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81. Introduction

In his lost notebook [16], Ramanujan has stated the following beautiful two variable reciprocity

theorem.

Theorem 1.1 If a,b are complex numbers other than 0 and —q~", then

pla,b) — p(b.a) = (% _ 1) (ag/b, ba/a, @)

a (_G’Qa _bQ)OO
where
1 0 (_l)nqn(nJrl)/Qanbfn
pla,b) = <1 + —) ,
( ) b 7;) (_aq)n
and as usual
(@)oe = (a; @)oo == [ [ (1 = aq™),
n=0
(@)oo . .
a)p = (a;q)n == ——=—, n is an integer.
(@) 1= (@) = 7
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In what follows, we assume |¢| < 1 and employ the following notations

(a1;a2;a3; c '7am)n = (al)n(a2)n(a3)n e (am)n;

(CLl,CLQ,CLg, c ';an)oo = (al)oo(a2)oo(a3)oo e (an)oo

The first proof of (1.1) was given by Andrews [4] using his identity, which he has derived
using many summation and transformation formulae for basic hypergeometric series and the
well-known Jacobi’s triple product identity, which in fact, is a special case of (1.1). Somashekara
and Fathima [19] used Ramanujan’s 197 summation formula and Heine’s transformation formula
to establish an equivalent version of (1.1). Bhargava, Somashekara and Fathima [9] provided
another proof of (1.1). Kim, Somashekara and Fathima [15] gave a proof of (1.1) using only
g - binomial theorem. Guruprasad and Pradeep [11] also have devised a proof of (1.1) using
¢ - binomial theorem. Adiga and Anitha [1]devised a proof of (1.1) along the lines of Ismail’s
proof of Ramanujan’s 11; summation formula. Berndt, Chan, Yeap and Yee [8] found the three
different proofs of (1.1). The first one is similar to that of Somashekara and Fathima [19]. The
second proof depends on Rogers-Fine identity and the third proof is combinatorial. Kang [14]
constructed a proof of (1.1) along the lines of Venkatachaleingar’s proof of Ramanujan’s 111
summation formula. Recently, Somashekara and Narasimha Murthy [21] have given a proof of
(1.1) using Abel’s lemma on summation by parts and Jacobi’s triple product identity. For more
details one may refer the book by Andrews and Berndt [5].

Kang, in her paper [14] has obtained the following three and four variable generalizations
of (1.1).

Theorem 1.2 If|c| < |a| <1 and |c| < |b] < 1, then

L1\ (¢ agq/b bg/a, @)x
bc) — boac)= |2 - = 1.2
palatic) = palbasc) = (3 - 1) oA D (12)
where (1))
1 x (C)n(_l)nqn n+1 2anb7n
ps(a,b;c) = (1+—> .
(e bic) 5) 2 Cagnelb
Theorem 1.3 If ||, |d| < al, |b] <1, then
1 1 (Cv da Cd/a’ba QQ/bv bQ/CL, q)oo
b;e,d) — pa(b,a;e,d) = - — — 1.3
p4(a7 ;G ) p4( , @5 C, ) (b a) (—c/a, —C/b, —d/a,—d/b, —aq, _bq)oo, ( )

where

2n

1) (e d, cdfab), (14 <) (~1)rgn D/ 2anpn

p4(a, b; c, d) = (1 + E (_aq)n(_c/b, —d/b)n+1

n=0

In fact, to derive (1.2), Kang [14] has employed Ramanujan’s 11); summation formula and
Jackson’s transformation of 2¢1 and 2¢9 series. Later, Adiga and Guruprasad [2] have given
a proof of (1.2) using ¢ - binomial theorem and Gauss summation formula. Somashekara and
Mamta [20] have obtained (1.2) using (1.1) by parameter augmentation method. One more

proof of (1.2) was given by Zhang [23].
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Kang [14] has established the four variable reciprocity theorem(1.3) by employing Andrews
generalization of 19 summation formula [4, Theorem 6], Sears transformation of 3¢o series
and a limiting case of Watson’s transformation for a terminating very well-poised g¢7 series.
Adiga and Guruprasad [3] have derived (1.3) using an identity of Andrew’s [4, Theorem 1],
Ramanujan’s 191 summation formula and the Watson’s transformation.

The main objective of this paper is to give finite forms of the reciprocity theorems (1.1),
(1.2) and (1.3). To obtain our results, we begin with a known finite unilateral summation and
then shift the summation index, say k (0 < k < 2n) by n :

DAy =D Alk+n).
k=0

k=—n
After some manipulations, we employ some well-known transformation formulae for the basic
hypergeometric series. The same method has been extensively utilized by Bailey [6]-[7], Slater
[18], Schlosser [17] and Jouhet and Schlosser [13].
We recall some standard definitions which we use in this paper. The g-gamma function

I'y(x), was introduced by Thomae [22] and later by Jackson [12] as

[y(z) = (E]qx))"; (1—¢g)' =, 0<q<l1. (1.4)

A ¢-Beta function is defined by
By(z,y) = (1-4q) Z Joo .

A relation between ¢-Beta function and ¢g-gamma function is given by
Ly (@)l (y)
By(z,y) = =217 1.5
bl = (15)
The Dedekind eta function is defined by

,'7(7_ — 71'17'/12 H 271'1717' Im(T) >0

= ¢"*"(¢;¢)oo, where €>™'7 = q. (1.6)

In Section 2, we state some standard identities for basic hypergeometric series which we
use for our purpose. In Section 3, we establish the finite forms of two, three and four variable
reciprocity theorems 1.1, 1.2 and 1.3. In Section 4, we give some applications of the finite forms

of reciprocity theorems.

§2. Some Standard Identities for Basic Hypergeometric Series

In this section, we list some standard summation and transformation formulae for the basic hy-
pergeometric series which will be used in the remainder of this paper. Some identities involving
q - shifted factorials are

1 g/a)"

2

(ag™)n  (afa). &

(a)-n = (2.1)
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(@)k4n = (@)n (ag" )k , (2.2)
(ag™")n = (g/a)n <7> ¢ (), (2.3)
(ag*™), = (q/a)kn —a nq(;)_kn{ (2.4)

(¢/a)(e—1)n
g - Chu- Vandermonde’s Sum [10, equation (II.7), p.354]

(A e (CLAL
2 ey, G =g (25)

q - Pfaff- Saalschiitz’s Summation formula [10, equation (I1.12), p.355]

" g ", A, B _ (CJA, C/B),
Z (@ c ABql " ¢ = (C, C/AB), -

(2.6)
k=0

Jackson’s ¢ - analogue of Dougall’s 7Fs Sum [10, equation (I1.22), p.356]

i (Aqul/Qv_qu/Qv Bv Ca D7 quin)k k

2 (g, AT> A2, Aq/B, Aq/C, Aq] D, Aq/ E, Aq 1), "

_ (Aq, Aq/BC, Aq/BD, Aq/CD),
~ (Aq/B,Aq/C,Aq/D, Aq/BCD),,’

2.7)

where A2g = BCDEq™™.
Sear’s terminating transformation formula [10, equation (III.13), p.360]

n (q_",B, C) n E/Cn n —nc D/B)
gm(DE ¢"/BC)* z; Do TE 4 (2.8)

Watson’s transformation for a terminating very well poised g¢7 series [10, equation (I11.19),
p.361]

z”: (¢, A B, O), , (D/B,D/C),

£.7(q, D, B, F); © ~ (D,D/BC),

XZ (0,q0'% —qo'/?, B, C, EJA, F/A q ")
(q,0'/2,—0c1/2 B, F,EF/AB,EF/AC, EFq" |A)}

(EFq"/BC)", (2.9)

where DEF = ABqu" and o = EF/Aq.
Bailey’s terminating 10¢9 transformation formula [10, equation (I11.28), p.363]

(@, Al/? — A2 Aq/B, Aq/C, Aq/ D, Aq/E, Aq/F , EFq—" /X, Aqn+1),
Aq/E, Aq/F, \g/EF, \q),,
% i (Avq)\l/zv_qu/Qv B/Aa O/A7 D/A7 E7 F7>\Aqn+1/EFa qin)k qk
— (¢, \1/2,=\1/2, Aq/B, Aq/C, Aq/ D, A\g/ E, \¢/F , EFq~" [A, Ag" )y, "

z": (A,qAY2,—qAY? B, C, D, E, F,A\A¢"*'/EF ,q~"); .
=0
|
(

(2.10)

where A = ¢A%/BCD.
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§3. Main Identities

In this section, we establish the finite forms of reciprocity theorems.

Theorem 3.1 If a,b are complex numbers other than 0 and —q~", then

(1 + %) Zn: (", —bq" ) (aq1+n/b)k

k=0 (ql-i—n’ _aq)k

1 — ,—aq" T n
— (1 + a) (1-4¢") Z ((q(]1+n)k+1 (q_bq)): (bg /a)k

_ (1 _ %) ((aq/b)n (bq/a)n—1 (q)n 51)

b —aq)n (=bq)n—1(**")n

b

Proof Replace n by 2n in (2.5) to obtain

2n

(q72n7 A)k
(q7 C)k

(Cqn/ay* = O/, (3.2)

k=0 (C)an

Shift the summation index k by n, so that the sum runs from —n to n and (3.2) takes the form

@ A o S AT (o gk (€A
@O, OO X g, (O8N =g

k=—n

This can be written as

n —717A n " , C n C A " n _n
3t ity (O = G oy ()™ (33)

k=—n

Now, replacing A by —b and C' by —aq'~" in (3.3), then using (2.2) and (2.3) in the resulting
identity, we obtain

n

Z ((q_na_bqn)k (aq1+"/b)k _ (% - ) (Q)n (GQ/b)n(bQ/a)n—l '

q1+n, - Cl,q)k

k=—n

This can be written as

n

1\ w= (¢, —bg" . 1 " _1/q
(1 + 5) > @™ =bq")e (ag"t"/b)" + (1 + 5) > (ql(zn7 _ql_/n%)qu

P (ql-l—n7 _GQ)k 2
(1 1Y (ag/b)n (bg/a)n—1 (@)n
- <b CL) (—aq)n (—bq)n,l(qlJrn)n' (3.4)

Now, the first term on left side of (3.4) is same as the first term on the left side of (3.1).
Therefore, to complete the proof, it suffices to show that the second term on the left side of
(3.4) is same as the second term on left side of (3.1). To this end, we change n — n — 1 and
then set B = —aq"t!,C = q,D = ¢*" and E = —bq in (2.8) to obtain

n—1 o1
(q*nJrl7 _aqn+1)k n kL (=b)p—1 (q—n+1, —q/a)n i
kZ:O (qn+2, _bQ)k (bq /CL) = (_bQ)n—l kZ:O (q"+2, —q2_"/b)kq . (3.5)
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1+ -0

Multiply (3.5) throughout by —
(1 —gnt1) (1+qb )

q, to obtain

(410 S, e,

—-n q n
G (14 52 @ b

(bg" /a)"

n—1

(1+0)
(14 bgn—1)

"ok g
"+1 » =" " /0)k4

k:O

This on simplification yields

(1+3) > G

k=1

—n+1 qn+l)

1 oy 5 (7 n
= - (1+E> (1_q )Z 1+n)k+1( bq) (bq /a) )

completing the proof of (3.1). ]

Theorem 3.2 If || <la] <1 and |c| < |b] <1, then

1 cq
1 1+ —
(u)( )
n k
, ¢ —cq™/a, —bq"™)k Petn agtt™" 1 n
1— W) _(142)a-
xz:: 1+n o c/b,cq%)kﬂ( ) | =5 +o)(d=d")

1

— —-n n n n\ k
«3 (@™, ¢, —ag™ )(—cq/b)ks (1 — cq2+n+) (bi>

= (¢, —c/a, cg®")r1(=bq)k a
_ (1 _ 1\ _ (on(ag/b, =bg", @)n (bg/a)n—1
B (b a) (—C/CL, _C/ba —aqg, q1+n)n (_bq)anl ' (36)

Proof Replace n by 2n in (2.6) to obtain

2n

(q_2n7A7 B)k qk _ (C/A7 C/B)Qn
24 (g, C.ABq#/0); "~ (C. C/AB)a,

(3.7)

Shift the summation index k by n, so that the sum runs from —n to n and (3.7) takes the form

> v G, Aq", BeY o (C/A, C/B)nla, O ABG™>[Ch g

T, Ogn, ABg— /O L~ (C, C/AB)an( A, B, ¢,

k=—n

Now, we replace A by —¢/b, B by —¢~"/a and C by —cq™"/a in (3.8), and then use (2.2) and
(2.3) in the resulting identity, to obtain

Z”: (@™ =1/a, —cg"/b)k  _ (5—2)  (c)an(agq/b,—=bq",q)n (bg/a)n 1
( 1+

1
il U —cja,—q bt (1+ 1) (—c/a,—c/b,—aq, ¢**")pn (=bq)2n—1°
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This can be written as

n

1 (", —ag/c,—bq")k N\ (" —1/a—cq"/bi 4
1+ - 1+ -
( * b> Z (ql-l-n’ —aqg, _bql_n/c)k 1 * * b Z (ql-l-n’ —c/a, _ql_n/b)k 1

k=0 —
= l — l (C)Qn (aq/bv —bq", Q)n (bQ/a)nfl
= <b a) (_C/G, —C/b7 —aq, ql-l-n)n (_bQ)2n—1 . (39)

Now, set A = —aq/c, B=gq, C = —bq", D = —bg*"/c,E = ¢"™! and F = —aq in (2.9)
and multiply the resulting identity throughout by (1 +b71), to obtain

I\ (¢" —aq/c,—bq" )k
1+
( b> kZ:O (q1+n7 —aq, _bqlin/c)k ¢

n k
1 an) (q—n7 c, _an/a’a _bqn)kv 2k+ (aql+n>
=14+~ 1+ — 1-c "= . 3.10
(1+5) 1+ 2 T ag Cepr e T (3.10)
Next, change n — n — 1 in (2.9) and then set A = —q/a, B = q, C = —cq"*'/b, D =
—¢*>"/b,E = ¢""% and F = —cq/a to obtain

n-1l, _pn n —n —2n
Z (q +1a _Q/a’a —Cq +1/b)qu — (_ql /b7 ql 2 /C)nfl
= (>, —cqfa,—¢*7"/b)k (=¢*="/b, 72" /)n—

y n—1 (q—n-|-17 ¢, —(an+1, _qu-l-n/b)lC (1 _ cq2k+n+1) (bq_n>k (3 11)
= (¢*t", —cq/a,~bg, cg® ), (1—cq®™) \a )~ '
1+ Q=g ™) (1+ 1) (14
Multiply (3.11) throughout by ( b) (=g (C a) (qlfn b )q to obtain
Q=g+ 20+ %)
n—1
1 qina_l a, _an b k
(1 + g) Z (1+n / 1—£ )bH ¢!
k=0 (q y C/au —q / )k-l—l
1+ a—-gm (1 + qT") (1 - q*’:l)
) (-5
n—1, _, n n n n\ k
S o g b (Lo e (b B12)
= (¢*t", —cq/a,~bg, cg® ), (L—cq®™) \a ) '
On simplification (3.12) yields
1\ < (¢ ™ —1/a,—cq"/b)r 4 < 1>
1+ = =—(1+-)(1—¢q"
< b> k; (¢, —c/a, ql—n/b)kq a (1-4")
n—1 —n+1 _ o n+l —ca™ /b ba™ k
% Z (q - , 6, —aq Q)k( cq / )/H-l (1 _ Cq2k+n+1) (i) ) (313)
(q +'n,, —C/CL, cq n)k+1(_bQ)k a

=0

k
Using (3.10) and (3.13) in (3.9), we obtain (3.6). m|
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Theorem 3.3 If |c|, |d| < |a|, |b] <1, then

(1+1/b) (1 —ag"™/b) (1 + cdg®"/a)

(144"
i . (¢, ¢, d, cd/ab, ag=™/b,cdg** /b)} < N cdq2k> &
Py ", —aq)e(—c/b, —d/b, —cdg* "' /a, —cdq" /b) k41 b
( +%) (1 —aq™t/b)
(14 ¢™)(1 + cdg™—1/a)
" e (g7, ¢, d, cd/ab, bg™"/a)k(cdq®* 1 Ja) ki1 ( N qu%) &
P (g*=27, —bq, —cdgt1/a)k(—c/a, —d/a, —cdq™/b) k11 a
_ (1 > (¢, d, cd/ab)an(ag/b)nt1(q)n
b (—c/a,—d/a,—aq)n(—c/b,—d/b)n11(¢"T")n
O T R e e (314

Proof Replace n by 2n in (2.7) to obtain

2n

(¢, A, B, C, D, A2¢*>"*1/BCD)y (1— Ag?*)
“ (q,Aq/B, Aq/C, Aq/D, BCDq=2" [A, Ag> 1) (1 — A)

- (Aq/B,Aq/C,Aq/D,Aq/BCD)s, '

Shift the summation index k by n, so that the sum runs from —n to n and (3.15) takes the
form

i (q—n7 Aq", Bqn7 an7 ‘an7 A2q3"+1/BCD)k (1 _ Aq2k+2n) X
= (g AqUT B, Agitn/C, AT /D, BODg A, Agn ), (1-A)

. (@ A4/B, Aq/C, Aq/D, BCDq " /A, Ag*"t),
(g2, A, B, C, D, A2¢>**+1/BCD),
Replacing A, B, C, D respectively by Ag—2", Bqg ™"
using (2.2), (2.3) and (2.4), we obtain

—n

(3.16)
, Cq™™, Dg~™ in (3.16) and simplifying

Z _n Aq_n B C D A2 2n+1/BCD) (1—A 2/€) k
= ( 1*" “Aq]B, Aq]C, Aq]D, BODG A, Aqiy; |~ AT

AN~ et a /A, BJA, C/A, DA, A"t /BCD) (@Y
= (¢""",q/B,q/C,q/D,BCDq 2" A%, q"+1 [A)y, a)t

(¢/B,q/C,q/D, Aq/B, Aq/C, Aq/D,q't™ A2¢*>"+1/BCD),

(Ag/BCD)sy,
( Aq/BCD, Aq1+n3/BOD)2n' (3.17)
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Setting A = aq/b, B = —q/b, C = —aq/c and D = —agq/d in (3.17) and then simplifying,

we obtain

Z”: g ", ag'~"/b,—q/b,—ag/c,—aq/d, —cdg>/b)y ( ag®*'\ ,
1+" ,—agq, —cq/b, —dq/b, —agq>=?"/cd, ag"+?/b)y, b )!

__qzn: g ", bg""'/a,~1/a, ~b/c,~b/d, —cdg* " [a); (1_bq2k1>qk

b h—1 1+n7 _b7 —c/a, _d/au _bq1—2n/cd, bqn/a)k a
_ (1 _ %) (Q7 aqz/bv b/a)n(C, d7 Cd/a’b)2n
b (_bv _C/a7 _d/aa _CQ/ba _dq/bv —aq, q1+n, _qun/b)n

(_Cd/G’Q) n
(—cdjaq, —cdq"3*1 Ta)an (3.18)

X

(L+3)

————22 — to obtain
1+8) (1+4)

Multiply (3.18) throughout by

- z": (¢7", aq'™"/b,—q/b,—ag/c, —ag/d, —cdg®/b) (| ag®* '\ ,
b) & (™", —ag, —aq®=2" [ed, aq" 2 /) (—c/b, —d D)1 b )
0+
(1+§)@1+3)

i (q—n, bq_n_l/au —1/@, —b/C, _b/d7 _qu2n_1/a)/€ 1— bq2k_1 qk
(ql-l-n, _bu _C/au _d/a7 _bql_zn/cdv bqn/a’)k

_ (1 _ 1) (c, d, cd/ab)an(ag/b)ni1(@)n
b (—c/a,—d/a, —aq)n(—c/b, —d/b)ni1(q"")n

(bQ/a)nfl(_Cd/QQ)Zin
X . 3.19
(Cba)n 1 (—cdq” b)u(—cdfaq, —cdq™ [a)an (819)
Now, set A = aq/b, B = —q/b, C = —aq/c, D = —aq/d, E = a¢*™"/b, F = q and
A= —cd/bin (2.10), to obtain

Z”: ¢, ag" " /b, —q/b,—ag/c, —agq/d, —cdg*"[b)y (| ag®*! .
1*” ,—aq, —cq/b,—dq/b, —aq?>=?"/cd, aq™ 2 /by b

O
_ (1—ag""/b)(1 — q")(1 + cdg® " /a)
(1 —=¢*)(1 + cdg"='/a)(1 + cdg™ /b)

n (g™, ¢, d, cd/ab, ag*~" /b, —cdq*" /) cdg®™\
] , 3.20
X Z 1 on —aq, —Cq/b —dq/b _qun/a qunJrl/b) + b q ( )

k=

(L+3)

( )z": 1+—nn7 ag' =" /b, —q/b, —aq/c, —aq/d, —cdq*" /b)y (1 B aq2k+1> »

Multiply (3.20) throughout by to obtain

,—agq, —ag*~*"/cd, aq"t? [b)k(—c/b, —d/b) 41 b

( #) (1 = ag" ™ /b)(1 + cdg® = /a)
(1+4q")




10 D.D.Somashekara and K.Narasimha Murthy

—n7 d d/ab lnb_d2nb d2k
& cd/ab, aq 7" /b, —cdg™/b): Yort (1+CZ )q’“. (3.21)

8 kZZO 1=2n _aq ( C/ba d/b7 _qun 1/@, _qun/b
Next, change n — n — 1 in (2.10) and then set A = bq/a, B = —q/a, C = —bg/c, D =

_bQ/d E = bq_n/(L’F =q and \ = —Cd/a, to obtain
Q/CL, _bQ/Ca _bQ/d7 —cdq2”/a)k (1 _ bq2k+1> qk

— 7n+1 bqin/a
a

ZO 2+'n,7 _bq7 —CQ/CL, _dQ/a’a _bq272n/6da bqn+1/a)k
_ (1—bg"/a)(1 — q" ") (1 + cdg® " /b)
(1= ¢*)(1 + cdg"t/a)(1 + cdg /b)
n—1 —n+1 —n 2n 2k
, ¢, d, cd/ab, b a,—cd a cd
3 1_27(1‘1 /ab, bg /n = / 2’“1 14+ S g (3.22)
_ (q ) _bqu _CQ/au _dQ/av _qu * /au _qu + /b)k a

Multiplying (3.22) throughout by
(14D @+ 1+ 8 a-g)
(1+b)(1+2)(1+2)(1- n+1)(1+

—) (=) (14 ) g
) () g )

we obtain
(1+1) nil q ", bg " Ya,—1/a,—b/ec,—b/d, —cdq® " /a) k11
(1+¢) (1 +4) = 1+",—b,—c/a, —d/a,—bq'~2"/cd, bq™ /a)j 11
—ag" " /b)(b/aq)

(1B g 210
a (L+4¢")(1 +cdg""/a)
n—1
(g="*Y ¢, d, ed/ab, bg~"/a)k(—cdq® 1 /a) ki1 ok
X 14+ cdqg*™ /a) q 3.23
kz—o (¢*—27, —bq, —cdq™t1/a)k(—c/a, —d/a, —cdq™/b) k11 ( / ) ( )
Now, (3.23) can be written as
(1+ i q ™, bg " Y a,—1/a,—b/c,—b/d, —cdq®*1/a)y
(1+%) ) = 1+",—b,—c/a, —d/a, —bg'=2"/cd, bq™/a)y
( bq% 1> e (+y) (L—ag"t/b)
w12 b = o
a (L+4¢")(1+cdg"'/a)
g ", ¢, d, cd/ab, bg " /a)y(—cdg® ! [a)t 2k
’ 1 d 3.24
x Z 2n—bq, —cdg™tl/a)g(—c/a, —d/a, —cdq™/b) g1 8 ( +odg /a)q ( )
O

On using (3.21)and (3.24) in (3.19), we obtain (3.14)
Remark 3.1 Letting n — oo in (3.1), (3.6) and (3.14), we obtain (1.1), (1.2) and (1.3)

respectively.

84. Some Applications of the Finite Forms of the Reciprocity Theorems

In this Section, we deduce finite forms of some ¢ - series identities along with the ¢ - gamma

g - beta and eta function identities from (3.1) and (3.6)
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Corollary 4.1 (Finite form of Euler’s identity)

—n+1 qn+2/w)

i 1+'n, Dr : (_1)kan_kxk = (—2)p-1. (4.1)

Proof Set b = —1 and a = ¢/ in (3.1), and after some simplifications, we obtain (4.1).
Let n — oo in (4.1) to obtain the well-known Euler’s Identity
oo k(k=1)/2 .k
P a" = (~ ). =

k=0

Corollary 4.2 (Finite form of 1¢1- series [10, equation (II.5), p.354]

n—1, _n n n
(¢ "z —2q" 2 /y)i(zg )k+1(1 _ pg?nthtl k nk—k .k
14+n 2n q )(y/il?)
P (@, 26" k1 (¢, Y)k
_ (zq 1)+n—1(y/w)n—y (4.2)
(@ ™)n(Y)n—1
Proof Set b= —1,a=—zq/y and ¢ = z in (3.6), and after some simplifications, we obtain
(4.2). If we let n — oo in (4.2), gives
i VFqHEDR (@) (y/2)F (y/7)eo -
P (@ Yk (¥)oo
Corollary 4.3
1+b n+1 i " _qn/b) (1 _ 2n+k+1)(_1)k nk-‘rkbk -1 (4 3)
q (“bg, 2+ 1), q q =+ :
k=0
Proof Set a = —1,c=qand b =b"! in (3.6), and after some simplifications, we obtain
(4.3). If we let n — oo in (4.3), gives
O k(k+1)/2pk
AU 0
= (=bq)k+1
If we set b =1 in (4.3), we obtain
1+ qn+1 Z - q2n+1 1 q2n+k+1)(_1)kan+k - 1. (4'4)

= (
Letting n — oo in (4.4), we obtain
2 kD)2 _
=0 (—@)k+1

We define
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and

(@*, ¢¥)n

Note that I'y ,(x) — Ty(x) and By, (z,y) — By(x,y) as n — oo, which are define in (1.4) and
(1.5).

Byn(z,y) = (1-1q).

Corollary 4.4

(_ql-i—w7 q1+n)n(1 _ q)l—w n —n n+m)k k nieth
Tyn(x) = —1)%q"
- ( ) 2(_(])71(_(])7171 ZO 1+n - 1+z)k( ) 1

n=1/ _nti1 n+z+1

T n ) —4
H14a)1-g) Y )
k=0

k/ 1\k nk
@@, (4.5)

Proof Set a=¢" and b= —¢” in (3.1), and after some simplifications, we obtain (4.5). O

Corollary 4.5

(1—q)1—¢") (", "™, q¢")n

B‘I’"(x’y) - (qitr—vy qu—z gutytn),
X (1 _ anrac) i (qina qury)k(anry)i (1 _ q2k+n+z+y)an+k+szky
= (q )k (@ T )k (0%)74
—¢"*(1—4q")
-1, _
« — (" @ ) (¢ ) e (1 — g2htnatyttygnkthy—ka | (4.6)
= (@ P V)

Proof Set a = —¢*,b = —¢¥ and ¢ = ¢*¥ in (3.6), and after some simplifications, we
obtain (4.6). m
Corollary 4.6

n 7n+1 n+2
Jegrhth k[ 1\k nk 2(=q)n—1
+ —_—— (-1 = . 4.7
Z k+1 Z "H JE+1 (710" (1 +g" ) (gt )n 1)

0

Proof Set a=¢q and b= —q in (3.1), and after some simplifications, we obtain (4.5). O

Letting n — oo in (4.5), (4.6) and (4.7) and using (1.4), (1.5) and (1.6), we obtain respec-
tively ¢ - gamma, ¢ - beta and eta function identities

k(k+1)/2 0 k(k+1)/2

_ A4z o 1— 1—
Fq(x):( : 2)(_((1)2 0 Z N +(1+¢%) Zq = |

oo
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(1-q)(1—¢") (""", ¢")o

(¢ r )
Fgh(k+1)/2 (goty)

- (_1) k k+kx—ky
g [; van !

n—l P
. ””Z k+1)/2( +y)quy—km‘|7

= k(@Y )kt

Bq(:Z?, y) =

q
n(7) 2 Z

= (—@kn @k+1

n(27) g1/ l 0 gk(k+1)/2 > k+1)/2]

Conclusion We see that the finite forms of reciprocity theorems are interesting and also
preserve all the symmetries. A number of identities of the types (4.1) - (4.7) can be deduced
from the finite forms of reciprocity theorems.
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