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Abstract: In this paper, using the concept of (j, k)-symmetric functions and Saldgean
operator we introduce the class S’Hg'k(ﬂ7 A, b) of functions f = h + g which are harmonic in
U. Coefficients bound for functions to be in this class. We also shown that this coefficient
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§1. Introduction

A continuous function f = u + iv is a complex valued harmonic function in a complex domain
C if both u and v are real harmonic in C. In any simply connected domain D € C we can write
f(2) = h+3, where h and g are analytic in D. We call & the analytic part and g the co-analytic
part of f. A necessary and sufficient condition for f to be locally univalent and sense-preserving
in D is that |A/'(2)| > |¢'(2)| in D, (see [14]).

Denote by SH the class of functions f(z) = h + g that are harmonic univalent and
orientation preserving in the open unit disk &4 = {z : z € C and |z| < 1}, for which
f(0) = f.(0) —1 = 0. Then for f(z) = h+g € SH , we may express the analytic func-

tions f and g as

h(z) =2+ anz", 9(z) =3 bua", lby| < 1. (1)
n=2

n=1

Note that SH reduces to the class S of normalized analytic univalent functions if the
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co-analytic part of its members is zero. For this class the function f(z) may be expressed as
o0
fR)=24> anz", 2)
n=2

A function f(z) = h+ g with h and g given by (1) is said to be harmonic starlike of order
Blor (0< B <1, for|z|=r<1if

9 (arg f(rei®)) = S} 7%]“(7“61'9) _pd )~ 2g(2)
(96‘( gf( ))_ { f(rew) }_%{ h(z)+m }Zﬁ

The class of all harmonic starlike functions of order 3 is denoted by Sy, (/) and extensively
studied by Jahangiri ([1]). The cases § = 0 and b; = 1 were studied by Silverman and Silvia
([2]) and Silverman ([6]).

Definition 1.1 Let k be a positive integer. A domain D is said to be k-fold symmetric if a

rotation of D about the origin through an angle 27” carries D onto itself. A function f is said

to be k-fold symmetric in U if for every z in U

The family of all k-fold symmetric functions is denoted by S* and for k = 2 we get class

of the odd univalent functions.

The notion of (j, k)-symmetrical functions (k = 2,3,--- ; j =0,1,2,---,k—1) is a
generalization of the notion of even, odd, k-symmetrical functions and also generalize the well-
known result that each function defined on a symmetrical subset can be uniquely expressed as

the sum of an even function and an odd function.

The theory of (j, k) symmetrical functions has many interesting applications, for instance
in the investigation of the set of fixed points of mappings, for the estimation of the absolute
value of some integrals, and for obtaining some results of the type of Cartan uniqueness theorem
for holomorphic mappings ([12]).

Definition 1.2 Let e = (e%) and j =0,1,2,---  k — 1 where k > 2 is a natural number. A
function f:U — C is called (j, k)-symmetrical if

flez) =€ f(2), zelU.

We note that the family of all (j, k)-symmetric functions is denoted be SU*) . Also, S(0:2),
St2) and SUF) are called even, odd and k-symmetric functions respectively. We have the

following decomposition theorem.

Theorem 1.3([12]) For every mapping f : D — C, and D is a k-fold symmetric set, there
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exists exactly the sequence of (j, k)- symmetrical functions f; j,

k—1
FE) =Y fin(2)
§=0

where

k—1
fiale) = £ 3 e (), ®)
v=0

(feA k=1,2,---:j=0,1,2,---  k—1)

From (3) we can get

k—1 k—1 %)
1 —vj v 1 —vij v\
fj,k(z)zng Tf(e Z):EZE ]<Zan(5 2) ),
v=0 v=0 n=1
then

fik(2) i& " 1 ) 1§ (n—j)v 1, n=Ilk+j; )

ik(Z) = n,jaAnZ , a1 = yOn,jg = 7 IS = ,

! n=1 ’ ’ kv:O 07 n7£lk+ja

Ahuja and Jahangiri ([3]) discussed the class SH(3) which denotes the class of complex-

valued, sense-preserving, harmonic univalent functions f of the form (1) and satisfying

0 6
%{f( 255 (re’”) )}>5, 0<p<l.

rei?) — f(—re?

The authors ([13]) introduced and discussed the class SH'j, k)(3) which denotes the class of

complex-valued, sense-preserving, harmonic univalent functions f of the form (1) and satisfying

o i0
25/ (re’”)
QR QUL 0<B<1.
{ fwtrem) [ 7P 050
For f = h+7 where h and g are given by (1), Jahangiri ([15]) defined the modified Salagean

operator of f as

DAf(Z):DAI’L(Z)—F(—l))\D)‘g(Z), A:05172a"' ) (5)

where - -
D Mh(z) =z + Z nra, 2", DAg(z) = Z n b, 2" (6)

n=2 n=1

Now using Saldgean operator D* and the concepts of (4, k)—symmetric points we define
the following.

Definition 1.4 For 0 < g < 1land k = 1,2,3,---, j =0,1,---  k—1,A € Ny, b # 0,
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let SHg’k(ﬁ, A, b) denote the class of harmonic functions f of the form (1) which satisfy the

condition . "
2 2DMf(z
%{1_5+7bD>‘f3)k(2)}>6, (7)
where
DA fjk(2) = 6152 + Zn Onjanz™ + ( AZ nA8,, by 2" (8)
n=2

and 0, ; is defined by (4).

Let ﬁi’k(ﬁ,)\,b) denote the subclass of SHZ¥(3,\,b) consist of harmonic functions of
fx = hx + gx such that hy and gx are of the form

ha(z) =2 = lanlz",  ga(z) = (=D} Y [balo™. (9)
n=2 n=1
Since
rrhjg =012+ Z On,jan2", 9ik( Z On,jbn 2" (10)
n=2

also, let fx jkhx .k + Grjk such that hy j, and Gx ;jr are of the form
o0
hyjk(z) =0_1z — Z on, jlan|z", I,k ( Z on, jlbn|2™, (11)
n=2

where dn, j is given by (4).

The following special cases are of interest

(1) SHI*(8,0,2) =SH" (), the class introduced by AL-Shagsi and Darus in [15];
(2) SHY*(B,0,2) =SH(f), the class introduced byAhuja and Jahangiri in [3];

(3) SHE(B,0,2) =S»*(B) the class introduced by Jahangiri in [1];

(4) SHE(0,0,2) =Sy* the class introduced by Silverman and Silvia in [2];

(5) SHEY(B,),2) =SH(S, ) the class introduced by Jahangiri in [5];

(6) SHI*¥(B,0,2) =SHI"*(B) the class introduced Fuad Alsarari and S.Latha ([13]).

§2. Coefficient Bounds

Theorem 2.1 If f = h+g with h and g given by (??) and D f; . is defined by (8)

2n+ {b(1 - B) — 2}dn ] [2n + {2 = b(1 — ) }dn,,]
Z { [b(1 =) —2]61,; + 2 [an| [b(1 —B) —2]01,; +2 o |} =2 12)

where b# 0,a1 =1, 0< 8 <1, Ae€Ng andd, ; is defined by (4), then f is sense-preserving,
harmonic univalent in U, and f € SHg’k(ﬁ, A D).
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Proof If z1 # 2o, then

‘f(zl) PG ‘ 9(z1) — g(22)
h(z1) = h(z2)| h(z1) = h(z2) |’
_ o1 Doy ba(2 = 28)
(21 = 22) + 2 ig an(2f — 23) |
%) b,
> 1 _ En:olgj | ,
1- Zn:2 |a7l|
oo [2n+{2-b(1—0B)}6n,;]
L Yot ap-mn. s 1 bl

>0
oo [2n4{b(1-f)—2}dn 4] =7
D D [b(lfg)fz]gl,ﬁzj n*an|

which proves univalence. Note that f is sense-preserving in /. This is because

, S n-1 o [2n+ {b(1 — B) — 2}6n,]
|h (Z)| > 1_7;27”0’71”2' >1_ng2 [b(l_ﬁ)_2]5l,j+2 n |an|

Z [2n + {2 — b(l — 6)}6H’J]n>\|bn| > Z [271 + {2 — b(l — 6)}6H’J]n>\|bn||z|n71

= - B) 2o, + 2 2 A B) —2or, + 2
> Y nfballe" T > g (2)].
n=1

Using the fact #{w} > G if and only if |1 — § + w| > |1 + 8 — w| it suffices that. Let

Alz)| (b—2)D  f; k(2) + 2D M1 f(2)
" { B<z>} - %{ bDAN ;s 1(2) } =0 (13)

it suffices to show that
|A(z) + (1 = B)B(2)| — [A(2) — (1 + B)B(z)| = 0.
Now we have

(1= B)B(2) + A(2)| |(1 = B)bD* f 1(2) + (b — 2)D* f x(2) + 2D f(2)]

|[b(2 = B) = 21D fj.1(2) + 2D f(2)]

((2 ﬁ)_2)5ljz+zn5n]anz + Zn 6n]bZ

+2[z+ i nMla, 2" — (- i AHLp, 2"
n=2 n=1
So -
(1= B)B(2) + A(2)| = [(b(2 = B) = 2)615 +2]|z| = ) _[2n + (b(2 ~ §)
n=2

oo

~2)8n, 50 M an|[2]" = D20 — (b(2 = B) = 2)8u5n |bul|2]".  (14)

n=1
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Also

[(1+5)B(2) — A(2)|

|(1+ 8D f(2) = (b= 2)D* fix(2) = 2D f(2)]

(2—|—bﬂ)513z—|—2n Onjanz"™ + ( Zn On,jbn2"]

n=2

oo

oo
—2[z—|—Zn)‘+1anz"— — Z Ay, 2
n=2

So

1+ B)B(2) — A(2)] < [2+08)61; — 2|z + Y _[2n — (2 + bB)dn ;10 anll2]" + Y
X 204 (24 08)d,,]n bl 2] (15)
By (14) and (15), we have
|(1=B)B(2) + A(2)| = [(1 + B)B(z) — A(2)|
> 2{[b(1 = B) — 2]61,; + 2}2] = 2> _{[b(1 — B) — 2|0 ; + 2n}nan||2|"
—23 {2 = b(1 = B)]6n,; + 2n}n by [2]"
>2{[E1—6>—215u+2}

{[b(1 - B) —2|6n +2n} { — B3)|6n,; +2n}
{I_Z W) g2 "l Z ) A|b|}

This last expression is nonnegative by (12), and so the proof is complete. O

The harmonic function

1— —2]51J+2 1— —2]51J+2

where b#0, 0< <1, Xé€Ngandd,; is defined by (4), and Z |z, | + Z |yn| = 1 shows

that the coefficient given by (12) is sharp, and the functions of form (160 are in SHZ* (3, \, b).

We next show that condition (12) is also necessary for functions in ﬁik(ﬁ, A, b).

Theorem 2.2 Let fy = hy 4+ gx be given by (9). Then fy € ﬁi’k(ﬂ,)\,b) if and only if

2n + {b(1 — B) — 2}4,,.,] [2n + {2 — b(1 — B)}9n,;]
Z { b(1—B) —2]6,, + 2 ad [b(1—B) = 2]61,; +2 i |}<2 (7

where b > 0,a1 =1, 0< <1, AeNg and o, ; is defined by (4).
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Proof Since ﬁi’k(ﬁ, Ab) C SHg’k(ﬁ, A, b), we only need to prove the necessity part of
the theorem. To this end, for functions fy and f ;5 of the form (9) and (11) respectively, we
notice that the condition (7) is equivalent to

[b(1 = B) = 2]D* fa,5,k(2) + 2D 1 (2)
9?{ bDX fx 1 (2) } 20

g { (B0 = B) = 261, 4202 = Y52 (2 + (b(1 = B) = Db Inan|z” = S5, 20— (b(L = B) = Dbayln balz™ | _
Bl6n1z — 3oy 10 s an 2" + 3o, 1 on., ] balo" =

The above required in the above inequality must hold for all values of z in «. Upon
choosing the values of z on the positive real axis where 0 < z =r < 1, we have

[(b(1 = B) = 2)61,5 +2] = 352 5[2n + (b(1 = B) = 2)6n j]n M an|r" ! = 5709 [2n — (b(1 = B) = 2)8n,;]n* [bn|r" " >0
blon,12 = 320 o A on jlan|rm Tt + 3000 nA o lba|rm T -

If the condition (7) does not hold, then the numerator in the above inequality is negative
for r sufficiently close to 1. Hence there exist zo = 19 € (0,1) for which the quotient in the
above inequality is negative. This contradicts the required condition for fy € mﬁ’k(ﬁ, A, b) so
the proof is complete. O

§3. Distortion Bounds

Theorem 3.1 Let f) € mﬁ’k(ﬁ, A b) . Then for|z| =r <1, one has

[b(1 — B) — 261, +2 (1 _RHob -9, |)
(b1 = 5) — 2]02,; + 432> b1 —p8)—2or,;+2 )7

[b(1 = B) — 2)61; +2 (1 _RR-b -], |)
(b1 — B) — 2]6,; + 432> A —p) =26, +2 )"

A=) 2 (1= Jbalyr =+

@] < (A= (b + 77

Proof Let fy € ﬁi’k(ﬁ, A, b). Taking the obsolete vale of fy, we obtain

|f>\ |_Z_Zanz + Z

> (1= [bi))r = D (lan] + [ba))r™ = (1 = b1 ])r = > (lan| + [ba])
n=2 n=2

s [b(1—pB) =206, +2 {[b( — 2]0,,; + 4}2*
> (1= = i o, T 1 <Z 1_ RTINS (Ian|+|bnl>>
[b(1 =) —2]d1,; +2 — (2n + {b(1 — B) — 2}dy,]
2<1‘|b1|)’°_’°2{[b(1_5)_25213+4}2AZ { [b(1—B) —2]61,; + 2 |a"|}

oo

[b(1 - B) — 201, +2 [2n + {b(1 — B) — 2}6, ]
_72{[17(1—5)—2521+4}2AZ { bl — G) — 2o, +2 |b"|}

y (1)~ 26, 42 24 (2 b(1— )6,
= (=l = e ) o, 2 <1‘ B0 5) -2, 12 '>
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Also

2GR = Z—Zanz + (=DM bp2”
n=1

(1= [ba)r + Z(Ianl + [bal)r™ < (1= [buf)r + 7% Y (|an| + [bal)

<
n=2 n=2
s [b(1 =) —2]01, +2 {[b( — 26,5 + 4}2*
< (1—|b1|>T+T {[b(l—ﬁ)—2]52_]+4}2)‘ (Z 1_ —2]61)]4-2 (|an|+|bn|)>
b1-p) =201 +2 < 2 + {b(1 — B) — 2}6,,5]
= (1_|b1|)’°+7”2{[b(1—5)—2522+4}2AZ { (1=0) —2Jo1,; +2 |a"|}
b(1—8) =200, +2 [2n 4+ {b(1 — ) — 2}0y ]
0B 2]61+4}2AZ"{ ]
< -t (BRI O,y g

{[b(1 = B) — 20625 + 4}2* [b(1 = B) —2]1,; +2

The following covering result follows form left-hand inequality in Theorem 3.1.

Corollary 3.2 Let fx = hx 4+ gx be given by (9) are in ﬁi’k(ﬁ, A, b), then

{ ] < 2O = 5) = 2105,] — o1 = ) — Abs +2
o 24+ {b(1 - B) — 2},
24 4 {b(1 = §) = 2480y — [2+ {2 — b(1 — B)}81,])
B 2A[4 + {b(12— B) — 2}62,5] 1 |b1|} c L),

Next we determine the extreme points of closed convex hulls of ﬁi’k(ﬁ, A, b) denoted by
clcoﬁi’k(ﬁ, Ab). 2n+{b(1 — B) — 2}d,,4], [b(1 — B) —2]01,; +2,[2n+ {2 — b(1 — B)}dn 5]

Theorem 3.3 Let fy = hy 4+ gx be given by (9). Then fy € Wﬁ’k(ﬂ,)\,b) if and only if

= (Xnha, (2) + Yagr, (2)),
where hy, = z,
hx,(z) = z—([b(1—-pB)—2]01,;+ 2)/n 2n + {b(1 - B) — 2}0,512", n=2,3,4,---,
o (2) = 2+ (=DM -p8) - 2]61,; + 2)/n*2n + {2 —b(1 — B)}on1Z", n=1,2,3,---

and

ZX+Y )=1, X, >0, Y, >0.

In particular, the extreme point of Wﬁ (8,\,b) are {hy,} and {gx,}.
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Proof Since

=) = Z(th}\n(z)—i_yng)\n(z))

oo

B [b(1—B)—2]61; +2 n
= Z (Xn+7Y5) 2 nA2n + {b(1 — 3) — 2}(5n,j]XnZ

= BB W, 2
DY T s B
Then
> 2n—|—{b( B) — 2}0,4] S 2n+{2 b(1 - )}6 ,g]
Z ' (1—B)—2]61; +2 o]+ Z ' (1—0) —2]b1,; !

= ZXn+ZYn=1—X1§1,
n=2 n=1

and so fy € clcoﬁi’k(ﬁ, A, b).

Conversely suppose that fy € clcoﬁi’k(ﬁ, A, b). Setting

2n+ {b(1 = 8) = 2ong],
b(1—-p8)—26,;+2 "

X'n,: OSXngla n:25374a"'5

20 + {2 = b(1 = 8)}6]
[B(1—B) — 201, +2

Yn: |bn|, OSYnS]-, ’I’L:l’2,37...7

and

X5 zl—an—iYn.
n=2 n=2

Therefore fy can be written as

P = z—Zlanlz + Z|b'
S =) —2s, 2 n
D D s (TS B B

o~ PA-8) =20 +2
=)t - Z < nA2n + {2 = b(1 - >}6n,jly”z

= z—ZhA )—2)Xn + (— Ai

n=1
- i )X, juzgA Y+z<1—ZXn—)\iYn>
n=2 n=2 n=1



16 Fuad.S.M.Al Sarari and S.Latha

84. Neighborhood Result

In this section, we will prove that the functions in neighborhood of mﬁ’k(ﬁ, A, b) are starlike

harmonic functions.

Using (4), we define the g-neighborhood of function f € 7H

o0

Np(f)_{ _z—ZAnz —ZBZ > nllan — An|+|bn—Bn|+|b1—Bllép}v

n=2

where p > 0.

Theorem 4.1 Let

_ 224 {31 - B) — 13825 — [b(1 = B) = 2061, +2 — {222+ {3(1 = B) — 1}d2,; — [2+ {2 — b(1 — B)}61,5]]}
22 {2+ {51 — B) — 1}42 5] '

Then N,(SH"(3,A,b)) C 7H.

Proof Suppose f € Wﬁ’k(ﬂ, Ab). Let Fx = Hy + Gy € N,(f\), where Hy, = z —
S Apz™ and Gy = (=1)*3°°7 | B,z", we need to show that F\ € 7H. In other words, it
suffices to show that F) satisfies the condition 7(F) = > >° , n[|A,| + |B,|] + |B1| < 1. We
observe that

oo

T(F) = Z (14n] + |Bnl] + |B1]

= Z — @y + an| + |Bubn + by|] + | By — by + by
= Z — an| +|Bn —b|+Z [|an| + |ba|] + |B1 — b1] + |b1]

n=2

= ptlbl+ Zn[lanl + [bnl]
n=2

— A—1
e e <Z{ e <|an|+|bn|>>

{(b(1 = B) —2]62,; + 4}22 1 B) —2]é1,; +2
[b(l_ﬁ)_ ]61,j+2 > n)\{[2n+{b( _ﬁ) _2}6n,j]|a |}

{Ib(1 = B) — 2]é2,; +4}22 1 —~ b(1—p8) =26 +2 "
b(1-8) =200, +2 & A { [2n 4+ {b(1 — B) — 2}0y ] b |}

{Ib(1 = B) — 2]é2,; +4}22 1 —~ b(1—8) =261 +2 "

L e  Lh))
T —B) — 2bo; + 42T\ Bl = 5) — 2lon, +2

IN

o+ |b1| +

+

IN

p+ |b1] +
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Now this last expression is never greater than one if

p<1—|b] —

[b(1 - B) —2)61,; +2 (1 EEE Rl )79 1N |)

{[b(1 — B) — 20625 + 43271 b(1—p)—2061;+2

_ 224+ {50 - B) — 1}8a,y] — (1 = B) — 2181, +2 — {2 2+ {51 — B) — 1382, — [2+ {2 — b(1 — B)}o1,511}
{2+ {5(1— B) — 1}52;] '

O
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