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§1. Introduction

We follow the standard notation of g-series [4] and we always assume that |g| < 1. The ¢-shifted
factorials (a;q), and (a;q)~ are defined as

1, if n=0,

GO T (- - a1 - eyl —a), i a3

and
(@5 9)o0 = (@)oo = (1 — a)(1 — ag)(1 — ag?)--- .

The basic hypergeometric series ,41¢, is defined by

A1,02,+ 5 Aryl | = (a)n(@2)n - (@rs1)n

r4+19r 5 = z
i by bs,--- b — (@) (b1)n(b2)n - (by)n

n

|z| < 1.

One of the most classical identities in ¢-series is the g-binomial theorem, due to Cauchy:
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1%0 2| = || <1, (1.1)

Another classical g-series identity in g-series is Heine’s g-analogue of the Gauss o F; summation
formula:

a,b | (¢/a)ss(c/)oo

| T O/

‘i’ <1 (1.2)

Heine deduced (1.2) as a particular case of his transformation formula [5]

a,b (0) oo (a2) 0o c/b, z
201 2| = 0 2¥1 sb| L |zl < 1, |b| < 1. 1.3
. (O (P o 2] < 1, b| (1.3)

Another interesting transformation formula due to Sear’s [7] is

abe de| _(efauldefic) | wdfvdfe

| = © sefal (1.4)
de abe|  (€)woldefabe)s *TP| g desbe

3¥2

|de/abc| < 1, |e/al < 1. The basic bilateral hypergeometric series .t,is defined by

Twr ay, a2, , A | = Z (al)n(GQ)n (Clr)n Zn’
bi,ba, - by e o (01)n(b2)n - -+ (br)n
% < |z| < 1. There are many generalizations of g-binomial theorem (1.1) of which, one

of the interesting is the following Ramanujan’s 141 summation [1] [6]:

|b/al < |z| < 1. (1.5)

191 ¢ iz = (a2)oo(b/a)oo(q/a2) oo (@)oo
’ (2)20(2/@) o0 (b/a2) e (b) o

A variety of proofs have been given of (1.5). For more details of (1.5), one may refer [1],
[4]. H. Exton [3, p. 305] has given following two 313 basic bilateral series summation formula
without proof :

| aber L 0/ /b) b)) wo)
dbge | (= (1/e)a/b)wa/@)n b (d)

|d| <1,|1/al <1 and

(1.7)

sy | @000 0| (= (/0)(d/b)oc (ba/a)oe )5
dbge | (1=0)(a/b)sc(q/a)oo(bg)oo(d)os
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|d/q] <1, |¢/a] < 1. Exton [3, p. 305] has incorrectly given (¢/c) instead of (¢/b)eo in the
denominator of (1.7). W. Chu [2], deduced (1.6) and (1.7) as a special cases of his integral-
summation formula. In this paper, we give a proof of (1.6) and (1.7) on the lines of G. E.
Andrews and R. Askey [1] proof of (1.5).

§2. Proof of (1.6) and (1.7)

Lemma 2.1 We have

b b
S —d) avg [ nee ] + (1~ (a/d)) wg[ ne ]
dye, f dg,e, f

Q-0 - (ffa) | ebacls
21— /)1~ (c/a)) defafla |

Wa-vn | [ave | @-a  [aane
-3 3¢3{d,e,f7 ] (¢—a) 3¢3{ de f ; ]

_ z((a/q) —b)(1 —¢) s a, bq, cq ,
(1_6)(1_f) d7eq7fq ' ’

b(d —1)(d — a) a,bec | a,bc
W 393 [ de f aZ] = (1 —(a/d)) 3%3 [ d.e. | 72']

[d=D(d=a)(1 — (/)1 = (f/0) , | efabela
=(@/9) — ®/a)( — (c/9)(g — a) defafla |’

~(a/q) 4= ) o/g.bae | ((d/g) = NS = (a/q))
{f (a/q) (q_a)] 3%[ def } = )
a/¢:bg.c | ((d/q) — f) abge
3¢3[ defq QI (1) 3w3[d7e,fq7 ]

Proof of (2.1). It is easy to see that

a7b,c a(l—d a7b,c
a 393 y2q| + ( ) 393 Pz
dg,e, f

(2.2)
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Also, we have

. [ b ] . [ b ;Zq] _ 3 @B,
d,e,f d7€7f

_ (1= (d/9)(1 = (e/q)A = (f/2)) i (@)n(6/@)n(/Dn__n
z(1 = (b/g))(1 = (¢/q)) (d/)n(e/Dn(f/D)n

n=—oo

Thus,
a,b,c a,b,c
33 iz —a 393 i 2q
d7 e? f d? e’ f

Q- @)~ ()~ (Ffa) | wblacls
2(1— (/)1 — (c/a)) daelafia |

Changing d to dq in (2.6) and then adding resulting identity with (2.5), we obtain (2.1).

(2.6)

Proof of (2.2). We have

((d/q) —b) i (@n(®)n(S)n_p _ (d—a) i (4/@)n (b@)n ()

A

(1-0) e oo (d)nle)n(f)n (q—a) e oo (d)n(€)n(f)n
S @aa®0aOn 1 ) (e (et (1 —
= 3 . [ 00— (@)~ /)b
_ = (a)n—l(bQ)n—l(C)nzn ala) — _ g n—1
Tl @, - a0 = b d

This proves (2.2).

Proof of (2.3). Changing b to b/q, c to ¢/q, e to e/q and f to f/q in (2.2), and multiplying

throughout by q(lfi)((ll_f((ce/q ';)))((dl:b()f /2) and adding the resulting identity with (2.1), we find (2.3).
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Proof of (2.4). From [8], we have

7b7 7b7
(1-1) w[ ¢ ;z]—((d/Q)—f) m[ “oe ;zq]
,€, d,e, fq

_ 2(l—a)1-0)(1—¢) s aq, bq, cq L,
(1-fg(l—e) d,eq, fq* Tl

and

(a=a) | abe | (=1 | aewbe
(1-a) de,f (1-1) defq |

BETEL RN R
C=N0—F00—¢) * | deq g

a ? b ) C . oy . .
Eliminating 313 400 ;2| between above two identities and then replacing a by a/q and

d,eq, fq
b by bg , we obtain(2.4).

Proof of (1.6). Setting c¢=cq, e=0bq, f =cand z=1/ain (2.4), we deduce that

e~ (ofa) - SZD gy | V0N o) =S ]
d,c (I-0) a

((d/a) —¢) a
—W 11 [ i 71/‘1] .

Employing (1.5) in the right side of the above, we obtain

2t [ a/a cq ;1/a] —0. (2.7)
d,c

Let
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As a function of d, f(d) is clearly analytic for |d| < 1and |a| > 1. Setting ¢ =cq, e =bq,
f=cand z=1/ain (2.3) and then employing (2.7), we find that

(1—(d/b))
(1-d)

fld) = f(dg). (2.8)

Iterating (2.8) n—1 times , we find that

(d/b)n

f(dq"™).

Since f(d) is analytic for |d| <1, |a| > 1, by letting n — oo , we obtain

(d/b)oo
(d)so

Setting c¢=cq, d=rc, e =bg in (1.4), we deduce that

a, b, cq
362 i1/a
bq, c

EbQ/a l/a oo Z C/b ;{qin (bq/a)n

fld) =

f(0).

_ (bg/a)o (@)oo (1 = a)(1 = (¢/b))(1 = 1/q (bq/a) i )n(€q/0)n(L)n
(bg)oo(1/a)oo (1-¢)(1-¢) — (Dnlc)n(@?)n

b1 (¢/D)(b/0) (@)
0= (g @/a)e
Thus,
(T =(b/c)(bq/a)o(q)oo
1D = T=(1/0) (bg)ma/a)o0

Setting d=g¢q in (2.9), and using the above, we find that

(1= (b/c))(bg/a)os(2)3
(1= (1/€))(bg)o0 (/@)oo (q/b)oc

f(0) =

Using this in (2.9), we deduce that

(1 — (b/))(bg/a)oc (d/b) oo (@),

T = W) bg) (@) @/0) e (D
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This completes the proof of (1.6).

Proof of (1.7). Setting ¢=c¢q, e=bq, f =c and z = g/a in (2.4) and then employing
(1.5), we find that

Let

As a function of d, f(d) is clearly analytic for |d| < 1, when |g/a|] < 1. Setting ¢ = cq,
e=bq, f=cand z=g¢/ain (2.3) and then employing (2.10), we find that

_ (1 —=(d/b))
Iterating the above n — 1 times , we get

Setting ¢ =bq, z=¢*/a in (1.3) and employing (1.1), we obtain

@b o, | (b4/a)c(@)oc.
291 [ by / ] "~ b(bg)oo(q/a) s

Also by (1.2), we deduce that

= (a)n(b)n (bg/a)oo(q)oo
2 aoae @~ Gomafalec
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Thus,
a,b, cq
f(a) =3 ¢2 sq/a
bq, c
1 a,b a,b
= 201 sqfa| —c 2 1 a
(I—c¢) bq bq

(1 = (¢/6))(bg/a) oo (@) o
(1= 0)(g/a)oo(b@)oc

Now setting in d = ¢ in (2.11) and employing above, we find that

(1= (¢/b))(bg/a)os (2)3

f(O) = (1 — c)(q/a)oo(bQ)oo(Q/b)OO

Using this in (2.11), we deduce (1.7).
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