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Abstract: Let G be a (p, q) graph. Let f : V (G) → {1, 2 . . . , p} be a function. For each

edge uv, assign the label |f (u) − f (v)|. f is called a difference cordial labeling if f is a one to

one map and |ef (0) − ef (1)| ≤ 1 where ef (1) and ef (0) denote the number of edges labeled

with 1 and not labeled with 1 respectively. A graph with a difference cordial labeling is

called a difference cordial graph. In this paper we investigate the difference cordial labeling

behavior of Splitting, Degree splitting and Shadow graph of some standard graphs.
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§1. Introduction

Let G = (V,E) be (p, q) graph. Throughout this paper we have considered only simple and

undirected graphs. The number of vertices of G is called the order of G and the number of edges

of G is called the size G. Graph labeling is an assignment of integers to the vertices or edges,

or both, subject to certain conditions. Graph labeling plays an important role of various fields

of science and few of them are astronomy, coding theory, x-ray crystallography, radar, circuit

design, communication network addressing, database management, secret sharing schemes, and

models for constraint programming over finite domains [4]. The graph labeling problem was

introduced by Rosa and he has introduced graceful labeling of graphs [21] in the year 1967. In

1980, Cahit [2] introduced the Cordial labeling of graphs. Kuo, Chang, and Kwong [8], Youssef

[25], Liu and Zhu [10], Kirchherr [7], Ho, Lee, and Shee [6], Riskin [20], Seoud and Abdel

Maqusoud [23], Diab [3], Lee and Liu [9], Andar, Boxwala, and Limaye [1], Vaidya, Ghodasara,

Srivastav, and Kaneria [24] were worked in cordial labeling. Ponraj et al. introduced k-product

cordial labeling [17], k-total product cordial labeling [18] recently. Inspiration of the above

work, R. Ponraj, S. Sathish Narayanan and R. Kala introduced difference cordial labeling of

graphs [11]. Let G be a (p, q) graph. Let f be a map from V (G) to {1, 2 . . . p}. For each

edge uv, assign the label |f(u) − f(v)|. f is called difference cordial labeling if f is 1 − 1

and |ef (0) − ef (1)| ≤ 1 where ef (1) and ef (0) denote the number of edges labeled with 1

and not labeled with 1 respectively. A graph with a difference cordial labeling is called a
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difference cordial graph. In [11]-[16] difference cordial labeling behavior of several graphs like

path, cycle, complete graph, complete bipartite graph, bistar, wheel, web, grid, prism, book and

some more standard graphs have been investigated. In this paper, we investigate the difference

cordial labeling behavior of some derived graphs like splitting graph, Degree splitting graph

and shadow graphs. Let x be any real number. Then the symbol ⌊x⌋ stands for the largest

integer less than or equal to x and ⌈x⌉ stands for the smallest integer greater than or equal to

x. Terms and definitions not defined here are used in the sense of Harary [5].

§2. Splitting Graphs

A splitting graph of a graph was introduced by E.Sampath Kumar and H.B.Waliker [22]. For

a graph G, the splitting graph of G, S
′

(G), is obtained from G by adding for each vertex v of

G a new vertex v
′

so that v
′

is adjacent to every vertex that is adjacent to v. Note that if G is

a (p, q) graph then S
′

(G) is a (2p, 3q) graph.

Theorem 2.1 S
′

(Pn) is difference cordial.

Proof Let Pn : u1u2 . . . un be the path. Let V
(
S

′

(Pn)
)

= {vi : 1 ≤ i ≤ n} ∪ V (Pn) and

E
(
S

′

(Pn)
)

= E (Pn) ∪ {uivi+1, viui+1 : 1 ≤ i ≤ n− 1}.

Case 1 n is odd.

Define a map f : V
(
S

′

(Pn)
)
→ {1, 2 . . .2n} by

f (u2i−1) = 4i− 1, 1 ≤ i ≤
⌊
n− 1

2

⌋
,

f (u2i) = 4i− 2, 1 ≤ i ≤
⌊n

2

⌋
,

f (v2i−1) = 4i− 3, 1 ≤ i ≤
⌈n

2

⌉
,

f (v2i−1) = 4i, 1 ≤ i ≤
⌊
n− 1

2

⌋
,

f (un) = 2n.

Obviously, the above labeling is a difference cordial labeling of S
′

(Pn).

Case 2 n is even.

Assign the label to vertices u2i−1, v2i, 1 ≤ i ≤
⌊
n− 1

2

⌋
, u2i, 1 ≤ i ≤

⌊n
2

⌋
, v2i−1, 1 ≤ i ≤

⌈n
2

⌉
) as in Case 1 and then define f (un−1) = 2n and f (vn) = 2n− 1. Since ef (0) =

3n− 4

2

and ef (1) =
3n− 2

2
, f is a difference cordial labeling of S

′

(Pn). 2
Theorem 2.2 S

′

(Cn) is difference cordial.

Proof Let Cn : u1u2 · · ·unu1 be a cycle. Let V
(
S

′

(Cn)
)

= V (Cn) ∪ {vi : 1 ≤ i ≤ n} and
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E
(
S

′

(Cn)
)

=
{
uivi+1(mod n), viui+1(mod n) : 1 ≤ i ≤ n

}
∪E (Cn).

Case 1 n is odd.

Let f be a difference cordial defined in Case 1 of Theorem 2.1. Define a map g : V
(
S

′

(Cn)
)
→

{1, 2 . . .2n} by

g (ui) = f (ui) , 1 ≤ i ≤ n− 1,

g (vi) = f (vi) , 1 ≤ i ≤ n− 1,

g (vn) = f (un) ,

g (un) = f (vn) .

Since ef (0) =
3n+ 1

2
and ef (1) =

3n− 1

2
, g is a difference cordial labeling of S

′

(Cn).

Case 2 n is even.

Let f be a difference cordial labeling defined in Case 2 of Theorem 2.1. Define a map

h : V
(
S

′

(Cn)
)
→ {1, 2 . . .2n} by

h (ui) = f (ui) ∀i 6= n− 1

h (vi) = f (vi) ∀i 6= n− 1

h (un−1) = f (un), h (vn) = f (un−1). Since ef (0) = ef (1) = 3n
2 , h is a difference cordial

labeling of S
′

(Cn). 2
The corona of G with H , G ⊙ H is the graph obtained by taking one copy of G and p

copies of H and joining the ith vertex of G with an edge to every vertex in the ith copy of H .

The graph Pn ⊙K1 is called a comb.

Theorem 2.3 S
′

(Pn ⊙K1) is difference cordial.

Proof Let u
′

i (1 ≤ i ≤ n) be the vertex corresponding to ui (1 ≤ i ≤ n) and v
′

i

(1 ≤ i ≤ n) be the vertex corresponding to vi (1 ≤ i ≤ n). Define a map f : V
(
S

′

(Pn ⊙K1)
)
→

{1, 2 . . .4n} by f (u1) = 3, f
(
u

′

1

)
= 1,

f (ui+1) = 3i+ 1 1 ≤ i ≤ n− 1

f
(
u

′

i+1

)
= 3i+ 3 1 ≤ i ≤ n− 1

f (vi) = 3i− 1 1 ≤ i ≤ n

f
(
v

′

i

)
= 3n+ 1 1 ≤ i ≤ n

Since ef (0) = 3n− 2 and ef (1) = 3n− 1, f is a difference cordial labeling of S
′

(Pn ⊙K1). 2
Theorem 2.4([11]) If G is a (p, q) difference cordial graph, then q ≤ 2p− 1.

The graph Wn = Cn +K1 is called a wheel.

Theorem 2.5 S
′

(Wn) is not difference cordial.
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Proof Clearly, the number of vertices and edges in S
′

(Wn) are 2n+2 and 6n respectively.

By Theorem 2.4, 6n ≤ 2 (2n+ 2) − 1 ≤ 4n− 3. This is impossible. 2
Theorem 2.6([11]) Any Path is a difference cordial graph.

Theorem 2.7 S
′

(K1,n) is difference cordial iff n ≤ 3.

Proof Since S
′

(K1,1) ∼= P4, by theorem 2.6, S
′

(K1,1) is difference cordial. The difference

cordial labeling of S
′

(K1,2) and S
′

(K1,3) is shown in Figure 1.
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b bb
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Figure 1

Suppose f is a difference cordial labeling of K1,n with n > 3. Clearly, ef (1) ≤ 4. Then

ef (0) ≥ q − 4 ≥ 3n− 4. This implies, ef (0) − ef (1) ≥ 3n− 8 > 1, a contradiction. 2
Theorem 2.8 S

′

(Kn) is not difference cordial.

Proof The order and size of S
′

(Kn) are 2n and
3n (n− 1)

2
respectively. By Theorem 2.4,

3n (n− 1)

2
≤ 2 (2n) − 1. This implies 2 ≤ 5n2 + 3n. Hence, S

′

(Kn) is not difference cordial.2
The graph Cn × P2 is called prism.

Theorem 2.9 S
′

(Cn × P2) is not difference cordial.

Proof The order and size of S
′

(Cn × P2) are 4n and 9n respectively. By Theorem 2.4,

9n ≤ 2 (4n) − 1. ⇒ n ≤ −1. This is impossible. 2
The helm Hn is the graph obtained from a wheel by attaching a pendant edge at each

vertex of the n-cycle. A flower Fln is the graph obtained from a helm by joining each pendant

vertex to the central vertex of the helm.

Theorem 2.10 A splitting graph of a flower graph is not difference cordial.

Proof The number of vertices and edges in the splitting graph of a flower graph are 4n+2

and 12n respectively. By theorem 2.4, 12n ≤ 2 (4n+ 2) − 1. This implies 4n ≤ 3. This is

impossible. 2
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§3. Degree Splitting Graphs

The concept of Degree splitting graph was introduced by R.Ponraj and S.Somasundaram in

[19]. Let G = (V,E) be a graph with V = S1∪S2∪· · ·∪St ∪T where each Si is a set of vertices

having at least two vertices and having the same degree and T = V −
t⋃

i=1

Si. The Degree

Splitting graph of G denoted by DS (G) is obtained from G by adding vertices w1, w2 . . . , wt

and joining wi to each vertex of Si (1 ≤ i ≤ t).

Theorem 3.1 DS (Pn) is difference cordial.

Proof Let Pn be the path u1u2 . . . un. Let V (DS (Pn)) = V (Pn)∪{u, v} andE (DS (Pn)) =

{uui : 2 ≤ i ≤ n− 1}∪{uu1, vun}. Define f : V (DS (Pn)) → {1, 2 . . . n+ 2} by f (ui) = i, 1 ≤
i ≤ n, f (v) = n + 1, f (u) = n + 2. Since ef (1) = n, ef (0) = n − 1, f is a difference cordial

labeling of DS (Pn). 2
Theorem 3.2([11]) The wheel Wn is difference cordial.

Theorem 3.3 DS (Cn) is difference cordial.

Proof Since DS (Cn) ∼= Wn, the proof follows from Theorem 3.2. 2
Theorem 3.4([11]) Kn is difference cordial iff n ≤ 4.

Theorem 3.5 DS (Kn) is difference cordial iff n ≤ 3.

Proof Since DS (Kn) ∼= Kn+1, the proof follows from Theorem 3.4. 2
Theorem 3.6([11]) K2,n is difference cordial iff n ≤ 4.

Theorem 3.7 DS (K1,n) is difference cordial iff n ≤ 4.

Proof Since DS (K1,n) ∼= K2,n, the proof follows from Theorem 3.6. 2
Theorem 3.8 DS (Wn) is difference cordial iff n = 3.

Proof The difference cordial labeling of DS (W3) is given in figure 2.
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4

Figure 2

Suppose DS (Wn) is difference cordial, then by Theorem 2.4, 3n ≤ 2 (n+ 2) − 1. This implies

n = 3. 2
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Theorem 3.9 DS (Kc
n + 2K2) is difference cordial iff n = 1.

Proof The order and size of DS (Kc
n + 2K2) are n + 6 and 5n+ 6 respectively. Suppose

DS (Kc
n + 2K2) is difference cordial, then by theorem 2.4, 5n+ 6 ≤ 2 (n+ 6) − 1. This is true

when n = 1. The difference cordial labeling of DS (Kc
1 + 2K2) is given in Figure 3.
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This completes the proof. 2
Theorem 3.10 DS (K2 +mK1) is difference cordial iff n ≤ 3.

Proof The graph DS (K2 +mK1) consists of m + 4 vertices and 3m + 3 edges. Since

DS (K2 +K1) ∼= W3, using Theorem 3.2, DS (K2 +K1) is difference cordial. the difference

cordial labeling of DS (K2 + 2K1) and DS (K2 + 3K1) are given in Figure 4.
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Suppose DS (K2 +mK1) is difference cordial, then by theorem 2.4, 3m + 3 ≤ 2 (m+ 4) − 1.

⇒ m ≤ 4. When m = 4, ef (0) ≥ 4+3+2 ≥ 9. Obviously, ef (1) ≤ 7. Hence ef (0)−ef (1) ≥ 2.

This implies DS (K2 +mK1) is not difference cordial. 2
Theorem 3.11 DS (Kn,n) is difference cordial iff n ≤ 2.

Proof The order and size of DS (Kn,n) are 2n + 1 and n2 + 2n respectively. Suppose

DS (Kn,n) is difference cordial, then by theorem 2.4, n2+2n ≤ 2 (2n+ 1)−1, ⇒ n2−2n−1 ≤ 0.

⇒ n ≤ 2. Since DS (K1,1) ∼= K3, DS (K2,2) ∼= W4, using Theorems 3.2 and 3.4, DS (K1,1) and

DS (K2,2) are difference cordial. 2
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The triangular snake Tn is obtained from the path Pn by replacing each edge of the path

by a triangle C3.

Theorem 3.12 DS (Tn) is difference cordial iff n ≤ 5.

Proof Clearly, the order and size of DS (Tn) (n > 3) are 2n+ 1 and 5n− 4 respectively.

By Theorem 2.4, 5n − 4 ≤ 2 (2n+ 1) − 1. This implies n ≤ 5. Since DS (T2) ∼= W3, using

theorem 3.2, DS (T2) is difference cordial. The difference cordial labeling of DS (T3), DS (T4)

and DS (T5) are given in Figure 5.
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Figure 5

This completes the proof. 2
The Quadrilateral snake Qn is obtained from the path Pn by replacing each edge of the

path by a cycle C4.

Theorem 3.13 DS (Qn) is difference cordial iff n ≤ 5.

Proof The difference cordial labeling of DS (Qn) (n ≤ 5) is given in Figure 6.

The number of vertices and edges in DS (Qn) are 3n and 7n − 6 respectively. Suppose

DS (Qn) is difference cordial, then by Theorem 2.4, 7n− 6 ≤ 2 (3n) − 1. This implies n ≤ 5.2
The sunflower graph Sn is obtained by taking a wheel with central vertex v0 and the cycle

Cn : v1v2 . . . vnv1 and new vertices w1w2 . . . wn where wi is joined by vertices vi, vi+1(mod n).

The Lotus inside a circle LCn is a graph obtained from the cycle Cn : u1u2 . . . unu1 and a

star K1,n with central vertex v0 and the end vertices v1v2 . . .

vn by joining each vi to ui and ui+1(mod n).
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b b
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Theorem 3.14 The following are not difference cordial: DS (Sn), DS (LCn) and DS (Fln).

Proof Since the order and size of the graphs given above are 2n+ 3 and 6n respectively.

Suppose the graphs given above are difference cordial, then using theorem 2.4, 6n ≤ 2 (2n+ 3)−
1. This implies 2n ≤ 5, a contradiction. 2

The graph Ln = Pn × P2 is called ladder.

Theorem 3.15 DS (Ln) is difference cordial iff n ≤ 5.

Proof Since DS (L2) ∼= W4, by theorem 3.2, DS (L2) is difference cordial. For n ≥ 3,

V (DS (Ln)) = {ui, vi : 1 ≤ i ≤ n}∪{u, v} and E (DS (Ln)) = {uiui+1, vivi+1 : 1 ≤ i ≤ n− 1}∪
{uivi : 1 ≤ i ≤ n} ∪ {uui, uvi : 2 ≤ i ≤ n− 1} ∪ {vu1, vv1, vun, vvn}. The difference cordial la-

beling of DS (Ln) is given in Table 1.

n u v u1 u2 u3 u4 u5 v1 v2 v3 v4 v5

3 4 8 1 5 6 2 3 7

4 5 10 1 4 7 8 2 3 6 9

5 7 12 1 4 5 8 11 2 3 6 9 10

Table 1:

Conversely, Suppose f is a difference cordial labeling, then by Theorem 2.4, 5n − 2 ≤
2 (2n+ 2) − 1, ⇒ n ≤ 5. 2
Theorem 3.16 If m+ n > 8 then DS (Bm,n) (m 6= n) is not difference cordial.

Proof Clearly, the order and size of DS (Bm,n) are m+n+3 and 2m+2n+1 respectively.

Obviously, ef (1) ≤ m+m+2. Also we observe that ef (0) ≥ m+n−2+m−1+n−2 ≥ 2m+2n−5.
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⇒ ef (0)− ef (1) ≥ m+n−7 −→ (1). Suppose DS (Bm,n) is difference cordial with m+n > 8,

then a contradiction arises to (1). 2
Theorem 3.17 DS (Bn,n) is difference cordial iff n ≤ 2.

Proof The order and size of DS (Bn,n) are 2n + 4 and 4n + 3 respectively. Clearly

ef (0) ≥ 2n− 2 + n+ n− 1 ≥ 4n− 3. Also ef (1) ≤ 2n+ 3. Then ef (0) − ef (1) ≥ 2n− 6. It

follows that n ≤ 3. when n = 3, ef (1) ≤ 6. This implies DS (B3,3) is not difference cordial.

DS (B1,1) ∼= DS (P4), using Theorem 3.1, DS (B1,1) is difference cordial. The difference cordial

labeling of DS (B2,2) is given in Figure 7.
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This completes the proof. 2
Theorem 3.18 DS (B1,n) is difference cordial iff n ≤ 4.

Proof DS (B1,n) consists of n+ 4 vertices and 2n+ 3 edges. Note that ef (1) ≤ 5. Then

ef (0) ≥ q − 5 ≥ 2n − 2. ⇒ ef (0) − ef (1) ≥ 2n − 7. It follows that n ≤ 4. By Theorem

3.17, DS (B1,1) is difference cordial. The difference cordial labeling of DS (B1,2), DS (B1,3)

and DS (B1,4) are given in Figure 8.
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This completes the proof. 2
Theorem 3.19 DS (B2,n) is difference cordial iff n ≤ 4.

Proof The order and size of DS (B2,n) are n+ 5 and 2n+ 5 respectively. It is clear that

ef (1) ≤ 6. Then ef (0) ≥ q − 6 ≥ 2n− 1. Hence ef (0) − ef (1) ≥ 2n− 7. This implies n ≤ 4.
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Using theorems 3.18, 3.17,DS (B2,1) andDS (B2,2) are difference cordial. The difference cordial

labeling of DS (B2,3) and DS (B2,4) are given in Figure 9.
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This completes the proof. 2
Theorem 3.20 DS (B3,n) is difference cordial iff n ≤ 2.

Proof The number of vertices and edges in DS (B3,n) are n + 6 and 2n+ 7 respectively.

obviously ef (1) ≤ 6. ⇒ ef (0) ≥ q − 6 ≥ 2n + 1. Therefore ef (0) − ef (1) ≥ 2n − 5 −→ (1).

Suppose n > 3 then a contradiction arises to (1). By Theorem 3.17, DS (B3,3) is not difference

cordial. Using theorems 3.18, 3.19, DS (B3,1) and DS (B3,2) are difference cordial. 2
§4. Shadow Graphs

The shadow graph D2 (G) of a connected graph G is constructed by taking two copies of G, G
′

and G
′′

and joining each vertex u
′

in G
′

to the neighbors of the corresponding vertex u
′′

in G
′′

.

Theorem 4.1 Let G be a (p, q) graph with q ≥ p. Then D2 (G) is not difference cordial.

Proof Suppose G is a difference cordial graph with q ≥ p. Clearly, D2 (G) consists of

2p vertices and 4q edges. By Theorem 2.4, 4q ≤ 2 (2p) − 1. This implies 4q ≤ 4q − 1, a

contradiction. 2
Theorem 4.2 D2 (Pn) is difference cordial.

Proof Let V (D2 (Pn)) = {ui, vi : 1 ≤ i ≤ n} and E (D2 (Pn)) = {uiui+1, vivi+1 : 1 ≤ i ≤
n− 1} ∪ {uivi+1, viui+1 : 1 ≤ i ≤ n− 1}. Define a map f : V (D2 (Pn)) → {1, 2 . . .2n} by

f (ui) = i 1 ≤ i ≤ n

f (vi) = n+ i 1 ≤ i ≤ n.

Since ef (0) = ef (1) = 2n− 2, f is a difference cordial labeling of D2 (Pn). 2
Theorem 4.3([11]) Any Cycle is a difference cordial graph.

Theorem 4.4 D2 (Kn) is difference cordial iff n ≤ 2.

Proof The order and size of D2 (Kn) are 2n and 2
(
n
2

)
+ n (n− 1) respectively. Suppose

D2 (Kn) is difference cordial. By Theorem 2.4, 2
(
n
2

)
+ n (n− 1) ≤ 2 (2n) − 1. This implies,
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2n2 − 6n+ 1 ≤ 0. It follows that, n ≤ 2. Since D2 (K2) ∼= C4, using Theorem 4.3, D2 (K2) is

difference cordial. 2
Theorem 4.5 D2 (K1,m) is difference cordial iff m ≤ 2.

Proof The order and size of D2 (K1,m) are 2m+ 2 and 4m respectively. Clearly, ef (1) ≤
2m+1. let v be the central vertex ofK1,m and v

′

be the corresponding shadow vertex. Note that

the degree of v and v
′

in D2 (K1,m) are 2m. Therefore, ef (0) ≥ (2m− 2)+(2m− 2) ≥ 4m−4.

Hence, ef (0) − ef (1) ≥ 2m− 3. This implies, m ≤ 2. Since D2 (K1,1) ∼= C4, by Theorem 4.3,

D2 (K1,1) is difference cordial. A difference cordial labeling of D2 (K1,2) is given in Figure 10.
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Figure 10

This completes the proof. 2
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