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Abstract: A set of vertices S in a graph G is said to be a Smarandachely k-dominating
set if each vertex of G is dominated by at least k vertices of S. Particularly, if £ = 1, such
a set is called a dominating set of G. The Smarandachely k-domination number v, (G) of
G is the minimum cardinality of a Smarandachely k-dominating set of G. For abbreviation,
we denote v1(G) by 7(G). In [9], Reed proved that the domination number v(G) of every
n—vertex graph G with minimum degree at least 3 is at most 3n/8. In this note, we present
a sequence of Hamiltonian 4-regular graphs whose domination numbers are sharp. Here
we state some results which will pave the way in characterization of domination number in
regular graphs. Also, we determine independent, connected, total and forcing domination

number of those graphs.
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81. Introduction

Throughout this paper, all graphs considered are finite, undirected, loopless and without mul-
tiple edges. We refer the reader to [11] for terminology in graph theory.

Let G = (V,E) be a graph with vertex set V and edge set E, and let v € V. The
neighborhood of v, denoted by N (v), is defined as the set of vertices adjacent to v, i.e., N(v) =
{u € Vlww € E}. For S C V, the neighborhood of S, denoted by N(S5), is defined by N(S) =
Upes N (v), and the closed neighborhood N[S] of S is the set N[S] = N(S)U S and the degree
of x is degg () = |Ng(z)].

A set of vertices S in a graph G is said to be a Smarandachely k-dominating set, if each
vertex of G is dominated by at least k vertices of S. Particularly, if £ = 1, such a set is called

a dominating set of G. The Smarandachely k-domination number v;(G) of G is the minimum
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cardinality of a Smarandachely k-dominating set of G. For abbreviation, we denote v1(G) by
~(G). The domination number has received considerable attention in the literature.

A dominating set S is called a connected dominating set if the subgraph G[S] induced by
S is connected. The connected domination number of G denoted by 7.(G) is the minimum
cardinality of a connected dominating set of G. A dominating set S is called an independent
dominating set if S is an independent set. The independent domination number of G denoted
by i(G) is the minimum cardinality of an independent dominating set of G. A dominating
set S is a total dominating set of G if G[S] has no isolated vertex and the total domination
number of G, denoted by 7; (G), is the minimum cardinality of a total dominating set of G. A
subset F' of a minimum dominating set S is a forcing subset for S if S is the unique minimum
dominating set containing F. The forcing domination number f(G,~) of S is the minimum
cardinality among the forcing subsets of S, and the forcing domination number f (G,~) of G is
the minimum forcing domination number among the minimum dominating sets of G ([1]-[7]).
For every graph G, f (G,7v) <v(G).

The problem of finding the domination number of a graph is NP-hard, even when restricted
to 4-regular graphs. One simple heuristic is the greedy algorithm [10]. Let d, be the size
of the dominating set returned by the greedy algorithm. In 1991 Parekh [8] showed that
dg <n+1—+/2e+1. Reed [9] proved that v (G) < 3n. Fisher et al. [3]-[4] repeated this result
and showed that if G has girth at least 5 then v (G) < Zn. In the light of these bounds on ~,
in 2004 Seager considered bounds on d, for r-regular graphs and showed that:

Theorem 1.1([10]) Forr >3, dy < r(?;jl_r;)gl % .

Theorem 1.2([3]) For any graph of order n, [H%-‘ <7 (G).

The authors of [7] studied domination number in Hamiltonian cubic graphs, and stated in
it the following problem.

Problem 1.3 What are the domination numbers of the Hamiltonian 4-regular graphs?

The aim of this article is to study the domination number «(G), independent domination
number i(G), connected domination number ~.(G), total domination number v (G) and forcing
domination number f(G,~) for 4-regular graphs and give a sharp value for the domination

numbers of these graphs.

§2. Domination Number

In this section we obtain a sharp value for the domination number of some 4-regular graph. In
the following, we construct graphs G, G; and G4 of which the graphs G and G2 are 4-regular.
The graph G is not 4-regular but degg, (v;) = 4 where 2 < i < m—1 and for the two remaining
vertices, degg, (v1) = degg, (vm) = 3. Moreover, the graph Go will be obtained from the graphs
Gl.

Remark 2.1 (i) Let G be a graph with V(G) = {v1,v2,...,v,} and E(G) = {vv; | [j —i] =
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1ortort+1}U{vive, vep1v2:} where n = 2¢, t > 3;

(ii) Let Gi be a graph with V(G1) = {vi,vs,...,vn} and E(G1) = {viv; | |j — 1
lorsors+1} wherem=2s+1, s > 2;

(iii) Let Go = UL, G, where Gy, = G1, |V (G, )| = m; for all possible i and [V (G, )|
[V(Gm,)| < ... <[V(Gm,)|, such that V(G2) = UL, Uk, {vv;} and E(Ge) = U, E(Gy,)

{/l]imiv(i+1)1 (mod q)| i=1,2,...,q}.

<
U

By Theorem 1.1, we have d, < (33/81)n for r-regular graphs where r = 4. In the following
Theorems, we obtain the exact number for constructed 4-regular graphs.

In all following theorems, let m, n be odd and even respectively and n = l; (mod 5), m = lo
(mod 5) then m = 5p + Iy and n = 5k + I where 0 <ly,ls <4 and p, k are integers.

By Theorem 1.2, we have the following observation.

Observation 2.2 ~(G) > f%] and y(G1) > [L’;lﬂ_

k if n=0 (mod 5)
k+1 otherwise

Theorem 2.3 Let G be a graph of order n, then v(G) =

Proof We proceed by proving the series cases of following.

Case 1 If n =0 (mod 5) then n = 5k. Let S = {v3,vs,v13, "+ , Vi, Vigs,"* , V2 _7,VUn 2,05 41,
Un g, U, Ujks, 5 Un—a}. 1t is easy to verify that |S| = (2 x (§ —5)/5) + 2 = k. Further-
more, every vertex in S dominates four vertices and itself and N[z] N N[y] = 0} for any pair of
vertices z,y € S. It follows that S is a dominating set, so v(G) < k. Using Observation 2.2 it
is now straightforward to see that v(G) = k.

Case 2 If n =1 (mod 5) then n =5k + 1. Let S = {v3,vs, v13, ..., Vs, Vit5, LU 5, Un 1, Un g,
Un 46, ,Uj, Vjts, s Un—2} Which implies [S| = k + 1. Clearly, every vertex in S — {vn_1}
dominates four vertices and itself. Then the non-dominated vertex vz _1 is dominated by itself.
Also, N[z] N N[y] = 0 for every pair vertices 2,y € S — {v=_1}. Thus S is a dominating set
and v(G) < k + 1. Using Observation 2.2 it is now straightforward to see that v(G) = k + 1.

Case 3 If n =2 (mod 5) so n = 5k + 2. Assign S = {va,v7,++ ,0i,Viys5, ++ , V2 _9,Un _4, U,
Va5, Vg, Vs, s Un—1} and m € {5, 5 + 1}. One can see that any vertex in S — {vn}
dominates four vertices and itself and the two non-dominated vertices vz and vz are dom-
inated by vertex v,,. Obviously, |S| = k 4+ 1. Moreover, for every pair of vertices x and y
from S — {v,,}, we have N[z] N N[y] = 0. Therefore S is a dominating set for G that implies

v(G) < k+ 1. Using Observation 2.2 it is now straightforward to see that v(G) = k + 1.

Case 4 If n = 3 (mod 5) so n = 5k + 3. Let S = {va,v7,v12,+ , Vi, Vits, V2 2, U,

n

2
every vertex in S — {v,,} dominates four vertices and itself and the three vertices vz, vn iy

and v,, are dominated by vertex v,,. Clearly, |S| =k + 1 and N[z] N N[y] = 0 for all possible
vertices x,y € S — {vp}. Therefore S is a dominating set for G that implies v(G) < k + 1.

Un g, U, Ujks, 0, Un—a}, Where m € {5, & +1,n}. By simple verification one can see that

Using Observation 2.2 it is now straightforward to see that v(G) =k + 1.

Case 5 If n =4 (mod 5), so n = 5k + 4. Let S = {va, v7, ..., v;, Viys5, VB 5, UR VR 45, V),
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Vjts, ,Un—2}. We see every vertex in S — {vn} dominated four vertices and itself and
the vertex vn dominates three vertices {vn_1,vn,1,v,} and itself. Since |S| = k + 1 and
N[z]N N[y] = 0 for all possible vertices x,y € S — {vz}. Then S is a dominating set for G that
implies v(G) < k + 1. By Observation 2.2 it is straightforward to see that v(G) =k+1. O

Theorem 2.4 Let Gy be a graph of order m = 5p + la where Iy € {0,1,2,3,4} and p is an
if m=0 (mod 5);
integer, then v(G1) = pif ( )
p+1 otherwise.

Proof We consider the following sets such that m = Iy (mod 5) for 0 < s < 4.

For ly = 0. We say S = {v2, 07, ..., Ui, Ui5, ..., Us, Us 5, -ovy Ujy Uj455 ooy Um—3

For ZQ =1. We say S = {’UQ, U7y ey Uiy Vig 55 o0y Us—3, Usy Us-5, Us 10y +-+5 Ujy Ujp5, -eny Um—l}-

For Iy = 2. We say S = {v2,07, .., 0, Vit5, ., Us—1, Us15 Vs 55 Us£105 -5 Vg Vj 5y vy Um—4 } -

For ZQ =3. We say S = {’UQ, U7y ey Uiy Vig 55 o0y Us—4 Usy Us-5, Us 10y +-+5 Ujy UVjp55 -eny Um_g}.

For Iy = 4. We say S = {v2,07, ..., Vi, Vit5, .oos Vs—2, Us, Us 5, Us 105 =+ Uy Ujt5 ooy Um—5 }-

A method similar to that described in proof of Theorem 2.3 can be applied for proof of
this Theorem. From this, one can see that all of the considered sets are dominating sets. Using
Observation 2.2 it is now straightforward to obtain the stated results in this Theorem. O

Now we are ready to study domination number of more 4-regular graphs which are stated
in Theorem 2.3.

Remark 2.5 We construct graph G’ = G,,, UG, U ... UG, in which between every two
4-regular graphs we add an edge such that d(v) = 5 to each of first and end vertices of G,,, for
all possible ¢ and G,,, = G, |V(Gp,)| < |V(Gp,)| < ... <|V(Gp,.)l-

Theorem 2.6 v(G') =>_._, 7(Gy,) such that there exists a G with G, = G for each i.

Proof The result follows by Theorem 2.3. O

Let Gll and G,l, be the graphs in which these are two induced subgraphs of G such that
V(GY) = V(G1) = {v1,0m} and V(GY) = V(G1) = {u1} (or V(GY) = V(G1) = {vm}).

Proposition 2.7 (i) v(G}) = v(G}) = v(G1) where V(G1) =1 to modulo 5 and | € {0,2,3,4};
(ii)Let V(Gy) = 1 to modulo 5. Then (a): v(G}) = ~v(G1) —1 (b): v(G}) = v(Gy) where
VIGY) = V(Gr) = {ui} (¢): 7(GY) =7(Gr) = 1 where V(GY) = V(G1) = {vm}-

Proof (i) The result follows by Observation 2.2 and Theorem 2.4.

(ii) Let V(G1) =1 (mod 5). We say S = {vy, Vg, ..., Us—1, Vg2, Us 7y -y Um—a}. Clearly S
is a dominating set for G} and G| where V(G}) = V(G1) — {v,n}. Therefore v(G;) = v(G;) =
7(G1) — 1 because |S| = ==L Finally if V(G]) = V(G1) — {v1}, one can check by simple
verification that v(G}) = 7(Gy). U

Proposition 2.8 Let Gy be the graph with V(Gy,) = 1 (mod 5) for all i. Then v(Gz) =
©_7(Grm,) — (8],
1_1’7 mq 2
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Proof The result follows by Proposition 2.7 (ii)(c). Moreover, It is sufficient to show the
truth of the statement when ¢ =2 (G2 = G, U Gy

Let S = {U14,1)19, T U1 V1(i45) " 9 V1 (smy —1) > Vl(smy 42) V(sm, +7)0 777 5 V15, V1(5+5) "
V1(m1—4)> V21,0265 " 5 V20, V2(i/+5)5 " 5 V2(siy —4)) V2(smq+1)5 ~ " 5 V2575 V2(574+5), " 702(m2—2)}-

Obviously, v(G2) = Y(Gm,) + 7(Gm,) — 1. Tt is now straightforward to prove the result
for ¢ > 2, by Proposition 2.7(ii) and a method similar to that described for ¢ = 2. Thus
Y(G2) = 371 Y(Gm,) — [ ] with V(Gp,) =1 (mod 5) for all i. O

Let [ be the number of occurrences of consecutive Gi’s with V(G1) = 1 (mod 5). For

1< <1 let H = {Gy—e¢| G2 = U;ilej, i+ is the number of consecutive Gp,;s with

V(Gu;) =1 (mod 5) for all j, e(= U{lvi;,mm) ¢ Gm,}-

Theorem 2.9 Let G3 = UL, G,,, which contains the induced subgraph H; for 1 < i <1 and
G3 = Gy. Then v(Gs) = 35, 7(Gm) — (3] + 1] + -+ [5)):

Proof The result follows by Theorem 2.4 and Propositions 2.7 and 2.8. O

83. Independent Domination Number of Some Graphs

Theorem 3.1 Ifn =1 (mod 5) where 0 <1 <4, then i(G) = v (G).

Proof We Suppose that n = 0 (mod 5) and n is even. Since i(G) > 7 (G), The-
orem 2.3 implies that i(G) > k. Let S = S U Sy = {vs,...,vi,Viy5, -, v2 7,08 2} U
{'U%+1,/U%+6, s Vj, Vg5, oy Un—a}. 1t is sufficient to prove that there exists no pair of ver-
tices (z,y) with xy € E(G) in S. Because, on the one hand dp, (z,y) =5 (Let P, = v1vs...vp)
for any two consecutive vertices with x,y € Sy (or x,y € S3). On the other hand each v; € S
is adjacent to vertices v;_1, vit1, itz and v;yn4q. So by simple verification one can see that
there exists no vertex in S from {v;_1,vi41,vi42,vi4 211} Hence S is an independent set of
G, then i(G) = v (G).

Similar argument settles proof of cases n =1 where 1 <[ < 4. O

Theorem 3.2 If m =1 (mod 5) where 0 <[ <4, then i(G1) = v(G1).

Proof Similar to that of Theorem 3.1, we settle the proof of this Theorem. O

Theorem 3.3 i(Gy) = v(G) where x = 2, 3.

Proof The result follows by Theorems 2.4 and 2.9. (]

84. Connected Domination Number of Some Graphs
Let Np[v;] = Nv;] — (N(v;) NS) where S is an arbitrary set.

Theorem 4.1 Ifn=1 (mod5 ), where 0 <1 <4, then 7.(G) = 5 — 1.
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Proof Let n = 0 (mod 5). Since 7.(G) > v(G), Theorem 2.3 implies v.(G) > k. We
introduce Sy = {v2, vs, ..., vz }. Obviously, Sy is a connected dominating set for G, then 7.(G) <
% — 1. Now we suppose that S is an arbitrary connected dominating set for G with |S| =
I < § —2. Clearly, (S) is containing a path of length I < § — 2, and |Ny[z]|, |Np[y]| < 4
and |Np[z]| = 3 where x,y are pendant vertices of path and z € S — {z,y}. Furthermore
|Np[u] N Np[v]| = 1 where u, v are two consecutive vertices from S. By the assumptions we have
| Uges Nplz]] < (2x4)+ (5 —4) x3— (5 —3)=n—1. Then S cannot dominate all vertices
of G. This implies that Sy is minimum connected dominating set of G, hence 7.(G) = § — 1.

Similar argument settles proof of cases n =1 where 1 <[ < 4. O

Theorem 4.2 If m =1 (mod 5) where 0 <1 <4 then v.(G1) = s — 1.

Proof In a manner similar to Theorem 4.1 we can prove the Theorem. U

Theorem 4.3 7.(G2) = > (8m, +1) — 2.

Proof Theorem 4.2 implies that v.(G2) > Y% (sm, — 1). Because if S; and S are
arbitrary v.-sets for G,,, and G,,, with |Si| = s;,, — 1, |S2| = Sm, — 1 then (51 U S3) is
disconnected. Furthermore, any v.-set for G,,, does not contain first or endvertex of G,,,.
Therefore, to obtain a 7.-set for Go, we must add all of the end and first vertices of the graph
G, except for two graphs. For the first graph, say (G,,,), we can add the endvertex and the
last graph, say (G, ), we may add its first vertex (note that we may choose in a similar manner
for two other graphs). Then v.(G2) = >, (sm, + 1) — 2. O

85. Total Domination Number of Some Graphs

Let S be a minimum total dominating set, then we have the following Observations.

Observation 5.1 For any vertex x € S, there exists at least one vertex y € S such that
zy € E(G).

Observation 5.2 Let G be a 4-regular graph then |N[z] U N[y]| < 8, where z,y € S and
zy € E(G).

Immediately we have the following lemma.

Lemma 5.3 Let G and Gy be the graphs defined in Remark 2.1. For any x,y € S with xy € S
then |N[z] U N[y]| < 7.

Proof Let x = v; and y = v;41 (or y = v;—1) then |N[z] U N[y]| = 7. Now suppose that
r=wv; and y = viyn (or y = viyz41) then [N[z] U N[y]| = 6. Hence |[N[z] U N[y]| < 7. O

We consider the following Theorem.

1 n=1(mod 7) where l € {0,3,4,5,6}

Theorem 5.4 ~(G) = 7
2]4+1 n=1lor2 (mod7)
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Proof The proof is divided into the following cases by considering n = (mod7).
Case 1 n=0 (mod 7)

Let S = {Ul, V2,UV8,V9, "+ yVjy Uj41," " ,Ug_ﬁ, Ug_5,’0%+5,v%+6,’u%+12, Ug_;,_lg, U5, V54,

© ,Up—2,Un_1}. It is easy to verify that S is a ~-set for G where n = 0 (mod 7). Moreover

any two adjacent vertices from S have 7 vertices as neighbors, so by Lemma 5.3, S is minimum
total dominating set for G and v;(G) = |S| = 2[ %] where n =0 (mod 7).

Case 2 n=1 (mod 7)

Let S1 = {v1, 02,08, V9, , Vi, Vig1,"*+ ,Un_3,Un _2,Un 45,08 46,08 112,U8413," " ,Uj, Ujt1,
© ,Un—6,Un—5}. It is easy to verify that (N[z] U N[y]) N (N[z] U N[t]) = 0 for each two pairs
of vertices (z,y) and (z,t) and xy, 2t € E(G) and z,y, z,t € S1. Also, [N[r] U N|s]| = 7 for all
possible r, s € S1 and rs € F(G). Meanwhile, Lemma 5.3 implies that the set S; is a minimum
~i-set for G — M where My = {v,}. Now, we give Sy = {vg,l}. Clearly S = S1USs is a
ye-set of G where n = 7k + 1. Then +(G) = |S| =2|%] 4+ 1 where n =1 (mod 7).

Case 3 n =2 (mod 7)

Let Sl = {’Ul, V2, V8, V9, y Uiy Ui41, " ,’U%,%v%,ﬁ, vg+5,v%+6,v%+12, v%+137 U5, V41,
© ,Un—3,Un—2}. It is easy to verify that (N[z] U N[y]) N (N[z] U N[t]) = 0 for each two pairs
of vertices (z,y) and (z,t) with zy, 2t € E(G) and z,y,z,t € S;. Also, |[N[r]UN]s]| = 7 for
all possible r, s € S1 and rs € E(G). Hence, Lemma 5.3 implies that the set S; is a minimum
~¢-set for G — My where My = {U%,l,vn}. Now, let Sy = {v,_1}. Clearly S = S;USs is a
7y¢-set of G where n = 7Tk + 2. Then v(G) = |S| = 2[ 2] + 1 where n = 2 (mod 7).

Case 4 n =3 (mod 7)

Let Sl = {Ul, V2, VU8, Vgy «ovy Uy Ujt1y ey ’U%,4, 0%73, ’Ug+5, 'U%+6, ’U%Jrlg, v%+137 U5, V4,

© ,Un—7,Un—¢}. It is easy to verify that (N[z]UN[y]) N (N[z]UNJt]) = 0 for each two pairs of

vertices (z,y) and (z,t) with zy, 2zt € E(G) and z,y, z,t € S1. Furthermore, |[N[rJUN[s]| = 7 for

all possible r, s € S7 and rs € E(G). Clearly, Lemma 5.3 implies that the set .57 is a minimum

~¢-set for G — M3 where M3 = {v%_l,vn_l,vn}. Now, let S5 be 2-subset from M3 which are

adjacent in G. Clearly S = S; US> is a y;-set of G where n = 7Tk + 3. Then v(G) = |S| = 2] ]
where n = 3 (mod 7).

Case 5 n =4 (mod 7)

We assign S1 = {v1,v2,08,V9," "+ , Vi, Vig1, *+ ,Un_g,Un _7,Un45,Un16,Vn 112,V 413, ,
Vj, Vjq1, ey Un—a, Un—3}. It is easy to verify that (N[z] U N[y]) N (N[z] U N[t]) = 0 for each two
pairs of vertices (z,y) and (z,t) with xy, 2t € E(G). Also, |N[r] U N[s]| = 7 for all possible
r,s € S1 and rs € FE(G). Hence, Lemma 5.3 implies that the set S is a minimum ~;-set for
G — My, where My = {vg,g,v%,l,vn,l,vn}. Now, let S5 be a 2-subset from M, which are
adjacent in G. Clearly S = S; US> is a y;-set of G where n = 7Tk +4. Then v(G) = |S| = 2] Z]
where n =4 (mod 7).

Case 6 n=5 (mod 7)

Say S1 = {v1,v2,V8,V9, * *+ , Vi, Vit1, + ,Un 5,0 _4,Vn 45, Un 16, Un 112,08 413, , Vj, Vj11,
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© ,Up—s,Un_7}. It is easy to verify that (N[z] U N[y]) N (N[z] U N[t]) = 0 for each two pairs
of vertices (z,y) and (z,t) with a2y, 2t € E(G) and z,y,z,t € S1. Also, [N[r] U N[s]| = 7 for
all possible r, s € S1 and rs € E(G). Hence, Lemma 5.3 implies that the set S; is a minimum
yi-set for G — My, where M5 = {vn_9,vn_1,0n_2,Un—1,Vn}. Now, let So = {vz_o,vn_1}.
Clearly S = S1 U Sy is a y-set of G where n = 7k 4 5. Then v(G) = [S| = 2[%] where n =5
(mod 7).

Case 7 n =06 (mod 7)

Let 51 = {’Ul,’UQ,’Ug, V9y ooy Uy Vjg1y*° ,’U%_g, Ug_g,’U%+5,’U%+6,’U%+12,’U%+13, 5, U5, U541,

©  Un—5,Vn—4}. It is easy to verify that (N[z] U N[y]) N (N[z] U N[t]) = 0 for each two pairs
of vertices (x,y) and (z,t) with zy, 2zt € E(G) and z,y, z,¢ € S1. Also, [N[r]UN|[s]| = 7 for all
possible ;s € S; and rs € E(G). Hence, Lemma 5.3 implies that the set S7 is a minimum ;-
set for G — Mg, where Mg = {v%_g,vg_g,v%_l,vn_g,vn_l,vn}. Now, let Sy = {’U%_Q,U%_l}.
Clearly S = S1 U Sy is a y-set of G where n = 7k 4- 6. Then v(G) = [S| = 2[ %] where n = 6
(mod 7). O

2[%] if m=1 (mod T) where | € {0,3,4,5,6}

Theorem 5.5 v:(G1) =
2[%|+1 if m=1or 2 (mod7)

Proof Lemma 5.3 implies that 7;(G1) > 2[%%]. Now we consider the following cases.
Case 1 m =0 (mod 7)

We assign Sy, = {Us,V6, V12,013, , Uiy Vig 1, Vs—5, Vs—ds Vg2, Us43, " Vg Vjpl, =" *
m

Um—2,Um—1}. It is easy to see that S, is a y-set for G1. Hence 7;(G1) < 2[*%]. Moreover
Lemma 5.3 implies v;(G1) > 2[%]. It follows that v;(G1) = 2[ %] with m = 0 (mod 7).

Case 2 m =1 (mod 7) where [ € {1,2,3,4,5,6}.

We assign Sy, to each [ as follows:

Stl = {’Ul, V2, V3, V9, V10, +++y Uiy Vi1, Vit 7y -y Us—5,Us—4, Us+6, Us+7, ...,’Uj, 'Uj+17 cery Um—2, ’Umfl}.

St2 = {1]2, V3,V9, V10, +++5 Uiy Vj41, Vit75 ooy Vg—2,Vg—1, Vg, Us4+6, Us+7, ...,Uj,’Uj_H, vees Um—6, Um_5}.

St3 = {’U3, V4,010, V11 ++oy Uiy Uit1, V474 ooy Us—5, Us—4, Vg, Ug41, Us+7, Us+8, ...,’Uj, 'Uj+17 cersy Um—2,
Umfl}.

St4 = {1]1, V2,V7,V8, -evy Uiy Vit 1, Vit Ty -y Us—5,VUs—4, Us44,Us45, -y Uj, Uj41, -y Um—2, Um—l}-

St5 = {'U4a U5, V11, V12, V185 ++y Uiy Vi1, Vit Ty oy Us—5, Vs—4, Us15 Us+2 Us+85 Us+95 ++5 Ujy Ujp 1y -eny
Um72avm71}~

Sts = {1]1, V2,V8,V9y ey Uiy Vit1yVit7y .0y Vs—5,Vs—4,Vs4+5, Us+6, ..,Uj, vj+1...,vm_2, Um—l}-

In the same manner as in Case 1 we settle this Case. Hence v¢(G1) = 2[ %] where m =3
or 4 or 5 or 6 (mod 7) and v(G1) = 2[ %] + 1 where m =1 or 2 (mod 7). O

Motivated by Theorem 5.5, we are now really ready to state of following Theorem.

Theorem 5.6 v(G2) =Y 7, 7(Gm,)-
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86. Forcing Domination Number of Some Graphs

Observation 6.1 f(H,v) > 1 where H € {G,G1,G2}.

Proof 1t is easy to see that the graphs G, G; and G5 have at least two y-sets. Then it
immediately implies that f(H,v) > 1 where H € {G,G1,G2}. O

Observation 6.2 f(G,v), f(G1,7) > 2 where |V(G)|,|V(G1)| =1 with 1 € {1,2,3,4} (mod 5).

Proof 1t is straightforward to see that with any 1-subset, say T' from any arbitrary domi-
nating set, we can obtain at least two different v-sets for G containing T'. Then f(G,~) > 2.
Similar argument settles that f(G1,7) > 2 too. O

Theorem 6.3 (i) If n =0 (mod 5) then f(G,~) =1;
(i)If m =0 (mod 5) then f(G1,7) =1;
(iii) f(Ga,7v) = q where V(Gp,) =0 (mod 5) for all i.

Proof (i) We apply Observation 6.1 with H = G, so f(G,y) > 1. Now let S =
{3, V8, oy Vi, Vi, oo+ VB 2, VR 41, VR 46,0, U, Vg5, Un—a ). It IS easy to see that P =
{vs} C S is a forcing subset for G which implies f (G,~) < 1. It is now straightforward to give
f(Gy)=1.

(ii) By Observation 6.1 with H = G1, it implies that f (G1,7v) > 1. Let F = {vs}. Obvi-
ously, F' is a forcing subset for G;. From this and by Theorem 2.4, it follows that f (G1,v) = 1.

(iii) The Case(ii) settles this case. Moreover, let F' = {vi2, v22, V32, ..., Us2, ..., Ug2 } then it
implies that f(G2,v) = q. O

Theorem 6.4 (i) Ifn=1 (mod 5), then f(G,7) = 2;
(i)If m =1 (mod 5), then f(G1,v) =2;
(iii) f(Ga,v) = 2[4] where V(Gp,) =1 (mod 5) for all i.

Proof (i) Observation 6.2 implies that f (G,v) > 2. Say S = {v1,vg, ..., Vi, Vit5, " - ,Vn g,
Vn41,Un 46,0 ,Vj,Vjts, ", Un—a}. Suppose that F' = {v1,vz 11} C S, clearly F is a forcing
subset for G and it follows that f(G,~) < 2. This implies that f (G,~) = 2.

(i) Using Observation 6.2 we have f (G1,7) > 2. Now we define F' = {vg, vy,—1}. Clearly,
|N[vs]UN[vs,—1]] = 6. On the other hand, since m = 1 (mod 5) then cardinality of the set of re-
maining vertices is multiple of 5. It immediately follows that the set {ve, v7, ..., Vs, Vits, .., Us—3,
Vs5, Us4105 -3 Ujs Uj45, -oy Um—6 + U F' is the unique y-set containing F'. Thus f(G1,v) = 2.

(iii) We consider the following cases. (a): If ¢ is even, let F1 = U{_,{vi1,vi(s,+1)} Where
i is even. (b): If ¢ is odd let Fp = Ufz_gl{vﬂ,vi(siﬂ)} U {v(q)15 Vg(s,+1)} Where i is even. By
simple verification one can check that F; and F» are forcing subsets for G2 in two stated cases.
Hence, it follows that f(Ga,v) =2[%]. O

Theorem 6.5 (i) If n =2 (mod 5), then f(G,vy) = 2;
(i) If m =2 (mod 5), then f(G1,v) =2;
(iii) f(Ga2,7y) = 2q where V(Gp,;) =2 (mod 5) for all i.
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Proof (i)Using Observation 6.2 we have f (G,v) > 2. Now we define F' = {vn_1,vn} C S.
Clearly, [N[vn 1] U N[va]| = 7. Moreover, since m = 2 (mod 5) then cardinality of the set of
remaining vertices is a multiple of 5. It immediately follows that the set {vs, V10, .., Vi, Vit5, --vs
Un 6, Un 43,Un 18, s Vj, Ujt5, - Un—3 ) UF is the unique y-set containing F'. Thus f(G,v) = 2.

(ii) Using Observation 6.2 we have f(G1,7v) > 2. Now we define F' = {vs41,vs42}. It
immediately follows that the set {va, vg, ..., Vs, Uit5, ..., Us—4, Ust7, Us£12, +oey Uj, Ujt 5, «ovy Um—2 JUF
is the unique 7-set containing F. Thus f(G1,v) = 2.

(iii): Clearly, the obtained forcing subset in the case (ii) is extendible to Ga. Therefore,
we can assert that f(Ga,v) = 2g¢. O

Theorem 6.6 (i) If n =3 (mod 5), then f(G,vy) = 2;
(i) If m =3 (mod 5), then f(G1,7) = 2;
(i1i) f(Ga,v) = 2q where V(Gp,) =3 (mod 5) for all i.

Proof (i) Using Observation 6.2 we have f (G,v) > 2. Now we define F' = {v1,v= 43} C S.
Clearly, [N[v1] U N[vz13]| = 8. On the other hand, since m = 2 (mod 5) then cardinal-
ity of the set of remaining vertices is a multiple of 5. It immediately follows that the set
{5, V105 +oes Vi Vi oy U2 4, V2 48, V8 113, o0 Uj, Vjit 5 -ony Up—1 } U F' is the unique y-set contain-
ing F. Thus f(G,v) = 2.

(ii) Using Observation 6.2 we have f (G1,7v) > 2. Let F' = {v1,v3}. Since |N[v]UV[vs]| =
8, cardinality of the set of non-dominated vertices is a multiple of 5. From this it immediately
follows that S consists of vsy6, Vs, Us+11, U13y+yUm—1, Us—3. LThus f(G1,7y) = 2.

(iii) Clearly, the obtained forcing subset in Case (ii) is extendible to G5. Therefore, it
implies that f(G2,v) = 2q. O

Theorem 6.7 (i) If n =4 (mod 5), then f(G,vy) = 2;
(i) If m =4 (mod 5), then f(G1,7) = 2;
(i) f(Ga,v) = 2q where V(Gp,;) =4 (mod 5) for all i.

Proof (i) Using Observation 6.2 we have f (G,v) > 2. Now we define F' = {vz_5,vn} C
S. Clearly, |[N[vz_»] U Nfvz]| = 9. Furthermore, since m = 2 (mod 5) then cardinal-
ity of the set of remaining vertices is a multiple of 5. It immediately follows that the set
{5,010, + Viy Vi U 7,
Un43,Un 48,0V, V45, ,Un—a} U F is the unique v-set containing F'. Thus f(G,~) = 2.

(ii) By Observation 6.2 we have f (G1,7) > 2. Let F = {vs,vs42}. It immediately follows
that the set {va, vg, -+, Vs, Vigs, -+ , Vs—5, Vg7, Us12, -+ , Uj, Uj45, - -, Um—3} UF is the unique
~v-set containing F. Thus f(G1,7) = 2.

(iii) Clearly, the obtained forcing subset in Case (ii) is extendible to G5. Therefore, it
implies that f(G2,v) = 2g. O

We close this section by the following Theorem for which we are motivated by the results

of this section.
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Theorem 6.8 Let G3 be the graph defined in Section 2. Then f(Gs,v) = >0, f(Gmi,7) —
(15 + %]+ o+ 13D
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