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Famous Words:
The physicists say that I am a mathematician, and the mathematicians say
that I am a physicist. I am a completely isolated man and though everybody knows

me, there are very few people who really know me.

By Albert Einstein, an American theoretical physicist.
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Abstract: In his lost notebook, Ramanujan has stated a beautiful two variable reciprocity
theorem. Its three and four variable generalizations were recently, given by Kang. In this

paper, we give new and an elegant approach to establish all the three reciprocity theorems via

their finite forms. Also we give some applications of the finite forms of reciprocity theorems.

Key Words: g¢-series, reciprocity theorems, bilateral extension, g-gamma, g-beta, eta-

functions.

AMS(2010): 33D15, 33D05, 11F20

81. Introduction

In his lost notebook [16], Ramanujan has stated the following beautiful two variable reciprocity

theorem.

Theorem 1.1 If a,b are complex numbers other than 0 and —q~", then

pla,b) — p(b.a) = (% _ 1) (ag/b, ba/a, @)

a (_G’Qa _bQ)OO
where
1 0 (_l)nqn(nJrl)/Qanbfn
pla,b) = <1 + —) ,
( ) b 7;) (_aq)n
and as usual
(@)oe = (a; @)oo == [ [ (1 = aq™),
n=0
(@)oo . .
a)p = (a;q)n == ——=—, n is an integer.
(@) 1= (@) = 7

1Received June 24, 2013, Accepted August 28, 2013.
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In what follows, we assume |¢| < 1 and employ the following notations

(a1;a2;a3; c '7am)n = (al)n(a2)n(a3)n e (am)n;

(CLl,CLQ,CLg, c ';an)oo = (al)oo(a2)oo(a3)oo e (an)oo

The first proof of (1.1) was given by Andrews [4] using his identity, which he has derived
using many summation and transformation formulae for basic hypergeometric series and the
well-known Jacobi’s triple product identity, which in fact, is a special case of (1.1). Somashekara
and Fathima [19] used Ramanujan’s 197 summation formula and Heine’s transformation formula
to establish an equivalent version of (1.1). Bhargava, Somashekara and Fathima [9] provided
another proof of (1.1). Kim, Somashekara and Fathima [15] gave a proof of (1.1) using only
g - binomial theorem. Guruprasad and Pradeep [11] also have devised a proof of (1.1) using
¢ - binomial theorem. Adiga and Anitha [1]devised a proof of (1.1) along the lines of Ismail’s
proof of Ramanujan’s 11; summation formula. Berndt, Chan, Yeap and Yee [8] found the three
different proofs of (1.1). The first one is similar to that of Somashekara and Fathima [19]. The
second proof depends on Rogers-Fine identity and the third proof is combinatorial. Kang [14]
constructed a proof of (1.1) along the lines of Venkatachaleingar’s proof of Ramanujan’s 111
summation formula. Recently, Somashekara and Narasimha Murthy [21] have given a proof of
(1.1) using Abel’s lemma on summation by parts and Jacobi’s triple product identity. For more
details one may refer the book by Andrews and Berndt [5].

Kang, in her paper [14] has obtained the following three and four variable generalizations
of (1.1).

Theorem 1.2 If|c| < |a| <1 and |c| < |b] < 1, then

L1\ (¢ agq/b bg/a, @)x
bc) — boac)= |2 - = 1.2
palatic) = palbasc) = (3 - 1) oA D (12)
where (1))
1 x (C)n(_l)nqn n+1 2anb7n
ps(a,b;c) = (1+—> .
(e bic) 5) 2 Cagnelb
Theorem 1.3 If ||, |d| < al, |b] <1, then
1 1 (Cv da Cd/a’ba QQ/bv bQ/CL, q)oo
b;e,d) — pa(b,a;e,d) = - — — 1.3
p4(a7 ;G ) p4( , @5 C, ) (b a) (—c/a, —C/b, —d/a,—d/b, —aq, _bq)oo, ( )

where

2n

1) (e d, cdfab), (14 <) (~1)rgn D/ 2anpn

p4(a, b; c, d) = (1 + E (_aq)n(_c/b, —d/b)n+1

n=0

In fact, to derive (1.2), Kang [14] has employed Ramanujan’s 11); summation formula and
Jackson’s transformation of 2¢1 and 2¢9 series. Later, Adiga and Guruprasad [2] have given
a proof of (1.2) using ¢ - binomial theorem and Gauss summation formula. Somashekara and
Mamta [20] have obtained (1.2) using (1.1) by parameter augmentation method. One more

proof of (1.2) was given by Zhang [23].
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Kang [14] has established the four variable reciprocity theorem(1.3) by employing Andrews
generalization of 19 summation formula [4, Theorem 6], Sears transformation of 3¢o series
and a limiting case of Watson’s transformation for a terminating very well-poised g¢7 series.
Adiga and Guruprasad [3] have derived (1.3) using an identity of Andrew’s [4, Theorem 1],
Ramanujan’s 191 summation formula and the Watson’s transformation.

The main objective of this paper is to give finite forms of the reciprocity theorems (1.1),
(1.2) and (1.3). To obtain our results, we begin with a known finite unilateral summation and
then shift the summation index, say k (0 < k < 2n) by n :

DAy =D Alk+n).
k=0

k=—n
After some manipulations, we employ some well-known transformation formulae for the basic
hypergeometric series. The same method has been extensively utilized by Bailey [6]-[7], Slater
[18], Schlosser [17] and Jouhet and Schlosser [13].
We recall some standard definitions which we use in this paper. The g-gamma function

I'y(x), was introduced by Thomae [22] and later by Jackson [12] as

[y(z) = (E]qx))"; (1—¢g)' =, 0<q<l1. (1.4)

A ¢-Beta function is defined by
By(z,y) = (1-4q) Z Joo .

A relation between ¢-Beta function and ¢g-gamma function is given by
Ly (@)l (y)
By(z,y) = =217 1.5
bl = (15)
The Dedekind eta function is defined by

,'7(7_ — 71'17'/12 H 271'1717' Im(T) >0

= ¢"*"(¢;¢)oo, where €>™'7 = q. (1.6)

In Section 2, we state some standard identities for basic hypergeometric series which we
use for our purpose. In Section 3, we establish the finite forms of two, three and four variable
reciprocity theorems 1.1, 1.2 and 1.3. In Section 4, we give some applications of the finite forms

of reciprocity theorems.

§2. Some Standard Identities for Basic Hypergeometric Series

In this section, we list some standard summation and transformation formulae for the basic hy-
pergeometric series which will be used in the remainder of this paper. Some identities involving
q - shifted factorials are

1 g/a)"

2

(ag™)n  (afa). &

(a)-n = (2.1)
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(@)k4n = (@)n (ag" )k , (2.2)
(ag™")n = (g/a)n <7> ¢ (), (2.3)
(ag*™), = (q/a)kn —a nq(;)_kn{ (2.4)

(¢/a)(e—1)n
g - Chu- Vandermonde’s Sum [10, equation (II.7), p.354]

(A e (CLAL
2 ey, G =g (25)

q - Pfaff- Saalschiitz’s Summation formula [10, equation (I1.12), p.355]

" g ", A, B _ (CJA, C/B),
Z (@ c ABql " ¢ = (C, C/AB), -

(2.6)
k=0

Jackson’s ¢ - analogue of Dougall’s 7Fs Sum [10, equation (I1.22), p.356]

i (Aqul/Qv_qu/Qv Bv Ca D7 quin)k k

2 (g, AT> A2, Aq/B, Aq/C, Aq] D, Aq/ E, Aq 1), "

_ (Aq, Aq/BC, Aq/BD, Aq/CD),
~ (Aq/B,Aq/C,Aq/D, Aq/BCD),,’

2.7)

where A2g = BCDEq™™.
Sear’s terminating transformation formula [10, equation (III.13), p.360]

n (q_",B, C) n E/Cn n —nc D/B)
gm(DE ¢"/BC)* z; Do TE 4 (2.8)

Watson’s transformation for a terminating very well poised g¢7 series [10, equation (I11.19),
p.361]

z”: (¢, A B, O), , (D/B,D/C),

£.7(q, D, B, F); © ~ (D,D/BC),

XZ (0,q0'% —qo'/?, B, C, EJA, F/A q ")
(q,0'/2,—0c1/2 B, F,EF/AB,EF/AC, EFq" |A)}

(EFq"/BC)", (2.9)

where DEF = ABqu" and o = EF/Aq.
Bailey’s terminating 10¢9 transformation formula [10, equation (I11.28), p.363]

(@, Al/? — A2 Aq/B, Aq/C, Aq/ D, Aq/E, Aq/F , EFq—" /X, Aqn+1),
Aq/E, Aq/F, \g/EF, \q),,
% i (Avq)\l/zv_qu/Qv B/Aa O/A7 D/A7 E7 F7>\Aqn+1/EFa qin)k qk
— (¢, \1/2,=\1/2, Aq/B, Aq/C, Aq/ D, A\g/ E, \¢/F , EFq~" [A, Ag" )y, "

z": (A,qAY2,—qAY? B, C, D, E, F,A\A¢"*'/EF ,q~"); .
=0
|
(

(2.10)

where A = ¢A%/BCD.
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§3. Main Identities

In this section, we establish the finite forms of reciprocity theorems.

Theorem 3.1 If a,b are complex numbers other than 0 and —q~", then

(1 + %) Zn: (", —bq" ) (aq1+n/b)k

k=0 (ql-i—n’ _aq)k

1 — ,—aq" T n
— (1 + a) (1-4¢") Z ((q(]1+n)k+1 (q_bq)): (bg /a)k

_ (1 _ %) ((aq/b)n (bq/a)n—1 (q)n 51)

b —aq)n (=bq)n—1(**")n

b

Proof Replace n by 2n in (2.5) to obtain

2n

(q72n7 A)k
(q7 C)k

(Cqn/ay* = O/, (3.2)

k=0 (C)an

Shift the summation index k by n, so that the sum runs from —n to n and (3.2) takes the form

@ A o S AT (o gk (€A
@O, OO X g, (O8N =g

k=—n

This can be written as

n —717A n " , C n C A " n _n
3t ity (O = G oy ()™ (33)

k=—n

Now, replacing A by —b and C' by —aq'~" in (3.3), then using (2.2) and (2.3) in the resulting
identity, we obtain

n

Z ((q_na_bqn)k (aq1+"/b)k _ (% - ) (Q)n (GQ/b)n(bQ/a)n—l '

q1+n, - Cl,q)k

k=—n

This can be written as

n

1\ w= (¢, —bg" . 1 " _1/q
(1 + 5) > @™ =bq")e (ag"t"/b)" + (1 + 5) > (ql(zn7 _ql_/n%)qu

P (ql-l—n7 _GQ)k 2
(1 1Y (ag/b)n (bg/a)n—1 (@)n
- <b CL) (—aq)n (—bq)n,l(qlJrn)n' (3.4)

Now, the first term on left side of (3.4) is same as the first term on the left side of (3.1).
Therefore, to complete the proof, it suffices to show that the second term on the left side of
(3.4) is same as the second term on left side of (3.1). To this end, we change n — n — 1 and
then set B = —aq"t!,C = q,D = ¢*" and E = —bq in (2.8) to obtain

n—1 o1
(q*nJrl7 _aqn+1)k n kL (=b)p—1 (q—n+1, —q/a)n i
kZ:O (qn+2, _bQ)k (bq /CL) = (_bQ)n—l kZ:O (q"+2, —q2_"/b)kq . (3.5)
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1+ -0

Multiply (3.5) throughout by —
(1 —gnt1) (1+qb )

q, to obtain

(410 S, e,

—-n q n
G (14 52 @ b

(bg" /a)"

n—1

(1+0)
(14 bgn—1)

"ok g
"+1 » =" " /0)k4

k:O

This on simplification yields

(1+3) > G

k=1

—n+1 qn+l)

1 oy 5 (7 n
= - (1+E> (1_q )Z 1+n)k+1( bq) (bq /a) )

completing the proof of (3.1). ]

Theorem 3.2 If || <la] <1 and |c| < |b] <1, then

1 cq
1 1+ —
(u)( )
n k
, ¢ —cq™/a, —bq"™)k Petn agtt™" 1 n
1— W) _(142)a-
xz:: 1+n o c/b,cq%)kﬂ( ) | =5 +o)(d=d")

1

— —-n n n n\ k
«3 (@™, ¢, —ag™ )(—cq/b)ks (1 — cq2+n+) (bi>

= (¢, —c/a, cg®")r1(=bq)k a
_ (1 _ 1\ _ (on(ag/b, =bg", @)n (bg/a)n—1
B (b a) (—C/CL, _C/ba —aqg, q1+n)n (_bq)anl ' (36)

Proof Replace n by 2n in (2.6) to obtain

2n

(q_2n7A7 B)k qk _ (C/A7 C/B)Qn
24 (g, C.ABq#/0); "~ (C. C/AB)a,

(3.7)

Shift the summation index k by n, so that the sum runs from —n to n and (3.7) takes the form

> v G, Aq", BeY o (C/A, C/B)nla, O ABG™>[Ch g

T, Ogn, ABg— /O L~ (C, C/AB)an( A, B, ¢,

k=—n

Now, we replace A by —¢/b, B by —¢~"/a and C by —cq™"/a in (3.8), and then use (2.2) and
(2.3) in the resulting identity, to obtain

Z”: (@™ =1/a, —cg"/b)k  _ (5—2)  (c)an(agq/b,—=bq",q)n (bg/a)n 1
( 1+

1
il U —cja,—q bt (1+ 1) (—c/a,—c/b,—aq, ¢**")pn (=bq)2n—1°
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This can be written as

n

1 (", —ag/c,—bq")k N\ (" —1/a—cq"/bi 4
1+ - 1+ -
( * b> Z (ql-l-n’ —aqg, _bql_n/c)k 1 * * b Z (ql-l-n’ —c/a, _ql_n/b)k 1

k=0 —
= l — l (C)Qn (aq/bv —bq", Q)n (bQ/a)nfl
= <b a) (_C/G, —C/b7 —aq, ql-l-n)n (_bQ)2n—1 . (39)

Now, set A = —aq/c, B=gq, C = —bq", D = —bg*"/c,E = ¢"™! and F = —aq in (2.9)
and multiply the resulting identity throughout by (1 +b71), to obtain

I\ (¢" —aq/c,—bq" )k
1+
( b> kZ:O (q1+n7 —aq, _bqlin/c)k ¢

n k
1 an) (q—n7 c, _an/a’a _bqn)kv 2k+ (aql+n>
=14+~ 1+ — 1-c "= . 3.10
(1+5) 1+ 2 T ag Cepr e T (3.10)
Next, change n — n — 1 in (2.9) and then set A = —q/a, B = q, C = —cq"*'/b, D =
—¢*>"/b,E = ¢""% and F = —cq/a to obtain

n-1l, _pn n —n —2n
Z (q +1a _Q/a’a —Cq +1/b)qu — (_ql /b7 ql 2 /C)nfl
= (>, —cqfa,—¢*7"/b)k (=¢*="/b, 72" /)n—

y n—1 (q—n-|-17 ¢, —(an+1, _qu-l-n/b)lC (1 _ cq2k+n+1) (bq_n>k (3 11)
= (¢*t", —cq/a,~bg, cg® ), (1—cq®™) \a )~ '
1+ Q=g ™) (1+ 1) (14
Multiply (3.11) throughout by ( b) (=g (C a) (qlfn b )q to obtain
Q=g+ 20+ %)
n—1
1 qina_l a, _an b k
(1 + g) Z (1+n / 1—£ )bH ¢!
k=0 (q y C/au —q / )k-l—l
1+ a—-gm (1 + qT") (1 - q*’:l)
) (-5
n—1, _, n n n n\ k
S o g b (Lo e (b B12)
= (¢*t", —cq/a,~bg, cg® ), (L—cq®™) \a ) '
On simplification (3.12) yields
1\ < (¢ ™ —1/a,—cq"/b)r 4 < 1>
1+ = =—(1+-)(1—¢q"
< b> k; (¢, —c/a, ql—n/b)kq a (1-4")
n—1 —n+1 _ o n+l —ca™ /b ba™ k
% Z (q - , 6, —aq Q)k( cq / )/H-l (1 _ Cq2k+n+1) (i) ) (313)
(q +'n,, —C/CL, cq n)k+1(_bQ)k a

=0

k
Using (3.10) and (3.13) in (3.9), we obtain (3.6). m|
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Theorem 3.3 If |c|, |d| < |a|, |b] <1, then

(1+1/b) (1 —ag"™/b) (1 + cdg®"/a)

(144"
i . (¢, ¢, d, cd/ab, ag=™/b,cdg** /b)} < N cdq2k> &
Py ", —aq)e(—c/b, —d/b, —cdg* "' /a, —cdq" /b) k41 b
( +%) (1 —aq™t/b)
(14 ¢™)(1 + cdg™—1/a)
" e (g7, ¢, d, cd/ab, bg™"/a)k(cdq®* 1 Ja) ki1 ( N qu%) &
P (g*=27, —bq, —cdgt1/a)k(—c/a, —d/a, —cdq™/b) k11 a
_ (1 > (¢, d, cd/ab)an(ag/b)nt1(q)n
b (—c/a,—d/a,—aq)n(—c/b,—d/b)n11(¢"T")n
O T R e e (314

Proof Replace n by 2n in (2.7) to obtain

2n

(¢, A, B, C, D, A2¢*>"*1/BCD)y (1— Ag?*)
“ (q,Aq/B, Aq/C, Aq/D, BCDq=2" [A, Ag> 1) (1 — A)

- (Aq/B,Aq/C,Aq/D,Aq/BCD)s, '

Shift the summation index k by n, so that the sum runs from —n to n and (3.15) takes the
form

i (q—n7 Aq", Bqn7 an7 ‘an7 A2q3"+1/BCD)k (1 _ Aq2k+2n) X
= (g AqUT B, Agitn/C, AT /D, BODg A, Agn ), (1-A)

. (@ A4/B, Aq/C, Aq/D, BCDq " /A, Ag*"t),
(g2, A, B, C, D, A2¢>**+1/BCD),
Replacing A, B, C, D respectively by Ag—2", Bqg ™"
using (2.2), (2.3) and (2.4), we obtain

—n

(3.16)
, Cq™™, Dg~™ in (3.16) and simplifying

Z _n Aq_n B C D A2 2n+1/BCD) (1—A 2/€) k
= ( 1*" “Aq]B, Aq]C, Aq]D, BODG A, Aqiy; |~ AT

AN~ et a /A, BJA, C/A, DA, A"t /BCD) (@Y
= (¢""",q/B,q/C,q/D,BCDq 2" A%, q"+1 [A)y, a)t

(¢/B,q/C,q/D, Aq/B, Aq/C, Aq/D,q't™ A2¢*>"+1/BCD),

(Ag/BCD)sy,
( Aq/BCD, Aq1+n3/BOD)2n' (3.17)
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Setting A = aq/b, B = —q/b, C = —aq/c and D = —agq/d in (3.17) and then simplifying,

we obtain

Z”: g ", ag'~"/b,—q/b,—ag/c,—aq/d, —cdg>/b)y ( ag®*'\ ,
1+" ,—agq, —cq/b, —dq/b, —agq>=?"/cd, ag"+?/b)y, b )!

__qzn: g ", bg""'/a,~1/a, ~b/c,~b/d, —cdg* " [a); (1_bq2k1>qk

b h—1 1+n7 _b7 —c/a, _d/au _bq1—2n/cd, bqn/a)k a
_ (1 _ %) (Q7 aqz/bv b/a)n(C, d7 Cd/a’b)2n
b (_bv _C/a7 _d/aa _CQ/ba _dq/bv —aq, q1+n, _qun/b)n

(_Cd/G’Q) n
(—cdjaq, —cdq"3*1 Ta)an (3.18)

X

(L+3)

————22 — to obtain
1+8) (1+4)

Multiply (3.18) throughout by

- z": (¢7", aq'™"/b,—q/b,—ag/c, —ag/d, —cdg®/b) (| ag®* '\ ,
b) & (™", —ag, —aq®=2" [ed, aq" 2 /) (—c/b, —d D)1 b )
0+
(1+§)@1+3)

i (q—n, bq_n_l/au —1/@, —b/C, _b/d7 _qu2n_1/a)/€ 1— bq2k_1 qk
(ql-l-n, _bu _C/au _d/a7 _bql_zn/cdv bqn/a’)k

_ (1 _ 1) (c, d, cd/ab)an(ag/b)ni1(@)n
b (—c/a,—d/a, —aq)n(—c/b, —d/b)ni1(q"")n

(bQ/a)nfl(_Cd/QQ)Zin
X . 3.19
(Cba)n 1 (—cdq” b)u(—cdfaq, —cdq™ [a)an (819)
Now, set A = aq/b, B = —q/b, C = —aq/c, D = —aq/d, E = a¢*™"/b, F = q and
A= —cd/bin (2.10), to obtain

Z”: ¢, ag" " /b, —q/b,—ag/c, —agq/d, —cdg*"[b)y (| ag®*! .
1*” ,—aq, —cq/b,—dq/b, —aq?>=?"/cd, aq™ 2 /by b

O
_ (1—ag""/b)(1 — q")(1 + cdg® " /a)
(1 —=¢*)(1 + cdg"='/a)(1 + cdg™ /b)

n (g™, ¢, d, cd/ab, ag*~" /b, —cdq*" /) cdg®™\
] , 3.20
X Z 1 on —aq, —Cq/b —dq/b _qun/a qunJrl/b) + b q ( )

k=

(L+3)

( )z": 1+—nn7 ag' =" /b, —q/b, —aq/c, —aq/d, —cdq*" /b)y (1 B aq2k+1> »

Multiply (3.20) throughout by to obtain

,—agq, —ag*~*"/cd, aq"t? [b)k(—c/b, —d/b) 41 b

( #) (1 = ag" ™ /b)(1 + cdg® = /a)
(1+4q")
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—n7 d d/ab lnb_d2nb d2k
& cd/ab, aq 7" /b, —cdg™/b): Yort (1+CZ )q’“. (3.21)

8 kZZO 1=2n _aq ( C/ba d/b7 _qun 1/@, _qun/b
Next, change n — n — 1 in (2.10) and then set A = bq/a, B = —q/a, C = —bg/c, D =

_bQ/d E = bq_n/(L’F =q and \ = —Cd/a, to obtain
Q/CL, _bQ/Ca _bQ/d7 —cdq2”/a)k (1 _ bq2k+1> qk

— 7n+1 bqin/a
a

ZO 2+'n,7 _bq7 —CQ/CL, _dQ/a’a _bq272n/6da bqn+1/a)k
_ (1—bg"/a)(1 — q" ") (1 + cdg® " /b)
(1= ¢*)(1 + cdg"t/a)(1 + cdg /b)
n—1 —n+1 —n 2n 2k
, ¢, d, cd/ab, b a,—cd a cd
3 1_27(1‘1 /ab, bg /n = / 2’“1 14+ S g (3.22)
_ (q ) _bqu _CQ/au _dQ/av _qu * /au _qu + /b)k a

Multiplying (3.22) throughout by
(14D @+ 1+ 8 a-g)
(1+b)(1+2)(1+2)(1- n+1)(1+

—) (=) (14 ) g
) () g )

we obtain
(1+1) nil q ", bg " Ya,—1/a,—b/ec,—b/d, —cdq® " /a) k11
(1+¢) (1 +4) = 1+",—b,—c/a, —d/a,—bq'~2"/cd, bq™ /a)j 11
—ag" " /b)(b/aq)

(1B g 210
a (L+4¢")(1 +cdg""/a)
n—1
(g="*Y ¢, d, ed/ab, bg~"/a)k(—cdq® 1 /a) ki1 ok
X 14+ cdqg*™ /a) q 3.23
kz—o (¢*—27, —bq, —cdq™t1/a)k(—c/a, —d/a, —cdq™/b) k11 ( / ) ( )
Now, (3.23) can be written as
(1+ i q ™, bg " Y a,—1/a,—b/c,—b/d, —cdq®*1/a)y
(1+%) ) = 1+",—b,—c/a, —d/a, —bg'=2"/cd, bq™/a)y
( bq% 1> e (+y) (L—ag"t/b)
w12 b = o
a (L+4¢")(1+cdg"'/a)
g ", ¢, d, cd/ab, bg " /a)y(—cdg® ! [a)t 2k
’ 1 d 3.24
x Z 2n—bq, —cdg™tl/a)g(—c/a, —d/a, —cdq™/b) g1 8 ( +odg /a)q ( )
O

On using (3.21)and (3.24) in (3.19), we obtain (3.14)
Remark 3.1 Letting n — oo in (3.1), (3.6) and (3.14), we obtain (1.1), (1.2) and (1.3)

respectively.

84. Some Applications of the Finite Forms of the Reciprocity Theorems

In this Section, we deduce finite forms of some ¢ - series identities along with the ¢ - gamma

g - beta and eta function identities from (3.1) and (3.6)
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Corollary 4.1 (Finite form of Euler’s identity)

—n+1 qn+2/w)

i 1+'n, Dr : (_1)kan_kxk = (—2)p-1. (4.1)

Proof Set b = —1 and a = ¢/ in (3.1), and after some simplifications, we obtain (4.1).
Let n — oo in (4.1) to obtain the well-known Euler’s Identity
oo k(k=1)/2 .k
P a" = (~ ). =

k=0

Corollary 4.2 (Finite form of 1¢1- series [10, equation (II.5), p.354]

n—1, _n n n
(¢ "z —2q" 2 /y)i(zg )k+1(1 _ pg?nthtl k nk—k .k
14+n 2n q )(y/il?)
P (@, 26" k1 (¢, Y)k
_ (zq 1)+n—1(y/w)n—y (4.2)
(@ ™)n(Y)n—1
Proof Set b= —1,a=—zq/y and ¢ = z in (3.6), and after some simplifications, we obtain
(4.2). If we let n — oo in (4.2), gives
i VFqHEDR (@) (y/2)F (y/7)eo -
P (@ Yk (¥)oo
Corollary 4.3
1+b n+1 i " _qn/b) (1 _ 2n+k+1)(_1)k nk-‘rkbk -1 (4 3)
q (“bg, 2+ 1), q q =+ :
k=0
Proof Set a = —1,c=qand b =b"! in (3.6), and after some simplifications, we obtain
(4.3). If we let n — oo in (4.3), gives
O k(k+1)/2pk
AU 0
= (=bq)k+1
If we set b =1 in (4.3), we obtain
1+ qn+1 Z - q2n+1 1 q2n+k+1)(_1)kan+k - 1. (4'4)

= (
Letting n — oo in (4.4), we obtain
2 kD)2 _
=0 (—@)k+1

We define
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and

(@*, ¢¥)n

Note that I'y ,(x) — Ty(x) and By, (z,y) — By(x,y) as n — oo, which are define in (1.4) and
(1.5).

Byn(z,y) = (1-1q).

Corollary 4.4

(_ql-i—w7 q1+n)n(1 _ q)l—w n —n n+m)k k nieth
Tyn(x) = —1)%q"
- ( ) 2(_(])71(_(])7171 ZO 1+n - 1+z)k( ) 1

n=1/ _nti1 n+z+1

T n ) —4
H14a)1-g) Y )
k=0

k/ 1\k nk
@@, (4.5)

Proof Set a=¢" and b= —¢” in (3.1), and after some simplifications, we obtain (4.5). O

Corollary 4.5

(1—q)1—¢") (", "™, q¢")n

B‘I’"(x’y) - (qitr—vy qu—z gutytn),
X (1 _ anrac) i (qina qury)k(anry)i (1 _ q2k+n+z+y)an+k+szky
= (q )k (@ T )k (0%)74
—¢"*(1—4q")
-1, _
« — (" @ ) (¢ ) e (1 — g2htnatyttygnkthy—ka | (4.6)
= (@ P V)

Proof Set a = —¢*,b = —¢¥ and ¢ = ¢*¥ in (3.6), and after some simplifications, we
obtain (4.6). m
Corollary 4.6

n 7n+1 n+2
Jegrhth k[ 1\k nk 2(=q)n—1
+ —_—— (-1 = . 4.7
Z k+1 Z "H JE+1 (710" (1 +g" ) (gt )n 1)

0

Proof Set a=¢q and b= —q in (3.1), and after some simplifications, we obtain (4.5). O

Letting n — oo in (4.5), (4.6) and (4.7) and using (1.4), (1.5) and (1.6), we obtain respec-
tively ¢ - gamma, ¢ - beta and eta function identities

k(k+1)/2 0 k(k+1)/2

_ A4z o 1— 1—
Fq(x):( : 2)(_((1)2 0 Z N +(1+¢%) Zq = |

oo
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(1-q)(1—¢") (""", ¢")o

(¢ r )
Fgh(k+1)/2 (goty)

- (_1) k k+kx—ky
g [; van !

n—l P
. ””Z k+1)/2( +y)quy—km‘|7

= k(@Y )kt

Bq(:Z?, y) =

q
n(7) 2 Z

= (—@kn @k+1

n(27) g1/ l 0 gk(k+1)/2 > k+1)/2]

Conclusion We see that the finite forms of reciprocity theorems are interesting and also
preserve all the symmetries. A number of identities of the types (4.1) - (4.7) can be deduced
from the finite forms of reciprocity theorems.
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Abstract: Let M be a 2-torsion free semiprime I'-ring with involution I satisfying a certain
assumption and let 6 : M — M be an endomorpism of M. We prove that if T': M — M is
an additive mapping such that 27 (zax) = T'(x)ab(I(x)) 4+ 0(I(z))aT (z) holds for all z € M

and o € I'; then T is a Jordan #-centralizer with involution.
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81. Introduction

An extensive generalized concept of classical ring set forth the notion of a gamma ring theory.
As an emerging field of research, the research work of classical ring theory to the gamma ring
theory has been drawn interest of many algebraists and prominent mathematicians over the
world to determine many basic properties of gamma ring and to enrich the world of algebra.
The different researchers on this field have been doing a significant contributions to this field
from its inception. In recent years, a large number of researchers are engaged to increase the
efficacy of the results of gamma ring theory over the world.

Let M and T' be additive abelian groups. If there exists a mapping (x,a,y) — zay of
M xT'x M — M, which satisfies the conditions

(1) zay € M,
(i1) (x + y)az=zaz+tyaz, x(a + B)z=xaz+xfz, xa(y + z)=ray+raz.
(ii1) (zay)Bz=za(yBz) for all z,y,z € M and «, 8 € T, then M is called a I'-ring.

Every ring M is a I'-ring with M =I". However a I'-ring need not be a ring. Gamma rings,
more general than rings, were introduced by Nobusawa[ll]. Bernes[2] weakened slightly the
conditions in the definition of I'-ring in the sense of Nobusawa.

Let M be a I'-ring. Then an additive subgroup U of M is called a left (right) ideal of M
it MU c U(UTM C U). If U is both a left and a right ideal , then we say U is an ideal of M.

1Received July 15, 2013, Accepted November 16, 2013.
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Suppose again that M is a I'-ring. Then M is said to be a 2-torsion free if 2x=0 implies x=0
for all z € M. An ideal P; of a I'-ring M is said to be prime if for any ideals A and B of M,
AT'B C P; implies A C Py or B C P;. An ideal P, of a I'-ring M is said to be semiprime if for
any ideal U of M, UTU C P, implies U C P,. A I'-ring M is said to be prime if aI’ M Tb=(0)
with a,b € M, implies a=0 or b=0 and semiprime if aI'MTa=(0) with a € M implies a=0.
Furthermore, M is said to be commutative I'-ring if xay=yax for all z,y € M and o € T.
Moreover,the set Z(M) ={z € M : zay = yax for all « € I',y € M} is called the centre of the
I'-ring M.

If M is a T-ring, then [z, ylo=xay — yax is known as the commutator of z and y with

respect to a, where z,y € M and a € I'. We make the basic commutator identities:
[zay, 2]s = [z, 2]pay + zla, .y + xaly, 2]p and [z, yaz]s = [z, y]saz + yla, Blaz + yalz, 2]
for all x,y,z € M and a, 8 € I". We consider the following assumption:
(A)zaypfz = zByaz for all z,y,z € Manda, 8 € T.

According to the assumption (A), the above two identifies reduce to

[ray, 2|s=[z, z]pay + zaly, z]s and [z, yaz]s=[z, y|paz + yalz, 2],
which we extensively used.

An additive mapping T : M — M is a left(right) centralizer if T'(xay)=T(x)ay(T (zay) =
xaT (y)) holds for all x,y € M and o € T'. A centralizer is an additive mapping which is both
a left and a right centralizer. For any fixed a € M and « € T', the mapping T'(z) = aax is a
left centralizer and T'(z) = zaa is a right centralizer. We shall restrict our attention on left
centralizer, since all results of right centralizers are the same as left centralizers. An additive
mapping D : M — M is called a derivation if D(zay) = D(x)ay + xaD(y) holds for all
xz,y € M, and o € T and is called a Jordan derivation if D(zaz) = D(x)ax + zaD(z) for all
r€Mand ael.

An additive mapping 7' : M — M is Jordan left(right) centralizer if

T(zxax) = T(x)ax(T (zazx) = zaT(x))

for all z € M and o € T'. Every left centralizer is a Jordan left centralizer but the converse is
not ingeneral true.

An additive mappings T : M — M is called a Jordan centralizer if T'(zay + yax) =
T(x)ay + yaT'(z) for all z,y € M and o € I'. Every centralizer is a Jordan centralizer but
Jordan centralizer is not in general a centralizer.

Bernes[2], Luh [10] and Kyuno[9] studied the structure of I'-rings and obtained various
generalizations of corresponding parts in ring theory.

Borut Zalar [15] worked on centralizers of semiprime rings and proved that Jordan central-
izers and centralizers of this rings coincide. Joso Vukman[12, 13, 14] developed some remarkable
results using centralizers on prime and semiprime rings.

Y.Ceven [3] worked on Jordan left derivations on completely prime I'-rings. He investigated

the existence of a nonzero Jordan left derivation on a completely prime I'-ring that makes the



The Jordan 0-Centralizers of Semiprime Gamma Rings with Involution 17

I'-ring commutative with an assumption. With the same assumption, he showed that every
Jordan left derivation on a completely prime I'-ring is a left derivation on it.

In [4], M. F. Hoque and A.C. Paul have proved that every Jordan centralizer of a 2-torsion
free semiprime I'-ring is a centralizer. There they also gave an example of a Jordan centralizer
which is not a centralizer.

In [5], M. F. Hoque and A.C. Paul have proved that if M is a 2-torsion free semiprime
I-ring satisfying the assumption (A) and if T : M — M is an additive mapping such that
T(zayfz) = zaT (y)Bz for all z,y € M and «, 3 € T, then T is a centralizer. Also, they have
proved that 7' is a centralizer if M contains a multiplicative identity 1.

Our research works are inspired by the works of [1], [5], [7] and [8] and we obtain the results

in T-rings with involution by assuming an assumption (A).

§82. The 6-Centralizers of Semiprime Gamma Rings with Involution

Definition 2.1 Let M be a 2-torsion free semiprime I'-ring and let 0 be an endomorphism of M .
An additive mapping T : M — M s a left(right) 0-centralizer if T (zay) = T(x)ab(y)(T(zay) =
0(x)aT (y)) holds for all x,y € M and a € T. If T is a left and a right 0-centralizer, then it is

natural to call T a 0-centralizer.

Definition 2.2 Let M be a I'-ring and let a € M and o € T be fized element. Let 6 : M — M
be an endomorphism. Define a mapping T : M — M by T'(z)acd(z). Then it is clear that T is
a left 0-centralizer. If T'(x) = 0(x)aa is defined, then T is a right 0-centralizer.

Definition 2.3 An additive mapping T : M — M is Jordan left(right) 0-centralizer if T (xax) =
T(z)al(z)(T (zax) = 6(x)aT (x)) holds for allx € M and a € T.

It is obvious that every left 6-centralizer is a Jordan left 6-centralizer but in general Jordan
left f-centralizer is not a left f-centralizer [8, Example-2.1].

Definition 2.4 Let M be a T'-ring and let 6 be an endomorphism on M. An additive mapping
T: M — M is called a Jordan 0-centralizer if T(xay + yazx) = T(z)ab(y) + 0(y)aT (), for all
z,y €M and a €T.

It is clear that every 6-centralizer is a Jordan #-centralizer but the converse is not in general
a 0- centralizer [8, Example-2.2 and 2.3].

Definition 2.5 An additive mapping D : M — M s called a (0,0)-derivation if D(zxay) =
D(z)af(y)+0(x)aD(y) holds for all z,y € M and o € T and is called a Jordan (8, 0)-derivation
if D(z,x) = D(z)af(z) + 0(x)aD(z) holds for allx € M and o € T

We have given two examples in [8] which are ensure that a 6-centralizer and a Jordan

f-centralizer exist in I-ring.

Definition 2.6 Let M be a I'-ring. Then the mapping I : M — M s called an involution if
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(¢)) II(a) =a;
(i) I(a+b)=1I(a)+I();
(#3) I(aad) = I(b)al(a)
foralla,b e M and a € T.
Example 2.1 Let R be a ring with involution I containing the unity element 1. Let M =
n2.1

ni.1l
Mi2(R) and T = { ( ! ) in1,ng € Z}. Then M is a I'-ring. We define an involution

I: M — M by

Now

I ((a,b) ( Zl ) (c, d)) = I((any + bna)(c, d))

= I(anic+ bnac, anid + bnad)
(I(anic+ bnac), I(anid + bnad))
= (I(anic) + I(bnac), I(anyid) + I1(bnad))
(L(c)n1(a) + I(c)n21(b), I(d)n11(a) + I(d)n21(b))

ni
where oo = .
n2

Definition 2.7 Let M be a 2-torsion free semiprime I' ring with involution I and let 0 : M — M
be an endomorphism of M.An additive mapping T : M — M is called a left(right) Jordan
0— centralizer with involutio if for allz € M, a €T,

T(xax) = T(x)ab(I(z))(T(xax) = 0(I(x))aT(x)).
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If T is both left and right Jordan 0— centralizer of M with involution, then it is called

Jordan 0— centralizer of M with involution.

First, we need the following Lemmas, for proving our main results:

Lemma 2.1 Suppose M is a semiprime T'-ring satisfying the assumption (A). Suppose that
the relation zaafy + yaalBz = 0 holds for all a € M, some z,y,z € M and o, 3 € T'. Then
(x+ 2)aafy =0 for alla € M and o, 3 € T.

Lemma 2.2 Suppose M is a 2-torsion free semiprime I'-ring with involution I and satisfying
the assumption (A). Let T : M — M be an additive mapping such that

2T (zax) =T(x)ab(I(x)) + 0(I(x))aT(x)
holds for all z € M, o € T and 0 is an endomorphism on M. Then
2T (zay + yax) =T(x)abd(I(y)) + T (y)abd(I(x))
+0(I(z))aT (y) + 0(I(y))aT (x)
forall x,y € M.
Proof We have 2T (zax) = T(x)ab(I(z))+0(I(x))aT (x). By linearizing, the above relation
becomes
2T (way + yax) =T (x)ab(I(y)) + T(y)ab(I(z))
+O(I(z))aT (y) + 0(I(y))aT (x). (1)
This completes the proof. O

Lemma 2.3 Suppose M is a 2-torsion free semiprime I'-ring with involution I and satisfying
the assumption (A). Let T : M — M be an additive mapping such that

2T (zax) =T(x)ad(I(z)) 4+ 0(I(z))aT (z)
holds for all x € M, a € ' and 0 is an endomorphism on M. Then
8T (zayPz) = T(x)ad(I(x)B1(y) + 31(y)BI(x)) + 0(I(y)BI(x)
( aT (z) + 20(1(x))BT (y)ad (I (z))
BT (y) — T(y)BO(I(x)al (x))
for all x,y € M.

Proof Putting 2(xfy + ySz) for y in (1) and using Lemma 2.2, we get

AT (za(zBy + ybz) + (xBy + ybz)ax)
= T(z)ab(21(x)BI(y) + 31(y)BI(x)) + 0(31(x)BI(y)
+21(y)pI(z))aT (z) + 0(I(x))oT () 50(1(y))
+0(I(z)al ()BT (y) + T(y)BO(I(x)al (x))
+20(1(x)) BT (y)abd(I(x)) + 0(1(y) BT (z)ab(I(x)) (2)
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On the other hand

AT (za(zBy + yBz) + (2By + yBr)ax) = AT (vazPy + yBrax)
+8T (zayfx)

Now, using hypothesis, we obtain

AT (za(zBy + yBz) + (zBy + yBr)ox)
= T(2)ad(I(x)B1(y)) + 0(I(y)BI(x))aT () +
0(1(x))aT (x)B0(I(y)) + 0(1(y))BT (z)ab(I(x))
+20(1(x)al ()BT (y) + 2T (y)BO(I(z)al (v)) + 8T (zayfr) (3)

Then from (2) and (3), we have

8T (zayfx) =T (x)ab(I(x)BI(y) + 31(y)BL(x)) + 6(I(y)BI(x)
+31(z)B1(y))aT (z) + 20(1(x)) ST (y)ab(I(z))
—0(I(x)al (x)BT (y) — T (y)BO(I(z)od (x)) (4)
for all x,y € M. This completes the proof. O

Lemma 2.4 Suppose M is a 2-torsion free semiprime I'-ring with involution I and satisfying

the assumption (A). Let T : M — M be an additive mapping such that
2T (xax) =T(x)ab(I(x)) + 6(I(x))aT(x)
holds for all x € M, a € I and 0 is an endomorphism on M. Then

0 = T(x)ab(I(x)vI(y)BI(x) — 2I(y)yI(x)BI(z)
—21(z)B(x)v(y)) + 0(L(z)vI(y)BI(z)
=21 (y)yI(2)BI(x) — 21(x)BI(2)yI(y))aT ()
+O0(I(x)aT (x)BO(1(x)vI(y) + 1(y)yI(x))
vI(2))BT (z)ab(I(x))
BO(I(y))
+0(I(y)) BT (x)70(1(x)I(x))

forallz,y € M and o, 3,y €T.
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Proof Putting 8(xfy~vyzx) for y in (1) and using lemma (2.3), we obtain

16T (zoxfyye + wfyyrax) = T(x)abd(9I(z)vI(y)BI(x) + 31 (y)v1
(

FOO (2)VI(y)BI(x) + 31 (x)BI(x)v1
+0(I(2))aT (2) BO(1 (2)vI(y) + 31 (y)yI(x
FOU (Y1 () + 31(x)VI(y)) BT (x)ab(I(x

=T (y)y0(I(z)BI(z)al(z))
0(1(x)I(2))yT (y)BO(I(x))
+0(I(2))yT (y)BO(I(x)od (x))
—0(I(z)ad (x)BI(x))VT (y)-

+

21

On the other hand using (4) and then after collecting some terms using Lemma 2.2, we

obtain

16T (zazxByyr + 2fyyrax) =T(x

By comparing (5)and (6), we get

0 = T(@)abd(I(x)vI(y)pI(x) = 21(y)yI()BI(x) — 21 (x)B(x)(y))

+OI(2)yI(y)BI(x) — 21(y)y I (2)BI(x) — 21(x)BI (2)v]

(I(x)
+O(I (2)aT (2)BO(I(x)y1(y) + I(y)yI(x)) + 01 ()Y
+I(x)
((

+0(I(y)BT (2)y0(I(x)I(x)),

for x,y € M and «, 8,y €T

I(y)
z)vI(y) BT (z)ab(I(z)) + O(I(x)al (z))yT(x)B0(1(y))

(7)

O

Lemma 2.5 Suppose M is a 2-torsion free semiprime I'-ring with involution I and satisfying

the assumption (A). Let T : M — M be an additive mapping such that

2T (xax) =T(x)ab(I(x)) + 6(I(x))aT(x)



M.F.Hoque and Nizhum Rahman

22

holds for all x € M ,a € T' and 0 is an endomorphism on M. Then

—~

T(z),0(1(2))la
T(x),0(1(x))]o

+20(I(x)ald (x)vI(y))s
+20(1(y)yI(z)ed (2))B

T (@)]aad(I(2))
Ja0(I(z)ad (z))

—~

+O(I(y)yI(x))B[0(1 ()

—

+0(I(y)BloI(x)), T (x

forallz,y €e M and o, 3,7 €T.

Proof Replacing y by xay in (7), we have

T(x)ad(I(x)yI(y)al(x)BI(x) — 21(y)al(x)yI(x)B1(x)
=21(z)B(x)v(y)al (z)) + O(I(x)yI(y)al (z)BI(x)

—2I(y)al (x

BI(x)yI(y)ad (z))oT (x)

—~

~I(x)BI(x) — 2I(x

—~

N L

~—

—~

—~

—

, we get

Right multiplication of (7) by 6(I(z))

T(z)ab(I(x)vI(y)BI(z)e(I(z)) — 21 (y)vI(z)BI(x)ed (x)

—21(2)B(x)y(y)ad (x)) + 01 (x)yI(y)BI(x)

—21(y)yI(z)BI(x) — 21(x)BI(x)yI(y))aT (x)ad(I(x))

=~ —
SEEONG)
o8 N N
g = 8 38
—~ T & 3 =
D O~ =
= 8 =3
ot R]
I)AU)/WW\
= s S &=
~— <
T = &8 &
A N
222z

— N N — —

~— — ' —

Subtracting (9) from (8) and using assumption(A), we have

—~

—~

—_— o N~ ~—

T T

—~

—~

=~

~—

~—
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Now combining first and fourth term together this relation reduces as,

0 = 0I(x)vI(y)BlOI(z)al(x)), T(x)
+20(1(z)ad ()71 (y))B[T (x), 0(I(x))
+20(I(y)vI (z)ald (z)) );0(I(x))
+O(I(y)yI(2))B[0(1 (x)
+0(I(y))B1O(I(x)), T(x

for all z,y € M and «, 3,y €T.

~— ~—
Q
=~
—~ o~
8
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(10)

O

Lemma 2.6 Suppose M is a 2-torsion free semiprime I'-ring with involution I and satisfying

the assumption (A). Let T : M — M be an additive mapping such that
2T (xax) =T(x)ab(I(x)) + 6(I(x))aT(x)
holds for allx € M, a € T and 0 is an endomorphism on M. Then

0 = [T(2),0(I(x)]av0(y)BIT (x), 0(I(x)ad (2))]a
—2[T (), 0(I(x)ad (2))]ab(y) B[T (), 0(1(x))]a

forallz,y € M and o, 3,y €T.

Proof First replacing y by I(y) in (10), we have

0 = 0 (x)vy)Blo(I(x)al(2)), T (2)]a
+20(I(x)ad (2)vy) BIT (), (1 (x))]a
+20(yvI ()l (2))B[T (x), 0(1(x))]a

]
) ]
+O(yvI(2))B[0(I(2)), T (x)]ab(I(x))
+0(y)BlO(I(x)), T(x) (
Now putting 0(y) = T(x)ad(I(y))

0 = 0(I(x)T(2)ab(I(y))BlOU (z)al(x)), T (2)]a
+20(1(z)al (2))YT (2)ab(I(y)) BT (z), 0(
+2T (2)ab(I(y)yI(x)al(x))B[T (x), 0(1(2))]
+T(2)ab(I(y)yI(x) B0 (2)), T (x)]a (I (z))
+T(2)ad(I(y) B0 (2)), T (x)]ar0(I(x)al (z)).

Left multiplication of (11) by T'(z)a , we get

0 = T(x)ab(I(x)yI(y)
+2T (z)ab(I(z)al
+2T (2)ab(I(y)yI(x

Bl (z)al(x)), T (2)]a
( )
]

+T(2)ad(I(y)yI(x) B0 (2)), T(x)]aabd(I(z))
(

)
(@) (y

~—
Q

=
8

N—

(11)
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Subtracting (12)from (11), we arrive at

0 = [T(2),0(I(x))]ar0(I(y)BIT(x), 0(I(x)I(2))]a —
2[T (), 0(I () (2))]av0(I(y)) BT (), (1 ()]

Replacing y by I(y), we get

0 = [T(2),0((x))]av0(y)B[T (), 0 (z)od(x))]a
—2[T'(z),0(1(z)od (2))]a0(y)B[T (2), 0(1(2))]a (13)
for all z,y € M and «, 3,y €T. |

Lemma 2.7 Suppose M is a 2-torsion free semiprime I'-ring with involution I and satisfying
the assumption (A). Let T : M — M be an additive mapping such that

2T (zax) =T(x)ab(I(x)) + 60(I(x))aT(x)
holds for all x € M, a € ' and 0 is an endomorphism on M. Then
[T(z),0(I(z)ad ()] =0
forallz € M.

Proof Now replacing 6(y) by r and taking a = [T'(z),0(I(z))]a b = [T(x),0(I(z)al(x))]a
and ¢ = =2[T(z),0(I(x)al(x))]o in (13), we get ayrfb+ cyrfa = 0 for all » € M. Hence using
Lemma 2.1, we obtain that (¢ + b)8rya = 0, which implies that

[T'(z), 0(1(z)al (2))]a fry[T(z),0(1(z))]a = 0.
Using this relation, we arrive at

0 = [T(z),0I(x)al(x))]afry(0(I(z))eT(z),0(I(x))]a
+[T(2),0(1(x))]acb(I(x)))

We therefore have
[T (x), 0(1(x)al (z))]aBry[T(x), 0(I(z)al(z))]a =0

for all r € M.

Hence by semiprimeness of M, we have
[T'(z),0(I(z)ad(z))]a =0, (14)
for all x € M. a

Theorem 2.1 Suppose M is a 2-torsion free semiprime I'-ring with involution I and satisfying

the assumption (A). Let T : M — M be an additive mapping such that

2T (xzax =T(x)ab(I(z)) + 6(I(x))aT(x)
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holds for allx € M, o € T' and 0 is an endomorphism on M. Then T is a Jordan 60— centralizer.

Proof Linearizing the relation given in Lemma-2.7, we get

0 = [T(),0((y)al(y)la + [T(y), 0(I(x)al (2))la + [T(x), 6(I(x)al(y)
+(y)al())la + [T (), 0 (x)al (y) + I(y)ad (z))]a

Putting in above relation —x for  and comparing the relation so obtained with the above

relation and by 2-torsion freeness of M,
[T(x), 0(I(x)od (y) + I(y)od ())]a + [T(y), 0 (x)al(z))]a =0 (15)
Replacing 2(xfy + yfz) for y and using Lemma 2.7, we obtain
0 = [T(z),0(I(x)a2l(zBy +yPfz) + 2I(xBy + yPz)al (z))]a
[T (xBy + yBx), (I (x)al (x))]a
=2[T(x), 0(I(x)al(x)B1(y) + I(y)BI(z)od () + 21(x)al (y) B1(z))]a +
[T'(z)B0(1(y)) + 0(1(x)) BT (y) + T (y)B0(I(x))
+0(I(y)BT (x), 0(I(z)al (z))]o

Thus we have

0 = 20(I(z)ad(x))B[T (), 0(I(y))la + 2[T(x), 0(1(y))]aLO(I(x)al(x))
AT (), 0(1(x)al (y)BI(x))]a + T(2)B[0(I(y)), 0 (x)al (x))]a
+O(I(y), 0(I(x)al (2))]a ST (x) + O(1(2)) BT (y), O (x)l (x))]o +
[T(y), 0(I(x)al (2))]a BO(I(x). (16)

Hence in particular, we find that

0 =0(I(z)al(x))B[T(x), 0(I(2))]la + [T (2),0(1(x))]afO(I(z)al(x))
+2[T (), 0(I ()51 ()l (z))]a

In view of Lemma-2.7, this reduces to

According to Lemma 2.7, we get

[T'(x), 0(1(x))]af0(I(x)) + 6(1(x))B[T (2),0(I())]a =0

Hence using the later relation, we find that

O(I(x)al(x))B[T (x), 0(I(x))la = [T(x),0(I(x))]afOI(x)al(x))

Further using this replacement in (17), we have

[T(x), 0(1(2))]aBO(I ()l () =0 (18)
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forallz € M and o, 5 €T

Similarly

(19)

B(I(x)al ()BT (x), 6(I(x))]a = 0

forallz € M and o, 8 €T

We also have

(20)

0(1(2))B[T (x),0(I(x))]acb(I(x)) = 0

forallz € M and o, 5 €T

From (15) we have

= —[T(y),0(I(x)al(x))]a

[T(x),0(I(x)al(y) + I(y)al(z))]a

and combining this fact with (16),we arrive at

20(1(x)ad ()BT (), 0(1(y))]a + 2[T'(x), 0(1(y))la SO (z)od (x))

+4[T (), 0(1(x)BI(y)ad (z))]a + T(x)B[0(I(y)

01 ()l (2))]a
z),0(1(x)al(y)
x))]aBO(I(z))

—~

~

+0(I(y), 0(I(x)al (2))]a ST (x) — O(1(x)) BT

~—

+1(y)al(x))]a = [T(2),0(I(x)al (y) + I(y)ad

I(y))]aBO(I(z)od (x))

~—

20(1(z)ad (x))B[T (), (I (y))la + 2[T'(x), 0
+A[T (), 0(1(x))]a SO (y)al (x)) + 40(1(x)) 5

T(x),0(1(y))]act(I(x))
y))? H(I(CL‘)O(I(I))]Q

~—

+40(1(z)al (y)) BT (2), 0(1(x))]o + T(x)B[0(1

—~

~—

—~

~—

—

~—~—

— ~

~—

~—

~

~—

~—

~

Hence, we have

O(I ()l (2))B[T (), 0(I(y))]a + [T(x), 0(1(y))]s0(I (x)al(x))

+3[T(2), 0(1(2))]aBO(L(y)ad (2)) + 30(I(x)al (y)) B[T (), (1 (x))]a
+20(1(x))B[T (), 0(1(y))]aab(I(x)) + T(z)B[0(I(y)), 01 (x)al ())]a

+0(I(y), 0(I(x)al (2))]a ST (x) = O(1(x))B[T (x), 0(1(x))]aa(I(y))

—0(I(y))B[T (), 0(I(x))]ab(I(x))-

(21)
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Replacing y by zvyy, we have

0 = 0((x)al(x))B[T(x), 0(I(y)yI(x))]

+[T (@), 0L (y)yI (2))]a fO(I(x)al (x))
+3[T(2), 0(I())]a SO (y)yI(x)al(x))
+30(1(z)al (y)yI(2))B[T (x), 0(1(x))]a
+20(1(2))BIT (2), 0(1(y)yI(x))]acb(
+T(2)B[0(L(y)y (), 0(1(z)d (x))
+HOU(Y)yI(2)), 6(I(x)al(2))]a AT (z)

—0(1(x))B[T (x), 0(1(x))]a (I (y) Y1 (x))
—0(I(y)y ()BT (), 0(I(2))]ab(I(x))

«

T ol

Ja

T

This can be written as (also using assumption (A))

0 = 0((x)al(2))B[T(x), 0(1(y))]ar(I(z))
+O(I(x)ad (2)v1(y)) BT (), 6(1(x))]a
+[T(2), 0(1(y)]a B (x)ad () VI (2)

+0(I(y)BIT (x), 0(1(x))]avO(I (x)l ()

+3[T (), 0(1(2))]a SO (y)y I (z)al (x))

1(2))B[T (z),0(1(z))]a

)
(

+30(I(x)ad (y)y

+20(1(2))B[T (x), 0(1(y))arb(I(x)al(x))

+20(1(x)al(y))BIT (x), 0(1(x))]ar0(I(x))

+T(2)B0(1(y)), 0(I(x)al (2))]ar0(I())

+O(I(y)), 01 (x)ad (2))]av0(I (2)) BT ()
(L(2))BIT (), 0 (x))]arb(L(y)I (x))
0(I(y)al (2))BIT (), 0(1(x))]a0(I(x))

In view of (18) and (20), we have

0 = 0(I(x)al(z))BT(z),0(I(y)]ar0I(x))
+O(I(z)al(x)y1(y))BIT (), 0(1(x))]a
+[T(2), 0L (Y))a SO (x)al (x) 71 (2))

3[T (), 0(1(2))la BO(I(y)yI(x)al (2))

(I(x)al (y)yI(x) BT (x), 0(1(x))]a
+20(1(x))B[T (x), 0(1(y)]ar0(I (x)l ()
(I(z)al ()BT (x), (1 (x))]av0(I (2))

_|_

~

), 0 (z)l ())]ar8(I(z))
(@)l (x))]ar0(I(x)) BT (x)
—0(1(2))B[T (x), 0(1(x))] a0 (y)l ().

~—

I(z))

27
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Right multiplication of (21) by v8(I(x)) gives

0 = (() (w))ﬁ[T(w)ﬁ

0 = 0(I(z)al(x)vI(y))B[T(x),0(I(2))]a
+30(1(x)vI 0(1(x)), [T (x), 0(I(x))]a o
+20(I ()1 L O(I())]aab(I(x))

JaBIO(I(2)), T ()]

Further in view of (19) this yields

0 = 20(I(z)od(z)vI(y))BIT (x),0(I(x))]a

+30(I(x)yI(y)ad () B[T (), 0(1(x))]a
—0(I(2)71(y))B[T (), 6(I(x))]acb(I(x))

In view of Lemma 2.7, the above relation yields that

0 = 0U(z)al(z)vI(y))B[T(x),0(I(x))]a
+20(1(z)v1(y)ed (2))B[T (x), 0(I(x))]a

Further application of Lemma 2.7, (18), (19), (20) together with Lemma 2.5 yields that

0 = 0(I(z)ad (z)y1(y)BIT (x), 0(I(x))]a-

Hence combining (24) and (25) and by 2-torsion freeness of M, we have

O(I(x)vI(y)ed (2)) [T (x), 0(I(x))]a =0

Now put y = I(y), we have

O(I(x)yyal (x))B[T (), 0(I(z))]a =0

(23)

(24)

(25)

Now replacing 0(y) by [T(x),0(I(x))]aaf(y) in the later expression, we have (also using as-

sumption (A))

0(1(x))a[T (2), 0(1(x))]a0(y)B0(1(x)) [T (x), 0(1(x))]a
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As 6 is an endomorphism, the semiprimeness of M gives

0(I(x))a[T (), 0(I(z))]a =0 (26)
and hence in view of Lemma 2.7, we can write

[T'(x),0(1(x))]acd(I(x)) = 0. (27)

Linearizing (26) and using (27), we get

Putting in the above relation —x for x and comparing the relation so obtained with the above

we get,

0 =0(I(z))alT(x),0(I(y))]a + O(I(x)a[T(y), 0(I(2))]a
+0(1(y)a[T (x),0(1(x))]a

Now, multiply the above relation by [T'(x),0(I(z))]oc from left and use (27), we have

This follows that,

Combining (28) with our hypothesis, we get

T(xazx) =T(x)ab(I(x))forally € M
and

T(xazx) =0((x))aT(x)forallt € M

This means that T is a left and right Jordan #—centralizer. This complete the proof of our

theorem. O

Corollary 2.1 Suppose that M be a 2-torsion free semiprime I'-ring with involution I and

satisfying the assumption(A). If T : M — M be an additive mapping such that
2T (zax) =T (x)al(x)+ I(z)aT(x)

holds for all x € M and o € T, then T is a Jordan centralizer with involution I.
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Abstract: The purpose of the present paper is to find the necessary and sufficient conditions
under which a first approximate exponential change of Finsler metric becomes a Projective
change. The condition under which a first approximate exponential change of Finsler metric
of Douglas space becomes a Douglas space have been also found. The exponential change of

Finler metric has been studied [1].
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§1. Introduction

Let F* = (M",L) is a Finsler space, where L is Finsler function of z and y = & and M"
is n-dimensional smooth manifold. In the paper [1] exponential change of Finler metric, i.e.
Finlsr metric L changed to Le®/L represented by L where § = b;(z) %" is one form defined on

the manifold M"™. The exponential change of Finsler metric is represented as

- BB\, 1B\ 1(B\"
L:L{1+Z+§(E> +§(E) +E(f) +} for |8] < |L].

Neglecting powers of 3 higher than 2, L approximates to L 4 3 + %, which will be called first
approximate exponential change of Finler metric L. That is,
2

IZL—FB-FE (1.1)

Then Finsler space F'' = (M™,T) is said to be obtained from Finsler space F" = (M™, L)
by first approximate exponential change. The quantities corresponding to F" is denoted by
putting bar on those quantities.

Some basic tensor of F = (M™, L) are given as follows:

1 0%L? oL
gij:im’ llZ 8y1 ZLl and hij:gij—lilj,
where g;; is fundamental metric tensor, /; is normalized element of support and h;; is angular
metric tensor.

1Received September 9, 2013, Accepted November 18, 2013.
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Partial derivative with respect to 2° and y* will be denoted as 8; and ; respectively and

derivatives are written as

oL 2L o°L

oyt T Oyd oyt an ik OyF OyI Oy’

(1.2)

The equation of geodesic of a Finsler space [2] is

d*z ; dx
e a6 (s ) 0.

where G? is positively homogeneous function of degree two in y* and is given by
i gij ra. 2 T2
2G" = 7(y 0;0,L* — 0;L%).
Berwald connection BT = (G%,, G},0) of Finsler space F"* = (M™, L) is given by [2]

. OG! , oG"
Gi = —, G = —2L.
Ay’ T oyk
Cartan connection CT = (F ;k, G;, C;k) is constructed from L with the help of following
axioms [3]:
1
2

(
(
(3
(
(®

) Cartan connection CT' is v-metrical;

) Cartan connection CT" is h-metrical;

) The (v)v torsion tensor field S! of Cartan connection vanishes;
4) The (h)h torsion tensor field T of Cartan connection vanishes;
) The deflection Tensor field D of Cartan connection vanishes,

Denote the h and v-covariant derivative with respect to Cartan connection by |5 and |g.

Let
G'=G'+ D, (1.3)
where D’ is difference tensor homogeneous function of second degree in y*. Then G; = G;- —i—D;-,

oD! .
ij = ij + Djk, where D} = 81}] and D;k = g+ are homogeneous function of degree 1 and

0 in y* respectively.

§2. Difference Tensor DJ

From (1.1) and (1.2) we have,

D

w)
L;; p Lib; + L;b 1bb 2.2
ij 2L2 L;L; — ﬁ(ij‘f'ji)‘i‘zija (2.2)
2

2
Lijk = <1 2i2>Lka + f/g (ngLk + deL + LJk}L ) 52 (LZka + szb + Lgkb )
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2 2
+L—€(LiLJ—bk + LiLibs + LiLibi) = 75 (Libjbe + Lybibi + Libgbi) - 54 LiL;iLy,  (2.3)
0,T; = (1 - 6—2>3‘L‘ + B (BL - Lbo,L + L (Lb, - L0, B + (1 + ﬁ)a‘b» (2.4)
j i = o2 |Yivi I3 i )05 72 i i)0j 7, ) %% .
+ g B 352 25 1,
1 p 26 p
<L2 (Libj + Ljb) + 5Ly ﬁLiLj)akﬁ + 75 (BLi — Lb)aL L,
3 1 1
Now in ' and F™ we have
Zij\k =0= 8kzij — Zijraz — ZirF;k — erF:k = O, (26)
Lij\k =0= 6kLij — Lierz — LirF;k — LjT‘FZ;c =0, (27)

G,=Gy+D; and F, =F+D}

Putting the value from (2.2), (2.3), (2.5) and (2.7) in (2.6) and contract the resulting equation
by y*, we have

1 2 1
{ﬁ(l/ibj + Ljbi) + %sz - ﬁL L; }7“00 = 72 (Lbi = BLi)(rjo + 550)
1 T r T r T T
— 7z (Lbj = BLj)(rio + si0) + 2Lijy D" + Lip D + Ly DY = 0, (2.8)

where ‘0’ denotes contraction with y*.

Now deal with following equations in F" and F"
Lijj=0= 9L — Zirag - ZTF; =0, (2.9)
Ly; =0= 0jLi — LixG} — L, F; = 0. (2.10)
Putting the value from (2.1), (2.2), (2.4) and (2.10) in (2.9), we have

1
(1 + %)bw = Lir Dj + Lo Df + 75 (BLi = Lbi)(rjo + sj0)- (2.11)
Since
2rij = bifj + bjji, (2.12)

therefore putting the value from (2.11) in (2.12), we have

6 T r T r *T 1
2(1+Z Tij = LirDj +Leri —|—2L D +—(ﬁL Lb )(Tj0+5j0)+ﬁ(6Lj_Lbj)(Ti0+5iO)-
(2.13)
Subtract (2.8) from (2.13) and contract the resulting equation by y’y’, we get

3 . B r_ 1 g
(1 - m)LTD + <1 + E)bTD =5 <1 + E)Too- (2.14)
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Since
therefore putting the value from (2.11) in (2.15), we have
p . |
2(1 + Z Sij = L“«Dj — Leri + ﬁ(ﬁLZ - Lbi)(TjO + SjO)
1
_ﬁ(ﬁLj — Lb;)(ri0 + Si0)- (2.16)
Subtract (2.8) from (2.16) and contract the resulting equation by 37b?, we have
B{36% — 2(1 + v*)L*}L,.D" — L{36% — 2(1 + v*)L*}b, D"
= L{2L*(B + L)so + roo(L*0* — %)}, (2.17)

Solution of algebraic equation (2.14) and (2.17) is given by

_ 2L%(2L% — B*)(B + L)so + {(L*0* — 8%)(8% + 2BL + 2L?) + B(B + L)(2L? — ) }roo

6D 2(82 + 28L + 2L2){2(1 + b2) L% — 332}
(2.18)
r_ LB+ D){(2L? — 3*)roo — 4L*(B + L)so}
L.D" = (2.19)
2(8%2 +26L +2L2)(2(1 + b%)L? — 35?)
Subtract (2.8) from (2.16) and contract the resulting equation by 37, we have
/8 1 T r

Putting the value from (2.2) in (2.20) using LL;. = ¢i — L;L,, L; = l; and contracting the
resulting equation by g%, we have

o 2B 5 2RI = e — ALX(P+ Liso} [ (2L° = 3°L — 265%)

TR T TR @) 21+ )12 — 35} | LA + 26L + 2L7)

y + V.
(2.21)

Proposition 2.1 Difference tensor of first approximate exponential change of Finsler metric

L is given by equations (2.21).

83. Projective Change of Finsler Metric

Definition 3.1([4]) A Finsler space F is called projective to Finsler space F™ if there is
geodesics correspond between F" and F™. That is, L — L is projective if G =G+ P(x,y)yt,

where P(z,y) is called projective factor, this is homogeneous scalar function of degree one in

X2

Y.
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Putting D/ = Py’ in equation (2.21), where P is projective factor and contracting the

resulting equation by y;, we have

(B4 L){(2L? — 3*)roo —4L*(6+ L)so}

P = . 1
(8% +2BL +2L2){2(1 + b?)L2 — 32} (3:1)
Putting D/ = Py’ in equation (2.21) the value from (3.1) in (2.21), we get
2_ g2 472 ‘ ‘ 2 ‘
2{(2L ﬁ )7'00 4L (ﬁ"i_L)SO} (ﬁyg _ L2b]) — 2L (ﬁ"i_L) S%. (3'2)
(212 = B2){2(1 + b) L2 — 3732} (2L? - 3?)
Contracting (3.2) by b;, we have
2L%(B+ L)
r00 = m S0- (33)
Putting the value from (3.3) in (3.1), we have
2L3(L 2
j (L +5) so. (3.4)

(8% — L2b*){ (52 + 2BL + 2L%)}
Eliminating P and rgp from (3.4), (3.3) and (2.21), we have

. . ﬁ . L280
Equation (3.3)and (3.5) are necessary condition for first approximate exponential change of

Finsler metric to be projective.
Conversely, if condition (3.3)and (3.5) are satisfied, then put these value in (2.21), we have

2L2(L + B)2

DI =
(8% — L?2b?)(B?% + 26L + 2L?)

soy’ = Py,
That is F is projective to F'™.

Theorem 3.1 The first approximate exponential change of Finsler space is projective iff equa-

tion (3.3) and (8.5) are satisfied and then projective factor P is given by P = (ﬁLL%E)L;((ﬁL;ﬁQgLHm)} 50-

84. Douglas Space

Definition 4.1([5]) A Finsler space F™ is called Douglas space if G'y’ — G7y® is homogeneous

polynomial of degree three in y*. In brief, homogeneous polynomial of degree v in y* is denoted

by hp(r).

If we denote
BY = Dyl — DIy’ (4.1)

from equation (2.21), we have

_ 2L%{(2L2 — B*)roo — 4L*(B + L)so}

Bii 2L%(B+ L)
(202 - 32){2(1 + b2)L2 — 332}

(b'y? —by") + Q2= ) (shy’ — shy').  (4.2)
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From (4.2), we see that B% is hp(3).

That is, if Douglas space is transformed to be Douglas space by first approximate expo-
nential change of Finsler metric, then B% is hp(3) and if B is hp(3) then Douglas space
transformed by first approximate exponential change is Douglas space.

Theorem 4.1 The first approximate exponential change of Douglas space is Douglas space iff
B given by (4.2) is hp(3).

References

[1] H.S.Shukla, B.N.Prasad, O.P.Pandey, paper tittle? Int. J. Contemp. Math. Sciences, 7
(2012), no. 46, 2253 - 2263.

[2] Ioan Bucataru, R.Miron, Finsler-Lagrange geometry-Application to dynamical system, Pub-
lisher? July 2007.

[3] M.Matsumoto, Foundation of Finsler Geometry and Special Finsler Space, Publisher?
1982.

[4] M.Matsumoto, Theory of Finsler space with («, 3)—metric, Rep. Math. Phy., 31 (1992),
43-83.

[5] M.Matsumoto, Finsler space with («, 3)—metric of Douglas type, Tensor N. S., 60 (1998),
123-134.



International J.Math. Combin. Vol.4(2013), 37-48

Difference Cordiality of Some Derived Graphs

R.Ponraj and S.Sathish Narayanan

(Department of Mathematics, Sri Paramakalyani College, Alwarkurichi-627412, India)

E-mail: ponrajmaths@gmail.com, sathishrvss@gmail.com

Abstract: Let G be a (p,q) graph. Let f: V(G) — {1,2...,p} be a function. For each
edge uv, assign the label |f (u) — f (v)|. fis called a difference cordial labeling if f is a one to
one map and |er (0) — ef (1)| < 1 where ef (1) and ey (0) denote the number of edges labeled
with 1 and not labeled with 1 respectively. A graph with a difference cordial labeling is
called a difference cordial graph. In this paper we investigate the difference cordial labeling

behavior of Splitting, Degree splitting and Shadow graph of some standard graphs.
Key Words: Splitting graph, degree splitting graph, shadow graph, corona.
AMS(2010): 05C78

§1. Introduction

Let G = (V,E) be (p,q) graph. Throughout this paper we have considered only simple and
undirected graphs. The number of vertices of G is called the order of G and the number of edges
of G is called the size G. Graph labeling is an assignment of integers to the vertices or edges,
or both, subject to certain conditions. Graph labeling plays an important role of various fields
of science and few of them are astronomy, coding theory, x-ray crystallography, radar, circuit
design, communication network addressing, database management, secret sharing schemes, and
models for constraint programming over finite domains [4]. The graph labeling problem was
introduced by Rosa and he has introduced graceful labeling of graphs [21] in the year 1967. In
1980, Cahit [2] introduced the Cordial labeling of graphs. Kuo, Chang, and Kwong [8], Youssef
[25], Liu and Zhu [10], Kirchherr [7], Ho, Lee, and Shee [6], Riskin [20], Seoud and Abdel
Maqusoud [23], Diab [3], Lee and Liu [9], Andar, Boxwala, and Limaye [1], Vaidya, Ghodasara,
Srivastav, and Kaneria [24] were worked in cordial labeling. Ponraj et al. introduced k-product
cordial labeling [17], k-total product cordial labeling [18] recently. Inspiration of the above
work, R. Ponraj, S. Sathish Narayanan and R. Kala introduced difference cordial labeling of
graphs [11]. Let G be a (p,q) graph. Let f be a map from V (G) to {1,2...p}. For each
edge wwv, assign the label |f(u) — f(v)]. f is called difference cordial labeling if f is 1 — 1
and |e; (0) — ey (1)] < 1 where es (1) and ef (0) denote the number of edges labeled with 1
and not labeled with 1 respectively. A graph with a difference cordial labeling is called a

1Received June 28, 2013, Accepted November 20, 2013.
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difference cordial graph. In [11]-[16] difference cordial labeling behavior of several graphs like
path, cycle, complete graph, complete bipartite graph, bistar, wheel, web, grid, prism, book and
some more standard graphs have been investigated. In this paper, we investigate the difference
cordial labeling behavior of some derived graphs like splitting graph, Degree splitting graph
and shadow graphs. Let x be any real number. Then the symbol |z| stands for the largest
integer less than or equal to = and [z] stands for the smallest integer greater than or equal to

2. Terms and definitions not defined here are used in the sense of Harary [5].

§2. Splitting Graphs

A splitting graph of a graph was introduced by E.Sampath Kumar and H.B.Waliker [22]. For
a graph G, the splitting graph of G, s (G), is obtained from G by adding for each vertex v of
G anew vertex v’ so that v’ is adjacent to every vertex that is adjacent to v. Note that if G is
a (p,q) graph then s’ (@) is a (2p, 3q) graph.

Theorem 2.1 S (P,) is difference cordial.

Proof Let P, : ujus...uy, be the path. Let V (Sl (Pn)) ={v;:1<i<n}UV(PR,) and
E (s

’

(Pn)) =F (Pn) U {uivi+1,viui+1 1< <n— 1}
Case 1 n is odd.

Define amap f: V (S, (Pn)) —{1,2...2n} by

f(ugi—1) = 4i—1, 1<i< n;lJ,
flug) = 4i—2, 1<i< _ng

flogi) = 4i—3, 1<i< g 7

fvoi—1) = 4, 1<i< nglJ ,
fun) = 2n. )

Obviously, the above labeling is a difference cordial labeling of S" (P,).

Case 2 n is even.

-1
Assign the label to vertices ug;_1, v9;, 1 < i < {nTJ, Ui, 1 <1 < {gJ, V91, 1 <1<
n . . 3n—4
{51) as in Case 1 and then define f (un—1) = 2n and f (v,) = 2n — 1. Since ef (0) = 5
3n—2 /
and ey (1) = nT, f is a difference cordial labeling of S (P,). O

Theorem 2.2 S (C,,) is difference cordial.

Proof Let C, : ujus - --u,u; be a cycle. Let V (Sl (Cn)) =V (Cp)U{v;: 1 <i<n}and
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E (S (Cn)) = {uivi-l-l(mod n)’viui—i-l(mod n) 1< < n} U E(On)
Case 1 n is odd.

Let f be a difference cordial defined in Case 1 of Theorem 2.1. Defineamap g : V (S’/ (Cn)> —
{1,2...2n} by

gu) = flu), 1<i<n-—1,
g) = f(u), 1<i<n-—1,
g (’Un) = f (un) )

Since ey (0) = dntl and ef (1) = 3n — 1, g is a difference cordial labeling of s (Ch).

Case 2 n is even.
Let f be a difference cordial labeling defined in Case 2 of Theorem 2.1. Define a map
h:V(SI (Cn)) —{1,2...2n} by
h(ui) = f(uw) ViEn-—1
h(vi) = f(u) Vi#Fn-1

h(un-1) = f(un), h(vy) = f(un—1). Since ef (0) = ey (1) = 32, h is a difference cordial
labeling of S" (Cp,). O

The corona of G with H, G ® H is the graph obtained by taking one copy of G and p
copies of H and joining the i*" vertex of G with an edge to every vertex in the i*" copy of H.
The graph P, ® K is called a comb.

Theorem 2.3 S (P, ® K,) is difference cordial.

Proof Let u; (1<i<n) be the vertex corresponding to wu; (1 <i<n) and v;
(1 <i < n) be the vertex corresponding tov; (1 <4 < n). Defineamap f: V (Sl (P, ® Kl)) —

(1,2...4n} by f(u) = 3, f(u’l) —1,

f(u;+1 = 3i+3 1<i<n-1
fwi) = 3i—-1 1<i<n

3n+1 1<i<n

10
Since ef (0) = 3n — 2 and e; (1) = 3n — 1, f is a difference cordial labeling of S (P, ® K;). O

Theorem 2.4([11]) If G is a (p,q) difference cordial graph, then q¢ < 2p — 1.

The graph W,, = C), + K7 is called a wheel.

Theorem 2.5 S (W,,) is not difference cordial.
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Proof Clearly, the number of vertices and edges in .S ' (W,,) are 2n + 2 and 6n respectively.
By Theorem 2.4, 6n < 2(2n+2) — 1 < 4n — 3. This is impossible. O

Theorem 2.6([11]) Any Path is a difference cordial graph.
Theorem 2.7 S’ (K1.n) is difference cordial iff n < 3.

Proof Since s (K11) 2 Py, by theorem 2.6, s (K1 1) is difference cordial. The difference
cordial labeling of S" (K 2) and S" (K} 3) is shown in Figure 1.

Figure 1

Suppose f is a difference cordial labeling of K;, with n > 3. Clearly, ef (1) < 4. Then
er (0) > ¢ —4 > 3n — 4. This implies, ef (0) — ey (1) > 3n — 8 > 1, a contradiction. O

Theorem 2.8 S (K,,) is not difference cordial.

Proof The order and size of S (K,,) are 2n and Sn(n—1)
3n(n—1)
2

The graph C), x P; is called prism.

respectively. By Theorem 2.4,

< 2(2n) — 1. This implies 2 < 5n2 + 3n. Hence, S’ (K,,) is not difference cordial.O

Theorem 2.9 S (C,, x Py) is not difference cordial.

Proof The order and size of s (Cp, x Py) are 4n and 9n respectively. By Theorem 2.4,
9n <2(4n) — 1. = n < —1. This is impossible. |

The helm H,, is the graph obtained from a wheel by attaching a pendant edge at each
vertex of the n-cycle. A flower Fl,, is the graph obtained from a helm by joining each pendant

vertex to the central vertex of the helm.

Theorem 2.10 A splitting graph of a flower graph is not difference cordial.

Proof The number of vertices and edges in the splitting graph of a flower graph are 4n + 2
and 12n respectively. By theorem 2.4, 12n < 2 (4n+2) — 1. This implies 4n < 3. This is

impossible. O
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83. Degree Splitting Graphs

The concept of Degree splitting graph was introduced by R.Ponraj and S.Somasundaram in
[19]. Let G = (V, E) be a graph with V' = S;USaU---US, UT where each S; is a set of vertices

t

having at least two vertices and having the same degree and T =V — |J S;. The Degree
i=1

Splitting graph of G' denoted by DS (G) is obtained from G by adding vertices wy,ws ..., ws

and joining w; to each vertex of Si (1 <i <t).

Theorem 3.1 DS (P,) is difference cordial.

Proof Let P, be the path ujug ... u,. Let V(DS (P,)) =V (P,)U{u,v} and E (DS (P,)) =
{vu; : 2 <i <n—1}U{uur,vu,}. Define f : V(DS (P,)) — {1,2...n+2} by f (u;) =4, 1<
i<n, f(v)=n+1, f(u) =n+2. Since ef (1) =n, ef (0) =n — 1, f is a difference cordial
labeling of DS (P,,). m

Theorem 3.2([11]) The wheel W, is difference cordial.

Theorem 3.3 DS (C,) is difference cordial.

Proof Since DS (C),) = W, the proof follows from Theorem 3.2. m

Theorem 3.4([11]) K, is difference cordial iff n < 4.
Theorem 3.5 DS (K,,) is difference cordial iff n < 3.

Proof Since DS (K,,) = K, +1, the proof follows from Theorem 3.4. O

Theorem 3.6([11]) Ko, is difference cordial iff n < 4.
Theorem 3.7 DS (K1) is difference cordial iff n < 4.

Proof Since DS (K1) = Ks 5, the proof follows from Theorem 3.6. O
Theorem 3.8 DS (W,,) is difference cordial iff n = 3.

Proof The difference cordial labeling of DS (W3) is given in figure 2.

Figure 2

Suppose DS (W,,) is difference cordial, then by Theorem 2.4, 3n < 2 (n + 2) — 1. This implies
n = 3. |
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Theorem 3.9 DS (K¢ + 2K5) is difference cordial iff n = 1.

Proof The order and size of DS (K + 2K>) are n + 6 and 5n + 6 respectively. Suppose
DS (K¢ + 2K3) is difference cordial, then by theorem 2.4, 5n + 6 < 2 (n + 6) — 1. This is true
when n = 1. The difference cordial labeling of DS (K{ + 2K3) is given in Figure 3.

6
1 5
3
2 4
Figure 3
This completes the proof. O

Theorem 3.10 DS (K3 + mK;) is difference cordial iff n < 3.

Proof The graph DS (K3 + mK7) consists of m + 4 vertices and 3m + 3 edges. Since
DS (K3 + K1) & W3, using Theorem 3.2, DS (K3 + K) is difference cordial. the difference
cordial labeling of DS (K3 + 2K7) and DS (K3 + 3K;) are given in Figure 4.

1

Figure 4

Suppose DS (K3 + mK7) is difference cordial, then by theorem 2.4, 3m +3 < 2(m+4) — 1.
=m < 4. Whenm =4, e; (0) > 44+3+2>9. Obviously, ey (1) < 7. Hence ey (0)—e; (1) > 2.
This implies DS (K2 + mK3) is not difference cordial. |

Theorem 3.11 DS (K, ) is difference cordial iff n < 2.

Proof The order and size of DS (K, ) are 2n + 1 and n? + 2n respectively. Suppose
DS (K, ) is difference cordial, then by theorem 2.4, n?+2n <2 (2n +1)—1, = n?-2n—1 < 0.
=n < 2. Since DS (K1,1) = K3, DS (K3,2) = Wy, using Theorems 3.2 and 3.4, DS (K7 ,1) and
DS (K,2) are difference cordial. O
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The triangular snake T}, is obtained from the path P, by replacing each edge of the path
by a triangle Cj.

Theorem 3.12 DS (T),) is difference cordial iff n < 5.

Proof Clearly, the order and size of DS (T},) (n > 3) are 2n + 1 and 5n — 4 respectively.
By Theorem 2.4, 5n — 4 < 2(2n+4 1) — 1. This implies n < 5. Since DS (T3) = W3, using
theorem 3.2, DS (T») is difference cordial. The difference cordial labeling of DS (T3), DS (T4)
and DS (T5) are given in Figure 5.

1 3
Figure 5
This completes the proof. O

The Quadrilateral snake @Q,, is obtained from the path P, by replacing each edge of the
path by a cycle Cy.

Theorem 3.13 DS (Qy,) is difference cordial iff n < 5.

Proof The difference cordial labeling of DS (Q,) (n < 5) is given in Figure 6.

The number of vertices and edges in DS (Q,,) are 3n and 7n — 6 respectively. Suppose
DS (Q,) is difference cordial, then by Theorem 2.4, Tn — 6 < 2 (3n) — 1. This implies n < 5.0

The sunflower graph S, is obtained by taking a wheel with central vertex vy and the cycle
Ch V103 ... vv1 and new vertices wyws . .. w, where w; is joined by vertices v;, Uz‘+1(mod n)"
The Lotus inside a circle LC,, is a graph obtained from the cycle C,, : ujus ... upu; and a
star K, with central vertex o and the end vertices V1V ...

v, by joining each v; to u; and Uit1(mod n)-
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Figure 6

Theorem 3.14 The following are not difference cordial: DS (S,), DS (LC,,) and DS (Fl,).

Proof Since the order and size of the graphs given above are 2n + 3 and 6n respectively.
Suppose the graphs given above are difference cordial, then using theorem 2.4, 6n < 2 (2n + 3)—
1. This implies 2n < 5, a contradiction. O

The graph L, = P, x P5 is called ladder.

Theorem 3.15 DS (L) is difference cordial iff n <5.

Proof Since DS (Lz) & Wy, by theorem 3.2, DS (L) is difference cordial. For n > 3,
V(DS (Lyp)) = {ui,v; : 1 <i<n}U{u,v}and E (DS (Ly)) = {witiz1,vvi41 : 1 <i <n—1}U
{uiv; : 1 <i <n}U{uy,uv; 0 2 <i <n—1} U {vuy,vvy, vuy, vo, }. The difference cordial la-
beling of DS (L,,) is given in Table 1.

nlu| v |u |u2 | us | ug | us | v1 | v2 | V3 | Vg | Us
3141 8 1 ) 6 2 3 7
41510 1 4 7 8 2 3 6 |9
5|7

12 ] 1 4 5) (11|12 (3|6 |9 |10

Table 1:

Conversely, Suppose f is a difference cordial labeling, then by Theorem 2.4, 5n — 2 <
2(2n+2)—1,=n<5. m|

Theorem 3.16 If m +n > 8 then DS (By,,) (m # n) is not difference cordial.

Proof Clearly, the order and size of DS (B, ) are m+n+ 3 and 2m+ 2n+ 1 respectively.
Obviously, ef (1) < m+m+2. Also we observe that e (0) > m4+n—2+m—14+n—2 > 2m+2n—>5.
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=e;(0)—es (1) >m+n—7— (1). Suppose DS (B, ) is difference cordial with m+n > 8,
then a contradiction arises to (1). O

Theorem 3.17 DS (B, ) is difference cordial iff n < 2.

Proof The order and size of DS (B,) are 2n + 4 and 4n + 3 respectively. Clearly
ef(0)>2n—24+n+n—12>4n—3. Also ef (1) < 2n+ 3. Then e (0) —ef (1) > 2n — 6. It
follows that n < 3. when n = 3, e; (1) < 6. This implies DS (Bs3) is not difference cordial.
DS (B1,1) &2 DS (Py), using Theorem 3.1, DS (Bj 1) is difference cordial. The difference cordial
labeling of DS (Ba,2) is given in Figure 7.

Figure 7

This completes the proof. O

Theorem 3.18 DS (By,,) is difference cordial iff n < 4.

Proof DS (B1,,) consists of n + 4 vertices and 2n + 3 edges. Note that e (1) < 5. Then
ef(0) >g—5>2n—-2. = ef(0) —er(1) > 2n — 7. It follows that n < 4. By Theorem
3.17, DS (By 1) is difference cordial. The difference cordial labeling of DS (Bj2), DS (Bi,3)
and DS (Bi,4) are given in Figure 8.

3 3
5 7
6
1 6 1 5
2 42 4
3

8

7

1 5 6

9 4

Figure 8
This completes the proof. O

Theorem 3.19 DS (Bs,,) is difference cordial iff n < 4.

Proof The order and size of DS (Bs,,,) are n+ 5 and 2n + 5 respectively. It is clear that
er (1) <6. Then ef (0) > g¢— 6 > 2n — 1. Hence ey (0) — ey (1) > 2n — 7. This implies n < 4.
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Using theorems 3.18, 3.17, DS (Bs,1) and DS (Bs 2) are difference cordial. The difference cordial
labeling of DS (Bs,3) and DS (Bs 4) are given in Figure 9.

4

A 9

L 8 1 8
7 7

2 6 2 6
5 3 5
Figure 9
This completes the proof. O

Theorem 3.20 DS (Bs,,) is difference cordial iff n < 2.

Proof The number of vertices and edges in DS (B3 ,,) are n + 6 and 2n + 7 respectively.
obviously e; (1) < 6. = e (0) > ¢ — 6 > 2n+ 1. Therefore ef (0) — ey (1) > 2n — 5 — (1).
Suppose n > 3 then a contradiction arises to (1). By Theorem 3.17, DS (B3 3) is not difference
cordial. Using theorems 3.18, 3.19, DS (Bs 1) and DS (B3 2) are difference cordial. m

84. Shadow Graphs

The shadow graph D (G) of a connected graph G is constructed by taking two copies of G, G

and G and joining each vertex v in G to the neighbors of the corresponding vertex v in G

Theorem 4.1 Let G be a (p,q) graph with ¢ > p. Then Dy (G) is not difference cordial.

Proof Suppose G is a difference cordial graph with ¢ > p. Clearly, D2 (G) consists of
2p vertices and 4¢q edges. By Theorem 2.4, 4¢g < 2(2p) — 1. This implies 4¢ < 4¢ — 1, a

contradiction. O

Theorem 4.2 D5 (P,) is difference cordial.

Proof Let V (D2 (P,)) = {ui,v; : 1 <i<n} and E (D2 (P,))

= {UiUit1, V041 : 1 <3 <
n—1}U{uvip1,vu541 0 1 <i<n—1}. Define amap f:V (Dy(P,))

—{1,2...2n} by

flu)) = 4 1<i<n
flvi)) = n+i 1<i<n.
Since ey (0) = ey (1) =2n — 2, f is a difference cordial labeling of Dy (P,). O

Theorem 4.3([11]) Any Cycle is a difference cordial graph.
Theorem 4.4 D5 (K,,) is difference cordial iff n < 2.

Proof The order and size of Dy (K,) are 2n and 2(}) + n(n — 1) respectively. Suppose
D, (K,,) is difference cordial. By Theorem 2.4, 2(3) + n(n—1) < 2(2n) — 1. This implies,
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2n2? —6n + 1 < 0. It follows that, n < 2. Since Ds (K3) = Cy, using Theorem 4.3, Do (K3) is
difference cordial. O

Theorem 4.5 Ds (K7 ) is difference cordial iff m < 2.

Proof The order and size of Ds (K7 ,,,) are 2m + 2 and 4m respectively. Clearly, ey (1) <
2m+1. let v be the central vertex of K ,,, and v’ be the corresponding shadow vertex. Note that
the degree of v and v’ in Dy (K1 ) are 2m. Therefore, e; (0) > (2m — 2) + (2m — 2) > 4m — 4.
Hence, ef (0) — ef (1) > 2m — 3. This implies, m < 2. Since Dy (K1,1) = C4, by Theorem 4.3,
Dy (K1) is difference cordial. A difference cordial labeling of Dy (K7 2) is given in Figure 10.

3 6
2 5
1 4
Figure 10
This completes the proof. O
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Abstract: In the present paper, first we describe the orthogonality relations between
denominator polynomials of [n—1/n] Pade approximants and related power series expansion;
next we derive a continued fraction expansion called regular C-fraction for Euler’s generating
function of factorials and finally four orthogonal polynomials are extracted from numerator
as well as denominator polynomials of both even and odd order convergents of the regular
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§1. Introduction

There is a very interesting literature [2-3] which interprets that [n — 1]/n order Pade approxi-
mants provides an orthogonality relation between its denominator polynomials and the power
series expansion. They are nothing but even order convergents [2-3,7,9] of a regular C-fraction
expansion of the power series expansion. The denominator polynomials transformed to monic
form are orthogonal polynomials with respect to a linear moment functional L : P — R from

h moment same as the coefficient of

the space of all polynomials over R into R which has n’
2™ in a known power series. According to Favard’s theorem [4-6,8] the necessary and sufficient

condition for orthogonality of P, (z) is to satisfy the following three term recurrence relation:

P_l(:v) = O, Po(l') = 1,
P,(z) :==(x — cp)Pp_1(x) = My Pr—2(x), n=1,2,3,4,--, (1)

where ¢,, ’s are real and )\, s are non-zero numbers. The orthogonality relation [5-6,8] is given
by
0, m #n;

1A2 " Antl, T =TN.

1Received September 16, 2013, Accepted November 24, 2013.
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Motivated strongly by the above works, in the present paper, four orthogonal polynomials
are extracted from numerator as well as denominator polynomials of both even and odd order
convergence of a regular C-fraction connected to Pade approximants for the Euler’s generating
function of factorials. In Section two, main results of Pade approximation, related continued
fractions and orthogonal polynomials are reviewed which will be useful in the next Sections.
In Section three, we derive a continued fraction expansion called regular C-fraction for Euler’s
generating function of factorials. In the last Section, we take the help of the regular C-fraction

expansion derived in the previous Section to compute four orthogonal polynomials.

§2. Main Results of Pade Approximation, Related Continued Fractions and
Orthogonal Polynomials

In this section, we review some results which are used for next Sections. We begin with the

definition of Pade approximants and a standard result.

1. A rational function

pémvn) 4 pgmwn) x +---4+ p%n"n) ™ Py%m"n) (JJ)
[m/n]f(‘r) = (m,n) (m,n) - (m,n)
L+ w gy an Qn " (2)

is said to be (m, n) order Pade approximants [2-3] for a formal power series

f@)=a+a x4+ Fay ™+,

if
(L+a™™ w+ g™ a™) X (ag+a1 2+ + apmyna™ ")
= (o™ A @ py T 2™) = O,
where qgm"n),p;m’") may or may not be zeroi =1,2,--- ,nand j=1,2,--- ,m.
The standard result [2-3] states that [m/n](x) exists and unique if and only if the n x n Hankel
determinant:
Am Am—1 ot Om—n+1
Q41 Qm, 0 Am—n+2
Hm.n - 7£ 0;
Am+n—1 Am+n—2 et A
where a; =0, if i <O0.
2. Let
P(nfl,n) z
n—1/n)f(z) = 2=t (@) be (n—1,n) Pade approximants for f(x).

gln—l,’ll) (x)
Then Q"1™ (z) satisfies

(n—1,n) +.-

Ontk + Gntk—1G, -+ ak+1q7(1n:11’n) +arg" ™ =0 (3)
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for k=0,1,2,---,n— 1. Put
1 n—1,n — -
qr(Ln—l,n) (I) _ xn@%n—l,n) <E) ="+ qg 1, )xn 1 et q7(ln l,n)'

For the power series
f@)=a+a x4+ +ay ™+,

define a linear moment generating function by
L¢(z") = an.
Then (3) simply states that
Lzt (z) =0, n=0,1,2,3,---,n— 1. (4)

Hence
Lo (@) g () =0, if m#n.

Therefore {gi" "™ (2)} forms monic orthogonal polynomial with respect to L.

3. Let
[n/n]f(x) = )~
be (n,n) Pade approximants for f(z). Then, we have
P (@)
Lt O 1/l @),
Qn " (2)
where f1(z) = a1+ asx+---+app12”+- - = M. Using item 2, {cjfln’") (x)} forms monic
x

orthogonal polynomial with respect to Ly, .
4. Let

(n+1,n) z
[+ 1/nls() = P<17>Ex§

be (n + 1,n) Pade approximants for f(z). Then, we have

PO ()

M = [n—1/nls, (x),

f(I) —ag — a1x ~(n+1,n)

where fa(z) = as +agx + -+ appr2” + - = . Using item 2, {Gn ()}

22
forms monic orthogonal polynomial with respect to Ly, .
P&m,n) (.I) )
5. Let [m/n]s(x) = (7)() be (m,n) order Pade approximants for f(x). Then
Qnm,n T

1 Q" ()
f@)  pimm ()

_ _P&”’”(x)]
[f” Q™ (x)

= O(z™ ).

)P @)] -
QU™ (x)
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Hence ()
nm,n (,T
P(m’n)( ) = [n/m]%(‘f)
T
6. Suppose
Co 1T CnT
) = — - pilaas
f@) I + 1 +.+1 +
Then [2-3]
i:c_o &: Co ﬁ:P2n—1+c2nP2n—2:[n_1/n] (JJ)
Q1 17 Q2 14+cz’ 7 Qo Qa1+ c2nQan—2 s

Pony1 Poptcant1Pona
Q2nt1 Q2n + c2nt1Q2n-1

= [n/n]s(2).

83. Derivation of Regular C-Fraction for Euler’s Generating Function of Factorials

The generating function for factorial numbers with its asymptotic relation

o] —t s
E(z) = / gt~ Z(—l)”n!x", as © — 0,
0

1+t o

was first studied by Euler [2]. It has a remarkable regular C-fraction expansion:
%) —t 1
/ cC _gt=- I
o 1+at 141+

s} tn—le—t 0 tne—t
Theorem 3.1 Let I5, 1 = ———dt and I, = ——dt, n=20,1,2,3,---

Then

(5)

—l8
|
|

+o+ 1+ 1 4

Ipo—1Ip 1 = wlay,
nly_ 1 —Iyp = naxlyi
and as a result I )
2n—-l 2 n—xI, n=1,23-,
Ion—2 1+ 1 4 nag2ett
2n
which readily gives
117/00 et dtfl r nr nT
IO_o 14+at 1 +1 214001 4+ 1 4
Proof We can show that
> 11 t tnfl _ t’n,fl —t
Iop 2 —I2p 1 = / A +at) le dt
0 (1+at)
- xIQn
Iop1 1
o 1+4naz—1i=

n Ion_1
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and
X d(tm et)
Iop—1 — I = —_
Tion—1 2n ‘/0 (1+It>n
= N 1‘]2n+1.
Ly 1
n Ian 1 1+n J:IZI"A
2n

For n = 1, also the identities hold:

7 1 I 1
1= 1 r A
I
Therefore I )
n-l o , n=123,---
Iop o I+ —
2n+1
1 Z2ntl
+nx Ton
Hence
I /OO et 1z nr nT -
Io_l o l+ut 1+1+1+..4 1 + 1 4+

84. Computation of Four Orthogonal Polynomials

Let us consider (5),
Ea)—1 © % ne ne
1+1+1+4 1 4+ 1 4.,
In the language of Pade approximants, the continued fraction provides diagonal Pade approxi-

mants [2-3] which are given by (please see item 6 of Section two)

A1 R A a+ax P Agpn P
B 1 Q((JO’O)’ Bs 142z lexl)’ "Bont1 lenvn)

and lower diagonal Pade approximants are given by (please see item 6 of Section 2)

AQ - 1 o Po(o’l) A4 - 14 3x - P1(172) A2n+2 o P,gn_l’")
By ld+a QD" By 1+dw+222 Q0 "Bontz Qb

Let us make use of definitions of even and odd parts of continued fraction as given in [9].

[n — 1/n] Pade approximants can be computed using the even part of continued fraction (5):

1 12 g2 n? z?
142 - 143z - .. 14+ 2n+ 1Dz _

)

we obtain even order convergents:

Aopio(x) (14 (2n+1)x)As,(x) — n%x? Agp_o(x)

Bonia(z) (14 (2n+ 1)z)Ban(x) — n?22Bayp—o(x)
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with A1 A 143
2: ) 4: o ) TL:2,3,4,"'
B 1+z By 1+ 4x+ 222

Similarly, [n/n] Pade approximants can be computed using the odd part of continued fraction
(5):
1 x 1.2 22 n(n+1) 22
1422 - 144z — . - 1+ 2n+2)z _ .

)

we obtain odd order convergents:

Asnys(x) (14 (20 +2)7) Az () — n(n + 1)2° Agn_1 ()

Bopys(z) (14 (2n+ 2)x)Bapt1(z) — n(n+ 1)22Bay—1(2)

with A ) A )
_1:_7 _3: +x7 :273747"'
B1 1 B3 1 + 217
The desired orthogonal polynomials are nothing but
1
pn(x) = an2n+2 —/, = 051725"' ’
x
" 1
qn(x) = $B2n — | ’I’L:O,l,2,"',
T
1
Tn(x) = :EnAQn—i-l — ], = 071727"' )
x
1
Sn(x) = InB2n+l — ], N= 071527"' )
T
1 . .
where we can select By [ — | := 1. Now we can describe orthogonality of g,(x), $n(x),pn(z)
x

and r, (x) as follows:

(1) Consider the series
E(z) =0 — 1z +212% — 312® + .- - + (=1)"nla™ + - -
The linear moment generating function with respect to E(x) denoted by Lg has n" moment,
Le{z"} = (-1)"nl
The three term recurrence relation of g, (z) is

dn1(z) = (z+2n+1)ga(z) - n2qn—l(x)7
QO(‘T) 17 ql(x):x—i_lv 7’L=1,2,3,---

As a result of applying (1) and (2), we obtain the orthogonality of ¢, (z) is

0, m #£ n;
Le{qm(@)qn(z)} =
)\1/\2"')\n+17 m=mn,
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where A\; = 1 and A\, = (k—1)%, &k =2,3,---,n+ 1. Following [1], it is well known fact in

the literature that . )
n
n = 'Ln - = ! nfr,
n(e) =) = 3 [GIE

where L, (x) is Laguerre polynomials of order 0.

(2) Using item 3 of Section two, we obtain the series

E(z)-1

T

Ey(z) = =U-2z+--+(-1)"(n+ 12" +---
The linear moment generating function with respect to E;(z) denoted by Lg, has n** moment
L {z"} =(-1)"(n+ 1)L

The three term recurrence relation of s, (x) is

Snt1(z) = (x+2n+2)s,(z) —n(n+ 1)sp—1(x),
so(z) = 1, sifz)y=z+2, n=1,2,3, -

As a result of applying (1) and (2), we obtain the orthogonality of s, (x) is

0, m #n;
L {sm(@)sn(z)} =
AMA2 - Apg1, m=mn,
where Ay =1 and A\, = (k— 1)k, k =2,3,---,n+ 1. Following [1], it is well known fact in
the literature that
- +1\ e
n _ 'Ll _ _ ! n n n—r
sute) =nih(-0) = ont (1) (" e,

r=0

where Ll (z) is Laguerre polynomials of order 1.

(3) Using items 4 and 5 of Section 2, we obtain the series

=1+az—dz?+dya® —dgz* + - 4+ (=1)"dpa™ ™ .-

E(x)
Ty tlte

EQ(I) = 72

=dy — dox + dza® — dyx® + -+ (=1)"dpp12" + -
The linear moment generating function with respect to Ea(z) denoted by Lg, has n*" moment
Lg,{z"} = (-1)"dp41.
The three term recurrence relation of p,(x) is
Prii(®) = (24204 3)pa(e) — (1 +1)pu_s (@)
po(z) = 1, pi(z)=2z+3, n=1,23,- -

As a result of applying (1) and (2), we obtain the orthogonality of p,(z) is

0, m # n;
L Apm(x)pn(z)} =
/\1/\2"'/\n+17 m=mn,
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where A\; =1 and A\, = k%, k=2,3,---,n+1.
(4) Using item 3 and item 5 of Section 2, we obtain the series

:(1— E(x)

B =5

=1—dx+doa® —dga® + -+ (=1)"dz" + - --

The linear moment generating function with respect to E3(x) denoted by Lg, has n!” moment
Lp{a"} = (=1)"dy.
The three term recurrence relation of r,(z) is

rot1(xz) = (2 +2n42)ry(z) —n(n+ 1)r,—1(x),
ro(z) = 1, ri(z)=z+1, n=1,23---

As a result of applying (1) and (2), we obtain the orthogonality of r,(z) is

0, m#n;
Lp,{rm(z)ra(2)} =
AtA2 - Apg1, m=n,
where Ay =1 and A\, =k(k—1), £=2,3,---,n+1.
Suppose 1, (z) = 2™ + rp_12" L + -+ + rix + rg. Since Lg,{ro(z)rn(z)} = 0, we can

compute d,, using

dn:_['rnfldnfl‘i‘"""rldl —I—To], d=1 n=12---
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Abstract: An injective function f : V(G) — {0,1,2,...,q} is an odd sum labeling if the
induced edge labeling f* defined by f*(uv) = f(u)+ f(v), for all uv € E(G), is bijective and
f(BE(@) ={1,3,5,...,2¢—1}. A graph is said to be an odd sum graph if it admits an odd
sum labeling. In this paper, we have studied the odd sum property for the graphs paths P,,
cycles Cp, Cp ® K1, the ladder P> X Py, Py, ® nKi, the balloon graph P,(Cjp), quadrilateral
snake Qn, [Pm; Cr], (Pm; Q3)7T1§"), H, ®mKji, bistar graph and cyclic ladder P> x C,.
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81. Introduction

Throughout this paper, by a graph we mean a finite, undirected simple graph. Let G(V, E) be
a graph with p vertices and ¢ edges. For notations and terminology we follow [1].

Path on p vertices is denoted by P, and a cycle on p vertices is denoted by C, whose length
is p. If m number of pendant vertices are attached at each vertex of G, then the resultant graph
obtained from G is the graph G ® mK;. When m = 1,G ® K is the corona of GG. The bistar
graph B, , is the graph obtained from K5 by identifying the central vertices of K ., and K;
at the end vertices of Ky respectively. The graph P» x P, is the ladder and P, x (), is the
cyclic ladder. The balloon of a graph G, P,,(G) is the graph obtained from G by identifying an
end vertex of P, at a vertex of G. Let v be a fixed vertex of G. The graph [P,,; G] is obtained
from m copies of G and the path P,, : ujus...u,, by identifying u; with the vertex v of the
it" copy of G, for 1 < i < m. The graph (P,,; G) is obtained from m copies of G’ and the path
P,, : ujus . .. uy by joining u; with the vertex v of the i* copy of G' by means of an edge, for
1 <4 <m [7]. The cube graph Q3 is P» x C4. A quadrilateral snake is obtained from a path by

1Received September 16, 2013, Accepted November 26, 2013.
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identifying each edge of the path with an edge of the cycle C4. The graph T,Sn) is a tree formed
from n copies of path on p vertices by joining an edge uu’ between every pair of consecutive

th copy of the path and «’ is the corresponding vertex in the

paths where u is a vertex in @
(i +1)** copy of the path.

In [2], an odd edge labeling of a graph is defined as follows: A labeling f : V(G) —
{0,1,2,...,p — 1} is called an odd edge labeling of G if for the edge labeling f* on E(G)
defined by f*(uv) = f(u)+ f(v) for any edge uv € E(G), for a connected graph G, the edge
labeling is not necessarily injective. In [5], the concept of pair sum labeling was introduced. An
injective function f: V(G) — {£1,£2,...,£p} is said to be a pair sum labeling if the induced
edge function f, : E(G) — Z — {0} defined by f.(uv) = f(u) 4+ f(v) is one-one and f.(E(G))
is either of the form {+ki, +ko,..., :I:%"} or {+ky, £ko,..., :l:kq%l} U {k"%} according as ¢ is
even or odd. A graph with a pair sum labeling defined on it is called a pair sum graph. In [6],
the concept of mean labeling was introduced. An injective function f: V(G) — {0,1,2,...,¢}

is said to be a mean labeling if the induced edge labeling f* defined by

f(u) + f(v) iy ) is even
[ (u) = f(u)—%—f(v)—l—l ,ff( o ),S dd’
= if f(u)+ f(v)iso

is injective and f*(E(G)) = {1,2,...,q}. A graph G is said to be odd mean if there exists an
injective function f from V(G) to {0,1,2,3,...,2q — 1} such that the induced map f* from
E(G) —{1,3,5,...,2qg — 1} defined by

M if f(u v) is even
[ (uv) = f(u)—%—f(v)—l—l ,ff()+f(). dd,
i flu)+flv)iso

is a bijection [6].

Motivated by these, we introduce a new concept called odd sum labeling. An injective
function f : V(G) — {0,1,2,...,q} is an odd sum labeling if the induced edge labeling f*
defined by f*(uv) = f(u)+f(v), for all uv € E(G), is bijective and f*(E(G)) = {1,3,5,...,2¢—
1}. A graph is said to be an odd sum graph if it admits an odd sum labeling. In this paper, we
have studied the odd sum property for the graphs paths P,, cycles C,, C, ® K1, the ladder P x
P,, P,,®©nKjy, the balloon graph P, (C}), quadrilateral snake Qy,, [Pp; Ch], (Pm; Q3), TIS"), H,®
mi(y, bistar graph and cyclic ladder P, x Cj,.

82. Main Results

Observation 2.1 FEwvery graph having an odd cycle is not an odd sum graph.

Proof 1If a graph has a cycle of odd length, then at least one edge uv on the cycle such

that f(u) and f(v) are of same suit and hence its induced edge label f*(uv) is even. O

Proposition 2.2 Every path P,,p > 2 is an odd sum graph.
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Proof Let v1,v2, ..., v, be the vertices of the path P,. The labeling f : V(G) — {0,1,2,...,q}
is defined as f(v;) =i —1 for 1 <i < p and the induced edge label is f*(v;v;11) = 2i — 1, for

1<i<p—1. Then fis an odd sum labeling and hence P, is an odd sum graph. |
.1 3 5 7 9 11 13 15 17
0 1 2 3 4 5 6 7 8 9

Figure 1: An odd sum labeling of Pig.

Proposition 2.3 Cycle C, is an odd sum graph only when p = 0(mod 4).

Figure 2: An odd sum labeling of Coy.

Proof By Observation 2.1, C, is not an odd sum graph when p is odd. Suppose p =

2m,m > 2 and C, admits an odd sum labeling. Then > f*(wv) = > (f(uv) + f(v)).
uwveE(G) uwweE(G)

This implies that 14+3+---+ (4m —1) =20+ 1+ 2+ --- + 2m) — 2¢ where 7 is not a vertex
label of C). From this we have, i = m. If m is odd, then the number of even values is in excess
of 2 that of the number of odd values and they are to be assigned as vertex labels in C,. Thus
if C}, admits an odd sum labeling, then m should be even and hence p is a multiple of 4.

Suppose p = 4m, m > 1. Let vy,vg,...,v, be the vertices of the cycle C,. The labeling
f:V(G) —{0,1,2,...,4m} is defined as follows.
i, 1<i<2m —1 and ¢ is odd,

fvi) =19 i—2, 1<i<2m and i is even,
i, 2m+1 <3 < 4m.

The induced edge labels are obtained as follows.

26— 1, 1<i<2m,
20+ 1, 2m+1<3<4m —1 and

[H(vivigr) =

f (vamvr) = 4m + 1.
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Hence f is an odd sum labeling of C), only when p = 0(mod 4). O

Proposition 2.4 For each even integer p > 4, C, ® Ky is an odd sum graph.

Proof In C, ® K1, let vi,vg,...,v, be the vertices on the cycle and let u; be the pendant
vertex of v; at each i, 1 <1i < p.

Case 1 p=4m, for m > 1.

The labeling f: V(Cp ® K1) — {0,1,2,...,8m} is defined as follows.

2i — 2, 1<i<2m—1 and ¢ is odd,
flvi) =< 24, 2m+1<i<4m—1 and i is odd,

2 —1, 2 <3 <4m and 7 is even and

2i—1, 1 <i<4m—1 and i is odd,
flui) =% 2i—2,  2<i<2mandiis even,

21, 2m + 2 < i < 4m and i is even.

The induced edge labels are obtained as follows.

) 4i—1, 1<i<2m—1,

[rowip) =9 _
47+ 1, 2m <i<4m —1,

f*(vgmv1) =8m — 1 and

4i—3, 1<i<2m,

4i—1, 2m+1<i<4m.

f*(uivi) =

Thus f is an odd sum labeling of C}, ® K;. Hence C, ® K; is an odd sum graph when
p =4m.

Case 2 p=4m+2, form>1.

The labeling f: V(Cp ® K1) — {0,1,2,...,8m + 4} is defined as follows.
2i — 2, 1<i<2m+1 and 7 is odd,
21, 2m+3 <i<4m+1 and 7 is odd,
flvi) =% 2i—1, 2<i<2mandiis even,

2i+1, i=2m+2,

2i—1, 2m+4 <i<4m+ 2 and 7 is even and

2i—1, 1<i<2m+1 and ¢ is odd,

2 —3, i=2m+3,

flu)=2% 2i—1, 2m+5<i<4m+1 andiisodd,
2i — 2, 2<i<2m+ 2 and ¢ is even,

21, 2m+4 < i <4m + 2 and 7 is even.
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The induced edge labels are obtained as follows.

4i—1, 1<i<2m,
[ (vivigr1) = 4Z:+1’ %:2m+17

41 + 3, i =2m+ 2,

4i+1, 2m+3<i<dm+1,

f*(Vamy2v1) = 8m + 3 and

4i-3, 1<i<2m+1,

4i—1, i=2m+2,

4i—3, i=2m+3

4i—1, 2m—+4<i<dm+2.

f*(uivi) =

Thus f is an odd sum labeling of C}, ® K;. Hence C}, ® K; is an odd sum graph.

Figure 3: An odd sum labeling of Cyy ® K;.
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Figure 4: An odd sum labeling of Cos ® Kj.

Proposition 2.5 For every positive integer p > 2, the ladder P, x P, is an odd sum graph.

Proof Let uy,ug,...,up, and v1,v2,...,v, be the vertices of the two copies of P,. The
labeling f: V(P x P,) —{0,1,2,...,3p — 2} is defined as follows.
flu;))=3i—3,for 1 <i<pand
flw)=3i—=2,for 1 <i<np.
The induced edge labels are obtained as follows.
ffuugr) =6i—3, for 1 <i<p-—1,
ff(vivig1) =6i—1, for 1 <i<p—1and
f(uv;)) =6i =5, for 1 <i<p.

Thus f is an odd sum labeling of P, x P,. Hence P> x P, is an odd sum graph. |
0 3 6 9 12 15 18 21 24
3 9 15 21 27 33 39 45
1 7 13 19 25 31 37 43 49
5 11 17 23 29 35 41 47
1 4 7 10 13 16 19 22 25

Figure 5: An odd sum labeling of P> x Py.
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Proposition 2.6 The graph P,, ©® nK; is an odd sum graph if either m is an even positive

integer and n is any positive integer or m is an odd positive integer and n = 1, 2.

Proof In P,, ® nK1, let uy,ua,...,uy, be the vertices on the path and {u;; : 1 < j < n}
be the pendant vertices attached at u;, 1 < i < m.

Case 1 m is even.
The labeling f : V(P, ®nK;) — {0,1,2,...,m(n + 1) — 1} is defined as follows.

For 1 <i<m,

(n+1)(i—1), i is odd,

flug) = , .

(n+1)i—1, i is even.

For1<i<mand1l<j<n,
(n+1)(t—1)+25 -1, i is odd,

fuig) = (n+1)(i — 2) + 25, 1 is even.

The induced edge labels are obtained as follows.

fr(wig )

f*(uiui-i-l)

=2n+1)(i—1)+2j—1, for1<i<mand1<j<nand
=2(n+1)i—1, for1<i<m-—1.

Thus f is an odd sum labeling of P,, ® nKj.

[ 7 7 15 8 23 15 31 16 39 23
1 9 3 17 1 9 3 7 41 5
3 5 11 1 2 9 3 43
1 3 5 2 4 6 9 11 12 9 20 22

13 10 1417 1 21 18

Figure 6: An odd sum labeling of Ps ® 3Kj;.

Case 2 m is odd.

If P,, ®nK; has an odd sum labeling f when m is odd, then f is a bijection from V(P,, ®
nK7) to the set {0,1,2,...,m(n+1)—1}. Since the number of even integers in this set is either
equal to or one excess to the number of odd integers in this set, n should be less than or equal
to 2.

In case of m is odd and n = 1,2, the labeling f : V(P,, ©nK1) — {0,1,2,...,m(n+1)—1}
is defined as follows.

For 1 <i <m,
(n+1)(i—1)+1, i is odd,
fui) =

(n+1)i —2, i is even.
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Forl1<i<mand1l<j<n,

m+1)(e—-1)+2(F—1), i is odd,
fluig) = , . .
(n+1)(i —2)+25+1, i is even.

The induced edge labels are obtained as follows.
Forl1<i<mand 1< j<n,

f*(uiui,j) = 2(TL + 1)(2 — 1) + 25— 1.

For1 <i<m—1,

Thus f is an odd sum labeling of P,, ® nKj. O
1 2 5 6 9 10 13
3 7 11 15 19 23
1 5 9 13 17 21 2
0 3 4 7 8 11 12

Figure 7: An odd sum labeling of P; ® K;.

1 4 7 10 13
5 11 17 23
1 3 7 9 1 5 19 1 25 27
o 2 3 5 6 8 9 112 14

Figure 8: An odd sum labeling of Ps ® 2K7.

Proposition 2.7 The graph P,,(C,) is an odd sum graph if either p = 0(mod 4) orp = 2(mod 4)
and n # 1(mod 3).

Proof Let wi,us,...,up, be the vertices of Cp and vy, v, ..., v, be the vertices of the path
P, and u, be identified with v; in P,(Cp).

Case 1 p=0(mod 4).

Let p = 4m,m > 1. The labeling f : V(P,(Cp)) — {0,1,2,...,4m + n — 1} is defined as
follows.

1, 1 <i<4m and i is odd,
flu) = i—2, 1 <i<2m and 1 is even,
i, 2m+1 <i < 4m and i is even,

fv))=dm+i—-1,2<i<n.
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The induced edge labels are obtained as follows.

2 —1, 1<i<2m,
2i4+1, 2m+1<i<d4m-—1.

f*(uiui-l—l) =

ff(urugm) =4m+1 and
ff(vivig1) =8m+2i—1, 1<i<n-—1.

Thus f is an odd sum labeling of P, (C)).

Figure 9: An odd sum labeling of P5(Cs).

Case 2 p=2(mod 4).
Let p=4m+2,m > 1.
Subcase 2.1 n = 0(mod 3).

The labeling f : V(P,(Cp)) — {0,1,2,...,4m + n + 1} is defined as follows.

fu1) =4m+ 3,

i—2,  1<i<2m+3,

flu;) = 7, 2m +4 <i<4m+ 2 and i is even,

i — 2, 2m+4 <3 <4m+ 2 and 7 is odd and

dm+i+1, 1<i<n-—3andi=1(mod 3),
dm +i—1, 1<i<n-—1andi=2(mod 3),
fw))=4¢ dm+i+3, 1<i<n-—1andi=0(mod3),

Im+n+1, i=n—2,

Im+n—1, i =n.
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The induced edge labels are obtained as follows.

4m+3,  i=1,
[ (wuigr) = ¢ 20— 3, 2<i<2m+2,
26— 1, 2m+3 <i<4m+ 1.

f* (ugmyou1) = 8m + 5 and

8m + 2¢ + 3, 2<i<n—4andi=2(mod 3),
) 8m + 2¢ + 5, 2 <i<n-—4andi=0(mod 3),
[ (vivig) = _ , _

8m +2i + 1, 2<i<n-—4andi=1(mod 3),

8m +4n — 21 — 5, n—3<i1<n-—1.

Thus f is an odd sum labeling of P,(Cp).

26 25 94 929 28 27 32 33 30 31
51 T 49 7 53 757 "55 59" 65 63 61"

Figure 10: An odd sum labeling of Pi3(Ca2).

Subcase 2.2 n = 2(mod 3).

The labeling f : V(P,(Cp)) — {0,1,2,...,4m + n + 1} is defined as follows.

flur) =4m + 3,

i—2,  1<i<2m+3,

flu)) =4 1, 2m+4<i<4m+2 and i is even,
i—2, 2m+4 <i¢<4m+ 2 and i is odd,
dm +1i+1, 1 <i<nandi=1(mod 3),
and f(vi)) =< 4m+i—1, 1<i<nandi=2(mod3),
dm +i+ 3, 1 <i<nandi=0(mod 3).
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The induced edge labels are obtained as follows.

4m + 3, 1=1,

[r(uiwiyr) = ¢ 2i — 3, 2<i<2m+2,

21— 1, 2m+3 <t <4dm+1,
f (uami2u1) =8m +5 and

8m+2¢+1, 1<i<nandi=1(mod 3),
[ (vivig1) =< 8m+2i+ 3, 1<i<mnandi=2(mod 3),

8m +2i + 5, 1 <i<nandi=0(mod 3).

Thus f is an odd sum labeling of P,,(C),). Hence P,,(Cp) is an odd sum graph. O

17 22 21 20 25 24 23 28 27 26

Figure 11: An odd sum labeling of P;1(Cis).

Proposition 2.8 [P,,;C,] is an odd sum graph for n = 0(mod 4) and any m > 2.

Proof In [Pp;Cy], let vi,vq,...,v, be the vertices on the path P, vi1,v;2,
...,V be the vertices of the i'" cycle C,, for 1 < i < m and each vertex v;; of the i
cycle C,, is identified with the vertex v; of the path P,,, 1 <i <m.

Suppose n = 4¢,t > 1. The labeling f : V([Py;Cr]) — {0,1,2,3,...,m(n + 1) — 1} is
defined as follows.

For 1 <i<m,

m+DE—-1)+5-1, 1<j <2t iand jare odd,
m+DE—-1)+57+1, 2t + 1< j <4t iand j are odd,
) e+ DE-1D) 45 -1, 1<j<4t,iis odd and j are even,
floig) = (n+1)i — 7, 1< j <2t iis even and j is odd,
(n+1)yi—j—2, 2t +1 < j <4t iis even and j is odd,
(n+1)i—j, 1< j <4t iiseven and j is even.
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For 1 <i < m, the induced edge label is obtained as follows.

2(n+1)(i—1)+2j -1, 1<j<2t—1andiisodd,
2(n+1)(i—1)+2j+1, 2t <j<4t—1andiis odd,

[ (ijvije) =19 2(n+1)(i—1)+9, j=1and i is even,
2(n+1)(i—1) 4+ 25 — 3, 2<j<2t+1 andiis even,
2(n+1)(i—1)+2j -1, 2t+2<j<4t—1andiis even

. 2(n+1)(i—1) + 4t — 1, i is odd,
and f (Ui,4tvi,1) =
2(n+1)(i—1)+ 8t —1, i is even.
Thus f is an odd sum labeling of [P,,; Cy]. Hence [P,,; Cy] is an odd sum graph. O

o 53 35

28 34
8 27 33

30

17 17 35
1 10 16 L
2 9 15 26
12 14 E
11

Figure 12: An odd sum labeling of [Ps; Cs].

29

Proposition 2.9 Quadrilateral snake Q,, is an odd sum graph for n > 1.

Proof The vertex set and edge set of the Quadrilateral snake @, are V(Q,) = {u;, v;, w; :
1 < i < n + 1,1 < j < n} and E(Qn) = {uivi, v;w;,
Uilligr1, Ui w; : 1 < @ < n} respectively. The labeling f : V(Q,) — {0,1,2,...,4n} is de-
fined as follows.

4i — 4, 1<i<n+1andiisodd,

flu) = , . .
41— 5, 1 <i<nandiis even,
45 — 3, 1<i<nandiis odd,
fu) = , . .
47— 2, 1 <i<nand:iis even
44, 1<i<nandiis odd,
and f(w;) =

41 —1, 1 <4 <nandiis even.

The induced edge labels are obtained as follows

f(uuigr) =8 —5, 1<i<n,
frluw) =8i—7, 1<i<mn,
fr(viw;) =8 —3, 1<i<n,
fr(wiwig1) =8 —1, 1<i<n
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Thus f is an odd sum labeling of @,. Hence the Quadrilateral snake @,, is an odd sum graph
for n > 1. O

1 5 4 6 13 7 9 21 12 14 29 15 17 37 20 22 45 23 25 53 28

Figure 13: An odd sum labeling of Q7.

Proposition 2.10 (P,,;Q3) is an odd sum graph for any positive integer m > 1.

Proof Let v;;, 1 < j < 8 be the vertices in the i*" copy of Q3, 1 < i < m and
U1, U2, - - ., Uy, be the vertices on the path P,. {uuipr : 1 <i<m—1}U{uw;1:1<i<m}uU
{wi1vi,2, 01V 4, V3,103 6, Vi 2033, V3i,2Vi,7, Vi, 3Vi,4, Vi, 3038, Vi 4Vi 5,
Vi 5Vi.6, Vi 5048, Vi,6Vi,7, Vi 70ig - 1 <14 < m} be the edge set of (Pp; Q3).

The labeling f : V[(Pn;Q3)] — {0,1,2,...,14m — 1} is defined as follows:

For 1 <i <m,
14(i — 1), i is odd,

flui) = , N
147 — 1, 1 is even.
For 1 <i < m and 7 is odd,
147 — 13, 7=1,
144 — 12 + 3, 2<j5<3,
147 — 12, j =4,
fvij) = , .
147 — 5, j=2>,
147 — 8 + 7, 6<7<7,
147 — 4, j=38
For 1 <i <m and i is even,
147 — 2, j=1,
140 — 5 — 3, 2<5<3,
147 — 3, 7 =4,
fvij) = _ .
147 — 10, j=2>,
147 — 11, 7 =28

The induced edge label of (P,,; @3) is obtained as follows:
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For1<i<m-—1,
f*(uiuiﬂ) =28; — 1.

For 1 <i<m,

. 281 — 27, i is odd,
[ (uivin) =

281 — 3, 1 is even.

For 1 <i<mandiisodd | For 1 <i<m and i is even
[ (vi1vi2) = 28i — 23 [ (vi1vi2) =281 =7
f*(vigvia) = 28i — 25, [ (vi1vi4) =281 —5
f*(viavie) = 28i — 15 f*(viavie) =28i— 15
[*(vigv;3) = 28i — 19 [*(vigv;3) = 28i — 11
[ (vi2vi7) =281 — 11 f*(vi2vi7) = 281 — 19
F*(vi3vi4) = 281 — 21 f*(vi3vi4) =281 —9
[ (vigvig) =28i — 13 [*(vigvig) = 28i — 17
[ (viav;5) = 281 — 17 [*(viavi5) = 28i — 13

fH(visvie) =281 — 7 [ (visvi6) = 281 — 23
f*(visvig) =28 —9 [ (visvi8) = 280 — 21,
I (vivi7) =281 — 3 I (vigvir) = 280 —
" (virvig) = 281 — 5 [ (vizvig) = 280 —

Figure 14: An odd sum labeling of (Py; Q3).

(n)

Proposition 2.11 For all positive integers p and n, the graph Tp "’ is an odd sum graph.

Proof Let vgj), 1 < i < p be the vertices of the j** copy of the path on p vertices, 1 < j < n.
The graph TIS") is formed by adding an edge vgj)vgﬁl) between ;" and (5 + 1)** copy of the

path at some 4, 1 < i < p. The labeling f: V(G) — {0,1,2,...,np — 1} is defined as follows:



72 S.Arockiaraj and P.Mahalakshmi

Forl1<j<mnand1l<i<p,

F@) = p(i—1)+i-1,  jisodd,
' pj — 1, j is even.
The induced edge labeling is obtained as follows:
Forl1<j<nand1<:i<p-1,
x (), () 2p(j —1)+2i—1,  jis odd,
(v Uz‘+1) = ) , N
2pj —2i—1, J iseven and

P v ) = 2pj 1.

Thus f is an odd sum labeling of the graph TZS"). Hence Tp(") is an odd sum graph.

0O e 15 16 » 31 » 32
1 29 33 61 65
1 ¢ 14 ¢ 17 ® 30 ¢ 33
3 27 35 59 67
2 4 ¢13 18 47 29 ¢ 34
5 25 37 57 69
3 15 12 ®19 ® 28 ® 35
7 23 39 55 71
w 11 31 20 27 63 14
9 21 a 53 73
5 4 ® 10 21 ® 26 37
11 19 43 51 75
6 @ » O 22 25 » 38
13 17 45 49 w7
7 o8 23 ® 24 39

Figure 15: An odd sum labeling of T8(5).

Proposition 2.12 The graph H,, ©® mK; is an odd sum graph for all positive integers m and
n.

Proof Let uy,uq,...,u, and v1,vs,...,v, be the vertices on the path of length n — 1. Let
i, and y; 5, 1 < k < m, be the pendant vertices at u; and v; respectively, for 1 < i < n.

Define f : V(H, @ mK;) — {0,1,2,...,2n(m + 1) — 1} as follows:
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For 1 <i <n,

i+m(i—1), i is odd,

flu) =< .

i(m+1) -2, iis even and

flui)) +n(m+1) +m — 2, i is odd and n is odd,
foi) =9 flw)+nim+1)—m+2, i is even and n is odd,

flui) +n(m+1), n is even.

For1<i<nand1l<k<m,

(m+1)6G—1)+2k—2, i is odd,

flzin) = ) .
(m+1)(—2)+2k+1, iis even and
flrig) +n(m+1)—m+2, i is odd and n is odd,
fWir) =19 flzir) +nim+1)+m—2, i is even and n is odd,

f(xig) +n(m+1), n is even.
The induced edge labels are obtained as follows:

For1<i<n-—1,

[ (ujuiyr) = 2i(m+1) — 1 and
[T (vivig1) = f*(uuip1) +2n(m +1).

Forl1<i<nand1l<k<m,

fr(ugzip) = 2(m+1)(i — 1) + 2k — 1 and
[ (iyir) = f*(wizig) +2n(m+1).

When n is odd,
I (UnTH'UnTJrl> =2n(m+1)—1.
When n is even,
fr (U%+1U%) =2n(m+1)—1.

Thus f is an odd sum labeling of H,, ® mK;. Hence H, ® mK; is an odd sum graph for
all positive integers m and n. O
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1
3 1
5
7
11 » 6
13
15
7
9
21
23
5
27 14
29

5 16
179 35 418
37 20
39
19
4
224 43 491
45
37 4o 23
24
49
25 5L 426
53 28
55
27
57
309 29
61
31

Figure 16: An odd sum labeling of Hy ® 3K;.

0 23
51
1 b
2 3 f 25
g
1 28 ¢ % e 27
. 7 0 57 99
3 " 59
5 13 61 30
15 63
7 ’ !
8 31 65 32
34
17 o
9
19 69 36
33
10
21 7 7 35
12 3
= 11 49 38 75
14 ® 25 ° 37
16 27 77 39
29 9
40
13 31 81
15 33 18 41 8 83 o9
35 85
17 57 44
39 89 87
19
20 41 91 f;
43 21 48 93
22
, o5 45
24 a7 S 47
26 49
Figure 17: An odd sum labeling of Hs ® 4K.
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Corollary 2.13 For any positive integer m, the bistar graph B(m,m) is an odd sum graph.

Proof By taking n =1 in Proposition 2.12, the result follows. O

Proposition 2.14 For any even integer p > 4, the cyclic ladder P> x C, is an odd sum graph.

Proof Let ui,us,...,up, and v1,v2,..., v, be the vertices of the inner and outer cycle which

are joined by the edges {u;v; : 1 <i < p}.

Casel p=4m,m > 2.

Figure 18: An odd sum labeling of P> x Coy.

The labeling f: V(P x Cp) — {0,1,2,...,12m} is defined as follows:

i—1, 1 <i<2m—1 and i is odd,
flu)) =< i+1, 2<i<4m—2andiis even,
1+ 1, 2m+1<¢<4m —1 and ¢ is odd,
fugm) =1 and
8k + 1, 1<i<4m—1 and i is odd,
flvi) = 8k +1—2, 2 <4 <2m and i is even,
8k + 1, 2m + 2 < i < 4m and 7 is even.
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The induced edge labeling is obtained as follows.

2%i+1, 1<i<2m-—1,

[fuuip) =< 2i+3,  2m<i<4m -2,
i+ 2, i =4m — 1,

J (urvam) = 1,

. 16m +2: — 1, 1<4<2m

[r(vivigr) = , .
16m + 2i+1, 2m+1<i<4m -1,

fH(v1vgm) = 20m + 1,

. 8m +2¢ — 1, 1 <4< 2m,

[ (uiv;) = _ _

8m + 21+ 1, 2m+1<i<4m—1 and

F* (uamvam) = 12m + 1.

Thus f is an odd sum labeling of P» x C,. Hence P, x (), is an odd sum graph when
p=4m.

Case2 p=4m+2,m>1.

Figure 19: An odd sum labeling of Py x Cos.

The labeling f: V(P x Cp) — {0,1,2,...,12m} is defined as follows:

3i—3, 1<i<2m+2,
flu) =9 . .
31+ 1, 2m+3 <i<4m+ 1 and ¢ is odd,
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3t — 3, 2m+ 4 < i < 4m and i is even,
flwi) =9 . .

31— 1, t=4m+2 and

3i— 2, 1<i<2m+1,

3t + 2, 2m + 2 < i < 4m and 7 is even,
f(vi) =

31— 2, 2m+3 <i<4m+ 1 and ¢ is odd,
3i, i=4m+ 2.

The induced edge labels are given as

6i—3, 1<i<2m+1,
fruiuipr) =9 6i+1,  2m+2<i<4m,
67 + 3, 1=4m+1,

[ (urtam2) = 12m + 5,

6i—1, 1<i<2m,
[fovis) =4 6i+3,  2m+1<i<4m,
6i+1, i=4m+1,

f*(v1vam+2) = 12m + 7 and

6i—5  1<i<2m+1,
6i—1, 2m+2<i<4m+2.

[ (uv;) =

Thus f is an odd sum labeling of P» x C,. Whence P, x C}p is an odd sum graph if
p=4m+ 2. |

References

[1] F.Buckley and F.Harary, Distance in Graphs, Addison-Wesley, Reading, 1990.

[2] R.Balakrishnan, A.Selvam and V.Yegnanarayanan, On felicitous labelings of graphs, Graph
Theory and its Applications, (1996), 47-61.

[3] J.A.Gallian, A dynamic survey of graph labeling, The Electronic Journal of Combinatorics,
17 (2011), # DS6.

[4] K.Manickam and M.Marudai, Odd mean labelings of graphs, Bulletin of Pure and Applied
Sciences, 25E(1) (2006), 149-153.

[5] R.Ponraj, J.Vijaya Xavier Parthipan and R.Kala, Some results on pair sum labeling of
graphs, International Journal of Mathematical Combinatorics, 4 (2010), 53-61.

[6] S.Somasundaram and R.Ponraj, Mean labelings of graphs, National Academy Science Let-
ter, 26 (2003), 210-213.

[7] Selvam Avadayappan and R. Vasuki, Some results on mean graphs, Ultra Scientist of
Physical Sciences, 21(1)M (2009), 273-284.



International J.Math. Combin. Vol.4(2013), 78-95

Controllability of Fractional Stochastic Differential Equations
With State-Dependent Delay

Toufik Guendouzi

Laboratory of Stochastic Models, Statistic and Applications

Tahar Moulay University, PO.Box 138 En-Nasr, 20000 Saida, Algeria

E-mail: tf.guendouzi@gmail.com

Abstract: In this paper, the approximate controllability for a class of nonlinear fractional
stochastic differential equations with state-dependent delays in Hilbert space is studied. The
result is extended to study the approximate controllability of fractional stochastic systems
with state-dependent delays and resolvent operators. A set of sufficient conditions are es-
tablished to obtain the required result by employing semigroup theory, fixed point technique
and fractional calculus. In particular, the approximate controllability of nonlinear fractional
stochastic control systems is established under the assumption that the corresponding linear
control system is approximately controllable. Also, an example is presented to illustrate the

applicability of the obtained theory.

Key Words: Approximate controllability, stochastic fractional differential equations, fixed

point technique, state-dependent delay.
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81. Introduction

Controllability is one of the important fundamental concepts in mathematical control theory
and plays a vital role in both deterministic and stochastic control systems. In recent years,
various controllability problems for different kinds of dynamical systems have been studied in
many publications [1, 8, 9, 18, 19].. From the mathematical point of view, the problems of
exact and approximate controllability are to be distinguished. However, the concept of exact
controllability is usually too strong and has limited applicability. Approximate controllability is
a weaker concept than complete controllability and it is completely adequate in applications [7,
23].. Recently, Wang [32] derived a set of sufficient conditions for the approximate controllability
of differential equations with multiple delays by implementing some natural conditions such as
growth conditions for the nonlinear term and compactness of the semigroup. Sakthivel and
Anandhi [29] investigated the problem of approximate controllability for a class of nonlinear

impulsive differential equations with state-dependent delay by using semigroup theory and fixed

1Received June 16, 2013, Accepted November 27, 2013.
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point technique.

On the other hand, the theory of fractional differential equations is emerging as an im-
portant area of investigation since it is richer in problems in comparison with corresponding
theory of classical differential equations [17, 25, 26]. In fact, such models can be considered as
an efficient alternative to the classical nonlinear differential models to simulate many complex
processes. Recently, it have been proved that the differential models involving derivatives of
fractional order arise in many engineering and scientific disciplines as the mathematical mod-
eling of systems and processes in many fields, for instance, physics, chemistry, aerodynamics,
electrodynamics of complex medium, and so on [15, 17]. In recent years, existence results for
fractional differential equations have been investigated in several papers [5,3]. More recently,
Dabas and Chauhan studied the existence and uniqueness of mild solution for an impulsive
neutral fractional integro-differential equation with infinite delay.

In particular, the study of stochastic fractional differential equations has attracted great
interest due to its applications in characterizing many problems in biology, electrical engineering
and other areas of science. Many physical phenomena in evolution processes are modeled as
stochastic fractional differential equations and existence results for such equations have been
studied by several authors [4, 11, 30].

Most of the existing literature on controllability results for linear and nonlinear stochas-
tic systems are without fractional derivatives [20, 21, 22, 24]. Only few papers deal with the
controllability of fractional stochastic systems. Guendouzi and Hamada [12] studied the rela-
tive controllability of fractional stochastic dynamical systems with multiple delays in control.
The authors derive a new set of sufficient conditions for the global relative controllability by
fixed point technique and controllability Grammian matrix. Sakthivel et al. [28]discussed the
approximate controllability of nonlinear fractional stochastic control system under the assump-
tions that the corresponding linear system is approximately controllable. Guendouzi and Idrissi
[13] investigated the problem of approximate controllability for a class of dynamic control sys-
tems described by nonlinear fractional stochastic functional differential equations in Hilbert
space driven by a fractional Brownian motion with Hurst parameter H > 1/2. Sakthivel et al.
[27] studied the approximate controllability of neutral stochastic fractional integro-differential
equation with infinite delay in a Hilbert space.

However, to the best of our knowledge, the approximate controllability problem for non-
linear fractional stochastic systems with state-dependent delay has not been investigated yet.
Motivated by this consideration, in this paper we will study the approximate controllability
problem for nonlinear fractional stochastic system, described by nonlinear fractional stochastic
differential equations with state-dependent delay and control in Hilbert space, under the as-
sumption that the associated linear system is approximately controllable. In fact, the results
in this paper are motivated by the recent work of [29] and the fractional differential equations
discussed in [6,28].

§2. Preliminaries and Basic Properties

Let H, K be two separable Hilbert spaces and L(K, H) be the space of bounded linear operators
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from K into H. For convenience, we will use the notation ||.||#, ||.|x and ||.|| to denote the
norms in H, K and L£(K, H) respectively, and use (.,.) to denote the inner product of H and K
without any confusion. Let (2, F, {F:}+>0, P) be a filtered complete probability space satisfying
the usual condition, which means that the filtration is a right continuous increasing family and
Fo contains all P-null sets. w = (wy)i>0 be a Q-Wiener process defined on (Q, F, {F;}i>0, P)
with the covariance operator @ such that tr@Q) < co. We assume that there exists a complete

orthonormal system {ex}r>1 in K, a bounded sequence of nonnegative real numbers A, such

that Qer = Ager, kK =1,2,... and a sequence {8;}r>1 of independent Brownian motions such
that (w(t),e)x = Z VAk(er, €)fr(t), eeK,teJ:=][0,b].
k=1

Let £9 = £2(QY2K, H) be the space of all Hilbert-Schmidt operators from Q'/2K into H
with the inner product (¢, 7)o = tr[y)Qnr*]. Let L2(Fp, H) be the Banach space of all F-
measurable square integrable random variables with values in the Hilbert space H, and E(-)
denote the expectation with respect to the measure P.

The purpose of this paper is to investigate the approximate controllability for a class of
nonlinear fractional stochastic differential equation with state-dependent delay and control of
the form

ch‘[:L‘(t) + g(t, xs(t,zt))] = A[x(t) + g(t, xs(t,xt))] + Bu(t) + f(tv xs(t,zt))

dw(t) o ; (2.1)

+U(ta Is(t,mt)) 75

o = ¢637

where D is the Caputo fractional derivative of order o, 0 < a < 1; z(.) takes the value in
the separable Hilbert space H; A : D(A) C H — H is the infinitesimal generator of an «-
resolvent family S, (¢):>0; the control function u(-) is given in £%([0, b],U) of admissible control
functions, U is a Hilbert space. B is a bounded linear operator from I/ into H. The history
xp o (—00,0] — H, z,(0) = z(t +0), 8 < 0, belongs to an abstract phase space B defined
axiomatically; g : J x B—H, f: JxB—=H,0:JxB — L) and e : J x B — (—00,b] are
appropriate functions to be specified later.

Let us recall the following known definitions. For more details see [17].

Definition 2.1 The fractional integral of order a with the lower limit 0 for a function f is

defined as I“f(t) = F(la) /Ot i —f(si)lo‘ ds, t>0,a>0

provided the right-hand side is pointwise defined on [0,00), where T is the gamma function.

Definition 2.2 Riemann-Liouville derivative of order a with lower limit zero for a function

f:[0,00) = R can be written as

Lpaggpy L dm [t f(s)

Definition 2.3 The Caputo derivative of order a for a function f : [0,00) — R can be written
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as

i
L

~+

k

°DYf(t) =LD" (f(t) - f’“(o)), t>0,n—1<a<n. (2.3)

Eod
I
=

0
If f(t) € C™[0,00), then

1 t
‘Def(t) = ] /0 (t —s)" L (s)ds = I""“f"(s), t>0,n—1<a<n.

I'n—«
Obviously, the Caputo derivative of a constant is equal to zero. The Laplace transform of

the Caputo derivative of order o > 0 is given as

n—1

L{¢Df(t); s} = s*f(s) — Z sRLER00), n—1<a<n.
k=0
Definition 2.4 A two parameter function of the Mittag-Leffler type is defined by the series

eTpansion

k Ma—ﬁeu

= z 1
Ea,ﬁ(z)—kz_om—%/cﬂa_zdua a,f € C,R(a) >0,

where C is a contour which starts and ends at —oo end encircles the disc |u| < |z|/? counter

clockwise.

For short, E,(z) = Fas1(z). It is an entire function which provides a simple general-
ization of the exponent function: E;(z) = e and the cosine function: Es(2%) = cosh(z),
E5(—2%) = cos(z), and plays a vital role in the theory of fractional differential equations. The
most interesting properties of the Mittag-Leffler functions are associated with their Laplace

integral
a1 a AP 1
e M7 By g(wt®)dt = , ReA>we,w>0,
0 ’ )\a — W

and for more details see [17].

Definition 2.5([31]) A closed and linear operator A is said to be sectorial if there are constants
weR,0el[F,n], M >0, such that the following two conditions are satisfied:

e p(A) C g, ={reC: N#£w,|arg(A —w)| < 0};
o |[RNA)| < M NeSy..

A—w]”

Definition 2.6 Let A be a closed and linear operator with the domain D(A) defined in a Banach
space X. Let p(A) be the resolvent set of A. We say that A is the generator of an a-resolvent
family if there exist w > 0 and a strongly continuous function S, : Ry — L(X), where L(X)
is a Banach space of all bounded linear operators from X into X and the corresponding norm

is denoted by ||.||, such that {\* : ReA > w} C p(A) and

AT — A) e = /0 eMSy(t)xdt, Rel>w,r € X, (2.4)

where Sy (t) is called the a-resolvent family generated by A.
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Definition 2.7 Let A be a closed and linear operator with the domain D(A) defined in a Banach
space X and o > 0. We say that A is the generator of a solution operator if there exist w > 0
and a strongly continuous function S : Ry — L(X) such that {\* : Re\ > w} C p(A) and

AT — A) e = / eMS,(t)xdt, Rel>w,r € X, (2.5)
0

where Sy (t) is called the solution operator generated by A.

The concept of the solution operator is closely related to the concept of a resolvent family.
For more details on a-resolvent family and solution operators, we refer the reader to [17].
In this paper, we assume that the operator A is sectorial of type w with 7(1—«/2) < 6 < 7.

Then A is the generator of a solution operator given by

To(t) = Eon(46%) = o [

T JB,

ekt)\a—l()\a _ A)_ld)\,

and the operator

So =t E, o(AtY) = QL/ MY — A)~Ldx

T JB,
is the a-resolvent family generated by A, where B, denotes the Bromwich path (see [6,31]).
Recently, it has been proven in [31] that if @ € (0,1) and A € A%(6y,wp) is a sectorial
operator, then for any z in a Banach space X and ¢ > 0, we have

[Sa®)| < Cet(1+t*7Y), >0, w>w,

where C' > 0 depending solely on # and «.
In this work, we will employ an axiomatic definition of the abstract phase space B intro-
duced by Hale and Kato [14]. We first define H((—oo, b]; H) the Banach space of all continuous

and Fp-measurable H-valued function zx.

Axiom 2.8 B is a linear space that denotes the family of Fo-measurable function from (—oo, 0]

into H, endowed with norm || - ||g, which satisfies the following axioms:

(1) If z € H is continuous on [0,b], b > 0, and xo € B, then for every t € [0,b] the following

conditions hold

(1-1) =, € B;

(1-2) [lz()l g < ollzells;

(1-3) [lzalls < () supoyco 12(3)]l sz (8) olls, where 6 > 0 is a constant; v : [0, 00) —
[1,00), p is continuous, v is locally bounded; 6, and v are independent of x(-).

(2) For the function x(-) in i., x; is a B-valued continuous functions on [0,b];

(3) The space B is complete.

Let xp(xo;u) be the state of (2.1) at terminal time b corresponding to the control u and
the initial value zg = ¢ € B. Introduce the set R(b,¢) = {zp(¢;u)(0) : u(-) € L%([0,0],U)},
which is called the reachable set of system (1) at terminal time b and its closure in H is denoted

by R(b, ¢).
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Definition 2.9 The system (2.1) is said to be approzimately controllable on J if R(b,$) = H,
that is, given an arbitrary € > 0 it is possible to steer from the point ¢ to within a distance €

from all points in the state space H at time b.

In order to study the approximate controllability for the fractional control system (2.1),
we introduce the approximate controllability of its linear part
Dgx(t) = Ax(t) + (Bu)(t), telJ,

2(0) = ¢€B. 26)

The approximate controllability for linear fractional control system (2.6) is a natural general-
ization of approximate controllability of linear first order control system [23]. It is convenient
at this point to introduce the controllability operator associated with (2.6) as
b
ry = / Sa(b—8)BB*S:(b— s)ds,
0
R(k,T}) = (kI+T%)7Y, k>0,

where B* denotes the adjoint of B and S} (t) is the adjoint of S, (t). It is straightforward that

the operator I'} is a linear bounded operator.

Lemma 2.10([23]) The linear fractional control system (2.6) is approximately controllable on

[0,8] if and only if KR(k,TY) — 0 as k — 0T in the strong operator topology.
In order to establish the result, we need the following assumptions:

(H1) If a € (0,1) and A € A%(0p,wp), then for z € H and t > 0 we have ||T,(t)|| < Me*?
and [|Sq(t)]] < Ce¥(14t*1), w > wp. Thus we have

ITa()l| < My and || Sa(t)]| < t*'Ms,

where My = sup ||Ta(t)|, and Mg = sup Ce**(1+t'~*) (fore more details, see [31]).
0<t<b 0<t<b

(H2) The function t — ¢; is well defined and continuous from the set Z(¢7) = {e(s,7) :
(s,7) € J x B,e(s,7) < 0} into B and there exists a continuous and bounded function ¢ :
Z(e7) — (0,00) such that, for every t € Z(¢™)

loels < o? @) ]l5.

(H3) The function g : J x B — H is continuous and there exists some constant M, > 0
such that

IN

Elgt0lf, < M(llz+1), €8,
E|g(t2, &) — g(t1, &D)I5, < Mg(ltz—t1|2+|\§2—€1l\%), &eB, i=1,2.

A

(H4) The function f : J x B — H satisfies the following properties:
(1) f(t,-) : B — H is continuous for each ¢t € J and for each & € B, f(-,§) : J — H is

strongly measurable;
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(2) there exist a positive integrable functions m € L1([0,b]) and a continuous nondecreasing
function Zy : [0, 00) — (0, 00) such that for every (¢,€) € J x B, we have

Ef(q)
q

=A< .

E|l/(1.)3 <m0 (l€l).  timinf

(H5) The function o : J x B — L satisfies the following properties:

(1) o(t,-) : B — LY is continuous for each t € J and for each £ € B, o(-,€) : J — LY is
strongly measurable;

(2) there exist a positive integrable functions n € L*([0,b]) and a continuous nondecreasing
function =, : [0,00) — (0,00) such that for every (¢,&) € J x B, we have

Elo(t. )2 <m0 (lg13).  tmine =22 — 1 <
(H6) For all x > 0 such that
2b2a A b2a
AMyp*" + 4p* AM —5 supm(s) +4p* TMg————supn(s)
selJ b2 — 1) ses

(b2a)2

< 1.
K202

x |5+ 30(M2M2)?

Lemma 2.11([16]) Let = € H be continuous on [0,b] and xo = ¢. If (H2) holds, then

zs]ls < p* sup (0l + (" + ¢)l0lls,
0 < 6 < max{0, s}
s€ Z(e)UJ

where ©* = sup;e (o) ¥ (t), V* = supc s v(t), p* = sup,c y u(t).

The following lemma is required to define the control function.

Lemma 2.12([23]) For any &y, € L*(Fy, H) there exists p € L2(Q; L2(J, LY)) such that
b
2 = Edy +/ o(s)dw(s).
0

Now for any x > 0 and &3, € £2(Fp, H), we define the control function

u(t) = B*Si(b—t)(kI+T§)~"
b
X{Efb+/ ¢(s)dw(s) — Ta(b)[¢(0)+g(0,%(o,¢))]+g(b,%(b,mb))}
—B*S%(b IiI +T9) 718, (b — 5)f(8,2c(s,2,))ds

—B*S%(b f<aI +T0) 7180 (b— 8)a(8, Te(s ) )dw(s).

\\
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§3. Controllability Results

In this section, we study the approximate controllability results for the systems (2.1) where the
operator A is a sectorial type w with m(1—a/2) < § < 7. In particular, we establish approximate
controllability of nonlinear fractional stochastic system (2.1) under the assumptions that the

corresponding linear systems is approximately controllable.

Theorem 3.1 Assume that the assumptions (H1)-(H6) hold and S, (t) is compact, then the

fractional stochastic system (2.1) has at least one mild solution.

Proof Let C((—o0,b],H) be the space of all continuous H-valued stochastic processes
{a(t),t € (—o0,b]}. Consider the space B = {z : z € C((—00,b],H),z(0) = ¢(0)} endowed with

seminorm | - || 5 defined by

lzllg = li¢lls + _sup_ (Efz(s)] %, weB,

—oo<s<

and the space H defined in the previous section endowed with the norm l|lz|lz = sup(E|=(t) ||${)% .
teJ

In what follows, we assume that e : [0,b] x B — (—o0, b] is continuous and e(t, z;) = 0 for ¢ = 0.
For x > 0, define the operator P : B — B by

(P2)(t) = Ta(t)[6(0) + g0, xdo@)]—g(t,xs(t,zt))
/ Salt — 8)[BU(3) + £(5, Te(nn.y)lds

—|—/ Salt — 5)o(s,0e(s,2,))dw(s), teld

O

(=)

It will be shown that the system (1) is approximately controllable if for all £ > 0 there exists
a fixed point of the operator P.

For ¢ € B, define
y(t) _ d)(t)a te (—O0,0],
To(t)$(0), te .

Then yg = ¢.
For each z : J — H with 2(0) = 0, we denote by Z the function defined by

0, te(—o00,0],
z(t), te.J

If 2(-) satisfies the system (2.1), then we can decompose z(-) as z(t) = y(t) + z(¢), which implies
Te(t,zy) = Ye(t,z) T Ze(tay)s for t € J and the function z(-) satisfies

Z(t) = Ta (t)g(ov (b) g(t Ye(t,zr)
+Z(t,2,)) / Sa(t — s)Bu™(s)ds + / Sa(t = 5)f(5,Ye(s,2,) + Ze(s,2,))dS

/ Sa(t = 5)0(5,Ye(s,2,) T Ze(s,2,))dw(s), teJ,
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ut(t) = B*Si(b—t) (kI +T4) !
b
X{EEM+A<ﬂ$*ﬂﬂ—TM@W@)+MQ¢H+M@%@%y+%w%ﬂ}
b
—B%ﬁw—wy/<n1+rb*sab—sﬁ@ﬁu&ay+z@@»m
0

b
_BSi(b— 1) / (K] 4+ T2 1S (b — $)0 (5 Yao.o.) + Zogo.eny)du(s).
0
Set By = {z € B,z =0 € B}, and for any z € By, we have

1 1
I2llg, = llzolls + sup_ (Ellz(s)]*)2 = sup_(Bllz(s)[*)?.

—oco<s<b —oo<s<

On the space By, consider a set B, = {z € By : ||z||2~0 < g} for some ¢ > 0; then, for each ¢, B,

is clearly a bounded closed convex set in By. For z € B, from Lemma 2.11, we see that

1z +wlp < 2 ||2t||%+||yt||25>

2 = * * =
< 4w sup E[|Z(s)* + (v" + ¢")?||Z0l
0 < s < max{0,t}
te Z(e)UuJ (3-1)

2 * *
+u* sup E[ly(s)|* + (" +¢ )2||yo||%>
0 < s < max{0,t}
te Z(e)UJ

< 4 (q+ MBE[90)3) + 40 + ") 613
Let & : By — By be the operator defined by ®z such that
05 te (—OO, 0]7
t
Ta(t)g(ov (b) - g(tu ys(t,it) + Es(t,it)) + / Sa(t - S)BUH(S)CZS
0

t
+/ Sa(t - S)f(S, ys(s,is) + 25(5,55))d8
0

t
+/ Sa(t - S)U(Su Ye(s,zs) + 25(5,25))dw(8), teld
0

Obviously, the operator P has a fixed point if and only if ® has a fixed point. For the sake of

convenience, we divide the proof into several steps.

Step 1 We show that, for each x > 0, there exists a positive number ¢ such that ®(B,) C
B,. If it is not true, then there exists £ > 0 such that for every ¢ > 0 and ¢t € J, there exists a
function z9(t) € By, but ®(29) ¢ By, that is, E||($29)(t)||3, > ¢. For such £ > 0 and z = z on



Controllability of Fractional Stochastic Differential Equations With State-Dependent Delay 87

J, we find that

q¢ < E[2(z9)(1)]3
< SEITu(09(0, 6)3 + SElg(tyequsn + 7o)l
t 2 ¢ 2
+5E /Sa(t—s)Bu"‘(s)ds + 5E /Sa(t—s)f(s,yg(&gg)—|—Zg(sgq))ds
0 o 0 e o
. 2
43| [ Salt = )05, vty + 2 )
0 |
H

By Lemma 2.11 and assumptions (H1)-(H3), we have

I

EHTa(t)g(Ov (b)”%-l + EHg(tv ys(t,if) + E&ng?))”%—l
NEEM, (1 + 1813) + My (1 + e sty + 22 o) IB) (3:2)
MM, (14 19]3) + My (1+ 46 (g + DBE6(0)[3) + 407" + %) 0]13).

IN

IN

2

¢
I, = E‘ / Sa(t—s)f(s,ys(sygg)—I—Eg(s)ig))ds
0

H

2
t

[ Salt = 9005, pesty + 2 g ()
0

+E‘

IN

t t
J1ae = 9)ds [ 18att = BN (512t + 2oy e
0 + 0

b [ 8alt = Bl ety + 27 ) g
0

—~._ b

t
S [ = (2 (lomep) + g I3) s

A [ (¢ = 9 D)= ez + 2 5 s
0
b2a

—_ %2 17 * *
3z = (7 @+ MEESO)3) + 407 + )6l ) sup ()

(3.3)

IN

IN
S

b2a—1 _ .2 N . .

+ME5—Eo (4u (¢ + MEE|6(0)|2,) + 4" + ¢ )2||¢||§3) supn(s)

% + M,
b(2a — 1)

o?

Further, by using (H1)-(H5), Holder inequality, Eq.(3.1) and Lemma 2.11, we get

1 — b
Efut(s)]2 < EM%meﬁ{GHE%ﬂL/ (s)dw(s)||* + 6B Ta(b)¢(0)|*
0

+E[|T0(0)9(0,9)[1* + 6B g(b, Ye(v.2,) + Ze(v,2)) I (3.4)
2

+6E

b
/ Sa (b - S)f(S, ys(s,ig) + 55(575‘51))(18
0

H
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b
+E / Sa(b - 8)0(87 Ye(s,29) + 55(5752))(111}(8)
0

)

b
Mg Mg l2IIEﬂEbII2 + 2/0 E[@(s)l*ds + Mz ¢l5 + M7 My(1+ [|¢ll5)

6b2a
K2

+M, (1+ 45" (g + MBE|(0) [3) + 40~ + 72 |61
~ M M,
212 f o
+Msb <a2 +b(2a—1)>]’

where Mp = ||B||.

IN

(3.5)

Now, we have

2

t
I; = E|/Sa(t—s)Bu“(s)ds
0

H
— 2 6 N X L — —
(33M3) s (%) [2||Exb||2+2 | BIe) s + 323 ol + N0, 1 + o)

IN

~ ~ M M,
+M, (1+ 40 (g + DRENS(0)[B) + 4" + " 2llo3) + MZve (a—f + m)]

(3.6)
Combining the estimates (3.2), (3.3) and (3.5) yields

¢ < EBleG03
< 5ARM, (1+ 613 ) +5M, (1+ 45 (g + MEES0)B,) + 40 + ") 0l13)
— M M, — 2 6 b
2120 | 22f o 29 r2 200\ 2 A2 A 2
M|+ 1ot +5(MEME) 5 (0 [2|E:cb|| +2/0 E|¢(s)||?ds

. . .~
+M7 015 + MiMy(1+||¢l%) + Mg(l +4p* (g + MPE|6(0)][7,) + 4" + w*)2|\¢>ll%)
~ M M,
Mo | =Ly 7).
s <a2 +b(2a—1)>]

Dividing both sides of (3.6) by ¢ and taking ¢ — oo, we obtain

(3.7)

__ b2a 5 2a
%2 %2 2 * 2
— 2(b20‘)2

which is a contradiction by assumption (H6). Thus, for some ¢ > 0, ®(B,) C B,.

Step 2 We prove that for each x > 0, the operator ® maps B, into a relatively compact
subset of B,. First we prove that the set V(¢) = {(®z)(t) : z € By} is relatively compact in H

for every t € J. The case t = 0 is obvious.
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For 0 < € <t < b, we define an operator ¢ on B, by

((I)ez)(t) = Ta(t)g(ov ¢) - g(tv Ye(t,z:) + Es(t,it)) + Sa(e)A B Sa(t -5 E)BUK(S)dS

+Sa(€) Sa (t -5 — G)f(S, ys(s,is) + 25(5,25))(18

0
t—e

+5u(e) / St — 5 — Yo (5, Ye(omy + Zeiorzy)du(s).
0

Since S, (t) is a compact operator, the set Ve (t) = {(®°2)(t) : z(.) € By} is relatively compact
in H for every € > 0. Also, for every z € By, we have

E[|(®z2)(t) — (22)(1)]%

t 2 t 2
< 3E / Sa(t — s)Bu™(s)ds + 3E / Sa(t —8)f(s, Ye(s,z,) T 25(8753))618
t—e H t—e H
¢ 2
+3E|| / Sa(t - S>U(Sv Ye(s,zs) + ZE(S,ES))dw(S)
t—e H
e ! a-1[r2 6 24 TIA2T - [ = (.
< BB [ (=) Mg (MM + m(s)24(d) + nls)a(d)]ds
t—e

—0 as € — 07, where
%2 T * *
¢ = 4" (g + MIE|$(0)[3,) + 40" + )| 0I5
and

b — —
M = 2||1Efcb||2+2/O E[(s)lPds + M7 ol + MiMy(1 + [[6]3)

— M M,
M,(14+q¢)+M22( 2L 2 )],
+My(1+4) + M <a2 +b(2a—1)

This implies that there are relatively compact sets arbitrarily close to the set V (¢) for each
t € (0,b]. Hence V(t) = {(®z)(t) : z € By} is relatively compact in H.

Step 3 We show that V = {(®z)(¢t) : 2(-) € By} is equicontinuous on [0,b]. Let 0 < € <
t < band d > 0 be such that ||Su(s1) — Sa(s2)|| < ¢, for every s1,s2 € J with |s1 — s2| < 4. For
any z € By and 0 <t <ty € J, we get

E[[(®2)(t2) — (®2)(t1)[1F; < 8[| Ta(t2) — Tu(t1)|*Ellg(0, 9)[I3,
8B g(t2; Ye(ta,z0,) T Ze(ta,zy) = 91 Ye(tr,z,) + Ze(trz) 13

t1
+8IE / [Salta — s) — Sa(t1 — s)|Bu™(s)ds
0 H
t 2
+8E‘ / Sa(te — s)Bu"(s)ds
t "
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2
t1
+8E / [Sa(tZ - 3) - Sa(tl - S)]f(S, Ye(s,zs) + Zs(s,is))ds
0 H
2
ta
+8E / Sa(t2 - S)f(S, Ye(s,zs) + Zs(s,is))ds
t1 H
2

t1
+8E / [Salte —5) = Sa(ti — 8)]o(5, Ye(s,2,) + Ze(s,2,))dw(s)
0

2

H
ta
+8E Salta = 8)0(5,Ye(s,2,) + Ze(s,2,))dw(s)

t1

H
By assumptions (H1), (H3)-(Hb5) and Holder’s inequality, it follows that

E|[(®2)(t2) — (®2)(t1) |7, < 8My||Tu(t2) — Ta(f1)|\2(1 + H¢|I%>
+8Mg(|t2 = t1? + | We(ta,z,) = Ye(tr,z) T Fe(ta,z,) — fsm,ztl))ﬂfg)

— ty —t1)™ [T
+8M§M§%/ (ta — 5)* " B[u(s)||?ds

t1

t1
+862M]23/ (t1 — 8)* ' E|u"(s)|*ds

o
+862%/ (tr = )" [m()Z4(¢') + n(s)Z0 ()]ds
(iz "

Gt [, et m()20) + (o) s

ty

+8M2

Therefore, for e sufficiently small, the right-hand side of the above inequality tends to zero as
t1 — to, since the compactness of S, (¢) implies the continuity in the uniform operator topology
on J. Thus, the set V = {(®z)(¢) : z(-) € By} is equicontinuous.

By using a procedure similar to that used in [2], we can easily prove that the map ®(-) is
continuous on B, which completes the proof that ®(-) is completely continuous. Hence from
the Schauder fixed point theorem ® has a fixed point and consequently the equation (1) has a
mild solution on J. O

Theorem 3.2 Assume that the assumptions of Theorem 3.1 hold and linear system (2.6) is
approximately controllable on J. In addition, the functions f, g and o are uniformly bounded
on their respective domains. Further, if S, (t) is compact, then the fractional control system

(2.1) is approximately controllable on J.

Proof Let z"(-) be a fixed point of ® in B,. By using the stochastic Fubini theorem, it is
easy to see that

b
a¥(b) = dp— k(I +T0)"" | Edy + /O @(s)dw(s) — Ta(b)[#(0) + 9(0,d)] — g(b, x5, 1))

b
—|—/§/ (HI + Fl;)ilsa(b - 5)f(57x?(s,w”))ds
o s

b
—l—m/ (kI 4+T%) 718, (b — 8)0 (8, XL (5 ey )dW(S).
0 5
(3.8)
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By the assumption on Theorem 3.2, we have
Hf(s7x?(s,m';))|‘2 + H0'(87x?(s,m';))”2 < Nl and Hg(87‘rg(s,m’;))|‘2 < N2'

If the linear system (2.6) is approximately controllable on every [0,s], 0 < s < b, then by
Lemma 2.10, the approximate controllability of (2.6) is equivalent to convergence of the operator
k(I + I‘g)_l to zero operator in the strong operator topology as k& — 07, and moreover
(kI +T2) 71 < 1.

Then there is a subsequence denoted by {f(s,x?(s)wg)) o(s, TL(s o) )} weakly converging to

say {f(s),o(s)}. Thus, from the above equation, we have
Ell2"(0) — &[> < 7lls(sI +T6)~! [Edy — Ta(0)(6(0) + 9(0,9))]]1?

+7E</Ob |K(RI+F8)_1¢7(S)|%3ds> + 7E||r(x] + T8)"g(b, 2 eI
b 2
+7E(/O (kI +T8) 1S, (b — S)[f(s,xg(sﬁxg)) _ f(s)]|ds>
b 2
”E(/o '“<“I+Fi>‘15a<b—s>f<s>|ds>
b 2
+7E</0 [5(5T +T5) " S (b — 5)[0 (s, 25 ) — U(s)]HLgdS)

X 2
+7E(/O |m(nI+F§)_15a(b—s)o(s)|£3d5> :

Using the Lebesgue dominated convergence theorem and the compactness of S, (t), we obtain
E|[z%(b) — &> — 0 as k — 0F. This gives the approximate controllability of (1). Hence the
proof is complete. O

The mathematical formulation of many physical phenomena contain integro-differential
equations, these integro-differential equations arise in various applications such as viscoelastic-
ity, heat equations, fluid dynamics, chemical kinetics and so on. Motivated by this considera-

tion, in this paper we construct the fractional control system in the following integro-differential

framework
t
‘Dyla(t) + 9(t, Tere)] = Alx(t) + 9 Te(t,2,))] +/O G(t — s)z(s)ds + Bul(t)
dw
+f(t Tete) + 0t To(r,2,)) dit) (3.9)
€(0,1), teJ:=]0,b]
g = ¢€B, 2'(0)=0,

where A, (G(t))t>0 are linear operators defined on Hilbert space (H,| - |%), and “Dgx(t)
represent the Caputo derivative of order o > 0.

Further, we assume that the integro-differential abstract Cauchy problem

cDea(t) = Ax(t)—i—/o G(t — s)x(s)ds
x(0) = o,

(3.10)
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has an associated a-resolvent operator of bounded linear operators (§4):>0 on H.
One parameter family of bounded linear operators (§4)¢>0 on H is called a-resolvent op-
erator of (3.9) if the following conditions are verified.

(1) The function §4(-) : R+ — L(H) is strongly continuous and §,(0)x = z for all z € H
and « € (0,1).
(2) For all z € D(A), = € C(R4,[D(A)]) N C'((0,00), H) and

D8, (t)x = A8, (t)x + /0 G(t — s)8a(s)zds

D8 (t)r = §4(t) Az + /0 8ot — s)G(s)xds,

for every t > 0.

¢
Definition 3.3 Let a € (0,1), we define the family §,(t) by §o(t)z := / fa1(t —5)8a(s)zds,
0

x € H and f,(t)t"'/T(n), n>0,t >0 and T is the gamma function.

Definition 3.4 An F;-adapted stochastic process x : (0o0,b] — H is called a mild solution of
the system (14) on J if vo = @, 2.4 4,) € B, z|J € C(J,’H) and

t

LL‘(t) = §o¢(t)g(07 (b) - g(taxs(t,zt)) +‘/0 ga(t - S)BU(S)dS
Aa - y Le(t,xt d tAa - oS, e(t,x+ d ) J
+/O§(t s)f(sx(,))s—i—/oxfg(t 5)0 (8, Te(t,z,))dw(s) te
Theorem 3.5 Let the assumptions (H1)-(H6) hold, Z(-) € C((0,b); L(H)) and §4(t) is compact.

Further, if the linear system corresponding to (3.8) is approximately controllable on J, then the
system (3.8) is approxzimately controllable.

Proof For all kK > 0, define the operator d: By — By by d2z such that

0, t € (—o00,0[;

5 ()90, 8) — 9(tYe(e 2 + Zege ) / Bt — ) Bu(s)ds
/ Bt = 5175, Ve 2 + a2 )
bl = 9060+ s uls), tE

where yo = ¢, z: J — H and Z(t) = z(t) for t € J with z(0) = 0, and

uwi(t) = B*§r(b—t) (kI +T8)!
{Ea:b+/0 P(s)dw(s) — §a(b)[#(0) + g(0, )] + g(b, Ye(b,z,) +2€<b,zb>>}
_B* / ’{I + Fb 1§a(b - S)f(S, Ye(s,zs) + 25(5,23))615

—-B* § (kI + I‘b 1§a(b — 5)0(8,Ye(s,2,) T Ze(s,2.))dw(s).
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One can easily show that the operator d has a fixed point by employing the technique used
in Theorem 3.1 with some changes. Further, in order to prove the approximate controllability
result, we assume that the functions g, f and ¢ are continuous and uniformly bounded. The

proof of this theorem is similar to that of Theorem 3.2, and hence it is omitted. O

84. An Example

Consider the following fractional stochastic partial differential equation with state-dependent
delay and control of the form

t 2
ﬂvk@m+/mﬂ@—m@—awmwwmwmﬁ=%ﬂwﬂw

[ 1= 0as = 2=l )ds] + ute.)

+[ K(s —t)z(s —er(D)e2(l|2(D)])), y)ds (41

—i-{/_oo V(s —t)z(s —e1(t)e2(][z(D)]]), y)ds} diit)j

2(t,0) = 2(t,m) =0, tel0,1], z(0,y) =¢0,y), 6<0, yelo,n],

where ((t) is a standard cylindrical Wiener process in H defined on a stochastic space (12,
{F},F,P); <Dy is the Caputo fractional derivative of order 0 < a < 1. To represent this
system in the abstract form, we consider the spaces H = U = L*[0,7] and B = Cy x L?(h,H)
(h : (—o0,—r] — R be a positive function). We define the operator A by Az = 2 with the

domain
D(A) ={z € H;z,2' are absolutely continuous, z” € H and z(0) = z(7) = 0}.

Then A generates a strongly continuous semigroup (S(t));>0 which is compact. Now we in-
0

0
troduce the functions g(t,&)(y) = / a(—s)&(s,y)ds f(t,€)(y) = / a(—s)é(s,y)ds and o =

— 00 — 00

0
(t,&)(y) = / a(—s)&(s,y)ds, here e(s,y) = e1(s)e2(]|€(0)]]). Further, define the bounded lin-
car operator B : U — H by Bu(t)(y) = u(t,y), 0 < y < 7, u € U, where .+ [0,1]x [0, 7] — [0, ]

is continuous. On the other hand, the linear system corresponding to (4.1) is approximately
controllable (but not exactly controllable). Then, the system (4.1) can be written in the ab-
stract form of (2.1) and all the conditions of Theorem 3.2 are satisfied. Further, if we impose
suitable conditions on g, f, o and B to verify assumptions of Theorem 3.2, then we can conclude

that the fractional control system (16) is approximately controllable on [0, b].

Acknowledgement

This work was supported by The National Agency of Development of University Research
(ANDRU), Algeria (PNR-SMA 2011-2014).



94 Toufik Guendouzi

References

[1] N.Abada, M.Benchohra and H.Hammouche, Existence and controllability results for non-
densely defined impulsive semilinear functional differential inclusions, J. Diff. Equ., 246
(2009), 3834-3863.

[2] R.P.Agarwal, B.Andrade and G.Siracusa, On fractional integro-differential equations with
state-dependent delay, Comput. Math. Appl., 62 (2011), 1143-1149.

[3] M.Benchohra, J.Henderson and S.K.Ntouyas, Existence results for impulsive semilinear
neutral functional differential equations in Banach spaces, Memoirs on Diff. Equ. Math.
Phys., 25 (2002), 105-120.

[4] J.Cui and L.Yan, Existence result for fractional neutral stochastic integro-differential equa-
tions with infinite delay, J. Phys. A: Math. Theor., 44 (2011) 335201 (16pp)

[5] J.Dabas, A.Chauhan and M.Kumar, Existence of the mild solutions for impulsive fractional
equations with infinite delay, Int. J. Differ. Equ., (2011) 20. Article ID 793023.

[6] J.Dabas and A.Chauhan, Existence and uniqueness of mild solution for an impulsive neutral
fractional integro-differential equation with infinite delay, Math. Computer Modelling, 57
(2013), 754-763.

[7] X.Fu and K.Mei, Approximate controllability of semilinear partial functional differential
systems, Journal of Dynamical and Control Systems, 15 (2009), 425-443.

[8] L.Gérniewicz, S.K.Ntouyas and D.O’Regan, Controllability of semilinear differential equa-
tions and inclusions via semigroup theory in Banach spaces, Rep. Math. Phys., 56, (2005),
437-470.

[9] L.Gérniewicz, S.K.Ntouyas and D.O’Regan, Existence and controllability results for first
and second order functional semilinear differential inclusions with nonlocal conditions,
Numer. Funct. Anal. Optim., 28, (2007), 53-82.

[10] T.Guendouzi, Existence and controllability of fractional-order impulsive stochastic sys-
tem with infinite delay, To appear in Discussiones Mathematicae Differential Inclusions,
Control and Optimization, 33 (1) (2013), 65-87.

[11] T.Guendouzi and I.Hamada, Existence and controllability result for fractional neutral
stochastic integro-differential equations with infinite delay, AMO-Advanced Modeling and
Optimization, 15, 2 (2013), 281-300.

[12] T.Guendouzi and 1. Hamada, Relative controllability of fractional stochastic dynamical
systems with multiple delays in control, Malaya Journal of Matematik, 1(1)(2013), 86-97.

[13] T.Guendouzi and S.Idrissi, Approximate controllability of fractional stochastic functional
evolution equations driven by a fractional Brownian motion, Romai J., v.8, no.2(2012),
103-117.

[14] J.K.Hale and J.Kato, Phase spaces for retarded equations with infinite delay, Funkc. Ek-
vacioj., 21 (1978), 11-41.

[15] R.Hilfer, Applications of Fractional Calculus in Physics, World Scientific, River Edge, 2000.

[16] Y.Hino, S.Murakami and T.Naito, Functional differential equations with infinite delay,
Lecture Notes in Mathematics, Vol.1473, Springer, Berlin. (1991).

[17] A.A Kilbas, H.M. Srivastava and J.J. Trujillo, Theory and Applications of Fractional Dif-

ferential Equations, Elsevier Science B.V, Amsterdam, 2006.



Controllability of Fractional Stochastic Differential Equations With State-Dependent Delay 95

[18] J.Klamka, Constrained controllability of semilinear systems with delays, Nonlinear Dy-
nam., 56(2009), 169-177.

[19] J.Klamka, Constrained controllability of semilinear systems with delayed controls, Bull.
Pol. Ac. Tech., 56(2008), 333-337.

[20] J.Klamka, Stochastic controllability of systems with variable delay in control, Bull. Polon.
A: Tech., 56 (2008), 279-284.

[21] J.Klamka, Stochastic controllability of linear systems with delay in control, Bulletin of the
Polish Academy of Sciences: Technical Sciences, 55 (2007), 23-29.

[22] J.Klamka, Stochastic controllability of linear systems with state delays, International Jour-
nal of Applied Mathematics and Computer Science, 17 (2007), 5-13.

[23] N.I.Mahmudov, Approximate controllability of semilinear deterministic and stochastic evo-
lution equations in abstract spaces, SIAM J. Control Optim., 42 (2003), 1604-1622.

[24] N.I.Mahmudov and A. Denker, On controllability of linear stochastic systems, International
Journal of Control, 73 (2000), 144-151.

[25] K.S. Miller and B. Ross, —it An Introduction to the Fractional Calculus and Fractional
Differential Equations, John Wiley & Sons, New York, 1993.

[26] 1.Podlubny, Fractional Differential Equations, Academic Press, San Diego, 1999.

[27] R.Sakthivel, R.Ganesh and S.Suganya, Approximate controllability of fractional neutral
stochastic system with infinite delay, R. Math. Physics, 70 (2012), 291-311.

[28] R.Sakthivel, S.Suganya and S. M. Anthoni, Approximate controllability of fractional stochas-
tic evolution equations, Comput. Math. Appl., 63 (2012), 660-668.

[29] R.Sakthivel and E. R. Anandhi, Approximate controllability of impulsive differential equa-
tions with state-dependent delay, Internat. J. Control, 83 (2010), 387-393.

[30] R.Sakthivel, P.Revathi and Yong Ren, Existence of solutions for nonlinear fractional stochas-
tic differential equations, Nonlinear Anal. TMA, 81 (2013), 70-86.

[31] X.B. Shu, Y. Lai, Y. Chen, The existence of mild solutions for impulsive fractional partial
differential equations, Nonlinear Anal. TMA, 74 (2011), 2003-2011.

[32] L. W. Wang, Approximate controllability for integrodifferential equations with multiple
delays, J. Optim. Theory Appl., 143 (2009), 185-206.



International J.Math. Combin. Vol.4(2013), 96-102

A Note on Minimal Dominating Signed Graphs

P.Siva Kota Reddy

(Department of Mathematics, Siddaganga Institute of Technology, B. H. Road, Tumkur-572 103, India)

B.Prashanth

(Department of Mathematics, Acharya Institute of Technology, Soladevanahalli, Bangalore-560 090, India)

E-mail: reddy-math@yahoo.com, pskreddy@sit.ac.in

Abstract: In this note, we study minimal dominating signed graphs and obtain struc-
tural characterization of minimal dominating signed graphs. Further, we characterize signed
graphs S for which M D(S) ~ CM D(S), where ~ denotes switching equivalence and M D(S)
and CM D(S) are denotes the minimal dominating signed graph and common minimal dom-

inating signed graph of S respectively.

Key Words: Signed graphs, balance, switching, complement, minimal dominating signed

graphs, common minimal signed graphs, negation.

AMS(2010): 05022

81. Introduction

For standard terminology and notion in graph theory we refer the reader to Harary [5]; the
non-standard will be given in this paper when required. We treat only finite simple graphs
without self loops and isolates.

A signed graph is an ordered pair S = (S%, o), where S* is a graph G = (V, E), called the
underlying graph of S and ¢ : E — {4+, —} is a function from the edge set E of S* into the
set {+, —}, called the signature (or sign in short) of S. Alternatively, the signed graph can be
written as S = (V, E, o), with V, E, ¢ in the above sense. Let ET(S) = {e € E: o(e) = +}
and E~(S) = {e € F: o(e) = —}. The elements of E1(S) and E~(S) are called positive and
negative edges of S, respectively. A signed graph is all-positive (respectively, all-negative) if all
its edges are positive (negative).

A cycle in a signed graph S is said to be positive if it contains an even number of negative
edges. A given signed graph S is said to be balanced if every cycle in S is positive (see [6]). In
a signed graph S = (S%, o), for any A C E the sign o(A) is the product of the signs on the
edges of A. For more new notions on signed graphs refer the papers ([11, 12, 15, 16], [18]-[24]).

A marked signed graph is an ordered pair S, = (S, ), where S = (5%, 0) is a signed graph
and p: V(S*) — {+,—} is a function from the vertex set V(S%) of S* into the set {+,—},

1Received August 22, 2013, Accepted November 28, 2013.
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called a marking of S. In particular, o induces a unique marking u, defined by

ecek,

where E, is the set of edges incident at v in S, is called the canonical marking of S. We shall
denote by Mg the set of all markings of S. A signed graph S together with one of its markings
it is denoted by S, .

The following characterization of balanced signed graphs is well known.

Proposition 1.1(E.Sampathkumar [14]) A signed graph S = (G, o) is balanced if, and only if,

there exists a marking p of its vertices such that each edge uv in S satisfies o(uv) = p(u)u(v).

Given a marking p of S, by switching S with respect to p we mean changing the sign of
every edge of S to its opposite whenever its end vertices are of opposite signs in S, . The signed
graph obtained in this way is denoted by S,,(S) and is called the p-switched signed graph or
just switched signed graph when the marking is clear from the context (Sampthkumar et al.
7).

We say that signed graph S; switches to signed graph S (or that they are switching
equivalent to each other), written as S; ~ Si, whenever there exists u € Mg, such that
S,(S1) = Sy, where “=” denotes the isomorphism between any two signed graphs in the
standard sense. Note that S; ~ Sy implies that (S7)" 2 (S2)™.

Two signed graphs S; = (G,0) and Sy = (G',¢’) are said to be weakly isomorphic (see
[26]) or cycle isomorphic (see [28]) if there exists an isomorphism f : G — G’ such that the
sign of every cycle Z in S7 equals to the sign of f(Z) in Sa. The following result will also be

useful in our further investigation.

Proposition 1.2(T.Zaslavsky [28]) Two signed graphs S1 and So with the same underlying

graph are switching equivalent if, and only if, they are cycle isomorphic.

In [17], the authors introduced the switching and cycle isomorphism for signed digraphs.

§2. Minimal Dominating Signed Graph

Mathematical study of domination in graphs began around 1960, there are some references
to domination-related problems about 100 years prior. In 1862, de Jaenisch [3] attempted to
determine the minimum number of queens required to cover an n x n chess board. In 1892,
W. W. Rouse Ball [13] reported three basic types of problems that chess players studied during
that time.

The study of domination in graphs was further developed in the late 1950s and 1960s,
beginning with Berge [1] in 1958. Berge wrote a book on graph theory, in which he introduced
the “coefficient of external stability”, which is now known as the domination number of a graph.
Oystein Ore [10] introduced the terms “dominating set” and “domination number” in his book

on graph theory which was published in 1962. The problems described above were studied
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in more detail around 1964 by brothers Yaglom and Yaglom [27]. Their studies resulted in
solutions to some of these problems for rooks, knights, kings, and bishops. A decade later,
Cockayne and Hedetniemi [2] published a survey paper, in which the notation v(G) was first
used for the domination number of a graph G. Since this paper was published, domination in
graphs has been studied extensively and several additional research papers have been published
on this topic.

Let G = (V, E) be a graph. A set D C V is a dominating set of G, if every vertex in V — D
is adjacent to some vertex in D. A dominating set D of G is minimal, if for any vertex v € D,
D — {v} is not a dominating set of G (See, Ore [10]).

Let S be a finite set and F = {51, Sa,...,Sn} be a partition of S. Then the intersection
graph Q(F) of F is the graph whose vertices are the subsets in F' and in which two vertices S;
and S; are adjacent if and only if S; N S; # ¢, © # j.

Kulli and Janakiram [8] introduced a new class of intersection graphs in the field of domi-
nation theory. The minimal dominating graph M D(G) of a graph G is the intersection graph
defined on the family of all minimal dominating sets of vertices in G.

We now extend the notion of M D(G) to the realm of signed graphs. The minimal domi-
nating signed graph M D(S) of a signed graph S = (5%, 0) is a signed graph whose underlying
graph is M D(G) and sign of any edge PQ in M D(S) is u(P)u(Q), where p is the canonical
marking of S, P and @) are any two minimal dominating sets of vertices in S". Further, a
signed graph S = (G, o) is called minimal dominating signed graph, if S = M D(S’) for some
signed graph S’. In this paper we will give a structural characterization of which signed graphs
are common minimal dominating signed graph. The following result indicates the limitations
of the notion CM D(S) introduced above, since the entire class of unbalanced signed graphs is

forbidden to be minimal dominating signed graphs.

Proposition 2.1 For any signed graph S = (G, o), its minimal dominating signed graph
MD(S) is balanced.

Proof Since sign of any edge PQ in M D(S) is u(P)u(Q), where p is the canonical marking
of S, by Proposition 1.1, M D(S) is balanced. |

For any positive integer k, the k*" iterated minimal dominating signed graph M D(S) of S
is defined as follows:

MDO(S) = S, MD*(S) = MD(MD*=1(S))

Corollary 2.2 For any signed graph S = (G, o) and any positive integer k, M D*(S) is balanced.

Proposition 2.3 For any two signed graphs S1 and So with the same underlying graph, their

minimal dominating signed graphs are switching equivalent.

Proof Suppose S; = (S},0) and Sy = (S¥,0’) be two signed graphs with S} =~ S¥.
By Proposition 2.1, M D(S1) and M D(S3) are balanced and hence, the result follows from
Proposition 1.2. O



A Note on Minimal Dominating Signed Graphs 99

In [25], the authors introduced the notion common minimal dominating signed graph of a

signed graph as follows:

A common minimal dominating signed graph CMD(S) of a signed graph S = (G, 0) is
such a signed graph whose underlying graph is CM D(G) and sign of any edge uv in CM D(S)

is p(u)p(v), where p is the canonical marking of S.

The following result restricts the class of minimal dominating graphs.

Proposition 2.4 For any signed graph S = (G, 0), its common minimal dominating signed
graph CM D(S) is balanced.

We now characterize the signed graphs whose minimal dominating signed graphs and com-
mon minimal dominating signed graphs are switching equivalent. In case of graphs the following

result is due to Kulli and Janakiram [9]:

Proposition 2.5(Kulli and Janakiram [9]) If G is a (p — 3)-regular graph and every minimal
dominating set of G is independent, then M D(G) = CMD(G).

Proposition 2.6 For any signed graph S = (G,0), MD(S) ~ CMD(S) if, and only if, G is
a (p — 3)-regular graph and every minimal dominating set of G is independent.

Proof Suppose MD(S) ~ CMD(S). This implies, M D(G) = CMD(G) and hence by
Proposition 2.5, we see that the graph G must be (p — 3)-regular graph and every minimal
dominating set of G is independent.

Conversely, suppose that G is (p — 3)-regular graph and every minimal dominating set
of G is independent. Then M D(G) =2 CM D(G) by Proposition 2.5. Now, if S is a signed
graph with underlying graph as (p — 3)-regular graph and every minimal dominating set of G is
independent, by Propositions 2.1 and 2.4, M D(S) and CM D(S) are balanced and hence, the

result follows from Proposition 1.2. O
The notion of negation n(S) of a given signed graph S defined in [7] as follows:

7(S) has the same underlying graph as that of S with the sign of each edge opposite to
that given to it in S. However, this definition does not say anything about what to do with

nonadjacent pairs of vertices in S while applying the unary operator 7(.) of taking the negation
of S.

Proposition 2.6 provides easy solutions to other signed graph switching equivalence rela-

tions, which are given in the following result.

Corollary 2.7 For any signed graph S = (G,o0), MD(n(S)) ~ CMD(S) (or MD(S) ~
CMD(n(S)) or MD(n(S)) ~ CMD(n(S))) if, and only if, G is a (p — 3)-reqular graph and

every minimal dominating set of G is independent.

For a signed graph S = (G, o), the M D(S) is balanced (Proposition 2.1). We now examine,
the conditions under which negation of M D(S) is balanced.
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Proposition 2.8 Let S = (G, o) be a signed graph. If MD(G) is bipartite then n(M D(S)) is

balanced.

Proof Since, by Proposition 2.1, M D(S) is balanced, each cycle C' in M D(S) contains
even number of negative edges. Also, since M D(G) is bipartite, all cycles have even length;
thus, the number of positive edges on any cycle C in M D(S) is also even. Hence n(M D(S)) is
balanced. a

83. Characterization of Minimal Dominating Signed Graphs

The following result characterize signed graphs which are minimal dominating signed graphs.

Proposition 3.1 A signed graph S = (G, o) is a minimal dominating signed graph if, and only
if, S is balanced signed graph and its underlying graph G is a M D(G).

Proof Suppose that S is balanced and its underlying graph G is a minimal dominating
graph. Then there exists a graph H such that M D(H) = G. Since S is balanced, by Proposition
1.1, there exists a marking p of G such that each edge uv in S satisfies o(uv) = p(u)u(v). Now
consider the signed graph S’ = (H,o¢’), where for any edge e in H, o¢'(e) is the marking of
the corresponding vertex in G. Then clearly, M D(S’) = S. Hence S is a common dominating
signed graph.

Conversely, suppose that S = (G, o) is a minimal dominating signed graph. Then there
exists a signed graph S’ = (H,o’) such that M D(S’) = S. Hence by Proposition 2.1, S is
balanced. a
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81. Introduction

In this work we deal with simple and finite undirected graphs G = (V, E), where V is the vertex
set and F is the edge set. For a graph GG, a spanning tree in G is a tree which has the same vertex
set as G. The number of spanning trees in G, also called, the complexity of the graph, denoted
by 7(G), is a well-studied quantity (for long time). A classical result of Kirchhoff [16] can be
used to determine the number of spanning trees for G = (V, E). Let V = {v1,v2,- - ,v,}, then
the Kirchhoff matrix H defined as n x n characteristic matrix H = D — A, where D is the
diagonal matrix of the degrees of G and A is the adjacency matrix of G, H = [a;;] defined as

follows:

(1) ai; = —1,v; and v; are adjacent and ¢ # j;
(2) a;; equals the degree of vertex v; if i = j, and
(3) ai; = 0 otherwise. All of co-factors of H are equal to 7(G).

There are other methods for calculating 7(G). Let pq > pgo > --- > pu, denote the

eignvalues of H matrix of a p point graph. Then it is easily shown that p, = 0. Furthermore,
p—1

Kelmans and Chelnokov [15] shown that 7(G) = 1/p H tr. The formula for the number of
k=1

1Received April 3, 2013, Accepted August 28, 2013.
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p—1

spanning trees in a d-regular graph G can be expressed as 7(G) = 1/p H(d — Ar) where
k=1

Ao =d, A1, Ao, -+, Ap—1 are the eigenvalues of the corresponding adjacency matrix of the graph.

However, for a few special families of graphs there exists simple formulas that make it much
easier to calculate and determine the number of corresponding spanning trees especially when
these numbers are very large. One of the first such result is due to Cayley [3] who showed that
complete graph on n vertices, K,, has n"~2 spanning trees that he showed 7(K,) = n""2 ,n >
2. Another result, 7(K,,) = p? ‘¢!, p,q > 1,where K, , is the complete bipartite graph
with bipartite sets containing p and ¢ vertices, respectively. It is well known, as in e.g.,([4],[18]).
Another result is due to Sedlacek [19] who derived a formula for the wheel on n+1 vertices, W, 11,
he showed that 7(W,, 1) = (3 +v/5/2)" + (3 — v/5/2)" — 2 for n > 3. Sedlacek [20] also later
derived a formula for the number of spanning trees in a Mobius ladder.The Mobius ladder
My, 7(My,) = 2[(2+V3)" + (2 — V3)" + 2] for n > 2. Another class of graphs for which an
explicit formula has been derived is based on a prism. Boesch, et al.[1] and [2]. Douad,([5]-[14])
later derived formulas for the number of spanning trees for many graphs. Now, we can introduce

the following lemma:

1

Lemma 1.1([5]) 7(G) = —det(nl—D+A), where A, D are the adjacency and degree matrices
_ n
of G, the complement of G, respectively and I is the n X n unit matriz.

The advantage of these formula is to express 7(G) directly as a determinant rather than in

terms of cofactors as in Kirchhoff theorem or eigenvalues as in Kelmans and Chelnokov formula.

§2. Chebyshev Polynomials

In this section we introduce some relations concerning Chebyshev polynomials of the first and
second kind which we use it in our computations. We begin from their definitions, Yuanping,
et al. [21].

Let Ay (z) be n x n matrix such that

2 —1 0
-1 2z -1 0
An@)=1| o . - .
-1
0 -1 2z

where all other elements are zeros. Further we recall that the Chebyshev polynomials of the
first kind are defined by

T, (x) = cos (narccosz) . (2.1)
The Chebyshev polynomials of the second kind are defined by

1d

(2) sin (n arccos x)
=——T,(2) = ———=. .
ndz " sin (arccos x)

Un-1(z) (2.2)
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It is easily verified that
Un(z) — 22Up—1(x) + Up—a(x) =0 . (2.3)
It can then be shown from this recursion that by expanding det A,,(x) one gets
U,(x) =det (A, (x)),n>1. (2.4)

Furthermore, by using standard methods for solving the recursion (2.3), one obtains the
explicit formula
1
Up(z) = ———[(z+ V2 = 1)"" —(z — Va2 —1)",n>1, . 2.5
(@) = g @+ VAT ) = = V) (2:5)

where the identity is true for all complex x (except at © = +1 where the function can be taken
as the limit). The definition of U, (z) easily yields its zeros and it can therefore be verified that

n—1 .
_ g
U B — on 1 _ CANY
n1(z) =2 I I (z — cos( - )
Jj=1
One further notes that

Un—1(=2) = (=1)" "' Un—1(x)

These two results yield another formula for U, (x),
n—1 .
2 _ -1 2 . 2/JT '
il =4 [ — ot

Finally, simple manipulation of the above formula yields the following, which also will be
extremely useful to us latter:

n—1

T+ 2 2

2 _
Uy =) = H($—2COS(T))-
Jj=1
Furthermore one can show that
1 1
U? = [1-Ty]=—"[1—T,(22° — 1)].
nfl(x) 2(1 — (E2)[ 2 ] 2(1 — 1'2)[ ( €T )]

and
To(x) = %[(x +Ve2-1)"+(x— Va2 -1)".

Now let B, (x),Cp(z),Dy(z) and E,(z) be n x n matrices.

Lemma 2.1([18])

-1 1+2 -1 0

Bu@) =| 0 . . 0 | = det(Ba(@) = (@ — DU, (1EE

-1 z+4+1 -1
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T 0 1
0 1+z O
Crp(z)=1| 1 0 U | :>det(Cn(x))=(n+x—2)Un_1(g),n23,x>2.
z+1 0
1 0 T
(idi)
z 0 1 0
0 =z O 1
2 -3 -1
Dy()=11 0 a 0 = det (Dy(x)) = (x;_ng )[Tn(xz ) >3,2>2
0
0 1 0 =z
(iv)
z 1 1 1
1 =z 1
1 1 : .
Ey(z)=| = det (Ep(z))=(z+n—-1)(z—1)""".
. o o o o 1
z 1
1 1 1 =

Lemma 2.2([17]) Let A € F™*", B e F"*™ C € F™*" and D € F™*™ and assume that D
is nonsingular matriz. Then

A B .
det =(—-1)""det (A— BD™"C)det D.
C D

This formula gives some sort of symmetry in some matrices which failitates our calculation
of determinants.

83. Complexity of Some Graphs

A shadow graph Dy(G) of a graph G is obtained by taking two copies of G say G; and G2 and
join each vertex u; in G; to the neighbors of the corresponding vertex v; in Gs.
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Theorem 3.1 Let P, be a path graph of order n. Then

Proof Applying Lemma 1

T(D2(P,)) = ﬁdet

(2n)?

1
= ——det

(2n)?

7(Dy(P,)) = 2574 n > 2.

.1, we have
(2nI — D + A)
3 0 1 1
1 5 0
1
1
5 0
1 1 0 3
1 0 1 1
0
1
1
0
1 «vv oo 1 0 1
A B 1
B A (2n)?

= o= O

= ——det(A + B).det(A — B),(AB = BA).
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A straightforward induction using properties of determinants and above mentioned defini-

tion of Chebyshev polynomial in Lemma 2.1, we have

4 0 2 2
0 6 0
(DaP) = gmder| 2 0 o
6 O
2 2 0 4
= ﬁm”n?xz?xw*:z?m*?

Theorem 3.2 Let C, be a cycle graph of order n. Then

x det

7(D3(Cy)) = n23" "2 n > 3.
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Proof Applying Lemma 1.1, we have

7(D2(Cy)) = ﬁdet@nI—D%—fl)
5 0 1 -~ 1 01 0 1 --- 1 0
1 1
1 1
1 0 1 0
1 0 1 1 0 50 1 0 1
e o o 1 05 0 1 1 0
0 10 1
1 1
1 1
1 . 01 T e g
01 - 1 0 10 1 -~ 1 0 5
= Ldet 4B :Ldet(A—l—B).det(A—B),(AB=BA).
(2n)? B A (2n)?

A straightforward induction using properties of determinants and above mentioned defini-

tion of Chebyshev polynomial in Lemma 2.1, we have

1 n,,3 n 3n—2
T(DQ(C»”)):WX2 n® x 4" =n2 . O

Theorem 3.3 Let K,, be a complete graph of order n. Then
T(D2(Ky)) = 22" 20" 2 (n — 1)",n > 2.
Proof Applying Lemma 1.1, we have

1 . 1 AT
T(D2(Ky)) = @n)? det(2nl — D + A) = e det I

_ ﬁ det(A + ) x det(A — T),

where
Mm—1 0 e e e 0

0 cee e e 0 2n—1
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Thus,
M 0 e e oo 0
0
1
T(DQ(Kn)) = Wdet
0
0 0 2n
M =2 0 e e .. 0
0
x det
0
0 cee e e 0 2n =2
1
= @ (2n)"(2n — 2)" = 22" 2" "2 (n — 1)™.
n

Theorem 3.4 Let K,, , be a complete bipartite graph. Then
T(Dg (Kn,m)) _ 2n+m—2n2m—lm2n—l

Proof Applying Lemma 1.1, we have

1 o
T(Do(Knm)) = mth(?(ﬂ-ﬁ-ﬂl)]—D-f—A)
1 A
-~ _det
Cm+m)2 "\ p
B 1
 (2(n+m))?
om+2 2 .. 2 0
2
2
2 .2 2m+2 0
x det
0 0 242 2
9

2

2n + 2

109

— det(A + B) x det(A — B), (AB = BA)
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om 0 --- 0 0O --- -+ 0
0
0
det 0 0 2m O 0
X ae
0 0 2n O 0
0
0
0 0 0 0 2n
2m+2 2 2
1 2
det
@ +m)? )
2 2 2m+42
2n+2 2 2
2
x det
2
2 2 2n+2
2m 0 0 2n 0
0
x det x det
0
1 n ™m n— m— n, . m
mx22 +2 (m+n)2(m) 1(n) 1m n

_ 4m+n—1 (m)2n—1 (n)2m—1'

Theorem 3.5 Let F,, be the the fan graph of order n. Then

16 x 6" ?n
T(Da(Fn)) = ——F=—

7 (34 V5)" — (3—5)"),n > 2.

Proof Applying Lemma 1.1, we have

T(D2(Fn))

(2(n+1

1

5 det(2n + 1)1 — D + A)

)

@n+1)2

0
2n
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2n+1 0 0 1 0 0
0 5 0 1 1 0 1 0 1 1
0 7 0
1 1
1 1
70 ; 0
« det 0 1 1 0 5 0 1 1 0 1
1 0 0 2n+1 O 0
0 1 0 1 1 0 5 0 1 1
0 0o 7
1 1
1 R 1
0 7 0
0 1 . ... 1 0 1 0 1 . ... 1 0 5
= m det(A + B) x det(A — B), (AB = BA)
M4+2 0 - o o 0 m 0 - cee oaee 0
2 6 0 2 - 2 o 4 0 --- --- 0
1 D08 T 0 6
= 7(2(n+1))2det f o x det
8 0 6 0
0 2 2 0 6 0 O 0 4
3 0 1 1
0o 4 0
- GrTE @ 1o
4 0
1 1 0 3
2 0 0
0 3
x(2"1n) det
3 0
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A straightforward induction using properties of determinants and above mentioned defini-

tion of Chebyshev polynomial in Lemma 2.1, we have

1 3. 16 x 672
7(Da(Fn)) = —— X22n><6n—2><n><(n+1)Un_1(—):Tn

— 5 (3+V5)"=(3=v5)"). O

Theorem 3.6 Let W, be the wheel graph. Then
T(D2(Wy)) = (6" x n)[(3+V5)" + (3 = v5)" =2"*'],n > 3.

Proof Applying Lemma 1.1, we have

H(Da(Wy)) = mdet@(n—i— I —D+A) = m
Mm+1 0 0 1 0 oo e 0
0 7 0 1 - 1 0 0 1 0 1 -~ 1 0
0 1 0 1
1 1
1 1
1 0 1 1 0
« dot 0 0 1 1 0o 7 0 0 0 1
1 0 0 2n+1 O 0
0 1 0 1 1 0 0 7 0 1 1 0
0 1 0 1
1 1
1 |
1 0 1 0
0 0 1 1 0 1 0 0 1 1 0o 7
R Bl L L Get(A+ B).det (A— B),(AB = BA)
(2n)? B A (2(n+1))?
Mm+2 0 0
0 8 0 2 2 0
0 8 2
= ;det 2 %
(2(n+1))?
2
2 0
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MM 0 e e e e 0
0 6 0 0
0
x det
0
0 0 0 6
4 0 1 1 0
0 1
— 1 n+1 1
= (2(n+1))2(2 (n+1)) x det 1
1 0
0 1 1 0 4
3 0 0
0

x(2"1n) x det

A straightforward induction using properties of determinants and above mentioned defini-

tion of Chebyshev polynomial in Lemma 2.1, we have

T(D2(W,)) = nilx22"x3”xnx(n+1)[Tn(g)—1]
= (nx6M[(B+ V5" +(3—- V5" -2t O

84. Conclusion

The number of spanning trees 7(G) in graphs (networks) is an important invariant. Its evalua-
tion is not only interesting from a mathematical perspective, but also important for reliability
of a network and designing electrical circuits. Some computationally hard problems such as the
traveling salesman problem can be solved approximately by using spanning trees. Due to the
high dependence in network design and reliability on graph theory, we obtained theorems with

proofs in this paper.
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Corrigendum

The authors of paper Special Kinds of Colorable Complements in Graphs, Vol.3,2013, 35-43
should be B.Chaluvapaju, C.Nandeeshu Kumar and V.Chaitra.

The Editor Board of International Journal of Mathematical Combinatorics
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To doubt everything or to believe everything are two equally convenient solu-
tions; both dispense with the necessity of reflection.

By Henri Poincare, a French mathematician and theoretical physicist.
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