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Abstract: Let G be a graph and f : V(G) — {1,2,3,---,p + q} be an in-
jection. For each edge wv, the induced edge labeling f* is defined as f*(uv) =
[\/W-‘ . Then f is called a super geometric mean labeling if f(V(G)) U {f*(uv) :
w € E(G)} = {1,2,3,---,p + q}. A graph that admits a super geometric mean la-
beling is called a super geometric mean graph. In this paper, we have discussed
the super geometric meanness of the graphs P, U C,,,T, U Cp,,mC,, the complete
graph Ky, [P,; Sm], subdivision of P, ® K1, TW (P,), middle graph of a path, triangular
ladder, C,, ® K1, duplication of a vertex of the cycle, duplication of an edge of the cycle,

triangular grid graph and edge identification of two cycles.
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§1. Introduction

Throughout this paper, by a graph we mean a finite, undirected and simple graph. Let G(V, E)
be a graph with p vertices and ¢ edges. For notations and terminology, we follow [5]. For a
detailed survey on graph labeling, we refer [4].

A path on n vertices is denoted by P, and a cycle on n vertices is denoted by C,,. The
union of m copies of a graph G is denoted by mG. A complete graph K, is a graph on n vertices
in which every pair of distinct vertices are joined by an edge. A star graph S,, is a complete

bipartite graph K ,. Let Uii),véi),véi), e =U7(7?+1 and w1, us,us,...,u, be the vertices of the

it" copy of the star graph S,,,1 < i < n and the path P, respectively. The graph [P,;S,,] is
obtained from n copies of S, and the path P, by joining w; with the central vertex vgi) of the
it" copy of S, by means of an edge, for 1 <4 < n. For a graph G, the graph S(G) is obtained
by subdividing each edge of G by a vertex. A twig TW(P,),n > 3 is a graph obtained from a
path by attaching exactly two pendant vertices to each internal vertices to each internal vertices
of the path.

The middle graph M (G) of a graph G is the graph whose vertex set is {v: v € V(G)}U{e :
e € E(G)} and the edge set is {ejes : e1,e2 € E(G) and e; and ey are adjacent edges of
G}U{ve:v e V(G),e € E(G) and e is incident with v}.
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A ladder L, is a graph P» x P, with V(L,) = {u;,v; : 1 < i < n} and E(L,) =
{uittit1,vvi41 : 1 < i < n— 1} A triangular ladder TL,,n > 2 is a graph obtained by
completing the ladder L,, & P» x P, by adding the edges uw;v;41 for 1 <i<n—-1. GO K is
the graph obtained from G by attaching a new pendant vertex at each vertex of G.

Duplication of a vertex vy, of a graph G produces a new graph G’ by adding a vertex v with
N(vk) = N(v},). Duplication of an edge e = uv of a graph G by adding an edge ¢/ = v'v such
that N(v') = N(u) U {v'} — {v} and N(v') = N(v) U {u'} — {u}.

In [6], S.K. Vaidya et al. discussed the harmonic mean labeling of duplication of a vertex
and edge of a cycle. In [7], R. Vasuki et al. discussed the super mean labeling of some
standard graphs. A. Durai Baskar et al. [1,2] discussed the geometric mean labeling some
standard graphs. Motivated by these works, the concept of super geometric mean labeling was
introduced and studied in [3].

A vertex labeling of G is an assignment f : V(G) — {1,2,3,...,p+ ¢} be an injection. For
a vertex labeling f, the induced edge labeling f* is defined as f*(uv) = [\/W—‘ . Then f is
called a super geometric mean labeling if f(V(G))U{f*(uv) : wv € E(G)} ={1,2,3,...,p+q}.
A graph that admits a super geometric mean labeling is called a super geometric mean graph.

The graph shown in Figure 1 is a super geometric mean graph.
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3
Figure 1

In this paper, we have established the super geometric meanness of the graphs P, U C},
for n > 1 and m > 3,7, UCy, for n > 4 and m > 3, mC,,, the complete graph K,,, [Py; Sy,] for
n > 1 and m < 2, subdivision of P, ® K1, TW (P, for n > 3, middle graph of a path, triangular
ladder, C,, ® K3 for n > 3, duplication of a vertex of the cycle, duplication of an edge of the

cycle, triangular grid graph and edge identification of two cycles.

82. Main Results

Theorem 2.1 P, UC,, is a super geometric mean graph, for n > 1 and m > 3.

Proof Let ui,us,- - , Uy, and vy,vs, -+ ,v, be the vertices of the cycle C,, and the path

P, respectively.

Case 1. m > 4.
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We define f: V(P,UCp)UE(P, UC,,) — {1,2,3,...,2m+ 2n — 1} as follows:

1 1=1
4i—4 2<i< |2
2m — 3 i:L%J—I—landmisodd
flui) =9 2m 1= L%J + 1 and m is even
2m 1= L%J+2andmis odd
2m —3 i=L%J+2andmiseven
dm+5—4i  |[B]+3<i<m
and f(v;) =2m + 2i — 1 for 1 <4 < n. The induced edge labeling is as follows
4i—2 1<i<|2]
2m — 1 i= |2 +1
[ (wivip1) = § 2m — 2 i=|2]|+2and mis odd
2m —5 i:L%J—l—Qandmiseven

dm+3—4i  [Z]+3<i<m—1,
fH(urum) =3 and f*(v;vi41) =2m+2ifor 1 <i<n-—1.

Case 2. m = 3.

We define f : V(P,UC3)UE(P,UC3) — {1,2,3,---,2n+5} as follows f(u1) =1, f(uz) =
4, f(uz) =6 and f(v;) =5+ 2i for 1 <4 < n. The induced edge labeling is as follows:

f*(urug) = 2, f*(ugus) =5, f*(usur) =3 and f*(v;v;41) =6+ 2ifor 1 <i<n-—1.

Hence, f is a super geometric mean labeling of P, U C,,. Thus the graph P, UC,, is a
super geometric mean graph for n > 1 and m > 3. O

The super geometric mean labeling of Ps U Cg and Py U C3 are shown in Figure 2.

13 14 15 161718 1990 21

Figure 2
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Theorem 2.2 For a T-graph T, T, U C,, is a super geometric mean graph, for n > 4 and
m > 3.

Proof Let uy, us, -+ , um, be the vertices of the cycle C,,, and vy, v, - -+ ,v,—1 be the vertices

of the path P,_; and let v,, be the pendant vertex identified with v,_o in T},.
Case 1. m > 4.

We define f: V(T,, UCy,) U E(T,, UCp,) — {1,2,3,--- ,2m + 2n — 1} as follows:

1 i=1

4i—4 2<i< |2

2m —3 i:L%J—I—landmisodd
flui) = 2m = L%J + 1 and m is even

2m 1= L%J + 2 and m is odd

2m — 3 ZZL%J—FQandmiseven

dm+5—4i [ +3<i<m,

IN

fw)y=2m+2i—1for1 <i<n-3, f(vh—2) =2m+2n—3, f(vp—1) = 2m + 2n —

6 and f(vn) =2m+2n — 1.

The induced edge labeling is as follows:

4i—2 1<i< |2
2m — 1 i= |2 +1

fuiuipr) = ¢ 2m—2 1= L%J + 2 and m is odd
2m -5 i:L%J+2andmiseven
dm+3—4i  |Z|+3<i<m-—1,

ff(urum) =3, f*(vivig1) =2m 4+ 2i for 1 <i < n—4,
F (Un—3vp_2) =2m+2n—5, f*(vp—2vp_1) = 2m + 2n — 4 and
f (vp—2v,) = 2m + 2n — 2.
Case 2. m = 3.

We define f: V(T,, UC3) UE(T, UC5) — {1,2,3,--- ,2n + 5} as follows:

flur) = 1, f(u2) = 4, f(us) = 6, f(v;) =5+2ifor 1 <i<n-—3, flou_a) =2n+ 3,
f(vp—1) =2n and f(v,) = 2n+5.
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The induced edge labeling as follows:

fH(uug) = 2, f*(ugus) = 5, f*(uguy) = 3,
frwivigr) =6+2ifor 1 <i<n-—4,
F (Up—3vp—2) =2n+1, f*(vy—2v,—1) = 2n + 2 and
f*(Un—2vy) = 2n + 4.

Hence, f is a super geometric mean labeling of T, U C,,. Thus the graph T, U C,, is a super
geometric mean graph for n > 4 and m > 3. O

The super geometric mean labeling of Tg U C7 and T7 U C3 are shown in Figure 3.
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Figure 3

Theorem 2.3 mC), is a super geometric mean graph, for any m and n.

Proof  Let {vf):lgjgn} be the vertices of the i** copy of the cycle Cj,
1<i<m.

Case 1. n > 5.

We define f: V(mC,) U E(mC,) — {1,2,3,---,2mn} as follows:
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1

47 —4

2n —3
f(UJ(-1)>= 2n

2n

2n —3

dn 45 —4i

2n+1

2n+45—-5
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f(%@)): 4an

4dn
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+ 1 and n is odd
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and f (’U;“) =2n+f (v§i71)> for3<i<mand1<j<n.

The induced edge labeling is as follows:

f (v§l)v§21) =

7 (o) =3,

r (U§2)Ug(i)1> =

45 -2 1<j<[3]

2n — 1 i=1%+1

2n — 2 j:L%J+2andnisodd
2n —5 j:{%J—l—Qandniseven
dn+3-4j [2]+3<j<n-—1,
2n+2 j=1

2n+4j-3 2<j< |31

dn —5 j= L%J and n is odd

4dn — 2 j= L%J and n is even
dn —1 i=|%]+1

6n+4—-4j |[F]+2<j<n-—1,

F* (052)1)7(12)) =2 +4,

I (v§i)v§21) =2n+ f* (v§i_l)v§:__ll)) for3<i<mand1<j<n-1

and

I (vy)vff)) =2n+ f* (’l)§i71)’l}7(j_l)> for 3 <i <m.

109
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Case 2. n=4.

We define f: V(mCy) U E(mCy) — {1,2,3,---,8m} as follows:

1 j=1 8 =1
o) =4 57-6 2<j<3 and f(v?) = ; <j<
J - J < J <o an f G = 67 2<5<3
5 j=4 13 j—4

The induced edge labeling is as follows:

. 45 —2 1<75<2 .
£ (oPu)) = i B (o) =3
] =
5) +5 1<j5<2
I (Uﬁ-z)v;i)l) = J =9=% and I (Uiz)vf)) =11.
16 j=3

Subcase 2.1 m is odd and m > 3.

£(7) =
34 j=4,
31 =1
P =1 3j420 2<j<3 and
40 j=4

f(v(i)) :f(v(i72)) +16for6<i<mandl<j<4.

J J

The induced edge labeling is as follows

17 =1
[ (vj(-g)uj(.?jr)l) =\ i ; C s 7 (v§‘°’)vff’)) =19,
J =7 =
. 26 j=1 .
f (05-4)@;?1) = f (v§4)v§4)) = 30,

4120 2<j<3
33 i~ 1

(o) =4 A C RO EED
2j+33  2<j<3

77 (0§00 ) = 17 (o0l + 16 for 6 < i < mand 1< <3

and I (Uii)vy)) = f* (UY*%SJ*Q’) +16 for 6 < i< m.
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Subcase 2.2 m is even and m > 4.

14 j=1 23 j=1
f(v§3)): 3j 4+ 13 2§j§3,f(v§4)): 3421 2<j<3
26 j=4 32 Jj=4
2j+31 1<j<3
f(v§5)): J =)= and
42 j=4

f(v§i)) :f(v§i_2)) +16for6<i<mand1l<j<4.

The induced edge labeling is as follows

17 =1

Iz (UJ(_S)UJ(_?jr)l) _ . J | f (U§3)U§3)) — 20,
3j4+15 2<;5<3

. 25 j=1 .

f (05-4)@;?1) = . ' f (v§4)v§4)) = 28,
2j+25 2<j<3
34 =1

Iz (U§-5)U§?1) _ J f (v§5)v§5)) — 38,

45428 2<j<3

7 (vf)u;le) = f* (vf*)v](.fj)) t16for6<i<mand1<j<3

and f* (Uii)vy)) = f* (v§i72)vy72)) + 16 for 6 <i < m.

Case 3. n=3.
We define f: V(mCs) U E(mCs) — {1,2,3,--- ,6m} as follows:

4 1=1

f(vgi)):6i—5f0r1§i§m,f(véi)): 6i 3 o< i<
i— <i<m

and f (’Ugi)) = 6i for 1 < i < m. The induced edge labeling is as follows:
f* (vgi)vy)) =6t—4forl1<i<m, f* (véi)véi)) =6t—1for1<i<m and

3 i=1
6i—2 2<i<m

* (,Uéi)vgi)) _

Hence, f is super geometric mean labeling of mC,,. Thus the graph mC, is a super geo-

metric mean graph for any m and n. a

The super geometric mean labeling of 4Cg, 7C4 and 5C5 are shown in Figure 4.
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1 13 25 37
3 2 16 38
5 4 18 15 30 27 42 39
6
9 8 21 19 33 31 45 43
11 10 23 46
12 24 36 48
) 4 3 12 14 20 25 27 31 35 41 43 47 51
2 10 17 26 33 42 49
3 6 11 15 19 21 30 28 36 37 46 44 52 53
7 16 23 32 39 48 55
> 9 13 18 24 22 34 29 40 38 50 45 56 54
7 13 19 25
10 8 16 14 22 20 28 26
6 5 4 12 11 9 18 17 15 24 23 21 30 29 27
Figure 4

Corollary 2.4 mC, U Py is a super geometric mean graph for any m,n and k.

Proof By the above Theorems 2.1 and 2.3 the results follows.

Theorem 2.5 K, is a super geometric mean graph if and only if n < 3.

Proof Based on the definition of super geometric mean labeling, 1 and p + ¢ should be the
vertex labels.
For all p > 5, the edge having the end vertices whose labels are 1 and p + ¢ is less than
or equal to p — 1. So we cannot have distinct edge labels for the edges incident with a vertex
whose vertex label is 1.
When p=4,1,p+¢ =10 and p+ g — 2 = 8 are to be the vertex labels whose induced edge
labels are 3,4 and 9. So we cannot label for the 4" vertex in which the edge label is 2. Also 2
cannot be the vertex label.

The super geometric mean labeling of K;, Ko and K3 are shown in Figure 5.

1 1
1 e 2 3 9
3 6 ¢ > 4
5
Figure 5

Theorem 2.6 [P,; S| is a super geometric mean graph, for n > 1 and m < 2.
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Proof Let ui,us,- -+ ,uy, be the vertices of the path P, and vy) , vg), S ,U,(,i) be the pendant

vertices at each vertex u; of the path P,, for 1 <i <n.
Case 1. m=1.

We define f : V([Py; S1]) U E([Py; S1]) — {1,2,3,--- ,6n — 1} as follows:

5 i=1 ) ) '
flui) = ,f(vl):()’z—?)forlgzgn,
6i—5 2<i<n

f (véi)) = ! =1 and f (vén)) =6n— 1.

67 2<i<n-1

The induced edge labeling is as follows:

. 6 i=1
f (uiuig) =
6i—2 2<i<n-—1,
7 (o) = 4 i=1
6Gi—4 2<i<n,
N (i 2 =1
fr (vil)véz)) = ! and f* (vin)vén)) =6n—2

61— 1 2<i<n—-1

Case 2. m =2.

We define f : V([Py; S2]) U E([Py; Se]) — {1,2,3,---,8n — 1} as follows:

21+ 5 1<i<2
fui) =
8 — 8 3 <11 < n,
- 5 =1
7 (o) = '

7 (o8 = : ! 7 (v87) =8n -6,

f (véi)) = 2 =1 and f (vén)) =8n— 1.



114 A.Durai Baskar and S.Arockiaraj

The induced edge labeling is as follows

8 ;=1
[ (winig1) =

—4 2<i<n-—1,

[ (Uivy)) ! !

8i—6 2<i<n-—1,

f (unvgn)) =8n—75,f" (v l)v;)) - 3' i=1

£ (o087 = sn =4 and 7 (o) = { i=1

81 —2 2<i<n.

Hence, f is a super geometric mean labeling of [P,;Sy,]. Thus the graph [P,;S,,] is a super
geometric mean graph, for n > 1 and m < 2. a

The super geometric mean labeling of [Ps; S1] and [Ps; Sa] are shown in Figure 6.

56 7 101316 1922 25 28 31

4 8 14 20 26 32
39 9 15 21 27 33

2 11 17 23 29 34
1 12 18 24 30

35

12 16 20 24 28 32

s

215 17 23 2531 3334

Figure 6

Theorem 2.7 S(P, ® K1) is a super geometric mean graph, for n > 1.

Proof Let V(P, ® K1) = {u;,v; : 1 <i < n}. Let z; be the vertex which divides the edge
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u;v;, for 1 <i < n and y; be the vertex which divides the edge u;v; 41, for 1 <i <mn — 1. Then

V(S(P,© K1) ={u,vi,z3,y;: 1 <i<n,1<j<n-1}
E(S(P, ® K1) = {uzi,vizi : 1 <i <n}U{uy;, yivip1 : 1 <j<n—1}

We define f: V (S(P, © K1))JE (S(P, © K1)) — {1,2,3,--- ,8n — 3} as follows:

5 i=1
flug) = ) =8i—1for1<i<n—1,
8i—7 2<i<n
) , 1 i=1
flz;)=8i—5for 1 <i<n,f(v;) = and
gi—2 2<i<n-1

f(vn) =8n—3.

The induced edge labeling is as follows

6 i=1
fr(uiys) = s (yiuie1) =8ifor 1 <i<n—1,
8 —4 2<i1<n-—1
. 1 i=1 . 2 i=1
[ (i) = _ _ () = _ _ ,
8 — 6 2<i<n 8 —3 2<i<n-1

and f*(zpvn) = 8n — 4.

Hence, f is a super geometric mean labeling of S(P, ® K7). Thus the graph S(P, ® K7) is a

super geometric mean graph, for n > 1.

O

A super geometric mean labeling of S(P; ® K1) is shown in Figure 7.

5 7 9 15 17 23 25
6 8 12 16 20 24
4 10 18 26
3 11 19 27
2 13 21 28
1 14 22 29
Figure 7

Theorem 2.8 TW(P,) is a super geometric mean graph, for n > 3.

Proof Let uy,uo,---

, Uy, be the vertices of the path P, and v

(@)

1 ,U;) be the pendant vertices
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at each vertex u; of the path P,, for 2 <i <n — 1. Then

V (TW(P,)) = V(P,) U {“, Q 2<z<n—1} and

E(TW(P,)) = E(P,) U {uiv@,uivg“ 2<i<n-— 1} .
We define f: V(TW(P,))UE(TW(FR,)) — {1,2,3,...,6n — 9} as follows

1 i=1
6i—7 2<i<n-—2,

flui) =
f(un—l) =6n— 117f(un) =6n-—9,

f (vgi)) = 2 =2 f (vgn_l)) = 6n — 16,

6: —9 3<i<n—-2

f (Uy>) —6i—5for2<i<n—2and f (U;’H)) = 6n— 14.
The induced edge labeling is as follows

3 i=1
T (uiuigr) = [ (Un—2upn—1) = 6n — 15,
6i — 4 2<i<n-3
fH(up—1up) = 6n — 10,
f* (uivii)) =6i—8for2<i<n-—2 f* (un 1v§" 1)) =6n— 13 and
I (uivéi)) =6i—6for2<i<n-—1.
Hence, f is a super geometric mean labeling of TW (P,). Thus the graph TW (P,) is a super
geometric mean graph, for n > 3. |

A super geometric mean labeling of TW (Ps) is shown in Figure 8.

37 38 39
/\ /\ /\ /% 2%\ A
13 15 19 21 2527 31 32
Figure 8

Theorem 2.9 M (P,) is a super geometric mean graph, for n > 4.

Proof Let V(P,) = {v1,ve,--- ,v,} and E(P,) = {e; = v;v;41 : 1 < i < n— 1} be the
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vertex set and edge set of the path P,. Then

V (M(P,)) = {v1,v2,...,0n,€1,€2,...,€n_1} and
E(M(Pn)) = {Uiei,ei’l)i+1 1< <n— 1}U{6i€i+1 1< < 7’L—2}.

We define f: V(M (P,))U E(M(P,)) — {1,2,3,---,5n — 5} as follows:
1 1=1
Jw) =19 2i+1 2<i<3 and f(e) =

5 —5 4<i<n
The induced edge labeling is as follows:

8t —5 1<i<2
5% — 2 3<t<n-—1.

2 1=1
67 1<9<2
freieit1) = Jfrlewi) =9 2i+4 2<i<3
59+1 3<i<n-—2
-3 4<i<n-1
and f*(e;vi41) =5i—1for 1 <i<n-—1.
Hence, f is a super geometric mean labeling of M (P,,). Thus the graph M (P,) is a super

geometric mean graph for n > 4. O

A super geometric mean labeling of M (Pg) is shown in Figure 9.

Figure 9

Theorem 2.10 T'L,, is a super geometric mean graph, for n > 3.

Proof Let the vertex set of T'L,, be {v1,v2, -+ ,vn,u1,u2, - ,u,} and the edge set of TL,,
be {witit1, Uivit1,00i41 : 1 < i <n—1}U{uv; : 1 <i < n}. Then TL, has 2n vertices and
4dn — 3 edges. We define f : V(TL,)U E(TL,) — {1,2,3,--- ,6n — 3} as follows:

1 =1
fvi) = ! flu) =6i—2for1<i<n-—1
6i—6 2<i<n

and f(u,) = 6n — 3. The induced edge labeling is as follows:

ffwivig1) =6i —3for 1 <i<mn—1, f*(ujuiy1) =6i+1for 1 <i<n-—1,
ffuw)) =6i—4 for 1 <i<nand f*(uviy1) =6i—1for 1 <i<n-—1.

Hence, f is a super geometric mean labeling of T'L,,. Thus the graph T'L,, is a super geometric

mean graph for n > 3. O
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A super geometric mean labeling of T'L; are shown in Figure 10.

1 3 6 9 12 15 18 27 24 ,; 30 33 36

2 5 8 11 |14 17 |20 3 |26 29 |32 /35 |38

4 7 10 1B 5 19 22 25 3 31 3 37 3

Figure 10

Theorem 2.11 C,, ® K; is a super geometric mean graph.

Proof Let vi,ve,--- ,v, be the vertices of the cycle C,, and wuy,us,- -+ ,u, be the pendant

vertices of the cycle C,,.
Casel. n>17.

We define f: V(C, © K1) UE(C, ® K1) — {1,2,3,--+ ,4n} as follows:

3 1=1
8i—11 2§i§L%J

fw)=4¢ 4n—-7 z:L%J—l—landnisodd
4dn — 2 i:L%J—i—landniseven
8n+12—-8  |[Z]|+2<i<n
7i—6 1<¢<3
8i—9 4<i< |2
dn —5 izL%J—i—landnisodd

flui) =19 4n i= L%J + 1 and n is even
dn —2 i=]2] +2andnisodd
dn — 7 z=L%J+2andniseven
8n+10—8i  [%|+3<i<n

The induced edge labeling is as follows:

4 i=1

8i—7 2<i<|3] -1

in — 11 1= {%J and n is odd

[r(vivigr) = . .

4n — 6 1= {%J and n is even

4n —3 i= %] +1

8n+8—-8  |F|+2<i<n-—1,

f*(v1v,) = 6 and
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5 —3 1<i<2
8 — 10 3<i< g

f(uv) = 4n — 6 1= L%J + 1 and n is odd
dn —1 z:L%J—i—landniseven
8n+11-8i [%|+2<i<n

Case 2. n=3,4,5,6.

In this case, the super geometric mean labelings are given in Figure 11.

1 8
7
2\3 4
5
6 9
14
11712 13
15
10 16

Figure 11

Hence, f is a super geometric mean labeling of C,, ® K;. Thus the graph C, ® K; is a
super geometric mean graph. O

A super geometric mean labeling of C9 ® K7 is shown in Figure 12.
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Figure 12

Theorem 2.12 The graph obtained by duplication of an arbitrary vertezx in cycle Cy, is a super

geometric mean graph, for n > 4.

Proof Let vy,va,vs,...,v, be the vertices of the cycle C,,, for n > 4. Without loss of
generality we duplicate the vertex v = v; and its duplicated vertex is vj. Then the resultant
graph G will have n + 1 vertices and n + 2 edges.

We define f: V(G) U E(G) — {1,2,3,...,2n + 3} as follows:

fly) =1,
8 —2i 1<i<2
4i 3<i<|%]

Fo) = 2n+3 i=|%]+1 |
2n i= L%J+2andnls odd
2n —1 i:L%J+2andniseven
dn+7—-4i  |[F]+3<i<n-1

and flon) =09.

The induced edge labeling is as follows

fr(wive) =2, f*(vivn) =3,
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20+3 1<i<2

4i+ 2 3<i< |2 -1

2n+1 1= {%J and n is odd
[rvivig1) = ¢ 2n+2 1= {%J and n is even

2n+ 2 z:L%J—i—landnisodd

2n+1 i:L%J—Flandniseven

dn+5—4i  |[Z]+2<i<n-2,

f (vp—1v,) =10 and f*(viv,) = 8.

Hence, f is a super geometric mean labeling of G. Thus the graph obtained by duplication of
an arbitrary vertex in the cycle C,, is a super geometric mean graph, for n > 4. |

The graph obtained by duplication of a vertex in Cg and its super geometric mean labeling
is shown in Figure 13.

20 21

Figure 13

Theorem 2.13 The graph obtained by duplication of an arbitrary edge in cycle Cy, is a super
geometric mean graph, for n > 3.

Proof Let v1,v9,vs,--- ,v, be the vertices of the cycle C),,. Without loss of generality we
duplication an edge e = v1vy and its duplicated edge is ¢’ = vjv}. Then the resultant graph G
will have n + 2 vertices and n + 3 edges.

Case 1. n > 6.
We define f: V(G) U E(G) — {1,2,3,---,2n + 5} as follows:

fv) =1, f(vh) =3 and
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9 1=1
5t —5 2<i<3
4i—2 4<i<|%]+1

f) =1 2n+5 i=|%]+2
2n+2 z=L%J+3andnisodd
2n+1 i:L%J—I—fSandniseven
An+13—-4i  |3|+4<i<n

The induced edge labeling is as follows:

f*(vllvé) =2, f*(vllviz) =4, f*(’U;Ué) =0,

i+ 6 1<i<2
4i 3<i< g
2n+ 3 i=]2]+1andnisodd
[r(vivig1) = ¢ 2n+4 i=]%]+1andnis even
2n+4 i:L%J+2andnisodd
2n+3 i:L%J—FQandniseven
3

An+11—4i 2]+
and fH(viv,) = 11.

Case 2. n=3,4,5.

In this case, the super geometric mean labelings are given in Figure 14.

12 10

13 12 10 15

Figure 14

Hence, f is a super geometric mean labeling of G. Thus the graph obtained by duplication

of an arbitrary edge in cycle C,, is a super geometric mean graph, for n > 3. O

The graph obtained by duplication of an edge in C's and its super geometric mean labeling

is shown in Figure 15.
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Figure 15

A triangular grid T, (G) with n vertices in each side are constructed as follows: The vertices
of T,,(G) are {’U(J) 1<j<mn, 1<i<n+1-j} and the edges are {Uij)vz@l 1<j<n—1,
1§ign—j}u{v§j>u§”” : 1gjgn—1,1gign—j}u{u§£1v§”1) 1<j<n-1,1<
it <n—j}. The triangular grid graph Ts(G) is shown in Figure 16.

o

Figure 16

Theorem 2.14 The triangular grid graph T, (G) is a super geometric mean graph.
Proof Let {v D <j<n,1<i<n+1 —j} be the vertex set of T,,(G). Then the edge
set of Tj, ( are{v] (i)l:1SjSn—l,lSign—j}U{vgj)vng):1§j§n—1,1§i§

—ﬁU{HﬂNH)lﬁan—L
1<i<n-—j}.
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We define f: V(T,,(G)) U E(T,(G)) — {1,2,3,--- ,n(2n — 1)} as follows

f (vgl)) =4(2i—1) for 1 <i<mnand

f(vgﬂ) :f( fill)) ~2for2<j<nand1<i<n+1-j
The induced edge labeling is as follows

1 H—l
( ) (J)

f*( 1 ()>:i(2i+1)for1§i§n—1,
*(Zill)vl(i;))—2for2§j§n—1and1§i§n—j,

((” gy f*(zil” o) —2for2<j<n—land1<i<n—j

+4ifor1 <i<n-—1and

)=

( ) (i+1)(2i—1)for1<i<n-—1,
)=
o) =i

I (vgi)lvgﬁl)) = f* (vfi;)vf&) —2for2<j<n—-land1<i<n-—j.

Hence, f is a super geometric mean labeling of T;,(G). Thus the graph T, (G) is a super

geometric mean graph. a

A super geometric mean labeling of T7(G) is shown in Figure 17.

Figure 17

The graph G'(p1,p2, -+, Pn) is obtained from n cycles of length pq, po, . . ., p,, by identifying

the j'" cycle and (j + 1)** cycle by the edges vi )Hv(pJLfg and v(J+l) ,(,ﬁll), for1<j<n-1.

Theorem 2.15 The graph G'(p1,p2, ... ,Pn) s a super geometric mean graph all p;’s are odd
or all p;’s are even with p; # 4 for 1 < j <mn.



p;j # 4. For 1 < j < n—1, the jth
WITID We define f: V(G') U B(G) — {1,2,3,-~

Case 1.

and

and
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Proof Let {vij) 1<j<nand1 << pj} be the vertices of the n number of cycles with

EJJ)H U(pj)+
2

cycle and (j + 1) cycle by the edges v

2

;i — 3n + 3} as follows.

n

, 2 2p

p; is odd.

When p; = 5, define

f( “)_3 f( ):1,f(v§1)):10,f(ufﬁ>)=8andf(u§1>)=6.

The induced edge labeling is as follows:
f%AWEU:Zf%J” ) 4ﬁ(1>m) 9,

f* (vil)vél)) 7 and f* ( (1)) 5.
When p; > 7, define

4i —3 1§1<L2J
£ () - 4 -2 = 5]+
4i — i=|B|+
dpp+4—4i B J+3§1§P1
The induced edge labeling is as follows:
4i—1 1<i<|B]-1
* 4 i= 3]
o (0i) 4i-3 i= |2+t
dpr+2—-4i  |[B|+2<i<p —1
f U1 ’U =2.

For 2 < j < n, define

f (Uz(J)> = Jj—1
kE 2pr. +4p; —3(j — 2)
=1

The induced edge labeling is as follows:

j—1
S 2k —3(j—2)+4i—5
k=1

— 4

j_
S 2 —3(j —2) +2 i=1
k=1

N j—1

7 (v02),) = X2 =30 = 2) + i - 2<i< ||

-1
Z2pk+4pj—3(]—2) 4i—2 Bl+1<i<pj—2
P 2

7 (o)) = Zzpk— (j—2)+1.

s and
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Case 2. p; is even.

When p; = 6, define

f (v§1)) —6,f (vgw) =8, f (vgw) — 10, f (vgw) —12,f (vgw) —1and f (vgw) — 3.
The induced edge labeling is as follows:
£ (v§1)vé ) — 7, f* (U(l) ) 9, f* ( (1) (1)> —11,

f* (vfll)% ) =4, f*( )) =2 and f* (U1 vél)) = 5.
When p; > 8, define

s (vgl)) _ 45— 3 1< |_ J

Apy + 4 — 4i {%J +1<i<p.
The induced edge labeling is as follows:

4i—1 1 B
I (vgl)vz(i)l) = ’
dpr+2—4i (B +1<i<p -1

and f* (vll)v,(ﬁ)) =2,

Subcase 2.1 2 < j <nand jis odd.

j—1

S 2pk —3(j—2)+4i—5 2<i<|B]-1
k=1

j—1 ,
X 29 +2p; =3 -2) =6 i= %]
=1

Let f (vfj)) =

j—1
> 2pp +2p; —3(j —2) =3 i= 5]+
k=1

j—1 ] )
k212pk+4pj—3(j—2)—4i L%]J—I—2§z§pj—1.

The induced edge labeling is as follows

j_
S 2k —3(j —2)+2 i=1
k=1
j—1
> 2 —3(j—2)+4i—3 2<i<|B] -1
(), = :
£ (o) =0 S 22y 3G -2) 4 i=|%)
=1
j—1
S 2pk+2p;—3(i—2)—5 i=|%+1
k=1
j—1 )
P 2pk +4p; —3(j —2) —4i — 2 || +2<i<p;—2
and I ((J),lvj) 22]%— (J—2)+1

Subcase 2.2 2 < j <n and j is even.
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j—1
S 2k —3( —2) + 4i — 4 2<i<|g]-1
k=1
j—1 ,
oy | SEetmodi-2-3 is|g
> 2p+2p; —3(j —2)—6 i=|%]+1
k=1
j—1 . .
T etip-3(G-2-di-1  [l+2<i<p -t

The induced edge labeling is as follows:

j—1
S 2 —3(j —2) + 1 i=1
k=1
j—1
> 2pk—3(j —2) +4i—2 2<i<|B] -2
k=1
e (@, @Y ) afi_ oy im
o v ) =4 X 2 +2p; —3(i—2)—5 i=|%]-1
k=1
j—1 ]
> 2pk+2p; —3(j —2) — 4 i=|%]
k=1
j—1 _
2 +4p; —3(j —2)—4i—3  |[B|+1<i<p;—2
k=1
e (@ O 5 agi
and f* (v qvp) ) = 30 2pe —3( —2) +2.
k=1
Hence, f is a super geometric mean labeling of G'(p1,pa,...,pn). Thus it is a super geo-
metric mean graph with p; #4 for 1 <j <n. |

A super geometric mean labeling of G'(7,13,11,5) and G’(8, 10,12, 8) are shown in Figure
18.

Figure 18
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