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Abstract: A Cayley graph is constructed out of a group I' and its generating set X and it is
denoted by C(T", X). A Smarandachely n-Cayley graph is defined to be G = ZC(T", X ), where
V(G) = T x Zn and B(G) = {((z,0), (4, )a (2, 1), (1:2)as -+ , (2,0 — 2), (g0 — 1)+
z,y € I'a € X such that y = x % a}. Particularly, a Smarandachely 2-Cayley graph is
called as a Bi-Cayley graph, denoted by BC(T", X). Necessary and sufficient conditions for
the existence of an efficient dominating set and an efficient open dominating set in Bi-Cayley

graphs are determined.
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§1. Introduction

The terminology and notation in this paper follows that found in [3]. The fact that Cayley
graphs are excellent models for interconnection networks, investigated in connection with par-
allel processing and distributed computation. The concept of domination for Cayley graphs
has been studied by various authors and one can refer to [2, 4, 6]. I.J. Dejter, O. Serra [2],
J.Huang, J-M. Xu [4] obtained some results on efficient dominating sets for Cayley graphs.
The existence of independent perfect dominating sets in Cayley graphs was studied by J.Lee
[6]. Tamizh Chelvam and Rani [8-10], obtained the domination, independent domination, total
domination and connected domination numbers for some Cayley graphs constructed on Z,, for
some generating set of Z,,.

Let (T, %) be a group with e as the identity and X be a symmetric generating set(if a € X,
then a=! € X) with e ¢ X. The Cayley graph G = C(I', X), where V(G) =T and E(G) =
{(z,y)a/z,y € V(G),a € X such that y = z*a}. Since X is a generating set for I', C(T', X ) is a
connected and regular graph of degree |X|. The Bi-Cayley graph is defined as G = BC(T, X),
where V(G) =T x {0,1} and E(G) = {((2,0), (y,1))o/z,y € I';a € X such that y = x *x a}.
Now the operation + is defined by (z,0) + (y,1) = (z *y,1) and (z,0) + (y,0) = (z * y,0).
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The Smarandachely n-Cayley graph is defined to be G = ZC(T', X ), where V(G) =T x Z,, and
E(G) ={((2,0), (y,1))a, (2, 1), (¥,2))a, -+, ((x,n = 2),(y,n — 1))y : 2,y € I',a € X such that
y = x*a}. When n = 2, the Smarandachely n-Cayley graphs are called as Bi-Cayley graphs.
By the definition of Bi-Cayley graph, it is a regular graph of degree | X|.

A set S C V of vertices in a graph G = (V, E) is called a dominating set if every vertex
v € V — S is adjacent to an element u of S. The domination number v(G) is the minimum
cardinality among all the dominating sets in G [3] and a corresponding dominating set is
called a 7-set. A dominating set S is called an efficient dominating set if for every vertex
v € V,|[N[v]nS| = 1. Note that if S is an efficient dominating set then {N[v] : v € S} is a
partition of V(G) and if G has an efficient dominating set, then all efficient dominating sets
in G have the same cardinality namely v(G). A set S C V is called a total dominating set
if every vertex v € V is adjacent to an element u(# v) of S. The total domination number
7(G) of G equals the minimum cardinality among all the total dominating sets in G [3] and a
corresponding total dominating set is called a y;-set. A dominating set S is called an efficient
open dominating set if for every vertex v € V, |[N(v) N S| = 1.

A graph G is called covering of G with projection f : G — G if there is a surjection
f:V(G) — V(G) such that f In@@) : N(0) — N(v) is a bijection for any vertex v € V(G) and
¥ € f~1(v). Also the projection f : G — G is said to be an n-fold covering if f is n—to-one.

In this paper, we prove that the Bi-Cayley graph obtained from Cayley graph for an Abelian
group (I, %) has an efficient dominating set if and only if it is a covering of the graph K,, x Ko.
It is also proved that the Bi-Cayley graph obtained from Cayley graph for an Abelian group

(T, %) has an efficient open dominating set if and only if it is a covering of the graph K, ,,.

Theorem 1.1([4]) Let G be a k—regular graph. Then v(G) > “g(ﬁ” , with the inequality if and

only if G has an efficient dominating set.

Theorem 1.2([6]) Let p : G — G be a covering and let S be a perfect dominating set of G.
The p~1(S) is a perfect dominating set of G. Moreover, if S is independent, then p~'(S) is

independent.

Theorem 1.3([3]) If G has an efficient open dominating set S, then |S| = %(G) and all

efficient open dominating sets have the same cardinality.

§2. Efficient Domination and Bi-Cayley Graphs

In this section, we find the necessary and sufficient condition for the existence of an efficient
dominating set in BC(I', X). Since BC(I', X) is regular bi-partite graph, in BC(I", X) every
efficient dominating set S is of the form S = AU B where AC ('x0)NSand BC (I'x1)NS
with [A| = |B| = 151,

Through out this section, the vertex set of V (K, x Ks) is taken to be {a1, az, - ,an, b1, ba,
-+ by} such that ({a1, a2, -+ ,an}), ({b1,b2, -+ ,b,}) are null graphs and (a;, b;) € E(K, x K»)
if and only if 7 # j.
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Lemma 2.1 Let S1,52, -, S, be n efficient dominating sets of BC(I', X)) which are mutually

pairwise disjoint. Then the induced subgraph G =< S; U SoU---U S, > is a m—fold covering

graph of the graph G = K,, X Ko, where m = |5;‘ foreachi=1,2,--- n.

Proof Note that in a graph all the efficient dominating sets have the same cardinality.
Since S; is efficient, S1 = A; U By where 47 C (I' x 0) N Sy and By C (I' x 1) N Sy with
|A1| = |B1] = % Define A; = N(B1)NS; and B; = N(A;)NS; for 2 <4 < n. Note that
A;cTx0and B;CTx1forl1<i<nand G=< A UB;UAyUBsU---UA, UB, >.

Let V(G) = {a1,a2, - ,an,b1,b2, -+ ,b,}. Define f : G — G by f(s) =a; if s € A
and f(s) = b; if s € By for 1 <i <n. Let v € V(G). Suppose v = a;. Then N(v) =
{b1,b2, ..., bi—1,bit1,bip2, by} and f71(v) = A;. Let © € f~1(v). Since S;’s are efficient,
N@) = {61,052, -, Bi=1,Bi+1, - ,Bn} where 3; € Bjfor 1 < j<i—landi+1<j<n.
By the definition of f, we have f(8;) = b;. Thus f : N(¥) — N(v) is a bijection when
v = a;. Similarly one can prove that f : N(¢) — N(v) is a bijection when v = b;. Since
‘S—;l =|A;| =|Bi| =m for all 1 <i<mn, fis an m—fold covering of the graph K,, x Ko. O

Theorem 2.2 Let G = BC(T', X) and n be a positive integer. Then G is a covering graph of
K, x Ky if and only if G has a vertex partition of n efficient dominating sets.

Proof Suppose G is a covering of K, x K. Since {a;,b;} is an efficient dominating
set in K, x Ky, by Theorem 1.2, we have f~1({a;,b;}) is an efficient dominating set in G
for 1 < i < n. Since f is a function, f~'({a;,b;}) N f~*({a;,b;}) = 0 for i # j. Hence
{f'({ai,b;}) : 1 < i < n} is a vertex partition of efficient dominating sets in G. The other

part follows from Lemma 2.1. O

Lemma 2.3 Let X = {x1,22, -+ ,x,} be a symmetric generating set for a group T' and let
S be an efficient dominating set for the Bi-Cayley graph G = BC(T', X). Then we have the
following:

(a) For each 1 <1i <mn,S+ (z;,0) is an efficient dominating set.
(b) {S,S + (21,0), 5 + (x2,0),--- , S + (xn,0)} is a vertex partition in BC(T', X).

Proof (a) Let (v,0) € V(G). If (z;' % v,0) € S, then (v,0) € S+ (x;,0). Suppose
1%v,0) ¢ S. Since S is efficient, there exists unique (s,1) € S such that s = (z; !
some x € X. That is x;xs = v*x. Hence the vertex (v, 0) is dominated by (x;xs,1) € S+ (x;,0).
Thus in all the cases we have (v,0) € N[S + (;,0)]. Similarly when (v,1) € V(G), one can
prove that (v,1) € N[S + (z;,0)]. Thus S+ (x;,0) is a dominating set for 1 < i < n. Since S is
efficient and |S + (x;,0)| = |S|, by Theorem 1.1, we have S + (x;,0) is an efficient dominating
set for 1 <17 <n.

(b) Since S is a dominating set, for every (u,0) € V(G), we have (u,0) € S or (u,0) is
adjacent to some vertex (s,1) € S and so u = s * z; for some z; € X. Similar thing is holds for
(u,1) € V(G). This means that V(G) = S U (S + (21,0)) U (S + (22,0)) U--- U (S + (zp,0)).
Since G is |X|—regular and S is an efficient dominating set, |S| = % That is 2|T'| =
(IX| 4+ 1)|S|. Since |S| = |S + (x1,0)] = |S + (z2,0)] = --- = |S + (2, 0)|, one can conclude

(x *v)*x for
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that {S,S + (21,0),S + (22,0),- -+, S+ (x,,0)} is a vertex partition of G. O

From Lemmas 2.1, 2.3 one can have the following:

Corollary 2.4 Let X = {x1,22, -+ ,2,} be a symmetric generating set for a group I' and let S
be an efficient dominating set in BC(T', X). If (z;,0)+ S = S+ (x;,0) for each 1 < i <n, then
there exist a covering f : BC(T', X) — Kny1 x Ky such that S,S + (21,0), S + (22,0),---, S +
(xn,0) are the fibers of {a;,b;} under the map f.

Now we define the following: For S C V(BC(T, X)), define S° = S U {(e,0)}.

Theorem 2.5 Let X = {x1,22, - ,2,} be a symmetric generating set for a group T' and let
M be a normal subset of T and S = (M x 0) U (M x 1). Then the following are equivalent.
(a) S is an efficient dominating set in BC(T, X).
(b) There exists a covering f : BC(T', X) — K,11 x Ko such that f~1({a;,b;}) = S for
some 1l <3 <n.

(c) 1S = 2} and S0V[S + (X x 0)° + (X x 0)°) — {(e,0)})] = 0.

Proof (a) = (b) : Since M is a normal subset, we have (z;,0) +S = S + (x;,0) for
1 <4 < n and so the proof follows from Corollary 2.4.

(b) = (a) : Since {a;,b;} is an efficient dominating set in K, x Ko, the proof follows from
Theorem 1.2.

(a) = (c) : Since S is an efficient dominating set and G is | X |—regular, the fact |S| = \>2(||F+‘1

follows from Theorem 1.1. Suppose SN[S+ (((X x 0)?+ (X x0)°) —{(e,0)})] # @ . Then there
exist (s,0)(or (s,1)) € S such that (s,0) = (s1,0) + (x,0) + (x1,0) with z,z; € X,z # 27" and
(51,0) (or (s1,1)) € S. Since z # a7 ", we have s # s1. Thus sxz~! = sy %2 and so (s * 21, 1)

is adjacent to two vertices (s,0), (s1,0) € S, a contradiction to S is efficient.

(¢) = (a) : Let z;,z; € X with z; # ;. Suppose (S + (2;,0)) N (S + (x;,0)) # 0. Let
a€ (S+(z;,0))N(S+(z;,0)). Then a = (s1,0)+ (x;,0) = (s2,0) + (2;,0) or (s1,1)+ (2;,0) =
(s2,1) + (x;,0). Hence s1 * x; = s2 % 2; and s0 §1 = s * &j * x{l. Since xz; # x;, we have
x; w2 # e. Thus (s1,0) € SN[S+ (((X x0)°+ (X x0)°) —{(e,0)})], a contradiction. Suppose
SN(S+(x,0)) # 0 for some x € X. Then (s,0) = (s1,0)+(z,0) or (s,1) = (s1,1)+(x,0). Thus
(5,0) = (51,0) + (x,0) + (e,0) or (s,1) = (s1,1) + (z,0) + (e,0). Since z # e, (5,0) € SN[S +
(X x0)°+(X x0)%)—{(e,0)})], a contradiction. Thus SU{S+(z;,0) : 1 <14 < n} is a collection

of pairwise disjoint sets. Now N[S] = [JN[s] = U[s+ (X x0)°] = U [S + (z,0)].
ses ses (z,0)€(X x0)°

Since S + (z,0)| = [S], [N[S]] = IS||(X x 0)°] = |S|(|X|+1) = S|(*l§) = 27| Thus S is a

dominating set. Since |S| = ‘ )2(“111, by Theorem 1.1, S is an efficient dominating set. g

83. Efficient Open Domination and Bi-Cayley Graphs

In this section, we find the necessary and sufficient condition for the existence of an efficient

open dominating set in BC(I", X'). Note that if S is an efficient open dominating set of a graph
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G, then {N(v) : v € S} is a partition of V(G) and if G has an efficient open dominating set,
then all efficient open dominating sets in G have the same cardinality namely 7;(G).
Through out this section, the vertex set of K, ,, is taken as {c1,¢2, -+ ,¢n,d1,da, - ,dn}

where no two ¢;’s are adjacent and no two d;’s are adjacent.

Remark 3.1 If S is an efficient open dominating set in G = BC(T', X), then |S| is even and
we can write S = C' U D where |C| = |D| = @ and every edge of (C'U D) has one end in C
and another end in D. Note that if G is a k—regular graph, then v¢(G) > @ and equality

holds if and only if G has an efficient open dominating set.

Lemma 3.1 Let 51,859, ,S, be n mutually pairwise disjoint efficient open dominating sets
of BC(I', X). Then the induced subgraph G= (S1USyU---US,) is a m—fold covering graph
of G = K, where m = |5;‘ for eachi=1,2,--- n.

Proof Since S; is efficient open for each 1 < i < n, we have S; = C;UD; where C; C (I'x0)N
S; and D; C (T'x1)NS; with |C;| = |D;| = % and every edge in the induced subgraph (C; U D;)
has one end in C; and other in D;. Note that G = (ChUD;UCUDsU---UC, UD,). Let
V(G) ={c1,¢2, - ,cn,di,day -+ ,dp}.

Deﬁnef:G—>Gbyf(s)zciifsEC’iandf(s):diifsEDiforl§i§n. Let
v € V(G). Suppose v = ¢;. Then N(v) = {d1,da,...,d,} and f~1(v) = C;. Let o € f~(v).
Since S;’s are efficient open, N(0) = {1,082, -, B} where 8; € D; for 1 < j < n. By the
definition of f, we have f(8;) = d;. Thus f : N(0) — N(v) is a bijection when v = ¢;. Similarly
one can prove that f : N(0) — N(v) is a bijection when v = d;. Since |ST‘ =|Ci| =|Di| =m
for all 1 <i <n, f is an m—fold covering of the graph K, . [l

Remark 3.3 Let f: G — G be a covering and S be an efficient open dominating set of G.
By the definition of an efficient open domination, S is perfect and so by Theorem 1.2, f~1(.9)
is perfect. That is |[N(3) N f~1(S)| = 1 for all 5 € G — f~1(S). Let © € f~1(S). Then
f(©) =v € S. Since S is an efficient open dominating set, there exist unique w € S such that v
and w are adjacent. Since f|n(s) : N(0) — N(v) is a bijection, @ = f~'(w) is the only vertex
adjacent to © in f~1(S). That is |N(2) N f~1(9)| =1 for all & € f~1(S). Hence inverse image
of an efficient open dominating set under a covering function is an efficient open dominating
set.

Theorem 3.4 Let G = BC(T', X) and n be a positive integer. Then G is a covering of K, n if
and only if G has a vertex partition of efficient open dominating sets.

Proof Suppose G is a covering graph of K, ,,. Since the pair {c;,d;} is an efficient open
dominating set in K, ,,, by Remark 3.3, f~({¢;,d;}) is an efficient open dominating set in G
for 1 <i < n. Since f is a function, {f~!({c;,d;}) : 1 <14 < n} is a partition of efficient open
dominating sets in G. The other part follows from Lemma 3.2. O

Lemma 3.5 Let X = {x1,22, - ,Tn} be a symmetric generating set for a group T' and let S
be an efficient open dominating set for the Bi-Cayley graph G = BC(I', X). Then we have the
following:
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(a) For each 1 < i <mn,S+ (z;,0) is an efficient open dominating set.
(b) {S + (21,0), 5 + (22,0), -+, S+ (xn,0)} is a vertex partition of BC(T', X).

Proof (a) Let (v,0) € V(G). Consider the vertex (z

open dominating set, there exists (s,1) € S such that s

1% v,0) € V(G). Since S is an
= (x;' % v) %z for some 2 € X.
That is z; * s = v * . Hence the vertex (v,0) is dominated by (z; * s,1) € S+ (x;,0) and so
(v,0) € N(S+(x;,0)). Similarly when (v, 1) € V(G), one can prove that (v,1) € N(S+ (z;,0)).
Thus S+ (z;,0) is an open dominating set for 1 <4 < n. Since S is an efficient open dominating
set and |S| = |S + (z4,0)|, by Remark 3.1, S + (z;,0) is an efficient open dominating set for
1<1<n.

(b) Since S is an open dominating set, for every (u,0) € V(G) there exists (s,1) € S such
that u = s * x; for some z; € X. Similar thing is holds for (u,1) € V(G). This means that
V(G) = (S + (21,0)) U(S + (22,0)) U--- U (S + (x,0)). Since G is | X|—regular and S is an
efficient open dominating set, |S| = % That is 2|I'| = | X]| |S]. Since |S| = |S + (z1,0)]
|S+(x2,0)| = -+ = |S+(2n, 0)], one can conclude that {S, S+(x1,0), S+(z2,0), - , S+ (zn,0)
is a vertex partition of G.

0o ==

From the proof of Lemma 3.2 and by Lemma 3.5, the following corollary follows:

Corollary 3.6 Let X = {x1,x2, -+ ,2,} be a symmetric generating set for a group I' and let S
be an efficient dominating set in BC(I', X). If (x;,0)+S = S+ (x;,0) for each 1 <i <n, then
there exists a covering f : BC(T', X) — K, such that S + (21,0),S + (z2,0),--- , S + (z4,0)
are the fibers of {c;,d;} under the map f.

Theorem 3.7 Let X = {x1,22, -+ ,Zn} be a symmetric generating set for a group T, M be a
normal subset of T' and S = (M x 0) U (M x 1). Then the following are equivalent.

(a) S is an efficient open dominating set in BC(T', X).

(b) There exists a covering f : BCI,X) — K, such that f~'({c;,d;})
=S for some 1 <i <n.

(¢)1S] = 2¢] and SN [S+ (X x 0) + (X x 0)) = {(e,0)})] = 0.

Proof (a) = (b) : Proof follows from Corollary 3.6.

(b) = (a) : Since {c;,d;} is an efficient open dominating set in K, ,,, the proof follows from
Remark 3.3.

(a) = (¢) : Since S is an efficient open and G is |X|—regular, the fact |S| = Q‘I)?” follows
from Remark 3.1. Suppose SN [S + (((X x0)+ (X x0)) —{(e,;0)})] # 0 . Then there exist
(5,0)(or (s,1)) € S such that (s,0) = (s1,0)+ (z,0)+ (z1,0) with 2,2, € X,z # 7" and (s1,0)
(or (s1,1)) € S. Since x # xl_l, we have s # s1. Since s = sy % x * x1, we have s* ™! = s * 11
and so (s1+x1, 1) is adjacent with two vertices (s, 0), (s1,0) € S, a contradiction to S is efficient

open.

(¢) = (a) : Let z;,z; € X with z; # ;. Suppose (S + (2;,0)) N (S + (x;,0)) # 0. Let
a € (S+(xi,0))N(S+(z;,0)). Thena = (51,0)+(z4,0) = (s2,0)+(z;,0) or a = (s1,1)+(x;,0) =
(s2,1) + (x4,0). Since x; * x L2£e (51,0) € SN[SH+ (X x0) + (X x0) — {(e,0)})], a
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contradiction. Thus {S + (z;,0) : 1 < i < n} is a collection of pairwise disjoint sets. Now

N(S) = UN(s) = U[s+ (X x0)] = U [S + (x,0)]. Since |S + (z;,0)] = |5],
ses seS (z,0)e(X x0)
IN(S)| = |S||(X x 0)] =|5]|X]| = |S|(%) = 2|T'|. Thus S is an open dominating set. Since
= 757, one can conclude that S is an efficient open dominating set.
S| =2 lude that S is an effici dominati O
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