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Abstract: Let M be a 2-torsion free semiprime I'-ring satisfying a certain assumption and

0 be an endomorphism on M. Let T': M — M be an additive mapping such that
2T (aabBa) = T(a)al(b)B0(a) + 0(a)abd(b)8T(a) (1)
holds for all pairs a,b € M, and «, 3 € I'. Then we prove that T is a f-centralizer.
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81. Introduction

Let M and T be additive Abelian groups. If there exists a mapping (z,a,y) — xay of M X
I' x M — M, which satisfies the conditions

(1) =zay € M;
(i) (z+y)az=zaz+yaz, v(a+ f)z=raz+zPz, va(y + z)=ray+zaz;
(#i1) (xay)Bz=za(yBz) for all x,y,z € M and o, € T,

then M is called a I'-ring.

Every ring M is a I'-ring with M=I". However a I'-ring need not be a ring. Gamma rings,
more general than rings, were introduced by Nobusawa[13]. Bernes[l] weakened slightly the
conditions in the definition of I'-ring in the sense of Nobusawa.

Let M be a I'-ring. Then an additive subgroup U of M is called a left (right) ideal of M
it MU c U(UTM C U). If U is both a left and a right ideal , then we say U is an ideal of M.
Suppose again that M is a I'-ring. Then M is said to be a 2-torsion free if 2x=0 implies x=0
for all x € M. An ideal P; of a I'-ring M is said to be prime if for any ideals A and B of M,
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AT'B C P, implies A C P; or B C P;. An ideal P, of a I'-ring M is said to be semiprime if for
any ideal U of M, UTU C P, implies U C P,. A T-ring M is said to be prime if al' MTb=(0)
with a,b € M, implies a=0 or b=0 and semiprime if aI'MTa=(0) with a € M implies a=0.
Furthermore, M is said to be commutative I'-ring if xay=yax for all z,y € M and o € T'.
Moreover,the set Z(M) ={x € M : xay = yax for all « € ',y € M} is called the centre of the
T-ring M.

If M is a T'-ring, then [z,y]o=2ay — yaz is known as the commutator of z and y with

respect to a, where z,y € M and a € I'. We make the basic commutator identities:

[zay, 2]p = [x, 2]pay + x|, B].y + zaly, 2]
[z, yaz]s = [z, y|paz + yla, Bz 2 + yalz, 2]

for all z,y.2 € M and «, 8 € I'. We consider the following assumption:

(A) zayBz=zfyaz, for all x,y,z € M, and o, € T'.

According to the assumption (A), the above two identities reduce to

[ray, z]p = [2, z]pay + zaly, z]s
[z, yaz]p = [2,ylpaz + yalz, 2],

which we extensively used. An additive mapping T : M — M is a left(right) centralizer if
T(zay) = T(z)oy(T (vay) = zaT(y))

holds for all z,y € M and o € I'. A centralizer is an additive mapping which is both a left and a
right centralizer. For any fixed a € M and « € T, the mapping T'(x) = aax is a left centralizer
and T'(z) = zaa is a right centralizer. We shall restrict our attention on left centralizer, since all
results of right centralizers are the same as left centralizers. An additive mapping D : M — M
is called a derivation if D(xay) = D(z)ay + zaD(y) holds for all z,y € M, and o € T and
is called a Jordan derivation if D(zazx) = D(z)azx + zaD(z) for all x € M and o € T'. An
additive mapping T : M — M is Jordan left(right) centralizer if

T(zax) = T(x)ax(T (zazx) = zaT(x))

forallz € M, and a € T'.

Every left centralizer is a Jordan left centralizer but the converse is not ingeneral true.

An additive mappings T : M — M is called a Jordan centralizer if T'(zay + yax) =
T(x)ay + yaT(x), for all z,y € M and o € T'. Every centralizer is a Jordan centralizer but
Jordan centralizer is not in general a centralizer.

Bernes[1], Luh [8] and Kyuno[7] studied the structure of I'-rings and obtained various
generalizations of corresponding parts in ring theory. Borut Zalar [15] worked on centralizers
of semiprime rings and proved that Jordan centralizers and centralizers of this rings coincide.
Joso Vukman[12, 13, 14] developed some remarkable results using centralizers on prime and
semiprime rings. Vukman and Irena [11] proved that if R is a 2-tortion free semiprime ring and
T : R — R is an additive mapping such that 2T (xyx) = T(x)yz + xyx holds for all 2,y € R,
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then T is a centralizer. Y.Ceven [2] worked on Jordan left derivations on completely prime T'-
rings. He investigated the existence of a nonzero Jordan left derivation on a completely prime
I'-ring that makes the I'-ring commutative with an assumption. With the same assumption, he
showed that every Jordan left derivation on a completely prime I'-ring is a left derivation on it.

In [3], M.F. Hoque and A.C Paul have proved that every Jordan centralizer of a 2-torsion
free semiprime I'-ring is a centralizer. There they also gave an example of a Jordan centralizer
which is not a centralizer.

In [4], M.F. Hoque and A.C Paul have proved that if M is a 2-torsion free semiprime I-ring
satisfying the assumption (A) and if T': M — M is an additive mapping such that

T(zaypa) =wal(y)fe

for all x,y € M and «,3 € I, then T is a centralizer. Also, they have proved that T is a
centralizer if M contains a multiplicative identity 1.

In [5], M.F. Hoque and A.C Paul have proved that if M be a 2-torsion free semiprime
I-ring satisfying the assumption (A) and let T': M — M be an additive mapping such that

2T (aabfa) = T(a)abfa + aabBT(a)

holds for all pairs a,b € M, and o, € I'. Then T is a centralizer.

In [10], Z.Ullah and M.A.Chaudhary have proved that every Jordan f-centralizer of a
2-torsion free semiprime I'-ring is a 6-centralizer.

In [6] M.F. Hoque and A.C Paul have given an example of a Jordan #-centralizer which is
not a f-centralizer and another two examples which was ensure that 6-centralizer and a Jordan
f-centralizer exist in I'-ring. There they also have proved that if M be a 2-torsion free semiprime
T'-ring satisfying a certain assumption and 6 be an endomorphism of M. Let T : M — M be

an additive mapping such that

T(zaypz) = 0(x)aT(y)50(x)

holds for all z,y € M, and o, 8 € I". Then T is a #-centralizer.
In this paper we study certain results using the concept of f-centralizer on semiprime

gamma ring.

82. The 6-Centralizers of Semiprime Gamma Rings

In this section we have given the following definitions:

Let M be a 2-torsion free semiprime I'-ring and let § be an endomorphism of M. An
additive mapping T : M — M is a left(right) 6-centralizer if T'(zay) = T(z)ad(y)(T (zay) =
6(z)aT (y)) holds for all z,y € M and o € T'. If T' is a left and a right f-centralizer, then it is
natural to call T a 6-centralizer.

Let M be a I'ring and let a € M and o € T" be fixed element. Let 6 : M — M be an
endomorphism. Define a mapping T : M — M by T(x)aa#(x). Then it is clear that T is a left
O-centralizer. If T'(z) = 6(x)aa is defined, then T is a right 6-centralizer.
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An additive mapping T : M — M is Jordan left(right) 6-centralizer if
T(zax) = T(x)ab(x)(T (zaz) = 6(x)aT(x))

holds for all z € M and a € T'. It is obivous that every left f-centralizer is a Jordan left

f-centralizer but in general Jordan left 6-centralizer is not a left 6-centralizer.

Let M be a I'-ring and let 6 be an endomorphism on M. An additive mapping T': M — M is
called a Jordan @-centralizer if T'(zay + yazx) = T(x)ad(y) + 0(y)aT (z), for all x,y € M and
a € T'. Tt is clear that every #-centralizer is a Jordan #-centralizer but the converse is not in
general a 6- centralizer.

An additive mapping D : M — M is called a (0, §)-derivation if D(zay) = D(x)ad(y) +
0(z)aD(y) holds for all x,y € M and o € T" and is called a Jordan (6, #)-derivation if D(z,z) =
D(z)af(x) + 6(x)aD(x) holds for all z € M and a € T.

For proving our main results, we need the following Lemmas:

Lemma 2.1([4]) Suppose M is a semiprime I'-ring satisfying the assumption (A). Suppose
that the relation xaafBy + yaaBz = 0 holds for all a € M, some x,y,z € M and o, 3 € T'. Then
(z + 2)aafy = 0 is satisfied for alla € M and o, B € T

Lemma 2.2 Let M be a 2-torsion free semiprime I'-ring satisfying the assumption (A) and 0
be an endomorphism of M. Suppose that T : M — M 1is an additive mapping such that

2T (aabBa) = T(a)ab(b)B0(a) + 6(a)ad(b)5T(a)
holds for all pairs a,b € M and o, 8 € T'. Then 2T (arya) = T(a)v0(a) + 0(a)yT (a).
Proof Putting a + ¢ for a in (1)(linearization), we have

2T (aabfBc+ cabBa) = T(a)ab(b)B0(c) + T(c)ab(b)B0(a)

+0(c)abd(b)BT (a) + 8(a)ad(b)BT (c) (2)
Putting ¢ = aya in (2), we have
2T (aabfaya+ ayaabfa) = T(a)ab(b)86(a)yb(a) + T(ava)ab(b)56(a)
+0(a)y0(a)ad(b) 5T (a) + 0(a)ald(b)5T (aya) (3)
Replacing b by avb + bya in (1), we have
2T (acaybfa + aabyaBa) = T(a)ab(a)y8(b)B0(a) + T(a)ab(b)v0(a)30(a)

+0(a)abd(a)y0(b) 5T (a) + 0(a)ab(b)y0(a)T(a)  (4)
Subtracting (4) from (3), using assumption (A), gives
(T'(ava) = T(a)y6(a))abd(b)8(a) + 6(a)(b)3(T (avya) — 8(a)yT(a)) = 0.

Taking 6(z) = T'(aya) — T(a)yb(a), y = a, ¢ = b and 6(z) = T(aya) — 6(a)yT (a). Then the
above relation becomes 0(x)af(c)B0(y) + 0(y)abd(c)B0(z) = 0. Thus using Lemma 2.1, we get
(0(x) + 0(2))ab(c)B(y) = 0. Hence

(2T (ava) = T(a)v6(a) — 0(a)yT(a))ab(b)50(a) = 0.
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If we take
A(a) = 2T (aya) = T(a)y0(a) — 0(a)yT(a),
then the above relation becomes
A(a)ab(b)p(a) =0
Using the assumption (A), we obtain
A(a)Bo(b)ab(a) =0 (5)
Replacing b by aabyA(a) in (5), we have
A(a)B(a)ab(b)yA(a)ab(a) =0
Again using the assumption (A), we have
A(a)ab(a)B0(b)yA(a)ab(a) =0
By the semiprimeness of M, we have
A(a)ab(a) =0 (6)

Similarly, if we multiplying (5) from the left by 6(a)o and from the right side by vA(a), we

obtain
O(a)aA(a)BO(b)ab(a)yA(a) =0
Using the assumption (A),
O(a)aA(a)BO(b)v0(a)aA(a) =0
and by the semiprimeness, we obtain
f(a)aA(a) =0 (7)
Replacing a by a + b in (6)(linearization), we have

A(a)ab(b) + A(b)ab(a) + B(6(a),0(b))ab(a) + B(6(a),0(b))abd(b) = 0,

B(0(a),0(b)) = 2T (avb+bya) —T(a)y0(b) — T(b)y0(a) — 0(a)yT(b) — O(b)7T (a)

Replacing a by —a in the above relation and comparing these relation, and by using the 2-torsion

freeness of M, we arrive at

A(a)ab(b) + B(0(a),0(b))ab(a) =0 (8)
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Right multiplication of the above relation by SA(a) along with (7) gives

A(a)af(b)BA(a) + B(6(a),0(b))ab(a)BA(a) =0
Since 0(a)BA(a) =0, for all 8 € T', we have

B(6(a),0(b))ab(a)BA(a) =0
This implies that
A(a)ab(b)A(a) =0
By semiprimeness, we have
A(a) =0

Thus we have

2T (aya) = T'(a)v0(a) + 0(a)yT (a). O

Lemma 2.3 Let M be a 2-torsion free semiprime U-ring satisfying the assumption (A) and 0
be an endomorphism of M. Let T : M — M be an additive mapping such that

2T (aabBa) = T(a)aB(b)B0(a) + 6(a)ad(b)BT(a)
holds for all pairs a,b € M and o, 3 € T'. Then

[T(a),0(a)]la =0 (9)

Proof Replacing a by a + b in relation (9)(linearization) gives

2T (avb+ bya) = T(a)y0(b) + T(b)y0(a) + 0(a)yT(b) + 0(b)vT (a) (10)
Replacing b with 2aabfa in (11) and use (1), we obtain

4T (ayaabBa + aabfavya) = 2T(a)vy0(a)ab(b)B6(a) + 2T (aabBa)yb(a)
+29( VT (acbfa) 4 260(a)ab(b)30(a)yT (a)
= 2T(a)yb(a)ad(b)B6(a) + T (a)ab(b)30(a)y0(a)
+0(a)ab(b) 5T (a)yb(a) + 0(a)vT (a)ab(b)50(a)
+6(a)0(a)ab(0)5T (a) 4 20(a)ab(b) 36(a)yT (a)
AT (ayaabBa + aabBaya) = 2T (a)y0(a)ab(b)B6(a) + T(a)ad(b)56(a)v0(a)
+0(a)ad(b)BT (a)yb(a) + 0(a)yT (a)ab(b)36(a)
0(a)v0(a)ab(b) BT (a)
+26(a)af(b)B8(a)yT (a) (11)

_|_

a
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Comparing (4) and (12), we arrive at

T(a)ad(b)B0(a)y0(a) + 0(a)yb(a)ab(b)5T (a)
= 0(a)ab(b)5T (a)y0(a) — 6(a)yT (a)ab(b)56(a) = O

Putting bya for b in the above relation, we have

T(a)ab(b)6(a)B0(a)y0(a) + 6(a)y0(a)abd(b)y0(a) 5T (a)
—0(a)ab(b)76(a)BT (a)y6(a) — 0(a)yT (a)ab(b)y0(a)B0(a) = 0

Right multiplication of (13) by v6(a) gives

T(a)ab(b)B0(a)y0(a)yb(a) + 0(a)y0(a)ab(b) 3T (a)v0(a)
—0(a)ab(b)BT (a)y0(a)y0(a) — 0(a)yT (a)ab(b)50(a)y0(a) = O

Subtracting (14) from (15) and using assumption (A), we get
0(a)y8(a)y0(b)BIT (a), 6(a)la — 0(a)y0(b)B(T(a),0(a)lav0(a) =0
The substitution T(a)ab for b in (16), we have
0(a)y8(a)yT (a)ab(b)B[T (a),0(a)la — 0(a)yT (a)abd(b)B[T (a),6(a)larb(a) =0
Left multiplication of (16) by T(a)a gives
T(a)ab(a)y6(a)y0(b)B(T (a),0(a)la — T(a)ab(a)y0(b)B[T(a), 6(a)larb(a) =0

Subtracting (17) from (18), we arrive at

[T'(a),0(a)0(a)]lar0(b)B[T (a), 0(a)la — [T(a), 0(a)larb(b)B[T (a), O(a)larb(a) =0

In the above relation let

and ¢ = b. Then we have

0(x)70(c)BO(y) + 0(y)y08(c)B0(z) =0

Thus from Lemma 2.1, we have

(0(x) + 60(2))70(c)B0(y) =0
= ([T(a),0(a)v8(a)]a — [T(a),0(a)]a0(a))v0(b)B[T (a),0(a)]a =0

This implies that

23

([T'(a), 0(a)]av0(a) + 0(a)y[T(a), 0(a)la — [T(a), 0(a)]arb(a))10(0)B[T (a), 0(a)]a = O

= 0(a)y[T(a),0(a)]ar0(b)B[T (a),6(a)la = 0
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Putting b = baa in the above relation, we have

0(a)y[T(a), 0(a)]avb(b)abd(a)5[T (a),0(a)]a =0

= 0(a)y[T(a),0(a)]act(b)360(a)y[T(a),6(a)]a =0

using the assumption (A). By the semiprimeness of M, we obtain
H(G)V[T(G)u G(G)]a =0
Putting a~b for b in the relation (13), we obtain

T(a)af(a)y0(b)8(a)y0(a) + 0(a)y8(a)ad(a)y0(b) T (a)

—0(a)ab(a)y0(b) BT (a)y0(a) — 0(a)yT (a)ab(a)y0(b)50(a) = O

Left multiplication of (13) by 0(a)vy, we have

0(a)yT (a)ab(b)50(a)y0(a) + 6(a)y0(a)y0(a)ab(b) 5T (a)

—0(a)y0(a)af(b) BT (a)y6(a) — 6(a)y0(a)yT (a)ad(b)0(a) = 0

Subtracting (21) from (20), and using assumption (A), we have
[T'(a), 6(a)lav0(b)30(a)y0(a) — 0(a)v[T (a), 6(a)]av0(b)36(a)
Using (19) in the above relation, we obtain
[T'(a), 6(a)]a0(b)B0(a)y0(a) =0
Putting baT'(a) for b in (22), we have
[T'(a),6(a)]lav0(b)aT (a)B0(a)y0(a) =0
Right multiplication of (22) by aT (a) gives
[T'(a), 0(a)]av0(b)30(a)y0(a)aT(a) =0
Subtracting (24) from (23) and using assumption (A), we have
[T'(a),6(a)]la0(b) BT (a),0(a)y0(a)]a =0
The above relation can be rewritten and using (19), we have
[T'(a),0(a)]a0(b)BIT (a),0(a)]arb(a) =0
Putting aab for b in the above relation, we obtain
[T'(a), 0(a)]av0(a)ad(b)B[T(a), 0(a)lar0(a) =0
By semiprimeness of M, we have

[T(a),0(a)la0(a) =0

=0
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Replacing a by a + b in (19) and then using (19) gives

0(a)y[T(a),0(0)]a + 0(a)y[T(b), 6(a)]la + 0(a)y[T(0),0(b)]a
+0(ON[T(a), 0(a)]a + 0()Y[T(a), 0(b)la + O(b)7[T(b),0(a)]a = 0

Replacing a by —a in the above relation and comparing the relation so obtained with the above

relation, we have
0(a)v[T(a),0(b)]a + 0(a)y[T(b),0(a)la + 0(b)y[T(a), 0(a)la =0 (25)
Left multiplication of (26) by [T'(a),0(a)]a/3 and then use (25), we have
[T'(a),0(a)]aBO(b)y[T(a),0(a)la =0
By semiprimeness of M, we have
[T(a),b(a)la =0

Hence the relation (10) follows. O

Theorem 2.1 Let M be a 2-torsion free semiprime T'-ring satisfying the assumption (A)
and and 0 be an endomorphism of M. Let T : M — M be an additive mapping such that
2T (aabBa) = T(a)ab(b)B0(a) + 0(a)ab(b)BT (a) holds for all pairs a,b € M and a, € T.

Then T is a 0-centralizer.
Proof The relation (9) in Lemma 2.2 and the relation (10) in Lemma 2.3 give
T(aca) = T(a)ab(a) and T(aaa) = 0(a)aT(a)

since M is a 2-torsion free. Hence T is a left and also a right Jordan 6-centralizers. By Theorem
2.1 in [3], it follows that T is a left and also a right f-centralizer which completes the proof of
the theorem. |
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