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Abstract: We will classify the differentiable graph representing the solution of differential
equation. Present new types of graphs. Theorems govern these types are introduced. Finally

the effect of step size h on the differentiable graph is discussed.
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§81. Definitions and Background

Definition 1([2]) A graph G is a triple consisting of a vertex set V(G), an edge set E(G),
and a relation that associates with each edge two vertices (not necessarily distinct) called its

endpoints

Definition 2([1,2,4,7,8]) A loop is an edge whose endpoints are equal. Multiple edges are edges

have the same pair of endpoints.

Definition 3([2,6]) A simple graph is a graph having no loops or multiple edges . We specify
a simple graph by its vertex set and edge set, treating the edge set as a set of unordered pairs

of vertices and writing e = uv (or e = vu) for an edge e with end points u and v.

Definition 4([2]) A directed graph or digraph G is a triple consisting of a vertezx set V(G), an
edge set E(G) , and a function assigning each edge an ordered pair of vertices. the first vertex
of the ordered pair is the tail of the edge, and the second is the head; together, they are the
endpoints. We say that an edge is an edge from its tail to its head.

Definition 5([2]) A digraph is simple if each ordered pair is the head and tail of at most one
edge. In a simple digraph, we write uv for an edge with tail uw and head v. If there is an edge
from u to v, then v is a successor of u, and u is a predecessor of v. We write u — v for "there

is an edge from u to v”.
Definition 6([7,8]) A null graph is a graph containing no edges.

Definition 7([2]) The order of a graph G, written n(G), is the number of vertices in G. An

n-vertex graph is a graph of order n. The size of a graph G, written e(G), is the number of
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edges in G for n € N.

Definition 8 Let f (z,y) be areal valued function of two variable defined for a < x < b and
all real y, then

y’zf(w,y), ,’EES:[O,T]QR (1)
y(z0) = yo (2)

is called initial value problem (I.V.P.), where (1) is called ordinary differential equation (O.D.E)
of the first order and equation (2) is called the initial value.

(1.1)

Definition 9([3,6]) For the problem (1.1) where the function f (x,y) is continuous on the region
(0 <z <T,lyl <R) and differentiable with respect to x such that ‘% < L, L = const.Divide

the segment [0,T] into n equal parts by the points x; = ih,h = % is called a step size, (i = 0,n)
such that xg = 0 < 71 < ... < Tp_1 < x, = T the approximate numerical solutions for this

problem at the mesh points x = x; will be denoted by y;.

Definition 10([3]) Numerical answers to problems generally contain errors. Truncation error

occurs as a result of truncating an infinite process to get a finite process.

Definition 11 For Riemannian manifolds M and N (not necessarily of the same dimension),
amap f: M — N is said to be a topological folding of M into N if, for each piecewise geodesic
path v : I — M(I = [0,1] C R), the induced path f o~y : I — N is piecewise geodesic. If,
i addition, f : M — N preserves lengths of paths, we call f an isometric folding of M into
N. Thus an isometric folding is necessarily a topological folding [9]. Some applications are

introduced in [5).

82. Main Results

We will introduce several types of approximate differentiable graph which represent the solution

of initial value problems I.V.P.

y = f(z,y),
y(zo) = Yo. (2.1)

According to the used methods for solving these problems.

Definition 12 We can study the solution of ordinary differential equation y' = f (x,y) using
differentiable graph which is a smooth graph with vertex set {(z,y(z)) : =,y € R} and edge
set d((zi,y(xs)), (xix1,y(xiy1))) where d represent the distance function. A differentiable graph
is a smooth graph represent the solution of ordinary differential equation y' = f (z,y),x € S
whose vertices are (x,y(x)),Vx € S and its edges are the distance between any two consequent

points. In this graph the number of vertices is 0o,the number of edges is so.

Since the finite difference methods which solve (I.V.P.) divided into the following:
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(i) general multi-step methods (implicit-explicit).
(ii) general single-step methods (implicit-explicit).
So we have the following new types of differentiable graph:

Type [1]: Single-Compound digraph Hy,

Definition 13 A numerical digraph G is a simple differentiable digraph consists of numerical
vertices V]{, which represent the numerical solutions y; of (I.V.P.), and ordered numerical edge
set En = {en, X, -, ek} where ejz\;rl = [(@j41,¥j+1) — (25, 95)] = e ;

vy — U ,v]\; is the tail
of the edge, and v]§+1is the head.

Definition 14 A compound graph (digraph) H is a graph (digraph) whose vertex set consists
of a set of graphs (digraphs) i.e. V(G) = {G1,Ga2,...} and an edge set of unordered (ordered )
pairs of this graphs i.e. E(G) = {(G1,G2),(G2,G3),---}.

Corollary 1 The compound digraph H of a numerical digraph is numerical digraph Hy .

Definition 15 A single-compound digraph Hp, is a compound digraph Hy has one null graph
is the tail of digraph.

Theorem 1 The single-step methods (implicit) due to a single-compound digraph Hy, .

Proof The basis of many simple numerical technique for solving the differential equation

y/ :f(a?,y),y(xo) =yo,a <x<b (22)

is to find some means of expressing the solution at « + h i.e., y(z + h) in terms of y(z).where
(x,y(z)) represent a vertex in the differentiable graph, (z + h, y(x + h)) is the next vertex, the
initial value (zo,yo) is called the source of graph. An approximate solution can be generated
at the discrete points xg + h,xg + 2h, ...representing the vertices of the induced differentiable
graph.

All these methods where y,,41 is given in terms of y,, alone, n = 0,1,2,..., are called single

step methods. The general linear single step method is given by

Yn+1+a1Yn = h[Bof (Tnt1,Yn+1) + B1f (%n,yn)] where ai, fo, f1 are constants. If Fo =0
then the method gives y, 41 explicitly otherwise it is given implicitly. The trapezium method
Ynt1 = Yn + %[f (Tnt1, Ynt1) + f (T, yn)] is implicit. In general this equation would be solved

by using the iteration method i.e.,

{yn+1}r+l = Yn t %[f (Tnt1,Ynt1) + f (@0, {yn}T)] ;7 =0,1,2,..., where {yn+1}0 can
be obtained from a single -step method and represents a source of numerical digraph G n1in
the vertex V,,4+1 of compound graph Hy. Finally we get A single-compound digraph Hy,. As

shown in Figure 1. O
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Figure 1. Single Compound Graph Hy,

Definition 16 A single-compound digraph Hp, is a Compound numerical digraph has a unique
null graph which is the source of graph.

Type [2]: A simple numerical digraph Gy

Definition 17 A numerical digraph G is a simple differentiable digraph consists of numerical

vertices VNj which represent the numerical solutions y; of (I.V.P.) and ordered numericaledge
set Ex = {ef, ek i} where e = |(@j11,9501) — (25, 95)] = [on

vy — ng
of the edge, and vzgﬂis the head.

,ng is the tail

Theorem 2 The explicit single-step method get a simple numerical digraph Gy .

Proof The general single step given by
Ynt+1 = Yn + h(b(il?n, Yn,s h)a Tp =0 + nh,y(xo) = Yo-
For example, Euler’s method has ¢(x,y, h) = f(x,y),then

Ynt1 = Yn + hf(zn,yn), and for differential equation (2.1) give the following
differentiable digraph (Figure 2)

[

Yo

Lo T T2 T3 T4

Figure 2: Simple numerical graph
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J

where (z,,y,) represent the set of vertices {v },j =0,1,...,and |(zj41,y;+1) — (z;,y;)| rep-

resent the set of edges {ejj\;r 1} .The initial value yo represent the source of simple numerical
digraph Gy. O

Type [3]: Multi-Compound Digraph Hy,,

Definition 18 A multi-compound digraph Hy,, is a compound digraph Hy has m null graphs
are the tail of digraph.

Theorem 3 The implicit multi-step method give a multi-compound digraph H,, .

Proof The general multi-step method is defined to be

yn+1+a1yn+'-'+amyn—m+l = h[ﬁOfn—i-l'i‘ﬁl fn+'-'+ﬁmfn—m+l]7 (23)

where f, is used to denote f(zp,yp),n =m —1,m —2,... . To apply this general method we

need m steps which represent m null graphs Gn,,Gny, ...,GN in a multi-compound digraph

m—1

Hy,, as indicate in the following example. If 8y = 0 then the method (2.3) gives y,+1 explicitly

otherwise it is given implicitly, when m = 1 equation (2.3) reduce to the single step method.[]
Example 1 Find the differentiable graph of 4’ = y?,y(0) = 1 using a 3-step method.

Solution 1. by using
Yn+1—Yn = h[gfn-'rl+19fn_5fn—l+fn—2]/24u h=0.1, (2'4)

then n = 2,3, ey = {yg}TJrl — Y2 = 01[9 {fg}T + 19f2 - 5f1 + f()]/24,7” = O, 1,2, ...y, SO the
iterative vertex (z3,{ys}""') depend on the vertex (zs, {ys}") which can be determined from

an explicit 3-srep method say
Ynt+1—Yn = h[23fn —16fr—1+5fn_2]l12, (2.5)

at m =2 = y3 —yo = h[23f(x2,y2) — 16f(x1,y1) + 5f (20, y0)]I12, where Vi = (x0,¥y0), V1 =
(z1,11),Va = (x2,y2) represent three null graphs Gu,,Gn,,Gn, in the induced compound
digraph by predictor method (2.5) we get the vertex vy, = (z3, {y3}")which is the tail of the
digraph Gy, in the compound digraph Hy,then correct {ys}’using equation (2.4) until we get
the fixed vertex ’L)J{[3. This gives a numerical digraph G, = V3 and similarly we get the other
vertices (simple digraphs) V, = Gn,, ...,V = Gn,,l is a + ve integer. Finally we get bounded

compound digraph Hy, as shown in Figure 3.
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Figure 3: Multi-compound digraph
Definition 19 A fized vertex VJ\J; is a numerical vertex which all next vertices coincided on it.
Corollary 2 The multi-compound digraph Hy,, must have null graphs.

Type [4]: Nonhomogeneous Numerical Digraph Gy,

Definition 20 A nonhomogeneous graph G is a graph whose vertices divided into multi-groups

such that each one has a specific character.

Definition 21 A nonhomogeneous numerical digraph G, is a numerical digraph whose ver-

tices divided into multi-groups such that each one has a specific character.
Theorem 4 The explicit multi -step method give nonhomogeneous numerical digraph Gy, .

Proof The general explicit multi-step method

Ynt+1 + Q1Yn + oo + OnYn—m+1 = b[B1fn + B2fn-1+ .-+ B fn—m+1], 1., to determine the
vertex (Tn11,Yn+1) we need know m vertices begin from (xo,yo) up to (z,, yn)-

for example: The difference method

Ynt1—Yn = h[23fr—16 fr,—1+5fn—2]/12,n = 2,3, ..., is 3-step method, the group of vertices
(23,v3), (T4,Y4), ..., are given by this multi-step method whenever the group (zo, yo), (21, 1), (22, y2)
are gotten from single-step method .See Figure 3. O
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Figure 4: Nonhomogenous Numerical Digraph Gy,

There is an important role to the step size h in the all types of numerical digraphs.

Definition 22 The initial tight graph (digraph) T is a package of graphs (digraph) which have

one source.

Figure 5: Initial Tight Digraph T

Theorem 5 As the order of numerical digraph in bounded interval — oo the consistent digraph

is obtained.

Proof Since the local error of the approximate solution of (I.V.P.)(1.1) depends on the
step size h s.t. sup|E(h,x)| < Mh¥ where M,k is a positive integers [4], for all sufficiently
small h, the order of bounded numerical digraph— oo, and then the difference method is said

to be consistent of order k. O
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Theorem 6 The limit of foldings F;of initial tight graph give a convergent numerical graph.

Proof Let F; : T — T be a folding map of an initial tight graph T s.t., Fl(va) = G},
where order of (va) < order of (G}}), then lim F; = The highest order numerical digraph,

which is required. As shown in Figure 6. O

B e e
o
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X

Figure 6: Limit of Foldings F}
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