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Abstract: In this paper, the approximate controllability for a class of nonlinear fractional
stochastic differential equations with state-dependent delays in Hilbert space is studied. The
result is extended to study the approximate controllability of fractional stochastic systems
with state-dependent delays and resolvent operators. A set of sufficient conditions are es-
tablished to obtain the required result by employing semigroup theory, fixed point technique
and fractional calculus. In particular, the approximate controllability of nonlinear fractional
stochastic control systems is established under the assumption that the corresponding linear
control system is approximately controllable. Also, an example is presented to illustrate the
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81. Introduction

Controllability is one of the important fundamental concepts in mathematical control theory
and plays a vital role in both deterministic and stochastic control systems. In recent years,
various controllability problems for different kinds of dynamical systems have been studied in
many publications [1, 8, 9, 18, 19].. From the mathematical point of view, the problems of
exact and approximate controllability are to be distinguished. However, the concept of exact
controllability is usually too strong and has limited applicability. Approximate controllability is
a weaker concept than complete controllability and it is completely adequate in applications [7,
23].. Recently, Wang [32] derived a set of sufficient conditions for the approximate controllability
of differential equations with multiple delays by implementing some natural conditions such as
growth conditions for the nonlinear term and compactness of the semigroup. Sakthivel and
Anandhi [29] investigated the problem of approximate controllability for a class of nonlinear

impulsive differential equations with state-dependent delay by using semigroup theory and fixed
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point technique.

On the other hand, the theory of fractional differential equations is emerging as an im-
portant area of investigation since it is richer in problems in comparison with corresponding
theory of classical differential equations [17, 25, 26]. In fact, such models can be considered as
an efficient alternative to the classical nonlinear differential models to simulate many complex
processes. Recently, it have been proved that the differential models involving derivatives of
fractional order arise in many engineering and scientific disciplines as the mathematical mod-
eling of systems and processes in many fields, for instance, physics, chemistry, aerodynamics,
electrodynamics of complex medium, and so on [15, 17]. In recent years, existence results for
fractional differential equations have been investigated in several papers [5,3]. More recently,
Dabas and Chauhan studied the existence and uniqueness of mild solution for an impulsive
neutral fractional integro-differential equation with infinite delay.

In particular, the study of stochastic fractional differential equations has attracted great
interest due to its applications in characterizing many problems in biology, electrical engineering
and other areas of science. Many physical phenomena in evolution processes are modeled as
stochastic fractional differential equations and existence results for such equations have been
studied by several authors [4, 11, 30].

Most of the existing literature on controllability results for linear and nonlinear stochas-
tic systems are without fractional derivatives [20, 21, 22, 24]. Only few papers deal with the
controllability of fractional stochastic systems. Guendouzi and Hamada [12] studied the rela-
tive controllability of fractional stochastic dynamical systems with multiple delays in control.
The authors derive a new set of sufficient conditions for the global relative controllability by
fixed point technique and controllability Grammian matrix. Sakthivel et al. [28]discussed the
approximate controllability of nonlinear fractional stochastic control system under the assump-
tions that the corresponding linear system is approximately controllable. Guendouzi and Idrissi
[13] investigated the problem of approximate controllability for a class of dynamic control sys-
tems described by nonlinear fractional stochastic functional differential equations in Hilbert
space driven by a fractional Brownian motion with Hurst parameter H > 1/2. Sakthivel et al.
[27] studied the approximate controllability of neutral stochastic fractional integro-differential
equation with infinite delay in a Hilbert space.

However, to the best of our knowledge, the approximate controllability problem for non-
linear fractional stochastic systems with state-dependent delay has not been investigated yet.
Motivated by this consideration, in this paper we will study the approximate controllability
problem for nonlinear fractional stochastic system, described by nonlinear fractional stochastic
differential equations with state-dependent delay and control in Hilbert space, under the as-
sumption that the associated linear system is approximately controllable. In fact, the results
in this paper are motivated by the recent work of [29] and the fractional differential equations
discussed in [6,28].

§2. Preliminaries and Basic Properties

Let H, K be two separable Hilbert spaces and L(K, H) be the space of bounded linear operators
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from K into H. For convenience, we will use the notation ||.||#, ||.|x and ||.|| to denote the
norms in H, K and L£(K, H) respectively, and use (.,.) to denote the inner product of H and K
without any confusion. Let (2, F, {F:}+>0, P) be a filtered complete probability space satisfying
the usual condition, which means that the filtration is a right continuous increasing family and
Fo contains all P-null sets. w = (wy)i>0 be a Q-Wiener process defined on (Q, F, {F;}i>0, P)
with the covariance operator @ such that tr@Q) < co. We assume that there exists a complete

orthonormal system {ex}r>1 in K, a bounded sequence of nonnegative real numbers A, such

that Qer = Ager, kK =1,2,... and a sequence {8;}r>1 of independent Brownian motions such
that (w(t),e)x = Z VAk(er, €)fr(t), eeK,teJ:=][0,b].
k=1

Let £9 = £2(QY2K, H) be the space of all Hilbert-Schmidt operators from Q'/2K into H
with the inner product (¢, 7)o = tr[y)Qnr*]. Let L2(Fp, H) be the Banach space of all F-
measurable square integrable random variables with values in the Hilbert space H, and E(-)
denote the expectation with respect to the measure P.

The purpose of this paper is to investigate the approximate controllability for a class of
nonlinear fractional stochastic differential equation with state-dependent delay and control of
the form

ch‘[:L‘(t) + g(t, xs(t,zt))] = A[x(t) + g(t, xs(t,xt))] + Bu(t) + f(tv xs(t,zt))

dw(t) o ; (2.1)

+U(ta Is(t,mt)) 75

o = ¢637

where D is the Caputo fractional derivative of order o, 0 < a < 1; z(.) takes the value in
the separable Hilbert space H; A : D(A) C H — H is the infinitesimal generator of an «-
resolvent family S, (¢):>0; the control function u(-) is given in £%([0, b],U) of admissible control
functions, U is a Hilbert space. B is a bounded linear operator from I/ into H. The history
xp o (—00,0] — H, z,(0) = z(t +0), 8 < 0, belongs to an abstract phase space B defined
axiomatically; g : J x B—H, f: JxB—=H,0:JxB — L) and e : J x B — (—00,b] are
appropriate functions to be specified later.

Let us recall the following known definitions. For more details see [17].

Definition 2.1 The fractional integral of order a with the lower limit 0 for a function f is

defined as I“f(t) = F(la) /Ot i —f(si)lo‘ ds, t>0,a>0

provided the right-hand side is pointwise defined on [0,00), where T is the gamma function.

Definition 2.2 Riemann-Liouville derivative of order a with lower limit zero for a function

f:[0,00) = R can be written as

Lpaggpy L dm [t f(s)

Definition 2.3 The Caputo derivative of order a for a function f : [0,00) — R can be written
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as

i
L

~+

k

°DYf(t) =LD" (f(t) - f’“(o)), t>0,n—1<a<n. (2.3)

Eod
I
=

0
If f(t) € C™[0,00), then

1 t
‘Def(t) = ] /0 (t —s)" L (s)ds = I""“f"(s), t>0,n—1<a<n.

I'n—«
Obviously, the Caputo derivative of a constant is equal to zero. The Laplace transform of

the Caputo derivative of order o > 0 is given as

n—1

L{¢Df(t); s} = s*f(s) — Z sRLER00), n—1<a<n.
k=0
Definition 2.4 A two parameter function of the Mittag-Leffler type is defined by the series

eTpansion

k Ma—ﬁeu

= z 1
Ea,ﬁ(z)—kz_om—%/cﬂa_zdua a,f € C,R(a) >0,

where C is a contour which starts and ends at —oo end encircles the disc |u| < |z|/? counter

clockwise.

For short, E,(z) = Fas1(z). It is an entire function which provides a simple general-
ization of the exponent function: E;(z) = e and the cosine function: Es(2%) = cosh(z),
E5(—2%) = cos(z), and plays a vital role in the theory of fractional differential equations. The
most interesting properties of the Mittag-Leffler functions are associated with their Laplace

integral
a1 a AP 1
e M7 By g(wt®)dt = , ReA>we,w>0,
0 ’ )\a — W

and for more details see [17].

Definition 2.5([31]) A closed and linear operator A is said to be sectorial if there are constants
weR,0el[F,n], M >0, such that the following two conditions are satisfied:

e p(A) C g, ={reC: N#£w,|arg(A —w)| < 0};
o |[RNA)| < M NeSy..

A—w]”

Definition 2.6 Let A be a closed and linear operator with the domain D(A) defined in a Banach
space X. Let p(A) be the resolvent set of A. We say that A is the generator of an a-resolvent
family if there exist w > 0 and a strongly continuous function S, : Ry — L(X), where L(X)
is a Banach space of all bounded linear operators from X into X and the corresponding norm

is denoted by ||.||, such that {\* : ReA > w} C p(A) and

AT — A) e = /0 eMSy(t)xdt, Rel>w,r € X, (2.4)

where Sy (t) is called the a-resolvent family generated by A.
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Definition 2.7 Let A be a closed and linear operator with the domain D(A) defined in a Banach
space X and o > 0. We say that A is the generator of a solution operator if there exist w > 0
and a strongly continuous function S : Ry — L(X) such that {\* : Re\ > w} C p(A) and

AT — A) e = / eMS,(t)xdt, Rel>w,r € X, (2.5)
0

where Sy (t) is called the solution operator generated by A.

The concept of the solution operator is closely related to the concept of a resolvent family.
For more details on a-resolvent family and solution operators, we refer the reader to [17].
In this paper, we assume that the operator A is sectorial of type w with 7(1—«/2) < 6 < 7.

Then A is the generator of a solution operator given by

To(t) = Eon(46%) = o [

T JB,

ekt)\a—l()\a _ A)_ld)\,

and the operator

So =t E, o(AtY) = QL/ MY — A)~Ldx

T JB,
is the a-resolvent family generated by A, where B, denotes the Bromwich path (see [6,31]).
Recently, it has been proven in [31] that if @ € (0,1) and A € A%(6y,wp) is a sectorial
operator, then for any z in a Banach space X and ¢ > 0, we have

[Sa®)| < Cet(1+t*7Y), >0, w>w,

where C' > 0 depending solely on # and «.
In this work, we will employ an axiomatic definition of the abstract phase space B intro-
duced by Hale and Kato [14]. We first define H((—oo, b]; H) the Banach space of all continuous

and Fp-measurable H-valued function zx.

Axiom 2.8 B is a linear space that denotes the family of Fo-measurable function from (—oo, 0]

into H, endowed with norm || - ||g, which satisfies the following axioms:

(1) If z € H is continuous on [0,b], b > 0, and xo € B, then for every t € [0,b] the following

conditions hold

(1-1) =, € B;

(1-2) [lz()l g < ollzells;

(1-3) [lzalls < () supoyco 12(3)]l sz (8) olls, where 6 > 0 is a constant; v : [0, 00) —
[1,00), p is continuous, v is locally bounded; 6, and v are independent of x(-).

(2) For the function x(-) in i., x; is a B-valued continuous functions on [0,b];

(3) The space B is complete.

Let xp(xo;u) be the state of (2.1) at terminal time b corresponding to the control u and
the initial value zg = ¢ € B. Introduce the set R(b,¢) = {zp(¢;u)(0) : u(-) € L%([0,0],U)},
which is called the reachable set of system (1) at terminal time b and its closure in H is denoted

by R(b, ¢).
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Definition 2.9 The system (2.1) is said to be approzimately controllable on J if R(b,$) = H,
that is, given an arbitrary € > 0 it is possible to steer from the point ¢ to within a distance €

from all points in the state space H at time b.

In order to study the approximate controllability for the fractional control system (2.1),
we introduce the approximate controllability of its linear part
Dgx(t) = Ax(t) + (Bu)(t), telJ,

2(0) = ¢€B. 26)

The approximate controllability for linear fractional control system (2.6) is a natural general-
ization of approximate controllability of linear first order control system [23]. It is convenient
at this point to introduce the controllability operator associated with (2.6) as
b
ry = / Sa(b—8)BB*S:(b— s)ds,
0
R(k,T}) = (kI+T%)7Y, k>0,

where B* denotes the adjoint of B and S} (t) is the adjoint of S, (t). It is straightforward that

the operator I'} is a linear bounded operator.

Lemma 2.10([23]) The linear fractional control system (2.6) is approximately controllable on

[0,8] if and only if KR(k,TY) — 0 as k — 0T in the strong operator topology.
In order to establish the result, we need the following assumptions:

(H1) If a € (0,1) and A € A%(0p,wp), then for z € H and t > 0 we have ||T,(t)|| < Me*?
and [|Sq(t)]] < Ce¥(14t*1), w > wp. Thus we have

ITa()l| < My and || Sa(t)]| < t*'Ms,

where My = sup ||Ta(t)|, and Mg = sup Ce**(1+t'~*) (fore more details, see [31]).
0<t<b 0<t<b

(H2) The function t — ¢; is well defined and continuous from the set Z(¢7) = {e(s,7) :
(s,7) € J x B,e(s,7) < 0} into B and there exists a continuous and bounded function ¢ :
Z(e7) — (0,00) such that, for every t € Z(¢™)

loels < o? @) ]l5.

(H3) The function g : J x B — H is continuous and there exists some constant M, > 0
such that

IN

Elgt0lf, < M(llz+1), €8,
E|g(t2, &) — g(t1, &D)I5, < Mg(ltz—t1|2+|\§2—€1l\%), &eB, i=1,2.

A

(H4) The function f : J x B — H satisfies the following properties:
(1) f(t,-) : B — H is continuous for each ¢t € J and for each & € B, f(-,§) : J — H is

strongly measurable;
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(2) there exist a positive integrable functions m € L1([0,b]) and a continuous nondecreasing
function Zy : [0, 00) — (0, 00) such that for every (¢,€) € J x B, we have

Ef(q)
q

=A< .

E|l/(1.)3 <m0 (l€l).  timinf

(H5) The function o : J x B — L satisfies the following properties:

(1) o(t,-) : B — LY is continuous for each t € J and for each £ € B, o(-,€) : J — LY is
strongly measurable;

(2) there exist a positive integrable functions n € L*([0,b]) and a continuous nondecreasing
function =, : [0,00) — (0,00) such that for every (¢,&) € J x B, we have

Elo(t. )2 <m0 (lg13).  tmine =22 — 1 <
(H6) For all x > 0 such that
2b2a A b2a
AMyp*" + 4p* AM —5 supm(s) +4p* TMg————supn(s)
selJ b2 — 1) ses

(b2a)2

< 1.
K202

x |5+ 30(M2M2)?

Lemma 2.11([16]) Let = € H be continuous on [0,b] and xo = ¢. If (H2) holds, then

zs]ls < p* sup (0l + (" + ¢)l0lls,
0 < 6 < max{0, s}
s€ Z(e)UJ

where ©* = sup;e (o) ¥ (t), V* = supc s v(t), p* = sup,c y u(t).

The following lemma is required to define the control function.

Lemma 2.12([23]) For any &y, € L*(Fy, H) there exists p € L2(Q; L2(J, LY)) such that
b
2 = Edy +/ o(s)dw(s).
0

Now for any x > 0 and &3, € £2(Fp, H), we define the control function

u(t) = B*Si(b—t)(kI+T§)~"
b
X{Efb+/ ¢(s)dw(s) — Ta(b)[¢(0)+g(0,%(o,¢))]+g(b,%(b,mb))}
—B*S%(b IiI +T9) 718, (b — 5)f(8,2c(s,2,))ds

—B*S%(b f<aI +T0) 7180 (b— 8)a(8, Te(s ) )dw(s).

\\
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§3. Controllability Results

In this section, we study the approximate controllability results for the systems (2.1) where the
operator A is a sectorial type w with m(1—a/2) < § < 7. In particular, we establish approximate
controllability of nonlinear fractional stochastic system (2.1) under the assumptions that the

corresponding linear systems is approximately controllable.

Theorem 3.1 Assume that the assumptions (H1)-(H6) hold and S, (t) is compact, then the

fractional stochastic system (2.1) has at least one mild solution.

Proof Let C((—o0,b],H) be the space of all continuous H-valued stochastic processes
{a(t),t € (—o0,b]}. Consider the space B = {z : z € C((—00,b],H),z(0) = ¢(0)} endowed with

seminorm | - || 5 defined by

lzllg = li¢lls + _sup_ (Efz(s)] %, weB,

—oo<s<

and the space H defined in the previous section endowed with the norm l|lz|lz = sup(E|=(t) ||${)% .
teJ

In what follows, we assume that e : [0,b] x B — (—o0, b] is continuous and e(t, z;) = 0 for ¢ = 0.
For x > 0, define the operator P : B — B by

(P2)(t) = Ta(t)[6(0) + g0, xdo@)]—g(t,xs(t,zt))
/ Salt — 8)[BU(3) + £(5, Te(nn.y)lds

—|—/ Salt — 5)o(s,0e(s,2,))dw(s), teld

O

(=)

It will be shown that the system (1) is approximately controllable if for all £ > 0 there exists
a fixed point of the operator P.

For ¢ € B, define
y(t) _ d)(t)a te (—O0,0],
To(t)$(0), te .

Then yg = ¢.
For each z : J — H with 2(0) = 0, we denote by Z the function defined by

0, te(—o00,0],
z(t), te.J

If 2(-) satisfies the system (2.1), then we can decompose z(-) as z(t) = y(t) + z(¢), which implies
Te(t,zy) = Ye(t,z) T Ze(tay)s for t € J and the function z(-) satisfies

Z(t) = Ta (t)g(ov (b) g(t Ye(t,zr)
+Z(t,2,)) / Sa(t — s)Bu™(s)ds + / Sa(t = 5)f(5,Ye(s,2,) + Ze(s,2,))dS

/ Sa(t = 5)0(5,Ye(s,2,) T Ze(s,2,))dw(s), teJ,
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ut(t) = B*Si(b—t) (kI +T4) !
b
X{EEM+A<ﬂ$*ﬂﬂ—TM@W@)+MQ¢H+M@%@%y+%w%ﬂ}
b
—B%ﬁw—wy/<n1+rb*sab—sﬁ@ﬁu&ay+z@@»m
0

b
_BSi(b— 1) / (K] 4+ T2 1S (b — $)0 (5 Yao.o.) + Zogo.eny)du(s).
0
Set By = {z € B,z =0 € B}, and for any z € By, we have

1 1
I2llg, = llzolls + sup_ (Ellz(s)]*)2 = sup_(Bllz(s)[*)?.

—oco<s<b —oo<s<

On the space By, consider a set B, = {z € By : ||z||2~0 < g} for some ¢ > 0; then, for each ¢, B,

is clearly a bounded closed convex set in By. For z € B, from Lemma 2.11, we see that

1z +wlp < 2 ||2t||%+||yt||25>

2 = * * =
< 4w sup E[|Z(s)* + (v" + ¢")?||Z0l
0 < s < max{0,t}
te Z(e)UuJ (3-1)

2 * *
+u* sup E[ly(s)|* + (" +¢ )2||yo||%>
0 < s < max{0,t}
te Z(e)UJ

< 4 (q+ MBE[90)3) + 40 + ") 613
Let & : By — By be the operator defined by ®z such that
05 te (—OO, 0]7
t
Ta(t)g(ov (b) - g(tu ys(t,it) + Es(t,it)) + / Sa(t - S)BUH(S)CZS
0

t
+/ Sa(t - S)f(S, ys(s,is) + 25(5,55))d8
0

t
+/ Sa(t - S)U(Su Ye(s,zs) + 25(5,25))dw(8), teld
0

Obviously, the operator P has a fixed point if and only if ® has a fixed point. For the sake of

convenience, we divide the proof into several steps.

Step 1 We show that, for each x > 0, there exists a positive number ¢ such that ®(B,) C
B,. If it is not true, then there exists £ > 0 such that for every ¢ > 0 and ¢t € J, there exists a
function z9(t) € By, but ®(29) ¢ By, that is, E||($29)(t)||3, > ¢. For such £ > 0 and z = z on
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J, we find that

q¢ < E[2(z9)(1)]3
< SEITu(09(0, 6)3 + SElg(tyequsn + 7o)l
t 2 ¢ 2
+5E /Sa(t—s)Bu"‘(s)ds + 5E /Sa(t—s)f(s,yg(&gg)—|—Zg(sgq))ds
0 o 0 e o
. 2
43| [ Salt = )05, vty + 2 )
0 |
H

By Lemma 2.11 and assumptions (H1)-(H3), we have

I

EHTa(t)g(Ov (b)”%-l + EHg(tv ys(t,if) + E&ng?))”%—l
NEEM, (1 + 1813) + My (1 + e sty + 22 o) IB) (3:2)
MM, (14 19]3) + My (1+ 46 (g + DBE6(0)[3) + 407" + %) 0]13).

IN

IN

2

¢
I, = E‘ / Sa(t—s)f(s,ys(sygg)—I—Eg(s)ig))ds
0

H

2
t

[ Salt = 9005, pesty + 2 g ()
0

+E‘

IN

t t
J1ae = 9)ds [ 18att = BN (512t + 2oy e
0 + 0

b [ 8alt = Bl ety + 27 ) g
0

—~._ b

t
S [ = (2 (lomep) + g I3) s

A [ (¢ = 9 D)= ez + 2 5 s
0
b2a

—_ %2 17 * *
3z = (7 @+ MEESO)3) + 407 + )6l ) sup ()

(3.3)

IN

IN
S

b2a—1 _ .2 N . .

+ME5—Eo (4u (¢ + MEE|6(0)|2,) + 4" + ¢ )2||¢||§3) supn(s)

% + M,
b(2a — 1)

o?

Further, by using (H1)-(H5), Holder inequality, Eq.(3.1) and Lemma 2.11, we get

1 — b
Efut(s)]2 < EM%meﬁ{GHE%ﬂL/ (s)dw(s)||* + 6B Ta(b)¢(0)|*
0

+E[|T0(0)9(0,9)[1* + 6B g(b, Ye(v.2,) + Ze(v,2)) I (3.4)
2

+6E

b
/ Sa (b - S)f(S, ys(s,ig) + 55(575‘51))(18
0

H
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b
+E / Sa(b - 8)0(87 Ye(s,29) + 55(5752))(111}(8)
0

)

b
Mg Mg l2IIEﬂEbII2 + 2/0 E[@(s)l*ds + Mz ¢l5 + M7 My(1+ [|¢ll5)

6b2a
K2

+M, (1+ 45" (g + MBE|(0) [3) + 40~ + 72 |61
~ M M,
212 f o
+Msb <a2 +b(2a—1)>]’

where Mp = ||B||.

IN

(3.5)

Now, we have

2

t
I; = E|/Sa(t—s)Bu“(s)ds
0

H
— 2 6 N X L — —
(33M3) s (%) [2||Exb||2+2 | BIe) s + 323 ol + N0, 1 + o)

IN

~ ~ M M,
+M, (1+ 40 (g + DRENS(0)[B) + 4" + " 2llo3) + MZve (a—f + m)]

(3.6)
Combining the estimates (3.2), (3.3) and (3.5) yields

¢ < EBleG03
< 5ARM, (1+ 613 ) +5M, (1+ 45 (g + MEES0)B,) + 40 + ") 0l13)
— M M, — 2 6 b
2120 | 22f o 29 r2 200\ 2 A2 A 2
M|+ 1ot +5(MEME) 5 (0 [2|E:cb|| +2/0 E|¢(s)||?ds

. . .~
+M7 015 + MiMy(1+||¢l%) + Mg(l +4p* (g + MPE|6(0)][7,) + 4" + w*)2|\¢>ll%)
~ M M,
Mo | =Ly 7).
s <a2 +b(2a—1)>]

Dividing both sides of (3.6) by ¢ and taking ¢ — oo, we obtain

(3.7)

__ b2a 5 2a
%2 %2 2 * 2
— 2(b20‘)2

which is a contradiction by assumption (H6). Thus, for some ¢ > 0, ®(B,) C B,.

Step 2 We prove that for each x > 0, the operator ® maps B, into a relatively compact
subset of B,. First we prove that the set V(¢) = {(®z)(t) : z € By} is relatively compact in H

for every t € J. The case t = 0 is obvious.
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For 0 < € <t < b, we define an operator ¢ on B, by

((I)ez)(t) = Ta(t)g(ov ¢) - g(tv Ye(t,z:) + Es(t,it)) + Sa(e)A B Sa(t -5 E)BUK(S)dS

+Sa(€) Sa (t -5 — G)f(S, ys(s,is) + 25(5,25))(18

0
t—e

+5u(e) / St — 5 — Yo (5, Ye(omy + Zeiorzy)du(s).
0

Since S, (t) is a compact operator, the set Ve (t) = {(®°2)(t) : z(.) € By} is relatively compact
in H for every € > 0. Also, for every z € By, we have

E[|(®z2)(t) — (22)(1)]%

t 2 t 2
< 3E / Sa(t — s)Bu™(s)ds + 3E / Sa(t —8)f(s, Ye(s,z,) T 25(8753))618
t—e H t—e H
¢ 2
+3E|| / Sa(t - S>U(Sv Ye(s,zs) + ZE(S,ES))dw(S)
t—e H
e ! a-1[r2 6 24 TIA2T - [ = (.
< BB [ (=) Mg (MM + m(s)24(d) + nls)a(d)]ds
t—e

—0 as € — 07, where
%2 T * *
¢ = 4" (g + MIE|$(0)[3,) + 40" + )| 0I5
and

b — —
M = 2||1Efcb||2+2/O E[(s)lPds + M7 ol + MiMy(1 + [[6]3)

— M M,
M,(14+q¢)+M22( 2L 2 )],
+My(1+4) + M <a2 +b(2a—1)

This implies that there are relatively compact sets arbitrarily close to the set V (¢) for each
t € (0,b]. Hence V(t) = {(®z)(t) : z € By} is relatively compact in H.

Step 3 We show that V = {(®z)(¢t) : 2(-) € By} is equicontinuous on [0,b]. Let 0 < € <
t < band d > 0 be such that ||Su(s1) — Sa(s2)|| < ¢, for every s1,s2 € J with |s1 — s2| < 4. For
any z € By and 0 <t <ty € J, we get

E[[(®2)(t2) — (®2)(t1)[1F; < 8[| Ta(t2) — Tu(t1)|*Ellg(0, 9)[I3,
8B g(t2; Ye(ta,z0,) T Ze(ta,zy) = 91 Ye(tr,z,) + Ze(trz) 13

t1
+8IE / [Salta — s) — Sa(t1 — s)|Bu™(s)ds
0 H
t 2
+8E‘ / Sa(te — s)Bu"(s)ds
t "
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2
t1
+8E / [Sa(tZ - 3) - Sa(tl - S)]f(S, Ye(s,zs) + Zs(s,is))ds
0 H
2
ta
+8E / Sa(t2 - S)f(S, Ye(s,zs) + Zs(s,is))ds
t1 H
2

t1
+8E / [Salte —5) = Sa(ti — 8)]o(5, Ye(s,2,) + Ze(s,2,))dw(s)
0

2

H
ta
+8E Salta = 8)0(5,Ye(s,2,) + Ze(s,2,))dw(s)

t1

H
By assumptions (H1), (H3)-(Hb5) and Holder’s inequality, it follows that

E|[(®2)(t2) — (®2)(t1) |7, < 8My||Tu(t2) — Ta(f1)|\2(1 + H¢|I%>
+8Mg(|t2 = t1? + | We(ta,z,) = Ye(tr,z) T Fe(ta,z,) — fsm,ztl))ﬂfg)

— ty —t1)™ [T
+8M§M§%/ (ta — 5)* " B[u(s)||?ds

t1

t1
+862M]23/ (t1 — 8)* ' E|u"(s)|*ds

o
+862%/ (tr = )" [m()Z4(¢') + n(s)Z0 ()]ds
(iz "

Gt [, et m()20) + (o) s

ty

+8M2

Therefore, for e sufficiently small, the right-hand side of the above inequality tends to zero as
t1 — to, since the compactness of S, (¢) implies the continuity in the uniform operator topology
on J. Thus, the set V = {(®z)(¢) : z(-) € By} is equicontinuous.

By using a procedure similar to that used in [2], we can easily prove that the map ®(-) is
continuous on B, which completes the proof that ®(-) is completely continuous. Hence from
the Schauder fixed point theorem ® has a fixed point and consequently the equation (1) has a
mild solution on J. O

Theorem 3.2 Assume that the assumptions of Theorem 3.1 hold and linear system (2.6) is
approximately controllable on J. In addition, the functions f, g and o are uniformly bounded
on their respective domains. Further, if S, (t) is compact, then the fractional control system

(2.1) is approximately controllable on J.

Proof Let z"(-) be a fixed point of ® in B,. By using the stochastic Fubini theorem, it is
easy to see that

b
a¥(b) = dp— k(I +T0)"" | Edy + /O @(s)dw(s) — Ta(b)[#(0) + 9(0,d)] — g(b, x5, 1))

b
—|—/§/ (HI + Fl;)ilsa(b - 5)f(57x?(s,w”))ds
o s

b
—l—m/ (kI 4+T%) 718, (b — 8)0 (8, XL (5 ey )dW(S).
0 5
(3.8)
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By the assumption on Theorem 3.2, we have
Hf(s7x?(s,m';))|‘2 + H0'(87x?(s,m';))”2 < Nl and Hg(87‘rg(s,m’;))|‘2 < N2'

If the linear system (2.6) is approximately controllable on every [0,s], 0 < s < b, then by
Lemma 2.10, the approximate controllability of (2.6) is equivalent to convergence of the operator
k(I + I‘g)_l to zero operator in the strong operator topology as k& — 07, and moreover
(kI +T2) 71 < 1.

Then there is a subsequence denoted by {f(s,x?(s)wg)) o(s, TL(s o) )} weakly converging to

say {f(s),o(s)}. Thus, from the above equation, we have
Ell2"(0) — &[> < 7lls(sI +T6)~! [Edy — Ta(0)(6(0) + 9(0,9))]]1?

+7E</Ob |K(RI+F8)_1¢7(S)|%3ds> + 7E||r(x] + T8)"g(b, 2 eI
b 2
+7E(/O (kI +T8) 1S, (b — S)[f(s,xg(sﬁxg)) _ f(s)]|ds>
b 2
”E(/o '“<“I+Fi>‘15a<b—s>f<s>|ds>
b 2
+7E</0 [5(5T +T5) " S (b — 5)[0 (s, 25 ) — U(s)]HLgdS)

X 2
+7E(/O |m(nI+F§)_15a(b—s)o(s)|£3d5> :

Using the Lebesgue dominated convergence theorem and the compactness of S, (t), we obtain
E|[z%(b) — &> — 0 as k — 0F. This gives the approximate controllability of (1). Hence the
proof is complete. O

The mathematical formulation of many physical phenomena contain integro-differential
equations, these integro-differential equations arise in various applications such as viscoelastic-
ity, heat equations, fluid dynamics, chemical kinetics and so on. Motivated by this considera-

tion, in this paper we construct the fractional control system in the following integro-differential

framework
t
‘Dyla(t) + 9(t, Tere)] = Alx(t) + 9 Te(t,2,))] +/O G(t — s)z(s)ds + Bul(t)
dw
+f(t Tete) + 0t To(r,2,)) dit) (3.9)
€(0,1), teJ:=]0,b]
g = ¢€B, 2'(0)=0,

where A, (G(t))t>0 are linear operators defined on Hilbert space (H,| - |%), and “Dgx(t)
represent the Caputo derivative of order o > 0.

Further, we assume that the integro-differential abstract Cauchy problem

cDea(t) = Ax(t)—i—/o G(t — s)x(s)ds
x(0) = o,

(3.10)
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has an associated a-resolvent operator of bounded linear operators (§4):>0 on H.
One parameter family of bounded linear operators (§4)¢>0 on H is called a-resolvent op-
erator of (3.9) if the following conditions are verified.

(1) The function §4(-) : R+ — L(H) is strongly continuous and §,(0)x = z for all z € H
and « € (0,1).
(2) For all z € D(A), = € C(R4,[D(A)]) N C'((0,00), H) and

D8, (t)x = A8, (t)x + /0 G(t — s)8a(s)zds

D8 (t)r = §4(t) Az + /0 8ot — s)G(s)xds,

for every t > 0.

¢
Definition 3.3 Let a € (0,1), we define the family §,(t) by §o(t)z := / fa1(t —5)8a(s)zds,
0

x € H and f,(t)t"'/T(n), n>0,t >0 and T is the gamma function.

Definition 3.4 An F;-adapted stochastic process x : (0o0,b] — H is called a mild solution of
the system (14) on J if vo = @, 2.4 4,) € B, z|J € C(J,’H) and

t

LL‘(t) = §o¢(t)g(07 (b) - g(taxs(t,zt)) +‘/0 ga(t - S)BU(S)dS
Aa - y Le(t,xt d tAa - oS, e(t,x+ d ) J
+/O§(t s)f(sx(,))s—i—/oxfg(t 5)0 (8, Te(t,z,))dw(s) te
Theorem 3.5 Let the assumptions (H1)-(H6) hold, Z(-) € C((0,b); L(H)) and §4(t) is compact.

Further, if the linear system corresponding to (3.8) is approximately controllable on J, then the
system (3.8) is approxzimately controllable.

Proof For all kK > 0, define the operator d: By — By by d2z such that

0, t € (—o00,0[;

5 ()90, 8) — 9(tYe(e 2 + Zege ) / Bt — ) Bu(s)ds
/ Bt = 5175, Ve 2 + a2 )
bl = 9060+ s uls), tE

where yo = ¢, z: J — H and Z(t) = z(t) for t € J with z(0) = 0, and

uwi(t) = B*§r(b—t) (kI +T8)!
{Ea:b+/0 P(s)dw(s) — §a(b)[#(0) + g(0, )] + g(b, Ye(b,z,) +2€<b,zb>>}
_B* / ’{I + Fb 1§a(b - S)f(S, Ye(s,zs) + 25(5,23))615

—-B* § (kI + I‘b 1§a(b — 5)0(8,Ye(s,2,) T Ze(s,2.))dw(s).
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One can easily show that the operator d has a fixed point by employing the technique used
in Theorem 3.1 with some changes. Further, in order to prove the approximate controllability
result, we assume that the functions g, f and ¢ are continuous and uniformly bounded. The

proof of this theorem is similar to that of Theorem 3.2, and hence it is omitted. O

84. An Example

Consider the following fractional stochastic partial differential equation with state-dependent
delay and control of the form

t 2
ﬂvk@m+/mﬂ@—m@—awmwwmwmﬁ=%ﬂwﬂw

[ 1= 0as = 2=l )ds] + ute.)

+[ K(s —t)z(s —er(D)e2(l|2(D)])), y)ds (41

—i-{/_oo V(s —t)z(s —e1(t)e2(][z(D)]]), y)ds} diit)j

2(t,0) = 2(t,m) =0, tel0,1], z(0,y) =¢0,y), 6<0, yelo,n],

where ((t) is a standard cylindrical Wiener process in H defined on a stochastic space (12,
{F},F,P); <Dy is the Caputo fractional derivative of order 0 < a < 1. To represent this
system in the abstract form, we consider the spaces H = U = L*[0,7] and B = Cy x L?(h,H)
(h : (—o0,—r] — R be a positive function). We define the operator A by Az = 2 with the

domain
D(A) ={z € H;z,2' are absolutely continuous, z” € H and z(0) = z(7) = 0}.

Then A generates a strongly continuous semigroup (S(t));>0 which is compact. Now we in-
0

0
troduce the functions g(t,&)(y) = / a(—s)&(s,y)ds f(t,€)(y) = / a(—s)é(s,y)ds and o =

— 00 — 00

0
(t,&)(y) = / a(—s)&(s,y)ds, here e(s,y) = e1(s)e2(]|€(0)]]). Further, define the bounded lin-
car operator B : U — H by Bu(t)(y) = u(t,y), 0 < y < 7, u € U, where .+ [0,1]x [0, 7] — [0, ]

is continuous. On the other hand, the linear system corresponding to (4.1) is approximately
controllable (but not exactly controllable). Then, the system (4.1) can be written in the ab-
stract form of (2.1) and all the conditions of Theorem 3.2 are satisfied. Further, if we impose
suitable conditions on g, f, o and B to verify assumptions of Theorem 3.2, then we can conclude

that the fractional control system (16) is approximately controllable on [0, b].
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