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k > 0 if each edge of G occurs in at least k£ and at most d of the cycles in B. Particularly,
a Smarandachely (0, d)-fold basis is abbreviated to a d-fold basis. The basis number of a
graph G is defined to be the least integer d such that G has a d-fold basis for its cycle space.

In this work, the basis number for the wreath product of wheels with stars is investigated.
Key Words: Wreath product, Smarandachely (k, d)-fold basis, basis number.

AMS(2010): 05C38, 05C75

§1. Introduction

For a given graph G, we denote the vertex set of G by V(G) and the edge set by E(G). The set
€ of all subsets of E(G) forms an |E(G)|-dimensional vector space over Zy with vector addition
XaY =(X\Y)U((Y\X) and scalar multiplication 1- X = X and 0- X = @ for all X, Y € £.
The cycle space, C(G), of a graph G is the vector subspace of (£, ®, ) spanned by the cycles of
G. Note that the non-zero elements of C(G) are cycles and edge disjoint union of cycles. It is
known that for a connected graph G the dimension of the cycle space is the cyclomatic number
or the first Betti number, dim C(G) = |E(G)| — |[V(G)| + 1.

A basis B for C(G) is called a cycle basis of G. A cycle basis B of G is called a Smarandachely
(k,d)-fold for integers ,d,k, d —k > 0 if each edge of G occurs in at least k and at most d of
the cycles in B. Particularly, a Smarandachely (0, d)-fold basis is abbreviated to a d-fold basis.
The basis number, b(G), of G is the least non-negative integer d such that C(G) has a d-fold
basis. The first important use of the basis number goes bask to 1937 when MacLane proved
the following result (see [17]):

Theorem 1.1 (MacLane) The graph G is planar if and only if b(G) < 2.

Later on, Schmeichel [17] proved the existence of graphs that have arbitrary large basis

number. In fact he proved that for any integer r there exists a graph with basis greater than

1Received September 8, 2010. Accepted December 20, 2010.



On the Basis Number of the Wreath Product of Wheels with Stars 71

or equal to r. Also, he proved that for n > 5, b(K,,) = 3 where K, is the complete graph of n
vertices. There after, Banks and Schmeichel [8] proved that b(Q,,) = 4 where Q,, is the n-cube.
For the completeness, it should be mentioned that a basis B of the cycle space C(G) of a graph
G is Smarandachely if each edge of G occurs in at least 2 of the cycles in B. The following
result will be used frequently in the sequel [15]:

Lemma 1.2 (Jaradat, et al.)  Let A, B be sets of cycles of a graph G, and suppose that both
A and B are linearly independent, and that E(A) N E(B) induces a forest in G (we allow the
possibility that E(A) N E(B) = @). Then AU B is linearly independent.

From 1982 more attention has given to address the problem of finding the basis number
in graph products. In the literature there are a lot of graph products. In fact, there are
more than 256 different kind of products, we mention out of these product the most common
ones, The Cartesian, the direct, the strong the lexicographic, semi-composite and the wreath
product. The first four of the above products were extensively studied by many authors, we
refer the reader to the following articles and references cited there in: [2], [4], [5], [6], [7], [9],
[10], [11], [13], [14], [15] and [16]. In contrast to the first four products, a very little is known
about the basis number of the wreath products, p, of graphs. Schmeichel [18] proved that
b(PypNy,) < 4. Ali [1] proved that b(K,pNp,) < 9. Al-Qeyyam and Jaradat [3] proved that
b(SnpPm), b(SnpSm) < 4. In this paper, we investigate the basis number of the wreath product
of wheel graphs with stars.

For completeness we give the definition of the following products: Let G = (V(G), E(G))
and H = (V(H), E(H)) be two graphs. (1) The Cartesian product GOH has the vertex set
V(GOH) = V(G) x V(H) and the edge set E(GOH) = {(u1,v1)(u2,v2)|urus € E(G) and v; =
vg, or vv2 € E(H) and u; = us}. (2) The Lexicographic product G;1[Gz] is the graph with
vertex set V(G[H]) = V(G) x V(H) and the edge set E(G[H]) = {(u1,u2)(v1,v2)lus =
v and uguy € E(H) or uivi € E(G)}. (3) The wreath product GpH has the vertex set
V(GpH) = V(G) x V(H) and the edge set E(GpH) = {(u1,v1)(u2,v2)|u1 = ug and v1ve €
H, or uyug € G and there is o €Aut(H) such that a(v1) = va}.

In the rest of this paper, we let {u1,ua,...,u,} be the vertex set of the wheel W, (the
star Sy,), with dw, (u1) =n —1 (ds,(u1) = n —1) and {v1,v2,...,vn} be the vertex set Sy,
with dg_ (v1) =m — 1. Also, Cp,—1 = ugus ... unus and Ny,_1 is the null graph with vertex set
{va,v3,...,vm}. Wherever they appear a,b, ¢, d and [ stand for vertices. Also, fp(e) stands for
the number of elements of B containing the edge e, and E(B) = UcepE(C) where B C C(G).

§2. The Basis Number of W, pS,,

Throughout this work, we set the following sets of cycles:

Hav = {(a,v;)(b,vi)(a, vjt1)(b,vit1)(a,v5) |2 < 4,5 <m — 1},

Eeab = {523; = (Cv UQ)(avvj)(bv Um)(av Uj+1)(cv UQ) | 2<j<m-— 1} )
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gab = {gz(z%) = (aavl)(aavj)(bv’U2)(avvj+1)(avvl) | 2 S] <m-— 1} )

Weab = {(Cv Ul)(ca 1)2)(@, ’02)(ba vm)(ba vl)(av ’Ul)(C, 1)1)} )

and
Sap = {(a,v1)(a,v2)(b,v2)(b,v1)(a,v1)} .

Note that Hgp is the Schemeichel’s 4-fold basis of C(abpN,,—1) (see Theorem 2.4 in [18]).
Moreover, (1) if e = (a,v2)(b, vy,) or € = (@, vy ) (b, v2) or € = (a,v2)(b,v2) or e = (a, Uy ) (b, Vi),
then fr,,(e) = 1; (2) if e = (a,v2)(b,v;) or (a,v;)(b,v2) or (a,vm)(b,v;) or (a,v;)(b, vy,), then
fr.,(e) <2;and (3) if e € E(abpNp,—1) and it is not of the above forms, then f3, (e) < 4.

Lemma 2.1 FEvery linear combination of cycles of E.qp contains at least one edge of the form

(b,v;)(a,vm) where 2 < i < m and at least one edge of the form (c,v2)(b,v;) where 2 <i < m.

Proof Note that E(Ecap) € {(b,vm)(a,v)), (c,v2)(a,v;)|j = 2,3,...,m}. Since each of
{0, vm)(a,v5)|j = 2,3,...,m} and {(c,v2)(a,v;)|j = 2,3,...,m} forms an edge set of a star
and since any linear combination of cycles is a cycle or an edge disjoint union of cycles, any linear
combination of cycles of £.4, must contains at least one edge of {(b, vn,)(a,v;)|j =2,3,...,m}
and at least one edge of {(c,v2)(a,v;)|j =2,3,...,m}. O

Using the same argument as in Lemma 2.1, we get the following result.

Lemma 2.2 FEvery linear combination of cycles of Ggup contains at least one edge of the form
(a,v1)(a,v;) where 2 < i < m and at least one of the form (b,va)(a,v;) where 2 <i<m. O

We now set the following cycles:

Ul) = (L) (a.v)b.v)(vy),j = 1,2,....m
Uap = (a,v1)(a,v2)(b, vm) (b, v1)(a,v1).

Let
Olabc = Hp. U gcb U {ul(blc),Z/{bc} @] gcba

Lemma 2.3 Oy is linearly independent.

Proof Note that Hp. is isomorphic to the Schemeichel’s 4-fold basis of bcpNy,—1. Thus,
Hpe is a linearly independent set. By Lemma 3.2.3 of [3], each of G, and Eu, is linearly
independent. The cycle U, contains the edge (b, v2)(c, vm) which does not occur in L{l(blc) , thus
{Ul(blc) ,Upc} is linearly independent. It is easy to see that any linear combination of cycles of
{Z/Il(blc),b{bc} contains either (b,v1)(c,v1) or (I,v1)(b,v1) and non of them occurs in any cycle of
Hpe, thus {L{l(j))c,b{bc} U Hpe is linearly independent. By Lemma 2.1, any linear combination of
cycles of €., contains an edge of the form (b, v;)(a, v, ) for 2 < i < m which does not occur in
any cycle of {L{l(j)l, Upe} UHpe. Thus {Z/{l(j))c,b{bc} UHpe UEepq is linearly independent. Finally, by

Lemma 2.2, any linear combination of cycles of G, contains an edge of the form (¢, v1)(c, v;)
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for 2 < i < m which appears in no cycle of {L{l(blg yUnet U Hpe U Ecpa- Thus Oygpe is linearly
independent. O

The coming result follows from being that
E(Orape) = {(b,vi) (¢, v;)[2 <4, 5 < m}UL{(b,v1)(c,v1)}

forms and edge set of a tree and the fact that any linear combination of an independent set of

cycles is a cycle or an edge disjoint union of cycles.
Lemma 2.4 Any linear combination of cycles of Oiape must contain an edge of {(b,v;)(c,v;)|
2 <4, <m}U{(b,v1)(c,v1)}. O

Now, we let

Ozkbc = Hbc U gcb U {ul(blc)7ubc} and Olg?zbcd = Olabc U gdCb'

Figure 1: A represents the cycles of O};., B represents the cycles of Ojqp. and C' represents the
cycles of Ofgbcd for m = 6.

Remark 2.5 Let e € E(Ofgbcd). From the definitions of O;,;, Qb and (’)l@ibcd and by the aid
of Figure 1 below, one can easily see the following:

(1) If e = (I,v1)(b,v1) or (I,v1)(c,v1)or (b,v1)(b,v2) or (c,v1)(c,v2) or (¢,v1)(c,v2), then
for,(e) = fou.(e) = fO%de(e) =1 (2) If e = (c,v1)(c,v5) such that 3 < j < m or
e = (b,v1)(c,v1), then fo: (€) = fo,,.(e) = fol%bm(e) =2. (3) If e = (a,vm)(b,v;) such that
3<j<m-—1,then for (¢) =0 and fo,,.(e) = foglmd (e) =2. (4) If e = (c,vj)(d, v2) such
that 3 < j <m —1, then fo- (e) = fo,,,.(e) =0 and fol@fmd(e) =2. (5) If e = (a,vm) (b, vm)
or (a,vm)(b,v2) or (¢,vy)(d,v2), then for (e) = Oand fo,,,.(e) = fol%bcd(e) =1 (6)If
e = (b,v2)(c,v2), then for (e) =2 and fo,,.(e) = fol%bm(e) =3. (7) If e = (b,vm)(c,v2),
then for (e) = 1,fo,,.(e) =2 and fol@fmd(e) =2. (8) If e = (b,v;)(c,v2) such that 3 < j <
m — 1, then fo- (e) = 2and fo,,,.(e) = fogw (e) = 4. (9) If e = (b,v)(c,v;) such that
3<j<m—1,then for (e) = fo,,.(e) =2 and fol%bcd(e) =4. (10) If e = (b, v2)(c, vy,), then
for,(e) = fo,,.(e) = fol%bm(e) = 3. (10) If e = (b,v;)(c,vx) such that 2 < j,k < m and e is
not as in (1)-(10), then for (€)= for.(€) = fos (¢) < 4.

labed
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The automorphism group of Sy, is isomorphic to the symmetric group on the set {vs, vs, ...,
U } with a(v1) = v1 for any @ € Aut(G). Therefore, for any two vertices v;,v; (2 <4,5 < m),
there is o € Aut(G) such that a(v;) = v;. Hence, W,pSy, is decomposable into S, pSp, U
Cr—1[Nm—1] U{(uj, v1)(tj41,v1)|2 < j < n} U {(un, v1)(ug,v1)}. Thus

B(WopSm)] = |E(SupSm)] + (n = 1)(m — 12+ (n = 1) = | E(SpS)| + (n — 1)(m? — 2m +2).

Hence,
dim C(W,,pSy) = dim C(S,pSpm) + (n — 1)(m? — 2m + 2).

By Theorem 3.2.5 of [3], we have

dim C(S,pSy) = (n — 1)(m? — 2m + 1). (1)

Therefore,
dim C(W,,pSy) = (n — 1)(2m? — 4m + 3). (2)
Lemma 2.6 The set O = O’:.l’u.Qu;gU(U?;Sloului—luiuiJrl) U Of?lunflunu2u3 is linearly indepen-

dent subset of C(W,pSn,).

Proof By Lemmas 2.3, O ..., is linearly independent. Note that, OF = =
Ous um—1unus Y Euy ugugu, - By Lemma 2.1, any linear combination of cycles of &,;4,q, con-
tains an edge of {(ug,v2)(u2,v;)|2 < j < m} which is not in any cycle of Oy, u, ju,us- Thus,
OF . runupus 18 linearly independent. We now use mathematical induction on n to show that
U3 Ourus yususy, is linearly independent. If n = 4, then U3 Ouius yuiuis: = Ourusugus-
And so, the result is followed from Lemma 2.3. Assume that n is greater than 3 and it
is true for less than n. Note that U3 Ouiu uiwiss = Uy Ourws swiwirs U Ourun sn 1w -
By Lemma 2.3 and the inductive step, each of U;l:_32oului—luiui+1 and Ouyu, sun_qu, 18 lin-
early independent. Since any linear combination of cycles of Oy 4, ,u, ,u, contains an edge
of {(un,vi)(tn-1,v5)12 < 4,5 < m} U {(un,v1)(tn-1,v1)} (Lemma 2.4) which does not oc-
cur in any cycle of U 2O0u,u; yuiussss YiTs Ourus yusuiy, 18 linearly independent. Also, since
B0 uyus) VB O suiuiis) = {(ua, 01) (ur, v1), (ug, v1) (ug, v2) }U{ (g, i) (us, 03) | 2 <
i <m} which is an edge set of a tree, O .. U (U3 Ourus yususs,) i linearly independent by

Lemma 1.2. Similarly, E(O U(U?;;Ouluifluiuiﬂ))QE(O%“WW"M%) = {(u1,v1)(uz2,v1),

Ui u2U3
(u2,v1)(u2,v2), (w1,01)(Un, V1), (Un, 01)(Un, v2)} U {(tn-1,0m)(tn,v;), (uz,v2)(uz,v;) |2 <1 <
m} which is an edge set of a tree. Thus, O is linearly independent by Lemma 1.2. O
Now, let

Lab = Hab U gab U gba U Sab and ycab = Ecab U Hca U gca U Wcab-

Theorem 2.7 For any wheel Wy, of order n > 4 and star S,, of order m > 3,

3 < b(WypSp) < 4.

Proof To prove the first inequality, we assume that W, pS,, has a 2-fold basis for n > 4
and m > 3, say B. Since the girth of W, pS,, is 3, we have 4|B| < 3|E(W,,pS,,)| . Hence,
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3(n—1)(2m? —4m+3) < 2[(n—1)(2m? — 4m + 3) +nm], which implies that n(2m? —6m+3) —
2m? +4m —3 < 0. But n > 3, thus, 4(2m2 —6m+3)—2m2+4m—3 <0, that is m < % —
Therefore, m < 4.

9
poolt

To prove the second inequality, it is enough to exhibit a 4-fold basis. Define B(W,,pS,,,) =
B(S,,pSm) U O where B(S,,pSm) = (U5 Vus s urus) U Ly, is the cycle basis of S,,pSp, (The-
orem 3.2.5 of [3]). By Lemma 2.6 O is linearly independent. Since

E(B(SnpSm)) N E(O) = E((Np_108m) U (Su0v:)) (3)

which is an edge set of a tree, B(W,,pS,,) is linearly independent by Lemma 1.2. Note that,

[Hap| = (m —2)* and [Goa| = |Ecval = (m - 2). (4)
Thus by (4),
|021u2u3| = |Ol*ab| = |Hab| + |gba| +2
= (m—=2)7%+(m—2)+2
= m?—3m+4, (5)
and so
|O“1“i*1“i“i+l = |Olabc| = |O;<ab| + |gcba|
= m’=3m+4+(m—2)
= m?-2m+2, (6)
0%, _uusus] = 10 1abed] = [Otabe| + [Ecs]
= m’—2m+2+(m—2)
= m?-m. (7)
Hence (5), (6) and (7), imply
n—1
|O| = |Oﬂjlu2u3| + Z |Oui71uiui+l| + |O§n,1unuzu3|
i=3
= m?=3m+4+(n-3)(m*-2m+2)+m? —m
= (n—1)(m?—2m +2). (8)
Thus (1), (2) and (8), give
[BWnpSm)l = [B(SnpSm)| + 0]

= (n—1)(m*=2m+1)+ (n—1)(m? - 2m +2).

= (n—1)2m?* —4m +3)

= dimC(W,pSn)
Therefore, B(W,,pS.,) forms a basis for C(W,,pSy,). To this end, we show that fzw, »s,.)(e) < 4
for each edge e € E(W,,pSy,). To do that we count the number of cycles of B(W,,pS,,) that

contain the edge e. To this end, and according to (3) we split our work into two cases.
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Case 1. e € E(W,,pSp,) — E((Np—105,,) U (S,001)).
Then we have the following:

Subcase 1.1. e € E(ugu3gpSy,) — (E(SppSm) U E(C,,—10v1)). Then e occurs only in cycles

of OF u vugus Y O iows Y Ouruguzus- By the help of Remark 2.5, we have the follow-
ing: (1) If e = (us,v2)(u2,v;) such that 2 < j < m — 1, then fgw, ,s,.)(e) = f(’)uluzus( e)+
fo® (e) <2+2. (2) If e = (uz,va2)(uz,vm), then fpw, ps,.)(e) = fouluws( e) +

UlUp—1UnU2U3

JOu gz (€ e)+ f0® e () <1+1+2. (3)If e = (uz,vm)(us,v;) such that 3 < j <m,
then f(w,ps..)(€) = foulum( ) + fOurupuzu (€) < 1+ 142, (4) If e = (u2,v;)(us, vx) such
that 2 < j,k <m and e is not as in in (1) or (2) or (3), then fzuw, ,s,.)(e) = fo: (e) < 4.

uluzug
Subcase 1.2. e € E(u;ujpSm) — (E(ShpSm) U E(Cpr—10v1)) such that 3 < j < n — 2.
Then e occurs only in cycles of Ouiu;_quiuiys Y Ouiuiuisiuiss- By the help of Remark 3.5, we
have the following: (1) If e = (ug, vm)(uiy1,v;) such that 2 < j < m, then fgw, ps,.)(e) =
JOurus yurunes (€) F fOurusuiyuies (€) S 2+2. (2) If e = (ug, v)) (uit1, vg) such that 2 < j, k <m
and e is not as in (1), then faw, ps,,)(€) = fOu,u; yuurs, (€) S 4.

Subcase 1.3. e € E(un—1unpSm) — (E(SppSm) U E(C,—10v1)). Then e occurs only in cycles

of Ourup—sun—1un Y O unusus- BY the help of Remark 3.5, we have the following: (1)

If ¢ = (Un—1,0m)(un,v;) such that 2 < j < m, then faw,,s,.)(€) = JOuwrus yuruiiy (e) +

foe (e) <2+2. (2) If e = (ui,vj)(wit1,vx) such that 2 < j,k < m and e is not as in
U Up —1UnU2UZ

(1), then fuw, p5,)(€) = fOuru; yuruss, (€) <4

Subcase 1.4. e € E(unu2pSy) — (E(SppSm) U E(Cp,—10v1)). Then e occur only in cycles of
o® By Remark 2.5, faw, ps,.)(€) = foo (e) < 4.

ULy 1 Un U2 U3 ® ey unugus
Subcase 1.5. ¢ € C,,_10v;. By Remark 2.5, we have the following: (1) If e = (ug,v1)(us,v1),
then fpw, ps,.)(€) = fo;wzug( e) =2. (2) If e = (us,v1)(usg1,v1) such that 3 < i < n —1,
then fgw, ps,.)(€) = Oy ruusss (e) = 2. (3) If e = (uz,v1)(un,v1), then fauw,,ps,.)(€) =
fo?lun o (e) = 2.

Subcase 1.6. ¢ € (S,pSm) — E((Njv (s, —{u:})|Dm) U (Sp0v1)). Then e occurs only in cycles
of B(SnpSm). Thus by Theorem 3.2.5 of [3], faw, ps,.)(€) < fB(S,p5m) < 4

Case 2. e € E((N‘V(Sn,{ul})‘DSm) @] (Sanl)).
Then by the aid of Remark 2.5 and Theorem 3.2.5 of [3] we have the following.
Subcase 2.1. e € U, (u;05,).

Then e occurs only in cycles of Ouyu,_yusuis1 UB(SnpSm). Thus, faw,ps,.)(€) = fOu,u; yuruss, (€)F
IB(SnpSm) <2+ 2.

Subcase 2.2. e € (u30S,,). Then e occurs only in cycles of O}
(€) + [B(SnpSm) <2+ 2.

U B(S,pSm). Thus,

Uiu2u3
fB(WnPSnl ( ) foulugug

Subcase 2.3. e € (u201S,,). Then e occurs only in cycles of OF

Subcase 2.4. e € S,0v;. Then we have the following: (1) If e = (u1,v1)(u2,v1), then

UB(S,pSm). Thus,

UL Un —1URU2U3

TBW,psm)(€) = foe

UlUp—1UnU2U3
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fswaps.(€) = fo; ...

fo® (e) + fB(s,ps,) < 1+142. (3) If e = (ug,v1)(us,v1) such that 3 <i <n—1,
U Uy ] URURUS

then fB(WnpSm)(e) = Jc(91L11%_71M.M.+1 (e) + Jc(Duluiuiﬂui+2 (e) + IB(80p8,) = 1+ 142 (4) If

€= (ula Ul)(un, Ul), then fB(WnPSm)(e> = fo“l“n—Q“n—l“" (6) + f(9® (e) + fB(SnpSm) S

UlUp—1UnU2U3

14+1+1. O

(e)+f0u1u2u3u4+fB(SnPSm)' (2) Ife = (Ul, Ul)(u37 Ul)’ then fO* (€)+

ujugusy
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