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Abstract: Let G = (V,E) be a graph. Let V be a vector space of dimensional n. A
Smarandachely labeling on a graph G is labeling an edge uv € E(G) by an vector v € V
on (u,v) and —v on (v,u). Then turn the conception directional labeling as a special case
to Smarandachely labeling. By directional labeling (or d-labeling) of an edge ©* = uv of
G by an ordered n-tuple (ai,a2,...,an), we mean a labeling of the edge = such that we
consider the label on wv as (a1, a2,...,a,) in the direction from u to v, and the label on
z as (an,@n-1,...,a1) in the direction from v to u. Here, we study graphs, called (n, d)-
sigraphs, in which every edge is d-labeled by an n-tuple (a1, a2, ..., an), where ar € {+,—},
for 1 < k < n. In this paper, we obtain another characterization of i-balanced (n, d)-sigraphs,
introduced the notion of path balance and generalized the notion of local balance in sigraphs

to (n, d)-sigraphs. Further, we obtain characterization of path i-balanced (n, d)-sigraphs.
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balance.
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§1. Introduction

For graph theory terminology and notation in this paper we follow the book [1]. All graphs
considered here are finite and simple.

Let V' be a vector space of dimensional n. A Smarandachely labeling on a graph G is
labeling an edge uv € E(G) by an vector v € V on (u,v) and —v on (v,u). Then turn the

1Received Oct.18, 2009. Accepted Dec. 20, 2009.



90 E. Sampathkumar, P. Siva Kota Reddy and M. S. Subramanya

conception directional labeling as a special case to Smarandachely labeling.

There are two ways of labeling the edges of a graph by an ordered n-tuple (a1, as, ..., a,)

(See [7]).

1. Undirected labeling or labeling. This is a labeling of each edge uv of G by an ordered n-
tuple (a1, as,...,a,) such that we consider the label on wv as (a1, as, ..., a,) irrespective of the
direction from w to v or v to wu.

2. Directional labeling or d-labeling. This is a labeling of each edge uv of G by an ordered
n-tuple (a1, ag, ..., a,) such that we consider the label on uv as (a1, as, ..., a,) in the direction
from w to v, and (an,an—1,...,a1) in the direction from v to w.

Note that the d-labeling of edges of G by ordered n-tuples is equivalent to labeling the
symmetric digraph G = (v, E), where uv is a symmetric arc in G if, and only if, uv is an edge
in G, so that if (a1, as, ..., a,) is the d-label on uv in G, then the labels on the arcs w0 and vt
are (a1, ag, ...,an) and (an,an—1,...,a1) respectively.

Let H, be the n-fold sign group, H, = {+,—}" = {(a1, a2, ...,a,) : a1, a2, ...,a, € {+,—}}
with co-ordinate-wise multiplication. Thus, writing a = (a1, ag, ...,an) and t = (t1,te, ..., tn)
then at := (aity, asts, ..., ant,). For any t € H,, the action of t on H, is a® = at, the co-
ordinate-wise product.

Let n > 1 be a positive integer. An n-sigraph (n-sidigraph) is a graph G = (V, E) in
which each edge (arc) is labeled by an ordered m-tuple of signs, i.e., an element of H,. A
sigraph G = (V,E) is a graph in which each edge is labeled by + or —. Thus a 1-sigraph
is a sigraph. Sigraphs are well studied in literature (See for example [2]-[4], [8]-[9]). In this
paper, we study graphs in which each edge is labeled by an ordered n-tuple a = (a1, ag, ..., an)
of signs (i.e, an element of H,,) in one direction but in the other direction its label is the reverse:
a” = (an,an_1,...,a1), called directionally labeled n-signed graphs (or (n,d)-sigraphs).

Note that an n-sigraph G = (V, E) can be considered as a symmetric digraph G = (v, E)),
where both u and vt are arcs if, and only if, uv is an edge in G. Further, if an edge uv in G
is labeled by the n-tuple (a1, as, ..., ay), then in 5 both the arcs wt and v are labeled by the
n-tuple (as,asg, ..., a,).

In [5,6], we have initiated a study of (3,d) and (4, d)-Sigraphs. Also, we discuss some
applications of (3,d) and (4, d)-Sigraphs in real life situations.

In [7], we introduce the notion of complementation and generalize the notion of balance
in sigraphs to the directionally n-signed graphs. We look at two kinds of complementation:
complementing some or all of the signs, and reversing the order of the signs on each edge. Also
we gave some motivation to study (n,d)-sigraphs in connection with relations among human
beings in society.

In this paper, we introduce the notion of path balance and we generalize the notion of local
balance in sigraphs (a graph whose edges have signs) to the more general context of graphs with
multiple signs on their edges.

In [7], we define complementation and isomorphism for (n, d)-sigraphs as follows: For any
t € Hy,, the t-complement of a = (ay, as, ...,a,) is: a® = at. The reversal of a = (a1, az, ..., an)
is: a” = (an,an_1,...,a1). For any T C H,, and t € H,, the t-complement of T is T* = {a® :
a€T}.
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For any ¢ € Hy,, the t-complement of an (n, d)-sigraph G = (V, E), written G*, is the same
graph but with each edge label a = (a1, as, ..., a,) replaced by a'. The reversal G” is the same
graph but with each edge label a = (a1, ag, ..., a,) replaced by a”.

Let G = (V,E) and G' = (V', E’) be two (n, d)-sigraphs. Then G is said to be isomorphic
to G’ and we write G = G, if there exists a bijection ¢ : V' — V' such that if wv is an edge in
G which is d-labeled by a = (a1, ag, ..., ay), then ¢(u)d(v) is an edge in G’ which is d-labeled
by a, and conversely.

For each t € H,, an (n,d)-sigraph G = (V, E) is t-self complementary, if G = G*. Further,
G is self reverse, if G = G".

Proposition 1(E. Sampathkumar et al. [7]) For allt € H,, an (n,d)-sigraph G = (V, E) is

t-self complementary if, and only if, G* is t-self complementary, for any a € Hy,.

Let vy,v2,...,um be a cycle C in G and (aki,ake, ..., ak,) be the n-tuple on the edge
VeUg+1,1 <k <m—1, and (am1,am2,---» Gmn) be the n-tuple on the edge v,,v1.

For any cycle C in G, let 73(8) denotes the product of the n-tuples on C given by

(0,11, aig, ...,aln)(agl, a2, ..., agn)...(aml, Am2y -+ amn) and

—
P(C) = (a’mna Am(n—1)) - aml)(a(m—l)na A(m—1)(n—1)» "'7a(m—1)1)"'(aln7 A1(n—1)s "'7a11)'

Similarly, for any path P in G, ’P(I_D)) denotes the product of the n-tuples on P given by

(@11, @12, .., G1n) (@21, 22, ooy G2p ) oo (Bm—1,1, Gm—1,2 e, Gm—1,n)

and

«—
P(P) = (a(m,l)n, a(m,l)(n,l), ...,a(m,l)l)...(aln, al(n,l), ...,all).

An n-tuple (a1, as, ...,ay) is identity n-tuple, if each a = +, for 1 < k < n, otherwise it is
a non-identity n-tuple. Further an n-tuple a = (a1, ag, ..., an,) is symmetric, if a” = a, otherwise
it is a non-symmetric n-tuple. In (n,d)-sigraph G = (V| F) an edge labeled with the identity
n-tuple is called an identity edge, otherwise it is a non-identity edge.

Note that the above products ’P(a) (”P(]_—’))) as well as ’P(E) (”P(?)) are n-tuples. In
general, these two products need not be equal. However, the following holds.

Proposition 2 For any cycle C (path P) of an (n,d)-sigraph G = (V, E), 73(8) = P(E’))T (77(15)
—
=P(P)").

Proof By the definition, we have
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S,

()

Qmn, CerL('n—l)a ceey aml)(a(m—l)na a(m—l)(n—l)a ceey a(m—l)l)"'(alna al(n—l)a ceey all))r

T

((
((@m1s @m2; --Gmn)" (Am—1)1, G(m—1)2; --A(m—1)n)" (011, @12, ...G17)")
((

Am1,Am2, ...amn)(a(m,1)1 y a(m,l)g, ...a(m,l)n)...(all, aio, ...aln))

P(O).

— —
Similarly, we can prove P(P) = P(P)". O

Corollary 2.1 For any cycle C (path P), 73(8) = 73(6’)) (P(?) = P(?’))) if, and only if,

77(6)) (P(?’))) is a symmetric n-tuple. Furthermore, 73(6) (P(?)) is the identity n-tuple if,
— —

and only if, P(C) (P(P)) is.

For any subset Y of E)(G) = {(u,v) : wv is an edge in G}, the set of all arcs in G, the
product of the set Y is the product of the n-tuples of its arcs and it is denoted by P(Y). If Y3
and Y5 are disjoint sets, the product of the union of Y7 and Y5 is the product of the n-tuples of
the two sets:

P(Y1UYs) =P(Y1).P(Y2).

The following Proposition gives a similar result about the symmetric difference of two sets
of arcs.

Proposition 3 IfY; and Ys are two subsets of ﬁ(G) of an (n,d)-sigraph G = (V, E), then
P(Y1®Ys) =P(Y1).P(Yz).

Proof We know that

Yi= (Vi —Y2)U(YiNYs) and Yz = (Ya — Y1) U (Y1 N Ya).

Since each of these is a union of disjoin sets, we have

P(Yl) = P(Yl — YQ)P(Yl n Yg) and P(Yz) = 'P(Yé — Yl)P(Yl N }/2)

Multiplying these equations we get that

P(Y1).P(Yz) = P(Y1 — Y2).P(Y2 — Y1).P(Y1 N Y2). P(Y1 NY2).

Since P(Y1NY3).P(Y1NY?2) is always identity n-tuple, and since Y7 —Ys and Y2 —Y; are disjoint,
P(Y1).P(Y2) = P[(Y1 — Y2) U (Y2 — Y1)].
Thus, P(Y1).P(Ya) = P(Y1 @ Ya). O

Corollary 3.1 Two sets of edges Y1 and Ys have the same n-tuple if, and only if, their
symmetric difference Y1 & Ys is identity.
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§2. Balance in an (n,d)-sigraph
In [7], we defined two notions of balance in an (n,d)-sigraph G = (V, E) as follows.

Definition. Let G = (V, E) be an (n,d)-sigraph. Then,

(i) G is identity balanced (or i-balanced), if P(Z”)) on each cycle of G is the identity
n-tuple, and

(i) G is balanced, if every cycle contains an even number of non-identity edges.
Note An i-balanced (n, d)-sigraph need not be balanced and conversely. For example, consider

the (4, d)-sigraphs in Fig.1. In Fig.1(a) G is an i-balanced but not balanced, and in Fig.1(b) G
is balanced but not i-balanced.

-+ <+ +-

Fig.1
2.1 Criteria for Balance

An (n,d)-sigraph G = (V, E) is i-balanced if each non-identity n-tuple appears an even number
of times in P(a) on any cycle of G.

However, the converse is not true. For example see Fig.2(a). In Fig.2(b), the number of
non-identity 4-tuples is even and hence it is balanced. But it is not i-balanced, since the 4-tuple
(++—-—) (as well as (— — ++)) does not appear an even number of times in P(a) of 4-tuples.

e - -
+--+ - -

+H++ +H++

—++- -

Fig.2

In [7], we obtained following characterizations of balanced and i-balanced (n, d)-sigraphs.

Proposition 4(E. Sampathkumar et al. [7]) An (n,d)-sigraph G = (V, E) is balanced if, and
only if, there exists a partition V1 U Vy of V' such that each identity edge joins two vertices in
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Vi or Vo, and each non-identity edge joins a vertex of Vi and a vertex of Vs.

As earlier we defined, let P(C) denote the product of the n-tuples in P(a) on any cycle
C in an (n,d)-sigraph G = (V, E).

Proposition 5(E. Sampathkumar et al. [7]) An (n,d)-sigraph G = (V, E) is i-balanced if, and
only if, for each k, 1 < k < n, the number of n-tuples in P(C) whose k*" co-ordinate is — is

even.

In H,, let S; denote the set of non-identity symmetric n-tuples and S, denote the set
of non-symmetric n-tuples. The product of all n-tuples in each Sg,1 < k < 2 is the identity
n-tuple.

Proposition 6(E. Sampathkumar et al. [7]) An (n,d)-sigraph G = (V, E) is i-balanced, if
both of the following hold:

(i) In P(C), each n-tuple in S1 occurs an even number of times, or each n-tuple in Si
occurs odd number of times (the same parity, or equal mod 2).

(it) In P(C), each n-tuple in Sy occurs an even number of times, or each n-tuple in So
occurs an odd number of times.

In this paper, we obtained another characterization of i-balanced (n, d)-sigraphs as follows:

Proposition 7 An (n,d)-sigraph G = (V, E) is i-balanced if, and only if, any two vertices u
—
and v have the property that for any two edge distinct u — v paths Py = (u = ug, U1, ..., Uy, = U
— ) — — — —
and Py = (u = vg, V1, ..., vy, =) in G, P(P) = (P(P))" and P(P2) = (P(P1))".

— —
Proof Suppose that G is i-balanced. The paths P, and P, may be combined to form is either
a cycle or union of cycles. That is, Py U Py = (4 = U0, U1, ey Uy = U = Uy Up—1, .., Vg = U).
—
Since P(P; U P»)=identity n-tuple e.

The converse is obvious. O

Corollary 7.1 In an i-balanced (n,d)-sigraph G if two vertices are joined by at least 3 paths

then the product of n tuples on any paths joining them must be symmetric.

A graph G = (V, E) is said to be k-connected for some positive integer k, if between any

two vertices there exists at least k disjoint paths joining them.

Corollary 7.2 If the underlying graph of an i-balanced (n,d)-sigraph is 3-connected, then all

the edges in G must be labeled by a symmetric n-tuple.

Corollary 7.3 A complete (n,d)-sigraph on p > 4 is i-balanced then all the edges must be
labeled by symmetric n-tuple.
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2.2 Complete (n,d)-sigraphs
An (n,d)-sigraph is complete, if its underlying graph is complete.

Proposition 8 The four triangles constructed on four vertices {a,b,c,d} can be directed so

that given any pair of vertices say (a,b) the product of the edges of these 4 directed triangles is
— —

the product of the n-tuples on the arcs ab and ba

Proof The four triangles constructed on these vertices are (abc), (adb), (cad), (bcd).
— —_— — —
Consider the 4 directed triangles (abc), (adb), (cad), (bed) for the pair ab. Then

P = Plabe).P(adb).P(acd).P(bed)
= [P(ab).P(a).P(be)]. [P(ad).P(db).P(ba)]
[P(ca). P(ad). P(cd)|[P(be). P(db).P(cd)]
= [P(ab).P(ba)]. [P(cd).P(d)). [P(be).P(be)]
[P(ad).P(ad)]. [P(db).P(db)]. [P(cd).P(cd)]
= P(ab)P(ba)

O

Corollary 8.1 The product of the n-tuples of the four triangles constructed on four vertices

{a,b,c,d} is identity if at least one edge is labeled by a symmetric n-tuple.

The i-balance base with axis a of a complete (n, d)-sigraph G = (V, E) consists list of the
product of the n-tuples on the triangles containing a.

Proposition 9 If the i-balance base with azis a and n-tuple of an edge adjacent to a is known,
the product of the n-tuples on all the triangles of G can be deduced from it.

Proof Given a base with axis a and the n-tuple of the arc ab be (a1,a9,- - ,ay).. Consider
— — EAY
a triangle (bed) whose n-tuple is not given by the base. Let P’ = P(abc).P(adb).P(acd). Hence,
P’ is known from the base with axis a. Let P be defined as in Proposition-8; we then have
— — — — — —
P =P’. P(bed). By Proposition-8, P = P(ab).P(ba). Thus, P(bed) = P’ P(ab).P(ba). O

Remark 10 In the statement of above Proposition, it is not necessary to know the n-tuple of

an edge incident at a. But it is sufficient that an edge incident at a is a symmetric n-tuple.

Proposition 11 A complete (n,d)-sigraph G = (V, E) is i-balanced if, and only if, all the
triangles of a base are identity.

Proof 1f all the triangles of a base are identity, all the triangles of the (n,d)-sigraph are
identity. Indeed, for any triangle (bed) not appearing in the base with axis a, we have
Plbed) = P(abe). P(abd). P(acd)=identity.
Conversely, if the (n, d)-sigraph is i-balanced, all these triangles are identity and particular
those of a base. O
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Corollary 11.1 All the triangles of a complete (n,d)-sigraph G = (V, E) are i-unbalanced if,
and only if, all the triangles of a base are non-identity.

1

7

Proposition 12 The number of i-balanced complete (n,d)-sigraphs of m wvertices is p™~
where p = 2[m/21,

Proof In a graph G of m vertices, there are (m — 1) edges containing a; each of these
edges has p = 2/"/21 possibilities,since each edge must be labelled by an symmetric n-tuple, by
Corollary-7.3. Hence in all, p™~! possibilities, where p = 2["/21 Starting from each of these
possibilities, a base with axis a can be constructed, of which all the triangles are identity. [

§3. Path Balance in an (n,d)-sigraph

Definition Let G = (V, E) be an (n,d)-sigraph. Then G is

1. Path i-balanced, if any two vertices u and v satisfy the property that for any u—v paths
— —
Py and Py from u tov, P(P1) =P(Pa2).
2. Path balanced if any two vertices u and v satisfy the property that for any u — v paths
Py and Py from u to v have same number of non identity n-tuples.

Clearly, the notion of path balance and balance coincides. That is an (n,d)-sigraph is
balanced if, and only if, G is path balanced.

If an (n,d) sigraph G is i-balanced then G need not be path i-balanced and conversely.

The following result gives a characterization path i-balanced (n, d)-sigraphs.

Theorem 13 An (n,d)-sigraph is path i-balanced if, and only if, any two vertices u and

v satisfy the property that for any two vertexr disjoint w — v paths Py and Ps from u to v,
— —
P(P,)=P(Ps).

Proof Necessary: Suppose that G is path i-balanced. Then clearly for any two vertex
disjoint paths P; and P, from one vertex to another, ’P(]—-’}l) = ’P(]_3>2).

Sufficiency: Suppose that for any two vertex disjoint paths P; and P» from one vertex to
another, 73(1_31) = 73(1_52) and that G is not path i-balanced. Let S = {(u,v) : there exists
paths P and @ from u to v with 73(]_5) # P(a)} Let (u,v) € S such that there exists paths
Py and P» such that P; has length d(u,v). Then by the hypothesis, the paths P; and P, must
have a common point say w Let P3 and P4 be the subpaths from u to w and Ps and Py be the
subpaths from w to v. Now either (u,w) € S or (w,v) € S. This gives a contradiction to the

choice of u and v. This completes the proof. ([

§4. Local Balance in an (n,d)-Signed Graph

The notion of local balance in signed graph was introduced by F. Harary [3]. A signed graph
S = (G, o) is locally at a vertex v, or S is balanced at v, if all cycles containing v are balanced.

A cut point in a connected graph G is a vertex whose removal results in a disconnected graph.
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The following result due to Harary [3] gives interdependence of local balance and cut vertex of

a signed graph.

Theorem 14(F. Harary [3]) If a connected signed graph S = (G, o) is balanced at a vertex u.
Let v be a vertex on a cycle C' passing through uw which is not a cut point, then S is balanced at

V.

We now extend the notion of local balance in signed graph to (n,d)-signed graphs.

Definition Let G = (V, E) be a (n,d)-sigraph. Then for any vertices v € V(G), G is locally
i-balanced at v (locally balanced at v) if all cycles in G containing v is i-balanced (balanced).

Analogous to the theorem we have the following for an (n,d) sigraph.
Theorem 15 If a connected (n,d)-signed graph G = (V, E) is locally i-balanced (locally bal-
anced) at a vertex u and v be a vertex on a cycle C passing through u which is not a cut point,

then S is locally i-balanced(locally balanced) at v.

Proof Suppose that G is i-balanced at u and v be a vertex on a cycle C' passing through
u which is not a cut point. Assume that G is not i-balanced at v. Then there exists a cycle Cy
in G which is not i-balanced. Since G is balanced at u, the cycle C is i-balanced.

With out loss of generality we may assume that u ¢ C for if u is in C, then P(C) is identity,
since G is i-balanced at u. Let e = uw be an edge in C. Since v is not a cut point there exists
a cycle Cy containing e and v. Then Cj consists of two paths P; and P joining u and v.

Let v1 be the first vertex in P; and ve be a vertex in P, such that v; # vy € C, such points
do exist since v is not a cut point and v € C. Since u,v € Cy. Let Ps be the path on Cj from
v1 and vg, Py be a path in C containing v and Ps is the path from v; to va. Then P; U P,
and Ps3 U P5 are cycles containing u and hence are i-balanced, since they contain uw. That is
P(Ps) = (P(Ps))" so that C' = P3 U Ps is i-balanced. This completes the proof. By using the
same arguments we can prove the result for local balance. O
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