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Abstract: We study the stability of the waiting time of arrival at first point of length n on

a finitely generated monoid. As an example we show that the asymptotic behavior ψ(n) of

the average waiting time of arrival at the first element of length n on a monogenic monoid

is ψ(n) ≍ n ln(n), and that of a finitely generated free monoid of at least two generators is

ψ(n) ≍ n.
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§1. Introduction

The study of random walks on finitely generated groups and locally compact groups has iden-

tified an invariant for these groups, which is the asymptotic behavior φ(n) of probabilities of

return to the origin (for details see [1], [5], [11]-[12]). In 1959 Kesten (see [7]) showed that φ(n)

decays like exp(−n) if and only if the group G is non amenable. Later Varoupolos proved that

exp(−n) is a lower bound of φ(n), that is φ(n) � exp(−n).

For a simple random walk on a discrete subgroup G of a connected Lie group, three and

only three behaviors may occur (see [1], [3]-[4], [6], [12]-[13]):

1. the group G is non amenable and φ(n) ≍ exp(−n),

2. the group G is virtually nilpotent of volume growth V (n) ≍ nd, in this case φ(n) ≍ n−d/2,

3. the group G is virtually polycyclic of exponential volume growth, in this case φ(n) ≍
exp(−n1/3).

For a large class of solvable groups (see [2], [5], [8]-[10]) the random walk decays like

exp(−n1/3).

In the sequel a monoid is a set with an associative internal composition law and has a

neutral element denoted by e. In this paper we are interested in the case of monoids and we try

to find an invariant in terms of random walks, which does not involve the concept of symmetry.

Let M be a finitely generated monoid, S be a finite minimal generating subset of M . We

define for all x of M the length of x by

ℓS(x) = min{k ∈ N;x ∈ Sk}
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where Sk = {x1x2 · · ·xk|xi ∈ S} if k 6= 0 and S0 = {e}. For a positive integer n we consider

Ω = (Sn)N.

Let Xi : Ω → G the i-th canonical projection.

We denote by A|B the event A such that B is realized. We define a probability P on Ω,

such that

∀k ∈ N∀g ∈M,P (Xk+1 = g|Xk = g) =
ℓS(g)

card(Sn)
,

∀g ∈M, ∀s ∈ S, P (Xk+1 = gs|Xk = g) =

(
1 − ℓS(g)

card(Sn)

)
1

card(S)
,

and P (Xk+1 = l|Xk = g) = 0 in the other cases.

For two real valued functions f, g defined on a discrete subset of ]0,+∞[, we define the

relation f � g by

∃α, β ∈]0,+∞[, ∀x ∈]0,+∞[; f(x) ≤ αg(βx) + α,

where f and g are the linear interpolations of f and g. When f � g and g � f , we write f ≍ g.

The asymptotic behavior of f is the equivalence class of f for the relation ≍.

We define the random variable Un = card{k;Xk ∈ Sn−1}, which is the waiting time of

arrival at the first element of length n in M . When Un = +∞ from a certain rank, we say

that the random walk on the monoid M is slow. When it is not slow, we are interested in

asymptotic behavior of ψ(n) = E(Un|X0 = e) when n tends to infinity, which represents the

average waiting time of arrival at the first element of length n, starting from the origin. The

case of finite monoid is a model on which the random walk is slow since for such a monoid

∀n > max{ℓS(x);x ∈M};Un = +∞.

§2. Stability of Asymptotic Behavior of the Average Waiting Time φ(n)

In this section we show that the asymptotic behavior of φ(n) is independent of the generating

set S, which allow us to construct an invariant of the monoid M

Proposition 1 If S and S′ are two minimum generating sets of M , then φS(n) ≍ φS′(n).

Proof Let X ′
k be the k-th canonical projection on Ω′ = (S′n)N and U ′

n = card{i;X ′
i ∈

S′n−1}. There exists a positive integer p such that S ⊂ S′p. By an induction on i, one gets

{i,Xi ∈ Sn−1} ∩ {X0 = e} ⊂ {i;X ′
i ∈ S′np−1} ∩ {X ′

0 = e}.

Hence

E(Un|X0 = e) ≤ E(U ′
np|X ′

0 = e).

It follows that φ(n) ≤ φ(np) where φS(n) � φS′(n), and exchanging the roles of S and S′ we

obtain the result. �
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§3. Infinite Monogenic Monoids

In this section we prove the following result.

Theorem 3.1 If M is an infinite monogenic monoid, then the average waiting time on M

satisfies ψ(n) ≍ n ln(n).

Proof The monoidM is monogenic, then there exists a ∈M such that S = {a} is a minimal

generating subset of M . We can write Un = card{k; ℓS(Xk) < n}. For k ∈ {0, . . . , n − 1},let
u(n, k) = E(Un|ℓS(X0) = k), so ψ(n) = u(n, 0). Then for all k ∈ {0, . . . , n− 1},

u(n, k) = E(Un|ℓS(X0) = k)

= E(Un|ℓS(X0) = k, ℓS(X1) = k)P (ℓS(X1) = k|ℓS(X1) = k) +

E(Un|ℓS(X0) = k, ℓS(X1) = k + 1)P (ℓS(X1) = k + 1|ℓS(X0) = k)

=
k

n
u(n, k) +

n− k

n
u(n, k + 1) + 1.

Hence u(n, k) = u(n, k + 1) + n
n−k so, u(n, 0) =

∑n−1
0

n
n−k ≍ n ln(n) and it follows that

ψ(n) ≍ n ln(n). �

§4. Free Monoids

For a free monoid, we have the following result.

Theorem 4.1 Let M be a free monoid with generators p, p > 1. Then the average waiting

time of the visit of the n-th ring is ψ(n) ≍ n.

Proof We consider a minimal generating subset S = {x1, . . . , xp} of M . Keeping the

notations introduced in the preceding section, we have

u(n, k) = 1 +
k

pn
u(n, k) + (1 − k

pn
)u(n, k + 1).

Therefore

u(n, k) − u(n, k + 1) =
1

1 − k
pn

.

Hence u(n, 0) =
∑n−1
k=0

1
1− k

pn
, and we obtain n ≤ ψ(n) ≤ n pn

pn−n+1 , and the result follows. �

§5. Lower and Upper bounds of ψ(n)

We have the following property about the lower bound ψ(n).

Proposition 2 For any finitely generated monoid M , ψ(n) ≥ n.
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Proof We have ψ(n) = E(Un|X0 = e). When X0 = e is realized, then X1 = X0 or X1 ∈ S

and by induction X0, X1, . . . , Xn−1 are realized. Consequently, {0, 1, . . . , n− 1} ⊂ {i, ℓS(Xi) <

n}. So we obtain the lower bound. �

Proposition 3 For any finitely generated monoid M , for non slow random walk, ψ(n) �
n ln(n).

Proof We have

u(n, k) ≤ k

card(Sn)
u(n, k) + (1 − k

card(Sn)
)u(n, k + 1) + 1

and since the random walk on M is not slow then for any n, we have Sn  Sn+1. So for all

positive integer n, card(Sn) ≥ n, then

u(n, 0) ≤
n−1∑

k=0

cardSn

cardSn − k
≤
n−1∑

k=0

n

n− k
≤ n(1+ ln(n)). �

§6. Questions

Several questions arise with respect to the profile ψ(n) following.

1. Is there an asymptotic behavior of ψ(n) between n and n ln(n)?

2. For a monoid M , G is the group obtained by symmetrization of M , what is the relation-

ship between the asymptotic behavior of ψ(n) and the probability of return on G?

3. For a non amenable monoid, have we ψ(n) ≍ n?

4. What is the asymptotic behavior of ψ(n) in the case of a monoid with polynomial growth

of degree d?
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