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Abstract: A function f:V — {—1,1} is a signed dominating function (SDF) of a directed
graph D ([4]) if for every vertex v € V,

fINTRD = > fw)>1.
wEN—[v]
In this paper, we introduce the concept of signed efficient dominating function (SEDF) for
directed graphs. A SDF of a directed graph D is said to be SEDF if for every vertex v € V,
f(NT[v]) = 1 when |[N™[v]| is odd and f(N~[v]) = 2 when |[N™[v]| is even. We study
the signed domatic number ds(D) of directed graphs. Actually, we give a lower bound for
signed domination number vs(G) and an upper bound for ds(G). Also we characterize
some classes of directed circulant graphs for which ds(D) = 6~ (D) + 1. Further, we find a
necessary and sufficient condition for the existence of SEDF in circulant graphs in terms of

covering projection.

Key Words: Signed graphs, signed domination, signed efficient domination, covering

projection.

AMS(2010): 05C69

§1. Introduction

Let D be a simple finite digraph with vertex set V(D) = V and arc set E(D) = E. For every
vertex v € V, in-neighbors of v and out-neighbors of v are defined by N~ [v] = Nyv] = {u €
V : (u,v) € E} and N*[v] = Nf[v] = {u € V : (v,u) € E} respectively. For a vertex v € V,
db(v) =d*(v) = [N*(v)| and dj(v) = d~ (v) = [N~ (v)| respectively denote the outdegree and
indegree of the vertex v. The minimum and maximum indegree of D are denoted by 6~ (D)
and A~ (D) respectively. Similarly the minimum and maximum outdegree of D are denoted by
61 (D) and AT (D) respectively.

In [2], J.E. Dunbar et al. introduced the concept of signed domination number of an
undirected graph. In 2005, Bohdan Zelinka [1] extended the concept of signed domination in
directed graphs.

A function f:V — {—1,1} is a signed dominating function (SDF) of a directed graph D
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([4]) if for every vertex v € V,

FINTRD) = ) flw=>1

uw€EN~ [v]

The signed domination number, denoted by ~vs(D), is the minimum weight of a signed domi-
nating function of D [4]. In this paper, we introduce the concept of signed efficient dominating
function (SEDF) for directed graphs. A SDF of a directed graph D is said to be SEDF if for
every vertex v € V, f(N~[v]) = 1 when |[N~[v]] is odd and f(N~[v]) = 2 when |[N~[v]] is even.

A set {f1, fo, -+, fa} of signed dominating functions on a graph (directed graph) G with
the property that

for each vertex x € V(G), is called a signed dominating family on G. The maximum number
of functions in a signed dominating family on G is the signed domatic number of G, denoted
by ds(G).

The signed domatic number of undirected and simple graphs was introduced by Volkmann
and Zelinka [6]. They determined the signed domatic number of complete graphs and complete
bipartite graphs. Further, they obtained some bounds for domatic number. They proved the
following results.

Theorem 1.1([6]) Let G be a graph of order n(G) with signed domination number vs(G) and
signed domatic number ds(G). Then vs(G).ds(G) < n(G).

Theorem 1.1([6]) Let G be a graph with minimum degree 6(G) , then 1 < ds(G) < §(G) + 1.
In this paper, we study some of the properties of signed domination number and signed
domatic number of directed graphs. Also, we study the signed domination number and signed

domatic number of directed circulant graphs Cir(n, A). Further, we obtain a necessary and

sufficient condition for the existence of SEDF in Cir(n, A) in terms of covering projection.

§2. Signed Domatic Number of Directed Graphs

In this section, we study the signed domatic number of directed graphs. Actually, we give a
lower bound for vs(G) and an upper bound for dg(G).

Theorem 2.1 Let D be a directed graph of order n with signed domination number vs(D) and
signed domatic number dg(D). Then vs(D)ds(D) < n.

Proof Let d = dg(D) and {f1, f2, -, fa} be a corresponding signed dominating family
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on D. Then

d
dys(D) = Z”YS( <Z > filw

1=1lveV (D)
= Z Zfi(v)g Z 1=n. O
veV(D)i=1 veV (D)

In [4], H. Karami et al. proved the following result.

Theorem 2.2([4]) Let D be a digraph of order n in which d*(z) = d~(z) =k for each x € V,

where k is a nonnegative integer. Then vyg(D) > A i T

In the view of Theorems 2.1 and 2.2, we have the following corollary.

Corollary 2.3 Let D be a digraph of order n in which d*(z) = d(z) = k for each x € V,
where k is a nonnegative integer. Then ds(D) <k + 1.

The next result is a more general form of the above corollary.

Theorem 2.4 Let D be a directed graph with minimum in degree 6~ (D), then 1 < dg(D) <
" (D) +1.

Proof Note that the function f : V(D) — {+1, —1}, defined by f(v) = +1 for allv € V(D),
is a SDF and {f} is a signed domatic family on D. Hence ds(D) > 1. Let d = dg(D) and
{f1, f2,-- , fa} be a corresponding signed dominating family of D. Let v € V be a vertex of
minimum degree §~ (D).

Then,

d
d = Y 1< Z fz
i=1

Z 1_6 o

TEN—

)[M& I M&

EN~[v]d
Theorem 2.5([6]) The signed domination number is an odd integer.

Remark 2.6 The signed domination number of a directed graph may not be an odd integer.
For example, for the directed circulant graph C'ir(10, {1, 2, 3,4}), the signed domination number
is 2.

Theorem 2.7 Let D be a directed graph such that d*(z) = d~(x) = 2g for each x € V and let
we V(D). Ifd=ds(D) =29+ 1 and {f1, f2,- - fa} is a signed domatic family of D, then

d
Zfl(u) =1 and Z filz) =1

€N ~[u]
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for each uw € V(D) and each 1 <i < 2g+ 1.

Proof Since Z fi(u) < 1, this sum has at least g summands which have the value —1.
i=1
Since Z fZ ) > 1 for each 1 < i < 2g+ 1, this sum has at least g + 1 summands which

TxEN—
have the value 1.

Also the sum

ZZfz ZZfz

TEN— i=lzeN—

has at least dg summands of value —1 and at least d(g + 1) summands of value 1. Since the

sum
Z Zfz -y Z e
zEN— i=lzeN—
d
contains exactly d(2¢ + 1) summands, it is easy to observe that Z fi(u) have exactly g sum-
i=1
mands of value -1 and Z fi(x) has exactly g+ 1 summands of value 1 for each 1 <i <r+1.
€N~ [u]
Hence we must have 4
> filuy=1 and Z fz =
i=1 TEN-
for each w € V(D) and for each 1 <4 < 2g+ 1. O

§3. Signed Domatic Number and SEDF in Directed Circulant Graphs

Let T" be a finite group and e be the identity element of I". A generating set of I' is a subset
A such that every element of A can be written as a product of finitely many elements of A.
Assume that e ¢ A and a € A implies a=! € A. Then the corresponding Cayley graph is a
graph G = (V, E), where V(G) =T and E(G) = {(z,¥)d|z,y € V(G),y = xa for some a € A},
denoted by Cay(T", A). It may be noted that G is connected regular graph degree of degree |A|.
A Cayley graph constructed out of a finite cyclic group (Z,, @, ) is called a circulant graph and
it is denoted by Cir(n, A), where A is a generating set of Z,,. When we leave the condition that
a € A implies a=! € A, then we get directed circulant graphs. In a directed circulant graph
Cir(n, A), for every vertex v, [N~ [v]| = [N*[v]| = |A] + 1.
Throughout this section, n(> 3) is a positive integer, I' = (Z,,, ®,), where Z, = {0,1,2,
,n—1} and D = Cir(n,A), where A = {1,2,---,r} and 1 < r < n — 1. From here,
the operation @,, stands for modulo n addition in Z,. In this section, we characterize the the
circulant graphs for which dg(D) = 6~ (D) +1. Also we find a necessary and sufficient condition

for the existence of SEDF in Cir(n, A) in terms of covering projection.

Theorem 3.1 Letn >3 and1 <r < n—1 (r is even) be integers and D = Cir(n,{1,2,--- ,r})
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be a directed circulant graph. Then ds(D) =1+ 1 if, and only if, r + 1 divides n.

Proof Assume that dg(D) =r+1 and {f1, fo,... fr41} is a signed domatic family on D.
Since d* (v) = d~(v) = r, for all v € V(D), by Theorems 2.1 and 2.2, we have vs5(D) = 7.

Suppose n is not a multiple of » + 1. Then n = k(r + 1) + ¢ for some 1 < i < r. Let
t = ged(i,r + 1). Then there exist relatively prime integers p and ¢ such that » + 1 = gt and
i = pt. Let a and b be the smallest integers such that a(r + 1) = bn. Then ged(a,b) = 1;
otherwise a and b will not be the smallest.

Now agt = a(r+1) = b(k(r+1)+1i) = b(kqt+pt) = bt(kq+p). That is ag = b(kp+q). Note
that ged(a,b) = ged(p,q) = 1. Hence a = kp + ¢ and b = gq. Thus the subgroup < r +1 > of
the finite cyclic group Z,,, generated by r + 1, must have kp + g elements. But ¢ = T—Zl = ﬁ.
Thus the subgroup < t > of Z,, generated by the element ¢, also have kp + ¢ elements and
hence < t >=<r+1>. Since ds(D) =7+ 1 and {f1, fo,... fr4+1} is a signed domatic family

of D, by Theorem 2.7, we have

d
Zfz(u) =1 and Z fz(x) =1
=1 [u]

zeN~[u

for each uw € V(D) and each 1 <i <r+ 1.

From the above fact and since [N~ [v]| = r 4+ 1 for all v € V(D), it is follows that if
f(a) = +1, then f(a®, (r+1)) = +1 and if f(a) = —1, then f(a @, (r +1)) = —1. Thus all
the elements of the subgroup < ¢ > have the same sign and hence all the elements in each of
the co-set of < t > have the same sign. By Lagranges theorem on subgroups, Z,, can be written
as the union of co-sets of <t >=<r + 1 >. This means that ys(D) must be a multiple of the
number of elements of < ¢ >, that is a multiple of % (since n is a multiple of t). Since ¢t < r+1,
it follows that 25 < % < ys(D), a contradiction to vs(D) = 5.

Conversely suppose r + 1 divides n. By theorem 2.4, dg(D) < r + 1. For each 1 < i <
r+1, define fi(i) = fi(i &1 1) = ... = fili ®r41 (9 — 1)) = —1 and fi(i Brq1 9) = ... =
fi(i ®r4129) = +1, where g = §, and for the remaining vertices, fi(v) = fi(v mod(r + 1)) for
ve{r+2,r+3,...,n}.

r+1
Notice that {f1, f2, -, fr+1} are SDFs on D with the property that Z fi(x) <1 for each
i=1

Fig.1

vertex « € V(D). Hence ds(D) > r + 1. 0
-1 +1 +1
+1¢ ®+1 +1g o-1 -1 ¢ ® 41
+1a o+1 -1 @ o+1 +14& o-1
-1 +1 +1
The SDF f; The SDF f, The SDF f3
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Example 3.2 Let n =6 and r = 2. Then n is a multiple of r + 1, and r + 1 = 3 SDFs f1, fo
and f3 (as discussed in the above theorem) of D = C'ir(6, {1,2}) are as given in Fig.1 following,
where V(D) = {1,2,3,4,5,6).

Theorem 3.3 Let n > 3 be an integer and 1 < r < n — 1 be an integer. Let D =
Cir(n,{1,2,--- ,r}) be a directed circulant graph. Ifn is a multiple of r+1, then vs(D) = .

r+1
Proof Assume that n is a multiple of 7 + 1. By Theorem 2.2, we have ys(D) > 5. It
remains to show that there exists a SDF f with the property that f(D) = 5.
Define a function f on V(D) by f(1) = f(2)=...=f(g)=—1and f(g+1) = f(g+2) =

-+ = f(29+1) = +1, where g = 3; and for the remaining vertices, f(v) = f(v mod(r + 1)) for
ve{r+2,r+3,--- ,n}
It is clear that f is a SDF and

f(D)z(g+1)<Tzl>—(g)(Til)ZTL- -

A graph G is called a covering graph of G with covering projection f : G — G if there is
a surjection f : V(G) — V(G) such that f In@) @ N(9) — N(v) is a bijection for any vertex
v e V(GQ) with o € f~1(v) ([5]).

In 2001, J.Lee has studied the domination parameters through covering projections ([5]).

In this paper, we introduce the concept of covering projection for directed graphs and we study
the SDF through covering projections.

A directed graph D is called a covering graph of another directed graph H with covering
projection f : D — H if there is a surjection f: V(D) — V(H) such that f |+ : Nt (u) —
N*t(v) and f |y-(u) : N~ (u) — N~ (v) are bijections for any vertex v € V(H) with u € f~!(v).

Lemma 3.4 Let f : D — H be a covering projection from a directed graph D on to another
directed graph H. If H has a SEDF, then so is D.

Proof Let f : D — H be a covering projection from a directed graph D on to another
directed graph H. Assume that H has a SEDF h: V(H) — {1, -1}.

Define a function g : V(D) — {1, —1} defined by g(u) = h(f(u)) for all u € V(D). Since
h is a function form V(H) to {1,—1} and f : V(D) — V(H), g is well defined. We prove that
for the graph D, ¢ is a SEDF.

Firstly, we prove g(N~[u]) = 1 when v € V(D) and |N~[u]| is odd. In fact, let u € V(D)
and assume that [N~ [u]| is odd. Since f is a covering projection, [N~ (u)| and [N~ (f(u))| are
equal. Also f[n-(u) : N7 (u) — N7 (f(u)) is a bijection. Also for each vertex x € N~ [u], we
have g(z) = h(f(z)). Since h(N~[f(u)]) = 1, we have g(N~[u]) = 1. Similarly, we can prove
that g(N~[u]) =2 when v € V(G) and |N~[u]| is even. Hence g is a SEDF on D. m

Theorem 3.5 Let D = Cir(n,{1,2,---,r}), r = 29 and vs(D) = % Then D has a
r

SEDF' if and only if, there exists a covering projection from D onto the graph H = Cir(r +

1,{1,2,--,7}).
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Proof Suppose D has a SEDF f. Then Z f(z) =1 for all u € v(D). Thus we can
zEN~[u
have f(a @, r+ 1) = £1 when ever f(a) = :tl.eThl[IS] the elements of the subgroup < r+1 >,
generated by r + 1 have the same sign.

Suppose n is not a multiple of r + 1, then n = i(r + 1) + j for some 1 < j < r. Let
t = ged(r+ 1, 7). Then by Theorem 3.1, we have vg(D) >
be a multiple of r + 1.

In this case, define F: D — H = Cir(r+1,{1,2,--- ,r}), defined by F(x) = z (mod r+1).
Note that, [N~ [z]| = [NT[z]| = [N [y]| = |NT[y]| =r+1forall z € V(D) and y € V(H). We
prove that the function F' is a covering projection.

Let € V(D). Then F(z) = z(mod (r+ 1)) = ¢ for some i € V(H) with 1 <i <r+ 1.
Note that by the definition of D and H, N*(z) = {z &, 1,2 &, 2,...,2 B, r} and N*(i) =
(i @Brs1 1,0 g1 2,y i @pga T}

Also, for each 1 < g < r+ 1, we have F(z &, g) = (z & g)(mod (r +1)) = ( Bri1
g)(mod (r + 1)) (since n is a multiple of r + 1).

Thus F(x @, g) = (i ©ry1 g)(mod (r + 1)) (since x(mod(r + 1)) = i). Thus Fly+(s) :
N*(xz) — Nt (F(x)) is a bijection. Similarly, we can prove that F|y— () : N~ (2) — N~ (F(z))
is also a bijection and hence F' is a covering projection from D onto H.

ﬁnl, a contradiction. Hence n must

Conversely, suppose there exists a covering projection F' from D onto the graph H =
Cir(r+1,{1,2,---,r}). Define h : V(H) — {+1,—1} defined by h(x) = =1 when 1 <z < g
and h(z) = +1 when g+ 1 <2 <2g+ 1. Then h is a SEDF of H and hence by Lemma 3.4, G
has a SEDF. |

Theorem 3.6 Let D = Cir(n,{1,2,---,7}), r be an odd integer and vs(D) = % Then
r

D has a SEDF if and only if, there exists a covering projection from D onto the graph H =
Cir(r+1,{1,2,--- ,r}).

Proof Suppose D has a SEDF f. Let H = Clir(r+1,{1,2,---,7}). Note that, |N~[z]| =
INt[z]] = I[N [y]] = [INTly]] = r+1 = 2g (say), an even integer, for all z € V(D) and

y € V(H). Thus
> fla)=2
€N~ [u]
for all w € v(D). Thus we can have f(a®,r+1) = £1 when ever f(a) = £1. Thus the elements
of the subgroup < r 4+ 1 >, generated by r + 1 have the same sign.
Suppose n is not a multiple of r + 1, As in the proof of Theorem 3.5, we can get a

contradiction. Also the function F' defined in Theorem 3.5 is a covering projection from D onto
H.

Conversely suppose there exists a covering projection F' from D onto the graph H =
Cir(r+1,{1,2,---,r}). Define h : V(H) — {+1,—1} defined by h(z) = =1 when1 <z < g—1
and h(z) = +1 when g < 2 < 2g. Note that h is a SEDF of H and

> fla)=2
]

zEN~[u
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for all u € v(G). Thus by Lemma 3.4, G has a SEDF. ad

References

[1] Bohdan Zelinka, Signed domination numbers of directed graphs, Czechoslovak Mathemat-
ical Journal, Vol.55, (2)(2005), 479-482.

[2] J.E.Dunbar, S.T.Hedetniemi, M.A.Henning and P.J.Slater, Signed domination in graphs,
In: Proc. 7th Internat. conf. Combinatorics, Graph Theory, Applications, (Y. Alavi, A. J.
Schwenk, eds.), John Wiley & Sons, Inc., 1(1995)311-322.

[3] Haynes T.W., Hedetniemi S.T. & Slater P.J., Fundamentals of Domination in Graphs,
Marcel Dekker, 2000.

[4] H.Karami, S.M.Sheikholeslami, Abdollah Khodkar, Lower bounds on the signed domina-
tion numbers of directed graphs, Discrete Mathematics, 309(2009), 2567-2570.

[5] J.Lee, Independent perfect domination sets in Cayley graphs, J. Graph Theory, Vol.37,
4(2001), 231-219.

[6] L.Volkmann, Signed domatic numbers of the complete bipartite graphs, Util. Math.,
68(2005), 71-77.



