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Abstract: An injective function f : V(G) — {0,1,2,...,q} is an odd sum labeling if the
induced edge labeling f* defined by f*(uv) = f(u)+ f(v), for all uv € E(G), is bijective and
f(BE(@) ={1,3,5,...,2¢—1}. A graph is said to be an odd sum graph if it admits an odd
sum labeling. In this paper, we have studied the odd sum property for the graphs paths P,,
cycles Cp, Cp ® K1, the ladder P> X Py, Py, ® nKi, the balloon graph P,(Cjp), quadrilateral
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81. Introduction

Throughout this paper, by a graph we mean a finite, undirected simple graph. Let G(V, E) be
a graph with p vertices and ¢ edges. For notations and terminology we follow [1].

Path on p vertices is denoted by P, and a cycle on p vertices is denoted by C, whose length
is p. If m number of pendant vertices are attached at each vertex of G, then the resultant graph
obtained from G is the graph G ® mK;. When m = 1,G ® K is the corona of GG. The bistar
graph B, , is the graph obtained from K5 by identifying the central vertices of K ., and K;
at the end vertices of Ky respectively. The graph P» x P, is the ladder and P, x (), is the
cyclic ladder. The balloon of a graph G, P,,(G) is the graph obtained from G by identifying an
end vertex of P, at a vertex of G. Let v be a fixed vertex of G. The graph [P,,; G] is obtained
from m copies of G and the path P,, : ujus...u,, by identifying u; with the vertex v of the
it" copy of G, for 1 < i < m. The graph (P,,; G) is obtained from m copies of G’ and the path
P,, : ujus . .. uy by joining u; with the vertex v of the i* copy of G' by means of an edge, for
1 <4 <m [7]. The cube graph Q3 is P» x C4. A quadrilateral snake is obtained from a path by
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identifying each edge of the path with an edge of the cycle C4. The graph T,Sn) is a tree formed
from n copies of path on p vertices by joining an edge uu’ between every pair of consecutive

th copy of the path and «’ is the corresponding vertex in the

paths where u is a vertex in @
(i +1)** copy of the path.

In [2], an odd edge labeling of a graph is defined as follows: A labeling f : V(G) —
{0,1,2,...,p — 1} is called an odd edge labeling of G if for the edge labeling f* on E(G)
defined by f*(uv) = f(u)+ f(v) for any edge uv € E(G), for a connected graph G, the edge
labeling is not necessarily injective. In [5], the concept of pair sum labeling was introduced. An
injective function f: V(G) — {£1,£2,...,£p} is said to be a pair sum labeling if the induced
edge function f, : E(G) — Z — {0} defined by f.(uv) = f(u) 4+ f(v) is one-one and f.(E(G))
is either of the form {+ki, +ko,..., :I:%"} or {+ky, £ko,..., :l:kq%l} U {k"%} according as ¢ is
even or odd. A graph with a pair sum labeling defined on it is called a pair sum graph. In [6],
the concept of mean labeling was introduced. An injective function f: V(G) — {0,1,2,...,¢}

is said to be a mean labeling if the induced edge labeling f* defined by

f(u) + f(v) iy ) is even
[ (u) = f(u)—%—f(v)—l—l ,ff( o ),S dd’
= if f(u)+ f(v)iso

is injective and f*(E(G)) = {1,2,...,q}. A graph G is said to be odd mean if there exists an
injective function f from V(G) to {0,1,2,3,...,2q — 1} such that the induced map f* from
E(G) —{1,3,5,...,2qg — 1} defined by

M if f(u v) is even
[ (uv) = f(u)—%—f(v)—l—l ,ff()+f(). dd,
i flu)+flv)iso

is a bijection [6].

Motivated by these, we introduce a new concept called odd sum labeling. An injective
function f : V(G) — {0,1,2,...,q} is an odd sum labeling if the induced edge labeling f*
defined by f*(uv) = f(u)+f(v), for all uv € E(G), is bijective and f*(E(G)) = {1,3,5,...,2¢—
1}. A graph is said to be an odd sum graph if it admits an odd sum labeling. In this paper, we
have studied the odd sum property for the graphs paths P,, cycles C,, C, ® K1, the ladder P x
P,, P,,®©nKjy, the balloon graph P, (C}), quadrilateral snake Qy,, [Pp; Ch], (Pm; Q3), TIS"), H,®
mi(y, bistar graph and cyclic ladder P, x Cj,.

82. Main Results

Observation 2.1 FEwvery graph having an odd cycle is not an odd sum graph.

Proof 1If a graph has a cycle of odd length, then at least one edge uv on the cycle such

that f(u) and f(v) are of same suit and hence its induced edge label f*(uv) is even. O

Proposition 2.2 Every path P,,p > 2 is an odd sum graph.
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Proof Let v1,v2, ..., v, be the vertices of the path P,. The labeling f : V(G) — {0,1,2,...,q}
is defined as f(v;) =i —1 for 1 <i < p and the induced edge label is f*(v;v;11) = 2i — 1, for

1<i<p—1. Then fis an odd sum labeling and hence P, is an odd sum graph. |
.1 3 5 7 9 11 13 15 17
0 1 2 3 4 5 6 7 8 9

Figure 1: An odd sum labeling of Pig.

Proposition 2.3 Cycle C, is an odd sum graph only when p = 0(mod 4).

Figure 2: An odd sum labeling of Coy.

Proof By Observation 2.1, C, is not an odd sum graph when p is odd. Suppose p =

2m,m > 2 and C, admits an odd sum labeling. Then > f*(wv) = > (f(uv) + f(v)).
uwveE(G) uwweE(G)

This implies that 14+3+---+ (4m —1) =20+ 1+ 2+ --- + 2m) — 2¢ where 7 is not a vertex
label of C). From this we have, i = m. If m is odd, then the number of even values is in excess
of 2 that of the number of odd values and they are to be assigned as vertex labels in C,. Thus
if C}, admits an odd sum labeling, then m should be even and hence p is a multiple of 4.

Suppose p = 4m, m > 1. Let vy,vg,...,v, be the vertices of the cycle C,. The labeling
f:V(G) —{0,1,2,...,4m} is defined as follows.
i, 1<i<2m —1 and ¢ is odd,

fvi) =19 i—2, 1<i<2m and i is even,
i, 2m+1 <3 < 4m.

The induced edge labels are obtained as follows.

26— 1, 1<i<2m,
20+ 1, 2m+1<3<4m —1 and

[H(vivigr) =

f (vamvr) = 4m + 1.



On Odd Sum Graphs 61

Hence f is an odd sum labeling of C), only when p = 0(mod 4). O

Proposition 2.4 For each even integer p > 4, C, ® Ky is an odd sum graph.

Proof In C, ® K1, let vi,vg,...,v, be the vertices on the cycle and let u; be the pendant
vertex of v; at each i, 1 <1i < p.

Case 1 p=4m, for m > 1.

The labeling f: V(Cp ® K1) — {0,1,2,...,8m} is defined as follows.

2i — 2, 1<i<2m—1 and ¢ is odd,
flvi) =< 24, 2m+1<i<4m—1 and i is odd,

2 —1, 2 <3 <4m and 7 is even and

2i—1, 1 <i<4m—1 and i is odd,
flui) =% 2i—2,  2<i<2mandiis even,

21, 2m + 2 < i < 4m and i is even.

The induced edge labels are obtained as follows.

) 4i—1, 1<i<2m—1,

[rowip) =9 _
47+ 1, 2m <i<4m —1,

f*(vgmv1) =8m — 1 and

4i—3, 1<i<2m,

4i—1, 2m+1<i<4m.

f*(uivi) =

Thus f is an odd sum labeling of C}, ® K;. Hence C, ® K; is an odd sum graph when
p =4m.

Case 2 p=4m+2, form>1.

The labeling f: V(Cp ® K1) — {0,1,2,...,8m + 4} is defined as follows.
2i — 2, 1<i<2m+1 and 7 is odd,
21, 2m+3 <i<4m+1 and 7 is odd,
flvi) =% 2i—1, 2<i<2mandiis even,

2i+1, i=2m+2,

2i—1, 2m+4 <i<4m+ 2 and 7 is even and

2i—1, 1<i<2m+1 and ¢ is odd,

2 —3, i=2m+3,

flu)=2% 2i—1, 2m+5<i<4m+1 andiisodd,
2i — 2, 2<i<2m+ 2 and ¢ is even,

21, 2m+4 < i <4m + 2 and 7 is even.
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The induced edge labels are obtained as follows.

4i—1, 1<i<2m,
[ (vivigr1) = 4Z:+1’ %:2m+17

41 + 3, i =2m+ 2,

4i+1, 2m+3<i<dm+1,

f*(Vamy2v1) = 8m + 3 and

4i-3, 1<i<2m+1,

4i—1, i=2m+2,

4i—3, i=2m+3

4i—1, 2m—+4<i<dm+2.

f*(uivi) =

Thus f is an odd sum labeling of C}, ® K;. Hence C}, ® K; is an odd sum graph.

Figure 3: An odd sum labeling of Cyy ® K;.
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Figure 4: An odd sum labeling of Cos ® Kj.

Proposition 2.5 For every positive integer p > 2, the ladder P, x P, is an odd sum graph.

Proof Let uy,ug,...,up, and v1,v2,...,v, be the vertices of the two copies of P,. The
labeling f: V(P x P,) —{0,1,2,...,3p — 2} is defined as follows.
flu;))=3i—3,for 1 <i<pand
flw)=3i—=2,for 1 <i<np.
The induced edge labels are obtained as follows.
ffuugr) =6i—3, for 1 <i<p-—1,
ff(vivig1) =6i—1, for 1 <i<p—1and
f(uv;)) =6i =5, for 1 <i<p.

Thus f is an odd sum labeling of P, x P,. Hence P> x P, is an odd sum graph. |
0 3 6 9 12 15 18 21 24
3 9 15 21 27 33 39 45
1 7 13 19 25 31 37 43 49
5 11 17 23 29 35 41 47
1 4 7 10 13 16 19 22 25

Figure 5: An odd sum labeling of P> x Py.
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Proposition 2.6 The graph P,, ©® nK; is an odd sum graph if either m is an even positive

integer and n is any positive integer or m is an odd positive integer and n = 1, 2.

Proof In P,, ® nK1, let uy,ua,...,uy, be the vertices on the path and {u;; : 1 < j < n}
be the pendant vertices attached at u;, 1 < i < m.

Case 1 m is even.
The labeling f : V(P, ®nK;) — {0,1,2,...,m(n + 1) — 1} is defined as follows.

For 1 <i<m,

(n+1)(i—1), i is odd,

flug) = , .

(n+1)i—1, i is even.

For1<i<mand1l<j<n,
(n+1)(t—1)+25 -1, i is odd,

fuig) = (n+1)(i — 2) + 25, 1 is even.

The induced edge labels are obtained as follows.

fr(wig )

f*(uiui-i-l)

=2n+1)(i—1)+2j—1, for1<i<mand1<j<nand
=2(n+1)i—1, for1<i<m-—1.

Thus f is an odd sum labeling of P,, ® nKj.

[ 7 7 15 8 23 15 31 16 39 23
1 9 3 17 1 9 3 7 41 5
3 5 11 1 2 9 3 43
1 3 5 2 4 6 9 11 12 9 20 22

13 10 1417 1 21 18

Figure 6: An odd sum labeling of Ps ® 3Kj;.

Case 2 m is odd.

If P,, ®nK; has an odd sum labeling f when m is odd, then f is a bijection from V(P,, ®
nK7) to the set {0,1,2,...,m(n+1)—1}. Since the number of even integers in this set is either
equal to or one excess to the number of odd integers in this set, n should be less than or equal
to 2.

In case of m is odd and n = 1,2, the labeling f : V(P,, ©nK1) — {0,1,2,...,m(n+1)—1}
is defined as follows.

For 1 <i <m,
(n+1)(i—1)+1, i is odd,
fui) =

(n+1)i —2, i is even.
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Forl1<i<mand1l<j<n,

m+1)(e—-1)+2(F—1), i is odd,
fluig) = , . .
(n+1)(i —2)+25+1, i is even.

The induced edge labels are obtained as follows.
Forl1<i<mand 1< j<n,

f*(uiui,j) = 2(TL + 1)(2 — 1) + 25— 1.

For1 <i<m—1,

Thus f is an odd sum labeling of P,, ® nKj. O
1 2 5 6 9 10 13
3 7 11 15 19 23
1 5 9 13 17 21 2
0 3 4 7 8 11 12

Figure 7: An odd sum labeling of P; ® K;.

1 4 7 10 13
5 11 17 23
1 3 7 9 1 5 19 1 25 27
o 2 3 5 6 8 9 112 14

Figure 8: An odd sum labeling of Ps ® 2K7.

Proposition 2.7 The graph P,,(C,) is an odd sum graph if either p = 0(mod 4) orp = 2(mod 4)
and n # 1(mod 3).

Proof Let wi,us,...,up, be the vertices of Cp and vy, v, ..., v, be the vertices of the path
P, and u, be identified with v; in P,(Cp).

Case 1 p=0(mod 4).

Let p = 4m,m > 1. The labeling f : V(P,(Cp)) — {0,1,2,...,4m + n — 1} is defined as
follows.

1, 1 <i<4m and i is odd,
flu) = i—2, 1 <i<2m and 1 is even,
i, 2m+1 <i < 4m and i is even,

fv))=dm+i—-1,2<i<n.
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The induced edge labels are obtained as follows.

2 —1, 1<i<2m,
2i4+1, 2m+1<i<d4m-—1.

f*(uiui-l—l) =

ff(urugm) =4m+1 and
ff(vivig1) =8m+2i—1, 1<i<n-—1.

Thus f is an odd sum labeling of P, (C)).

Figure 9: An odd sum labeling of P5(Cs).

Case 2 p=2(mod 4).
Let p=4m+2,m > 1.
Subcase 2.1 n = 0(mod 3).

The labeling f : V(P,(Cp)) — {0,1,2,...,4m + n + 1} is defined as follows.

fu1) =4m+ 3,

i—2,  1<i<2m+3,

flu;) = 7, 2m +4 <i<4m+ 2 and i is even,

i — 2, 2m+4 <3 <4m+ 2 and 7 is odd and

dm+i+1, 1<i<n-—3andi=1(mod 3),
dm +i—1, 1<i<n-—1andi=2(mod 3),
fw))=4¢ dm+i+3, 1<i<n-—1andi=0(mod3),

Im+n+1, i=n—2,

Im+n—1, i =n.
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The induced edge labels are obtained as follows.

4m+3,  i=1,
[ (wuigr) = ¢ 20— 3, 2<i<2m+2,
26— 1, 2m+3 <i<4m+ 1.

f* (ugmyou1) = 8m + 5 and

8m + 2¢ + 3, 2<i<n—4andi=2(mod 3),
) 8m + 2¢ + 5, 2 <i<n-—4andi=0(mod 3),
[ (vivig) = _ , _

8m +2i + 1, 2<i<n-—4andi=1(mod 3),

8m +4n — 21 — 5, n—3<i1<n-—1.

Thus f is an odd sum labeling of P,(Cp).

26 25 94 929 28 27 32 33 30 31
51 T 49 7 53 757 "55 59" 65 63 61"

Figure 10: An odd sum labeling of Pi3(Ca2).

Subcase 2.2 n = 2(mod 3).

The labeling f : V(P,(Cp)) — {0,1,2,...,4m + n + 1} is defined as follows.

flur) =4m + 3,

i—2,  1<i<2m+3,

flu)) =4 1, 2m+4<i<4m+2 and i is even,
i—2, 2m+4 <i¢<4m+ 2 and i is odd,
dm +1i+1, 1 <i<nandi=1(mod 3),
and f(vi)) =< 4m+i—1, 1<i<nandi=2(mod3),
dm +i+ 3, 1 <i<nandi=0(mod 3).
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The induced edge labels are obtained as follows.

4m + 3, 1=1,

[r(uiwiyr) = ¢ 2i — 3, 2<i<2m+2,

21— 1, 2m+3 <t <4dm+1,
f (uami2u1) =8m +5 and

8m+2¢+1, 1<i<nandi=1(mod 3),
[ (vivig1) =< 8m+2i+ 3, 1<i<mnandi=2(mod 3),

8m +2i + 5, 1 <i<nandi=0(mod 3).

Thus f is an odd sum labeling of P,,(C),). Hence P,,(Cp) is an odd sum graph. O

17 22 21 20 25 24 23 28 27 26

Figure 11: An odd sum labeling of P;1(Cis).

Proposition 2.8 [P,,;C,] is an odd sum graph for n = 0(mod 4) and any m > 2.

Proof In [Pp;Cy], let vi,vq,...,v, be the vertices on the path P, vi1,v;2,
...,V be the vertices of the i'" cycle C,, for 1 < i < m and each vertex v;; of the i
cycle C,, is identified with the vertex v; of the path P,,, 1 <i <m.

Suppose n = 4¢,t > 1. The labeling f : V([Py;Cr]) — {0,1,2,3,...,m(n + 1) — 1} is
defined as follows.

For 1 <i<m,

m+DE—-1)+5-1, 1<j <2t iand jare odd,
m+DE—-1)+57+1, 2t + 1< j <4t iand j are odd,
) e+ DE-1D) 45 -1, 1<j<4t,iis odd and j are even,
floig) = (n+1)i — 7, 1< j <2t iis even and j is odd,
(n+1)yi—j—2, 2t +1 < j <4t iis even and j is odd,
(n+1)i—j, 1< j <4t iiseven and j is even.
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For 1 <i < m, the induced edge label is obtained as follows.

2(n+1)(i—1)+2j -1, 1<j<2t—1andiisodd,
2(n+1)(i—1)+2j+1, 2t <j<4t—1andiis odd,

[ (ijvije) =19 2(n+1)(i—1)+9, j=1and i is even,
2(n+1)(i—1) 4+ 25 — 3, 2<j<2t+1 andiis even,
2(n+1)(i—1)+2j -1, 2t+2<j<4t—1andiis even

. 2(n+1)(i—1) + 4t — 1, i is odd,
and f (Ui,4tvi,1) =
2(n+1)(i—1)+ 8t —1, i is even.
Thus f is an odd sum labeling of [P,,; Cy]. Hence [P,,; Cy] is an odd sum graph. O

o 53 35

28 34
8 27 33

30

17 17 35
1 10 16 L
2 9 15 26
12 14 E
11

Figure 12: An odd sum labeling of [Ps; Cs].

29

Proposition 2.9 Quadrilateral snake Q,, is an odd sum graph for n > 1.

Proof The vertex set and edge set of the Quadrilateral snake @, are V(Q,) = {u;, v;, w; :
1 < i < n + 1,1 < j < n} and E(Qn) = {uivi, v;w;,
Uilligr1, Ui w; : 1 < @ < n} respectively. The labeling f : V(Q,) — {0,1,2,...,4n} is de-
fined as follows.

4i — 4, 1<i<n+1andiisodd,

flu) = , . .
41— 5, 1 <i<nandiis even,
45 — 3, 1<i<nandiis odd,
fu) = , . .
47— 2, 1 <i<nand:iis even
44, 1<i<nandiis odd,
and f(w;) =

41 —1, 1 <4 <nandiis even.

The induced edge labels are obtained as follows

f(uuigr) =8 —5, 1<i<n,
frluw) =8i—7, 1<i<mn,
fr(viw;) =8 —3, 1<i<n,
fr(wiwig1) =8 —1, 1<i<n
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Thus f is an odd sum labeling of @,. Hence the Quadrilateral snake @,, is an odd sum graph
for n > 1. O

1 5 4 6 13 7 9 21 12 14 29 15 17 37 20 22 45 23 25 53 28

Figure 13: An odd sum labeling of Q7.

Proposition 2.10 (P,,;Q3) is an odd sum graph for any positive integer m > 1.

Proof Let v;;, 1 < j < 8 be the vertices in the i*" copy of Q3, 1 < i < m and
U1, U2, - - ., Uy, be the vertices on the path P,. {uuipr : 1 <i<m—1}U{uw;1:1<i<m}uU
{wi1vi,2, 01V 4, V3,103 6, Vi 2033, V3i,2Vi,7, Vi, 3Vi,4, Vi, 3038, Vi 4Vi 5,
Vi 5Vi.6, Vi 5048, Vi,6Vi,7, Vi 70ig - 1 <14 < m} be the edge set of (Pp; Q3).

The labeling f : V[(Pn;Q3)] — {0,1,2,...,14m — 1} is defined as follows:

For 1 <i <m,
14(i — 1), i is odd,

flui) = , N
147 — 1, 1 is even.
For 1 <i < m and 7 is odd,
147 — 13, 7=1,
144 — 12 + 3, 2<j5<3,
147 — 12, j =4,
fvij) = , .
147 — 5, j=2>,
147 — 8 + 7, 6<7<7,
147 — 4, j=38
For 1 <i <m and i is even,
147 — 2, j=1,
140 — 5 — 3, 2<5<3,
147 — 3, 7 =4,
fvij) = _ .
147 — 10, j=2>,
147 — 11, 7 =28

The induced edge label of (P,,; @3) is obtained as follows:
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For1<i<m-—1,
f*(uiuiﬂ) =28; — 1.

For 1 <i<m,

. 281 — 27, i is odd,
[ (uivin) =

281 — 3, 1 is even.

For 1 <i<mandiisodd | For 1 <i<m and i is even
[ (vi1vi2) = 28i — 23 [ (vi1vi2) =281 =7
f*(vigvia) = 28i — 25, [ (vi1vi4) =281 —5
f*(viavie) = 28i — 15 f*(viavie) =28i— 15
[*(vigv;3) = 28i — 19 [*(vigv;3) = 28i — 11
[ (vi2vi7) =281 — 11 f*(vi2vi7) = 281 — 19
F*(vi3vi4) = 281 — 21 f*(vi3vi4) =281 —9
[ (vigvig) =28i — 13 [*(vigvig) = 28i — 17
[ (viav;5) = 281 — 17 [*(viavi5) = 28i — 13

fH(visvie) =281 — 7 [ (visvi6) = 281 — 23
f*(visvig) =28 —9 [ (visvi8) = 280 — 21,
I (vivi7) =281 — 3 I (vigvir) = 280 —
" (virvig) = 281 — 5 [ (vizvig) = 280 —

Figure 14: An odd sum labeling of (Py; Q3).

(n)

Proposition 2.11 For all positive integers p and n, the graph Tp "’ is an odd sum graph.

Proof Let vgj), 1 < i < p be the vertices of the j** copy of the path on p vertices, 1 < j < n.
The graph TIS") is formed by adding an edge vgj)vgﬁl) between ;" and (5 + 1)** copy of the

path at some 4, 1 < i < p. The labeling f: V(G) — {0,1,2,...,np — 1} is defined as follows:
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Forl1<j<mnand1l<i<p,

F@) = p(i—1)+i-1,  jisodd,
' pj — 1, j is even.
The induced edge labeling is obtained as follows:
Forl1<j<nand1<:i<p-1,
x (), () 2p(j —1)+2i—1,  jis odd,
(v Uz‘+1) = ) , N
2pj —2i—1, J iseven and

P v ) = 2pj 1.

Thus f is an odd sum labeling of the graph TZS"). Hence Tp(") is an odd sum graph.

0O e 15 16 » 31 » 32
1 29 33 61 65
1 ¢ 14 ¢ 17 ® 30 ¢ 33
3 27 35 59 67
2 4 ¢13 18 47 29 ¢ 34
5 25 37 57 69
3 15 12 ®19 ® 28 ® 35
7 23 39 55 71
w 11 31 20 27 63 14
9 21 a 53 73
5 4 ® 10 21 ® 26 37
11 19 43 51 75
6 @ » O 22 25 » 38
13 17 45 49 w7
7 o8 23 ® 24 39

Figure 15: An odd sum labeling of T8(5).

Proposition 2.12 The graph H,, ©® mK; is an odd sum graph for all positive integers m and
n.

Proof Let uy,uq,...,u, and v1,vs,...,v, be the vertices on the path of length n — 1. Let
i, and y; 5, 1 < k < m, be the pendant vertices at u; and v; respectively, for 1 < i < n.

Define f : V(H, @ mK;) — {0,1,2,...,2n(m + 1) — 1} as follows:
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For 1 <i <n,

i+m(i—1), i is odd,

flu) =< .

i(m+1) -2, iis even and

flui)) +n(m+1) +m — 2, i is odd and n is odd,
foi) =9 flw)+nim+1)—m+2, i is even and n is odd,

flui) +n(m+1), n is even.

For1<i<nand1l<k<m,

(m+1)6G—1)+2k—2, i is odd,

flzin) = ) .
(m+1)(—2)+2k+1, iis even and
flrig) +n(m+1)—m+2, i is odd and n is odd,
fWir) =19 flzir) +nim+1)+m—2, i is even and n is odd,

f(xig) +n(m+1), n is even.
The induced edge labels are obtained as follows:

For1<i<n-—1,

[ (ujuiyr) = 2i(m+1) — 1 and
[T (vivig1) = f*(uuip1) +2n(m +1).

Forl1<i<nand1l<k<m,

fr(ugzip) = 2(m+1)(i — 1) + 2k — 1 and
[ (iyir) = f*(wizig) +2n(m+1).

When n is odd,
I (UnTH'UnTJrl> =2n(m+1)—1.
When n is even,
fr (U%+1U%) =2n(m+1)—1.

Thus f is an odd sum labeling of H,, ® mK;. Hence H, ® mK; is an odd sum graph for
all positive integers m and n. O
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1
3 1
5
7
11 » 6
13
15
7
9
21
23
5
27 14
29

5 16
179 35 418
37 20
39
19
4
224 43 491
45
37 4o 23
24
49
25 5L 426
53 28
55
27
57
309 29
61
31

Figure 16: An odd sum labeling of Hy ® 3K;.

0 23
51
1 b
2 3 f 25
g
1 28 ¢ % e 27
. 7 0 57 99
3 " 59
5 13 61 30
15 63
7 ’ !
8 31 65 32
34
17 o
9
19 69 36
33
10
21 7 7 35
12 3
= 11 49 38 75
14 ® 25 ° 37
16 27 77 39
29 9
40
13 31 81
15 33 18 41 8 83 o9
35 85
17 57 44
39 89 87
19
20 41 91 f;
43 21 48 93
22
, o5 45
24 a7 S 47
26 49
Figure 17: An odd sum labeling of Hs ® 4K.
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Corollary 2.13 For any positive integer m, the bistar graph B(m,m) is an odd sum graph.

Proof By taking n =1 in Proposition 2.12, the result follows. O

Proposition 2.14 For any even integer p > 4, the cyclic ladder P> x C, is an odd sum graph.

Proof Let ui,us,...,up, and v1,v2,..., v, be the vertices of the inner and outer cycle which

are joined by the edges {u;v; : 1 <i < p}.

Casel p=4m,m > 2.

Figure 18: An odd sum labeling of P> x Coy.

The labeling f: V(P x Cp) — {0,1,2,...,12m} is defined as follows:

i—1, 1 <i<2m—1 and i is odd,
flu)) =< i+1, 2<i<4m—2andiis even,
1+ 1, 2m+1<¢<4m —1 and ¢ is odd,
fugm) =1 and
8k + 1, 1<i<4m—1 and i is odd,
flvi) = 8k +1—2, 2 <4 <2m and i is even,
8k + 1, 2m + 2 < i < 4m and 7 is even.
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The induced edge labeling is obtained as follows.

2%i+1, 1<i<2m-—1,

[fuuip) =< 2i+3,  2m<i<4m -2,
i+ 2, i =4m — 1,

J (urvam) = 1,

. 16m +2: — 1, 1<4<2m

[r(vivigr) = , .
16m + 2i+1, 2m+1<i<4m -1,

fH(v1vgm) = 20m + 1,

. 8m +2¢ — 1, 1 <4< 2m,

[ (uiv;) = _ _

8m + 21+ 1, 2m+1<i<4m—1 and

F* (uamvam) = 12m + 1.

Thus f is an odd sum labeling of P» x C,. Hence P, x (), is an odd sum graph when
p=4m.

Case2 p=4m+2,m>1.

Figure 19: An odd sum labeling of Py x Cos.

The labeling f: V(P x Cp) — {0,1,2,...,12m} is defined as follows:

3i—3, 1<i<2m+2,
flu) =9 . .
31+ 1, 2m+3 <i<4m+ 1 and ¢ is odd,
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3t — 3, 2m+ 4 < i < 4m and i is even,
flwi) =9 . .

31— 1, t=4m+2 and

3i— 2, 1<i<2m+1,

3t + 2, 2m + 2 < i < 4m and 7 is even,
f(vi) =

31— 2, 2m+3 <i<4m+ 1 and ¢ is odd,
3i, i=4m+ 2.

The induced edge labels are given as

6i—3, 1<i<2m+1,
fruiuipr) =9 6i+1,  2m+2<i<4m,
67 + 3, 1=4m+1,

[ (urtam2) = 12m + 5,

6i—1, 1<i<2m,
[fovis) =4 6i+3,  2m+1<i<4m,
6i+1, i=4m+1,

f*(v1vam+2) = 12m + 7 and

6i—5  1<i<2m+1,
6i—1, 2m+2<i<4m+2.

[ (uv;) =

Thus f is an odd sum labeling of P» x C,. Whence P, x C}p is an odd sum graph if
p=4m+ 2. |
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