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Abstract: In this paper, we study spacelike biharmonic curves with timelike binormal
according to flat metric in the Lorentzian Heisenberg group Heis®>. We determine the para-
metric representation of the spacelike horizontal biharmonic curves with timelike binormal
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81. Introduction

Let (N,h) and (M, g) be Riemannian manifolds. A smooth map ¢ : N — M is said to be
biharmonic if it is a critical point of the bienergy functional:

B2(0) = [ 51T don

where the section 7 (¢)) := trV?dg is the tension field of ¢.
The Euler-Lagrange equation of the bienergy is given by 72(¢) = 0. Here the section T2(¢)
is defined by

T2(¢) = —AyT(¢) + trR (T (), do) dp, (1.1)
and called the bitension field of ¢. Obviously, every harmonic map is biharmonic. Non-harmonic
biharmonic maps are called proper biharmonic maps.

In this paper, we study spacelike biharmonic curves with timelike binormal according to flat
metric in the Lorentzian Heisenberg group Heis®. We determine the parametric representation

of the spacelike horizontal biharmonic curves with timelike binormal according to flat metric.

§2. The Lorentzian Heisenberg Group Heis?

The Heisenberg group Heis? is a Lie group which is diffeomorphic to R? and the group operation
is defined as

(Iayvz)*(fvyag): (SC—FT,y—i—@,Z—F?—Ty—FIg)
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The identity of the group is (0,0,0) and the inverse of (z,y, z) is given by (—z, —y, —z). The
left-invariant Lorentz metric on Heis? is

g =da? + (zdy + dz)* — (1 — z) dy — dz)?.

The following set of left-invariant vector fields forms an orthonormal basis for the corre-
sponding Lie algebra:

0 0 0 0 0
{91—%, 82_('“)_y+(1_x)£’ e3_a_y_“7&}' (2.1)

The characteristic properties of this algebra are the following commutation relations:
[82783] 207 [e37el] = €2 — eg, [eQ;el] = ez —e3,
with

g(elael) = 9(82782) =1, g(e3ve3) =-L (22)

Proposition 2.1 . For the covariant derivatives of the Levi-Civita connection of the left-

invariant metric g, defined above the following is true:

0 0 0
V= e —e3 —e; —ej 5 (23)

e —e3 —e; —ej
where the (i,7)-element in the table above equals Ve,e; for our basis

{eku k= 17 273} = {el7e27e3}'

So we obtain that
R(el, 83) = R(el, eg) = R(eg, e3) =0. (24)

Then, the Lorentz metric g is flat.

83. Spacelike Horizontal Biharmonic Curves with Timelike Binormal According to

Flat Metric in the Lorentzian Heisenberg Group Heis?

An arbitrary curve v : I — Heis? is spacelike, timelike or null, if all of its velocity vectors
7'(s) are, respectively, spacelike, timelike or null, for each s € I C R. Let v : I — Heis® be
a unit speed spacelike curve with timelike binormal and {t,n, b} are Frenet vector fields, then

Frenet formulas are as follows

Vtt = R11,
th = —Iﬂt + Hgb, (31)
th = Kon,
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where K1, ko are curvature function and torsion function, respectively and

g(tvt) = 1ag(nan):179(bab):_1a
g(tvn) g(t,b):g(n,b):O.

With respect to the orthonormal basis {e1, es,e3} we can write

t = tier +it2es + t3e3,
n = nie;+ nge2 + nges,
b = b1e1 + b2€2 + bgeg.

Theorem 3.1 If v: 1 — Heis® is a unit speed spacelike biharmonic curve with timelike

binormal according to flat metric, then

k1 = constant # 0,
K] — K3 =0, (3.2)

K9 = constant.

Lemma 3.2 If v : I — Heis® is a unit speed spacelike biharmonic curve with timelike

binormal, then v is a helix.

Theorem 3.3 Let v: I — Heis? is a unit speed spacelike biharmonic curve with timelike

binormal according to flat metric. Then the parametric equations of ~ are

h2
x(s) = €51 ¥ sin { ms N} + (1,

K1 osh ¢

cosh? o K1$
y(s) = — oS [ + N] + ssinh ¢ + Cs, (3.3)

K1 cosh ¢
cosh® p s coshg K18
= - - — in 2 N

2 () K1 (2 K1 s [coshcp +RY)

1 inh ¢ cosh”

——(cosh? ¢ — i i SD)COS [ m17 oy N] +Cs,
K1 K1 cosh

where C1,Cy,Cs are constants of integration.

Proof Assume that 7 is a unit speed spacelike biharmonic curve with timelike binormal
according to flat metric in the Lorentzian Heisenberg group Heis®. Using Lemma 3.2 without

loss of generality, we take the axis of  is parallel to the spacelike vector e3. Then,
g(t,e5) = ts = sinh s, (3.4)

where ¢ is constant angle.

Direct computations show that

t = cosh ¢ coske; + cosh psinkesy + sinh pes. (3.5)
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Using above equation and Frenet equations, we obtain

K18
~ coshp ’
where N is a constant of integration.
From these we get the following formula
t = cosh pcos [c:sllfgo + N} e; + cosh psin [c:sllfgp + N] ey + sinh pes.

Therefore, Equation (3.9) becomes

t = (cosh p cos [ e N[, coshpsin { ey N} + sinh ¢,
cosh ¢ | cosh ¢
[ Kis | :
1- h - h o).
(1 — z) cosh psin coshy x sinh )
Now using Equation (3.10) we obtain
de cosh ¢ cos _ras |
ds v | cosh ¢ ’
dy . K18 .
—~ = coshypsin + R | +sinh ¢,
ds cosh ¢
13
ds K1 cosh ¢
sinh ¢ cosh? ¢ . K18
hyp— R|.
+(cosh o ) sin cosh g +

73

(3.7)

With direct computations on above system we have Equation (3.3). The proof is completed.[]

Using Mathematica in above Theorem, we have following figure.
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Theorem 3.4 Let v: I — Heis? is a unit speed spacelike horizontal biharmonic curve with

timelike binormal according to flat metric. Then the parametric equations of v are

1
—sin [k15 + N] + C1,

8
—~
VA
~—
I

K1
1
y(s) = ——cos[ris+ N+ Cy,
K1
1 1 1
2(s) = _K_l(g—K—lsm2[ms+a])_K_lcos[,ﬁHNHCg,

where Cy,Co,C3 are constants of integration.

Corollary 3.5 If v : I — Heis® is a unit speed spacelike biharmonic curve with timelike

binormal according to flat metric. Then
R1 = FKa. (310)
Theorem 3.6 Let v : I — Heis? is a unit speed spacelike horizontal biharmonic curve with

timelike binormal according to flat metric. Then the parametric equations of = in terms of

torsion are

1
F— sin [Fras + N] + C1,

8
—~
V)
~—
I

K2
1
y(s) = F_—cos[Fras + R +Cy (3.11)
2
1 s 1 . 1
z2(s) = F—(= F —sin2[Fkas + V]) F — cos[Fras + X] + Cs,
K2 2 K2 K9

where C1,Cy,Cs are constants of integration.

Proof  Using Equation (3.10) in Equation (3.3), we obtain Equation (3.11). Thus, the
proof is completed. 0
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