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Abstract: In the present paper, first we describe the orthogonality relations between
denominator polynomials of [n—1/n] Pade approximants and related power series expansion;
next we derive a continued fraction expansion called regular C-fraction for Euler’s generating
function of factorials and finally four orthogonal polynomials are extracted from numerator
as well as denominator polynomials of both even and odd order convergents of the regular

C-fraction connected to Pade approximants.
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§1. Introduction

There is a very interesting literature [2-3] which interprets that [n — 1]/n order Pade approxi-
mants provides an orthogonality relation between its denominator polynomials and the power
series expansion. They are nothing but even order convergents [2-3,7,9] of a regular C-fraction
expansion of the power series expansion. The denominator polynomials transformed to monic
form are orthogonal polynomials with respect to a linear moment functional L : P — R from

h moment same as the coefficient of

the space of all polynomials over R into R which has n’
2™ in a known power series. According to Favard’s theorem [4-6,8] the necessary and sufficient

condition for orthogonality of P, (z) is to satisfy the following three term recurrence relation:

P_l(:v) = O, Po(l') = 1,
P,(z) :==(x — cp)Pp_1(x) = My Pr—2(x), n=1,2,3,4,--, (1)

where ¢,, ’s are real and )\, s are non-zero numbers. The orthogonality relation [5-6,8] is given
by
0, m #n;

1A2 " Antl, T =TN.
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Motivated strongly by the above works, in the present paper, four orthogonal polynomials
are extracted from numerator as well as denominator polynomials of both even and odd order
convergence of a regular C-fraction connected to Pade approximants for the Euler’s generating
function of factorials. In Section two, main results of Pade approximation, related continued
fractions and orthogonal polynomials are reviewed which will be useful in the next Sections.
In Section three, we derive a continued fraction expansion called regular C-fraction for Euler’s
generating function of factorials. In the last Section, we take the help of the regular C-fraction

expansion derived in the previous Section to compute four orthogonal polynomials.

§2. Main Results of Pade Approximation, Related Continued Fractions and
Orthogonal Polynomials

In this section, we review some results which are used for next Sections. We begin with the

definition of Pade approximants and a standard result.

1. A rational function

pémvn) 4 pgmwn) x +---4+ p%n"n) ™ Py%m"n) (JJ)
[m/n]f(‘r) = (m,n) (m,n) - (m,n)
L+ w gy an Qn " (2)

is said to be (m, n) order Pade approximants [2-3] for a formal power series

f@)=a+a x4+ Fay ™+,

if
(L+a™™ w+ g™ a™) X (ag+a1 2+ + apmyna™ ")
= (o™ A @ py T 2™) = O,
where qgm"n),p;m’") may or may not be zeroi =1,2,--- ,nand j=1,2,--- ,m.
The standard result [2-3] states that [m/n](x) exists and unique if and only if the n x n Hankel
determinant:
Am Am—1 ot Om—n+1
Q41 Qm, 0 Am—n+2
Hm.n - 7£ 0;
Am+n—1 Am+n—2 et A
where a; =0, if i <O0.
2. Let
P(nfl,n) z
n—1/n)f(z) = 2=t (@) be (n—1,n) Pade approximants for f(x).

gln—l,’ll) (x)
Then Q"1™ (z) satisfies

(n—1,n) +.-

Ontk + Gntk—1G, -+ ak+1q7(1n:11’n) +arg" ™ =0 (3)
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for k=0,1,2,---,n— 1. Put
1 n—1,n — -
qr(Ln—l,n) (I) _ xn@%n—l,n) <E) ="+ qg 1, )xn 1 et q7(ln l,n)'

For the power series
f@)=a+a x4+ +ay ™+,

define a linear moment generating function by
L¢(z") = an.
Then (3) simply states that
Lzt (z) =0, n=0,1,2,3,---,n— 1. (4)

Hence
Lo (@) g () =0, if m#n.

Therefore {gi" "™ (2)} forms monic orthogonal polynomial with respect to L.

3. Let
[n/n]f(x) = )~
be (n,n) Pade approximants for f(z). Then, we have
P (@)
Lt O 1/l @),
Qn " (2)
where f1(z) = a1+ asx+---+app12”+- - = M. Using item 2, {cjfln’") (x)} forms monic
x

orthogonal polynomial with respect to Ly, .
4. Let

(n+1,n) z
[+ 1/nls() = P<17>Ex§

be (n + 1,n) Pade approximants for f(z). Then, we have

PO ()

M = [n—1/nls, (x),

f(I) —ag — a1x ~(n+1,n)

where fa(z) = as +agx + -+ appr2” + - = . Using item 2, {Gn ()}

22
forms monic orthogonal polynomial with respect to Ly, .
P&m,n) (.I) )
5. Let [m/n]s(x) = (7)() be (m,n) order Pade approximants for f(x). Then
Qnm,n T

1 Q" ()
f@)  pimm ()

_ _P&”’”(x)]
[f” Q™ (x)

= O(z™ ).

)P @)] -
QU™ (x)
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Hence ()
nm,n (,T
P(m’n)( ) = [n/m]%(‘f)
T
6. Suppose
Co 1T CnT
) = — - pilaas
f@) I + 1 +.+1 +
Then [2-3]
i:c_o &: Co ﬁ:P2n—1+c2nP2n—2:[n_1/n] (JJ)
Q1 17 Q2 14+cz’ 7 Qo Qa1+ c2nQan—2 s

Pony1 Poptcant1Pona
Q2nt1 Q2n + c2nt1Q2n-1

= [n/n]s(2).

83. Derivation of Regular C-Fraction for Euler’s Generating Function of Factorials

The generating function for factorial numbers with its asymptotic relation

o] —t s
E(z) = / gt~ Z(—l)”n!x", as © — 0,
0

1+t o

was first studied by Euler [2]. It has a remarkable regular C-fraction expansion:
%) —t 1
/ cC _gt=- I
o 1+at 141+

s} tn—le—t 0 tne—t
Theorem 3.1 Let I5, 1 = ———dt and I, = ——dt, n=20,1,2,3,---

Then

(5)

—l8
|
|

+o+ 1+ 1 4

Ipo—1Ip 1 = wlay,
nly_ 1 —Iyp = naxlyi
and as a result I )
2n—-l 2 n—xI, n=1,23-,
Ion—2 1+ 1 4 nag2ett
2n
which readily gives
117/00 et dtfl r nr nT
IO_o 14+at 1 +1 214001 4+ 1 4
Proof We can show that
> 11 t tnfl _ t’n,fl —t
Iop 2 —I2p 1 = / A +at) le dt
0 (1+at)
- xIQn
Iop1 1
o 1+4naz—1i=

n Ion_1
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and
X d(tm et)
Iop—1 — I = —_
Tion—1 2n ‘/0 (1+It>n
= N 1‘]2n+1.
Ly 1
n Ian 1 1+n J:IZI"A
2n

For n = 1, also the identities hold:

7 1 I 1
1= 1 r A
I
Therefore I )
n-l o , n=123,---
Iop o I+ —
2n+1
1 Z2ntl
+nx Ton
Hence
I /OO et 1z nr nT -
Io_l o l+ut 1+1+1+..4 1 + 1 4+

84. Computation of Four Orthogonal Polynomials

Let us consider (5),
Ea)—1 © % ne ne
1+1+1+4 1 4+ 1 4.,
In the language of Pade approximants, the continued fraction provides diagonal Pade approxi-

mants [2-3] which are given by (please see item 6 of Section two)

A1 R A a+ax P Agpn P
B 1 Q((JO’O)’ Bs 142z lexl)’ "Bont1 lenvn)

and lower diagonal Pade approximants are given by (please see item 6 of Section 2)

AQ - 1 o Po(o’l) A4 - 14 3x - P1(172) A2n+2 o P,gn_l’")
By ld+a QD" By 1+dw+222 Q0 "Bontz Qb

Let us make use of definitions of even and odd parts of continued fraction as given in [9].

[n — 1/n] Pade approximants can be computed using the even part of continued fraction (5):

1 12 g2 n? z?
142 - 143z - .. 14+ 2n+ 1Dz _

)

we obtain even order convergents:

Aopio(x) (14 (2n+1)x)As,(x) — n%x? Agp_o(x)

Bonia(z) (14 (2n+ 1)z)Ban(x) — n?22Bayp—o(x)
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with A1 A 143
2: ) 4: o ) TL:2,3,4,"'
B 1+z By 1+ 4x+ 222

Similarly, [n/n] Pade approximants can be computed using the odd part of continued fraction
(5):
1 x 1.2 22 n(n+1) 22
1422 - 144z — . - 1+ 2n+2)z _ .

)

we obtain odd order convergents:

Asnys(x) (14 (20 +2)7) Az () — n(n + 1)2° Agn_1 ()

Bopys(z) (14 (2n+ 2)x)Bapt1(z) — n(n+ 1)22Bay—1(2)

with A ) A )
_1:_7 _3: +x7 :273747"'
B1 1 B3 1 + 217
The desired orthogonal polynomials are nothing but
1
pn(x) = an2n+2 —/, = 051725"' ’
x
" 1
qn(x) = $B2n — | ’I’L:O,l,2,"',
T
1
Tn(x) = :EnAQn—i-l — ], = 071727"' )
x
1
Sn(x) = InB2n+l — ], N= 071527"' )
T
1 . .
where we can select By [ — | := 1. Now we can describe orthogonality of g,(x), $n(x),pn(z)
x

and r, (x) as follows:

(1) Consider the series
E(z) =0 — 1z +212% — 312® + .- - + (=1)"nla™ + - -
The linear moment generating function with respect to E(x) denoted by Lg has n" moment,
Le{z"} = (-1)"nl
The three term recurrence relation of g, (z) is

dn1(z) = (z+2n+1)ga(z) - n2qn—l(x)7
QO(‘T) 17 ql(x):x—i_lv 7’L=1,2,3,---

As a result of applying (1) and (2), we obtain the orthogonality of ¢, (z) is

0, m #£ n;
Le{qm(@)qn(z)} =
)\1/\2"')\n+17 m=mn,
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where A\; = 1 and A\, = (k—1)%, &k =2,3,---,n+ 1. Following [1], it is well known fact in

the literature that . )
n
n = 'Ln - = ! nfr,
n(e) =) = 3 [GIE

where L, (x) is Laguerre polynomials of order 0.

(2) Using item 3 of Section two, we obtain the series

E(z)-1

T

Ey(z) = =U-2z+--+(-1)"(n+ 12" +---
The linear moment generating function with respect to E;(z) denoted by Lg, has n** moment
L {z"} =(-1)"(n+ 1)L

The three term recurrence relation of s, (x) is

Snt1(z) = (x+2n+2)s,(z) —n(n+ 1)sp—1(x),
so(z) = 1, sifz)y=z+2, n=1,2,3, -

As a result of applying (1) and (2), we obtain the orthogonality of s, (x) is

0, m #n;
L {sm(@)sn(z)} =
AMA2 - Apg1, m=mn,
where Ay =1 and A\, = (k— 1)k, k =2,3,---,n+ 1. Following [1], it is well known fact in
the literature that
- +1\ e
n _ 'Ll _ _ ! n n n—r
sute) =nih(-0) = ont (1) (" e,

r=0

where Ll (z) is Laguerre polynomials of order 1.

(3) Using items 4 and 5 of Section 2, we obtain the series

=1+az—dz?+dya® —dgz* + - 4+ (=1)"dpa™ ™ .-

E(x)
Ty tlte

EQ(I) = 72

=dy — dox + dza® — dyx® + -+ (=1)"dpp12" + -
The linear moment generating function with respect to Ea(z) denoted by Lg, has n*" moment
Lg,{z"} = (-1)"dp41.
The three term recurrence relation of p,(x) is
Prii(®) = (24204 3)pa(e) — (1 +1)pu_s (@)
po(z) = 1, pi(z)=2z+3, n=1,23,- -

As a result of applying (1) and (2), we obtain the orthogonality of p,(z) is

0, m # n;
L Apm(x)pn(z)} =
/\1/\2"'/\n+17 m=mn,
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where A\; =1 and A\, = k%, k=2,3,---,n+1.
(4) Using item 3 and item 5 of Section 2, we obtain the series

:(1— E(x)

B =5

=1—dx+doa® —dga® + -+ (=1)"dz" + - --

The linear moment generating function with respect to E3(x) denoted by Lg, has n!” moment
Lp{a"} = (=1)"dy.
The three term recurrence relation of r,(z) is

rot1(xz) = (2 +2n42)ry(z) —n(n+ 1)r,—1(x),
ro(z) = 1, ri(z)=z+1, n=1,23---

As a result of applying (1) and (2), we obtain the orthogonality of r,(z) is

0, m#n;
Lp,{rm(z)ra(2)} =
AtA2 - Apg1, m=n,
where Ay =1 and A\, =k(k—1), £=2,3,---,n+1.
Suppose 1, (z) = 2™ + rp_12" L + -+ + rix + rg. Since Lg,{ro(z)rn(z)} = 0, we can

compute d,, using

dn:_['rnfldnfl‘i‘"""rldl —I—To], d=1 n=12---
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