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Abstract: Let G be a graph and f : V (G) → {1, 2, 3, · · · , p + q} be an in-

jection. For each edge uv, the induced edge labeling f∗ is defined as f∗(uv) =
⌈

√

f(u)f(v)
⌉

. Then f is called a super geometric mean labeling if f(V (G)) ∪ {f∗(uv) :

uv ∈ E(G)} = {1, 2, 3, · · · , p + q}. A graph that admits a super geometric mean la-

beling is called a super geometric mean graph. In this paper, we have discussed

the super geometric meanness of the graphs Pn ∪ Cm, Tn ∪ Cm, mCn, the complete

graph Kn, [Pn; Sm], subdivision of Pn ⊙ K1, TW (Pn), middle graph of a path, triangular

ladder, Cn ⊙ K1, duplication of a vertex of the cycle, duplication of an edge of the cycle,

triangular grid graph and edge identification of two cycles.
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§1. Introduction

Throughout this paper, by a graph we mean a finite, undirected and simple graph. Let G(V,E)

be a graph with p vertices and q edges. For notations and terminology, we follow [5]. For a

detailed survey on graph labeling, we refer [4].

A path on n vertices is denoted by Pn and a cycle on n vertices is denoted by Cn. The

union of m copies of a graph G is denoted by mG. A complete graph Kn is a graph on n vertices

in which every pair of distinct vertices are joined by an edge. A star graph Sn is a complete

bipartite graph K1,n. Let v
(i)
1 , v

(i)
2 , v

(i)
3 , · · · , v(i)

m+1 and u1, u2, u3, . . . , un be the vertices of the

ith copy of the star graph Sm, 1 ≤ i ≤ n and the path Pn respectively. The graph [Pn;Sm] is

obtained from n copies of Sm and the path Pn by joining ui with the central vertex v
(i)
1 of the

ith copy of Sm by means of an edge, for 1 ≤ i ≤ n. For a graph G, the graph S(G) is obtained

by subdividing each edge of G by a vertex. A twig TW (Pn), n ≥ 3 is a graph obtained from a

path by attaching exactly two pendant vertices to each internal vertices to each internal vertices

of the path.

The middle graph M(G) of a graph G is the graph whose vertex set is {v : v ∈ V (G)}∪{e :

e ∈ E(G)} and the edge set is {e1e2 : e1, e2 ∈ E(G) and e1 and e2 are adjacent edges of

G} ∪ {ve : v ∈ V (G), e ∈ E(G) and e is incident with v}.
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A ladder Ln is a graph P2 × Pn with V (Ln) = {ui, vi : 1 ≤ i ≤ n} and E(Ln) =

{uiui+1, vivi+1 : 1 ≤ i ≤ n − 1}. A triangular ladder TLn, n ≥ 2 is a graph obtained by

completing the ladder Ln
∼= P2 × Pn by adding the edges uivi+1 for 1 ≤ i ≤ n − 1. G ⊙K1 is

the graph obtained from G by attaching a new pendant vertex at each vertex of G.

Duplication of a vertex vk of a graph G produces a new graph G′ by adding a vertex v′kwith

N(vk) = N(v′k). Duplication of an edge e = uv of a graph G by adding an edge e′ = u′v′ such

that N(u′) = N(u) ∪ {v′} − {v} and N(v′) = N(v) ∪ {u′} − {u}.
In [6], S.K. Vaidya et al. discussed the harmonic mean labeling of duplication of a vertex

and edge of a cycle. In [7], R. Vasuki et al. discussed the super mean labeling of some

standard graphs. A. Durai Baskar et al. [1,2] discussed the geometric mean labeling some

standard graphs. Motivated by these works, the concept of super geometric mean labeling was

introduced and studied in [3].

A vertex labeling of G is an assignment f : V (G) → {1, 2, 3, . . . , p+ q} be an injection. For

a vertex labeling f, the induced edge labeling f∗ is defined as f∗(uv) =
⌈

√

f(u)f(v)
⌉

. Then f is

called a super geometric mean labeling if f(V (G))∪{f∗(uv) : uv ∈ E(G)} = {1, 2, 3, . . . , p+q}.
A graph that admits a super geometric mean labeling is called a super geometric mean graph.

The graph shown in Figure 1 is a super geometric mean graph.
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Figure 1

In this paper, we have established the super geometric meanness of the graphs Pn ∪ Cm

for n ≥ 1 and m ≥ 3, Tn ∪ Cm for n ≥ 4 and m ≥ 3,mCn, the complete graph Kn, [Pn;Sm] for

n ≥ 1 and m ≤ 2, subdivision of Pn⊙K1, TW (Pn) for n ≥ 3, middle graph of a path, triangular

ladder, Cn ⊙K1 for n ≥ 3, duplication of a vertex of the cycle, duplication of an edge of the

cycle, triangular grid graph and edge identification of two cycles.

§2. Main Results

Theorem 2.1 Pn ∪ Cm is a super geometric mean graph, for n ≥ 1 and m ≥ 3.

Proof Let u1, u2, · · · , um and v1, v2, · · · , vn be the vertices of the cycle Cm and the path

Pn respectively.

Case 1. m ≥ 4.
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We define f : V (Pn ∪ Cm) ∪E(Pn ∪ Cm) → {1, 2, 3, . . . , 2m+ 2n− 1} as follows:

f(ui) =































































1 i = 1

4i− 4 2 ≤ i ≤
⌊

m
2

⌋

2m− 3 i =
⌊

m
2

⌋

+ 1 and m is odd

2m i =
⌊

m
2

⌋

+ 1 and m is even

2m i =
⌊

m
2

⌋

+ 2 and m is odd

2m− 3 i =
⌊

m
2

⌋

+ 2 and m is even

4m+ 5 − 4i
⌊

m
2

⌋

+ 3 ≤ i ≤ m

and f(vi) = 2m+ 2i− 1 for 1 ≤ i ≤ n. The induced edge labeling is as follows

f∗(uiui+1) =







































4i− 2 1 ≤ i ≤
⌊

m
2

⌋

2m− 1 i =
⌊

m
2

⌋

+ 1

2m− 2 i =
⌊

m
2

⌋

+ 2 and m is odd

2m− 5 i =
⌊

m
2

⌋

+ 2 and m is even

4m+ 3 − 4i
⌊

m
2

⌋

+ 3 ≤ i ≤ m− 1,

f∗(u1um) = 3 and f∗(vivi+1) = 2m+ 2i for 1 ≤ i ≤ n− 1.

Case 2. m = 3.

We define f : V (Pn∪C3)∪E(Pn∪C3) → {1, 2, 3, · · · , 2n+5} as follows f(u1) = 1, f(u2) =

4, f(u3) = 6 and f(vi) = 5 + 2i for 1 ≤ i ≤ n. The induced edge labeling is as follows:

f∗(u1u2) = 2, f∗(u2u3) = 5, f∗(u3u1) = 3 and f∗(vivi+1) = 6 + 2i for 1 ≤ i ≤ n− 1.

Hence, f is a super geometric mean labeling of Pn ∪ Cm. Thus the graph Pn ∪ Cm is a

super geometric mean graph for n ≥ 1 and m ≥ 3. 2
The super geometric mean labeling of P5 ∪ C6 and P4 ∪ C3 are shown in Figure 2.
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Theorem 2.2 For a T -graph Tn, Tn ∪ Cm is a super geometric mean graph, for n ≥ 4 and

m ≥ 3.

Proof Let u1, u2, · · · , um be the vertices of the cycle Cm and v1, v2, · · · , vn−1 be the vertices

of the path Pn−1 and let vn be the pendant vertex identified with vn−2 in Tn.

Case 1. m ≥ 4.

We define f : V (Tn ∪ Cm) ∪ E(Tn ∪ Cm) → {1, 2, 3, · · · , 2m+ 2n− 1} as follows:

f(ui) =































































1 i = 1

4i− 4 2 ≤ i ≤
⌊

m
2

⌋

2m− 3 i =
⌊

m
2

⌋

+ 1 and m is odd

2m i =
⌊

m
2

⌋

+ 1 and m is even

2m i =
⌊

m
2

⌋

+ 2 and m is odd

2m− 3 i =
⌊

m
2

⌋

+ 2 and m is even

4m+ 5 − 4i
⌊

m
2

⌋

+ 3 ≤ i ≤ m,

f(vi) = 2m + 2i − 1 for 1 ≤ i ≤ n − 3, f(vn−2) = 2m + 2n − 3, f(vn−1) = 2m + 2n −
6 and f(vn) = 2m+ 2n− 1.

The induced edge labeling is as follows:

f∗(uiui+1) =







































4i− 2 1 ≤ i ≤
⌊

m
2

⌋

2m− 1 i =
⌊

m
2

⌋

+ 1

2m− 2 i =
⌊

m
2

⌋

+ 2 and m is odd

2m− 5 i =
⌊

m
2

⌋

+ 2 and m is even

4m+ 3 − 4i
⌊

m
2

⌋

+ 3 ≤ i ≤ m− 1,

f∗(u1um) = 3, f∗(vivi+1) = 2m+ 2i for 1 ≤ i ≤ n− 4,

f∗(vn−3vn−2) = 2m+ 2n− 5, f∗(vn−2vn−1) = 2m+ 2n− 4 and

f∗(vn−2vn) = 2m+ 2n− 2.

Case 2. m = 3.

We define f : V (Tn ∪ C3) ∪ E(Tn ∪ C3) → {1, 2, 3, · · · , 2n+ 5} as follows:

f(u1) = 1, f(u2) = 4, f(u3) = 6, f(vi) = 5 + 2i for 1 ≤ i ≤ n − 3, f(vn−2) = 2n + 3,

f(vn−1) = 2n and f(vn) = 2n+ 5.
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The induced edge labeling as follows:

f∗(u1u2) = 2, f∗(u2u3) = 5, f∗(u3u1) = 3,

f∗(vivi+1) = 6 + 2i for 1 ≤ i ≤ n− 4,

f∗(vn−3vn−2) = 2n+ 1, f∗(vn−2vn−1) = 2n+ 2 and

f∗(vn−2vn) = 2n+ 4.

Hence, f is a super geometric mean labeling of Tn ∪ Cm. Thus the graph Tn ∪ Cm is a super

geometric mean graph for n ≥ 4 and m ≥ 3. 2
The super geometric mean labeling of T6 ∪ C7 and T7 ∪ C3 are shown in Figure 3.
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Figure 3

Theorem 2.3 mCn is a super geometric mean graph, for any m and n.

Proof Let
{

v
(i)
j : 1 ≤ j ≤ n

}

be the vertices of the ith copy of the cycle Cn,

1 ≤ i ≤ m.

Case 1. n ≥ 5.

We define f : V (mCn) ∪ E(mCn) → {1, 2, 3, · · · , 2mn} as follows:
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f
(

v
(1)
j

)

=































































1 j = 1

4j − 4 2 ≤ j ≤
⌊

n
2

⌋

2n− 3 j =
⌊

n
2

⌋

+ 1 and n is odd

2n j =
⌊

n
2

⌋

+ 1 and n is even

2n j =
⌊

n
2

⌋

+ 2 and n is odd

2n− 3 j =
⌊

n
2

⌋

+ 2 and n is even

4n+ 5 − 4i
⌊

n
2

⌋

+ 3 ≤ i ≤ n,

f
(

v
(2)
j

)

=































































2n+ 1 j = 1

2n+ 4j − 5 2 ≤ j ≤
⌊

n
2

⌋

4n− 3 j =
⌊

n
2

⌋

+ 1 and n is odd

4n j =
⌊

n
2

⌋

+ 1 and n is even

4n j =
⌊

n
2

⌋

+ 2 and n is odd

4n− 3 j =
⌊

n
2

⌋

+ 2 and n is even

6n+ 6 − 4j
⌊

n
2

⌋

+ 3 ≤ j ≤ n

and f
(

v
(i)
j

)

= 2n+ f
(

v
(i−1)
j

)

for 3 ≤ i ≤ m and 1 ≤ j ≤ n.

The induced edge labeling is as follows:

f∗
(

v
(1)
j v

(1)
j+1

)

=







































4j − 2 1 ≤ j ≤
⌊

n
2

⌋

2n− 1 j =
⌊

n
2

⌋

+ 1

2n− 2 j =
⌊

n
2

⌋

+ 2 and n is odd

2n− 5 j =
⌊

n
2

⌋

+ 2 and n is even

4n+ 3 − 4j
⌊

n
2

⌋

+ 3 ≤ j ≤ n− 1,

f∗
(

v
(1)
1 v(1)

n

)

= 3,

f∗
(

v
(2)
j v

(2)
j+1

)

=



















































2n+ 2 j = 1

2n+ 4j − 3 2 ≤ j ≤
⌊

n
2

⌋

-1

4n− 5 j =
⌊

n
2

⌋

and n is odd

4n− 2 j =
⌊

n
2

⌋

and n is even

4n− 1 j =
⌊

n
2

⌋

+ 1

6n+ 4 − 4j
⌊

n
2

⌋

+ 2 ≤ j ≤ n− 1,

f∗
(

v
(2)
1 v(2)

n

)

= 2n+ 4,

f∗
(

v
(i)
j v

(i)
j+1

)

= 2n+ f∗
(

v
(i−1)
j v

(i−1)
j+1

)

for 3 ≤ i ≤ m and 1 ≤ j ≤ n− 1

and f∗
(

v
(i)
1 v(i)

n

)

= 2n+ f∗
(

v
(i−1)
1 v(i−1)

n

)

for 3 ≤ i ≤ m.
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Case 2. n = 4.

We define f : V (mC4) ∪ E(mC4) → {1, 2, 3, · · · , 8m} as follows:

f
(

v
(1)
j

)

=















1 j = 1

5j − 6 2 ≤ j ≤ 3

5 j = 4

and f
(

v
(2)
j

)

=















8 j = 1

6j 2 ≤ j ≤ 3

13 j = 4.

The induced edge labeling is as follows:

f∗
(

v
(1)
j v

(1)
j+1

)

=







4j − 2 1 ≤ j ≤ 2

7 j = 3
, f∗

(

v
(1)
1 v

(1)
4

)

= 3

f∗
(

v
(2)
j v

(2)
j+1

)

=







5j + 5 1 ≤ j ≤ 2

16 j = 3
and f∗

(

v
(2)
1 v

(2)
4

)

= 11.

Subcase 2.1 m is odd and m ≥ 3.

f
(

v
(3)
j

)

=







14 j = 1

2j + 16 2 ≤ j ≤ 4,

f
(

v
(4)
j

)

=







2j + 23 1 ≤ j ≤ 3

34 j = 4,

f
(

v
(5)
j

)

=















31 j = 1

3j + 29 2 ≤ j ≤ 3

40 j = 4

and

f
(

v
(i)
j

)

= f
(

v
(i−2)
j

)

+ 16 for 6 ≤ i ≤ m and 1 ≤ j ≤ 4.

The induced edge labeling is as follows

f∗
(

v
(3)
j v

(3)
j+1

)

=







17 j = 1

2j + 17 2 ≤ j ≤ 3
, f∗

(

v
(3)
i v

(3)
4

)

= 19,

f∗
(

v
(4)
j v

(4)
j+1

)

=







26 j = 1

4j + 20 2 ≤ j ≤ 3
, f∗

(

v
(4)
1 v

(4)
4

)

= 30,

f∗
(

v
(5)
j v

(5)
j+1

)

=







33 j = 1

2j + 33 2 ≤ j ≤ 3
, f∗

(

v
(5)
1 v

(5)
4

)

= 36,

f∗
(

v
(i)
j v

(i)
j+1

)

= f∗
(

v
(i−2)
j v

(i−2)
j+1

)

+ 16 for 6 ≤ i ≤ m and 1 ≤ j ≤ 3

and f∗
(

v
(i)
1 v

(i)
4

)

= f∗
(

v
(i−2)
1 v

(i−2)
4

)

+ 16 for 6 ≤ i ≤ m.
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Subcase 2.2 m is even and m ≥ 4.

f
(

v
(3)
j

)

=















14 j = 1

3j + 13 2 ≤ j ≤ 3

26 j = 4

, f
(

v
(4)
j

)

=















23 j = 1

3j + 21 2 ≤ j ≤ 3

32 j = 4,

f
(

v
(5)
j

)

=







2j + 31 1 ≤ j ≤ 3

42 j = 4
and

f
(

v
(i)
j

)

= f
(

v
(i−2)
j

)

+ 16 for 6 ≤ i ≤ m and 1 ≤ j ≤ 4.

The induced edge labeling is as follows

f∗
(

v
(3)
j v

(3)
j+1

)

=







17 j = 1

3j + 15 2 ≤ j ≤ 3
, f∗

(

v
(3)
1 v

(3)
4

)

= 20,

f∗
(

v
(4)
j v

(4)
j+1

)

=







25 j = 1

2j + 25 2 ≤ j ≤ 3
, f∗

(

v
(4)
1 v

(4)
4

)

= 28,

f∗
(

v
(5)
j v

(5)
j+1

)

=







34 j = 1

4j + 28 2 ≤ j ≤ 3
, f∗

(

v
(5)
1 v

(5)
4

)

= 38,

f∗
(

v
(i)
j v

(i)
j+1

)

= f∗
(

v
(i−2)
j v

(i−2)
j+1

)

+ 16 for 6 ≤ i ≤ m and 1 ≤ j ≤ 3

and f∗
(

v
(i)
1 v

(i)
4

)

= f∗
(

v
(i−2)
1 v

(i−2)
4

)

+ 16 for 6 ≤ i ≤ m.

Case 3. n = 3.

We define f : V (mC3) ∪ E(mC3) → {1, 2, 3, · · · , 6m} as follows:

f
(

v
(i)
1

)

= 6i− 5 for 1 ≤ i ≤ m, f
(

v
(i)
2

)

=







4 i = 1

6i− 3 2 ≤ i ≤ m

and f
(

v
(i)
3

)

= 6i for 1 ≤ i ≤ m. The induced edge labeling is as follows:

f∗
(

v
(i)
1 v

(i)
2

)

= 6i− 4 for 1 ≤ i ≤ m, f∗
(

v
(i)
2 v

(i)
3

)

= 6i− 1 for 1 ≤ i ≤ m and

f∗
(

v
(i)
3 v

(i)
1

)

=







3 i = 1

6i− 2 2 ≤ i ≤ m
.

Hence, f is super geometric mean labeling of mCn. Thus the graph mCn is a super geo-

metric mean graph for any m and n. 2
The super geometric mean labeling of 4C6, 7C4 and 5C3 are shown in Figure 4.
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Corollary 2.4 mCn ∪ Pk is a super geometric mean graph for any m,n and k.

Proof By the above Theorems 2.1 and 2.3 the results follows. 2
Theorem 2.5 Kn is a super geometric mean graph if and only if n ≤ 3.

Proof Based on the definition of super geometric mean labeling, 1 and p+ q should be the

vertex labels.

For all p ≥ 5, the edge having the end vertices whose labels are 1 and p + q is less than

or equal to p − 1. So we cannot have distinct edge labels for the edges incident with a vertex

whose vertex label is 1.

When p = 4, 1, p+ q = 10 and p+ q− 2 = 8 are to be the vertex labels whose induced edge

labels are 3, 4 and 9. So we cannot label for the 4th vertex in which the edge label is 2. Also 2

cannot be the vertex label. 2
The super geometric mean labeling of K1,K2 and K3 are shown in Figure 5.

1

2

3

1

2

4
5

6

3
b1

Figure 5

Theorem 2.6 [Pn;Sm] is a super geometric mean graph, for n ≥ 1 and m ≤ 2.
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Proof Let u1, u2, · · · , un be the vertices of the path Pn and v
(i)
1 , v

(i)
2 , · · · , v(i)

m be the pendant

vertices at each vertex ui of the path Pn, for 1 ≤ i ≤ n.

Case 1. m = 1.

We define f : V ([Pn;S1]) ∪ E([Pn;S1]) → {1, 2, 3, · · · , 6n− 1} as follows:

f(ui) =







5 i = 1

6i− 5 2 ≤ i ≤ n
, f
(

v
(i)
1

)

= 6i− 3 for 1 ≤ i ≤ n,

f
(

v
(i)
2

)

=







1 i = 1

6i 2 ≤ i ≤ n− 1
and f

(

v
(n)
2

)

= 6n− 1.

The induced edge labeling is as follows:

f∗(uiui+1) =







6 i = 1

6i− 2 2 ≤ i ≤ n− 1,

f∗
(

uiv
(i)
1

)

=







4 i = 1

6i− 4 2 ≤ i ≤ n,

f∗
(

v
(i)
1 v

(i)
2

)

=







2 i = 1

6i− 1 2 ≤ i ≤ n− 1
and f∗

(

v
(n)
1 v

(n)
2

)

= 6n− 2.

Case 2. m = 2.

We define f : V ([Pn;S2]) ∪ E([Pn;S2]) → {1, 2, 3, · · · , 8n− 1} as follows:

f(ui) =







2i+ 5 1 ≤ i ≤ 2

8i− 8 3 ≤ i ≤ n,

f
(

v
(i)
1

)

=







5 i = 1

8i− 5 2 ≤ i ≤ n− 1,

f
(

v
(n)
1

)

= 8n− 3,

f
(

v
(i)
2

)

=







1 i = 1

8i− 1 2 ≤ i ≤ n− 1,
f
(

v
(n)
2

)

= 8n− 6,

f
(

v
(i)
3

)

=







2 i = 1

8i+ 1 2 ≤ i ≤ n− 1
and f

(

v
(n)
3

)

= 8n− 1.
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The induced edge labeling is as follows

f∗(uiui+1) =







8 i = 1

8i− 4 2 ≤ i ≤ n− 1,

f∗
(

uiv
(i)
1

)

=







6 i = 1

8i− 6 2 ≤ i ≤ n− 1,

f∗
(

unv
(n)
1

)

= 8n− 5, f∗
(

v
(i)
1 v

(i)
2

)

=







3 i = 1

8i− 3 2 ≤ i ≤ n− 1,

f∗
(

v
(n)
1 v

(n)
2

)

= 8n− 4 and f∗
(

v
(i)
1 v

(i)
3

)

=







4 i = 1

8i− 2 2 ≤ i ≤ n.

Hence, f is a super geometric mean labeling of [Pn;Sm]. Thus the graph [Pn;Sm] is a super

geometric mean graph, for n ≥ 1 and m ≤ 2. 2
The super geometric mean labeling of [P6;S1] and [P5;S2] are shown in Figure 6.
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Theorem 2.7 S(Pn ⊙K1) is a super geometric mean graph, for n ≥ 1.

Proof Let V (Pn ⊙K1) = {ui, vi : 1 ≤ i ≤ n}. Let xi be the vertex which divides the edge
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uivi, for 1 ≤ i ≤ n and yi be the vertex which divides the edge uivi+1, for 1 ≤ i ≤ n− 1. Then

V (S(Pn ⊙K1)) = {ui, vi, xi, yj : 1 ≤ i ≤ n, 1 ≤ j ≤ n− 1}
E (S(Pn ⊙K1)) = {uixi, vixi : 1 ≤ i ≤ n} ∪ {uiyi, yiui+1 : 1 ≤ j ≤ n− 1}

We define f : V (S(Pn ⊙K1))
⋃

E (S(Pn ⊙K1)) → {1, 2, 3, · · · , 8n− 3} as follows:

f(ui) =







5 i = 1

8i− 7 2 ≤ i ≤ n
, f(yi) = 8i− 1 for 1 ≤ i ≤ n− 1,

f(xi) = 8i− 5 for 1 ≤ i ≤ n, f(vi) =







1 i = 1

8i− 2 2 ≤ i ≤ n− 1
and

f(vn) = 8n− 3.

The induced edge labeling is as follows

f∗(uiyi) =







6 i = 1

8i− 4 2 ≤ i ≤ n− 1
, f∗(yiui+1) = 8i for 1 ≤ i ≤ n− 1,

f∗(uixi) =







4 i = 1

8i− 6 2 ≤ i ≤ n
, f∗(xivi) =







2 i = 1

8i− 3 2 ≤ i ≤ n− 1
,

and f∗(xnvn) = 8n− 4.

Hence, f is a super geometric mean labeling of S(Pn ⊙K1). Thus the graph S(Pn ⊙K1) is a

super geometric mean graph, for n ≥ 1. 2
A super geometric mean labeling of S(P4 ⊙K1) is shown in Figure 7.
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Theorem 2.8 TW (Pn) is a super geometric mean graph, for n ≥ 3.

Proof Let u1, u2, · · · , un be the vertices of the path Pn and v
(i)
1 , v

(i)
2 be the pendant vertices
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at each vertex ui of the path Pn, for 2 ≤ i ≤ n− 1. Then

V (TW (Pn)) = V (Pn) ∪
{

v
(i)
1 , v

(i)
2 : 2 ≤ i ≤ n− 1

}

and

E (TW (Pn)) = E(Pn) ∪
{

uiv
(i)
1 , uiv

(i)
2 : 2 ≤ i ≤ n− 1

}

.

We define f : V (TW (Pn)) ∪E(TW (Pn)) → {1, 2, 3, . . . , 6n− 9} as follows

f(ui) =







1 i = 1

6i− 7 2 ≤ i ≤ n− 2,

f(un−1) = 6n− 11, f(un) = 6n− 9,

f
(

v
(i)
1

)

=







2 i = 2

6i− 9 3 ≤ i ≤ n− 2
, f
(

v
(n−1)
1

)

= 6n− 16,

f
(

v
(i)
2

)

= 6i− 5 for 2 ≤ i ≤ n− 2 and f
(

v
(n−1)
2

)

= 6n− 14.

The induced edge labeling is as follows

f∗(uiui+1) =







3 i = 1

6i− 4 2 ≤ i ≤ n− 3
, f∗(un−2un−1) = 6n− 15,

f∗(un−1un) = 6n− 10,

f∗
(

uiv
(i)
1

)

= 6i− 8 for 2 ≤ i ≤ n− 2, f∗
(

un−1v
(n−1)
1

)

= 6n− 13 and

f∗
(

uiv
(i)
2

)

= 6i− 6 for 2 ≤ i ≤ n− 1.

Hence, f is a super geometric mean labeling of TW (Pn). Thus the graph TW (Pn) is a super

geometric mean graph, for n ≥ 3. 2
A super geometric mean labeling of TW (P8) is shown in Figure 8.
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Theorem 2.9 M(Pn) is a super geometric mean graph, for n ≥ 4.

Proof Let V (Pn) = {v1, v2, · · · , vn} and E(Pn) = {ei = vivi+1 : 1 ≤ i ≤ n − 1} be the
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vertex set and edge set of the path Pn. Then

V (M(Pn)) = {v1, v2, . . . , vn, e1, e2, . . . , en−1} and

E (M(Pn)) = {viei, eivi+1 : 1 ≤ i ≤ n− 1} ∪ {eiei+1 : 1 ≤ i ≤ n− 2} .

We define f : V (M(Pn)) ∪ E(M(Pn)) → {1, 2, 3, · · · , 5n− 5} as follows:

f(vi) =















1 i = 1

2i+ 1 2 ≤ i ≤ 3

5i− 5 4 ≤ i ≤ n

and f(ei) =







8i− 5 1 ≤ i ≤ 2

5i− 2 3 ≤ i ≤ n− 1.

The induced edge labeling is as follows:

f∗(eiei+1) =







6i 1 ≤ i ≤ 2

5i+ 1 3 ≤ i ≤ n− 2
, f∗(eivi) =















2 i = 1

2i+ 4 2 ≤ i ≤ 3

5i− 3 4 ≤ i ≤ n− 1

and f∗(eivi+1) = 5i− 1 for 1 ≤ i ≤ n− 1.

Hence, f is a super geometric mean labeling of M(Pn). Thus the graph M(Pn) is a super

geometric mean graph for n ≥ 4. 2
A super geometric mean labeling of M(P8) is shown in Figure 9.
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Theorem 2.10 TLn is a super geometric mean graph, for n ≥ 3.

Proof Let the vertex set of TLn be {v1, v2, · · · , vn, u1, u2, · · · , un} and the edge set of TLn

be {uiui+1, uivi+1, vivi+1 : 1 ≤ i ≤ n− 1} ∪ {uivi : 1 ≤ i ≤ n}. Then TLn has 2n vertices and

4n− 3 edges. We define f : V (TLn) ∪ E(TLn) → {1, 2, 3, · · · , 6n− 3} as follows:

f(vi) =







1 i = 1

6i− 6 2 ≤ i ≤ n
, f(ui) = 6i− 2 for 1 ≤ i ≤ n− 1

and f(un) = 6n− 3. The induced edge labeling is as follows:

f∗(vivi+1) = 6i− 3 for 1 ≤ i ≤ n− 1, f∗(uiui+1) = 6i+ 1 for 1 ≤ i ≤ n− 1,

f∗(uivi) = 6i− 4 for 1 ≤ i ≤ n and f∗(uivi+1) = 6i− 1 for 1 ≤ i ≤ n− 1.

Hence, f is a super geometric mean labeling of TLn. Thus the graph TLn is a super geometric

mean graph for n ≥ 3. 2
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A super geometric mean labeling of TL7 are shown in Figure 10.
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Theorem 2.11 Cn ⊙K1 is a super geometric mean graph.

Proof Let v1, v2, · · · , vn be the vertices of the cycle Cn and u1, u2, · · · , un be the pendant

vertices of the cycle Cn.

Case 1. n ≥ 7.

We define f : V (Cn ⊙K1) ∪ E(Cn ⊙K1) → {1, 2, 3, · · · , 4n} as follows:

f(vi) =







































3 i = 1

8i− 11 2 ≤ i ≤
⌊

n
2

⌋

4n− 7 i =
⌊

n
2

⌋

+ 1 and n is odd

4n− 2 i =
⌊

n
2

⌋

+ 1 and n is even

8n+ 12 − 8i
⌊

n
2

⌋

+ 2 ≤ i ≤ n

f(ui) =































































7i− 6 1 ≤ i ≤ 3

8i− 9 4 ≤ i ≤
⌊

n
2

⌋

4n− 5 i =
⌊

n
2

⌋

+ 1 and n is odd

4n i =
⌊

n
2

⌋

+ 1 and n is even

4n− 2 i =
⌊

n
2

⌋

+ 2 and n is odd

4n− 7 i =
⌊

n
2

⌋

+ 2 and n is even

8n+ 10 − 8i
⌊

n
2

⌋

+ 3 ≤ i ≤ n.

The induced edge labeling is as follows:

f∗(vivi+1) =



















































4 i = 1

8i− 7 2 ≤ i ≤
⌊

n
2

⌋

− 1

4n− 11 i =
⌊

n
2

⌋

and n is odd

4n− 6 i =
⌊

n
2

⌋

and n is even

4n− 3 i =
⌊

n
2

⌋

+ 1

8n+ 8 − 8i
⌊

n
2

⌋

+ 2 ≤ i ≤ n− 1,

f∗(v1vn) = 6 and



Further Results on Super Geometric Mean Graphs 119

f∗(uivi) =







































5i− 3 1 ≤ i ≤ 2

8i− 10 3 ≤ i ≤
⌊

n
2

⌋

4n− 6 i =
⌊

n
2

⌋

+ 1 and n is odd

4n− 1 i =
⌊

n
2

⌋

+ 1 and n is even

8n+ 11 − 8i
⌊

n
2

⌋

+ 2 ≤ i ≤ n

Case 2. n = 3, 4, 5, 6.

In this case, the super geometric mean labelings are given in Figure 11.
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Figure 11

Hence, f is a super geometric mean labeling of Cn ⊙ K1. Thus the graph Cn ⊙ K1 is a

super geometric mean graph. 2
A super geometric mean labeling of C9 ⊙K1 is shown in Figure 12.
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Theorem 2.12 The graph obtained by duplication of an arbitrary vertex in cycle Cn is a super

geometric mean graph, for n ≥ 4.

Proof Let v1, v2, v3, . . . , vn be the vertices of the cycle Cn, for n ≥ 4. Without loss of

generality we duplicate the vertex v = v1 and its duplicated vertex is v′1. Then the resultant

graph G will have n+ 1 vertices and n+ 2 edges.

We define f : V (G) ∪ E(G) → {1, 2, 3, . . . , 2n+ 3} as follows:

f(v′1) = 1,

f(vi) =



















































8 − 2i 1 ≤ i ≤ 2

4i 3 ≤ i ≤
⌊

n
2

⌋

2n+ 3 i =
⌊

n
2

⌋

+ 1

2n i =
⌊

n
2

⌋

+ 2 and n is odd

2n− 1 i =
⌊

n
2

⌋

+ 2 and n is even

4n+ 7 − 4i
⌊

n
2

⌋

+ 3 ≤ i ≤ n− 1

and f(vn) = 9.

The induced edge labeling is as follows

f∗(v′1v2) = 2, f∗(v′1vn) = 3,
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f∗(vivi+1) =































































2i+ 3 1 ≤ i ≤ 2

4i+ 2 3 ≤ i ≤
⌊

n
2

⌋

− 1

2n+ 1 i =
⌊

n
2

⌋

and n is odd

2n+ 2 i =
⌊

n
2

⌋

and n is even

2n+ 2 i =
⌊

n
2

⌋

+ 1 and n is odd

2n+ 1 i =
⌊

n
2

⌋

+ 1 and n is even

4n+ 5 − 4i
⌊

n
2

⌋

+ 2 ≤ i ≤ n− 2,

f∗(vn−1vn) = 10 and f∗(v1vn) = 8.

Hence, f is a super geometric mean labeling of G. Thus the graph obtained by duplication of

an arbitrary vertex in the cycle Cn is a super geometric mean graph, for n ≥ 4. 2
The graph obtained by duplication of a vertex in C9 and its super geometric mean labeling

is shown in Figure 13.
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Theorem 2.13 The graph obtained by duplication of an arbitrary edge in cycle Cn is a super

geometric mean graph, for n ≥ 3.

Proof Let v1, v2, v3, · · · , vn be the vertices of the cycle Cn. Without loss of generality we

duplication an edge e = v1v2 and its duplicated edge is e′ = v′1v
′
2. Then the resultant graph G

will have n+ 2 vertices and n+ 3 edges.

Case 1. n ≥ 6.

We define f : V (G) ∪ E(G) → {1, 2, 3, · · · , 2n+ 5} as follows:

f(v′1) = 1, f(v′2) = 3 and
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f(v′i) =































































9 i = 1

5i− 5 2 ≤ i ≤ 3

4i− 2 4 ≤ i ≤
⌊

n
2

⌋

+ 1

2n+ 5 i =
⌊

n
2

⌋

+ 2

2n+ 2 i =
⌊

n
2

⌋

+ 3 and n is odd

2n+ 1 i =
⌊

n
2

⌋

+ 3 and n is even

4n+ 13 − 4i
⌊

n
2

⌋

+ 4 ≤ i ≤ n.

The induced edge labeling is as follows:

f∗(v′1v
′
2) = 2, f∗(v′1v

′
n) = 4, f∗(v′2v

′
3) = 6,

f∗(vivi+1) =































































i+ 6 1 ≤ i ≤ 2

4i 3 ≤ i ≤
⌊

n
2

⌋

2n+ 3 i =
⌊

n
2

⌋

+ 1 and n is odd

2n+ 4 i =
⌊

n
2

⌋

+ 1 and n is even

2n+ 4 i =
⌊

n
2

⌋

+ 2 and n is odd

2n+ 3 i =
⌊

n
2

⌋

+ 2 and n is even

4n+ 11 − 4i
⌊

n
2

⌋

+ 3 ≤ i ≤ n− 1

and f∗(v1vn) = 11.

Case 2. n = 3, 4, 5.

In this case, the super geometric mean labelings are given in Figure 14.

b b

bb
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1 2
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56
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10 11
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8

9
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11

1213

3 1 2 3

9 7 5
4 6

10

15

1314
12

11 8

Figure 14

Hence, f is a super geometric mean labeling of G. Thus the graph obtained by duplication

of an arbitrary edge in cycle Cn is a super geometric mean graph, for n ≥ 3. 2
The graph obtained by duplication of an edge in C8 and its super geometric mean labeling

is shown in Figure 15.
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Figure 15

A triangular grid Tn(G) with n vertices in each side are constructed as follows: The vertices

of Tn(G) are
{

v
(j)
i : 1 ≤ j ≤ n, 1 ≤ i ≤ n+ 1 − j} and the edges are

{

v
(j)
i v

(j)
i+1 : 1 ≤ j ≤ n− 1,

1 ≤ i ≤ n− j}⋃
{

v
(j)
i v

(j+1)
i : 1 ≤ j ≤ n− 1, 1 ≤ i ≤ n− j

}

⋃

{

v
(j)
i+1v

(j+1)
i : 1 ≤ j ≤ n− 1, 1 ≤

i ≤ n− j} . The triangular grid graph T6(G) is shown in Figure 16.

b

v
(1)
1 v

(1)
2 v

(1)
3 v

(1)
4 v

(1)
5 v

(1)
6

v
(2)
5

v
(2)
4

v
(5)
2

v
(4)
3

v
(6)
1

v
(5)
1

v
(4)
1

v
(2)
1

v
(3)
1

v
(4)
2

v
(3)
2 v

(2)
3

v
(2)
2 v

(2)
3 v

(2)
4

Figure 16

Theorem 2.14 The triangular grid graph Tn(G) is a super geometric mean graph.

Proof Let
{

v
(j)
i : 1 ≤ j ≤ n, 1 ≤ i ≤ n+ 1 − j

}

be the vertex set of Tn(G). Then the edge

set of Tn(G) are
{

v
(j)
i v

(j)
i+1 : 1 ≤ j ≤ n− 1, 1 ≤ i ≤ n− j

}

⋃

{

v
(j)
i v

(j+1)
i : 1 ≤ j ≤ n− 1, 1 ≤ i ≤

n− j}⋃
{

v
(j)
i+1v

(j+1)
i : 1 ≤ j ≤ n− 1,

1 ≤ i ≤ n− j} .
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We define f : V (Tn(G)) ∪ E(Tn(G)) → {1, 2, 3, · · · , n(2n− 1)} as follows

f
(

v
(1)
i

)

= i(2i− 1) for 1 ≤ i ≤ n and

f
(

v
(j)
i

)

= f
(

v
(j−1)
i+1

)

− 2 for 2 ≤ j ≤ n and 1 ≤ i ≤ n+ 1 − j.

The induced edge labeling is as follows

f∗
(

v
(1)
i v

(1)
i+1

)

= i(2i+ 1) for 1 ≤ i ≤ n− 1,

f∗
(

v
(j)
i v

(j)
i+1

)

= f∗
(

v
(j−1)
i+1 v

(j−1)
i+2

)

− 2 for 2 ≤ j ≤ n− 1 and 1 ≤ i ≤ n− j,

f∗
(

v
(1)
i v

(2)
i

)

= (i+ 1)(2i− 1) for 1 ≤ i ≤ n− 1,

f∗
(

v
(j)
i v

(j+1)
i

)

= f∗
(

v
(j−1)
i+1 v

(j)
i+1

)

− 2 for 2 ≤ j ≤ n− 1 and 1 ≤ i ≤ n− j,

f∗
(

v
(1)
i+1v

(2)
i

)

= i(2i− 1) + 4i for 1 ≤ i ≤ n− 1 and

f∗
(

v
(j)
i+1v

(j+1)
i

)

= f∗
(

v
(j−1)
i+2 v

(j)
i+1

)

− 2 for 2 ≤ j ≤ n− 1 and 1 ≤ i ≤ n− j.

Hence, f is a super geometric mean labeling of Tn(G). Thus the graph Tn(G) is a super

geometric mean graph. 2
A super geometric mean labeling of T7(G) is shown in Figure 17.
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bb b
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b b b b b

b b b b b b

b b b b b b b

1 3 6 10 15 21 28 36 45 55 66 78 91
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5 9 14 20 27 35 44 54 65 77 90

4 8

13 26 43 64
89

19 34 53 76
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56

67

79
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83
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85

86

87

88

68

57 69

47 70

30 49 72

17 32 51 74

24 41 62

39 60

58
38

40

4212

23

25

59

61

63

Figure 17

The graph G′(p1, p2, · · · , pn) is obtained from n cycles of length p1, p2, . . . , pn by identifying

the jth cycle and (j + 1)th cycle by the edges v
(j)
pj+1

2

v
(j)
pj+3

2

and v
(j+1)
1 v

(j+1)
pj+1 , for 1 ≤ j ≤ n− 1.

Theorem 2.15 The graph G′(p1, p2, . . . , pn) is a super geometric mean graph all pj’s are odd

or all pj’s are even with pj 6= 4 for 1 ≤ j ≤ n.
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Proof Let
{

v
(j)
i : 1 ≤ j ≤ n and 1 ≤ i ≤ pj

}

be the vertices of the n number of cycles with

pj 6= 4. For 1 ≤ j ≤ n − 1, the jth cycle and (j + 1)th cycle by the edges v
(j)
pj+1

2

v
(j)
pj+3

2

and

v
(j+1)
1 v

(j+1)
pj+1

. We define f : V (G′) ∪ E(G′) →
{

1, 2, 3, · · · ,
n
∑

i=1

2pi − 3n+ 3

}

as follows.

Case 1. pj is odd.

When p1 = 5, define

f
(

v
(1)
1

)

= 3, f
(

v
(1)
2

)

= 1, f
(

v
(1)
3

)

= 10, f
(

v
(1)
4

)

= 8 and f
(

v
(1)
5

)

= 6.

The induced edge labeling is as follows:

f∗
(

v
(1)
1 v

(1)
2

)

= 2, f∗
(

v
(1)
2 v

(1)
3

)

= 4, f∗
(

v
(1)
3 v

(1)
4

)

= 9,

f∗
(

v
(1)
4 v

(1)
5

)

= 7 and f∗
(

v
(1)
1 v

(1)
5

)

= 5.

When p1 ≥ 7, define

f
(

v
(1)
i

)

=



























4i− 3 1 ≤ i ≤
⌊

p1

2

⌋

4i− 2 i =
⌊

p1

2

⌋

+ 1

4i− 9 i =
⌊

p1

2

⌋

+ 2

4p1 + 4 − 4i
⌊

p1

2

⌋

+ 3 ≤ i ≤ p1

The induced edge labeling is as follows:

f∗
(

v
(1)
i v

(1)
i+1

)

=



























4i− 1 1 ≤ i ≤
⌊

p1

2

⌋

− 1

4i i =
⌊

p1

2

⌋

4i− 3 i =
⌊

p1

2

⌋

+ 1

4p1 + 2 − 4i
⌊

p1

2

⌋

+ 2 ≤ i ≤ p1 − 1

and f∗
(

v
(1)
1 v(1)

p1

)

= 2.

For 2 ≤ j ≤ n, define

f
(

v
(j)
i

)

=















j−1
∑

k=1

2pk − 3(j − 2) + 4i− 5 2 ≤ i ≤
⌊pj

2

⌋

+ 1

j−1
∑

k=1

2pk + 4pj − 3(j − 2) − 4i
⌊pj

2

⌋

+ 2 ≤ i ≤ pj − 1

The induced edge labeling is as follows:

f∗
(

v
(j)
i v

(j)
i+1

)

=































j−1
∑

k=1

2pk − 3(j − 2) + 2 i = 1

j−1
∑

k=1

2pk − 3(j − 2) + 4i− 3 2 ≤ i ≤
⌊pj

2

⌋

j−1
∑

k=1

2pk + 4pj − 3(j − 2) − 4i− 2
⌊pj

2

⌋

+ 1 ≤ i ≤ pj − 2

and f∗
(

v
(j)
pj−1v

(j)
pj

)

=

j−1
∑

k=1

2pk − 3(j − 2) + 1.
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Case 2. pj is even.

When p1 = 6, define

f
(

v
(1)
1

)

= 6, f
(

v
(1)
2

)

= 8, f
(

v
(1)
3

)

= 10, f
(

v
(1)
4

)

= 12, f
(

v
(1)
5

)

= 1 and f
(

v
(1)
6

)

= 3.

The induced edge labeling is as follows:

f∗
(

v
(1)
1 v

(1)
2

)

= 7, f∗
(

v
(1)
2 v

(1)
3

)

= 9, f∗
(

v
(1)
3 v

(1)
4

)

= 11,

f∗
(

v
(1)
4 v

(1)
5

)

= 4, f∗
(

v
(1)
5 v

(1)
6

)

= 2 and f∗
(

v
(1)
1 v

(1)
6

)

= 5.

When p1 ≥ 8, define

f
(

v
(1)
i

)

=







4i− 3 1 ≤ i ≤
⌊

p1

2

⌋

4p1 + 4 − 4i
⌊

p1

2

⌋

+ 1 ≤ i ≤ p1.

The induced edge labeling is as follows:

f∗
(

v
(1)
i v

(1)
i+1

)

=







4i− 1 1 ≤ i ≤
⌊

p1

2

⌋

4p1 + 2 − 4i
⌊

p1

2

⌋

+ 1 ≤ i ≤ p1 − 1

and f∗
(

v
(1)
1 v

(1)
p1

)

= 2.

Subcase 2.1 2 ≤ j ≤ n and j is odd.

Let f
(

v
(j)
i

)

=



















































j−1
∑

k=1

2pk − 3(j − 2) + 4i− 5 2 ≤ i ≤
⌊pj

2

⌋

− 1

j−1
∑

k=1

2pk + 2pj − 3(j − 2) − 6 i =
⌊ pj

2

⌋

j−1
∑

k=1

2pk + 2pj − 3(j − 2) − 3 i =
⌊ pj

2

⌋

+ 1

j−1
∑

k=1

2pk + 4pj − 3(j − 2) − 4i
⌊pj

2

⌋

+ 2 ≤ i ≤ pj − 1.

The induced edge labeling is as follows

f∗
(

v
(j)
i v

(j)
i+1

)

=



































































j−1
∑

k=1

2pk − 3(j − 2) + 2 i = 1

j−1
∑

k=1

2pk − 3(j − 2) + 4i− 3 2 ≤ i ≤
⌊pj

2

⌋

− 1

j−1
∑

k=1

2pk + 2pj − 3(j − 2) − 4 i =
⌊pj

2

⌋

j−1
∑

k=1

2pk + 2pj − 3(j − 2) − 5 i =
⌊pj

2

⌋

+ 1

j−1
∑

k=1

2pk + 4pj − 3(j − 2) − 4i− 2
⌊pj

2

⌋

+ 2 ≤ i ≤ pj − 2

and f∗
(

v
(j)
pj−1v

(j)
pj

)

=

j−1
∑

k=1

2pk − 3(j − 2) + 1.

Subcase 2.2 2 ≤ j ≤ n and j is even.
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Let f
(

v
(j)
i

)

=



















































j−1
∑

k=1

2pk − 3(j − 2) + 4i− 4 2 ≤ i ≤
⌊pj

2

⌋

− 1

j−1
∑

k=1

2pk + 2pj − 3(j − 2) − 3 i =
⌊pj

2

⌋

j−1
∑

k=1

2pk + 2pj − 3(j − 2) − 6 i =
⌊pj

2

⌋

+ 1

j−1
∑

k=1

2pk + 4pj − 3(j − 2) − 4i− 1
⌊pj

2

⌋

+ 2 ≤ i ≤ pj − 1.

The induced edge labeling is as follows:

f∗
(

v
(j)
i v

(j)
i+1

)

=



































































j−1
∑

k=1

2pk − 3(j − 2) + 1 i = 1

j−1
∑

k=1

2pk − 3(j − 2) + 4i− 2 2 ≤ i ≤
⌊pj

2

⌋

− 2

j−1
∑

k=1

2pk + 2pj − 3(j − 2) − 5 i =
⌊pj

2

⌋

− 1

j−1
∑

k=1

2pk + 2pj − 3(j − 2) − 4 i =
⌊pj

2

⌋

j−1
∑

k=1

2pk + 4pj − 3(j − 2) − 4i− 3
⌊ pj

2

⌋

+ 1 ≤ i ≤ pj − 2

and f∗
(

v
(j)
pj−1v

(j)
pj

)

=
j−1
∑

k=1

2pk − 3(j − 2) + 2.

Hence, f is a super geometric mean labeling of G′(p1, p2, . . . , pn). Thus it is a super geo-

metric mean graph with pj 6= 4 for 1 ≤ j ≤ n. 2
A super geometric mean labeling of G′(7, 13, 11, 5) and G′(8, 10, 12, 8) are shown in Figure

18.
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