent to v;. Then
it is clear that the ged of labeling of the neighborhood vertices of each vertex is one and G is

neighborhood prime graph.

(2) If n = 2(mod4), the labeling of the same function shows that there exists at least one

vertex whose neighborhood set is not prime.Let v; be the vertex whose neighborhood set is not
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prime. We choose the vertex v; which is not adjacent and relatively prime to v; in G and join

with a chord. Then G is a neighborhood prime graph. O

Theorem 3.2 FEvery cycle C,, with n—3 chords from a vertex is neighborhood prime forn > 5.

Proof Let G be a graph such that G = C,,,n > 5. Let {v1,va, - ,v,} be the vertex set
of G.Choose an arbitrary vertex v; and joining v; to all the vertices which are not adjacent to
v;. Then there are n-3 chords to v; and from the above theorem G admits neighborhood prime
labeling. O

Theorem 3.3 The graph obtained by switching of any vertex in a cycle C,, is neighborhood
prime graph.

Proof Let G = C,, and vy,v2,- - ,v, be the successive vertices of C,,.Let G, denotes the
vertex switching of G with respect to the vertex vg. Here |V(G,, )| =n and |E(G,, )| = 2n—5.
Define a labeling f: V(G) — {1,2,3,--- ,n} as follows:

flo) =1,
fogsi) = fog—1) + 4,1 <i<n-—k.
Then for any vertex v; other than v, the neighborhood vertices containing vy and so the ged

of the label of vertices in N(v;) is 1. G,,, is a neighborhood prime graph. |

Theorem 3.4 Let G be the graph obtained by the path union of finite number of copies of cycle
Cp. G is a neighborhood prime graph if n 2 2(mod4).

Proof Let G be the path union of cycle C,, and G1,Gso,---,Gi be k copies of cycle
Cy. The vertices of G is nk and edges of G is (n + 1)k. Let us denote the vertices of G be
vi5,1 < i< n,1 <, 7 <k and the successive vertices of the graph G, by vi,, Vo, -+, Unr. Let
e = v1,V1(r41) be the edge joining G, and G(,4q) for r=1,2,---  k — 1.

Define the labeling f : V(G) — {1,2,--- ,nk} as follows:

Case 1. If nis odd and 1 < j <k, define

n+1

.. o n+1 . ) . on—1
f(v(2i—1)j):n]+l_771§1§ aﬂdf(”(2i)j):”(J—1)+%1SZST-

Case 2. If niseven and 1 < j <k, define

f(v@iz1);) :”j‘i‘i—z,l <1<

5 _5Emdf(v(zi)j):”(J—1)+%1SZS

S

We claim that f is a neighborhood prime labeling. If v;. is any vertex of G in the rth
copy of the cycle C,, different from vy,., then N(vir) = {v(i—1)p; V(it1)r}. Since f(v(i—1),) and
J(v(i41)r) are consecutive integers, ged of the labels of the vertices in N (vy.) is 1.

Notice that N(v11) = {vn1;v921} and f(v21) = 1, the ged of the labels of vertices in N (v17)
is 1. Now we consider vertices vy, 1 < r < k.
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Case 1. If nis odd, the labels of vertices in N (vi,) are n(r—32)+ 2, n(r+4)+% n(r—1)+1

and nr. They are relatively prime.
Case 2. If n is even, the labels of vertices in N (vi,) are n(r —2)+ 1, n(r+4)+ 3, n(r—1)+2
and n(r — %) They are relatively prime.

Finally we consider vyj.

Case 1. If n is odd, the labels of vertices in N(vi;) are n(k — 2) + 1, n(k — 1) + 1 and nk.

They are relatively prime.

Case 2. If nis odd, the labels of vertices in N (viy) are n(k—3)+ 3, n(k—1)+1 and n(k— 3).
They are relatively prime.

The cycle C), is not neighborhood prime if n = 2(mod4). Thus G is not neighborhood
prime if n 2 2(mod4). Hence G is neighborhood prime if n 2 2(mod4). O

Theorem 3.5 The graph obtained by by joining two copies of cycle C, by a path Py is a
neighborhood prime graph if n 2 2(mod4).

Proof Let G be the graph obtained by joining two copies of cycle C,, by a path Py. The
vertices of G are 2n + k — 2 and edges of G are 2n + k — 1. Let vy, v9, -+ , v, be the vertices
of the first copy of cycle C,, and wy,ws, -+ ,w, be the vertices of the second copy of cycle C,,.
Let uy,us, -+ ,ug be the vertices of path P, with v; = uq and w; = .

Define the labeling f: V(G) — {1,2,3,---,2n + k — 2} as follows:

Case 1. If n is odd, let the labeling on C,, be

and

and 3
f(wzi—l)zg-i-i,lﬁiﬁg, flwa) =n+i1<i<

The labeling on Py, is defined by

Case 1. If k is odd, let

1 k
and f(ugit1)=2n+14,1<i< ——.

k—3 k—
f(uzi)=2n+T+i,1§i§ 5

Case 2. If k is even, let

-2 k—2
and f(UQ»L'Jrl) :27’L+Z,1 S’LS _—.

k—2 k
f(u2i):2n+T+i71§i§
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We claim that f is a neighborhood prime labeling. If v; is any vertex of G in the first

copy of the cycle C,, different from vy, then N(v;) = [v;—1,v;41]. Since f(v;—1) and f(v;41) are

consecutive integers, the ged of the label of the vertices is 1. Also N(v1) contains the vertex vy
and f(vz) = 1, the ged of the label of vertices in N(vq) is 1.

If w; is any vertex of G in the second copy of the cycle C,, different from wy, then N(w;) =

[wi—1,w;11]. Since f(w;—1) and f(w;11) are consecutive integers, the ged of the label of the

vertices is 1.

Now, consider w;.

Case 1. If n is odd, N(w;) are {wa, wy,,ur—1}. They are relatively prime for n > 1 since
flwa) =n+1, f(w,) = 2n.

Case 2. If n is even, N(wy) are {wa, w,,ur—1}. They are relatively prime for n > 2 since
f(U2) :n—i—l,f(vn) = 3771

{’U,i_

Finally, if u; is any vertex of G in the path Py different from wu; and ug,then N(u;) =

1,Ui41 . Since f(u;—1) and f(u;41) are consecutive integers, the ged of the label of vertices

of N(u;) is 1. Thus, G is a neighborhood prime labeling graph if n 2 2(mod4). O
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