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Abstract: B. D. Acharya and E. Sampathkumar [1] defined graphoidal cover as partition of
edge set of G into internally disjoint paths (not necessarily open). The minimum cardinality
of such cover is known as graphoidal covering number of G. Let G = {V, E'} be a graph and
let 1 be a graphoidal cover of G. Define f : VUE — {1,2,...,p + q} such that for every
path P = (vov1v2 ... vs) in ¥ with

n

F*(P) = f(vo) + f(va) + D f(vimavi) =k,

1

a constant, where f* is the induced labeling on 1. Then, we say that G admits 1 - magic
graphoidal total labeling of G. A graph G is called magic graphoidal if there exists a minimum
graphoidal cover ¥ of GG such that G admits - magic graphoidal total labeling. In this paper,
we proved that Wheel W,, = C,,_1 + K1, K2 + mK1, K5 + mk1, Fan P, + K1, Double Fan
P, + 2K, and Parachute W, 2 = P> ,_2 are magic graphoidal.
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81. Introduction

By a graph we mean a finite simple and undirected graph. The vertex set and edge set of a
graph G denoted are by V(G) and E(G) respectively. Wheel W,, = C,,_1 + K7 is a wheel,
K5 4+ mK; is a graph obtained by joining m isolated vertices to each end of K5, a graph of
path of length 1, Ko + mK; is a graph obtained by joining m isolated vertices to each end of
Ko, P, + K, is a fan, P, + 2K is a double fan and Wi2 = P2 -2 is Parachute. Terms and

notations not used here are as in [3].

82. Preliminaries

Let G = {V, E} be a graph with p vertices and ¢ edges. A graphoidal cover v of G is a collection
of (open) paths such that

(i) every edge is in exactly one path of

(ii) every vertex is an interval vertex of almost one path in .
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We define v(G) = IdI)li?hM, where ( is the collection of graphoidal covers 1 of G and 7~ is
€

graphoidal covering number of G.

Let ¢ be a graphoidal cover of G. Then we say that G admits ¢)-magic graphoidal total
labeling of G if there exists a bijection f: VUE — {1,2,...,p + ¢} such that for every path

P = (vov1va ... vy,) in 9, then f*(P) = f(vo) + f(vn) + > f(vi—1v;) = k, a constant, where f*
1

is the induced labeling of 1. A graph G is called magic graphoidal if there exists a minimum

graphoidal cover ¢ of G such that G admits ¥-magic graphoidal total labeling. In this paper,

we proved that Wheel W,, = C,_1 + K1, K2 + mK;, K}, + mky, Fan P, + K, Double Fan
P, + 2K, and Parachute W,, 2 = P» ,_2 are magic graphoidal.

Result 2.1([11]) Let G = (p,q) be a simple graph. If every vertex of G is an internal vertex
in 1, then v(G) = q — p.

Result 2.2([11]) If every vertex v of a simple graph G, where degree is more than one, i.e.,
d(v) > 1, is an internal vertex of ¥ is minimum graphoidal cover of G and v(G) = q—p+n,
where n is the number of vertices having degree one.

Result 2.3([11]) Let G be (p,q) a simple graph. Then v(G) = ¢ —p+1t, where t is the number
of vertices which are not internal.

Result 2.4([11]) For any k-regular graph G,k > 3,7(G) = q — p.

Result 2.5([11]) For any graph G with 6 > 3,7(G) = q¢ — p.

83. Magic Graphoidal on Join of Two Graphs

Theorem 3.1 The graph Ko + mK;y is magic graphoidal.

Proof Let G = Ky + mK; with V(G) = {u,v,u;,1 < i < m} and E(G) = {(uv)} U
{(uu;)(vu;),1 <i<m}. Define f: VUE — {1,2,...,p+ ¢} by

Let ¢ = {(uwv), [(uu;v) : 1 <i < m]}. Then

f(wv)] = fu) + f(v) + f(uwo)
=2m+24+2m+3+2m+1
=6m + 6. (1)
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For integers 1 < i < m,

[ (uuv)] = f(u) + f(v) + fuu) + f(uiv)
=2m+2+2m+3+i+2m+1—1
=6m +6. (2)

From (1) and (2), we conclude that ¢ is minimum magic graphoidal cover. Hence, Ka+mK;
is magic graphoidal. O

For example, the magic graphoidal cover of Ky + 7K is shown in Figure 1,

Ug ur

Figure 1 Ko+ 7K,

Wherev 1/} = {(U’U), (uulv), (UUQU)v (’U/LLgU), (UU4’U), (’U/LL51)), (UUG’U), (uuw)}, Y= 8 and K = 48.
Theorem 3.2 Parachute W, o = P ,—2 s magic graphoidal.

Proof Let G = Wy, 2 with V(G) = {u; : 1 <i < n],v} and E(G) = {(uuit1) : 1 <i <
n—1}U{(urun)} U{(vy;) : 1 <i <2}
Case 1 n is odd.

Let ¢ = {(unvmuz . UnTH) , (ulunun,lun,g . u%l)} .
Subcase 1.1 n = 1(mod 4).

Define f: VUE — {1,2,...,p+ ¢} by

f(ul) = 47 f(un) = 17 f(ulun) = 57
f(vul) =6, f(vun) =2, f (U"T“) =p+q

2i+5 ifi=1(mod 2),1 <i<
fuiniyr) =
2 +6 ifi=0(mod2),1<i<

2

2i4+6 ifi=1(mod 2),1 <i<

f(un-i-l—iun—i) = z 1
2i+5 ifi=0(mod 2),1 <i<
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Then

fr |:(UnUU1U2...UnT+1)j| = flun)+ f (UnTH) + f(unv)

+f(vu1)+f(ulu2)+"'+f(U%UL;I)

ntl_o ntl_ 4

2 2
=1+p+q+2+6+ > (2i+5)+ > (2i+6)

i=1,3 1=2,4

_p+q+9+11(”;1)+<";1) (";Ll> (3)

Iz Kulunun_lun_g . u%ﬂ)} = flw)+f (UnTJrl) + flurun) + funtin_1)

A S

ntl_o ntl_ 4

2 2
=4+p+q+5+ > (2i+6)+ > (2i+5)

i=1,3 i=2,4

_p+q+9+11<n;1>+<n51) <";1) (4)

From (3) and (4), we conclude that ¢ is minimum magic graphoidal cover. Hence, W, 2 is

magic graphoidal. For example, the magic graphoidal cover of Ws 5 is shown in Figure 2.

3 10

Figure 2 W;so Figure 3 Wy,

Subcase 1.2 n = 3(mod 4).

Define f: VUE — {1,2,...,p+ ¢} by

f(ul) =3; f(un) =1 f(vun) =2,
fou) =4, flurun) =5 f(uep) =p+a.
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2i+5 ifi=1(mod 2),1 <i<
fluguivr) =

2 +4 ifi=0(mod2),1<i<

2
2% 4+4 ifi=1(mod?2),1<i<

J(Un1—itn—i) =
2%+ 5 ifi=0(mod?2),1<i<

Then

fr [(unvuluQ...uL;l)} = f(un) + f (u%l) + funv)

+f(vu1)+f(ulu2)+"'+f(U%UL;I)

ntl_ 4 ntl_go

2 2
=1+p+q+2+4+ > (2i+5)+ > (2i+4)

i=1,3 i=2,4

=p+q+3+9("11)+(";1> (”;1) (5)

f* [(ulunun,lun,g . u%ﬂ)] = flu)+ f (UnTH) + flurun) + fluptn—1)

S (un-rtun2) + -+ f (wapruag )

ity nit
=3+p+q+5+ Y (2i+4)+ (2i +5)
i=1,3 i=2,4

=p+q+3+9(n11)+(n;1) (n;1> (6)
From (5) and (6), we conclude that ¢ is minimum magic graphoidal cover. Hence, W, 2 is
magic graphoidal. For example, the magic graphoidal cover of W7 5 is shown in Figure 3.
Case 2 n is even.
Let ¢ = {(unvu1u2 .. u%) , (ulunun,lun,g o u%)} .
Subcase 2.1 n = 2(mod 4).

Define f: VUE — {1,2,...,p+ ¢} by

flur) =25 flow) =75 f(un) =1,
f(ulun) = 4; f(Uun) = 3; f(unun—l) = 57
f(uz)=p+gq,

# ) 2i+6 ifi=1(mod2),1<i<
UiUi41) =

2+7 ifi=0(mod?2),1<i<

o33

2i4+4 ifi=1(mod 2),3 <i<
f(unJrlfiunfi) =

o3| 3

245 ifi=0(mod?2),2<i<
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Then,

fr [(unvulug...u%)} = f(un)+ f (u%) + f(unv)
+ f(our) + fugug) + -+ f (uz _quz)

n_2 n_q
=14+p+q+3+T+ ) (2i+6)+ > (20+7)

i=1,3 i=2,4

13 /n n n
Spreeene 2 (31 (3) (5-)
p+q+9+ +35 (35 +(3) (5 (7)

S [(wtnun qun o ug)] = fur) + f (uz) + f(urun) + fluntn-1)
+ f(unflun72) + -+ f (u%+1u%)

n_ n
21 2

=24p+q+a+5+ Y (2i+5)+ Y (2i+4)

i=2,4 i=1,3

:p+q+11+12—3(g—1)+(g)(g—1) (8)

From (7) and (8), we conclude that ¢ is minimum magic graphoidal cover. Hence, W, 2 is

magic graphoidal. For example, the magic graphoidal cover of Ws 5 is shown in Figure 4.

11

Figure 4 Wgo Figure 5 Wsgo

Subcase 2.2 n = 0(mod 4).
Define f: VUE — {1,2,...,p+ ¢} by
flur) =23 flun) =1 f (ug) =p+q,
unun 1 = 6; f Uul =5; f(Uun) = 4; f(ulun) =3,

2i+6 if i =1(mod 2), 1<i<?_

3[\9

u”Lu'LJrl
2i+5 ifi=0(mod2),1<i<——

[N}
[y

/\
o33

2 +4 ifi=1(mod?2),3<i<

f(unJrlfiunfi) = ) o )
2i+3 ifi=0(mod 2),2<i<
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Then

fr [(unvulug . u%)} = f(un)+ f (u%) + f(unv)
+ floug) + f(uluz) 4+ f (u%_lu%)

2y 2_3
=14+p+q+4+T7+ ) (2i+6)+ > (2i+5)
i=1,3 i=2,4
n n n
=rra+s+11(3)+(3) (3 -1) 9
pra+5+11(7)+(35) (35 9)

£ [(utntn aun—a. . ug )] = flur) + f (ug) + f(urun) + f(untn-1)
+ f(unflun72) + -+ f (u%+1u%)

n o1
2 2
=24p+q+3+6+ Y (2i+3)+ > (2i+4)
i=2,4 i=1,3
n n n
- n(3)+(3) G- !
p+q+5+ 1) T 3) (3 (10)

From (9) and (10), we conclude that ¢ is minimum magic graphoidal cover. Hence, W), 2
is magic graphoidal. For example, the magic graphoidal cover of Wg s is shown in Figure 5.
Hence, Parachute admits magic graphoidal. O

Theorem 3.3 A Fan P, + K, is magic graphoidal for n = 0(mod2).

Proof If n = 2, a fan becomes K3. If n = 4, a labeling on P; + K; is shown in Figure 6,

Figure 6 P, + K3

where, ¥ = {(u1v), (u1uzv), (ugusv), (usuav)},v =4 and K = 26.

Ifn>4,let G =P, + K with V(G) = {v,u; : 1 <i<n}and E(G) = {(vy;) : 1 <
i < npU{(uuir1) 1 < i < n—1} Let v = {(u1v), (uui41v) : 1 < i < n — 1}. Define
f:VUE—-{1,2,...,p+¢q} by

FO =pta= 1 fu)=pra-2 f)=3("3°) o
flui) = flu) +(i=1), i=2,3, flowm) =p+q [fluwit))=7-2i, 1<i<3

Flun-i) = flur) + 244, 1<i< 2 —1, flusgs) = flur) —iifn>6,1<i< 2~

3
2 3

3o

f(unJrl,iun,i) =N — 22, 1 S 1 S 5 — 1, f(’lL3+1"UJ4+1') =54+ 22, 1 S ) S g — 3,
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fouig1) =p+qg—6+1i, 1 <i<3, f(vunﬂ,i):f(ul)jtnTHH, 1<i<n-4.
Then
frl(wv)] = fu) + f(v) + f(uav)
=2 6) 46+ 1B =Tn+ D 4 (11)
For 2 <i <3,
flwivip0)] = fui) + f(0) + f(witigr) + f(uig10)

—6
:3<”2 )+6+(i—1)+3n—1+7—2i+3n—6+i:7n+g—4- (12)

For4<z<§—3

[ l(wivipav)] = f(wi) + f(v) + f(wivier) + f(uit1v)
3< 26>+6 (t—3)+3n—14+5+2(i—3)

( ) (13)
Forg—3<i§n—1,
[ l(uuipav)] = flug) + f(0) + fluivirr) + f(uivv)
=3<”T_6)+6+2+n—z’+3n—1+n—2(n—z’)
—6 n+2 . n
+3( 5 )+6+ 5 +n—z:7n+§—4. (14)

From (11), (12), (13) and (14), we conclude that ¢ is minimum magic graphoidal cover.
Hence, a Fan P, + K7, (n-even, n > 4) is magic graphoidal. |

For example, the magic graphoidal cover of Pjg + K7 is shown in Figure 7,

1O ug Sug Loug T us 9 ug 2 up 4 ug 6 ug Sugg

Figure 7 Pjo+ K3

where, 1 = {(u1v), (u1u2v), (u2u3v), (uzusv), (ugusv), (usuev), (ueurv), (urugv), (Usugv), (ugu10v)},
v =10 and K = T71.
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Theorem 3.4 A double Fan P, + 2K1is magic graphoidal.

Proof Let G = P, +2K; with V(G) = {v,w}U{u; : 1 <i<n} and E(G) = {(uuit1) :
1<i<n—1}U{(vu;) U (wu;):1 <i<n}. The discussion is divided into to cases following.

Case 1 nis odd.
In this case, define f: VUE — {1,2,...,4n+ 1} by

fw)y=4n+1; f(uw) =14, 1<i<n; flujw)=2n+1-—14, 1<i<n,

-1 ) 1
Flusi) = 2n + i, 1§i§nT;f(v): ”;
) 1 1
f(’UJQifl): n;_ —|—’L, 1§Z§ n;— 3 f(unJrl,iun,i):?m—l—l—l—i, 1§z§n—1

Let ¢ = {(usuit1) : 1 <i<n—1}U{(vuw) : 1 <i<n}. Then, for1 <i<n—1,i=1(mod2),

Frl(wivi1)] = flui) + fuiva) + fuuiz)
:5n—|—1+i—|—1 i+ 1 . 17n—|—5'

5 5 +2n+ 5 +3n+1l4+n—i= 5 (15)
for 1 <i<n-—1,i=0(mod 2).
Frl(uivisn)] = fui) + fuivr) + f(uittigr)
1 dn+1 42 . Im+5
—2n—|—§+ 5 + 5 +3n+1l+n—i= 5 (16)
for 1 <i <n,
fllvwiw)] = f(v) + f(w) + f(vui) + f(uiw)
b) 1 7+1 + 1 17 )
= "; +“; +2n+“; F3n+l4n—i= "; (17)

From (15), (16) and (17), we conclude that 1 is minimum magic graphoidal cover. Hence,
a double Fan P, +2K; (n-odd) is magic graphoidal. For example, the magic graphoidal cover of
Ps+2K is shown in Figure 8 with ¢ = {(vuyw), (vugw), (vugw), (vusw), (vusw), (uius), (ugus),
(usug), (ugus)},y =9 and K = 45.

Figure 8 P54+ 2K,
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Case 2 n is even.

In this case, define f : VUE — {1,2,...,4n + 1} by

fw)y=4n+1, f(uw)=14, 1<i<n, fluiw)=2n+1-4, 1<i<n

5
F(ugi) = 2n +1, 1§i§g, f(v)=7"+1

5
f(uzi—1)=7n+1+i, 1§i§g, fupgr—qtn—i) =3n+1+4 1<i<n-—1.
W

Let v = {[(usuiq1) : 1 <i <n—1],[(vu;w) : 1 <i < nl}. Then, for 1 <i<n—1,i= 1(mod 2),

[ l(uiuigr)] = flui) + fuigt) + fluiuig)

5 41 41 17 6
=7”+1+“; vond T 1= "; ; (18)
for 1 <i<n-—1,i=0(mod 2)
[rl(wivivn)] = fwi) + fuiva) + f(uittiga)
) )+ 2 1
:2n+%+57n+1—|—l_; +3n+l4+n—1i= 7n2—|—6; (19)

for 1 <i <n,

fHluiw)] = f(v) + f(w) + f(vui) + f(uiw)

5 17n+6
:7n+1+4n+1+i+2n+1—i= "; (20)

From (18), (19) and (20), we conclude that ) is minimum magic graphoidal cover. Hence,

a double Fan P, + 2K (n-even) is magic graphoidal. For example, the magic graphoidal cover
of Ps + 2K is shown in Figure 9,

Figure 9 F; +2K;

where, ¢ = {(vuw), (vusw), (vuzw), (vugw), (vusw), (Vugw), (uruz), (usus), (uguy), (Laus),
(usug)}, v = 11 and K = 54.

O
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Theorem 3.5 A wheel W,, = C,,_1 + K1 (n- even) is magic graphoidal.

Proof Let G = W, with V(G) = {v,u; : 1 <i<n—1} and E(G) = {(wjuis1): 1 <i <
n—2} U{(uiun—1)} U{(vy;) : 1 <i<n—1}. Define f: VUE — {1,2,...,p+q} by
flur) =n—2; f(ui+1):2i—1,1§i§g,

. . n
Flugap) =2, 1<i<g =2, fv)=p+yg,

2
f(UiuiH):?’g—i, 1§i§g, flou;)) =3n—-2—1i, 1 <i<n—1,

f (u%+iu%+1+i) =2n—1—14, 1 << g — 1, where u,, = uy
Let ¥ = {[(vusuit1) : 1 < i <n— 2], (vup—qu1)}. Then, for 1 <i < g,

frlvuiuirr)] = f(v) + fluivt) + fous) + fluivivr)

3
=3n—2+2i—1+3n—2—i+§n—i=7n+g—5; (21)
for g +1<i<n-2,

[ l(vuiuir)] = f(v) + fluivr) + flows) + f(uwivigr)

:3n—2+2(i—g>+3n—2—i+2n—1—(z’—

n n
5) =T+5-5  (22)
[ lun—1ua)] = f(v) + fua) + f(vun—1) + f(tn-1u1)
=3 —-2+n—2+3n—-2—(n—1)+2n—1— (g—l) :7n+g—5. (23)
From (21), (22) and (23), we conclude that 1 is minimum magic graphoidal cover. Hence,
a wheel W,, (n-even) is magic graphoidal. O
For example, the magic graphoidal cover of Wy is shown in Figure 10,

Figure 10 Ws

where, ¥ = (vuyuz), (Vugug), (vusuy), (vugus), (Vusug), (Vugur), (vurug),y = 7 and K = 55
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Theorem 3.6 The graph Ko +mK, is magic graphoidal.

Proof Let G = Ko +mK; with V(G) = {u1,uz,[v; : 1 <i < m]} and E(G) = {(w1v;) :
1<i<m}PU{(ugv;):1<i<m}. Define f: VUE — {1,2,...,3m+ 2} by

flur) =2m+1; f(uiv) =4, 1 <i<m,
fluz) =2m+2; f(ugvy))=2m+1+14i, 1<i<m-—1.
Let ¥ = {(uvjug) : 1 < i < m}. Then,
[ l(urviug)] = flur) + f(ug) + f(urvi) + f(viuz)
=2m+14+2m+2+i+2m+1—1i=6m+ 4.

Thus, f*[(uiv;uz)] is independent of ¢, depends only on m. So it is a constant. Therefore,
Ko +mK; admits a ¢-magic total labeling. Hence, K5 + mK; is magic graphoidal. O

For example, the magic graphoidal cover of Ko + 6K is shown in Figure 11,

V4 U1

Figure 11 Ky + 6K,

where, ¢ = {(u1viuz), (u1vauz), (u1vsuz), (u1vsuz), (u1vsuz), (u1veuz)},v = 6, K = 40.
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