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§1. Introduction

An interesting topic in the differential geometry is the theory of submanifolds in space endowed
with additional structures ([5], [6]). Cr-submanifolds of Kaehler manifolds were studied by
A.Bejancu, B.Y.Chen, N.Papaghiuc etc. have studied semi-invariant submnaifolds in Sasakian
manifolds ([1], [9]). The notion of Kenmotsu manifolds was defined by K.Kenmotsu in 1972
([10]). N.Papaghiuc have studied semi-invariant submanifolds in a Kenmotsu manifold ([11]).
He also studied the geometry of leaves on a semi-invariant ¢é+--submanifolds in a Kenmotsu
manifolds ([12]).

82. Preliminaries

Definition 2.1 An (2n + 1)-dimensional semi-Riemannian manifold (M, §) is said to be an
indefinite almost contact manifold if it admits an indefinite almost contact structure (¢,&,n),

where ¢ is a tensor field of type (1,1), € is a vector field and n is a 1-form, satisfying

X =—-X+nX),, no¢p=0, ¢£=0, n( =1, (2.1)
J3(@X,9Y) = g(X,Y) —en(X)n(Y), (2.2)
9(X,§) = en(X), (2.3)
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§(¢X,9Y) = g(X,Y) = n(X)n(Y) (2.4)

for all vector fields X,Y on M and where € = (&, &) = £1 and V is the Levi-Civita (L-C)

connection for a semi-Riemannian metric §. Let F(M) be the algebra of the smooth functions
on M.

Definition 2.2 An almost contact manifold M(¢,§,n) is said to be normal if
Ny(X,Y) 4+ 2dn(X,Y)E=0
where
No(X,Y) = [6X, 0Y] + ¢*[X,Y] - 90X, Y] - ¢[X,¢Y] XY €(TM)

is the nijenhuis tensor field corresponding to the tensor fields ¢. The fundamental 2-form ® on
M is defined by
O(X,Y) = g(X, oY).

In [7]-[8], the authors studied hypersurfaces of an almost contact metric manifold M. In
this paper we define hypersurfaces of an almost contact metric manifold M whose structure

tensor field satisfy the following relation
(Vx@)Y = §(Vex€&,Y)E = n(Y)Vgexé, (2.5)

where V is the Levi-Civita connection of the metric tensor §. We name this manifold M
equipped with an almost contact metric structure satisfying from (2.5) as generalized Quasi-
Kenmotsu manifold, in short G.Q.K.

We define a (1, 1) tensor field F' by

FX = Vx¢. (2.6)
Let us now state the following proposition:

Proposition 2.1 If M is a G.Q.K manifold then any integral curve of the structure vector
field € is a geodesic i.e. @55 = 0. Again d® = 0 iff £ is a Killing vector field.

Proof From equation (2.5) putting X =Y = £ we can easily prove this assertion.

Next, we derive

3d®(X,Y,Z) = §(Vx9)Z,Y)+3(Vz0)Y,X)+§(Vy )X, 2)
+n(X)(G(Y, Vz8) + §(0Z, VyE))
+n(Y)(G(Z. Vox€) + 36X,V 2€))
+0(Z)(§(X, Vgy€) + (Y, Vx)) = 0

Therefore, if € is a killing vector field then d® = 0.
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Conversely, Suppose d® = 0. taking into account X = & n(Y) = n(Z) = 0, the last
equation implies
9(Y,Vgz8) + §(02,VyE =0

Now substituting Z = ¢Z and Y =Y — n(Y)£ we get,

90 = n(Y)§, V228 +5(6° 2, Vy _yv)e§ =0
This implies £ is a killing vector field. a

Let M be a G.Q.K manifold and considering an m-dimensional submanifold M, isomet-
rically immersed in M. Assuming g, V, are the induced metric and levi-Civita connevtion on
M respectively. Let V+ and h be the normal connection induced by V on the normal bundle
TM+ and the second fundamental form of M, respectively.

Therefore, we can decompose the tangent bundle as
TM=TM&TM".
The Gauss and Weingarten formulae are characterized by the equations
VxY =VxY +h(X,Y), (2.7)
VxN = —AnxX + V%N, (2.8)
where Ay is the Weingarten map w.r.t the normal section IV and satisfies
g(ANX,Y) =g(h(X,Y),N) X,Y e(TM),N cT(TM™). (2.9)

Now we shall give the definition of semi-invariant £--submanifold. According to Bejancu
([4]) M is a semi-invariant £*-submanifold if there exists two orthogonal distributions, D and
D+ in TM such that

TM =D& D*,¢D = D,¢D+ c TM*, (2.10)

where @ denotes the orthogonal sum.
If DY = {0}, then M is an invariant ¢*-submanifold. The normal bundle can also be
decomposed as
TM* = ¢D* @ p,

where ¢u C . Hence p contains €.

§3. Integrability of Distributions on a Semi-Invariant ¢--Submanifolds

Let M be a semi-invariant £--submanifold of a G.Q.K manifold M. We denote by P and Q
the projections of TM on D and D= respectively, namely for any X € I'(TM).

X = PX + QX, (3.1)
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Again, for any X € ['(TM) and N € I'(TM+*) we put
X =tX +wX, (3.2)

¢N = BN + CN, (3.3)

with tX € T'(D), BN € T(TM) and wX,CN € I'(TM*). Again, for X € I'(TM), the decom-
position is
FX =aX + 8X,aX € T(D), X € (TM™4). (3.4)

This section deals with the study of the integrability of both distributions D and D+. We have
the following proposition:

Proposition 3.1 Let M be a semi-invariant £+ -submanifold of a G.Q.K manifold M. Then

we obtain

(Vxt)Y = A,y X + Bh(X,Y) (3.5a)

(Vxw)Y = Ch(X,Y) — h(X,tY) — g(FX,Y)E. (3.5b)

Proof Notice that

(Vx®)YZ = —¢VxY +VxoY
= —¢(VxY +h(X,Y))+ VxTY + VxtY + VxwY.

Using (3.3) and (3.4) and the Gauss and Weingarten formula we get
(Vx@)Y = (—=tVxY +VxtY)+(—wVxY +VxwY)—Bh(X,Y)—Ch(X,Y)+h(X,tY)— A,y X.
After some brief calculations we deduce
(Vx@)Y = (Vxt)Y + (Vxw)Y — Bh(X,Y) — Ch(X,Y) + h(X,tY) — A,y X.

Again,
(Vx®)Y = §(Vgex&,Y)E —n(Y)V2xE,

Using (2.1) and some steps of calculations, we obtain
(Vx9)Y = —g(Vx& Y,
as(n(Y) =0,9(¢,Y)=0as ¢ L D,D+). Hence,
(Vxo)Y = —g(FX,Y)E.
On comparing the tangential and normal components we shall obtain the results. |

Taking into the consideration the decomposition of TM~, we can prove that:
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Proposition 3.2 Let M be a semi-invariant £+ -submanifold of a G.Q.K manifold M. Then
for nay N € T(TM*1), there are

(1) BN € D*;
(2) CN € p.

Proof Let N € I(TM*),
¢N = BN + CN,

We know TM~+ = ¢D+ @ pu. Therefore we have
BN € ¢D+ C D+, CN € p. O
Proposition 3.3 Let M be a semi-invariant £--submanifold of a G.Q.K manifold M, then
AuxY = Ay X,
for any X, Y € T(TM%1).
Proof From equation (2.9) we have

9(AuxY,Z) = g(h(Y,Z),wX)=g(VzY,wX)
= —gWVzY,X) = g(wY,h(Z, X))
= g(h(X, Z)va) :g(AwYXa Z)'

Hence the result. O

Proposition 3.4 Let M be a semi-invariant £+ -submanifold of a G.Q.K manifold M. Then
the distribution DL is integrable.

Proof Let Z, X € T'(D%+). Then

VztX = (Vzt)X-f—thX
VztX = AxoZ+ Bh(Z,X)+tVzX.

Therefore, (i)
tVzX = VztX — AuxZ — Bh(X, Z)

Interchanging X and Z we have (i7)
tVNxZ =VxtZ — A,zX — Bh(Z,X).
Subtracting equation (i) from (i) and using Proposition (3.3), we obtain
t([Z,X]) = VztX — VxtZ. O

Theorem 3.1 If M is a semi-invariant &+-submanifold of a G.Q.K manifold M, then the
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distribution D 1is integrable if and only if

WZAW) — h(W,tZ) = (Leg)(Z, W)€, X,Y e T(D).

Proof From the covariant derivative we have
VzwW = (VzwW) 4+ wV W,

VwW = Ch(Z,W) — WZ W) — g(FZ,W)¢ + w(VzW + h(Z,W))

for Z,W € T'(D). Again using Weingarten formulae we have
VzwW = —A,wZ + VzwW.
Comparing both the equations we get
—AgwZ +VgwW = CWZ,W) — W(Z W) — g(FZ,W)E +w(V zW + h(Z,W)).

On a simplification we obtain

WwVwZ =VyuW — AywZ — Ch(Z,W) + h(W,tZ) — g(FW, Z)¢.
Interchanging W and Z in the above equation, we get

WV W = VipwZ — AyzW — Ch(W, Z) + h(Z,tW) — g(F Z, W)E.
Subtracting the above two equations and using Proposition 3.3 we get

w[Z, W] = hZ,tW) — h(W,tZ) — g(FZ,W)E + g(FW, Z)E.

We also know that
(Leg)(Z,W)E = g(FZ,W)§ — g(FW, Z)§.

Therefore the distribution D is integrable if

h(Z,tW) — h(W,tZ) = (Leg)(Z, W)E. 0

Proposition 3.5 Let M be a semi-invariant £ -submanifold of a G.Q.K manifold M. Then
aX = A¢X and X = -V%& X eT(TM).

Proof From Weingarten formulae we get
Vxé=—AcX + VxE.

Again we know from (3.4),
Vxé=—-FX =—aX - 3X.



On Generalized Quasi-Kenmotsu Manifolds 45

Comparing these formulae we get aX = A¢X and X = —V%¢ by assuming

{ei, peireapisiti= {1, ,phi={1,--,¢}

being an adapted orthonormal local frame on M, where ¢ = dim D~ and 2p = dimD. O

Similarly, the following theorem is obtained.

Theorem 3.2 If M is a £+-semiinvariant submanifold of a G.Q.K manifold M one has

1
n(H) = — trace (A¢);m =2p+q.
m

Proof From the mean curvature formula

1 S
H = - ; trace(Ag, )as

where {&;,---, &} is an orthonormal basis in TM*,
(H) L ES t (Ag,) -1
H) = race(Ag, ) -
g m L ’
(H) = . t (Ae)
n(H race(Ag). a

Corollary 3.1 If the leaves of the integrable distribution D are totally geodesic in M then the
structures vector field & is D-killing, i.e. (Leg)(X,Y) =0, X,Y € T'(D).

Proof We know that

Leg)(X,Y) = g(Vx&Y) +9(X,Vyé)
= g(VXY,f)—l-g({,VyX):O, X,YEF(D).
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